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The Unruh effect for mixing neutrinos
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Recently, the inverse (-decay rate calculated with respect to uniformly accelerated observers
(experiencing the Unruh thermal bath) was revisited. Concerns have been raised regarding the
compatibility of inertial and accelerated observers’ results when neutrino mixing is taken into ac-
count. Here we show that these concerns are unfounded by discussing the properties of the Unruh
thermal bath with mixing neutrinos and explicitly calculating the decay rates according to both
sets of observers and confirming that they are in agreement. The Unruh effect is perfectly valid for

mixing neutrinos.
I. INTRODUCTION

The Unruh effect was initially derived assuming free
quantum fields @] Later, it was shown to be valid also
for interacting ones Eﬁ] Surprisingly, perhaps, only re-
cently the Unruh effect has been discussed in the context
of mixing neutrinos, with disturbing conclusions being
drawn. In Ref. ﬂa], it is claimed that the inverse S-decay
rate for an accelerated proton as calculated with respect
to inertial and uniformly accelerated observers (experi-
encing the Unruh thermal bath) would disagree with re-
spect to each other when taking into account the exis-
tence of multiple families of mixing neutrinos. We claim
that this is impossible because calculations of observables
realized in different frames must necessarily agree, in con-
formity with the general covariance of quantum field the-
ory. Thus, either the Unruh effect is wrong (contradicting
several previous results ﬂﬂ], including what we consider
to be a virtual observation of it [8]) or some mistake was
made in the previously mentioned calculation. The pur-
pose of this paper is to discuss the Unruh thermal bath
for mixing neutrino fields and also revisit the inverse /3
decay for accelerated protons with the aim to show that
the Unruh effect is perfectly valid in this setting.

The paper is organized as follows. In Sec.[[I] we discuss
the Unruh thermal bath for the case of mixing neutrinos
with particular attention to when can we consider flavor
particle states as legitimate quantum states and how this
reflects in measurements made involving the Unruh ther-
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mal bath. In Section [Tl we set the stage for calculating
the inverse (-decay rate for accelerated protons. Sec-
tion [[V] concerns the calculation of the inverse S-decay
rate from the inertial point of view. In Sec. [V], we cal-
culate independently the inverse [-decay rate from the
point of view of uniformly accelerated observers and show
that the result is in full agreement with the one previ-
ously obtained in Sec. [Vl Our closing remarks appear in
Sec. V11

Throughout this work we use (+, —, —, —) signature for
the Minkowski metric, 7,,, and natural units, h = ¢ =
kg = 1, unless stated otherwise. The same conventions as
in Ref. ﬂg] are followed for the Dirac matrices and normal
modes.

II. THE UNRUH THERMAL BATH WITH
MIXING NEUTRINOS

The Unruh effect says that while inertial observers see
the Minkowski vacuum state as a no-particle state, uni-
formly accelerated observers (restricted to the Rindler
wedges) see it as a thermal state with a temperature
proportional to their proper acceleration. This statement
applies both to the vacuum state of free and interacting
fields. Particularly, it applies to massive neutrino fields,
Vi, i € {1,2,3}. Hence, before dealing with neutrino
mixing, let us begin by setting our notation and briefly
reviewing some relevant features of the Unruh thermal
bath. R

Consider a massive fermionic field v satisfying the
Dirac equation with mass m. Inertial observers evolv-
ing in Minkowski spacetime covered with usual Cartesian
coordinates {t,x,y, z} expand it as

/d3 g Ut + b ulz"ig), (1)
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where k = (k®, kY, k*) and o are the fermion’s momen-
tum and spin, respectively, and w? = |k|?> + m?. The
positive (+) and negative (—) frequency modes (with re-
spect to Jy) uki“; are given by

‘o e:Fika"

UE,U = (27’1’)3/2 va'iw(];% (2)

where k# = (w, k), 2 = (t, 2y, 2),
_(ky* £ ml)

v (k) =
- (k) [2w(w £+ m)]

bo, 3)

Y = (70, ~1 2, 73) being the Dirac matrices and

1 0

" 0 . 1

=10l ==1¢ol" (4)
0 0

The modes are orthonormalized according to the inner
product,

(4,) = / 05, T 1o, (5)

where 1 = 4%, The fermionic annihilation and anti-
fermionic creation operators, az = and b;% , satisfy the
) NeJ

usual anti-commutation relations,

{dg,o’ &TE/ cr’} = 53(E - E/)5U,U/7 (6)
{i)l;,cr’ B%/J/} = 53(E - E/)(Sa’,cr/, (7)

with all others vanishing. We define the Minkowski vac-
uum state, |Oy), as the state annihilated by all annihila-
tion operators, i.e.,

