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RESUMO

Este trabalho aborda três problemas relevantes e atuais da teoria qualitativa das equa-

ções diferenciais ordinárias. O primeiro trata-se do problema do centro em uma vari-

edade central de sistemas diferenciais analíticos tridimensionais cuja parte linear do

campo vetorial associado é y∂x−λz∂z, para λ 6= 0. Obtemos uma forma normal formal

para esses sistemas, alguns resultados sobre sua integrabilidade e estendemos, para

este caso, algumas técnicas utilizadas para investigar centros nilpotentes no plano.

Por exemplo, mostramos que centros nilpotentes de sistemas tridimensionais, em va-

riedades centrais analíticas, são limites de centros do tipo Hopf. O segundo problema

considerado é o problema da ciclicidade de pontos de Hopf para sistemas quadráticos

em R3. Usando expansões de ordem superior dos coeficientes de Lyapunov, obtemos

uma nova cota inferior para a ciclicidade destes pontos singulares. Mais precisamente,

encontramos um exemplo com 13 ciclos limites bifurcando do ponto singular. No ter-

ceiro problema, consideramos famílias de campos vetoriais polinomiais planares que

possuem um policiclo hiperbólico Γ persistente. Provamos, sob algumas condições

genéricas, que bifurca exatamente um ciclo limite a partir de Γ. Neste caso, obtemos

informações quantitativas sobre sua função período em relação aos parâmetros de

perturbação.

Palavras-chave: Teoria Qualitativa, Problema do Centro Nilpotente, Ciclos Limite,
Função Período, Policiclo.



ABSTRACT

This work deals with three current and relevant problems in the qualitative theory of

differential equations. The first one is the center problem on a center manifold of diffe-

rential systems such that the linear part of their associated vector field is y∂x − λz∂z,

with λ 6= 0. We obtain a formal normal form for those systems, some results on their

integrability and extended, for this case, some techniques employed to study nilpotent

centers in the plane. For instance, we show that nilpotent centers of three-dimensional

systems on analytic center manifolds are limits of Hopf type centers. The second pro-

blem we consider is the cyclicity problem for Hopf singular points in quadratic systems

in R3. Using higher order expansions of the Lyapunov coefficients, we obtain a new

lower bound for the cyclicity of such singular points. More precisely, we exhibit an

example with 13 limit cycles bifurcating from the singular point. In the third problem,

we consider families of polynomial planar vector fields having a hyperbolic persistent

polycycle Γ. We prove, under generic conditions, that exactly one limit cycle from Γ.

In this case, we obtain quantitative information on its associated period function with

respect to the perturbation parameters.

Keywords: Qualitative Theory, Nilpotent Center Problem, Limit cycles, Period Func-
tion, Polycycle.
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1 Introduction

The theory of differential equations is one of the most interesting and relevant fields
in contemporary mathematics. Within its scope, we have several distinct problems, all
equally intriguing and fruitful. From the early works of Poincaré [1] to the recent advance-
ments by contemporary researchers, the sheer amount of theoretical results and practical
applications is consistently increasing throghout the century. In this context, one’s ambi-
tion to contribute is met with several difficulties. Picking a problem to tackle, studying
the literature to understand what has already been done and discovering new results to
have something to add to the extensive collective knowledge. These are not easy tasks
and are often overlooked when we think about the role of the researcher.

Nonetheless, we took up on the challenge and the results of our attempt to contribute
to our beloved scientific field are comprised into the present thesis. In the workings of
producing a thesis, we find ourselves collaborating with different researchers, considering
different approaches and tackling different problems. This makes for a rich experience
which in our case are comprised into three different chapters that constitutes this thesis:
Nilpotent Centers on Center Manifolds in R3, Hopf singular points in R3 and the cyclicity
problem and Bifurcation phenomena in time of differential equations.

The object of our interest are the following differential equation

ẋ = F (x;µ), (1.1)

where x ∈ Rm, µ ∈ Λ ⊂ RN and F is a well-behaved function. Also, x is often referred
to as the spatial variables and µ is called the perturbation parameters. The qualitative
theory of differential equations constitutes in obtaining information about the solutions
of such equations without explicitly computing them. Among the different behaviors that
the solutions can have, the one that we focus on is the periodic ones, i.e. the closed orbits.
The general behavior of the solution curves in a neighborhood of a closed orbit is often
the subject of relevant open problems. In the present thesis, we consider three different
problems concerning closed orbits.

The first one is the Nilpotent Center Problem. In the plane (m = 2), a nilpotent
singular point is a singular point of (1.1) such that the Jacobian matrix of F evaluated at
the singular point has two zero eigenvalues but is not the null matrix. When this singular
point is monodromic, the Nilpotent Center Problem consists in determining whether or
not the orbits in a neighborhood of the nilpotent singular point are all closed. This
problem is widely studied for the planar case. However, if we consider the same problem
in R3, there are few works in the literature. This is precisely the subject of our first
chapter. We consider (1.1) where m = 3, F is analytic and DFp has the Jordan canonical
form  0 1 0

0 0 0
0 0 −λ

 ,
13



14 Introduction

for p being a singular point, which is called nilpotent singular point in R3. These dif-
ferential systems admit invariant two-dimensional manifolds (called Center Manifolds).
Our goal is to develop tools to tackle the Nilpotent Center Problem on a center manifold
of such systems. In this endeavor, we obtain a formal normal form for three-dimensional
systems having a nilpotent singular point (see Theorem 2.29), some results on their in-
tegrability (for instance, Theorems 2.40 and 2.45) and extended some known techniques
for the planar nilpotent center problem to the three-dimensional case: the Inverse Jacobi
Multiplier method (see Theorem 2.56, which is an extension of the inverse integrating
factor method described in [2]), and the fact that nilpotent centers of three-dimensional
systems, on analytic center manifolds, are limits of Hopf-type centers (see Theorem 2.64,
which is inspired by the main result of [3] and its previous versions for the planar scenario).

The problem of determining whether a singular point is a center or not was first
considered for less degenerated types of singular points. More precisely, the Hopf singular
points. These are the singular points of (1.1), with m = 3, for which the Jacobian matrix
of F has two purely imaginary eigenvalues and one non-zero real one. There are several
works on the center problem for Hopf singular points (see [4, 5, 6], for instance).

In the literature, it is widely known that the center problem is closely related to the
cyclicity problem, i. e. the problem of determining how many isolated closed orbits (limit
cycles) can arise when perturbing equation (1.1). The study of the cyclicity usually aims
to obtain lower bounds on the number of limit cycles than can unfold, when varying values
of µ in the parameter space Λ around a parameter µ0 with a specific feature. In the second
chapter of the present thesis, this feature is that we have a center on a center manifold
for µ = µ0 and our work consists in applying the most recent results of the literature to
obtain new lower bounds on the cyclicity of Hopf singular points. As far as we know, we
have successfully obtained the highest lower bound of the cyclicity of quadratic systems
having a Hopf singular point (Theorem 3.11).

The last chapter of the present thesis concerns a different side of the study of closed
orbits: their period. The period function of a periodic orbit often depends on the pertur-
bation parameters µ ∈ Λ. The classification of the behavior of the period function is the
subject of several works in the literature (see , for instance, [7, 8]). We consider (1.1) with
m = 2, F (·, µ) polynomial and F (x, ·) a smooth function such that, for µ = µ0 the system
admits a polycicle that maintains its topology for small perturbations on µ near µ0. In
this setting, we study the limit cycles that bifurcate from the persistent polycycle, i. e.
the closed orbits that arise in a small neighborhood of the polycylce, seeking quantitative
information about their period function. For this matter, we obtained two main results.
In the first one, we prove that under some generic conditions on the return map, exactly
one limit-cycle bifurcates from Γ and we determine the behavior of its associated period
function with respect to the perturbation parameters (Theorem 4.10). The second one
concerns the case where the aforementioned generic conditions are not satisfied, for which
the behavior of the period function cannot be determined (Theorem 4.21).

We believe that this thesis present relevant new results in all three problems considered.
Although the field of differential equations is vast and diverse, we hope that our work
represents a meaningful contribution to its development. Hopefully, this work inspires
the reader to carry on with their research and give their own contribution too.

The results of the present thesis are distributed in papers [9, 10, 11, 12, 13, 14].



2 Nilpotent Centers on Center
Manifolds in R3

Consider a planar vector field X defined in a open set U ⊂ R2. We say that a
singular point p is a nilpotent singular point of X if the jacobian matrix DXp has two
zero eigenvalues but is not the null matrix. In other words, p is a nilpotent singular
point of vector field X if there exists a linear change of coordinates such that, in those
new coordinates, DXp =

(
0 1
0 0

)
. We may assume, by means of translation, that p = 0.

Thus, the associated differential system can be written as:

ẋ = y + P (x, y),
ẏ = Q(x, y), (2.1)

where j1P (0) = j1Q(0) = 0 (here jlF (0) denotes de l-jet of a function F at 0, i.e. the
Taylor polynomial of degree l at 0). System (2.1) is widely studied in the literature.
There are several possibilities of phase portraits of this system in a neighborhood of the
origin. In fact, almost all possibilities are classified, except the monodromic case (see [15,
Theorem 3.5, p. 116] and also [16, 17]). We recall the definition of monodromy [18].

Let p be a singular point of X and γ = {γ(t) : t ∈ R} be an orbit of X that tends to p
when t tends to∞. In this case, γ is a characteristic orbit if there exists limt→∞ γ(t)/|γ(t)|,
where | · | is the Euclidean norm. We may also consider orbits tending to p as t tends to
−∞, but we can always change the sign of the parameter t in the system associated with
X and assume that t tends to ∞. We have that p is a monodromic singular point of X if
there is no characteristic orbit associated with it.

In the case which (2.1) is analytical, the only monodromic possibilities for the origin to
be are the nilpotent center or the nilpotent focus. The problem of distinguishing between
these characterizes the so-called Nilpotent Center Problem [19, 20].

In this work, we study analytic vector fields X in R3 having a singular point p such
that DXp has the following Jordan canonical form 0 1 0

0 0 0
0 0 −λ

 ,
where λ 6= 0. We can assume that the singular point is located at the origin. The asso-
ciated differential system can be written, by a linear change of variables, in the following
form:

ẋ = y + P (x, y, z),
ẏ = Q(x, y, z),
ż = −λz +R(x, y, z),

(2.2)

15



16 Nilpotent Centers on Center Manifolds in R3

where P,Q,R are analytic functions and j1P (0) = j1Q(0) = j1R(0) = 0. For such
systems, the following theorem holds.

Theorem 2.1 (Center Manifold Theorem). Consider system (2.2). There exists an in-
variant bidimensional Cr-manifold tangent to the xy-plane at the origin for every r > 1.

This theorem is proven in [21] and the manifolds described in its statement are called
Center Manifolds. An extensive study on the center manifolds can be found in [22]. We
remark that neither the analiticity nor the uniqueness of the center manifold is guaranteed
by Theorem 2.1.

Since every center manifold is tangent to the xy-plane at the origin, it has a local
parametrization as z = h(x, y), where h : U ⊂ R2 → R is a Cr-function with j1h(0, 0) = 0.
Substituting z = h(x, y) in (2.2), we obtain a restricted bidimensional differential system
given by

ẋ = y + P (x, y, h(x, y)),
ẏ = Q(x, y, h(x, y)). (2.3)

This restricted system has a nilpotent singular point at the origin. Henceforth we say that
a three-dimensional analytical vector field has a nilpotent singular point if its associated
differential system can be written as (2.2).

In the plane, nilpotent singular points are widely studied in the literature [19, 15, 23].
One of the most important problems in the study of these types of singularities is the
so-called Nilpotent Center Problem [19, 20] which consists of distinguishing whether the
origin of (2.1) is a center or not.

The goal of this work is to study the Nilpotent Center Problem for system (2.2),
that is, to determine whether the origin is a nilpotent center or a nilpotent focus on
a center manifold. This problem is barely explored in the literature and, as far as we
know, there are only two works on this subject [24, 25]. In this papers, the authors study
particular families of system (2.2) and the main technique used to obtain the results
consists in restricting the system to a center manifold using a truncated expression of
its parametrization. This method is not very practical for computational purposes. Our
approach seeks to study the nilpotent center problem without going through the restriction
of the system to a center manifold.

2.1 Monodromy

2.1.1 Monodromy Criterion
The first step to study the Nilpotent Center Problem is to verify if the singular point

is monodromic. For analytic system (2.1), the following result (see [15, Theorem 3.5, p.
116] and [17, Theorem 66, p. 357]) provides a monodromy criterion.

Theorem 2.2 (Andreev’s Theorem). Let X be the vector field associated to analytic
system (2.1) and the origin be an isolated singular point. Let y = F (x) be the solution of
the equation y + P (x, y) = 0 in a neighborhood of (0, 0) and consider f(x) = Q(x, F (x))
and Φ(x) = divX|(x,F (x)). Then, we can write

f(x) = axα +O(xα+1),

Φ(x) = bxβ +O(xβ+1).
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The origin is monodromic if and only if a < 0, α = 2n − 1 and one of the following
conditions holds:

i) β > n− 1;

ii) β = n− 1 and b2 + 4an < 0;

iii) Φ ≡ 0.

The lack of analyticity of the restricted system (2.3) apparently poses an obstacle for
us to use Theorem 2.2 to study the monodromy of the singularity on a center manifold.
However, the proof presented in [19] uses the concept of the Poincaré index which is not
dependent on the analyticity of the vector field. The other important step of the proof
uses the generalized polar coordinates, first introduced by Lyapunov [26] (see also [27]),
which also do not depend on the analyticity. Thus, by supposing jrf(0) 6= 0, the same
arguments can be made and we have a less restrictive version of Theorem 2.2. We now
present a summary of the necessary aspects of Poincaré index (see [17, Chapter V, p.
193]) and generalized polar coordinates and then we reproduce the proof written in [19]
under the hypothesis jrf(0) 6= 0 for the sake of completeness.

Proposition 2.3. Let C be a simple and closed curve of R2 and X a vector field defined
in a open simply connected subset of R2 containing C. Let L be a straight line of the
plane. Suppose there exist a finite number of points Mk, k = 1, . . . , n, of C such that
the vector X(Mk) is parallel to L. Let M be a point that describes the curve in the
counterclockwise sense and p (respectively q) the number of points Mk such that X(M)
passes through the direction L in the counterclockwise sense (resp. in the clockwise sense).
Let IC = (p−q)/2. Suppose C encloses a single singular point P of X and does not contain
any singular points. If S is any other simple closed curve without singular points on it
that only surrounds the singular point P , then IC = IS.

Definition 2.4. Let P be a singular point for a vector field X. The Poincaré index of
X at P is the quantity IC computed for any simple closed curve C containing P in its
interior such that there are no other singular points of X either inside or on C.

We recall that monodromic singular points have Poincaré index 1 [17, §11]. Now
we introduce the generalized polar coordinates. Given n a positive integer, consider the
following differential system

du

dθ
= −v;

dv

dθ
= u2n−1,

with initial conditions u(0) = 1, v(0) = 0. Let Cs θ and Sn θ be the solutions of this
Cauchy problem. We shall call these functions the generalized trigonometric functions.
The following result present their most useful properties and its proof can be found in
[26, 27, 19].

Proposition 2.5. The following holds:

a) Cs θ and Sn θ are T -periodic functions, where

T = 2
√
π

n

Γ( 1
2n)

Γ(n+1
2n ) ;
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b) Cs2nθ + nSn2θ = 1;

c) Cs θ is an even function and Sn θ is an odd function;

d) Cs (T2 + θ) = −Cs θ and Sn (T2 + θ) = −Sn θ;

e) Cs (T2 − θ) = −Cs θ and Sn (T2 − θ) = Sn θ;

f)
∫ θ

0
Snϕ Csqϕ dϕ = −Csq+1θ

q + 1 ;

g)
∫ θ

0
Snpϕ Cs2n−1ϕ dϕ = Snp+1θ

p+ 1 ;

h)
∫ T

0
Snpϕ Csqϕ dϕ = 0, if either p or q are odd;

i)
∫ T

0
Snpϕ Csqϕ dϕ = 2√

np+1

Γ
(
p+1

2

)
Γ
(
q+1
2n

)
Γ
(
p+1

2 + q+1
2n

) , if both p and q are even;

When working with planar vector fields having a nilpotent singular point, a useful
change of variables based on the above defined functions is the following:

x = ρCs θ, y = ρn Sn θ.

We refer to this change of variables as the generalized polar coordinates. We now can
prove the Cr version of Theorem 2.2.

Theorem 2.6 (Cr-Andreev’s Theorem). Let X be the vector field associated to the Cr-
system, r > 3, given by

ẋ = y +X2(x, y),
ẏ = Y2(x, y), (2.4)

where X2, Y2 ∈ Cr, j1X2(0) = j1Y2(0) = 0 and such that the origin is an isolated singular
point. Let y = F (x) be the solution of the equation y + X2(x, y) = 0 through (0, 0) and
consider f(x) = Y2(x, F (x)) and Φ(x) = divX|(x,F (x)). We can write

f(x) = axα +O(xα+1),

Φ(x) = bxβ +O(xβ+1).
for α < r. Suppose that a 6= 0, then the origin is monodromic if and only if a < 0, α =
2n− 1 and one of the following conditions holds:

i) β > n− 1 or jrΦ(0) ≡ 0;

ii) β = n− 1 and b2 + 4an < 0;

Proof: Function F is well defined by the Implicit Function Theorem. By making the
change of variables x = x, y = v + F (x), system (2.4) becomes:

ẋ = v + F (x) +X2(x, v + F (x)) = v(1 +X1(x, v)),
v̇ = ẏ − F ′(x)ẋ = f(x) + Φ(x)v + Y0(x, v)v2.

We distinguish two cases.
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Case α even: By means of linear parametrization, we can assume a = 1. Consider the
circumference Cδ = {x2 +v2 = δ2} with δ small enough for X to be well defined on Cδ. To
compute the Poincaré index at the origin we consider the v-axis. The points M1 = (δ, 0),
M2 = (−δ, 0), are such that X(M1) = (0, f(δ)) and X(M2) = (0, f(−δ)) are parallel to
the v-axis, and are the only ones on Cδ with this property.

Since α is even, we have f(δ)f(−δ) > 0. Evaluating the vector field near M1 and M2
following the curve Cδ counterclockwise, we see that the vector field near M1 ceases to be
parallel to the v-axis to be in the quadrant x > 0, v > 0. Meanwhile near M2, the vector
field enter the quadrant x < 0, v > 0. In other words, following Cδ counterclockwise, the
vector field turns clockwise near M1 and counterclockwise near M2. Thus, the Poincaré
index at the origin is 0 and therefore it cannot be a monodromic singular point.

Case α odd: Considering Cδ once more, we apply the same argument as above to
compute the Poincaré index at the origin. Now we have f(δ)f(−δ) < 0. If a > 0, then
f(δ) > 0 and as we evaluate vector field X along the curve Cδ counterclockwise it turns
clockwise near M1 and clockwise near M2. Hence, Poincaré index at the origin is −1.

(a) α even (b) α odd with a > 0 (c) α odd with a < 0

M1M2

Cδ

M1M2

Cδ

M1M2

Cδ

Figura 2.1: Motion of vector field X along Cδ.

Now for a < 0, then f(δ) < 0, and as we follow Cδ counterclockwise, the vector field
turns counterclockwise nearM1 and counterclockwise nearM2. Therefore, Poincaré index
at the origin is 1. We conclude that monodromy can only occur for a < 0.

Suppose α = 2n − 1 and a < 0. Making the change of variables x = (− 1
a
)

1
2n−2 x̄, v =

−(− 1
a
)

1
2n−2 ȳ, and dropping the bars, yields the following system:

ẋ = y(−1 +X1(x, y)),
ẏ = g(x) + Φ(x)y + Y0(x, y)y2,

(2.5)

where g(x) = x2n−1 +O(x2n). We have three cases to consider:
Case β < n− 1: We now make the generalized polar coordinate change. System (2.5)

becomes
ρ̇ = bCsβ(θ)Sn2(θ)ρβ+1 +O(ρβ+2),
θ̇ = bCsβ+1(θ)Sn(θ)ρβ +O(ρβ+1).

We have that θ = 0 is a simple zero of bCsβ+1(θ)Sn(θ)ρβ, and thus there are solution
curves of X that approaching or leaving the origin with concrete slope θ = 0, i.e. we have
characteristic orbits. The origin cannot be monodromic.
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Case β > n− 1 or jrΦ(0) ≡ 0: Under the generalized polar coordinates, system (2.5)
is written as:

dρ

dθ
= O(ρ2)

1 +O(ρ) .

Since the denominator does not vanish at ρ = 0, there are no arrival directions and we
can define a first return function. Thus the origin is monodromic.

Case β = n− 1: System (2.5) can be put in the form

dρ

dθ
= bρCsn−1(θ)Sn2(θ) +O(ρ2)

1 + bCsn(θ)Sn(θ) +O(ρ) .

By statement (b) of Proposition 2.5, 1 + bCsn(θ)Sn(θ) = (Csn(θ))2 + b Sn(θ)Csn(θ) +
nSn2(θ). Hence the discriminant of the equation 1 + bCsn(θ)Sn(θ) = 0 is given by (b2 −
4n)Sn2θ. Then, for b2 − 4n < 0, 1 + bCsβ+1(θ)Sn(θ) does not vanish, and therefore the
origin is monodromic. For b2 − 4n > 0, the expression 1 + bCsn(θ)Sn(θ) has simple zeros
and so we have characteristic orbits.

For b2 − 4n = 0, we make the directional blow-up x̄ = x, ȳ = y/xn in system (2.5)
and conclude that the obtained singular point on its ȳ-axis is a saddle-node. Therefore
system (2.5) has characteristic orbits associated with the origin, i.e. the origin is not
monodromic. This concludes the proof.

The above theorem provides a tool to study the monodromy of the origin for system
(2.2) on a center manifold. In order to perform this study, we apply Theorem 2.6 to the
restricted system (2.3) and check if the function f is not flat, since for any r > 3, there
exists a center manifold such that (2.3) is a Cr-system.

The positive integer n in the statements of Theorems 2.2 and 2.6 plays an important
role in the study of nilpotent monodromic singular points. So we define the Andreev
number of a nilpotent singular point by the number n in function f(x) = ax2n−1 +O(x2n)
described in Theorems 2.2 and 2.6. In [2] the author proves that the Andreev number
is invariant by analytical and formal orbital equivalence, i.e. via analytical and formal
diffeomorphisms and time rescalings.

The following result is essentially a shortcut to verify monodromy for a given bidimen-
sional system.

Lemma 2.7 (Monodromy criterion). Consider a Cr-system (2.1), the functions F (x),
f(x), Φ(x) given in Theorem 2.6. Let ã be the coefficient of x2n−1 in the power series
expansion of f(x), b̃ the coefficient of xn−1 in the power series expansion of Φ(x) and
∆ = b̃2 + 4ãn. Suppose j2n−2f(0) = 0 and jn−2Φ(0) = 0, then the singular point is
monodromic with Andreev number n if and only if ∆ < 0.

Proof: Note that ∆ < 0 gives us immediately the first monodromy condition, i.e. α =
2n − 1 and a = ã < 0. If b̃ = 0, then either jrΦ(0) ≡ 0 or Φ(x) ∈ O(xn) and the
monodromy condition (i) in Theorem 2.6 is satisfied. If b̃ 6= 0, the condition (ii) in
Theorem 2.6 is satisfied. Thus, the singular point is monodromic with Andreev number
n. Conversely, suppose the singular point is monodromic with Andreev number n. Then
ã < 0 and one of the monodromy conditions (i) or (ii) in Theorem 2.6 must hold. If (i)
holds, b̃ is null and ã < 0 implies ∆ < 0. On the other hand, if (ii) is satisfied then ∆
must be negative. Therefore ∆ < 0 regardless the monodromy condition.

Armed with the above results, we can procedurally apply an algebraic algorithm to
obtain conditions on the parameters of system (2.2) for the origin to be monodromic on
a center manifold. This algorithm is described in the next section.
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2.1.2 Monodromy classes and Andreev number
Consider the following representation of analytic system (2.2):

ẋ = y + ∑
j+k+l>2

ajklx
jykzl,

ẏ = ∑
j+k+l>2

bjklx
jykzl,

ż = −λz + ∑
j+k+l>2

cjklx
jykzl.

(2.6)

By the Center Manifold Theorem 2.1, any center manifold for (2.6) has a local parame-
trization z = h(x, y) for which h ∈ Cr and j1h(0) = 0. Being an invariant manifold, it
must satisfy the following equation:

∂h

∂x
(x, y)(y+P (x, y, h(x, y))) + ∂h

∂y
(x, y)(Q(x, y, h(x, y))) +λh(x, y)−R(x, y, h(x, y)) = 0.

(2.7)
This equation allows us to obtain the Taylor polynomial of h(x, y) to any finite order m.
In order to achieve this, we write h(x, y) as a formal series h(x, y) = ∑

j+k>2 hjkx
jyk and

substitute in (2.7). We expand the left-hand side of this equation in a power series of
x, y and equate the coefficients to zero to obtain the coefficients hjk given in terms of the
coefficients ajkl, bjkl, cjkl from (2.6).

More precisely, we start by equating the coefficients of the homogeneous terms of degree
2, which is the lowest, to zero. Then, we determine h20, h11, h02. The coefficients hjk of
homogeneous degree 3, i.e. such that j + k = 3, are given by the coefficients ajkl, bjkl, cjkl
of system (2.6) and the coefficients hjk of the previous homogeneous degree. We repeat
this iterative process obtaining successively the coefficients hjk of a homogeneous part
once having computed the coefficients hjk of the previous ones.

Once the coefficients hjk are obtained up to a large enough homogeneous degree m,
we have successfully retrieved the Taylor polynomial jmh(0) = ∑m

j+k=2 hjkx
jyk. It is well

known that any Cr center manifold, for r > m, has the same m-jet (see, for instance,
[22]). Substituting h(x, y) = jmh(0) +O(‖x, y‖m+1) in (2.6) yields a restricted Cr-system
(2.3) for which the m-jet of each component of the associated vector field is known.

We can proceed analogously to retrieve the m-jet of function F (x) from Theorem 2.6.
It is sufficient to consider the equation

F (x) + P (x, F (x), h(x, F (x))) = 0.

Consequently, determining jmF (0) also determines jmf(0) and jmΦ(0). Hence, if there
exists an m ∈ N such that jmf(0) 6= 0, we can apply this process to study the monodromy
using Theorem 2.6.

Applying the algorithm described above to m = 3, we obtain:

j2h(0) = c200

λ
x2 + (λc110 − 2c200)

λ2 xy + (2c200 − λc110 + c020λ
2)

λ3 y2.

Which yields the following:

j3f(0) = b200x
2 − (b110a200λ− b300λ− b101c200)x3

λ
,

j1Φ(0) = (2a200 + b110)x.
(2.8)
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The full expressions of j3h(0) and j3Φ(0) are too extensive, so we omit them here. With
the information given by (2.8), it is possible to conclude, by Theorem 2.6, that monodromy
can only occur if b200 = 0. Furthermore, we have the necessary tools to classify the first
family of systems having a monodromic singular point at the origin on a center manifold.

Proposition 2.8. The origin is a nilpotent monodromic singular point with Andreev
number 2 on a center manifold of system (2.6) if and only if b200 = 0 and

b101c200

λ
< −(2a200 − b110)2

8 − b300. (2.9)

Moreover, if 2a200 + b110 6= 0, the restricted system satisfies the monodromy condition
β = n− 1 in Theorem 2.6.

Proof: The origin is monodromic only if b200 = 0. Thus, by Lemma 2.7, the necessary
and sufficient condition for the Andreev number to be 2 is ∆ < 0, which by (2.8) becomes:(

4 a200
2 − 4 b110a200 + b110

2 + 8 b300
)
λ+ 8 b101c200

λ
< 0,

or equivalently
b101c200

λ
< −(2a200 − b110)2

8 − b300.

The second statement also follows from (2.8).
We highlight the singular points with Andreev number 2 since, in the plane, there are

interesting tools to study the Center Problem that only hold for this case. For instance, in
[2], a method to solve the Center Problem for nilpotent singular points is presented which
consists in finding a formal inverse integrating factor for such systems, i.e. a formal series
V (x, y) satisfying XV = V divX. Throughout this thesis, we will refer to this method
as the inverse integrating factor method. More precisely, the method is based on the
following result:

Theorem 2.9 (Theorem 3 in [2]). Consider analytic system (2.1) with a monodromic
nilpotent singular point at the origin such that the Andreev number n is even. If (2.1) has
a formal inverse integrating factor then the origin is a center. Moreover if n = 2 then the
converse is also true.

The case n = 2 was also studied in [28, 29] where the authors also found a canonical
form for nilpotent monodromic singularities of third order in the plane. In sum, the
nilpotent centers of planar analytic systems having Andreev number 2 are completely
characterized by the existence of a formal inverse integrating factor. Proposition 2.8
characterizes the monodromic nilpotent singular points with Andreev number 2 in R3

and is a first step to extend these results to three-dimensional systems.