07, o I0M) = by, |0n) =0, Yk, 0. (8)

Rindler observers, accelerating uniformly in the z-
direction with proper acceleration a, on the other hand,
quantize the field using a different set of normal modes
more appropriate to them. In order to later also discuss
the decay of accelerated protons from the point of view of
uniformly accelerated observers, it is convenient to cover
the right Rindler wedge portion z > [t| of Minkowski
spacetime with Rindler coordinates (v, z,y,u), where

v = tanh™'(t/z), (9)
u = 22—t (10)

The line element is written as
ds* = u?dv® — da® — dy? — du®. (11)

In these coordinates we write ¥ as

Y R
o—+

wdt . gz } . (12)

w,k1,0°k,—0

where w stands for the Rindler frequency, and ki =
(k™ kY) labels the transverse momentum quantum num-
ber. The positive and negative modes (with respect to
dy), orthonormalized according to Eq. (@), can be cast as

e:Fiwv/aJriEJ_ T

tw _ & -
9= ppr elEwk), o (13)
where ¥ = (z,y) and
1/2
- cosh (wn/a
ho(+00, K1) = [#/)]

X”yo [(El "'?L + mﬂ) Kiiw/a—i—l/?(lu)

iV K i far 2l u)} ey, (14)

with
1 0
A 0 ~ 1
h+ - 1 5 h_ - 0 5 (15)
0 -1
2=k |2 +m?and 7, = (1. 4?). ¢mii, o and dw,lﬂ,a

are the Rindler fermionic annihilation and anti-fermionic

creation operators also satisfying relations (6l)-(7) with

appropriate quantum numbers (with all others also van-
ishing). The associated vacuum, |Ogr), is such that

o ol0R) =d_z |Or) =0, Ve, ki,o.  (16)

By relating both set of normal modes via a Bogulubov

transformation ﬂ], the state seen by Rindler observers
restricted to the right Rindler wedge can be written as

Py = ® ZwZexp(—%rnw/a)

w,ki,0 n=0

X |n;w,/a_,0><n;w,l_ﬁ_,0|, (17)

where Z_! = 1+ exp (—2nw/a). pg, is a thermal state
at inverse temperature Sy = 27/a, clearly showing the
Unruh effect.

Taking our fermionic fields to be the massive neutrino
fields ;, we see from Eq. (I7) that the mean flux of neu-
trinos with a well-defined mass m;, energy w, transverse
momentum k 1, and spin ¢ seen by a Rindler observer is
given by

(@, ky,0) = d —d2 lim <c“ ¢ >
w ag = — N -
b dr dQZZTL o = w @’ k' o @,kiL,0 Poy
Eﬂ_ — EL
= (2m) np(w), (18)
where

np(w) = (14 @)1 (19)



and 7 is the observer’s proper time. As expected, the
result is proportional to the Fermi-Dirac factor and only
depends on the Rindler energy w. In particular, there is
no dependency on the neutrino’s mass.

This does not mean, however, that detectors sensitive
to v; with different masses m; carried by a given Rindler
observer would react with the Unruh thermal bath in the
same way.

To better understand this point, let us define a gen-
eralization of the Unruh-deWitt detector for neutrinos,
which is constructed with the interaction action

Sp = /\Z/dT [m(7) s [,

where A is a (dimensional) constant, xf,(7) is the detec-
tor’s trajectory, and

(M +H.c], (20)

i(r) = o) (7), (21)

with 7 (7) being a monopole operator such that

(elrio()lg) = e">F7(elino(0)]g). (22)

Here, AFE is the energy gap between the detector’s ex-
cited, |e), and unexcited, |g), states of the detector, and
7 and é are arbitrary bi-spinors satisfying the normaliza-
tion conditions #f = £7€ = 1. (See Appendix [ for an
application of our detector in the simpler setting of an in-
ertial thermal bath where we comment on the reasonable
properties this detector possess).