2.1.3 Some results for planar Cr systems with nilpotent singular
points

We now prove some results for planar Cr-systems which are useful for the Nilpotent
Center Problem in R3. First, we need the following definitions.
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Definition 2.10. A polynomial p ∈ R[x, y] is a (t1, t2)-quasi-homogeneous polynomial of
weighted degree k if p(λt1x, λt2y) = λkp(x, y). A general expression for such polynomials
is p(x, y) = ∑

t1i+t2j=k aijx
iyj where aij ∈ R. The vector space of all (t1, t2)-quasi--

homogeneous polynomial of weighted degree k is denoted by P(t1,t2)
k .

The next proposition is the Cr version of a result proven for the analytic case in [30].

Proposition 2.11. Consider a Cr-system (2.1). Let n be a positive integer such that
2n − 1 < r. The origin is a monodromic isolated singular point with Andreev number n
if and only if there exists a local analytical change of variables that transforms (2.1) into
the following form

ẋ = y + µxn +
∑

i+nj>n+1
ãijx

iyj +O(‖x, y‖r),

ẏ = −nx2n−1 + nµxn−1y +
∑

i+nj>2n
b̃ijx

iyj +O(‖x, y‖r). (2.10)

Proof: Note that the origin of system (2.10) is monodromic by Theorem 2.6. Conversely,
considering the functions defined in Theorem 2.6, the change of variables x → x, y →
y − F (x), transforms system (2.1) into

ẋ = y + yP̃ (x, y),
ẏ = f(x) + yΦ(x) + y2Q̃(x, y). (2.11)

By Theorem 2.6, since the origin is monodromic, the above system can be rewritten as

ẋ = y +∑
k>n+1 Pk(x, y) +O(‖x, y‖r),

ẏ = ax2n−1 + b̃xn−1y +∑
k>2nQk(x, y) +O(‖x, y‖r),

where Pk(x, y), Qk(x, y) ∈ P(1,n)
k , a 6= 0, b̃ ∈ R and 2n + 1 < r. Note that the origin has

Andreev number n. By Lemma 2.7, we have ∆ = b̃2 + 4an < 0. Define A = ∆
4n2 . The

mapping

Ψ(x, y) =
(
|A|

1
2(n−1)x, |A|

1
2(n−1)

(
y − b̃

2nx
n

))
,

is a diffeomorphism, and it transforms (2.11) into

ẋ = y + µxn +∑
k>n+1 P̃k(x, y) +O(‖x, y‖r),

ẏ = −nx2n−1 + nµxn−1y +∑
k>2n Q̃k(x, y) +O(‖x, y‖r),

where P̃k(x, y), Q̃k(x, y) ∈ P(1,n)
k and µ = b̃

2n|A|
1
2
.

Remark 2.12. The expression of µ given above yields the following implication: Consider
system (2.1) with a monodromic nilpotent singular point. It satisfies the monodromy
condition β = n − 1 (item (ii) from Theorem 2.6) if and only if µ 6= 0 in canonical form
(2.10). In other words, the conditions (i) and (ii) in Theorem 2.6 are preserved in the
canonical form (2.10).
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We now turn our attention to systems in family (2.10). Applying the generalized polar
coordinate change yields:

ρ̇ = ρn
(
µCsn−1θ − (n− 1)Cs2n−1θ Sn θ + P (ρ, θ) +O(ρr)

)
,

θ̇ = −nρn−1
(
1− (n− 1)Sn2θ +Q(ρ, θ) +O(ρr)

)
,

where P (ρ, θ) and Q(ρ, θ) are given by:

P (ρ, θ) =
∑

i+nj>n+1
ãijρ

i+nj−nCsi+2n−1θ Snjθ

+
∑

i+nj>2n
b̃ijρ

i+nj−2n+1Csiθ Snj+1θ,

Q(ρ, θ) =
∑

i+nj>n+1
ãijρ

i+nj−nCsiθ Snj+1θ

−
∑

i+nj>2n

b̃ij
n
ρi+nj−2n+1Csi+1θ Snjθ.

We then obtain the following differential equation:

dρ

dθ
= R(ρ, θ) = −ρ

(
µCsn−1θ − (n− 1)Cs2n−1θ Sn θ + P (ρ, θ) +O(ρr)

)
n
(
1− (n− 1)Sn2θ +Q(ρ, θ) +O(ρr)

) . (2.12)

Using Proposition 2.5 item (b), 1− (n− 1)Sn2θ = Cs2nθ + Sn2θ, and so the denominator
of (2.12) does not vanish at ρ = 0. Thus R(ρ, θ) is a Cr function in a neighborhood of
ρ = 0. Let ρ̃(θ, ρ0) be the solution of (2.12) with initial condition ρ̃(0, ρ0) = ρ0. We can
expand it as a Taylor polynomial, i.e.

ρ̃(θ, ρ0) =
r∑

k=1
vk(θ)ρk0 +O(ρr),

and define the so-called focal values.

Definition 2.13. Consider function ρ̃(θ, ρ0) associated to equation (2.12) defined above.
The displacement function is defined by

d(ρ0) = ρ̃(T, ρ0)− ρ0.

The focal values are the coefficients of the Taylor expansion of d(ρ0) given by v1(T ) − 1
and vk(T ) for k > 2.

For the origin to be a center for system (2.10) all the focal values must be null. In the
literature, for the non-degenerate singular point, it is well known that the first non-zero
focal value is the coefficient of an odd power of ρ0 (see [31, Lemma 5, page 243] or [32,
Proposition 3.1.4, page 94]). In [29], the authors studied system (2.10) for n = 2 and
concluded that the first non-zero focal value is the coefficient of an even power of ρ0. As
a matter of fact, a more general result is true.

Proposition 2.14. For system (2.10) with monodromic nilpotent singular points having
Andreev number n, the first non-zero focal value is the coefficient of a power of ρ0 whose
parity is the same as the parity of n.
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A proof of this proposition for the analytic case can be found in [26, pages 50 to
54]. The Cr case also holds, and the key argument to prove Proposition 2.14 is that the
differential equation (2.12) is invariant under the following transformations:

ρ 7→ −ρ, θ 7→ θ + T

2 , for n odd,

ρ 7→ −ρ, θ 7→ −
(
θ + T

2

)
, for n even.

It is sufficient to follow the steps of [31, Section 24 of Chapter IX] to prove the proposition.
For the sake of completeness, we include the proof in Section A.2.

Lemma 2.15. The coefficient v1 in function ρ̃(θ, ρ0) associated to equation (2.12) is given
by:

exp
− ∫ θ

0

(
µCsn−1ϕ− (n− 1)Cs2n−1ϕ Snϕ

)
n
(
1− (n− 1)Sn2ϕ

) dϕ

 . (2.13)

Proof: Substituting the Taylor expansion of ρ̃(θ, ρ0) in the equation (2.12) and comparing
the coefficients of ρ0 yields the result.

Lemma 2.16. Consider function ρ̃(θ, ρ0) associated to equation (2.12). Then v1(T ) = 1
for n even and v1(T ) = e−µA

2 for n odd, where A 6= 0.

Proof: Using the properties described in Proposition 2.5, we compute the expression
(2.13) for θ = T :

v1(T ) = exp
−µ ∫ T

0

(
Csn−1θ

)
n
(
1− (n− 1)Sn2θ

)dθ
 .

Let G(θ) be the integrand of the above expression. For n odd, G(θ) is a non-negative
even function. Thus, the above integral is not zero, and then v1(T ) = e−µA

2 for some
A 6= 0. If n is even, G(θ) is an odd T -periodic function. Therefore v1(T ) = 1.

Theorem 2.17. Suppose that the Cr system (2.1) has nilpotent monodromic singular
point with odd Andreev number n, with 2n− 1 < r. If the system satisfies the monodromy
condition β = n− 1 then the origin is a nilpotent focus.

Proof: Consider system (2.1) under the hypothesis of Theorem 2.17. By Proposition
2.11, it can be written as system (2.10). By Remark 2.12, we have µ 6= 0 in canonical
form (2.10). Lemma 2.16 implies that v1(T ) 6= 1 for µ 6= 0. Therefore, the origin must be
a nilpotent focus.

Theorem 2.17 is a Cr version of a result that can be found for analytic systems in
[33, Proposition 6, page 6]. The proof presented in [33] is based in the normal form
(2.10) and [34, Theorem 5, page 422]. This result can be immediately extended to the
three-dimensional setting.

Corollary 2.18. Suppose that the origin of system (2.2) is monodromic with odd Andreev
number n and satisfies the monodromy condition β = n−1. Then the origin is a nilpotent
focus on a center manifold.
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Although the Andreev number is invariant by orbital equivalence (see [2] for a proof),
the number β is not. The following system [23, Example 13],

ẋ = y + a1x
9 + a2x

6y − a1(54a2
1 − 6a2 + b2)x3y2 + a4y

3,
ẏ = −x11 − 9a1x

8y + b2x
5y2 + 3a1(18a2

1 + b2)x2y3,

has Andreev number n = 6 and β = 14. Performing an analytic change of variables, we
can transform the above system into the form (2.11):

ẋ = y +O(‖x, y‖13),
ẏ = −x11(1 +O(x)) + yx11 +O(‖x, y‖13),

for which the Andreev number is n = 6 and β = 11. However, note that for both systems,
the monodromy condition β > n−1, i.e. condition (ii) in Theorem 2.6, is satisfied. In fact,
using the canonical form (2.11), it is possible to prove that the monodromy conditions (i)
and (ii) in Theorem 2.6 are invariant by local diffeomorphisms. Before stating the result,
we need the following definition of quasi-homogeneous vector fields.

Definition 2.19. A planar vector field X : R2 → R2, X = (X1, X2) is (t1, t2)-quasi-
homogeneous of weighted degree k if X1(x, y) ∈ P(t1,t2)

k+t1 and X2(x, y) ∈ P(t1,t2)
k+t2 . The vector

space of all (t1, t2)-quasi-homogeneous vector fields of weighted degree k is denoted by
Q(t1,t2)
k .

One can argue that a more natural definition would be taking X1, X2 ∈ P(t1,t2)
k . Howe-

ver, the above definition is better suited for our study and is also used in several papers,
for instance [30, 2].

Remark 2.20. The vector spaces P(t1,t2)
k and Q(t1,t2)

k are well-behaved. Some of their
properties that are useful in the understanding of the next proof are listed below:

• If f ∈ P(t1,t2)
k then ∂f

∂x
∈ P(t1,t2)

k−t1 and ∂f

∂y
∈ P(t1,t2)

k−t2 ;

• If f ∈ P(t1,t2)
k1 and g ∈ P(t1,t2)

k2 then fg ∈ P(t1,t2)
k1+k2 ;

• If ϕ ∈ Q(t1,t2)
k1 and X ∈ Q(t1,t2)

k2 then dϕ ·X ∈ Q(t1,t2)
k1+k2 .

Proposition 2.21. For Cr system (2.1) having an isolated monodromic nilpotent singular
point at the origin, with Andreev number n such that 2n−1 < r, the monodromy conditions
(i) and (ii) in Theorem 2.6 are invariant by local diffeomorphisms.

Proof: Let X and Y be vector fields having an isolated nilpotent singular point satisfying
the monodromy conditions (i) and (ii) in Theorem 2.6, respectively. Suppose that there
exists a local diffeomorphism (x̄, ȳ) = ϕ(x, y) that transforms X into Y . Without loss of
generality, we can assume that the associated systems are in canonical form (2.11). We
have that

dϕ · Y = X ◦ ϕ. (2.14)
We write ϕ(x, y) = (∑j+k>1 ajkx

jyk,
∑
j+k>1 bjkx

jyk) + O(‖x, y‖r). The homogeneous
terms of degree 1 in both sides of (2.14) must satisfy the following equation:(

a10y
b10y

)
=
(
b10x+ b01y

0

)
.
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Thus, a10 = b01 and b10 = 0. Note that a10 must not be zero or else ϕ is not a diffeo-
morphism in a neighborhood of the origin.

Now, we write X = Xn−1 + X̄, Y = Yn−1 + Ȳ where Xn−1, Yn−1 ∈ Q(1,n)
n−1 and X̄, Ȳ

are Cr vector fields containing the (1, n)-quasi-homogeneous terms of degree greater than
n − 1. We also write ϕ = ∑n−1

k=−(n−1) ϕk + ϕ̃ where ϕk ∈ Q(1,n)
k and ϕ̃ is a Cr map

containing the (1, n)-quasi-homogeneous terms of degree greater than n − 1. Note that,
for k = 1, . . . , n− 1, ϕ−k is given by:

ϕ−k(x, y) = (0, bn−k,0xn−k) and ϕ0 = (a10x, a10y + bn0x
n).

Since X and Y satisfy the monodromy conditions (i) and (ii) in Theorem 2.6, respectively,
we have

Xn−1 =
(
y
ax2n−1

)
, Yn−1 =

(
y
Ax2n−1 +Bxn−1y

)
,

for some a,A < 0 and B 6= 0. Let k ∈ {1, . . . , n − 1} be such that ϕ−k is the first
non-zero (1, n)-quasi-homogeneous term in ϕ, i.e. ϕ = ϕ−k + · · · + ϕ̃. Then the lowest
(1, n)-quasi-homogeneous term in the expression dϕ · Y is dϕ−k · Yn−1, whose weighted
degree is n− k − 1, i.e.

dϕ−k · Yn−1 =
(

0
(n− k)bn−k,0xn−k−1y

)
.

Now, the (1, n)-quasi-homogeneous term of weighted degree n − k − 1 in X ◦ ϕ is given
by (bn−k,0xn−k, 0)T . Equating this expression to the one above, we obtain that bn−k,0 = 0,
which means that ϕ−k ≡ 0. But this is a contradiction. Thus, ϕ = ∑n−1

k=0 ϕk + ϕ̃.
We go back to (2.14) once more to complete the proof. The lowest (1, n)-quasi-

homogeneous term in the expression dϕ · Y is dϕ0 · Yn−1, whose weighted degree is n− 1.
Denoting by (X ◦ ϕ)n−1 the (1, n)-quasi-homogeneous term of degree n − 1 in X ◦ ϕ, it
follows that dϕ0 · Yn−1 = (X ◦ ϕ)n−1, that is(

a10y
Aa10x

2n−1 + (nbn0 + a10B)xn−1y

)
=
(
a10y + bn0x

n

aa2n−1
10 x2n−1

)
.

For this equation to be satisfied, we must have bn0 = 0 and a10B = 0. Since a10 6= 0 6= B,
this is not possible. We conclude that if ϕ is a local diffeomorphism, it must preserve the
monodromy conditions.

Remark 2.22. The above result holds for formal settings, that is, formal vector fields
and formal changes of variables ϕ such that dϕ(0) 6= 0.

2.2 Auxiliary Linear Operators
In this section, we prove auxiliary results regarding some useful linear operators that

show up frequently when working with vector fields having nilpotent singular points.
These particular linear operators provide some interesting results on normal forms and
methods involving formal series.

We denote by H(n)
(3,1) the vector space of homogeneous polynomials of degree n in three

variables. A basis for this vector space is given by the collection of all monomials xjykzl
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for which j, k, l > 0 and j+k+ l = n. Given a polynomial p ∈ H(n)
(3,1), let 〈p〉 be the vector

subspace spanned by p. We consider the following linear operator:

Tn : H(n)
(3,1) → H

(n)
(3,1)

p 7→ y
∂p

∂x
− λz∂p

∂z
,

where λ 6= 0.

Lemma 2.23. The kernel of linear operator Tn is given by kerTn = 〈yn〉.

Proof: Clearly Tn(yn) = 0. Let p = ∑
j+k+l=n pj,k,lx

jykzl. If p ∈ kerTn, then Tn(p) = 0,
i.e.: ∑

j+k+l=n
((j + 1)pj+1,k−1,l − λlpj,k,l)xjykzl = 0.

Consider l 6= 0. For k = 0, the coefficient of xjzl in the left-hand side of this equation
is −λlpj,0,l which implies that pj,0,l = 0. For k = 1, the equation yields pj,1,l = 0.
Proceeding step by step until index k = n−1, we conclude that pj,k,l = 0. Now, for l = 0,
the coefficient of monomial xjyk in the left-hand side expression above is (j+ 1)pj+1,k−1,0,
which implies that pj,k,0 = 0 for j > 0. Thus p = p0,n,0y

n ∈ 〈yn〉.

Lemma 2.24. For every q ∈ H(n)
(3,1), there is a choice of p ∈ H(n)

(3,1) such that Tn(p) + q ∈
〈xn〉.

Proof: It is sufficient to prove H(n)
(3,1) = 〈xn〉 ⊕ ImTn. By Lemma 2.23, the codimension

of ImTn is 1. Since 〈xn〉 has dimension 1, we only need to prove that the intersection of
both vector subspaces is {0}. We have Tn(p) ∈ 〈xn〉 if and only if y ∂p

∂x
− λz∂p

∂z
= αxn,

which is only possible when ∂p

∂x
= ∂p

∂z
= α = 0. Therefore Tn(p) ∈ 〈xn〉 if and only if

p ∈ 〈yn〉 = kerTn. The result follows.
Now, we turn our attentions to the following linear operator:

Ln : H(n)
(3,1) → H

(n)
(3,1)

p 7→ y
∂p

∂x
− λz∂p

∂z
+ λp,

where λ 6= 0.

Lemma 2.25. The kernel of linear operator Ln is given by kerLn = 〈yn−1z〉.

Proof: Trivially Ln(yn−1z) = 0. Let p = ∑
j+k+l=n pj,k,lx

jykzl. If p ∈ kerLn, then
Ln(p) = 0 which equates to:∑

j+k+l=n
((j + 1)pj+1,k−1,l − λ(l − 1)pj,k,l)xjykzl = 0.

Consider l 6= 1. For k = 0, the coefficient of xjzl in the left-hand side of this equation
is −λ(l − 1)pj,0,l which implies that pj,0,l = 0. For k = 1, the equation yields pj,1,l = 0.
Proceeding step by step until index k = n−1, we conclude that pj,k,l = 0. Now, for l = 1,
the coefficient of monomial xjykz in the left-hand side expression above is (j+1)pj+1,k−1,1,
which implies that pj,k,1 = 0 for j > 0. Thus p = p0,n−1,1y

n−1z ∈ 〈yn−1z〉.
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Lemma 2.26. For every q ∈ H(n)
(3,1), there is a choice of p ∈ H(n)

(3,1) such that Ln(p) + q ∈
〈xn−1z〉.

Proof: Again, we prove that H(n)
(3,1) = 〈xn−1z〉 ⊕ ImLn. Lemma 2.25 tells us that the

codimension of ImLn is 1. As in the proof of Lemma 2.24, it is enough to prove that the
intersection of 〈xn−1z〉 and ImLn is {0}. We have that Ln(p) ∈ 〈xn−1z〉 if and only if
y
∂p

∂x
−λz∂p

∂z
+λp = αxn−1z. The coefficient of xn−1z in the left-hand side of this equation

is zero, therefore α = 0. Hence Ln(p) ∈ 〈xn−1z〉 if and only if p ∈ 〈yn−1z〉 = kerLn. The
result holds.

Remark 2.27. Note that if we consider similar operators

T̃n : H(n)
(3,1) → H

(n)
(3,1), p 7→ x

∂p

∂y
− λz∂p

∂z
, and

L̃n : H(n)
(3,1) → H

(n)
(3,1), p 7→ y

∂p

∂x
− λz∂p

∂z
+ λp,

just by exchanging x and y in the expressions above yields analogous results. More
precisely, we have ker T̃n = 〈xn〉, ker L̃n = 〈xn−1z〉 and H(n)

(3,1) = 〈yn〉 ⊕ ImT̃n = 〈yn−1z〉 ⊕
ImL̃n.

2.3 Normal Forms

2.3.1 Belitskii Normal Form
An important step in the study of vector fields having nilpotent singular points is to

find normal forms for its associated differential system. We first look at the Normal Form
theory to search the most practical normal forms for system (2.2). The following theorem,
which is proven in [35, Theorem 5.1] gives us a starting point:

Theorem 2.28 (Belitskii Normal Form). Consider a formal system of differential equa-
tions of form

ẋ = Ax +X(x),

where x ∈ Rn, A ∈ Mn(R) and j1X(0) = 0. Then there exists a germ at 0 of diffeo-
morphism x→ x+ϕ(x), j1ϕ(0) = 0, that transforms the above system into the following:

ẋ = Ax + f(x),

where j1f(0) = 0 and
Atf(x)− df(x)Atx = 0. (2.15)

We apply Theorem 2.28 to system (2.2) and obtain its correspondent normal form.
System (2.2) is written in the desired form ẋ = Ax +X(x) where x ∈ R3 with

A =

 0 1 0
0 0 0
0 0 −λ

 .
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Writting function f(x) in Theorem 2.28 as f(x) = (f1(x), f2(x), f3(x))t, we can solve the
equation (2.15) to obtain its expression. Since

Atf(x) =

 0
f1(x)
−λf3(x)

 , and df(x)Atx =


x
∂f1

∂y
(x)− λz∂f1

∂z
(x)

x
∂f2

∂y
(x)− λz∂f2

∂z
(x)

x
∂f3

∂y
(x)− λz∂f3

∂z
(x)

 .

equation (2.15) becomes

−x∂f1

∂y
(x) + λz

∂f1

∂z
(x) = 0,

f1(x)− x∂f2

∂y
(x) + λz

∂f2

∂z
(x) = 0, (2.16)

−λf3(x)− x∂f3

∂y
(x) + λz

∂f3

∂z
(x) = 0.

Let us write fi(x) = ∑
n>2 f

n
i (x) where fni (x) are homogeneous polynomials of degree n

for i = 1, 2, 3. The first equation in (2.16) implies

x
∂fn1
∂y

(x)− λz∂f
n
1

∂z
(x) = 0, for n > 2.

Recalling Remark 2.27 and Lemma 2.23, by the above equation we obtain that for n > 2,
fn1 must be in the kernel of linear operator T̃n, i. e. fn1 ∈ 〈xn〉. Thus, we conclude that
f1(x) = xP1(x) with P1(0) = 0.

Now, we turn our attention to the third equation in (2.16). It is equivalent to the
following equation:

x
∂fn3
∂y

(x)− λz∂f
n
3

∂z
(x) + λfn3 (x) = 0, for n > 2,

which, by Lemma 2.25 and Remark 2.27, is equivallent to

fn3 ∈ ker L̃n = 〈xn−1z〉,

for n > 2. Hence, f3(x) = zR1(x) where R1(0) = 0. It remains to find a more precise
expression for function f2(x). The second equation in (2.16) implies

x
∂fn2
∂y

(x)− λz∂f
n
2

∂z
(x) = fn1 (x), for n > 2.

To continue this investigation, it is convenient to write the functions f1(x), f2(x) as power
series expansions: fi(x) = ∑

j+k+l>2 F
i
j,k,lx

jykzl for i = 1, 2. To simplify the arguments,
we adopt the convention F i

j,k,l = 0 if any of the indexes j, k, l is negative. Thus, the above
equation is equivalent to∑

j+k+l>2
F 1
j,k,lx

jykzl −
∑

j+k+l>2
kF 2

j,k,lx
j+1yk−1zl +

∑
j+k+l>2

λlF 2
j,k,lx

jykzl = 0,

which yields:
F 1
j,k,l − (k + 1)F 2

j−1,k+1,l + λlF 2
j,k,l = 0. (2.17)
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We know that F 1
j,k,l = 0 for k2 + l2 6= 0. For l 6= 0, equation (2.17) implies that all

coeficients F 2
j,k,l are null. For l = 0, (2.17) becomes

F 1
j,k,0 − (k + 1)F 2

j−1,k+1,0 = 0.

Thus, the only coefficients of f2(x) not necessarily zero are F 2
j,1,0 and F 2

j,0,0. In fact, by
the above equation, the coefficients F 2

j,1,0 must satisfy F 2
j,1,0 = F 1

j+1,0,0. Moreover, the
coefficients F 2

j,0,0 have no restriction presented by equation (2.17). Therefore, f2(x) =
Q2(x) + yP1(x) where j1Q2(0) = 0. Hence, we have proven the following result.

Theorem 2.29 (Nilpotent Normal Form in R3). For system (2.2) having a nilpotent
singular point at the origin, there exist a formal change of variables that transforms it
into the formal normal form

ẋ = y + xP1(x),
ẏ = Q2(x) + yP1(x),
ż = −λz + zR1(x).

(2.18)

for which P1(0) = j1Q2(0) = R1(0) = 0.

However, we were not able to prove that the normal form (2.18) is analytic, i.e. that
the series P1, Q2 and R1 are convergent. That does not mean that this normal form is not
useful. We remark that the above normal form has z = 0 as an invariant surface which is
a center manifold and the first two components are decoupled from the third.

Remark 2.30. The Belitskii normal form for planar systems (2.1) having a nilpotent
singular point is

ẋ = y + xP1(x),
ẏ = Q2(x) + yP1(x), (2.19)

where j1Q2(0) = P1(0) = 0 (see Theorem 1.8.6, page 37 in [36]), which is very similar to
its three-dimensional counterpart. From this form it is possible to arrive at the Liénard
Canonical Form

ẋ = −y,
ẏ = Q̃2(x) + yP̃1(x),

where j1Q̃2(0) = P̃1(0) = 0. In [20] it is proven that this form is actually analytic. In
fact, in [20], the authors also prove that it is possible to do Q̃2(x) = x2n−1 and in this
case, the origin is a center if and only it P̃1(x) is an odd function (see [37]).

Theorem 2.29 is our main result of this subsection and it is published in [12] and also
appears with a proof in [9].

2.3.2 Normal Form up to order k
We follow closely the ideas presented in [38] to obtain a realizable normal form up to

order k for system (2.2), that is, a normal form for which the terms of order less or equal
to k are the simplest possible, for some k ∈ N. The following results hold for any system
in Rn of the form

ẋ = Ax + f(x),

where x ∈ Rn, A ∈Mn(R) and j1f(0) = 0.
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Definition 2.31. LetA ∈Mn(C) and σ(A) = {λ1, . . . , λn} be its spectrum. The following
equations are called resonance conditions for A:

n∑
i=1

λiαi = λj, j = 1, . . . , n,

where α = (α1, . . . , αn) ∈ Nn. A monomial axα · ej = axα1
1 . . . xαnn · ej is a resonant

monomial when α satisfies the j−th resonance condition.

Theorem 2.32. Consider system ẋ = Ax + f(x) and the decomposition A = D + N of
A, where D is a diagonal matrix and N is a nilpotent matrix such that DN = ND. Then
for any k ∈ N, there exists a finite sequence of change of variables x = y + ϕ(y) that
transforms the system into ẏ = Ay + g(y), where j1g(0) = 0 and jkg(0) consists of all
resonant monomials up to order k.

This theorem is Corollary 1.20 proven in Section 2.1 of [38]. For system (2.2), we have
DX0 = D +N where

D =

 0 0 0
0 0 0
0 0 −λ

 , N =

 0 1 0
0 0 0
0 0 0

 ,
and DN = ND = O where O denotes the null matrix. The spectrum of A = DX0 is
{0, 0,−λ} and the resonance conditions are given by:

j = 1 : −λα3 = 0⇒ α3 = 0
j = 2 : −λα3 = 0⇒ α3 = 0
j = 3 : −λα3 + λ = 0⇒ α3 = 1.

Thus, by the previous result it is possible to write system (2.2) in the form:

ẋ = y + P (x, y) + r1(x, y, z),
ẏ = Q(x, y) + r2(x, y, z),
ż = −λz + zR(x, y) + r3(x, y, z),

(2.20)

where j1P (0) = j1Q(0) = R(0) = 0 and jkri(0) = 0 for i = 1, 2, 3.
The theory developed in [38] is presented for systems in Cn. However, for vector fields

X having nilpotent singular points, since the spectrum DX0 is contained in the real line,
all normal forms have real coefficients.

Theorem 2.33 (Normal Form up to order k). For k ∈ N, there exists a finite sequence of
near-identity change of variables that transforms system (2.2) into normal form (2.20).

2.3.3 Takens-like Normal Form
In the intent of proving that there is an analytical normal form for system (2.2),

we follow the ideas presented in [20]. Using classical normal form theory, we exhibit
yet another normal form for system (2.2). Unfortunately, we were not able to prove its
analyticity.

Essentially, we apply an infinite succession of changes of variables of the form φ(x) =
x + φ(k)(x) where x ∈ R and φ(k) ∈ H

(k)
(3,3), i.e. φ(k) is a polynomial map with all its

components being homogeneous of degree k.
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Let X denote the vector field associated to system (2.2). The transformed vector field
Y satisfies the following equation:

Y ◦ φ = dφ ·X.
Denote by X(k) and Y (k) the homogeneous terms of degree k of X and Y and φ(k) =

(φ1, φ2, φ3). The homogeneous terms of degree k in the above equation are given by the
following relationship:

 φ2(x, y, z)
0
−λφ3(x, y, z)

+ Y (k) = X(k) +



y
∂φ1

∂x
− λz∂φ1

∂z

y
∂φ2

∂x
− λz∂φ2

∂z

y
∂φ3

∂x
− λz∂φ3

∂z


.

Which implies that

Y (k) = X(k) +

 −φ2 + Tk(φ1)
Tk(φ2)
Lk(φ3)

 .
By Lemmas 2.24 and 2.26, we conclude that it is possible to choose φ(k) such that

Y (k) =

 akx
k

bkx
k

ckzx
(k−1)

 .
Thus, the infinite succession of compositions of the changes of variables φ(x) yields a
formal change of variables that transforms system (2.2) into the following formal normal
form:

ẋ = y + P2(x),
ẏ = Q2(x),
ż = −λz + zR1(x),

where j1P2(0) = j1Q2(0) = R1(0) = 0.

Remark 2.34. The first two components of the above normal form are also decoupled
from the third as is normal form (2.18). We remark that the first two components are the
Takens pre-normal form for the nilpotent singular point in the plane [20].

We note that the Takens-like normal form and the normal form up to order k presented
here are not used to obtain the results of the thesis. However, we believe that it may be
useful in future research.

2.4 Nilpotent singular points and Formal series

2.4.1 First Integrals
It is well-known that the center problem for systems having a Hopf singular point is

equivalent to the existence of a first integral at the point [39, 4, 40]. In the nilpotent
case, this equivalence does not hold. However, the study of the integrability problem
has interesting applications to the Nilpotent Center Problem. This is the subject of this
section.
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Definition 2.35. Let X be a vector field defined on an open set U ⊂ Rk and H : U ⊂
Rk → R be a C1-function not locally constant. If H satisfies

XH ≡ 0,

then H is a first integral for X and in this case X is integrable.

Remark 2.36. In the literature, one can find a different notion of integrability of a vector
field, which is associated with the existence of k−1 independent first integrals. To us, this
is the notion of full integrability. In the remainder of our text, we shall use the definition
of integrability as in Definition 2.35 above.

In the remainder of this section, we use the following notation: given a function
F : R3 → R, we denote by Fn the homogeneous part of degree n in its power series
expansion.

Theorem 2.37. Consider a vector field X associated to system (2.2) having a nilpotent
singular point. Then there exists a formal series H(x, y, z) = y2 + ∑

n>3Hn(x, y, z) such
that XH = ∑

n>4 ωnx
n.

Proof: The Lie derivative XH is given by:

XH = (y + P2 + P3 + . . . )
(
∂H3
∂x

+ ∂H4
∂x

+ . . .

)
+ (−λz +R2 +R3 + . . . )

(
∂H3
∂z

+ ∂H4
∂z

+ . . .

)
+

+ (Q2 +Q3 + . . . )
(

2y + ∂H3
∂y

+ ∂H4
∂y

+ . . .

)
.

Note that y∂Hn

∂x
−λz∂Hn

∂z
is a homogeneous polynomial of degree n. Hence, rewriting

the above expression by organizing the homogeneous terms of degree n in brackets, we
have that

XH =
(
y
∂H3
∂x
− λz∂H3

∂z
+ 2yQ2

)
+
(
y
∂H4
∂x
− λz∂H4

∂z
+ F4

)
+ · · · =

=
∑
n>3

(
y
∂Hn

∂x
− λz∂Hn

∂z
+ Fn

)
=
∑
n>3

Tn(Hn) + Fn,

where Fn ∈ H(n)
(3,1) are obtained by the homogeneous parts of P,Q,R and H of degree less

than n. More precisely,

Fn = 2yQn−1 +
∑

i+j>n+1

(
Pi
∂Hj

∂x
+Qi

∂Hj

∂y
+Ri

∂Hj

∂z

)
.

By Lemma 2.24, we can choose Hn such that Tn(Hn) +Fn = ωnx
n, ωn ∈ R. Moreover,

for n = 3, F3 = 2yQ2 /∈ 〈x3〉 which means that there is a choice of H3 such that T3(H3) =
−2yQ2. Then, by making the suitable choices, XH = ∑

n>4 ωnx
n.

Considering the normal form (2.18), the following result gives a characterization of
the shape of a formal first integral.

Lemma 2.38. If H is a formal first integral for the normal form (2.18), then ∂H

∂z
≡ 0,

that is H = H(x, y).
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Proof: Let H(x, y, z) = ∑
j+k+l>1 pjklx

jykzl be a formal first integral for (2.18). We
assume pjkl = 0 if any of the indexes j, k, l is negative. The following equation holds:

∂H

∂x
(y + xP1(x)) + ∂H

∂y
(Q2(x) + yP1(x)) + ∂H

∂z
(−λz + zR1(x)) = 0.

The coefficients of the monomials zl in the left-hand side of the above equation are given
by −λlp0,0,l. Hence, p0,0,l = 0 for l ∈ N.

Now, we study the coefficients of monomials xjykzl with l 6= 0 in the left-hand side of
the above equation. We conclude that these coefficients satisfy the following relation:

(j + 1)pj+1,k−1,l +
j∑

m=2
(j −m+ 1)pj−m+1,k,lam−1 +

j∑
m=2

(k + 1)pj−m,k+1,lbm

+
j∑

m=1
kpj−m,k,lam − λlpj,k,l +

j+k−1∑
m=1

lpj−m,k,lcm = 0, (2.21)

where am, bm, cm are the coefficients of xm in the expression of P1, Q2, R1 respectively.
Note that the summations above are expressed in terms of the coefficients pj1,j2,l with
j1 + j2 < j + k. We now prove that pjkl = 0 if l 6= 0 by induction over j + k:

Suppose j + k = 1. Since pj1,j2,l = 0 for j1 + j2 < 1, equation (2.21) becomes

(j + 1)pj+1,k−1,l − λlpj,k,l = 0. (2.22)

We conclude that p0,1,l = p1,0,l = 0. Now suppose that for j + k < n, pj,k,l = 0. Then, for
j + k = n, equation (2.21) becomes (2.22). For (j, k, l) = (n, 0, l), we have by (2.22) that
pn,0,l = 0. Hence, equation (2.22) sets the following chain of implications:

pn,0,l = 0⇒ pn−1,1,l = 0⇒ pn−2,2,l = 0⇒ · · · ⇒ p0,n,l = 0.

Therefore pj,k,l = 0 for l 6= 0 and the result follows.
The previous lemma lets us conclude that formal integrability of the normal form

(2.18) is essentially formal integrability of the planar normal form (2.19). Hence, we
proceed to study the formal integrability of the formal system (2.19).

Remark 2.39. One of the consequences of Lemma 2.38 is that if system (2.2) is formally
integrable, then it has a formal first integral H such that j2H(0) = y2. In fact, since
(2.2) is transformed into (2.18) via near-identity changes of variables and the formal
integrability of system (2.2) is equivalent to the formal integrability of system (2.18), it
is enough to verify this statement for system (2.19). But this follows from the proof of
Theorem 1 in paper [41].

From now on, we will establish a link between the quantities ωn and the formal in-
tegrability of system (2.2). For a vector field X associated to system (2.2), consider a
formal series H(x, y, z) = y2 +∑

n>3Hn(x, y, z), which we will also write as

H(x, y, z) = y2 +
∑

j+k+l>3
pjklx

jykzl,

such that XH = ∑
n>4 ωnx

n. Following the steps of the proof of Theorem 2.37, we have
that XH = ∑

n>3 Tn(Hn) + Fn. For each n, by Lemma 2.24, there exists a homogeneous
polynomial Hn such that Tn(Hn)+Fn = ωnx

n. Since ImTn is isomorphic to H(n)
(3,1)/ kerTn,
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this polynomial is unique up to a monomial p0,n,0 y
n. Thus, each quantity ωn depends on

the coefficients chosen to obtain the previous ωk, i.e., the coefficients p0,k,0 with k < n of
the formal series H. These coefficients can be seen as free parameters, which we represent
as CH

n = (p0,3,0, . . . , p0,n−1,0), for n > 4, and then define the functions

ωn : Rn−3 → R

CH
n 7→ ωn(CH

n ).

Thus, when searching for a formal series such that XH = ∑
n>4 ωnx

n, different choices of
CH
n may yield different values of ωn. However, they are a useful tool to study the formal

integrability of system (2.2) as the next result holds.

Theorem 2.40. Let X be the vector field associated to a system (2.2) having a nilpotent
singular point and H be a formal series as in Theorem (2.37). If there exists m > 4 such
that ωm is a non-vanishing function, then system (2.2) is not formally integrable.

Proof: Suppose that X admits a formal first integral. Therefore, by Remark 2.39, it
admits a formal first integral H̃(x, y, z) with j2H̃(0) = y2. Thus, we have that XH̃ ≡ 0,
and so, ωn(CH̃

n ) = 0 for all n > 4.
The quantities ωn provide a helpful tool to determine necessary conditions for a three-

dimensional system with a nilpotent singular point to be analytically integrable. In fact,
for system (2.2), if all the ωn vanish, then the formal series H(x, y, z) in Theorem 2.37
is a formal first integral with j2H(0) = y2. Under these conditions, it is possible (see
the forthcoming Theorem 2.46) to obtain an analytic first integral on a neighborhood of
the origin. Thus, the restriction of system (2.2) to a center manifold also admits a first
integral. Additionally, if the nilpotent singular point is monodromic, then it must be a
nilpotent center. Therefore, one can use the quantities ωn to detect nilpotent centers on
center manifolds.

However, not all nilpotent centers are formally integrable. For instance, consider the
following system:

ẋ = y + x2,
ẏ = −x3,
ż = −λz.

(2.23)

which has z = 0 as a center manifold and its restriction is a time-reversible system which
implies that the origin is a center on the center manifold. If we attempt to construct a
formal first integral H(x, y, z) for system we obtatin ω5 ≡ 2 and by Theorem 2.40, the
system does not admit a formal first integral.

By Proposition 2.8, the example (2.23) has a monodromic singular point with Andreev
number n = 2 and satisfies monodromy condition β = n− 1 in Theorem 2.6. The lack of
formal integrability for this system is not an exception. More precisely, the monodromy
condition β = n − 1 is an obstruction for formal integrability as we will see in the next
results.

Lemma 2.41. Consider system (2.19) having a monodromic singular point satisfying
monodromy condition β = n− 1 in Theorem 2.6. Then it is not formally integrable.

Proof: For system (2.19), the functions F (x), f(x) and Φ(x) in Theorem 2.6 are given
by

F (x) = −xP1(x), f(x) = Q2(x)− xP 2
1 (x), Φ(x) = 2P1(x) + x

∂P1(x)
∂x

.
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Writing P1(x) = ∑
l>1 alx

l and Q2(x) = ∑
l>2 blx

l, we have:

f(x) = b2x
2 +

∑
l>3

(bl − Al−1)xl, and Φ(x) =
∑
l>1

(2 + l)alxl,

where Al = ∑l−1
i=1 aial−i. Since monodromy condition β = n−1 in Theorem 2.6 is satisfied,

there exist a positive integer n > 2 such that (b2n−1 − A2n−2) < 0 is the first non-zero
coefficient in the power series expansion of f(x) and an−1 is the first non-zero coefficient
in the power series expansion of P1(x). Note that Ak = 0 for k < 2(n − 1), bk = 0 for
k < 2n− 1 and A2n−2 = a2

n−1 which implies b2n−1 − a2
n−1 < 0.

Suppose there exists H(x, y) a formal first integral for system (2.19). Thus, we can
write H(x, y) = y2 +∑

j+k>3 pjkx
jyk. Then, the following equation holds:

y
∂H

∂x
+Q2(x)∂H

∂y
+ P1(x)

(
x
∂H

∂x
+ y

∂H

∂y

)
≡ 0. (2.24)

Studying the above equation by expanding its left-hand side in a power series, we conclude
that the coefficients of the monomials xjyk are given by the left-hand side of the following
equation:

(j + 1)pj+1,k−1 +
j−2∑
l=0

((k + 1)bj−lpl,k+1 + aj−l(l + k)pl,k) = 0. (2.25)

The above equation implies that for 0 < j 6 n− 1, pj,k = 0. Now, substituting j = n− 1
in (2.25) yields npn,k−1 + kan−1p0,k = 0, and so

pn,k−1 = −kan−1p0,k

n
.

Substituting k = 1 in (2.25) yields:

(j + 1)pj+1,0 +
j−2∑
l=0

(2bj−lpl,2 + aj−l(l + 1)pl,1) = 0, (2.26)

and for j 6 n, it follows that pj,0 = 0. Studying the above equation for n 6 j 6 2n− 1,
we conclude that pj,0 = 0, for j < 2n, and 2np2n,0 + 2b2n−1 + an−1(n+ 1)pn,1 = 0, i.e.

p2n,0 = −(2b2n−1 + an−1(n+ 1)pn,1)
2n .

Now, we can explicitly compute the coefficient of x3n−1 in the left-hand side of equation
(2.24) denoted by ω3n−1:

ω3n−1 =
3n−3∑
j=2

(b3n−1−jpj,1 + ja3n−1−jpj,0) =
2n∑
j=n

(b3n−1−jpj,1 + ja3n−1−jpj,0) =

= b2n−1pn,1 + 2nan−1p2n,0 = −2an−1(n+ 1)(a2
n−1 − b2n−1)

n
.

Formal integrability implies that ω3n−1 = 0, but this is not possible since an−1 6= 0 and
b2n−1 − a2

n−1 < 0. Therefore, the result holds.

Remark 2.42. Using the notation from Theorem 2.6, the quantity ω3n−1 given in the
previous proof is given by:

ω3n−1 = −2ab
n
.
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Proposition 2.43. Consider system (2.1) having a monodromic singular point satisfying
monodromy condition β = n − 1 in Theorem 2.6. Then it cannot admit a formal first
integral.

Proof: By Proposition 2.21, the monodromy condition β = n − 1 is invariant under
formal near-identity changes of variables. Moreover, the formal integrability of system
(2.1) would imply the formal integrability of its normal form (2.19). Hence, by Lemma
2.41, system (2.1) cannot be formally integrable.

Theorem 2.44. Consider system (2.2) having a monodromic singular point such that its
restriction to a center manifold satisfies monodromy condition β = n− 1 in Theorem 2.6.
Then it cannot admit a formal first integral.

Proof: The result follows from the fact that the formal integrability of system (2.2)
implies the formal integrability of the associated normal form (2.18) and, by Lemma 2.38,
the formal integrability of the bidimensional normal form (2.19). By Lemma 2.41, system
(2.2) cannot be formally integrable.

The monodromy condition β > n − 1 also interferes with the formal integrability of
the normal forms (2.18) and (2.19). More precisely, the next results classify the normal
form for the formal integrable nilpotent singular points in R3.

Theorem 2.45. Consider system (2.18) having a monodromic singular point. If it admits
formal first integral H(x, y), then either P1(x) ≡ 0 or m = 2sn− 1 for some s ∈ N.

Proof: For system (2.19), the functions F (x), f(x) and Φ(x) in Theorem 2.6 are given
by

F (x) = −xP1(x), f(x) = Q2(x)− xP 2
1 (x), Φ(x) = 2P1(x) + x

∂P1(x)
∂x

.

Writing P1(x) = ∑
l>1 alx

l and Q2(x) = ∑
l>2 blx

l, we have:

f(x) = b2x
2 +

∑
l>3

(bl − Al−1)xl, and Φ(x) =
∑
l>1

(2 + l)alxl,

where Al = ∑l−1
i=1 aial−i. The monodromy conditions for system (2.19) imply that b2 = 0

and the first nonzero coefficient in the power series expansion of f(x) is (b2n−1−A2n−2) < 0.
Furthermore, either P1(x) ≡ 0, m > n− 1, or m = n− 1 where m is the index of the first
nonzero coefficient am of P1(x). By Lemma 2.41, formal integrability can only occur in
the cases m > n− 1 or P1(x) ≡ 0.

For P1(x) ≡ 0, H(x, y) = y2 −∑l>2
2bl
l+1x

l+1 is a formal first integral for system (2.19).
Now, we suppose that m > n − 1. Then Aj = 0 for j < 2m, bj = 0 for j < 2n − 1 and
b2n−1 < 0. If there exists H(x, y) a formal first integral for system (2.19), we can write
H(x, y) = y2 + ∑

j+k>3 pjkx
jyk and the equation (2.24) holds. Moreover the coefficients

pj,k satisfy equations (2.25) and (2.26).
Suppose n 6 m < 2n − 1. Studying equations (2.25) and (2.26), we conclude that

pj,k = 0 for 0 < j 6 m and pj,0 = 0 for j 6 m + 1. Substituting j = m in (2.25) yields
pm+1,k−1 = −kamp0,k

m+ 1 . By (2.26) for m+ 1 6 j 6 2n− 1, we have that:

pj,0, = 0, for j < 2n, pm+2,0 = −2bm+1

m+ 2 , and p2n,0 = −2b2n−1

2n .
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Note that pm+2,0 6= 0 only ifm = 2n−2. With this information, we compute the coefficient
ω2n+m of x2n+m in XH, which is given by:

ω2n+m =
2n+m−2∑
j=2

(b2n+m−jpj,1 + ja2n+m−jpj,0) =
2n∑

j=m+1
(b2n+m−jpj,1 + ja2n+m−jpj,0),

which simplifies to:

ω2n+m = 2namp2n,0 + b2n−1pm+1,1 = −2amb2n−1(m+ 2)
m+ 1 .

Since am 6= 0 and b2n−1 < 0, it follows that ω2m+n 6= 0 and therefore, system (2.19) cannot
be formally integrable.

Now, suppose m > 2n− 1 and m 6= 2sn− 1 for s ∈ N. Thus, there exists r ∈ N such
that 2rn − 1 < m < 2(r + 1)n − 1. By (2.25) we have that pj,k = 0 for 0 < j 6 2n − 1.
For 2n− 1 6 j < m, equation (2.25) becomes:

(j + 1)pj+1,k−1 +
j−2n+1∑
l=0

(k + 1)bj−lpl,k+1 = 0. (2.27)

Moreover, the quantities ω2sn−1 for s 6 r + 1 are given by:

ω2sn−1 =
2(s−1)n∑
j=2n

(b2sn−1−jpj,1). (2.28)

Substituting k = 2 in (2.27), yields:

(j + 1)pj+1,1 +
j−2n+1∑
l=0

(3bj−lpl,3) = 0. (2.29)

For j = 2n− 1 we have p2n,1 = −3b2n−1p0,3

2n and substituting this expression in (2.28) for

s = 2, we conclude that ω4n−1 = −3b2
2n−1p0,3

2n . Formal integrability implies p0,3 = 0. As a
consequence, pj,1 = 0 for j 6 2n.

We turn again to equation (2.26) with j 6 2n − 1, pj,0 = 0 and p2n,0 = −b2n−1

n
. The

quantity ω2n+m is given by:

ω2n+m =
2n+m−2∑
j=2

(b2n+m−jpj,1 + ja2n+m−jpj,0) = −2amb2n−1 +
m+1∑

j=2n+1
(b2n+m−jpj,1).

Our goal is to prove that ω2n+m cannot be zero. Recalling that pj,1 = 0 for j 6 2n
and pj,k = 0 for 0 < j < 2n. By (2.29), for j 6 4n− 2, we have:

(j + 1)pj+1,1 +
j−2n+1∑
l=0

3bj−lpl,3 = (j + 1)pj+1,1 + 3bjp0,3 = 0,

and thus pj,1 = 0 for j 6 4n− 1. Moreover, substituting j = 4n− 1 in (2.29), yields

4np4n,1 +
2n∑
l=0

3b4n−1−lpl,3 = 4np4n,1 + 3b2n−1p2n,3 = 0,
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and from (2.27),
2np2n,3 + 5b2n−1p0,5 = 0.

Hence, we obtain ω6n−1 = b2n−1p4n,1 and the formal integrability implies that p4n,1 = 0
and p0,5 = 0.

Suppose, by induction, that for j 6 2sn, pj,1 = 0 and p0,3 = p0,5 = · · · = p0,2s+1 = 0,
for s < r. Using equations (2.29) and (2.27) repeatedly, we obtain for j 6 2(s+ 1)n− 2,

(j + 1)pj+1,1 +
j−2n+1∑
l=0

3bj−lpl,3 = (j + 1)pj+1,1 +
j−2n+1∑
l=0

3bj−l
(
−1
l

l−2n∑
t=0

5bl−1−tpt,5

)
.

The expressions of the coefficients pj,k, by (2.27), are given in terms of nested summa-
tions whose indexes vary in intervals of natural numbers that are each instance 2n units
less than the previous one until eventually fit in the interval 0 6 j 6 2n − 1. Then, all
coefficients, pj,k are null for j > 0. Thus, the coefficient pj+1,1 is a linear combination
of the coefficients p0,3, p0,5, · · · , p0,2s+1. By the induction hypothesis, we conclude that
pj,1 = 0 for j 6 2(s+ 1)n− 1.

Computing p2(s+1)n,1 and ω2(s+1)n−1, we conclude that the system (2.18) can only be
formally integrable if p0,2(s+1)+1 = 0 and consequentially p2(s+1)n,1 = 0.

Thus, using (2.29), we compute pm+1,1:

(m+ 1)pm+1,1 + 2am +
m−2∑
l=1

(3bm−lpl,3) = 0, which implies that pm+1,1 = − 2am
m+ 1 .

Then ω2n+m becomes:
ω2n+m = −2amb2n−1 −

2amb2n−1

m+ 1 ,

which is not zero. Hence, system (2.18) with monodromic singular point can only be
formally integrable if P1(x) ≡ 0 or m = 2sn− 1.

Theorem (2.45) gives us a formal normal form for formally integrable systems (2.2).
The same result holds for planar systems and it was proven by a different method in [23,
Theorem 4]. Although it is clear that the case P1(x) ≡ 0 is always formally integrable,
there are few examples of the case m = 2sn− 1. One of those is the following system:

ẋ = y + x4

5 ,

ẏ = −x3 + x7

25 + x3y

5 ,

ż = −λz.

Here n = 2 and m = 3 = 2n− 1. We have that H(x, y) =
(
y + x4

5 − 1
)

exp
(
y − x4

20

)
is a

first integral for the above system. Note that j2H(0) = −1 + y2

2 .
Even though we have considered formal integrability, the following result, proven by

Mattei and Moussu in [42], tells us that formal integrability and analytic integrability are
the same.

Theorem 2.46 (Theorem A in [42]). Theorem Let F : Rn → Rn be an analytic vector
field, 0 an isolated singular point of F and H a formal first integral of F such that H is
not a power of a formal series. Then, there exists a formal function f : R → R, with
f(0) = 0, f ′(0) 6= 0 such that f ◦H is an analytic first integral of F .



Nilpotent singular points and Formal series 41

Remark 2.47. The condition that H is not a power of a formal series, means that, any
decomposition H = hk1

1 h
k2
2 . . . hkll in irreducible factors is such that the greatest common

divisor of k1, . . . , kl is 1.
Theorems 2.40 and 2.45 are our main results in this subsection and appear in the

paper [9].

2.4.2 Inverse Jacobi Multipliers
In [43], the authors explored the relationship between the center problem for Hopf

singular points and the existence of an inverse Jacobi multiplier. Inspired by the ideas
from that paper, in this section we study the properties of inverse Jacobi multipliers
applied to system (2.2), i.e. for the nilpotent case.
Definition 2.48. Let X be a vector field defined on an open set U ⊂ Rk and V : U ⊂
Rk → R be a C1-function not locally null such that

XV − V divX ≡ 0.

We say that V is an inverse Jacobi multiplier of X.
Remark 2.49. When k = 2 in the above definition, the function V is usually called an
inverse integrating factor of X.
Proposition 2.50. Let X be the vector field associated to system (2.2) having a nilpotent
singular point in R3. Any non-flat C∞ inverse Jacobi multiplier V (x, y, z) for vector field
X has the form V (x, y, z) = ymz +O(|(x, y, z)|m+2), i.e. there exists a value m > 0 such
that jm+1V (0) = ymz, up to multiplication by constant.

Proof: Assuming that there exists an inverse Jacobi multiplier V (x, y, z) for system (2.2),
it must satisfy XV = V divX. Writting V (x, y, z) = ∑∞

k=0 Vk, where Vk are homogeneous
polynomials of degree k in x, y, z, the following equation holds〈

X,
∞∑
k=0
∇Vk

〉
− divX

( ∞∑
k=0

Vk

)
= 0.

Comparing the lower order terms in both sides of the above equation yields

y
∂Vm
∂x
− λz∂Vm

∂z
+ λVm = 0,

where m > 0 is the smallest index for which Vm 6= 0. However the above equation is
equivalent to the condition that Vm is in the kernel of linear operator Lm from Section
2.2. By Lemma 2.25, we must have Vm(x, y, z) = αym−1z.

The next result is proven in [43] and relates inverse Jacobi multipliers and invariant
manifolds for generic three-dimensional systems.
Theorem 2.51 (Theorem 6 in [43]). Let X be a smooth vector field defined in an open
set U ⊂ R3. Assume that V is a C∞ inverse Jacobi multiplier of the form

V (x, y, z) = (z − h(x, y))W (x, y, z).

Then M = {z = h(x, y)} is an invariant manifold of X and

v(x, y) = W (x, y, h(x, y))

is an inverse integrating factor for system X|M .
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The following theorem is an adaptation of the result presented in [43, Theorem 8] to
system (2.2).

Theorem 2.52. Let V (x, y, z) be an inverse Jacobi multiplier for vector field X associated
to system (2.2) having a nilpotent singular point and a local C∞ center manifold W c =
{z = h(x, y)}. Consider V |W c = V (x, y, h(x, y)). The following holds:

i) V |W c is flat at the origin;

ii) If W c ⊂ V −1(0), then there is a C∞-function W (x, y, z) such that W (x, y, h(x, y)) 6≡
0 and V (x, y, z) = (z − h(x, y))W (x, y, z). Moreover W (x, y, h(x, y)) is an inverse
integrating factor for system X|W c.

Proof: First, we prove item (i). Since W c = {z = h(x, y)} is a C∞-parametrization for
a center manifold, the following equation is satisfied:

∂h

∂x
(y + P ) + ∂h

∂y
Q = −λh+R.

Let u(x, y) = V (x, y, h(x, y)). The above equation together with V being an inverse
Jacobi multiplier of X yields:

∂u

∂x
(y + P ) + ∂u

∂y
Q

∣∣∣∣∣
z=h(x,y)

= ∂V

∂x
(y + P ) + ∂V

∂y
Q+ ∂V

∂z

(
∂h

∂x
(y + P ) + ∂h

∂y
Q

)∣∣∣∣∣
z=h(x,y)

= ∂V

∂x
(y + P ) + ∂V

∂y
Q+ ∂V

∂z
(−λh+R)

∣∣∣∣∣
z=h(x,y)

= u(−λ+ div(P,Q,R))|z=h(x,y) ,

on W c. Hence, u(0, 0) = 0 since λ 6= 0. Suppose j∞u(0) 6= 0. There exists um(x, y)
a homogeneous polynomial of degree m such that jmu(0) = um(x, y). By substituting
in the above equation and comparing the lowest degree terms in both sides, we obtain
y
∂um
∂x

= −λum(x, y). Since um is homogeneous, it satisfies x∂um
∂x

+ y
∂um
∂y

= mum. Thus

∂um
∂x

(λx+my) + λy
∂um
∂y

= 0.

Therefore um(x, y) is a first integral for linear system ẋ = λx+my, ẏ = λy, which is not
possible. Therefore j∞u(0) = 0.

Now we prove (ii). Suppose W c = {z = 0}. By hypothesis V (x, y, 0) = 0, and by
Hadamard’s lemma (see [44]), V (x, y, z) = zkW (x, y, z) where W (x, y, 0) 6= 0, k > 0. By
Proposition 2.50, jm+1V (0) = zym and hence k = 1. The result follows.

Now if W c = {z = h(x, y)} with h(x, y) 6= 0, it is enough to consider the coordinate
change x → x, y → y, z → Z = z − h(x, y). The new system has Z = 0 as a center
manifold and admits Ṽ (x, y, Z) as an inverse Jacobi multiplier such that Ṽ (x, y, z −
h(x, y)) = V (x, y, z).

The fact that V (x, y, h(x, y)) is an inverse integrating factor for X|W c follows directly
from Theorem 2.51.

The search of an inverse Jacobi multiplier has its importance for the Nilpotent center
problem which will be explained in Section 2.5. The following theorem provides a direction
for this search.
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Theorem 2.53. Consider a vector field X associated to system (2.2) having a nilpotent
singular point. Then there exists a formal series V (x, y, z) such that XV − V divX =∑
n>1 Λnx

n−1z.

Proof: Consider V (x, y, z) = ∑∞
n=1 Vn(x, y, z). Then

XV − V divX = (y + P2 + P3 + . . . )
(
∂V1
∂x

+ ∂V2
∂x

+ . . .

)
+ (−λz +R2 +R3 + . . . )

(
∂V1
∂z

+ ∂V2
∂z

+ . . .

)
+

+ (Q2 +Q3 + . . . )
(
∂V1
∂y

+ ∂V2
∂y

+ . . .

)
−(V1 + V2 + . . . )

(
−λ+ ∂P

∂x
+ ∂Q

∂y
+ ∂R

∂z

)
.

Rewriting the above expression by organizing the homogeneous terms, we have:

XV − V divX =
∑
n>1

(
y
∂Vn
∂x
− λz∂Vn

∂z
+ λVn + Fn

)
=
∑
n>1

Ln(Vn) + Fn,

where Fn ∈ H(n)
(3,1) are obtained by the homogeneous parts of P,Q,R and V of degree less

than n. By Lemma 2.26, we can choose Vn such that Ln(Vn) + Fn = Λnx
n−1z, Λn ∈ R.