The worldline of a uniformly accelerated detector with
proper acceleration a, in the (v,z,y,u) coordinates is
taken to be

2ty (1) = (a7,0,0,1/a). (23)

The mean excitation rate per proper time by absorp-
tion of a neutrino with mass m; is then

dPexcz
I = d7- Z/ dw/dzkj_|-/4exc| TLF( ) ( )

with
Acxc :’L'<6;OR|S’D|9;VW7ELJ>, (25)
which gives

dPexc,i

= A? /0 dw §(w — AE)e "wr/a

x / k1 (15/0) | K s jasr 2 (1/a) 1, (26)

where the constant A? = |\|?|(e|mo(0)]g)|?/27> depends
on the detector’s specifics and we recall that 12 = |k |2+
m?2. Note that the detector is only sensitive to particles
with Rindler energy w = AFE.

The excitation rate should also be proportional to the
local neutrino density. We can confirm this by extending
Ref. @], which builds on ideas from quantum optics to
define a finite-volume particle number operator for finite
space volume using the scalar Klein-Gordon product.

In our case, using Eq. (@), we define the neutrino den-
sity operator in an infinitesimal volume around the de-
tector as

i p d(vi,v)/du d*z |

Z ? ’L

o

zk (1)=a', (1)

= 7' ol (1)
where V;r denotes the positive frequency part of Eq. (I2])
and Eq. 27) is calculated over a surface v = const.
The expectation value of this density operator in the
Minkowski vacuum |0yp) is

1 > —nmwRr/a 2
ﬁ/o dw e / /d k.
X (li/a) |Kizp as1y2 (lifa) 2. (29)

Clearly, Eq. (26]) is proportional to Eq. (29) when re-
stricted to particles with @ = AFE, confirming that the
excitation rate is proportional to the local neutrino den-
sity.

We note from Eq. (26]) that Rindler observers will have
a harder time detecting more massive neutrinos since
they concentrate closer to the horizon. This is in accor-
dance with previous results obtained in the scalar case
[1d, [11).

Let us consider now the properties of the Unruh ther-
mal bath in terms of flavor neutrinos. It is possible
to define phenomenologically flavor states |vy; E, o) and
|Ve; @0, k 1,0) for inertial and Rindler observers, respec-
tively, in the realm of usual quantum field theory. Their
usual form arise as an useful approximation in the regime
where, e.g., the involved momenta are larger than the
neutrino masses. For more details we point the reader to
Refs. [17], [18], [19] and [20] (see also the final paragraph
of Sec. ). From the inertial perspective, by looking at
Eq. @), this regime is

(Om|7i,p|OM) =

k|2 > m2, Vi, (30)

while from the Rindler perspective, by looking at Eq. (I4)
we see that this will be the case wherever we deal with
neutrinos that have transverse momentum satisfying

lkL|? > m2, Vi. (31)

The flavor neutrino states are then written as

ko) = ¥
|Voz;w7]gl_7 Z

where a € {e, i, 7} labels the leptonic flavor and U, ; is
the PMNS matrix [13].

U ilvisk, o) (32)

ilvis @, kyi,o). (33)



In this regime, we can ask, for instance, what is the
excitation rate for an a-flavor neutrino. From Eq. (33)
we see that the probability of a v; reaching the detector
to collapse as a v, is |Uq.;|?, therefore

chxc,a 2 chxc,i
- - § |Ua,i| -
dr lkc|z>m? - dr l|ky|z>m?
~ dPexc,i 34
- dr m;=0 ’ ( )

due to the unitarity of the PMNS matrix.

We conclude that the predicted behavior of flavor neu-
trinos (when well-defined) is in no way deviant from what
it would be expected from the thermality of the Unruh
bath. We proceed now to discuss the inverse 3 decay for
accelerated protons with neutrino mixing from the iner-
tial and accelerated observers’ view and show that it is
also consistent with the Unruh effect.

III. SEMI-CLASSICAL INVERSE g DECAY
WITH NEUTRINO MIXING

For the sake of our purposes, we adopt the same ap-
proach as ﬂa, ], where the proton, |p), and neutron, |n),
are seen as unexcited and excited states of a two-level
system with the corresponding Hamiltonian H satisfying

Hip) = my|p), (35)
Hin) = mn|n), (36)

where m,,(,) is the proton (neutron) mass. The proton-
neutron system is assumed to have a well-prescribed
spacetime trajectory described by the semi-classical cur-
rent:

A T

= a6
where g = det(n,,), ut(7) is the four velocity of the
linearly accelerated proton-neutron system with proper
time 7, proper acceleration a = const, and Zo(7) is its
spatial trajectory. The monopole operator ¢(7) is defined
via the Hamiltonian by

i(7) = 7 g(0)e =T, (38)

where the Fermi constant, Gp, will be given by Gp =
[(rn|G(0)|p)|. The leptonic fields, in turn, will be treated
as quantum fields.