Making the suitable choices, XV − V divX = ∑
n>1 Λnx

n−1z.
The next result can be found in [45] for the C1 case and present how the existence of

an inverse Jacobi multiplier is invariant by changes of variables.

Theorem 2.54. Let X be a formal vector field and V is a formal inverse Jacobi multiplier
of X. If there is a formal change of variables φ that transforms X into a formal vector
field Y then W = (det dφ · V ) ◦ φ−1 is a formal inverse Jacobi multiplier of Y .

We give a proof for this result in the Appendix A.3. An alternative proof can be found
in [46, Lemma 2.3].

2.5 Nilpotent Center Problem
In this section, we will extend to the three-dimensional case, some techniques that are

used to solve the nilpotent center problem for planar systems. The bulk of our results rely
on the hypothesis that the restricted system (2.3) is analytic. For this reason, in what
follows, we say that a singular point is an analytic nilpotent center for system (2.2) when
it is a nilpotent center for restricted system (2.3) and this restriction is analytic.

2.5.1 The Inverse Jacobi Multiplier Method
Consider planar system (2.1) having a nilpotent monodromic singular point at the

origin. The nilpotent center problem can be studied by investigating the existence of a
formal inverse integrating factor, i.e. the inverse integrating factor method which is based
in Theorem 2.9. However the existence of a formal inverse integrating factor by itself is
not sufficient to prove that the singular point is a nilpotent center. The best result in this
direction, also presented in [2], is the following.
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Theorem 2.55 (Theorem 4 in [2]). Consider analytic system (2.1) with a monodromic
nilpotent singular point at the origin having Andreev number n and satisfying the condition
β > n−1 given by the statement (i) in Theorem 2.2. If there is a formal inverse integrating
factor V (x, y) = ∑

j>2n Vj(x, y) where Vj are (1, n)-quasi-homogeneous polynomials of
weighted degree j (see Definition 2.10) and V2n 6≡ 0, then the origin is a center. The
converse is not true.

We now connect the results presented in Section 2.4.2 to the study of the center
problem for the singular point at the origin of system (2.2) in R3 without restricting it to a
center manifold, extending the inverse integrating factor method to the three-dimensional
case.

Consider vector field X associated to system (2.2) having a nilpotent singular point
at the origin. By Theorem 2.29, there is a formal near-identity change of variables φ such
that Y is given by:

ẋ = y + xP1(x) = Y1,
ẏ = Q2(x) + yP1(x) = Y2,
ż = −λz + zR1(x) = Y3.

Since Y is decoupled, if ṽ(x, y) is an inverse integrating factor for (Y1, Y2)T , then zṽ(x, y)
is an inverse Jacobi multiplier for Y . In fact:

Y (zṽ)− zṽdivY = zY1
∂ṽ

∂x
+ zY2

∂ṽ

∂y
+Y3ṽ− zṽ

(
div(Y1, Y2) + ∂Y3

∂z

)
= ṽ

(
Y3 − z

∂Y3

∂z

)
= 0.

Therefore, by Theorem 2.54 the original vector field X would also admit an inverse Jacobi
multiplier. Using this argument, we have the following result:

Theorem 2.56. Consider system (2.2) having a monodromic singular point with Andreev
number 2 at the origin. If the origin is an analytic nilpotent center on a center manifold,
then there exists a formal inverse Jacobi multiplier V (x, y, z) for system (2.2) such that
jm+1V (0) = ymz for m > 0.

Proof: Suppose the origin is an analytic nilpotent center on a center manifold z = h(x, y)
of vector field X = (X1, X2, X3)T associated to system (2.2). Denote by X̄ the analytic
restricted vector field X|z=h(x,y) to the center manifold. We have that

∂h

∂x
(x, y)X1(x, y, h(x, y)) + ∂h

∂y
(x, y)X2(x, y, h(x, y)) = X3(x, y, h(x, y)).

Let φ = (φ1, φ2, φ3) the formal near-identity change of variables that puts X into its
formal normal form (2.18), denoted by Y = (Y1, Y2, Y3)T , i.e. dφ · X = Y ◦ φ. Thus,
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setting φ̄(x, y) = (φ1(x, y, h(x, y)), φ2(x, y, h(x, y))), we have that

dφ̄ · X̄ =


∂φ1

∂x
+ ∂φ1

∂z

∂h

∂x

∂φ1

∂y
+ ∂φ1

∂z

∂h

∂y
∂φ2

∂x
+ ∂φ2

∂z

∂h

∂x

∂φ2

∂y
+ ∂φ2

∂z

∂h

∂y


∣∣∣∣∣∣∣∣∣
z=h(x,y)

(
X1(x, y, h(x, y))
X2(x, y, h(x, y))

)
=

=


∂φ1

∂x
X1 + ∂φ1

∂y
X2 + ∂φ1

∂z

(
∂h

∂x
X1 + ∂h

∂y
X2

)
∂φ2

∂x
X1 + ∂φ2

∂y
X2 + ∂φ2

∂z

(
∂h

∂x
X1 + ∂h

∂y
X2

)

∣∣∣∣∣∣∣∣∣∣
z=h(x,y)

=

=


∂φ1

∂x
X1 + ∂φ1

∂y
X2 + ∂φ1

∂z
X3

∂φ2

∂x
X1 + ∂φ2

∂y
X2 + ∂φ2

∂z
X3


∣∣∣∣∣∣∣∣∣
z=h(x,y)

=
(
Y1(φ1, φ2)
Y2(φ1, φ2)

)∣∣∣∣∣
z=h(x,y)

=

= (Y1, Y2)T ◦ φ̄.

Therefore, φ̄ is a near-identity formal change of variables that transforms the restricted
system into the two first coordinates of the formal normal form (2.18).

Since the Andreev number for the origin of the restricted system is 2, by Theorem 2.9
there exists a formal series v(x, y) satisfying X̄v−vdivX̄ = 0, i.e. v(x, y) is a formal inverse
integrating factor for X̄. Therefore, there exists an inverse integrating factor ṽ(x, y) for the
vector field associated to the first two components of the normal form (2.18). Thus, normal
form (2.18) admits the inverse Jacobi multiplier Ṽ (x, y, z) = zṽ(x, y) which implies, by
Theorem 2.54, that the original system (2.2) also has a formal inverse Jacobi multiplier
V (x, y, z). By Proposition 2.50, we must have jm+1V (0) = zym, for some m > 0. The
result follows.

Remark 2.57. Since the formal change of variables that transforms system (2.2) into
normal form (2.18) is a near-identity one, the first non-zero jet of any formal inverse
Jacobi multiplier is preserved.

The idea is to use the above results to devise an algorithm to solve the nilpotent
center problem for systems (2.2) with Andreev number 2. We know, by Proposition 2.50,
that any inverse Jacobi multiplier of system (2.2) must have jm+1V (0) = zym. However,
without reducing the possible values for m, such algorithm would not be practical for
computational purposes. The next results, proven in [2], determine the possible values
for m.

Proposition 2.58. Consider system (2.1) having monodromic singular point at the origin
with Andreev number n, satisfying monodromy condition β = n − 1. If there is a formal
inverse integrating factor V (x, y) for (2.1), then it has the form j2V (0) = y2.

Proposition 2.59. Consider system (2.1) having monodromic singular point at the origin
with Andreev number n, satisfying monodromy condition β > n − 1 in Theorem 2.2. If
the system admits formal inverse integrating factor V (x, y), then either V (0, 0) 6= 0 or
j2V (0) = y2.

Thus, for the three-dimensional case, any inverse Jacobi multiplier have either the
form j1V (0) = z or j3V (0) = zy2.
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Remark 2.60. Propositions 2.58 and 2.59 are direct consequences of Propositions 7 and
8 in [2], respectively, since the monodromy conditions are invariant under changes of
variables (see Proposition 2.21).

Now, we can use the above results to apply the following procedure to find necessary
conditions for the origin of system (2.2) with Andreev number 2 to be an analytic nilpotent
center. More precisely, we use Proposition 2.8 to determine which of the monodromy
conditions in Theorem 2.6 are satisfied. Then, we consider a formal series V (x, y, z) =∑
n>1 Vn(x, y, z), where Vn ∈ H(n)

3,1 . By Theorem 2.53, it is always possible to find V (x, y, z)
such that

XV − V divX =
∑
n>1

Λnx
n−1z.

The quantities Λn are polynomials in the parameters of system (2.2). Any non-zero Λn is
an obstruction for V (x, y, z) to be an inverse Jacobi multiplier. If there are obstructions
for both possibilities j1V (0) = z and j3V (0) = zy2 then the origin cannot be an analytic
nilpotent center on the center manifold. We apply this algorithm in the section 2.6.

Theorem 2.56 is one of our main results of this chapter and it is published in [12].

2.5.2 Analytic Nilpotent Centers as limits of Non-degenerated
Centers in R3

A planar vector field X has a non-hyperbolic non-degenerate singular point p if the
eigenvalues of DXp are purely imaginary and conjugated, say ±βi for β 6= 0. One
canonical form for such systems is

ẋ = y + P (x, y),
ẏ = −x+Q(x, y), (2.30)

where j1P (0) = j1Q(0) = 0. This singular point is monodromic. In regards to the Center
Problem, the following result, due to Poincaré and Lyapunov, holds true:

Theorem 2.61 (Poincaré-Lyapunov Center Theorem). The origin of system (2.30) is a
center if and only if there is an analytical first integral H(x, y) such that j2H(0) = x2 +y2.

A proof for this result can be found in [1, 40]. The Poincaré-Lypunov Center Theorem
provides an algorith to solve the center problem which consists in the search for a first
integral. Such algoritm, refered to as Poincaré-Lyapunov algorithm, is well-known and
extensively studied in the literature (see, for instance [31, 15, 40, 32]).

For the nilpotent case, the authors of [3] (and its previous versions) were able to use
the Poincaré-Lyapunov algorithm to investigate the nilpotent center problem for planar
systems (2.1). The key of their approach is the following theorem.

Theorem 2.62 (Theorem 1 in [3]). Suppose the origin of the following system

ẋ = y + P (x, y),
ẏ = Q(x, y),

is a nilpotent center. Then there are two functions F1(x, y), F2(x, y) analytical at the
origin with j1F1(0) = j1F2(0) = 0 such that the 1-parameter family

ẋ = y + P (x, y) + εF1(x, y),
ẏ = −εx+Q(x, y) + εF2(x, y).
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has a non-degenerate center at the origin for any ε > 0. Also there is an analytic function
f(x, y) at the origin with j1f(0) = 0 such that (x− F1(x, y))∂f

∂y
= F2(x, y)(1 + ∂f

∂x
).

The above result tells us that for the analytical planar case, any nilpotent center is
limit of non-degenerate centers. We now proceed to study a possible extension of this
result to R3.

A three-dimensional system has a Hopf singular point if it can be put, via changes of
variables and time rescalings, in the form:

ẋ = y + P (x, y, z),
ẏ = −x+Q(x, y, z),
ż = −λz +R(x, y, z),

(2.31)

for which j1P (0) = j1Q(0) = j1R(0) = 0 and λ 6= 0. That is, the eigenvalues of its
correspondent Jacobian matrix are two pure imaginary numbers and one non-zero real
number. The Center Manifold Theorem 2.1 also holds for system (2.31) and thus it is also
possible to study the Center Problem for Hopf singular points. For this matter, Theorem
2.61 has its three-dimensional counterpart (a proof is provided in [39, 40]):

Theorem 2.63 (Lyapunov Center Theorem). The origin of system (2.31) is a center on
a center manifold if and only if there is an analytical first integral H(x, y, z) such that
j2H(0) = x2 + y2. Moreover, if the origin is a center on a center manifold, the center
manifold is unique and analytical.

There are several obstacles for the extension of Theorem 2.62 to three-dimensional
system. Among them, the lack of analiticity of the center manifold is one of the most
noticeable. Therefore we make some assumptions to obtain a first result. A more detailed
study on the center manifolds can be found in [21, 22].

Theorem 2.64. Suppose the origin of the following system

ẋ = y + P (x, y, z),
ẏ = Q(x, y, z),
ż = −λz +R(x, y, z),

(2.32)

is a nilpotent center on an analytical center manifold. Then there are three functions
F1(x, y), F2(x, y), F3(x, y) analytical at the origin with j1F1(0) = j1F2(0) = j1F3(0) = 0
such that the 1-parameter family

ẋ = y + P (x, y, z) + εF1(x, y),
ẏ = −εx+Q(x, y, z) + εF2(x, y),
ż = −λz +R(x, y, z) + εF3(x, y).

(2.33)

has a non-degenerate center at the origin for any ε > 0. Moreover, there are analytic func-
tions f(x, y), h(x, y) at the origin with j1f(0) = j1h(0) = 0 such that (x− F1(x, y))∂f

∂y
=

F2(x, y)(1 + ∂f

∂x
) and F3(x, y) = F1(x, y)∂h

∂x
+ (F2(x, y)− x)∂h

∂y
.

Proof: By hypothesis, (2.32) admits an analytical center manifold z = h(x, y), j1h(0) = 0
on which the origin is a nilpotent center. Thus, the restricted system is analytical and
has a nilpotent center at the origin. Consider the following change of variables

x = x, y = y, Z = z − h(x, y).
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Under these new coordinates, system (2.32) becomes

ẋ = y + P (x, y, Z + h(x, y)),
ẏ = Q(x, y, Z + h(x, y)),
Ż = −λZ + ZR̃(x, y, Z).

We have that Z = 0 is an analytical center manifold. Since the above system is analytical,
by Theorem 2.62 there exist two functions F1(x, y), F2(x, y) analytical at the origin with
j1F1(0) = j1F2(0) = 0 such that

ẋ = y + P (x, y, h(x, y)) + εF1(x, y),
ẏ = −εx+Q(x, y, h(x, y)) + εF2(x, y)

has a non-degenerate center at the origin for every ε > 0. Hence, the three-dimensional
system

ẋ = y + P (x, y, Z + h(x, y)) + εF1(x, y),
ẏ = −εx+Q(x, y, Z + h(x, y)) + εF2(x, y),
Ż = −λZ + ZR̃(x, y, Z).

has a non-degenerate center on Z = 0. Returning to the original coordinates, we conclude
that system

ẋ = y + P (x, y, z) + εF1(x, y),
ẏ = −εx+Q(x, y, z) + εF2(x, y),
ż = −λz +R(x, y, z) + εF3(x, y),

with F3(x, y) = F1(x, y)∂h
∂x

+ (F2(x, y)− x)∂h
∂y

has a non-degenerate center at the origin
on center manifold z = h(x, y).

Remark 2.65. The equation

(x− F1(x, y))∂f
∂y

= F2(x, y)(1 + ∂f

∂x
),

implies that x must factor out the lowest degree homogeneous polynomial of the power
series expansion of F1. Thus, the coefficient of y2 in its expansion must be zero.

Remark 2.66. The arguments presented in the previous proof are also valid even when
the center manifold z = h(x, y) is not analytical as long as the restricted system is. For
instance, the decoupled systems given by

ẋ = y + P (x, y),
ẏ = Q(x, y),
ż = −λz +R(x, y, z).

have this property since its restriction to any center manifold is completely determined
by the first two components.

Now, we use the Poincaré-Lyapunov method to detect analytic nilpotent centers. First,
we consider three formal series:

Fi =
∑

j+k>2
gijkx

jyk, i = 1, 2, 3,



Applications and Examples 49

with g1
02 = 0. We then perturb system (2.32) as in (2.33) and search for obstructions for

the formal series H(x, y, z) = εx2 + y2 + ∑
n>3Hn(x, y, z) to be a first integral. Those

obstructions will be the Lyapunov quantities. More precisely, let Xε be the vector field
associated to (2.33). We can always find H(x, y, z) such that

XεH =
∑
l>1

ηl(x2 + y2)l,

where ηl is a rational function on the parameters of system (2.33), i.e. the coefficients of
functions P,Q,R, the coefficients gijk as well as ε and λ. The numerator of the Lyapunov
quantities will be a polynomial on ε. For the system (2.33) to have a center on the center
manifold for every ε > 0, we must have all the Lyapunov quantities to be null. We
illustrate this method in the examples of the next section.

Theorem 2.64 is our second main result of this chapter and it is published in [12].

2.6 Applications and Examples

2.6.1 Elsonbaty–El-Sayed system
In [47], the authors study the following system,

ẋ = y,
ẏ = az,
ż = −z + bx− cy − x3,

(2.34)

which has peculiar dynamics. For a > 0, and b = c = 0, this system has a nilpotent
singular point at the origin. Via the change of variables x = x̄ + z̄, y = ȳ − z̄, z = z̄

a
,

and dropping the bars, system (2.34) is transformed into the canonical form

ẋ = y + a(x+ z)3,
ẏ = −a(x+ z)3,
ż = −z − a(x+ z)3.

(2.35)

Note that, by Proposition 2.8, the origin is a monodromic nilpotent singular point. Com-
puting the quantities ωn, we obtain that the first non-zero is ω6 = 2a2 and by Theorem
2.40, system (2.35) cannot admit a formal or analytic first integral. Note that if a = 0,
the system admits H(x, y, z) = y2 as a first integral but loses monodromy at the origin.

2.6.2 The Generalized Lorenz system
This example shows that, in some cases, the process of vanishing the ωn can be used

to find families of nilpotent centers.
The Generalized Lorenz system is one of the most studied three-dimensional systems

in the literature since its dynamics are very rich. Among the particular cases of the
Generalized Lorenz systems are the Lü and Chen systems. Its expression is given by

ẋ = a(y − x),
ẏ = bx+ cy − xz,
ż = dz + xy.

(2.36)
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We consider ad 6= 0 for the singular points of system (2.36) to be isolated. The origin
is always a singular point whose dynamics is determined by the parameters a, b, c, d.
The nondegenerate case is studied in [48, 40] and the references therein. We investigate
conditions on the parameters a, b, c, d for which system (2.36) has a nilpotent singular
point at the origin.

The singular points of the above system are the origin, and

Q± = (±
√
−d(b+ c),±

√
−d(b+ c), b+ c),

for d(b + c) < 0. The determinant of the Jacobian matrix of (2.36) at point Q± is given
by 2ad(b + c). Thus, Q± are nilpotent singular points only when b + c = 0 which means
they coincide with the origin.

Now, the Jacobian matrix of (2.36) at the origin is −a a 0
b c 0
0 0 d

 ,
and for the origin to be a nilpotent singular point, we must have b+ c = 0 and c = a. By
means of the coordinate change x̄ = y, ȳ = a(y − x), z̄ = z, dropping the bars, system
(2.36) becomes

ẋ = y − xz + 1
a
yz,

ẏ = −axz + yz,
ż = dz + x2 − 1

a
xy.

(2.37)

We compute the quantities ωn (Theorem 2.37) for system (2.37) and obtain the first
non-zero one:

ω6 = −2 a (2 a+ d)
3d3 .

Thus, by Theorem 2.40, system (2.37) can only be formally or analytically integrable
if d = −2a. Under this condition, by Proposition 2.8, the origin is monodromic with
Andreev number 2. Moreover, it satisfies monodromy condition β > n− 1 from Theorem
2.6.

For d = −2a, the function V (x, y, z) = x2− 2xy
a

+ y2

a2 − 2az defines an invariant surface
V ≡ 0 for (2.37) which is tangent to the xy-plane, thus, it is a center manifold for system
(2.37). Moreover, the restriction of the system to this center manifold is given by

ẋ = y − xz + y

2a2

(
x− y

a

)2
,

ẏ = −axz + y

2a

(
x− y

a

)2
,

which is a Hamiltonian system with Hamiltonian function H(x, y) = y2 + x4

4 −
x3y
a

+ 3x2y2

2a2 −
xy3

a3 + y4

4a4 . Hence, the origin is a nilpotent center on a center manifold.

2.6.3 Hide–Skeldon–Acheson Dynamo system
In paper [49] the authors proposed a model for self-exciting dynamo action in which

a Faraday disk and coil are arranged in series with either a capacitor or a motor. The
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Figura 2.2: Phase portraits of systems (2.37) on the center manifold x2− 2xy
a

+ y2

a2−2az = 0
for a = 1 in figures (a),(b) and a = −1 in figures (c),(d).

proposed system for this model is the following

ẋ = −x− βz + xy,
ẏ = α− κy − αx2,
ẏ = x− λz.

(2.38)

The physical quantities that the parameters α, β, λ, κ represent are detailed in [49, 50].
The above system has a singular point at Q = (0, α

κ
, 0). The determinant of the Jacobian

matrix of (2.38) at Q is (α− κ)λ− β κ, and its characteristic polynomial has

(λ+ 1)κ2 + (β − α + λ)κ− λα
κ

as the coefficient of its linear term. Both these expressions must be zero forQ to be a nilpo-
tent singular point. This occurs for α = κ(λ+1) and β = λ2. Now, under these conditions,
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we translate Q to the origin and via the change of coordinates x = λx̄+ ȳ, y = z̄, z = x̄,
dropping the bars, we obtain the following system

ẋ = y,
ẏ = λxz + yz,
ż = −κz − κ(λ+ 1)(λx+ y)2.

(2.39)

We now investigate whether the origin is monodromic or not. The inequality (2.9) in
Proposition 2.8 for system (2.39) is given by:

−λ3(λ+ 1) < 0,

which is only satisfied for λ < −1 or λ > 0. For −1 < λ < 0, by Theorem 2.6 the
origin of system (2.39) is not monodromic (see the proof of Proposition 2.8). Moreover,
for λ = −1 or λ = 0, (2.39) does not have an isolated singular point since the x-axis is a
line of equilibria in this case. Note that, by Proposition 2.8 we also know that when the
origin of system (2.39) is monodromic, it satisfies the condition β > n − 1 in Theorem
2.6.

We compute the quantities ωn described in Theorem 2.37. The first not identically
zero is

ω6 = −2λ5 (λ+ 1)2 (−2λ+ 3κ)
3κ .

By Theorem 2.40, system (2.39) can only be formally or analytically integrable when
λ = −1, λ = 0 or λ = 3κ

2 . Assuming the latter, the next non-vanishing quantity is ω8
which is given by:

ω8 = −6561κ6 (3κ+ 2)3

512 .

We obtain that κ = −2
3 is the only value for which system (2.38) could admit a formal

or analytic first integral. However, that would imply that λ = −1 and thus the origin
would not be an isolated singular point. In fact, for λ = −1, z = 0 is a center manifold
and the flow of (2.39) is governed by the linear vector field y∂x which does not have any
periodic orbits. We conclude that monodromy and formal integrability cannot coexist for
system (2.39). This implies that the singular point Q = (0, α

κ
, 0) is never an analytically

integrable nilpotent center on a center manifold for system (2.39).

2.6.4 The Song-Wang-Feng system
The following system was first considered in [24].

ẋ = y − 2xy + axz,
ẏ = −2x3 + y2 + byz,
ż = −z + dxy.

(2.40)

In [24] the authors solved the center problem by considering a polynomial approximation of
the center manifold. Here, we solve the center problem without restricting the considered
system to a center manifold.

By Proposition 2.8, the origin of (2.40) is monodromic with Andreev number n = 2
and satisfies the monodromy condition β > n− 1.
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Using the algorithm described in Section 2.5.2, we compute the Lyapunov quantities
of the perturbation (2.33) for system (2.40). We have:

η2 = −3bd2(a− b)
20(4ε+ 1) .

By Theorem 2.64, d b(a− b) = 0 is a necessary condition for the origin to be an analytic
nilpotent center.

Under d = 0, system (2.40) becomes

ẋ = y − 2xy + axz,
ẏ = −2x3 + y2 + byz,
ż = −z.

which has z = 0 as an analytical center manifold. The restricted system is the Hamiltonian
system given by

ẋ = y − 2xy,
ẏ = −2x3 + y2.

(2.41)

Thus, d = 0 implies that the origin is a nilpotent center on a center manifold. Now,
if d 6= 0, we search for obstructions for system (2.40) to have a formal inverse Jacobi
multiplier. We consider both possibilities of V (x, y, z). First, if j1V (0) = z. We have
Λ1 = · · · = Λ4 = 0 and:

Λ5 = −4d (2a− b), Λ6 = −a d.

Now for j3V (0) = zy2, we obtain Λ1 = · · · = Λ8 = 0 and:

Λ9 = −12 d (2 a− b)
5 , Λ10 = −2 d (9 a− 2 b)

15 .

Thus, by Theorem 2.56, the conditions a = b = 0 or d = 0 are necessary for the origin to
be an analytic nilpotent center on a center manifold.

Now, a = b = 0 is a center condition, since, under this condition, the first two
components of (2.40) do not depend on z. Thus, the restricted system is also given
by (2.41) regardless the center manifold. Therefore a = b = 0 or d = 0 are sufficient
conditions for system (2.40) to have an analytic nilpotent center on a center manifold.
We have proven the following result:

Theorem 2.67. The origin of system (2.40) is an analytic nilpotent center on a center
manifold if and only if a = b = 0 or d = 0.

2.6.5 Jerk systems
Consider the three-dimensional system of differential equations:

ẋ = y,
ẏ = z,
ż = f(x, y, z).

(2.42)

This system is called Jerk system since it is equivalent to the third-order differential
equation ...

x = f(x, ẋ, ẍ) which is called Jerk equation. In mechanical models where x(t)
denotes the position of given particle at instant t, ...

x (t) denotes the rate of change of the
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accelaration of such particle, that is, its jerk. Jerk equations are broadly studied in the
literature (see, for instance, [5, 51, 52]) for its use in science and engineering.

We search for nilpotent singular points for system (2.42) with f(x, y, z) being a poly-
nomial. The singular points, when they exist, are given by Qi = (αi, 0, 0) where αi are
the roots of f(x, 0, 0) for i = 1, . . . , deg(f). The Jacobian matrix J of (2.42) is always
given by:

J =


0 1 0
0 0 1
∂f

∂x

∂f

∂y

∂f

∂z

 .
The determinant and the trace of the above matrix are, respectively, det J = ∂f

∂x
and

trJ = ∂f
∂z
. Its characteristical polynomial p(η) is given by:

p(η) = −η3 + η2∂f

∂z
+ η

∂f

∂y
+ ∂f

∂x
.

Note that the rank of J is greater or equal to 2. Thus, for Qi to be a nilpotent singular
point, it is sufficient that ∂f

∂x
(Qi) = ∂f

∂y
(Qi) = 0 6= ∂f

∂z
(Qi).

Translating Qi to the origin transforms system (2.42) into:

ẋ = y,
ẏ = z,
ż = f(x+ αi, y, z).

Let τ = ∂f
∂z

(Qi). By making the change of variables x = x̄ + z̄
τ2 , y = ȳ + z̄

τ
, z = z̄ and

dropping the bars, we obtain the canonical form:

ẋ = y − 1
τ2F2(x, y, z),

ẏ = − 1
τ
F2(x, y, z),

ż = τz + F2(x, y, z),
(2.43)

where F2(x, y, z) is the nonlinear part of f(x + αi, y, z) in the new variables. We further
investigate the origin of system (2.43) since it is the canonical form of any jerk system
having a nilpotent singular point. For now on, we denote F2(x, y, z) = ∑

j+k+l>2 gjklx
jykzl.

By Proposition 2.8, the origin is monodromic with Andreev number 2 if and only if
g200 = 0 and inequality (2.9) is satisfied, which for system (2.43) becomes:

g2
110 − 8g300τ < 0.

Note that the above inequality implies that there are no quadratic jerk systems (2.43)
with nilpotent singularity having Andreev number 2.

Proposition 2.68. There is no quadratic Jerk system with an isolated monodromic nil-
potent singular point.

Proof: If g200 6= 0, by Theorem 2.6 the origin cannot be monodromic. For g200 = 0, we
prove that any parametrization h(x, y) for a central manifold must be such that h(x, 0) ≡ 0
in a neighborhood of x = 0. In fact, for g200 = 0, any parametrization h(x, y) must satisfy:

−F2(x, 0, h(x, 0))
(

1
τ 2
∂h

∂x
(x, 0) + 1

τ

∂h

∂y
(x, 0) + 1

)
− τh(x, 0) ≡ 0.
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For g200 = 0, we have F2(x, 0, h(x, 0)) = g101xh(x, 0) + g002h(x, 0)2. Then, the above
equation becomes h(x, 0)G(x) ≡ 0, where G(0) = −τ . Thus, there is a neighborhood
of x = 0 such that G(x) 6= 0 and therefore h(x, 0) ≡ 0. This implies that, for this
neighborhood of x = 0, F2(x, 0, h(x, 0)) ≡ 0.

Now, the restricted system is
ẋ = y − 1

τ2F2(x, y, h(x, y)),
ẏ = − 1

τ
F2(x, y, h(x, y)),

and thus, there is an interval of singular points contained in the x-axis for the above
system and there is no isolated nilpotent singular point.

The above result tells us that, in order to study the nilpotent center problem for
polynomial jerk systems, we must start investigating the cubic ones. However, due to
computation difficulties, we chose a simpler form of cubic jerk system to apply our previous
results in order to solve the nilpotent center problem.

Consider the following jerk system
ẋ = y − F (x, y, z),
ẏ = F (x, y, z)
ż = −z + F (x, y, z),

(2.44)

where F (x, y, z) = g300x
3 + g011yz + g210x

2y + g120xy
2 + g030y

3. Suppose that the origin
has Andreev number n = 2, which by Proposition 2.8 implies that g300 > 0. Note that
the monodromy condition β > n− 1 is satisfied. Applying Theorem 2.53 with the formal
series V (x, y, z) = ∑

j+k+l>1 vjklx
jykzl, we compute the obstructions Λn for the existence

of an Inverse Jacobi Multiplier. For j1V (0) = z, we have Λ1 = Λ2 = 0 and:

Λ3 = 3g300 − g210,

Λ4 = −g300 (g011 − v011) ,
Λ5 = 3 g300 (g030 − g120 + 2 g300) mod 〈Λ3,Λ4〉,
Λ6 = g300g011 (g120 + 3 g300) mod 〈Λ3,Λ4,Λ5〉,
Λ7 = −4 g300

2g011
2 mod 〈Λ3,Λ4,Λ5〉.

And for j3V (0) = zy2, we obtain Λ1 = · · · = Λ6 = 0 and:

Λ7 = 1
6 g300 (g210 − 3 g300) ,

Λ8 = 1
4g300

2 (g011 − 3 v031) ,

Λ9 = −9 g300
2 (g030 + 2 g300 − g120)

10 mod 〈Λ7,Λ8〉

Λ10 = −1
3g011g300

2 (3 g300 + g120) mod 〈Λ7,Λ8,Λ9〉,

Λ11 = 10 g011
2g300

3

7 mod 〈Λ7,Λ8,Λ9〉.

Both the possibilities above yield the same conditions on the parameters for the existence
of an inverse Jacobi multiplier: g030 = g120 − 2g300, g011 = 0 and g210 = 3g300. Thus, by
Theorem 2.56, the origin can only be an analytic center on a center manifold if those con-
ditions are satisfied. These are in fact center conditions, since under those, the restricted
system is given by the first two equations of (2.44) and has

v(x, y) = 1 + (g120 − 3 g300)x2 + 2 (g120 − 3 g300)xy

+(g120 − 3 g300) (g120 − 2 g300) y2

g300
,
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as an inverse integrating factor. By Theorem 2.9, the origin is a center. We conclude:

Theorem 2.69. The origin of system (2.44) is a nilpotent center on a center manifold if
and only if g030 = g120 − 2g300, g011 = 0 and g210 = 3g300.

2.6.6 A system with fixed Andreev number
If a planar system has a monodromic nilpotent singular point with Andreev number

n, it can be put in the following form:

ẋ = y + µxn +∑
k>n+1 Pk(x, y),

ẏ = −nx2n−1 + nµxn−1y +∑
k>2nQk(x, y),

where Pk, Qk ∈ P(1,n)
k (see [23], for more details). Thus, an interesting family of three-

dimensional systems to consider are the following

ẋ = y + µxn +∑
k>n Pk(x, y, z),

ẏ = −nx2n−1 + nµxn−1y +∑
k>2n−1Qk(x, y, z),

ż = −z +R(x, y, z),
(2.45)

where j1R(0) = 0 and Pk, Qk are (1, n, 1)-quasi-homogeneous polynomials of weighted
degree k. For any parametrization z = h(x, y) of a center manifold, we have that the
functions F (x), f(x) and Φ(x) in Theorem 2.6 are given by:

F (x) = −µxn +O(xn+1),

f(x) = −n(1 + µ2)x2n−1 +O(x2n),
Φ(x) = 2nµxn−1 +O(xn).

Thus, we have that the origin is monodromic with Andreev number n. Moreover, the
parameter µ defines whether we have monodromy conditions β = n− 1 or β > n− 1.

We tackle the nilpotent center problem for a particular case of system (2.45) with
n = 2:

ẋ = y + µx2 + a101xz + a002z
2,

ẏ = −2x3 + 2µxy,
ż = −z + c200x

2 + c110xy + c020y
2.

(2.46)

Using Theorem 2.53, we compute the obstructions for the existence of an Inverse Jacobi
Multiplier V (x, y, z). For the case j1V (0) = z, we compute the obstructions Λ1, . . . ,Λ10.
Due to the size of these quantities, we exhibit only Λ1, . . . ,Λ5 and omit Λ6, . . . ,Λ10.

Λ1 = 0, Λ2 = −4µ,
Λ3 = −3 a101c200,

Λ4 = −2µ2v011 − 2µ a101c110 + 4µ a101c200 − 4 a002c200
2 − 2 v011,

Λ5 = −1
3 c020µ

2a101 + 2 c110µ
2a101 − 24 c200µ

2a101 − 2 c110a002µ c200

−2 c200µ a101v011 − c110c200a101
2 − 8 a101c110 + 16 a101c200

+3 c200
2a101

2 − 2 c020a101.

Setting Λ2 = · · · = Λ10 = 0 yields the conditions on the parameters: µ = 0 and
a101 = a002 = 0 or c200 = c110 = c020.
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For the case j3V (0) = zy2, we compute the obstructions Λ1, . . . ,Λ15. Due to the size
of these quantities, we exhibit only Λ1, . . . ,Λ9 and omit Λ10, . . . ,Λ15. We have Λ1 = · · · =
Λ6 = 0 and

Λ7 = −c200a101 (µ2 + 5)
5 ,

Λ8 = µ
3

(
µ2 + 5

)
a101c110 + 2µ

3

(
µ2 + 1

)
c200a101

−2
3

(
µ2 + 3

)
a002c200

2 − 2/5µ a101
2c200

2 − 1
3

(
µ4 + 10µ2 + 9

)
v031,

Λ9 = −(54µ4 + 222µ2 + 168) a101c110

35 + (48µ2 + 48) c200a101

5

−(27µ4 + 129µ2 + 42) a101c020

35 + µ
35

(
11µ2 − 29

)
c200a101v031

+72µ (µ2 + 1) a002c200
2

35 + 6µ (9µ2 + 29) c200a002c110

35

+ 1
35

(
34µ2 + 35

)
a101

2c110c200 + (57µ2 − 105) a101
2c200

2

35
−6µ

5 a101 a002c200
3.

Setting Λ7 = · · · = Λ15 = 0 yields the following conditions on the parameters: a101 =
a002 = 0 or c200 = c110 = c020 = 0.

The conditions for (2.46) to have a formal inverse Jacobi multiplier are a101 = a002 = 0
or c200 = c110 = c020 = 0. By Theorem 2.56, those are necessary conditions for the origin
to be an analytic nilpotent center.

These conditions are also sufficient since under either one of those, the restricted
system is

ẋ = y + µx2,
ẏ = −2x3 + 2µxy.

which is invariant by the transformations x 7→ −x, y 7→ y, t 7→ −t.
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(c) µ > 0.

Figura 2.3: Phase portraits of the restriction systems (2.46) under a101 = a002 = 0 or
c200 = c110 = c020 = 0.

Therefore we conclude:

Theorem 2.70. The origin of system (2.46) is an analytic nilpotent center on a center
manifold if and only if a101 = a002 = 0 or c200 = c110 = c020 = 0.





3 Hopf singular points in R3 and the
cyclicity problem

In this chapter, we divert from the nilpotent singular points in R3 to their non-
degenerate counterpart: Hopf singular points. In this section, we consider analytical
vector fields in R3 having a singular point for which the Jacobian matrix has a pair of
purely imaginary eigenvalues and a non-zero real eigenvalue. The differential system as-
sociated with such vector fields can be put into the following canonical form, by means
of a linear change of variables and time rescaling:

ẋ = −y + P (x, y, z),
ẏ = x+Q(x, y, z),
ż = −λz +R(x, y, z),

(3.1)

where P,Q,R are polynomials with no linear or constant terms and λ 6= 0. For vector
fields associated to (3.1), the Center Manifold Theorem 2.1 also holds. The restriction
of (3.1) to a center manifold W c is a two-dimensional differential system which has an
elementary center or a focus at the origin. We recall that a singular point of a planar
polynomial vector field is an elementary center or a focus if the eigenvalues of its Jacobian
matrix, when evaluated at the singular point, are purely imaginary.

The problem of determining and locating the limit cycles for a given planar polynomial
differential system is known as Hilbert’s sixteenth problem and dates back to the year 1900.
In the last century, several researchers have studied this problem and made significant
advancements, which are described in detail in the surveys [53, 54] by Ilyashenko and
Jibin Li, respectively. However, Hilbert’s sixteenth problem has not been solved yet.
There are several weaker versions of this problem, for instance, determine the number
of small amplitude limit cycles that bifurcate from an elementary center or a focus of
a polynomial vector field (see, for instance, [55]). In simple terms, this number is the
cyclicity of the singular point.

One of the main techniques used to study the cyclicity of an elementary center or
a focus is the computation of the Lyapunov coefficients, which are also related to the
center problem [15, 32]. Christopher in [56] proved that, by performing an analysis on
the linear part of the Lyapunov coefficients in its power series expansion with respect to
the perturbation parameters, it is possible to estimate the cyclicity of a center. Using
this idea, Torregrosa and Liang [57] proposed the parallelization method, which allows
computations for the linear parts to be made separately, reducing computational time.
This method was further explored in [58], where the authors generalized the method of
parallelization for any order of the Lyapunov coefficients. Moreover, the authors improved
the previous lower bounds of the cyclicity for centers of some polynomial vector fields using

59
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higher-order developments of the Lyapunov coefficients with respect to the perturbation
parameters.

This problem can be naturally extended to Hopf singular points of three-dimensional
systems. However, since the center manifold is not necessarily unique or analytic, com-
puting a parametrization for W c and then applying the planar techniques is not optimal.
Fortunately, the computation of the Lyapunov coefficients can be made even without
knowing a parametrization for any center manifold [4]. Furthermore, in [59] the authors
proved that it is possible to study cyclicity for the Hopf singular point on center manifolds
via the Lyapunov coefficients in the same way as proposed by Christopher. The authors
of [60] used this approach to give new lower bounds for quadratic, cubic, quartic, and
quintic three-dimensional systems. The respective lower bounds are 11, 31, 54, and 92
limit cycles.

In this chapter, we make a chart of the cyclicity of centers on center manifolds of the
known quadratic systems (3.1) in the literature. In order to attain this goal, we use the
higher order developments of the Lyapunov coefficients and full quadratic perturbations.
In this study, we obtained an example of a quadratic three-dimensional system for which
it is possible to bifurcate 13 limit cycles from the center on the center manifold which is
so far the best known lower bound in the literature. This result is published in [13].

3.1 Lyapunov coefficients and Cyclicity
One of the most useful tools to study monodromic singular points is the Poincaré map

or the first return map. For planar systems, it is widely known how to define those maps
and their properties. In [59], the authors show how to extend those concepts to the system
(3.1). We state the main results here and encourage the reader to refer to [40, 43, 59] for
more details.

Introducing the change of variables x = ρ cos θ, y = ρ sin θ and z = ρω, we can describe
the solution curves of (3.1) by the following equations:

dρ

dθ
= P cos θ +Q sin θ

1 + ρ[Q̃ cos θ − P̃ sin θ]
,

dω

dθ
= −µω + ρ[R̃− ω(P̃ cos θ + Q̃ sin θ)]

1 + ρ[Q̃ cos θ − P̃ sin θ]
.

(3.2)

For each (ρ0, ω0) with sufficiently small ‖(ρ0, ω0)‖, let

ϕ(θ, ρ0, ω0) = (ρ(θ, ρ0, ω0), ω(θ, ρ0, ω0)),

be the solution of system (3.2) with initial conditions (ρ(0, ρ0, ω0), ω(0, ρ0, ω0)) = (ρ0, ω0).

Definition 3.1. For system (3.1), the map

d(ρ0, ω0) = ϕ(2π, ρ0, ω0)− (ρ0, ω0)

is called displacement map.

Although the displacement map d(ρ0, ω0) = (d1(ρ0, ω0), d2(ρ0, ω0)) is a two-dimensional
map, there exists a unique analytical function ω̃(ρ0) defined in a neighborhood V of ρ0 = 0
such that d2(ρ0, ω̃(ρ0)) ≡ 0 (see [43] for a proof). The function d(ρ0) = d1(ρ0, ω̃(ρ0)) is
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analytical in V and is called reduced displacement map. Expanding it in a power series,
we have

d(ρ0) = v1ρ0 + v2ρ
2
0 + v3ρ

3
0 + v4ρ

4
0 + · · · .

The coefficients vk are called focal values and the coefficients lk = v2k+1 are called Lya-
punov coefficients. The emphasis on the odd indexed focal values is due to the fact that
the first nonzero focal value is the coefficient of an odd power of ρ0 (see [43]).

The isolated zeros of the reduced displacement map correspond to limit cycles of
system (3.1). Moreover, the system has a center on a center manifold W c if and only if all
lk are null. Thus, the reduced displacement map is a powerful tool to study the cyclicity.
However, the determination of the focal values is a difficult task.

The study of the cyclicity of Hopf singular points of three-dimensional systems has a
strong connection to the problem of distinguishing whether the singular point is either
a center or a focus on a center manifold, i.e. the center problem. The following result
provides one of the most useful tools to solve the center problem for system (3.1). Its
proof can be found in [4, 39].

Theorem 3.2. Consider system (3.1) and let W c be a center manifold. The following
statements are equivalent:

(i) The origin of the system restricted to W c is a center;

(ii) System (3.1) admits a local analytical first integral H(x, y, z) such that j2H(0) =
x2 + y2;

(iii) System (3.1) admits a formal first integral H(x, y, z) such that j2H(0) = x2 + y2.

Moreover, if any of the above statements holds, W c is unique and analytic.

Following the steps of [40, 4, 59], the standard algorithm to study the center problem
consists in the construction of a formal series

H(x, y, z) = x2 + y2 +
∑

j+k+l>3
pjklx

jykzl

with unknown real coefficients pjkl yet to be determined. Let X be the vector field
associated with system (3.1). It is always possible to choose pjkl such that

XH =
∑
i>2

Li−1(x2 + y2)i. (3.3)

This fact was proved in [4]. Furthermore, the coefficients Li are rational functions on the
parameters of system (3.1) whose denominators depend only on λ. Any non-zero Li is
an obstruction for the origin of (3.1) to be a center on the center manifold. In practical
terms, to obtain the quantity LN , we consider a truncated expression up to order 2N + 2
of the formal series H(x, y, z) given by

H̄(x, y, z) = x2 + y2 +
2N+2∑

j+k+l=3
pjklx

jykzl.

Then, for each m = 3, . . . , 2N + 2, we seek to vanish the coefficients of the homogeneous
terms of degree m in the power series expansion of the Lie derivative XH̄. Starting
at m = 3, we aim to solve in a recurrent way the linear system of equations in the
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variables pjkl with j + k + l = m obtained from the condition that all the coefficients of
the homogeneous term of degree m vanish. For odd values of m, we can always find a
solution for the system. The same is true for even values of m = 2q, with the exception
of the coefficient of the homogeneous binomial (x2 + y2)q, which does not depend on pjkl.
Hence, solving the possible equations, we obtain the following expression.

XH̄ =
N+1∑
i>2

Li−1(x2 + y2)i.

The set of parameters of system (3.1) for which all Li are null, i.e., the origin is a center,
is called the Bautin variety. The coefficients Li are the focal coefficients for system (3.1).
The focal coefficients and the Lyapunov coefficients are related in the following way: given
a positive integer k > 2, we have

l1 = πL1 and li = πLi mod 〈L1, L2, . . . , Li−1〉, (3.4)

that is, li = πLi when L1 = L2 = · · · = Li−1 = 0. The proof of this result can be found in
[59]. This relationship allows us to obtain the information about the reduced displacement
map by computing the focal coefficients. Since the computations involving the expressions
given in (3.3) are algebraic, with the help of symbolic mathematics softwares such as Maple
and Mathematica, it is possible to compute a large amount of focal coefficients with less
computational time.

Remark 3.3. The concepts of focal coefficients, focal values, and the Bautin variety exist
for planar systems having an elementary center or a focus and their properties and roles
are the same as in the three-dimensional case.

Having the previous tools to obtain the focal coefficients, we state the next two results,
which can be found in [58, 56]. The same ideas were first presented in [61], where they
were applied in a similar setting.

Theorem 3.4. Suppose that s is a point on the Bautin variety and that the first k Lyapu-
nov coefficients, L1, . . . , Lk, have independent linear parts (with respect to the expansion
of Li about s). Then s lies on a component of the Bautin variety of codimension at least
k and there are bifurcations which produce k limit cycles locally from the center corres-
ponding to the parameter value s. If, furthermore, we know that s lies on a component
of the center variety of codimension k, then s is a smooth point of the variety, and the
cyclicity of the center for the parameter value s is exactly k. In the latter case, k is also
the cyclicity of a generic point on this component of the Bautin variety.

Theorem 3.5. Suppose that s is a point in the Bautin variety such that the k first
Lyapunov coefficients have independent linear parts (with respect to the expansion of Li
about s) and the next l ones have their linear parts as linear combinations of the linear
parts of the k first ones. After a change of variables in the parameter space, if necessary,
we can write Li = ui, for i = 1, . . . , k and, assuming L0 = L1 = · · · = Lk = 0, the next
Lyapunov coefficients are Li = hi(u) + O(|u|m+1), for i = k + 1, . . . , k + l, where hi are
homogeneous polynomials of degree m > 2 and u = (uk+1, . . . , uk+l). If there exists a line
η in the parameter space such that for k < i < k + l, hi(η) = 0, the hypersurfaces hi = 0
intersect transversally along η , and hk+l(η) 6= 0, then there are perturbations of the center
which produce k + l limit cycles.
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Even though Theorems 3.4 and 3.5 were first stated to deal with planar systems, they
also apply to the three-dimensional case since they are results regarding the parameter
space and the Lyapunov coefficients. Furthermore, in the statement of the above theorems,
one can change Lyapunov coefficients for focal coefficients, in light of the relationship (3.4)
(see also [48, Proposition 34] and [40, Proposition 4.1]).

Theorem 3.5 was first stated in [56] but was revisited in [58] with a new proof and
a proposed scheme for its application to the study of the cyclicity problem. Essentially,
their proof rely on the study of the algebraic variety SL = {Li = 0, i = 1, . . . N}
which is equivalent to the local surjectivity of the map L : RN → RN given by L(u) =
(L1(u), . . . , LN(u)) near u = 0, for u = (u1, . . . , uN). The intuition behind this idea is
that we can use the parameters u to manipulate the coefficients Li(u) such that

|L1| � |L2| � · · · � |LN |, LkLk−1 < 0,

and consequentially the displacement function has N positive zeros.
At first, it seems that obtaining the polynomials hj in the statement of Theorem 3.5

are computationally challenging. However, using the following result, we can obtain the
variety SL using a simplification of the hj.

Proposition 3.6. Let fi, gi : RN → R, i = 1, . . . , k and consider Sf = {fi = 0, i =
1, . . . , k}, Sg = {gi = 0, i = 1, . . . , k} and the ideals 〈f1, . . . , fk〉, 〈g1, . . . , gk〉 in the ring
of real functions. If 〈f1, . . . , fk〉 = 〈g1, . . . , gk〉, then Sf = Sg.

Proof: Suppose that 〈f1, . . . , fk〉 ⊂ 〈g1, . . . , gk〉. Then, for each i = 1, . . . , k, we have
that fi = ∑k

m=1Amgm with Am : RN → R. Thus, for each p ∈ Sg, we have that fi(p) = 0
which implies that Sg ⊂ Sf . The reverse inclusion is analogous.

Corollary 3.7. Given fi : RN → R, i = 1, . . . , k, if gi = fi+
∑
j<iA

i
jfj, for Aij : RN → R,

then Sg = Sf .

Proof: This follows immediatly from the fact that

〈f1, . . . , fk〉 = 〈f1, f2 + A2
1f1, . . . , fk +

k−1∑
m=1

Akmfm〉.

These results allow us to perform a simplification of the polynomials hj in Theorem
3.5. Suppose that s is a point in the Bautin variety such that Theorem 3.4 holds and let
k and l as in the statement of Theorem 3.5. Thus, we can perform a linear change of
variables so that we can write

Li(u) = u1 +O(|u|2),

for i = 1, . . . k, and u = (u1, . . . , uk, uk+1, . . . uk+l) the new parameter variables. The next
l Lyapunov constants write as

Li(u) =
k∑
j=1

aijuj +O(|u|2),

for i = k+1, . . . , k+ l. Now, if we consider L̄i(u) = Li−
∑k
j=1 a

i
jLj, i = k+1, . . . , k+ l, by

Corollary 3.7, we have that SL = {L1(u) = · · · = Lk(u) = L̄k+1(u) = · · · = L̄k+l(u) = 0}.
Now, we can focus our study on the new simplified quantities L̄i. We have

L̄i(u) = hi(u) +O(|u|m+1),



64 Hopf singular points in R3 and the cyclicity problem

for i = k+ 1, . . . , k+ l, where hi are homogeneous polynomials of degree m > 2. Now, we
can use a similar procedure to simplify our variety once more, by taking

L̃i(u) = L̄i(u)− (hi(L1, . . . , Lk, uk+1, . . . , uk+l)− hi(0, . . . , 0, uk+1, . . . , uk+l)) ,

for i = k + 1, . . . , k + l. Again, by Corollary 3.7, we have SL = {L1(u) = · · · = Lk(u) =
L̃k+1(u) = · · · = L̃k+l(u) = 0}. Note that the lower homogeneous terms of the L̃i(u)
are the polynomials hi(0, . . . , 0, uk+1, . . . , uk+l), which means they do not depend on the
parameters ui, i = 1, . . . , k.

Now, by the Implicit Function Theorem, there exists a change of variables

(u1, . . . , uk, uk+1, . . . , uk+l) 7→ (L1, . . . , Lk, uk+1, . . . , uk+l).

Note that this change do not modify the lower homogeneous terms of the simplified quan-
tities L̃i(u), i = k+1, . . . , k+l, i.e. the polynomials hi depending only on (uk+1, . . . , uk+l).
These are obtainable computationally and the ones that we will consider to apply Theo-
rem 3.5. For the sake of simplicity, in what follows, we will drop the tildes when referring
to those simplified quantities.

The approach we use to study the cyclicity for systems of the form (3.1) in the present
chapter is as follows: First, we consider those systems for which the origin is a center on
the center manifold. Then, we make the following perturbation of such a system:

ẋ = −y + P (x, y, z) +
∑

j+k+l=2
ajklx

jykzl,

ẏ = x+Q(x, y, z) +
∑

j+k+l=2
bjklx

jykzl,

ż = −λz +R(x, y, z) +
∑

j+k+l=2
cjklx

jykzl,

(3.5)

where Λ = (ajkl, bjkl, cjkl, j + k + l = 2) ∈ R18 is the tuple of perturbation parameters.
Thus, ajkl = bjkl = cjkl = 0 is a point on the Bautin variety for system (3.5). Let Lmi
be the degree m Taylor polynomial of the focal coefficient Li about Λ = 0. We proceed
to compute the focal coefficients Li for the perturbed system. Once a sufficient amount
N is computed, we evaluate the matrix J(L1, . . . , LN) = ∂(L1,...,LN )

∂(ajkl,bjkl,cjkl)

∣∣∣
Λ=0

and its rank r.
We use Theorem 3.4 to conclude that at least r limit cycles can bifurcate from Λ = 0,
retrieving a first lower bound for the cyclicity for the center of the considered system by
the study of the linear parts of the focal coefficients.

After this first procedure, to obtain more limit cycles using Theorem 3.5, we have to
do a suitable change of variables that allows us to write the first r focal coefficients as
L1
i = ui, i = 1, . . . , r. The next step consists in simplifying the next focal coefficients

Li, i > r + 1, vanishing their linear terms, using L1
i , i = 1, . . . , r, Corollary 3.7 and the

previously discussed process. Then, we obtain the higher order terms of Li and verify if
the hypothesis from Theorem 3.5 are satisfied and apply it to obtain more limit cycles.
This verification often consists in performing a blow-up change in the parameter space and
finding a parameter value Λ∗ for which hi(Λ∗) = 0 for i = r+1, . . . , r+ l−1, hr+l(Λ∗) 6= 0
and the Jacobian of hr+1, . . . , hr+l−1 with respect to ui at Λ∗ is non zero. This procedure
is the same performed in the papers [62, 58] to study the cyclicity.

If there is a noticeable increase in the number of limit cycles, we repeat this process
for the next degree of expansion until no new limit cycles can be obtained.
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3.2 The cyclicity study for quadratic systems with a
Hopf singular point

In this section we will present lower bounds for the cyclicity of most of the known
Hopf centers on center manifolds of quadratic three-dimensional systems in the literature.

3.2.1 Rössler system.
In 1976, Rössler proposed the following system:

ẋ = −y − z,
ẏ = x+ az,

ż = b− cz + xz;

which has a chaotic behavior for some values of a, b, c [63]. For parameter values a = b = 0,
the origin is a Hopf singular point. The change of variables x = x̄ + cz̄

c2+1 , y = ȳ − z̄
c2+1 ,

z = z̄ transforms the above system into

ẋ = −y − cxz
c2+1 −

c2z2

(c2+1)2 ,

ẏ = x+ xz
c2+1 + cz2

(c2+1)2 ,

ż = −cz + xz + cz2

c2+1 ,

(3.6)

which has a center at the origin on the center manifold W c = {z = 0} for all real values
of c. For c = −1, we have the following system:

ẋ = −y + xz
2 −

z2

4 ,

ẏ = x+ xz
2 + z2

4 ,

ż = z + xz − z2

2 .

We consider perturbation (3.5) for the above system and then compute the first 11 focal
coefficients. The linear terms of the first 3 focal coefficients are given by

L1
1 = −11c020

15 − c110

5 − 3c200

5 ,

L1
2 = −4c020

25 − c110

25 −
2c200

25 ,

L1
3 = −101c020

5950 − 3c110

850 −
c200

170 .

We have that rankJ(L1, . . . , L11) = rankJ(L1, L2, L3) = 3 and thus, by Theorem 3.4, it
is possible to obtain 3 limit cycles. After a suitable coordinate change and simplification
process, we can write Li = ui +O(|u|2), for i = 1, 2, 3 and Lj = hj(u) +O(|u|3), wherein
hj is a quadratic polynomial for j = 4, 5. More precisely,

h4 = 16
109395 (b110b200 + b110b020 − a110a200

+ 2a200b200 − a020a110 − 2a020b020) ,

h5 = 1053
13024h4.
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Applying Theorem 3.5 for k = 3 and l = 1, we can retrieve one additional limit cycle.
Since h5 is a multiple of h4, there is no solution Λ∗ such that h4(Λ∗) = 0 6= h5(Λ∗) and
no more conclusions can be drawn. Thus, the cyclicity of the Rössler system (3.6) is at
least 4.

3.2.2 Lorenz system.
The celebrated Lorenz system, first proposed in 1963 [64], is one of the widely studied

three-dimensional systems due to its rich dynamics. We consider the following generali-
zation of the Lorenz system (see [48, Subsection 9.3]):

ẋ = a(y − x),
ẏ = bx+ cy − xz,
ż = dz + xz.

(3.7)

For the Lorenz system to have an isolated Hopf singular point at the origin, we must have
a = c, ad 6= 0 and a(a + b) < 0 and its Bautin variety is given by the condition d = −2a
(see [48, Theorem 37]). After the suitable coordinate changes are applied, system (3.7)
becomes

ẋ = −y − a
bσ
xz + a2

bσ2yz,

ẏ = x− 1
b
xz + a

bσ
yz,

ż = d
σ
z + 1

b
xy − a

bσ
y2,

(3.8)

where σ =
√
−a(a+ b). Under the condition d = −2a, considering the perturbation (3.5),

we compute the focal coefficients for system (3.8) with parameter values a = −1, b = 5, d =
2, for which system (3.8) takes the form

ẋ = −y + 1
10xz + 1

20yz,

ẏ = x− 1
5xz −

1
10yz,

ż = z + 1
5xy + 1

10y
2.

The linear parts of the first two focal coefficients are

L1
1 = −4a011

75 −
13a101

75 − 7b011
75 −

4a11
75 + c0,2,0

15 −
c110
30 −

c200
15 ,

L1
2 = −47a011

93750 −
461a101
375000 −

479b011
375000 −

19b101
187500 −

c002
1250 + 47c0,2,0

75000 −
47c110
150000 + 7c200

18750 .

We have that rankJ(L1, . . . , L11) = rankJ(L1, L2) = 2 and by Theorem 3.4 it is
possible to obtain 2 limit cycles from the origin. Making the appropriate coordinate
change, and the simplication process, we can write L1 = u1 +O(|u|2), L2 = u2 +O(|u|2),
L3 = h3 + O(|u|3) and L4 = h4 + O(|u|3), where h3 and h4 are quadratic polynomials
given by

h3 = − 10207
65625000a002a020 − 9193

892500000a
2
020 + 89

218750a
2
002,

h4 = 1941688577
261056250000000a002a020 + 6012750503

3550365000000000a
2
020 − 309851

25593750000a
2
002.

The line η given by a002 =
(

10207
53400 +

√
50972356861

907800

)
a020 is such that h3(η) = 0 and

h4(η) =
(

8116604827567907+13056042403
√

50972356861
4218366174750000000000

)
a2

020.