The effective weak interaction action considered here
is

g[ = /d4117w/—g <Z ﬁa,-yltPL[aj‘u + H. C.)

= /d4x«/—g > U iy Prlaju + H. c. | (39)

i

where
. (]I—'y5)
p=+_2) 40
L NG (40)
5 = 79914243, and we recall that j# is given by

Eq. B1), o € {e, u, 7} labels the leptonic flavor,

Do =Y Uaibi, (41)

and I, stand for all electrically charged leptonic fields,
fem,pnm 7 H

We stress here that 7, stands only as a shorthand no-
tation for the particular combination of massive neutrino
fields given by Eq. ([@II). As mentioned previously in Sec.
[ flavor states can only be defined phenomenologically.
Attempts at canonically quantizing the 7, fields in terms
of positive (and negative) frequency modes give annihila-
tion (and creation) operators whose physical meaning is
unclear @], precluding us from defining particle states
as states resulting from the action of creation operators
acting on a vacuum and constructing the associated Fock
space ] For this reason, we focus only on states asso-
ciated with the 7; fields from now on.

IV. INERTIAL CALCULATION

The inverse S-decay process, as seen by Minkowski ob-
servers, can be generically cast in the form

p—nly v, (42)

where I, ={e ", n~, 7" } and v; = {11, v2,v3}. The tran-
sition amplitude associated with Eq. [@2]) is

'Aé,i = i(n| @ ({ovi|S1|0m) @ |p), (43)

where the charged leptons [, and neutrinos v; have
quantum numbers o, € {+,—} and Ea(i) =
(kZ (@) kY @k (i)), and S; is given in Eq. (3J).

In usual inertial coordinates, z* = (t,x,y,z), cur-
rent ([B7) is written as

i = 1 () 5(2)o()o (:-vP=a), ()
az
where u* = (az(7),0,0,at(r)) with t = a~! sinh (a7) and
z = a"*cosh (ar).

The differential decay probability per momentum-
space volume dV}, = d®k, d>k; is given by

dP p—n ZQ 127

. I 2
de Z |Ao¢,z ) (45)

Oa,04

allowing us to define the decay rate per momentum-space
volume as

1 dP p— n [Oc vy
Ve At A%

dr p—=>n lo vi

(46)



where A7 is the total proper time along the trajectory
of the proton-neutron system. Inserting Eqs. (39), @4,

and () into Eq. {@3]), we write Eq. [@g]) as

dr p= v 9G2 U,

dVi - (2m)8

X /OO dé exp (2i[Am & + a™ ! (waw;) sinh (ag)])

— 00

X

[k kG + witwa + F (ko k)], (47)
Wa Wi

where Am = m,, — m,,, we have made an inverse boost
in the z-direction [to factor out the proper time integral
implicitly contained in Eq. @3)], and F(k},, k] a) is an
odd function of its arguments whose form is not impor-
tant here since it will not contribute to the decay rate
when integrated over dVj,.

By integrating over momenta, we obtain the total de-

cay rate

7 2 ; 2 —TAm o o0
pooniov = GrlUail eTA/ e ki/ dk; k?
7T4CL 0 0
X KQiAm/a (2 (wa + wi) /a) ) (48)
where ko) = |I€O¢(Z |. Now, by using the same complex

integration procedure employed in Ref. ﬂg | we can rewrite
the expression above as a double integral over the com-
plex plane, i.e.,

G%a®|Uqy i)?
3277/2

/ 271'2/ 27m|l" (3—s—t+iAm/a)?

T e L] [

e lo Vi _ —mAm/a

where Cs and C; are integration contours containing all
poles of the T' functions both in the s and ¢ planes.

Although apparently unwieldy, this expression for the
decay rate is convenient for our purposes of analytically
confirming the equality between Eq. [@9) and the anal-
ogous result obtained with respect to Rindler observers,
to which we proceed now.