Using Theorem 3.5, it is possible to obtain two additional limit cycles from the center at
the origin. We conclude that the cyclicity of the Lorenz system is at least 4.
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3.2.3 Moon–Rand system:
The Moon–Rand [65] system is given by

ẋ = y,

ẏ = −x− xz,
ż = −µz + cx2 + bxy + ay2,

and its Bautin variety is V c = {a = 2c − µb = 0}, see [40, 59]. Assuming the parameter
values µ = 1, b = 2, and c = 1, we obtain the next system.

ẋ = y,

ẏ = −x− xz,
ż = −z + x2 + 2xy.

The linear parts of the first two focal coefficients of the perturbation (3.5) for the above
system are given by the following expressions.

L1
1 = −2a101 −

2
3b011 + 4

15c020 + 2
15c110 −

4
15c200,

L1
2 = − 8

25c002 + 64
375c020 + 2

375c110 −
4

375c200 −
4
25a011 −

22
25a101 −

38
75b011.

Since rankJ(L1, . . . , L11) = rankJ(L1, L2) = 2, by Theorem 3.4 it is possible to obtain
2 limit cycles from the origin. By applying the appropriate coordinate change to the
parameter space, and the simplification process, we can write L1 = u1 + O(|u|2), L2 =
u2 + O(|u|2) and L3 = h3 + O(|u|3) and L4 = h4 + O(|u|3), where h3, h4 are quadratic
polynomials. Their expressions are too cumbersome, so we will set a0,2,0 = a002 = a110 =
a200 = b002 = b0,2,0 = b101 = b110 = b200 = c002 = c011 = c101 = 0, since these parameters
do not play an important role in this particular case. Hence,

h3 = 5016
74375c110c200 − 852

14875a011c110 + 2556
14875a011c020 + 1704

14875a011c200 + 7524
74375c020c110

− 1254
74375c

2
110 − 5016

74375c
2
200 − 11286

74375c
2
020 − 15048

74375c200c020 + 402
2975a

2
011,

h4 = 616
541875c110c200 − 268

252875a011c110 + 804
252875a011c020 + 536

252875a011c200 + 308
180625c020c110

− 154
541875c

2
110 − 616

541875c
2
200 − 462

180625c
2
020 − 616

180625c200c020 + 274
151725a

2
011.

There exists a line η, given by {c200 = c020 = 0, c110 = 335
209a011}, such that L3(η) = 0

and L4(η) = − 1472
2362745a

2
011. By Theorem 3.5, it is possible to obtain two additional limit

cycles from the center at the origin. We conclude that the cyclicity of the Moon–Rand
system is at least 4.

Our investigation concerning the above systems is condensed into Table 3.1. In this,
and in all of the following tables in this chapter, “# Lyap.” represents the number of
focal coefficients computed for each system; “H.O.” stands for the highest order of the
Taylor development of the focal coefficients; “Cyc. ord. 1” denotes the lower bound for
the cyclicity obtained by studying the linear parts of the focal coefficients; “Cyc. ord.
2” represents how much this lower bound was improved by analyzing the second-order
terms; and “Cyc. H.O.” is the lower bound we obtained at the end of the study for each
considered system.
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# Lyap. H.O. Cyc. ord. 1 Cyc. ord. 2 Cyc. H.O.
Rössler 11 2 3 +1 4
Lorenz 11 2 2 +2 4

Moon–Rand 11 2 2 +2 4

Tabela 3.1: Local cyclicity for the Rössler, Lorenz and Moon–Rand systems.

3.2.4 Jerk systems
Here, we consider again the Jerk system (2.42):

ẋ = y,

ẏ = z,

ż = f(x, y, z).
We now search for Hopf singular points for system (2.42) with f(x, y, z) being a poly-

nomial. We know that the singular points for this system are Qi = (αi, 0, 0) where αi are
the roots of f(x, 0, 0) for i = 1, . . . , deg(f). We recall the characteristic polynomial of its
Jacobian matrix:

p(η) = −η3 + η2∂f

∂z
+ η

∂f

∂y
+ ∂f

∂x
.

For Qi to be a Hopf singular point, we must have ∂f
∂z

(Qi) = τ , ∂f
∂y

(Qi) = −β2 and
∂f
∂x

(Qi) = β2τ for some β, τ 6= 0.
Translating Qi to the origin transforms system (2.42) into

ẋ = y,

ẏ = z,

ż = f(x+ αi, y, z).

Performing the change of variables x = − x̄
β2 + z̄

τ2 , y = ȳ
β

+ z̄
τ
, z = x̄+ z̄, dropping the

bars, and rescaling time, we obtain the canonical form:

ẋ = −y + βF2(x, y, z),
ẏ = x− τF2(x, y, z),
ż = −λz − τλF2(x, y, z);

(3.9)

where the Taylor expansion of F2 at the origin with respect to x, y, and z has neither
linear nor constant terms. We further investigate the origin of system (3.9) since it is the
canonical form of any jerk system having a Hopf singular point. An extensive study of
the center problem for some families of jerk systems can be found in [5, 6]. We study the
cyclicity of the centers given by each of the center conditions found in these papers.

We consider F2 a quadratic polynomial, that is: F2(x, y, z) = a1x
2 + a2y

2 + a3z
2 +

a4xy+a5xz+a6yz and λ = β = −τ = 1. The center conditions for those systems, proven
by the authors of [6], are:

a) a1 = a2 = a4 = 0;

b) a1 − a2 = a3 = a5 = a6 = 0;

c) a1 + a2 = a3 = a5 = a6 = 0;
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d) a1 + a2 = 2a2 − a3 + a6 = a3 − a4 − 2a5 = 2a4 + 3a5 + a6 = 0;

e) 2a1 − a6 = 2a2 + a5 = 2a3 − a5 + a6 = a4 + a5 + a6 = 0;

f) a1 − a2 = 2a2 + a6 = a4 = a5 + a6 = 0;

g) 2a1 + a2 = 2a2 + a6 = 4a3 + 5a6 = a4 = 2a5 − a6 = 0.

For case a, we take the parameter values a3 = 1, a5 = 2, a6 = 3. Then, by perturbing
the system with 18 perturbation parameters, we obtain 3 limit cycles using the linear
terms of the focal coefficients. For case b, we assume a2 = 2, a4 = 4 and obtain 5 limit
cycles with the linear terms of the focal coefficients.

Analyzing case c, and assuming again a2 = 2, a4 = 4, we obtain 6 limit cycles using
linear terms. As for case d, assuming a4 = 1, and a5 = −1/2, we also obtain 5 limit cycles
using only the linear terms of the focal coefficients.

For case e, assuming a2 = 5, a3 = −1/2, and computing the linear terms of the first
11 focal coefficients, we obtain 6 limit cycles.

For case f, taking a2 = 3/5, a3 = 1, we obtain the system

ẋ = −y + 3
5x

2 + 6
5xz + 3

5y
2 − 6

5yz + z2,

ẏ = x+ 3
5x

2 + 6
5xz + 3

5y
2 − 6

5yz + z2,

ż = −z + 3
5x

2 + 6
5xz + 3

5y
2 − 6

5yz + z2.

Computing the first eleven focal coefficients up to order 2 for this system, we obtain
7 limit cycles using the linear terms with the perturbation parameters a0,0,2, a0,1,1, a0,2,0,
a1,0,1, a1,1,0, a2,0,0, and b0,1,1. Making an appropriate change of coordinates, and the
simplification process for the focal coefficients L8 through L11, we apply Theorem 3.5 to
obtain one more limit cycle. Therefore, it is possible to obtain at least 8 limit cycles with
the focal coefficients up to order 2.

Condition # Lyap. H.O. Cyc. ord. 1 Cyc. ord. 2 Cyc. H.O.
a) 11 1 3 — 3
b) 11 1 5 — 5
c) 11 1 6 — 6
d) 11 1 5 — 5
e) 11 1 6 — 6
f) 11 2 7 +1 8
g) 12 2 8 +4 12

Tabela 3.2: Local cyclicity for each center condition of the quadratic jerk systems.

Finally, among the considered jerk systems, the one with the most cyclicity was the
following system:

ẋ = −y + 2x2 + 4xz − 4y2 + 8yz − 10z2,

ẏ = x+ 2x2 + 4xz − 4y2 + 8yz − 10z2,

ż = −z + 2x2 + 4xz − 4y2 + 8yz − 10z2.
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The origin is a center on the center manifold since the system satisfies the center condition
g above. To simplify the calculations, we assume b020 = b101 = b110 = b200 = c002 = c011 =
0 in the quadratic perturbation (3.5). We have rankJ(L1, . . . , L12) = J(L1, . . . , L8) = 8
with respect to the perturbation parameters a002, a011, a020, a101, a110, a200, b002, and b011.

We make the following change of variables: a002 = γ2u1, a011 = γ2u2, a020 = γ2u3,
a101 = γ2u4, a110 = γ2u5, a200 = γ2u6, b002 = γ2u7, b011 = γ2u8, c020 = u9γ, c101 = u10γ,
c110 = u11γ, and c200 = γ. Considering the second-order terms in the Taylor expansion
of the focal coefficients in γ, we obtain eleven equations in eleven variables. We present
only the first three of them:

L1 = 107773
25992 u10 −

37355
12996u

2
11 −

3869
4332u

2
10 −

3283
25992u

2
9 + 30829

2888 u11 + 7377
1444u9

+ u1 + 853
25992 −

110623
25992 u10u11 −

11047
25992u9u10 + 385

25992u9u11,

L2 = 10472438
81225 u2

11 −
1405238
81225 u2

10 −
203501
16245 u

2
9 + 2717813

27075 u10u11 + u2

− 72276202
81225 u9 + 13572899

81225 u11 + 5841047
16245 u10 + 3562733

27075 u9u10 + 728603
16245 u9u11

− 10443633
9025 ,

L3 = −64427829146
9665775 u10u11 + u3 + 35151434924

386631 u9 −
1119816144458

48328875 u11

− 218875710314
5369875 u10 −

167865339164
16109625 u2

11 + 27891420988
9665775 u2

10 + 6274007402
3221925 u2

9

− 693744306994
48328875 u9u10 −

37253310546
5369875 u9u11 + 1168498101998

9665775 .

Solving the equations L1 = · · · = L11 = 0, with respect to the variables ui, i =
1, . . . , 11, we obtain two solutions. The first solution corresponds to a center. The second
solution, denoted by û, is given by

u1 ≈ −8.623904469× 101, u2 ≈ 1.389124570× 101,

u3 ≈ −8.330814109, u4 ≈ 2.203360998× 103,

u5 ≈ −2.361040988× 105, u6 ≈ 3.868219078× 107,

u7 ≈ −9.106418481× 109, u8 ≈ 2.862902520× 1012,

u9 ≈ −1.159927815× 1015, u10 ≈ 5.898376936× 1017,

u11 ≈ 2.550457940.

Evaluating L12 at this solution yields

L12(û) ≈ 1.780215068× 109.

Moreover, the Jacobian determinant of L1, . . . ,L11 with respect to ui, i = 1, . . . , 11, at û
is approximately equal to 2.870123963×1027. Thus, the line η = ûγ satisfy the hypothesis
of Theorem 3.5, from which we conclude that the cyclicity for this system is at least 12.

The exact values of the solution û, as well as L12(û) and the Jacobian determinant of
L1, . . . ,L11 with respect to ui, i = 1, . . . , 11, are rational numbers whose fractional repre-
sentations have denominators and numerators with more than 400 digits each. Thus, we
have presented a numerical approximation of these numbers. The results of our investi-
gation on the jerk systems are summed up in Table 3.2.
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3.2.5 Giné–Valls systems
In [66], the authors studied the quadratic system

ẋ = y,

ẏ = −x+ a1x
2 + a2xy + a3xz + a4y

2 + a5yz + a6z
2,

ż = −z + c1x
2 + c2xy + c3y

2

(3.10)

and found conditions on the parameters (a1, a2, a3, a4, a5, a6, c1, c2, c3) for which the origin
is a center on its center manifold. There are 68 conditions overall. However, many of
those yield the same system. We have included only the 20 distinct ones, keeping the
same notation as in [66]. These conditions are

a.1) a1 = a2 = c1 = c2 = c3 = 0;

a.2) a1 = a2 = a5 = c3 = 2c1 − c2 = 0;

a.3) a1 = a2 = a3 = a5 = a6 = 0;

b.1) a1 = a3 = a4 = c1 = c2 = c3 = 0;

b.3) a1 = a3 = 2a2a4 +a5c2 = a4a
2
5−a2

2a6 = 2a2
4a5 +a2a6c2 = 4a3

4−a6c
2
2 = 2a3

2a6 +a3
5c2 =

2c1 − c2 = c3 = 0;

b.5) a1 = a3 = a4 = a5 = a6 = 0;

c.1) a1 = a4 = c1 = c2 = c3 = 0;

c.2) a1 = a4 = a5 = a6 = 2c1 − c2 = c3 = 0;

f.1) a2 = a3 = a5 = a6 = 0;

f.2) a2 = a3 = a5 = 2c1 − c2 = c3 = 0;

f.3) a2 = a3 = c1 = c2 = c3 = 0;

g.1) a2 = a4 = a5 = 2c1 − c2 = c3 = 0;

g.2) a2 = a4 = c1 = c2 = c3 = 0;

h.3) a2 = a5 = 2c1 − c2 = c3 = 0;

i.1) a2 = a6 = c1 = c2 = c3 = 0;

j.3) a3 = a4 = a6 = 2a1a2 + a5c2 = 2c1 − c2 = c3 = 0;

k.3) a3 = a5 = a1 + a4 = a6 = 0;

k.4) a3 = a5 = a1 + a4 = c1 = c2 = c3 = 0;

l.4) a3 = a6 = a1 + a4 = c1 = c2 = c3 = 0;

o.3) a5 = a6 = a1 + a4 = c1 = c2 = c3 = 0.
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Condition # Lyap. H.O. Cyc. ord. 1 Cyc. ord. 2 Cyc. H.O.
a.1 11 1 4 — 4
a.2 11 1 4 — 4
a.3 11 1 7 — 7
b.1 11 1 3 — 3
b.3 11 3 9 +1 10
b.5 11 1 6 — 6
c.1 11 1 3 — 3
c.2 11 1 5 — 5
f.1 11 3 8 +1 9
f.2 11 3 8 +1 9
f.3 11 1 4 — 4
g.1 11 1 7 — 7
g.2 11 1 3 — 3
h.3 11 3 8 +1 9
i.1 11 1 4 — 4
j.3 11 3 8 +1 10
k.3 11 1 7 — 7
k.4 11 1 2 — 2
l.4 11 1 4 — 4
o.3 11 1 4 — 4

Tabela 3.3: Local cyclicity for each known center condition of the Giné–Valls systems
(3.10).

We go through each condition and study their cyclicity, computing the focal coefficients
for a perturbation (3.5) of the system (3.10). The study of the cyclicity of the quadratic
center at the origin for system (3.10) is comprised into Table 3.3.

Among the known center conditions of system (3.10), the one with the most cyclicity
is condition j.3. Setting the parameter values at a2 = −2, a5 = 7/8, and c1 = 2/3, we
obtain the system

ẋ = y,

ẏ = 7
24x

2 − 2xy + 7
8yz − x,

ż = 2
3x

2 + 4
3xy − z.

Computing the focal coefficients up to order 3 shows that rankJ(L1, . . . , L11) = rankJ(L1,
. . . , L8) = 8 with respect to the perturbation parameters a002, a011, a020, a101, a110, a200,
b011, and c200 is 8. Thus, by Theorem 3.4, we have eight limit cycles.

After an appropriate change of variable and simplification process, we find the second-
order terms of the focal coefficients L9, L10, and L11:

L9 = u9u10 +O(|u|3),
L10 = u9u10 +O(|u|3),
L11 = u9u10 +O(|u|3),
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where u9 = 992b002 − 147b020 + 336b101 − 504c002 − 147c101 and u10 = 992b002 − 147b020 +
336b101−434c002−147c101. Consequently, we can obtain one more limit cycle, adding up to
9 limit cycles. Applying once more an appropriate change of coordinates and simplification
process, we compute the terms of order 3 of the focal coefficients. In particular,

L10 = u2
10u11 +O(|u|4),

L11 = u2
10u11 +O(|u|4),

where u11 = 16905b020 − 3920b101 + 7595c011 + 22785c020 − 5880c101 − 288u10. Hence, we
can obtain one more limit cycle. Therefore, there are perturbations of this system that
yield ten limit cycles.

3.2.6 Edneral–Mahdi–Romanovski–Shafer quadratic systems
In paper [4], the Lyapunov method was used for solving the center problem for the

following family of quadratic three-dimensional systems having a Hopf singular point:

ẋ = −y + ax2 + ay2 + cxz + dyz,

ẏ = x+ bx2 + by2 + exz + fyz,

ż = −z + Sx2 + Sy2 + Txz + Uyz.

(3.11)

We go through every component of the Bautin variety of system (3.11) and compute the
focal coefficients of the perturbation (3.5).

The five components of the Bautin variety of system (3.11) obtained in [4] are

a) a = b = c+ f = 0, S = 1 with c = d+ e = 0;

b) a = b = c+f = 0, S = 1 with 8c+T 2−U2 = 4(e−d)−T 2−U2 = 2(e+d)+TU = 0;

c) d+ e = c = f = 0, S = 1 with T − 2a = U − 2b = 0;

d) d+ e = c = f = 0, S = 1 with d = e = 0;

e) S = 0.

As in the previous cases, we sum up our investigation for system (3.11) in Table 3.4.

Condition # Lyap. H.O. Cyc. ord. 1 Cyc. ord. 2 Cyc. H.O.
a) 11 4 9 +0 9
b) 11 4 9 +0 9
c) 11 4 9 +0 9
d) 11 4 8 +0 8
e) 11 3 5 +2 7

Tabela 3.4: Local cyclicity for each component of the Bautin variety of the Edneral–
Mahdi–Romanovski–Shafer systems systems (3.11).
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3.2.7 Rigid Systems in R3

We exhibit a quick overview of rigid systems in R3, which are studied with more detail
in [67].

Definition 3.8 (Rigid systems in R3). We say that the three-dimensional system (3.1)
is rigid when its restriction to a center manifold is rigid, i.e., the restricted system has
constant angular speed. Moreover, if the origin is a center on the center manifold, we say
that the origin is a rigid center.

In order to avoid restricting system (3.1) to a center manifold, which is not effective
computationally, the authors in [67] introduced a subclass of rigid systems.

Definition 3.9. We say that system (3.1) is rigid by cylindrical coordinates when, in
cylindrical coordinates (x, y, z)→ (ρ cos θ, ρ sin θ, z), the transformed system satisfies θ̇ =
1.

The orbits of rigid systems by cylindrical coordinates rotate around the z-axis with
constant angular speed. The following result classify rigid systems (3.1).

Proposition 3.10 (Corollary 2.5 in [67]). Consider system (3.1). Then,

(a) it is a rigid system if and only if

(xQ(x, y, z)− yP (x, y, z)) |z=h(x,y) ≡ 0,

where h(x, y) is the local expression of a local center manifold;

(b) it is a rigid system by cylindrical coordinates if and only if xQ(x, y, z)−yP (x, y, z) ≡
0.

Consider the following system:

ẋ = −y + xFn(x, y, z),
ẏ = x+ yFn(x, y, z),
ż = −λz +Rm(x, y, z),

(3.12)

where Fn is a homogeneous polynomial of degree n and Rm is a homogeneous polynomial
of degree m. It is easy to see by Proposition 3.10, that it is a rigid system. In [67,
Theorems 4.3 and 4.4] the authors obtained center conditions for particular values of m
and n. For the quadratic case, i.e. n = 1 and m = 2, the center conditions are

a) {a001 = 0};

b) R2(x, y, 0) ≡ 0;

c) {a100 = a010 = 0, b101 = b011 = 0, b002 = 2a001, b020 = −b200};

d) {b101 = 2a100 + a010, b020 = −b200, b011 = −a100 + 2a010,
b002 = 2a001};

e) {b101 = 2a100, b020 = −b200, b011 = 2a010, b002 = 2a001,
(a2

100 − a2
010)(b200 − b110) + a100a010(b110 + 4b200) = 0};



The cyclicity study for quadratic systems with a Hopf singular point 75

f)
{
b200 = a100a010(b002 − a001)

a2
001

, b110 = (a2
100 − a2

010)(a001 − b002)
a2

001
,

b101 = b002(a100 + a010)− a010a001

a001
, b020 = a100a010(a001 − b002)

a2
001

,

b011 = b002(a010 − a100) + a100a001

a001

}
.

As in the previous sections, we studied the cyclicity for system (3.12) which is con-
densed into Table 3.5.

Condition # Lyap. H.O. Cyc. ord. 1 Cyc. ord. 2 Cyc. H.O.
a) 12 2 8 +0 8
b) 12 2 5 +0 5
c) 12 2 3 +0 3
d) 13 2 9 +4 13
e) 12 2 10 +0 10
f) 12 2 11 +0 11

Tabela 3.5: Local cyclicity for each center condition of the rigid system (3.12).

The following result gives us the highest lower bound of the cyclicity of Hopf centers
for quadratic systems (3.1), as far as we know.
Theorem 3.11. Consider the rigid system

ẋ = −y + xF1(x, y, z),
ẏ = x+ yF1(x, y, z),
ż = −z +R2(x, y, z),

(3.13)

with F1(x, y, z) = x + 2y + 3z and R2(x, y, z) = 2
3x

2 + xy + 4xz − 2
3y

2 + 3yz + 6z2. The
origin is a rigid center on the center manifold and at least 13 limit cycles bifurcate from
it under quadratic perturbations.
Proof: Note that system (3.13) satisfies the center condition (d) and therefore the origin
is a center on the center manifold. Considering a quadratic perturbation (3.5) for system
(3.13), we compute the first 13 focal coefficients. The rank of J(L1, . . . , L9) is 9 and by
Theorem 3.4, it is possible to obtain 9 limit cycles bifurcating from the origin using the
perturbation parameters (ajkl, bjkl, cjkl) as well as a perturbation of the trace. To simplify
the computations, we assign c011 = c020 = c101 = c110 = c200 = 0, since these parameters
do not play a role when we apply Theorems 3.4 and 3.5 to obtain a higher estimate for the
cyclicity. Due to the size of the expressions, we only exhibit the linear parts of L1, L2, L3:

L1
1 = 22

45a011 + 4a020 − 4
45a101 + 2

3a110 + 4
3a200 + 4

45b011 − 2
3b020

+22
45b101 − 4

3b110 − 2b200,

L1
2 = 3713

25 b200 + 4
3c002 − 2

9a002 − 39937
1125 a011 − 7297

25 a020 + 6409
1125a101

−3389
75 a110 − 1463

15 a200 − 9409
1125b011 + 3839

75 b020 − 37687
1125 b101 + 1433

15 b110,

L1
3 = 44084

1785 a002 + 28460414
7875 a011 + 442099341

14875 a020 − 76527541
133875 a101 − 5168

35 c002

+203415874
44625 a110 + 444002837

44625 a200 + 5707
1785b002 + 116062741

133875 b011

−233857774
44625 b020 + 26669714

7875 b101 − 433328537
44625 b110 − 225465802

14875 b200.
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We now turn to Theorem 3.5. After a suitable change of variables in the perturbation
parameters (a002, a011, a020, a101, a110, a200, b002, b011, b020), we can write

L1
i = ui, i = 1, . . . , 9.

Considering the new variables u = (u1, . . . , u9, b101, b110, b200, c002), after the simplification
process, we find a line η such that L2

10(η) = L2
11(η) = L2

12(η) = 0 and L2
13(η) 6= 0. Since

L2
10 = −42463...00071

62328...85264b101b200 − 40320...92721
31164...42632b110b101 − 65360...49715

93493...27896b101c002

−49690...18261
12119...05468b110b200 − 91271...35547

81806...36909b
2
101 − 46335...13063

36358...16404b
2
110

+58144...10977
14543...65616b

2
200 − 27934...30905

34627...15848c002b200 − 20443...06675
13754...68284c002b110,

L2
11 = 20939...26951

30054...46160b101b200 + 19880...86461
15027...23080b110b101 + 64454...32783

90164...33848b101c002

+40002...58387
95411...04640b110b200 + 25716...92939

22541...84620b101
2 + 65259...07273

50091...74360b110
2

−16384...09829
40072...94880b200

2 + 33058...21677
40072...59488c002b200 + 57083...74365

37899...60712c002b110,

L2
12 = −81825...04719

11696...02500b101b200 − 14372...72644
10818...73125b110b101 − 93191...38049

12982...67750b101c002

−16194...76093
38467...60000b110b200 − 40196...79299

35088...07500b101
2 − 37739...55031

28850...95000b110
2

+94762...70553
23080...60000b200

2 − 19118...35489
23080...76000c002b200 − 65905...19663

43657...69800c002b110,

such a line η is given by:

b101 = ε,

b200 = α

3 ε,

b110 = 99478...56893α2−15595...75578α−61109...90912
74402...67872α2+13857...14244α−17563...30264ε,

c002 = −14326...21024α4+41672...01633α3−54197...40400α2−12687...07756α+19077...08656
65412...11040α3+29236...40360α2+16155...29280α−40172...14560 ε,

or, in numerical approximation,

b101 = ε,

b200 = 0.8198666763ε,
b110 = 0.2553429989ε,
c002 = −1.912377388ε,

and
L2

13(η) = 60274...32675α2−33282...47954α−87785...71976
19996...30400 ε2 ≈ 97.51353566ε2,

where α is a real root of the cubic polynomial

p(x) = 37499 . . . 25384x3 + 97562 . . . 80503x2 − 13970 . . . 27210x− 27339 . . . 94856.

Note that L2
13(η) = ε2g(α) com g(α) 6= 0. Moreover, since the Jacobian determinant

det ∂(L2
10, L

2
11, L

2
12)

∂(b110, b200, c002)

∣∣∣∣∣
u=η

= 15316...73503α2−11623...71962α−78417...92584
20165...60960 ε3 ≈ −7115998.546ε3,

is non-zero, we have that the hypersurfaces L2
i = 0, i = 10, 11, 12 intersect transversally

along η. Therefore, by Theorem 3.5, there are perturbations of the center at the origin
which yield 13 limit cycles.
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The tables presented in this chapter establish a chart of the cyclicity of Hopf singular
points of quadratic systems. The performed computations suggest that it is very difficult
to obtain examples of centers bifurcating more than 10 limit cycles. In the literature,
besides the systems we have worked on, the paper [68] presents one more example for
which 10 limit cycles can unfold. As in the case of 11 limit cycles, the only known
example is presented in [60]. The authors of [60] also conjectured that the maximum
number of limit cycles bifurcating from centers of systems (3.1) is 12. However, Theorem
3.11 shows us that this lower bound must be at least 13.





4 The period of limit cycles
bifurcating from a persistent
polycycle

In the two previous chapters we dealt with problems related to periodic orbits in the
neighborhood of monodromic singular points. In this chapter, we change our attention
to the independent variable (also referred as time). More precisely, we study the period
of limit cycles arising in bifurcations for families of smooth planar vector fields {Xµ}µ∈Λ,
where Λ ⊂ RN . From the classification of first-order structurally unstable vector fields
(see, for instance [8, 17, 69]), the generic compact isolated bifurcations for one-parameter
(i.e., N = 1) families of smooth planar vector fields which give rise to periodic orbits
for µ→ µ0 are: the Andronov-Hopf bifurcation, the bifurcation of a semi-stable periodic
orbit, the saddle-node loop and the saddle loop bifurcations. These are referred to as the
elementary bifurcations. In [7] the authors determined the behavior of the period T (µ)
of the limit cycle of Xµ arising from an elementary bifurcation as µ→ µ0. More precisely,
they obtained the principal term of the expression of T (µ) which is comprised in the
following list:

(i) T (µ) ∼ T0 + T1(µ− µ0) for the Andronov-Hopf bifurcation;

(ii) T (µ) ∼ T0 + T1

√
|µ− µ0| for the bifurcation from a semi-stable periodic orbit;

(iii) T (µ) ∼ T0/
√
|µ− µ0| for the saddle-node loop bifurcation;

(iv) T (µ) ∼ T0 log |µ− µ0| for the saddle loop bifurcation.

Here T0 and T1 are constants with T0 6= 0 and we use the notation T (µ) ∼ a+f(µ−µ0)
as µ tends to µ0 meaning that limµ→µ0(T (µ)− a)/f(µ− µ0) = 1. Accordingly the prin-
cipal term of the period of the periodic orbit arising from generic elementary bifurcations
characterizes the bifurcation. In what concerns to applications, the information concer-
ning T (µ) can be useful to estimate parameters associated to a system, for instance,
when studying neuron activities in the brain with the aim of determining the synaptic
conductance that it receives (see [70]).

When studying the case (iv) above, the authors in [7] (see also [71]) assume the brea-
king of the saddle loop connection, which is “the first order condition” for the bifurcation
of a limit cycle to occur. The present work started as a natural continuation of this previ-
ous study by considering the case in which the homoclinic connection remains unbroken
and the parameter space is not necessarily one-dimensional. That being said, the tools
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and techniques applied in our approach enabled us to extend the results obtained for the
saddle loop case to more general situations, namely to any hyperbolic polycycle that is
persistent (i.e. such that none of the separatrix connections is broken along the pertur-
bation). For a persistent polycycle Γ, we have an associated return map defined from a
fixed transversal section Σ, parametrized smoothly by σ(s;µ), which writes as

R(s;µ) = sr(µ) (A(µ) +R(s;µ)) , (4.1)

where r(µ) is the product of the hyperbolicity ratios of all saddles in Γ (also called the
graphic number [72]) and R(s;µ) is a well-behaved remainder. The expression in (4.1)
can be seen as a very particular case of the general results by Mourtada (see [73, 74, 75]).
However we shall work with a remainder with better flat properties. It is well known (see
[76]) that the stability of Γ is determined by the graphic number in case that r(µ0) 6= 1,
which is the case considered in [7]. There are however other situations that may occur.
The list, from the most to the least generic case, is the following:

(a) A saddle connection breaks and r(µ0) 6= 1;

(b) A saddle connection breaks and r(µ0) = 1;

(c) No saddle connection breaks and r(µ0) 6= 1;

(d) No saddle connection breaks and r(µ0) = 1.

As we already said, case (a) is treated in [7], whereas there is no bifurcation of limit cycle
in case (c), see Remark 4.15. In the next sections, we will address case (d).

4.1 Definitions and preliminary results
We now define precisely the notions of persistent polycycle and the cyclicity of a

polycycle.

Definition 4.1. Let X be a two-dimensional vector field. A graphic Γ for X is a compact
non-empty invariant subset which is a continuous image of S1 and consists of a finite
number of (not necessarily distinct) isolated singular points {p1, . . . , pm, pm+1 = p1} and
compatibly oriented separatrices {s1, . . . , sm} connecting them (meaning that si has {pi}
as the α-limit set and {pi+1} as the ω-limit set). A graphic for which all its singular points
are hyperbolic saddles is said to be hyperbolic. A polycycle is a graphic with a return map
defined on one of its sides.

Definition 4.2 (Persistent polycycle). Let {Xµ}µ∈Λ be a smooth family of planar vector
fields such that Γ is a hyperbolic polycycle of Xµ0 . We say that Γ is a persistent polycycle
when all of its separatrix connections remain unbroken inside the family {Xµ}µ∈Λ.

Definition 4.3. Let {Xµ}µ∈Λ be a family of vector fields on S2 and suppose that Γ is a
polycycle for Xµ0 . We say that Γ has finite cyclicity in the family {Xµ}µ∈Λ if there exist
κ ∈ N, ε > 0 and δ > 0 such that any Xµ with |µ− µ0| < δ has at most κ limit cycles γi
with distH(Γ, γi) < ε for i = 1, . . . , κ. The minimum of such κ when δ and ε go to zero is
called cyclicity of Γ in {Xµ}µ∈Λ at µ = µ0 and denoted by Cycl(Γ, µ0).

We now introduce the notion of finitely flat functions that play a substantial role in
the results of this chapter.
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Definition 4.4. Consider K ∈ N∪{∞} and an open set U ⊂ RN . We say that a function
ψ(s;µ) belongs to class CK

s>0(U), if there exists an open neighborhood Ω of 0×U in RN+1

such that (s;µ) 7→ ψ(s, µ) is CK on Ω ∩ ((0,+∞)× U).
Definition 4.5 (Finitely flat functions). ConsiderK ∈ N∪{∞} and an open set U ⊂ RN .
Given L ∈ R and µ0 ∈ U , we say that ψ(s;µ) ∈ CK

s>0(U) is (L,K)-flat with respect to s
at µ0, and we write ψ ∈ FKL (µ0), if for each ν = (ν0, . . . , νN) ∈ NN+1 with |ν| 6 K, there
exist a neighborhood V of µ0 and C, s0 > 0 such that

∂νψ(s;µ) :=
∣∣∣∣∣ ∂|ν|ψ(s;µ)
∂sν0∂µν1

1 · · · ∂µνNN

∣∣∣∣∣ 6 CsL−ν0 for all s ∈ (0, s0) and µ ∈ V.

If W is a (not necessarily open) subset of U , then F∞L (W ) = ⋂
µ0∈W

F∞L (µ0).

The next two results were proven in [77] and will be very useful to work with finitely
flat functions.
Lemma 4.6. Let U and U ′ be open sets of RN and RN ′ respectively and consider W ⊂ U
and W ′ ⊂ U ′. Then, the following holds:
(a) FKL (W ) ⊂ FKL (Ŵ ) for any Ŵ ⊂ W ;

(b) FKL (W ) ⊂ FKL (W ×W ′);

(c) CK(U) ⊂ FK0 (W );

(d) If K > K ′ and L > L′ then FKL (W ) ⊂ FK′L′ (W );

(e) FKL (W ) is closed under addition;

(f) If f ∈ FKL (W ) and ν ∈ NN+1 with |ν| 6 K then ∂νf ∈ FK−|ν|L−ν0 (W );

(g) FKL (W ) · FK′L′ (W ) ⊂ FKL+L′(W );

(h) Assume that φ : U ′ → U is a CK function with φ(W ′) ⊂ W and let us take
g ∈ FKL′ (W ′) with L′ > 0 and verifying g(s; η) > 0 for all η ∈ W ′ and s > 0
small enough. Consider also any f ∈ FKL (W ). Then h(s; η) := f(g(s; η);φ(η)) is a
well-defined function that belongs to FKLL′(W ′).

Lemma 4.7. Let U be an open set of RN , K ∈ N and g(s;µ) ∈ CK
s>0(U) such that, for

some W ⊂ U and L ∈ R, g(s;µ) ∈ FKL (W ). If L > K, then g extends to a CK function
g̃, defined in some open neighborhood of {0}×W ∈ RN+1, satisfying ∂ν g̃(0;µ) = 0 for all
µ ∈ W and ν ∈ NN+1 with |ν| 6 K.

4.2 Dulac map and time
Since we will deal with persistent hyperbolic polycycles, we will need to work with the

Dulac map and Dulac time associated to hyperbolic saddles. In this section we defined
these concepts in a particular setting where the expression of these maps is known. For
more details, we refer the reader to [77, 78] where the specifics are carried out extensively.

We consider an open set Λ ⊂ RN and the family {Xµ}µ∈Λ of vector fields given by:

Xµ := 1
xn1yn2

(xP (x, y;µ)∂x + yQ(x, y;µ)∂y) . (4.2)

Here,
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• n := (n1, n2) ∈ N2;

• P,Q ∈ C∞(V × Λ), for some open set V ⊂ R2 containing the origin;

• P (x, 0, µ) > 0 and Q(0, y, µ) < 0, for all (x, 0), (0, y) ∈ V and µ ∈ Λ. This means
that the origin is a hyperbolic saddle of xn1yn2Xµ with the y-axis being the stable
manifold and x-axis the unstable manifold;

• λ(µ) = −Q(0, 0;µ)
P (0, 0;µ) is the hyperbolic ratio of the saddle.

For i = 1, 2, let σi : (−ε, ε) × Λ → Σi be transverse sections of Xµ to the axis such
that

0 s

σ1

Σ1

ϕ(·, σ1(s))

σ1(s)

σ2(D(s)) = ϕ(T (s), σ1(s))

Σ2

σ2

0 D(s)

Figura 4.1: The Dulac map and time.

σ1(0;µ) ∈ {(0, y) : y > 0} and σ2(0, µ) ∈ {(x, 0) : x > 0} for all µ ∈ Λ. The Dulac
map D(·;µ) and the Dulac time T (·;µ) are defined by the following relationship:

ϕ(T (s;µ), σ1(s;µ);µ) = σ2(D(s;µ), µ), ∀s ∈ (0, ε),

where ϕ(t, p0;µ) is the orbit of Xµ passing through p0 ∈ V at t = 0 (see Figure 4.1).
The following result gathers Theorems A and B in [78] to give an asymptotic develop-

ment of the Dulac map and time.

Theorem 4.8. Let D(s;µ) and T (s;µ) be respectively the Dulac map and time of the
hyperbolic saddle (4.2) from Σ1 to Σ2. Then, there exists ∆00 ∈ C∞(Λ) such that for any
λ0 > 0 and ε > 0 small enough so ε < min{λ0, 1}, for which

D(s;µ) = sλ(∆00(µ) + F∞ε (µ0)).

And for n = (n1, 0) or n = (0, n2), there exists T00 ∈ C∞(Λ) such that for any λ0 > 0 and
ε > 0 small enough so ε < min{λ0, 1}, we have

T (s;µ) = T0(µ) log s+ T00(µ) + F∞ε (µ0),

where T0(µ) =
{

0, if n 6= (0, 0),
−1

P (0,0;µ) , if n = (0, 0).
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Note that the above result applies to hyperbolic saddles for which the separatrices are
contained in the orthogonal axis. However, this is not a restrictive assumption since we
can rectify the separatrices of hyperbolic saddles via a family C∞ diffeomorphism [78,
Lemma 4.3]. For the sake of the reader, we present the result below.

Lemma 4.9 (Lemma 4.3 in [78]). Consider a C∞ family {Xµ}µ∈RN of planar vector
fields defined in an open set of R2. For a fixed µ0 ∈ RN and assume that for all µ in a
neighborhood of µ0, Xµ has a hyperbolic saddle pµ with stable and unstable separatrices
S+
µ and S−µ , respectively. Consider two closed connected arcs l± ⊂ S±µ0, having both

an endpoint at pµ0. In the case of a homoclinic connection (S+
µ0 = S−µ0), we require

additionally that l+ ∩ l− = {pµ0}. Then, there exists a neighborhood V of (l+ ∪ l−) × µ0
in R2 × RN and a C∞ diffeomorphism Φ : V → Φ(V ) ⊂ R2 × RN with Φ(x, y, µ) =
(φµ(x, y), µ) such that (φµ)∗(Xµ) = xP (x, y;µ)∂x + yQ(x, y;µ)∂y, with P,Q ∈ C∞(Φ(V )).

4.3 The period of the limit cycle bifurcating from a
persistent polycycle

We now present the main results obtained concerning the period of the limit cycle bi-
furcating from a persistent polycycle. We work with smooth families of planar polynomial
vector fields {Xµ}µ∈Λ, where Λ is an open subset of RN , for which there is a hyperbolic
polycycle Γ that is persistent.

For some families {Xµ}µ∈Λ of polynomial vector fields, we may find an unbounded
polycycle Γ. Thus, to investigate the behavior of the trajectories for a given vector
field Xµ near infinity, we can consider its Poincaré compactification p(Xµ) (see [15, §5],
for details), which is an analytically equivalent vector field defined on S2. The points
at infinity of R2 are in bijective correspondence with the points at the equator of S2,
denoted by `∞. Furthermore the trajectories of p(Xµ) in S2 are symmetric with respect
to the origin and so it suffices to draw only its flow in the closed northern hemisphere,
the so-called Poincaré disc.

For us to have access to the entirety of the previous results, we need to work with a
family {Xµ}µ∈Λ of polynomial vector fields such that for µ = µ0, Γ is a persistent polycycle
for {Xµ}µ∈Λ. If Γ ∩ `∞ 6= ∅, we assume additionally that the infinite line `∞ is invariant
in p(Xµ) for all µ ∈ Λ (see Figure 4.2).

Γ

`∞

Figura 4.2: A representation of a polycycle that suits our setting.
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The return map R(·;µ) associated to a hyperbolic polycycle is broadly studied in
the literature. Its general expression is R(s;µ) = A(µ)sr(µ) + o(sr(µ)) (see [72, 76, 79],
for instance) where r(µ) is the product of the hyperbolicity ratios of all the saddles in
the polycycle, also referred to as graphic number. It is known that if r(µ0) 6= 1 then
the cyclicity of the polycycle at µ = µ0 is zero and if r(µ0) = 1 and A(µ0) 6= 1 then
the cyclicity is at most 1. Since we are interested in the case which the cyclicity of
the persistent polycycle is exactly 1, we work with the additional assumption that A(µ)
changes sign at µ = µ0. In this setting, we have determined the behavior of the period
function in a neighborhood of µ0 when the graphic number r(µ0) = 1. The generic
statement of this result is as follows:

Theorem 4.10. Let {Xµ}µ∈Λ be a smooth family of planar polynomial vector fields with
uniformly bounded degree. Let us fix µ0 ∈ Λ such that Xµ0 has a persistent hyperbolic
polycycle Γ. If Γ ∩ `∞ 6= ∅ we assume additionally that the infinite line `∞ is invariant
for all µ ∈ Λ. Fix a transversal section Σ to Γ parametrized smoothly by s 7→ σ(s;µ) with
σ(0;µ) ∈ Γ for all µ ∈ Λ. Then the following holds:

(a) The associated return map writes as

R(s;µ) = sr(µ) (A(µ) + F∞ε (µ0)) ,

for any ε > 0 small enough, where r(µ) is the product of all the hyperbolicity ratios
of the saddles in Γ and A ∈ C∞(Λ) with A(µ0) > 0;

(b) The associated return time is given by

T (s;µ) = T̄0(µ) log s+ F∞0 (µ0),

where T̄0 ∈ C∞(Λ). If at least one of the saddles in Γ is finite then T̄0(µ) < 0.

Moreover, if r(µ)− 1 changes sign at µ0 and A(µ0) 6= 1 then the following also holds:

(c) Cycl(Γ, µ0) = 1 and the limit cycle γµ that bifurcates from the polycycle approaches
it at least exponentially fast, i.e., there exists K > 0 such that

lim
µ→µ0

s(µ)
e
−K

|1−r(µ)|
= 0,

where s(µ) is the location of γµ at Σ, i.e., the unique positive solution of R(s;µ) = s;

(d) If at least one of the saddles at Γ is finite then the period T (µ) of γµ goes to infinity
as 1
|1−r(µ)| i.e. lim

µ→µ0
|1− r(µ)|T (µ) is a real positive number.

In the following subsections, we will prove this result and provide some particular
cases to help the reader better understand the generic statement. Theorem 4.10 is our
main result of this chapter and it appears in [10].

4.3.1 The machinery
In what follows, we present several technical results which will be applied in the study

of limit cycles bifurcating from hyperbolic persistent polycycles. These are essentially the
machinery that we will use to obtain our main results.
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Lemma 4.11. Let f1(µ), . . . , fm(µ) be Ck+1 functions on an open subset Λ ⊂ RN and
k ∈ N. For each j = 1, . . . ,m, let ∂6kµ fj(µ) denote the vector whose

(
N+k
k

)
entries

are all the partial derivatives of order less or equal to k of fj(µ). Then for every P ∈
R[x1, . . . , xm(N+k

k )] and each i ∈ {1, . . . , N+1} there exists Qi ∈ R[x1, . . . , xm(N+k+1
k+1 )] such

that if G(µ) = P (∂6kµ f1, . . . , ∂
6k
µ fm) then ∂µiG(µ) = Qi(∂6k+1

µ f1, . . . , ∂
6k+1
µ fm).

The above lemma is a direct consequence of the chain rule and the fact that the ring
of polynomials is closed under differentiation.

Lemma 4.12. For any L > 0 and K ∈ N, the function s(α;µ, z) = c(µ)−1/α(1 + z), with
c(µ) being a C∞ function on an open subset U ⊂ RN and c(µ0) > 1 belongs to FKL (µ0, 0).

Proof: First we compute lim
α→0+

α−Lc(µ)−1/α. Since c(µ0) > 1, there is an open neigh-
borhood of U ′ containing µ0 such that c(µ) > δ > 1 for all µ ∈ U ′. Moreover,

log
(
c(µ)−1/α

αL

)
= − 1

α
log c(µ)− L logα = − 1

α
(log c(µ)− Lα logα) ,

and then, we have that lim
α→0+

log
(
α−Lc(µ)−1/α

)
= −∞ and therefore lim

α→0+
α−Lc(µ)−1/α =

0. Since c(µ) > δ > 1, these limits are uniform and hence, there exist C > 0 and a
neighborhood V of (µ0, 0) such that |s(α;µ, z)| 6 CαL for α small enough and (µ, z) ∈ V .
Thus, s(α;µ, z) ∈ F0

L(µ0, 0).
Now, to see that s(α;µ, z) ∈ F1

L(µ0, 0), it is sufficient to verify that the first derivatives
of s(α;µ, z) are bounded in a neighborhood of (µ0, 0). This is a direct consequence of their
expressions, given as follows:

∂s(α;µ, z)
∂z

= c(µ)−1/α,

∂s(α;µ, z)
∂α

= c(µ)−1/αα−2(1 + z) log c(µ), (4.3)

∂s(α;µ, z)
∂µi

= − 1
α
c(µ)−1/α−1(1 + z) ∂c

∂µi
(µ) =

= − 1
α
c(µ)−1/α(1 + z) ∂c

∂µi
(µ)c(µ)−1.

Thus, we have

lim
α→0+

α−L
∣∣∣∣∣ ∂s(α;µ, z)
∂αν0∂µν1

1 · · · ∂µνNN ∂zνN+1

∣∣∣∣∣ = 0,

uniformly, for ν0 + · · ·+ νN+1 = 1. Therefore s(α;µ, z) ∈ F1
L(µ0, 0).

We then proceed by induction to prove the following claim:
Claim. For any ν ∈ NN+2 with |ν| = k 6 K, we have

∂νs(α;µ, z) = ∂|ν|s(α;µ, z)
∂αν0∂µν1

1 · · · ∂µνNN ∂zνN+1
=

= α−2kc(µ)−1/αPν
(
log c(µ), α, z, c(µ)−1, ∂6kµ c(µ)

)
,

where Pν is a polynomial with real coefficients and ∂6kµ c(µ) denotes a vector with all the
partial derivatives of c(µ) of order less or equal to k on µ.
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For k = 1, by equation (4.3), this is true. Now, assume it holds for k = k̃ > 1. For
ν ∈ NN+2 with |ν| = k̃ + 1, we must consider one of the following cases:

1. νN+1 > 2. In this case, by Schwarz Theorem, ∂νs(α;µ, z) = 0 and the claim holds.
2. ν0 > 1. In this case, ∂νs(α;µ, z) = ∂α∂ν−e0s(α;µ, z), where e0 = (1, 0, . . . , 0) ∈

NN+2. Thus, since |ν − e0| = k̃, we have

∂α∂ν−e0s(α;µ, z) =∂α
(
α−2k̃c(µ)−1/αPν−e0

(
log c(µ), α, z, c−1(µ), ∂6k̃µ c(µ)

))
=

=− 2k̃α−2k̃−1c(µ)−1/αPν−e0 + α−2k̃−2c(µ)−1/α log c(µ)Pν−e0

+ α−2k̃c(µ)−1/α∂x2Pν−e0 =

=α−2k̃−2c(µ)−1/α
(
−2k̃αPν−e0 + log c(µ)Pν−e0 + α2∂x2Pν−e0

)
.

Then, the claim holds.
3. νi > 1 for some 0 < i < N + 1. In this case, ∂νs(α;µ, z) = ∂µi∂ν−eis(α;µ, z), where

ei ∈ NN+2 has 1 at the (i + 1)th position and zeros elsewhere. As in the previous case,
since |ν − ei| = k̃, we have

∂µi∂ν−eis(α;µ, z) = ∂µi

(
α−2k̃c(µ)−1/αPν−ei

(
log c(µ), α, z, c−1(µ), ∂6k̃µ c(µ)

))
=

= α−2k̃
(
− 1
α
c(µ)−1/α−1 ∂c

∂µi
(µ)Pν−ei + c(µ)−1/α∂µiPν−ei

(
log c(µ), α, z, c−1(µ), ∂6k̃µ c(µ)

))
=

= α−2k̃−2c(µ)−1/α
(
−αc(µ)−1 ∂c

∂µi
(µ)Pν−ei + α2∂µiPν−ei

(
log c(µ), α, z, c−1(µ), ∂6k̃µ c(µ)

))
.

By Lemma 4.11, the claims hold true.
Now, since for any ν ∈ NN+2 with |ν| = k 6 K, we have

∂νs(α;µ, z) = α−2kc(µ)−1/αPν
(
log c(µ), α, z, c−1(µ), ∂6kµ c(µ)

)
.

Since lim
α→0+

α−Lc(µ)−1/α = 0 for any L > 0 and Pν is a real polynomial and thus is limited
for (α;µ, z) in a neighborhood of (0;µ0, 0) then lim

α→0+
α−L|∂νs(α;µ, z)| = 0 uniformly

and thus all the derivatives of order less or equal to K are bounded, which implies that
s(α;µ, z) ∈ FKL (µ0, 0).

Lemma 4.13. Let h ∈ C 1(0, δ), for δ > 0, such that h(α) > 0 for α > 0,

lim
α→0+

h(α) = lim
α→0+

αh′(α) = lim
α→0+

α logα
h(α) = 0.

Then, for any L > 0, s(α; z) = (1 + h(α))−1/α (1 + z) ∈ F1
L(0).

Proof: We have that

log
(
s(α; z)
αL

)
= log

(
(1 + h(α))−1/α(1 + z)

αL

)
=

= − 1
α

log(1 + h(α))− L logα + log(1 + z).

The hypothesis lim
α→0+

α logα
h(α) = 0 implies that lim

α→0+

h(α)
α

= +∞. Thus,

lim
α→0+

log(α−Ls(α; z)) = lim
α→0+

−h(α)
α

(
1− Lα logα

h(α)

)
+ log(1 + z) = −∞,



The period of the limit cycle bifurcating from a persistent polycycle 87

which implies that lim
α→0+

α−Ls(α; z) = 0 and therefore s(α; z) ∈ F0
L(R) ⊂ F0

L(0). Now
taking the first derivatives of s(α; z) we obtain:

∂zs(α; z) = (1 + h(α))−1/α = 1
1 + z

s(α; z)

∂αs(α; z) = s(α; z)
α2

(
log(1 + h(α))− α h′(α)

1 + h(α)

)
,

since lim
α→0+

α−Ls(α; z) = 0 and, by hypothesis, lim
α→0+

αh′(α) = 0, we have that

lim
α→0+

α−L∂αs(α; z) = lim
α→0+

α−L∂zs(α; z) = 0.

Hence, s(α; z) ∈ F1
L(R) ⊂ F1

L(0).

Lemma 4.14. Let µ0 be a point in an open subset Λ ⊂ RN . For a given k > 1, consider
the equation

s−α − c(µ) + f(s;µ) = 0, (4.4)
where α ∈ R \ {0}, f(s;µ) ∈ Fkε (µ0), for some 0 < ε and c(µ) is a Ck function at µ = µ0
such that c(µ0) 6= 1 and c(µ0) > 0. Then, there exists an open neighborhood Ũ of µ0,
an open real interval I with 0 as an endpoint and a Ck function z(α;µ) defined in a
neighborhood of (0, µ0) such that z(0;µ0) = 0 and

s = c(µ)−1/α(1 + z(α;µ)),

is a solution to equation (4.4) for (α;µ) ∈ I × Ũ . More precisely, for c(µ0) > 1, we have
I = (0, δ) and if c(µ0) < 1, then I = (−δ, 0), for a sufficiently small δ > 0.

Proof: We have that s = c(µ)−1/α is a solution of equation (4.4) disregarding the F∞ε (µ0)
terms. It is a well defined function, since c(µ0) > 0. We set the following ansatz to estimate
the solution of (4.4).

s(α;µ, z) = c(µ)−1/α(1 + z).
Substituting into (4.4) we obtain:

c(µ)
(
(1 + z)−α − 1

)
+ h(α;µ, z) = 0,

where h(α;µ, z) := f(c(µ)−1/α(1 + z);µ). Note that ((1 + z)−α − 1) = −αzg(α, z) with g
being an analytic function at (0, 0) with g(0, 0) = 1. The above equation is equivalent,
for α 6= 0, to

−c(µ)zg(α, z) + 1
α
h(α;µ, z) = 0,

Define the functions

H(α;µ, z) = −c(µ)zg(α, z) + 1
α
h(α;µ, z),

G(α;µ, z) = 1
α
h(α;µ, z).

Now, since c(µ0) 6= 1, there is a neighborhood of µ0 such that c(µ) − 1 maintains its
sign. Notice that s(α;µ, z) has different behaviors depending on the sign of c(µ) − 1.
However, the behaviors are similar regarding the flatness of the function as α goes to
zero. More precisely, for c(µ) > 1 (and c(µ) < 1), s(α;µ, z) → 0 exponentially flat as
α→ 0+ (respectively α→ 0−).
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Suppose that c(µ0) > 1. The case c(µ0) < 1 is similar with the only difference
is that the interval I in the statement of the theorem will lie in a different semi-axis.
By Lemma 4.12, s(α;µ, z) ∈ F∞L (µ0, 0) for any L > 0. Now, since f(s;µ) ∈ F∞ε (µ0),
using item (h) in Lemma 4.6, with W = (µ0), W ′ = (µ0, 0), η = (µ, z) φ(µ, z) = µ,
we have that f(s(α;µ, z);µ) ∈ F∞εL(µ0, 0). Now, item (g) in Lemma 4.6 implies that
G(α;µ, z) ∈ F∞εL−1(µ0, 0).

Given a non negative integer k > 1, choosing L > (k+1)/ε, by Lemma 4.7, there exists
an extension G̃(α;µ, z) of G(α;µ, z), which is Ck on an open neighborhood of (0;µ0, 0)
such that G̃(0;µ0, 0) = 0 and ∂zG̃(0;µ0, 0) = 0. Consequentially, H(α;µ, z) admits an
extension H̃(α;µ, z) which is Ck on the same open neighborhood of (0;µ0, 0) such that

H̃(0;µ0, 0) = 0, ∂zH̃(0;µ0, 0) = c(µ0) 6= 0.

By the Implicit Function Theorem, there exists a unique Ck function z(α;µ) defined in
an open set (−δ, δ)× Ũ containing (0;µ0) for which

H̃(α;µ, z(α, µ)) ≡ 0, and z(0;µ0) = 0.

Since H is the restriction of H̃, s = s(α;µ, z(α, µ)) is a solution for (4.4) for (α;µ) in the
open set I × Ũ for I = (0, δ) where δ > 0 is sufficiently small.

For the case c(µ0) < 1, it is enough to write s = ĉ(µ)−1/α̂(1 + z(α̂, µ)) with ĉ = 1/c
and α̂ = −α and the proof will follow with the same arguments.

Our goal is to study the zeros of the function

D(s;µ) = A(µ)−B(µ)s−α(µ) + Fkε (µ0),

for ε > 0, k > 1, with A(µ), B(µ) > 0, α(µ) being Ck functions on Λ. For any parameter
µ0 ∈ Λ, we define Z(D , µ0) := inf

δ,ρ>0
N(δ, ρ), where

N(δ, ρ) := sup
µ∈Bρ(µ0)

#{isolated zeros of D(·;µ) in (0, δ)}.

These definitions are motivated by the notion of cyclicity. In fact, the isolated zeros of
D(s;µ) in (4.5) correspond to limit cycles of a vector field near a persistent polycycle
and, in that case, Z(D , µ0) is precisely the cyclicity of the polycycle at parameter value
µ = µ0.

Remark 4.15. For α(µ0) 6= 0, we must have Z(D , µ0) = 0. In fact, for α(µ0) < 0, we
have:

lim
(s,µ)→(0,µ0)

D(s;µ) = A(µ0) > 0.

And for α(µ0) > 0,
lim

(s,µ)→(0,µ0)
sαD(s;µ) = −B(µ0) < 0.

In both cases, there exist an open neighborhood U of µ0 and ε > 0 small enough such
that D(s;µ) 6= 0 for (s;µ) ∈ (0, ε)× U . This implies that no limit cycle bifurcate from a
persistent polycycle with graphic number different from one.

Thus, for zeros of D(·;µ) to exist near s = 0 for a small neighborhood of µ0, we must
have α(µ0) = 0. For the proof of the next theorem, we need to define the Écalle–Roussarie
compensator.
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Definition 4.16. The function defined for s > 0 and α ∈ R by means of

ω(s;α) =
{

s−α−1
α

if α 6= 0,
− log s if α = 0,

is called Écalle–Roussarie compensator.
Remark 4.17. It is known from [78, Lemma A.3] that ω(s;α), 1

ω(s;α) ∈ F
∞
−δ(0) for every

δ > 0.
Theorem 4.18. For a fixed value µ0 ∈ Λ, consider the function

D(s;µ) = A(µ)−B(µ)s−α(µ) + Fkε (µ0), (4.5)
where ε > 0 and A,B, α ∈ Ck(Λ) with k ∈ N ∪ {∞}. Assume that

(i) α(µ) changes sign at µ0, in particular α(µ0) = 0;

(ii) A(µ0) and B(µ0) are positive and different.
Then Z(D , µ0) = 1. Moreover there exist a neighborhood V of µ0 and δ0 > 0 such that
W := {µ ∈ V : α(µ)(A − B)(µ) > 0} 6= ∅ and for every µ ∈ W there is an unique
s(µ) ∈ (0, δ0) for which D(s(µ);µ) = 0. Furthermore, there exists ẑ ∈ Ck(V ), with
ẑ(µ0) = 0 such that s(µ) =

(
A
B

(µ)
)−1/α(µ)

(1 + ẑ(µ)) for all µ ∈ W .
Proof: We first show that Z(D , µ0) 6 1, we express the function D(s;µ) as follows

D(s;µ) = (A−B)(µ)− α(µ)B(µ)ω(s;α(µ)) + Fkε (µ0),
and apply the derivation-division algorithm. Let

D1(s;µ) := D(s;µ)
ω(s;α(µ)) = −α(µ)B(µ) + (A−B)(µ)

ω(s;α(µ)) + Fkε−δ(µ0).