V. RINDLER CALCULATION

Uniformly accelerated observers see the single in-
verse (-decay process considered by inertial observers,
Eq. [@2), as a set of three processes, namely

1. p+la — n+uv,

2. p+7; = n+ly,

3. p+ly+ 10 —n,

i.e, protons lying at rest with the Rindler observers would
decay into neutrons by the absorption (and possible emis-
sion) of leptons from (to) the Unruh thermal bath.

In the (v, x,y,u) coordinate system, current ([B1) is ex-
pressed as

3 = quté(2)d(y)d(u —a™t) (50)

with u* = (a,0,0,0).

To obtain the total decay rate, we must sum incoher-
ently processes (1)-(3). Let us outline now the procedure
to calculate the decay rate specifically for process (1),
since processes (2) and (3) will be similar. Firstly, we
calculate the interaction amplitude by using Eqgs. (I2)

and (39),

AR = i) @ (il Srlla) © |p)

iIGp
Uy —w; — Am
(27)2 \/— (a )
x |5 A M= )gfjf%} : (51)

where the neutrino v; has quantum numbers (o, w;, l% 1)

and the charged lepton has quantum numbers

(o, Tars EQL) and we recall that g = gf7°. We square it

to obtain the differential probability of decay per Rindler

momentum-space volume dVj g = dwad?ky | dw;d?k; | .
The interaction rate,

e

de,RTTnF(wa) (1 —nr(wi)],

s - 3 /

Oq 04
(52)
is obtained by dividing the differential probability by
the total proper time A7, multiplying it by the relevant
fermionic thermal factors, and integrating over dVj, g.
Following a similar recipe for processes (2) and (3) we
can write the total interaction rate, according to Rindler
observers, as

I\p%nlia vi,R

ZI‘(JR

G%|UO¢1 —TrAm a T j1.%
:W // dwl//dkdk

// dk?dkgé llla |K1/2+iwa/a(la/a’)|

2
| K1 joti(wa—nam)/ali/a)]” (53)

X

X

Now, following the reasoning of Ref. [d] we use
Egs. (6.412) and the definition of the Meijer G-function
[Eq. (9.301)] of Ref. [15], along with Eq. (5.6.66) of
Ref. [16] to write the total interaction rate according to



Rindler observers as

G%'a5|U067i|2 —nAm/a
3277/2

dt ds . 2
— — | I'(B—s—t+iA
X/C 2me /C 2me LG im/a)
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e nlaviR _
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FB—s—tI'(7/2—s—1)

} 2s 7 (54)

a a

which can be seen to be exactly equal to Eq. (49]), proving
our assertion that both rates coincide.

VI. CONCLUSIONS

We have discussed the properties of the Unruh thermal
bath for neutrinos and in which conditions we can legit-
imately speak about flavor states. Also, we have shown
through an explicit calculation the equality of the decay
rates for the inverse [ decay of protons as calculated by
Minkowski and Rindler observers. This is not surprising,
being the expected result from the general covariance
of quantum field theory, but it explicitly demonstrates
the importance of using the appropriate mode expansion
(i.e., those that are eigenfunctions of an appropriate time-
like isometry) for the neutrino fields, where all calcula-
tions are well-defined and it is completely meaningful to
speak about particles. Finally, as previously stated, this
also shows that there is no incompatibility between the
Unruh effect and neutrino mixing, contrary to previous
claims.
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Appendix A: Detectors’ behavior

To better understand the behavior of the fermionic de-
tector defined in Sec. [[Il we apply it to an usual thermal
bath (at inverse temperature ) of massive neutrinos,

R 1
b = g®‘1+exp(—6wi)
1
x> exp (—nifwi)ng; ki, 05) (s i, 03], (A1)
’n,iZO

where w; satisfies the usual dispersion relation w? =

2 =
|ki|> + m2. By using Eq. [20) we calculate the mean
excitation rate by absorption of neutrino with mass m;
per proper time of an inertial detector with worldline (in

{t,z,y, z} coordinates) =/, () = (7,0,0,0), giving

chxc,i — A o
Tt — Pl Ol [ do - AE)
wy/w? —m?
i (42)

which, disregarding the phase-space volume factor, is ba-
sically proportional to the mean number of particles with
energy AFE as it should be. We also note that this de-
tector satisfies the detailed balance condition, relating
excitation and absorption rates ﬂﬂ] Moreover, the exci-
tation rate in this case is also proportional to the local
neutrino density calculated from Eq. ([21), which, in this
case is
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