Here, we used the fact that 1/ω(s;α(µ)) ∈ F∞−δ(µ0) for any δ > 0 (Remark 4.17). Then,

∂sD1(s;µ) = (A−B)(µ)s−α−1

ω2(s;α(µ)) + Fkε−δ−1(µ0).

Since ω(s;α), sα ∈ Fk−δ(α = 0), taking δ ∈ (0, ε/4), we obtain
lim

(s,µ)→(0,µ0)
sα+1ω2(s;α(µ))∂sD1(s;µ) = lim

(s,µ)→(0,µ0)
(A−B)(µ) + Fkε−4δ(µ0) = (A−B)(µ0) 6= 0,

which implies, using Rolle’s Theorem, that there are small enough neighborhood U of
µ0 and ε > 0 such that D1(·;µ) and so D(·;µ) have at most one zero for 0 < s < ε, i.e.
Z(D , µ0) 6 1.

Now, to show that Z(D , µ0) = 1, we use the fact that these zeros are solutions of the
following equation:

s−α(µ) − A(µ)
B(µ) + Fkε (µ0) = 0. (4.6)

Since (A−B)(µ0) 6= 0, by Lemma 4.14, there is a solution of the form

s =
(
A

B
(µ)

)−1/α
(1 + z(α;µ)) ,

for (α;µ) in an open set I × Ũ ⊂ R × RN for equation (4.6) if we consider α as a free
variable. However, since α(µ) changes signs at µ0, there exists a neighborhood V of µ0
such that W := {µ ∈ V : α(µ)(A − B)(µ) > 0} ⊂ Ũ ∩ α−1(I) is not empty. Hence,
for every µ ∈ W , s(µ) =

(
A
B

(µ)
)−1/α(µ)

(1 + z(α(µ);µ)) is such that D(s(µ);µ) = 0.
Therefore, Z(D , µ0) = 1.
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4.3.2 Period of the limit cycle unfolded from an unbroken saddle
loop

Consider a family {Xµ}µ∈Λ of vector fields depending on a bifurcation parameter µ on
an open subset Λ of RN such that for µ0 ∈ Λ, Xµ0 has a saddle loop Γ for a hyperbolic
saddle point p1. In [7] the authors studied the asymptotic development of the period of
the limit cycle unfolding from Γ when this saddle connection is broken. Here, we will
have an important distinction: We assume that for µ ∈ Λ the loop remains unbroken.
Our goal is to determine the behavior of the period of the only limit cycle that bifurcates
from the loop Γ when its cyclicity at µ0 is exactly 1.

We now prove Theorem 4.10 for the particular case in which Γ is a (finite) persistent
saddle loop.

p1

Σ1

D1

Σ2

R1

Γ

Figura 4.3: The transversal sections and the maps defined around a homoclinic loop Γ of
a hyperbolic saddle p1.

We place two transversal sections Σ1 and Σ2 along the homoclinic connection labeled
according to the direction of the flow. Now, consider D1 and T1 the Dulac map and time
from Σ1 to Σ2 and R1 and T2 the corresponding maps associated to the passage from Σ1
to Σ2 using the flow of −Xµ, as depicted in Figure 4.3. More precisely, σ2(R1(s;µ)) =
ϕ(−T2(s;µ), σ1(s);µ), where σi is a parametrization of the transversal section Σi, ϕ(t, q;µ)
is the orbit of Xµ passing through q ∈ R2 at t = 0.

The return map is given by

R(s;µ) = R1 ◦D1(s;µ).

Note that the function R1(s;µ) is a diffeomorphism. Since, the saddle loop is unbroken
for µ ∈ Λ, we have that R1(0;µ) = 0. Thus, we obtain that R1(s;µ) = a1(µ)s+ F∞2 (µ0),
with a1(µ) being a strictly positive function.

Now, in order to study the Dulac map and time, we compactify Xµ by a means of
projective changes of variables instead of the Poincaré compactification p(Xµ). Note that
there exists a straight line l not intersecting the flow from Σ1 to Σ2 for µ near µ0 and
such that p1 6∈ l. Up to rotation and translation, we can assume that l = {y = 0}. Then,
the projective change of variables {u = x

y
, v = 1

y
} takes the vector field Xµ(x, y) into the

form
X̂µ(u, v) = 1

vd−1

(
P̂ (u, v;µ)∂u + vQ̂(u, v;µ)∂v

)
,
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where d > 2 is the degree of Xµ, and P̂ , Q̂ are polynomials with the coefficients depending
smoothly on µ. It is important to remark that Xµ and X̂µ are conjugated, which is
essential in the study of the Dulac time. The above transformation brings the infinite line
to {v = 0}. Now we can apply Lemma 4.9 to conclude that there exists a neighborhood
V of (p1, µ) and a C∞ diffeomorphism Φ : V → Φ(V ) with Φ(x, y, µ) = (φµ(x, y), µ) such
that (φµ)∗(X̂µ|V ) = X̃µ, where

X̃µ(u, v) = uP̃ (u, v;µ)∂u + vQ̃(u, v;µ)∂v (4.7)

where P̃ , Q̃ ∈ C∞(Φ(V )). Now, we can apply Theorem 4.8 to obtain that the Dulac map
is given by

D1(s;µ) = sλ1 (∆10(µ) + F∞ε (µ0)) = ∆10(µ)sλ1 (1 + F∞ε (µ0)) ,

where λ1 is the hyperbolicity ratio of p1, ∆10 ∈ C∞(Λ) and we choose ε > 0 small enough
so 0 < ε < min{λ1(µ0), 1}. Therefore, the return map is given by

R(s;µ) = Ā(µ)sλ1 (1 + F∞ε (µ0)) , (4.8)

with Ā(µ) = a1(µ)∆10(µ), which proves item (a) in Theorem 4.10 for this particular case.
The return time T (s;µ) of a point in position s at Σ1 is:

T (s;µ) = T1(s;µ) + T2(D1(s;µ);µ).

Now T2(s;µ) is the regular time from Σ2 to Σ1, which is a C∞ function in a neighborhood
of (s;µ) = (0;µ0). Thus T2 ∈ F∞0 (µ0). As for the Dulac time T1(s;µ), by (4.7), the vector
field can be locally expressed as (4.2) with n = (0, n2). Therefore, by Theorem 4.8, the
associated time map Ti is given by

T1(s;µ) = T 1
0 (µ) log s+ T 1

00(µ) + F∞ε (µ0) = T 1
0 (µ) log s+ F∞0 (µ0),

with T 1
0 (µ) < 0. Therefore,

T (s;µ) = T 1
0 (µ) log s+ F∞0 (µ0). (4.9)

This proves item (b) in Theorem 4.10 for the saddle loop. The limit cycles that bifurcate
from the saddle loop Γ correspond to small positive zeros of the proportional displacement
map, which by (4.8), is given by:

D(s;µ) = s−λ1 (R(s;µ)− s) = Ā(µ)− s1−λ1 + F∞ε (µ0).

By Theorem 4.18, the sufficient conditions for Γ to have cyclicity 1 at µ0 are r(µ)− 1 =
λ1(µ) − 1 changes sign at µ0 and Â(µ0) 6= 1 and under these conditions, the location of
the lone limit cycle is given by

s(µ) = Ā(µ)−1/(r(µ)−1)(1 + z(µ)),

for µ ∈ W := {µ ∈ V : (r(µ)− 1)(Ā(µ)− 1) > 0}, V being a small enough neighborhood
of µ0. Then, choosing K0 ∈ (0, | log(Ā(µ0))|) we have

lim
µ→µ0
µ∈W

s(µ)
exp

(
−K0
|1−r(µ)|

) = lim
µ→µ0
µ∈W

exp(| log(Ā(µ))| −K0)
−1

|1−r(µ)| (1 + z(µ)) = 0,
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which concludes the proof of item (c).
The period T (µ) of a limit cycle γµ unfolded from Γ at the parameter value µ is

given by T (µ) = T (s(µ);µ). Thus, substituting s(µ) into (4.9), we conclude that the
asymptotic behavior of the period of the limit cycle γµ is

lim
µ→µ0
µ∈W

(λ1(µ)− 1)T (µ) = −T 1
0 (µ0)| log(Ā(µ0))|,

which proves item (d).

Remark 4.19. If Ā(µ0) > 1, the limit must be taken as r(µ) → 1+ and for Ā(µ0) < 1,
r(µ)→ 1−. This assures we are always at a well defined position s(µ) for the limit cycle
γµ as we approach the polycycle Γ.

Remark 4.20. In [7] the authors proved that the period of the limit cycle unfolding from
a saddle loop when the connection breaks is given by T (µ) = c log |µ|+O(1). The above
arguments show that the behavior when the loop is persistent is significantly different.

4.3.3 Period of the limit cycle unfolded from a persistent polycy-
cle (Proof of Theorem 4.10)

We now consider the most general case. For our considered persistent hyperbolic
polycycle Γ, let p1, . . . , pm be the m hyperbolic saddles that we conveniently label accor-
ding to the direction of the flow. We denote by λi(µ) the hyperbolicity ratio of pi. We
consider the case m > 2 since the case m = 1 is the saddle loop case which is already
explored in Section 4.3.2.

Since the infinite line `∞ is invariant for the flow of p(Xµ), for each saddle located
at infinity we have that exactly one of its separatrices is contained in `∞. This also
implies that Γ has an even number of singularities at infinity assembled in pairs. For
i = 1, . . . ,m, let Σi be the transversal section to the connection from pi−1 to pi (set
p0 = pm), and Di = Di(·;µ) and Ti = Ti(·;µ) the corresponding Dulac maps and times
from Σi to Σi+1 (see Figure 4.4 for a schematic). It is clear that we can assume that Σ1
is the transversal section given in the statement.

Γ

p1

p2

p3

pm pm−1

D1

Dm

D2

Σ1

Σ2

`∞

Figura 4.4: A representation of the considered maps and saddles on the polycycle Γ.
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By following a point in position s at Σ1 until its return to the transversal section, we
determine the return map given by

R(s;µ) = Dm ◦Dm−1 ◦ · · · ◦D1(s;µ).

Again, in order to study each Dulac map and time, we compactify Xµ by a means of
projective changes of variables instead of the Poincaré compactification p(Xµ). Note that,
for each saddle pi at infinity, there exists a straight line li not intersecting the flow from
Σi to Σi+1 for µ near µ0 and such that pi 6∈ li∩ l∞. For a fixed i, by means of rotation and
translation, we can assume that li = {y = 0}. Then, we perform the projective change of
variables {u = x

y
, v = 1

y
} which transforms Xµ(x, y) into

X̂ i
µ(u, v) = 1

vd−1

(
P̂ (u, v;µ)∂u + vQ̂(u, v;µ)∂v

)
,

where d > 2 is the degree of Xµ, and P̂ , Q̂ are polynomials with the coefficients depending
smoothly on µ. This transformation brings the infinite line to {v = 0}. This process can
be repeated for each saddle at infinity. Now we are ready to work with all saddles in Γ
(the finite ones, and the infinite ones after the above procedure). For each of them we
can apply Lemma 4.9 to conclude that for each i = 1, . . . ,m there exists a neighborhood
Vi of (pi, µ) and a C∞ diffeomorphism Φi : Vi → Φi(Vi) with Φi(x, y, µ) = (φiµ(x, y), µ)
such that (φiµ)∗(X̂ i

µ|Vi) = X̃ i
µ, where

X̃ i
µ(u, v) = 1

vκi
(uPi(u, v;µ)∂u + vQi(u, v;µ)∂v) with κi =

{
d− 1, if pi ∈ l∞,
0, if pi 6∈ l∞,

(4.10)

where Pi, Qi ∈ C∞(Φ(Vi)). Now, we can apply Theorem 4.8 to obtain that each Dulac
map is given by

Di(s;µ) = sλi (∆i0(µ) + F∞ε (µ0)) = ∆i0(µ)sλi (1 + F∞ε (µ0)) ,

where ∆i0 ∈ C∞(Λ) and we choose ε > 0, small enough so 0 < 2ε < min{1, λ1(µ0),
. . . , λm(µ0)}. This also implies that Di ∈ F∞λi(µ0)−ε(µ0) ⊂ F∞ε (µ0). Using the properties
listed in Lemma 4.6, we can see that:

D2 ◦D1(s;µ) = ∆20(µ)
(
∆10(µ)sλ1 (1 + F∞ε (µ0))

)λ2 (1 + F∞ε2 (µ0)) =

= ∆20(µ)∆λ2
10(µ)sλ1λ2 (1 + F∞ε (µ0))λ2 (1 + F∞ε2 (µ0)) =

= ∆20(µ)∆λ2
10(µ)sλ1λ2 (1 + F∞ε (µ0)) (1 + F∞ε2 (µ0)) =

= ∆20(µ)∆λ2
10(µ)sλ1λ2 (1 + F∞ε2 (µ0)) ,

where in the third equality we use the fact that (s;µ) → (1 + s)λi(µ) − 1 belongs to
F∞1 (µ0). Notice that the composition of two Dulac maps has a Dulac map like expression.
Proceeding analogously, we obtain the composition of k consecutive Dulac maps:

Dk ◦Dk−1 ◦ · · · ◦D1(s;µ) = Ak(µ)sλ1...λk (1 + F∞εk (µ0)) , (4.11)

where
Ak(µ) =

k∏
i=1

∆Λik
i0 (µ), Λik =

∏
i<j6k

λj and Λkk = 1.
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Therefore, the return map is given by

R(s;µ) = Am(µ)sλ1...λm (1 + F∞εm(µ0)) , (4.12)

which proves item (a) in Theorem 4.10.
The return time of a point in position s at Σ1 is determined by the following expression:

T (s;µ) = T1(s;µ) +
m∑
i=2

Ti(Di−1 ◦ · · · ◦D1(s;µ)). (4.13)

For each saddle pi in Γ, by (4.10), the vector field can be locally expressed as (4.2) with
n = (0, n2). Therefore, by Theorem 4.8, the associated time map Ti is given by

Ti(s;µ) = T i0(µ) log s+ T i00(µ) + F∞ε (µ0) = T i0(µ) log s+ F∞0 (µ0).

By (4.11) and Lemma 4.6 for i > 2, we have

Ti(Di−1 ◦ · · · ◦D1(s;µ)) = T i0(µ)Λ0(i−1) log s+ T i0(µ) logAi−1(µ) + F∞0 (µ0) =
= T i0(µ)Λ0(i−1) log s+ F∞0 (µ0).

Thus, substituting into (4.13), we obtain

T (s;µ) = T̄0(µ) log s+ F∞0 (µ0), (4.14)

for T̄0(µ) = T 1
0 (µ) + ∑m

i=2 T
i
0(µ)Λ0(i−1). Note that, by Theorem 4.8, T i0 6 0 and the

equality holds if and only if pi is an infinite saddle. If there is at least one finite saddle,
then T̄0(µ) is a strictly negative function. This proves item (b).

The limit cycles bifurcating from Γ correspond to small positive zeros of the propor-
tional displacement map D(s;µ) = s−λ1...λn(R(s;µ)− s), which by (4.12) writes as

D(s;µ) = Am(µ)− s1−λ1...λm + F∞εm(µ0). (4.15)

Recall that, by assumption, r(µ)−1 = (λ1 . . . λm)(µ)−1 changes sign at µ0 and Am(µ0) 6=
1. Hence, by Theorem 4.18, Γ has cyclicity 1 at µ0. Furthermore, there exist a neigh-
bourhood V of µ0 and a smooth function z ∈ C∞(V ) with z(µ0) = 0 such that the location
of the bifurcating limit cycle is given by s = s(µ) with

s(µ) = Am(µ)−1/(r(µ)−1)
(
1 + z(µ)

)
, (4.16)

for µ ∈ W := {µ ∈ V : (r(µ)−1)(Am(µ)−1) > 0}. Then, choosingK0 ∈ (0, | log(Am(µ0))|)
we have

lim
µ→µ0
µ∈W

s(µ)
exp

(
−K0
|1−r(µ)|

) = lim
µ→µ0
µ∈W

exp(| log(Am(µ))| −K0)
−1

|1−r(µ)| (1 + z(µ)) = 0, (4.17)

which concludes the proof of (c). It only remains to be proved the assertion (d) about
the period of the bifurcating limit cycle. To this end we assume that at least one of the
saddles in Γ is finite. The period T (µ) of the limit cycle γµ bifurcating from Γ is obtained
inserting the location of the limit cycle given by (4.16) into the return time (4.14). Hence,

lim
µ→µ0
µ∈W
|1− r(µ)|T (µ) = lim

µ→µ0
µ∈W
|1− r(µ)|T (s(µ);µ) =

= lim
µ→µ0
µ∈W
−T̄0(µ)| logAm(µ)| = −T̄0(µ0)| logAm(µ0)| > 0.
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Theorem 4.10 provides sufficient conditions for the cyclicity of the persistent polycy-
cle to be exactly 1 and also describes how fast the unfolded limit cycle approaches the
polycycle. Moreover, the asymptotic behavior of the period of the limit cycle is the same
as the function 1

|1−r(µ)| where r(µ) is the graphic number. This result encompasses a wide
range of polycycles, among them the Kolmogorov polycycles studied in [79].

Under the hypothesis of Theorem 4.10, if the parameter space is one-dimensional (i.e.,
N = 1) then the graphic number writes as r(µ) = 1 + 1

T0
(µ− µ0)k + O(µk+1) for an odd

positive integer k. Thus, by applying Theorem 4.10, the behavior of the period of the limit
cycle bifurcating from a persistent polycycle is T (µ) ∼ T0/|µ− µ0|k, which is an entirely
different behavior from any of the elementary bifurcations considered in [7]. However, it
coincides with the behavior of the generalized Andronov-Hopf bifurcation considered in
[7, Theorem 7]. Thus, we conclude that one cannot classify bifurcations of limit cycles
based uniquely on the behavior of their periods.

In the case which the above conditions on r(µ) and A(µ) are not satisfied, although
we may have cyclicity exactly 1, the behavior of the period of the bifurcating limit cycle
is not determined. In fact, we solve a sort of inverse problem when r(µ0) = A(µ0) = 1
and the gradients of A and r are linearly independent at µ0. We will detail this discussion
in the next section.

Γ

γ(µ)

s1

s2

s3

sm sm−1

Figura 4.5: A representation of the time spent in the limit cycle γ(µ) near the finite and
infinite saddles of a polycycle Γ.

4.4 The undetermined period of the limit cycle un-
folded from a center-type polycycle

Up to this point, we studied families of polynomial systems with a persistent polycycle
whose cyclicity is 1 at a parameter µ0 but the return map near the polycycle is not the
identity. In those families, by Theorem 4.10, the period of the limit cycle unfolded from
the polycycle has a determined behavior. However, that may not be the case when the
return map near the polycycle is the identity at µ0. In this case, we say that the polycycle
is of the center-type.
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In [79, Theorem 3.1, item (c)], the authors exhibit an example of a center-type polycy-
cle. It is present in the following family

Xµ = x(1 + x+ x2 + axy + py2)∂x + y(−1− y + qy2 + axy − y2)∂y,

where µ = (a, p, q) ∈ R3 with p < −1, q > 1. The displacement function associated to
the polycycle of this Kolmogorov system is, after a change of variables in the parameter
space, proportional to the following expression

D(s;µ) = s−α(µ) − (1 + ε(µ)) + f(s;µ).

Moreover, if µ0 = (0, p0,−p0) then D(s;µ0) ≡ 0, f(s;µ) ∈ F∞ε (µ0), ε > 0 and α(µ), ε(µ)
are such that α(µ0) = ε(µ0) = 0 and rank{∇α,∇ε}|µ=µ0 = 2.

Note that in this case, we cannot apply Theorem 4.18. However, the cyclicity of the
polycycle at µ0 is 1.

This example motivates the next result, which will focus in families of polynomial
vector fields {Xµ}µ∈Λ such that Xµ0 has a persistent hyperbolic polycycle Γ with the
infinite line `∞ being invariant for all µ ∈ Λ and with at least one finite saddle, with the
additional assumption that for a fixed transversal section we can write the proportional
displacement function near the the polycycle as

D(s;µ) = s−α(µ) − (1 + ε(µ)) + f(s;µ),

with f(s;µ) ∈ F∞ε (µ0), ε > 0, with α(µ0) = ε(µ0) = 0 and ∇α,∇ε are linearly indepen-
dent at µ0. These assumptions encompass the cases for which the polycycle Γ is of the
center-type or the cyclicity of the polycycle is greater than 1. The next result is our main
result of this section and it appears in [10].

Theorem 4.21. Let {Xµ}µ∈Λ be a smooth family of planar polynomial vector fields with
uniformly bounded degree. Let us fix µ0 ∈ Λ such that Xµ0 has a persistent hyperbolic
polycycle Γ with at least a finite saddle. If Γ ∩ `∞ 6= ∅ we assume additionally that the
infinite line `∞ is invariant for all µ ∈ Λ. Fix a transversal section Σ to Γ parametrized
smoothly by s 7→ σ(s;µ) with σ(0;µ) ∈ Γ for all µ ∈ Λ. Then the associated return map
writes as

R(s;µ) = sr(µ) (A(µ) + F∞ε (µ0)) ,
for any ε > 0 small enough, where r(µ) is the product of all the hyperbolicity ratios of
the saddles in Γ and A ∈ C∞(Λ) with A(µ0) > 0. Suppose that A(µ0) = r(µ0) = 1 and
rank{∇A,∇r}|µ=µ0 = 2. Then for every function τ ∈ C 1(0, δ) satisfying τ(α) > 0 for
α > 0 and

lim
α→0+

ατ(α) = lim
α→0+

α2τ ′(α) = lim
α→0+

logα
τ(α) = 0,

there exists a differentiable arc at µ0 in the parameter space Λ, i.e., a C1 map m : (0, δ0)→
Λ with limα→0+ m(α) = µ0, such that Xm(α) has a limit cycle that approaches the polycycle
Γ as α→ 0+ with period T (α) verifying that lim

α→0+
T (α)/τ(α) is a positive real number.

Proof: By item (a) in Theorem 4.10, the return map associated to Γ writes as

R(s;µ) = sr(µ) (A(µ) + f(s;µ)) ,

with f(s;µ) ∈ F∞ε (µ0) for ε > 0 small enough. Let α(µ) = r(µ) − 1 and ε(µ) =
A(µ) − 1. Since rank{∇A,∇r}|µ=µ0 = 2, there exists a local diffeomorphism ϕ(µ) =
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(α(µ), ε(µ), µ̄(µ)) defined on a small neighborhood of µ0 such that ϕ(µ0) = (0, 0, µ̄0).
Thus, we can work locally with the parameter set (α, ε, µ̄). The parameter µ̄ plays a
secondary role in our proof and therefore, we will omit it in the rest of the argument
to simplify the notation. In our new parameters, the proportional displacement map
D(s;α, ε) = −s−α−1 (R(s;ϕ−1(α, ε))− s) is given by

D(s;α, ε) = s−α − (1 + ε) + f̄(s;α, ε),

where f̄(s;α, ε) = f(s;ϕ−1(α, ε)). We have f̄(s;α, ε) ∈ F∞ε (0, 0). For the given function
τ , consider the function h(α) = ατ(α) and the C 1 curve m(α) = ϕ−1(α, h(α)) in the
parameter space defined for small α > 0 (here, we consider µ̄ = µ̄0 fixed). It is clear
that lim

α→0+
m(α) = µ0. For parameters on this curve, the proportional displacement map

becomes
M(s;α) := D(s;α, h(α)) = s−α − (1 + h(α)) + f̄(s;α, h(α)). (4.18)

The zeros of M(·;α) correspond to limit cycles of the corresponding vector field Xm(α).
To search for these zeros, we establish the following ansatz

s(α; z) = (1 + h(α))−1/α (1 + z).

Substituting into (4.18), we obtain

H(α, z) := 1
αM(s(α; z), α) = 1

α

(
(1 + h(α)) (1 + z)−α − (1 + h(α)) + f̄(s(α; z);α, h(α))

)
=

= (1 + h(α))ω(1 + z;α) + 1
α f̄((1 + h(α))−1/α (1 + z);α, h(α)).

Since ω(1 + z;α) = F (α log(1 + z)) log(1 + z) where F (x) = e−x−1
x

, the function (1 +
h(α))ω(1+z;α) admits a continuous extension g1(α, z) in a neighborhood of (α, z) = (0, 0)
such that g1(0, 0) = 0 and ∂zg1 is continuous with

∂zg1(α, z) = 1+h(α)
1+z (F ′(α log(1 + z))α log(1 + z) + F (α log(1 + z))) ,

and ∂zg1(0, 0) = −1. Moreover, the assumptions on τ imply that h is a C 1 function
for small α > 0, such that h(α) > 0 for α > 0, and lim

α→0+
h(α) = lim

α→0+
αh′(α) =

lim
α→0+

α logα
h(α) = 0. Thus, by Lemma 4.13, for any L > 0, s(α; z) ∈ F1

L(0). Now, since
f̄(s;α, ε) ∈ F∞ε (0, 0), by items (g) and (h) in Lemma 4.6, we have that g(α; ε, z) =
α−1f̄(s(α; z);α, ε) ∈ F1

εL−1(0, 0). Taking L > 2/ε, by Lemma 4.7, there is an exten-
sion g̃(α; ε, z) of g(α; ε, z) which is C1 on an open neighborhood of (0; 0, 0) such that
g̃(0; 0, 0) = ∂zg̃(0; 0, 0) = 0. Thus, we can use this extension to conclude that the function
g(α;h(α), z) admits a continuous extension g2(α, z) with continuous partial derivative
∂zg2 such that g2(0, 0) = ∂zg2(0, 0) = 0.

Now, we have that H(α, z) admits H̃(α, z) := g1(α, z) + g2(α, z) as a continuous
extension with continuous partial derivative ∂zH̃ such that H̃(0, 0) = 0 and ∂z(0, 0) = −1.
By the Continuous Implicit Function Theorem [80, Theorem 2], there exists a unique
function ẑ(α), continuous, defined in an open set (−δ, δ), for which

H̃(α; ẑ(α)) ≡ 0, and ẑ(0) = 0.

Therefore s = s(α; ẑ(α)) is a zero for (4.18) for α > 0 small enough. We recall that
s(α; ẑ(α)) corresponds to the location of the intersection of a limit cycle for vector field
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Xm(α) and the transversal section Σ. Since lim
α→0+

s(α; ẑ(α)) = 0, this limit cycle approaches
the polycycle as α → 0+. We now proceed to compute its period T (α). By item (b) in
Theorem 4.10 the return time associated to Γ is given by

T (s;µ) = T̄0(µ) log s+ F∞0 (µ0),

where T̄0 ∈ C∞(Λ) with T̄0(µ) < 0. Then, we have that T (α) = T (s(α; ẑ(α));m(α)) and

lim
α→0+

T (α)
τ(α) = lim

α→0+

1
τ(α) T̄0(m(α)) log (1 + h(α))−1/α =

= lim
α→0+

− T̄0(m(α))
ατ(α) log (1 + ατ(α)) = −T̄0(µ0) > 0.

This concludes the proof of the result.
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Figura 4.6: The functions h(α) = αl+1, for l ∈ (−1, 0) in relation to the threshold −α logα
for which we can apply Lemma 4.13.

Theorem 4.21 tells us that there is not a single determinate behavior for the period of
a limit cycle unfolding from the polycycle for the considered family of vector fields Xµ.
In particular, if we consider the functions τ(α) = αl, for l ∈ (−1, 0), we can always find
a path in the parameter space approaching α = 0 for which the limit cycle has period
T (α) ∼ αl. This is substantially different from the cases encompassed by Theorem 4.10,
since the behavior of the period of the limit cycle does not depend on the way we appro-
ach the parameter value µ0. In Figure 4.6 we represent graphically the behavior of the
functions h(α) = ατ(α) compared to the function −α logα showing some functions which
are suitable to be the period of a limit cycle bifurcating from the polycycle in the case
encompassed by Theorem 4.21.



5 Final Considerations

This thesis presents advancements in the qualitative theory of differential equations,
focusing on three relevant problems.

Firstly, we address the nilpotent center problem for three-dimensional systems asso-
ciated with vector fields with linear part y∂x − λz∂z, with λ 6= 0. In our approach, we
obtained a formal normal form for such systems, which allowed us to characterize the
formally integrable systems. Furthermore, we proved that nilpotent systems having an
analytical nilpotent center on a center manifold, with Andreev number 2, admit a for-
mal inverse Jacobi multiplier. We also proved that nilpotent centers of three-dimensional
systems, on analytic center manifolds, are limits of Hopf-type centers.

Secondly, we studied the cyclicity problem for Hopf singular points of quadratic three-
dimensional systems. In this endeavor, we used the analysis of the higher-order terms of
the Lyapunov coefficients to obtain new lower bounds for the cyclicity of the considered
systems, including an example with 13 limit cycles bifurcating from the center, which, as
far as we know, is the highest known lower bound on the cyclicity of Hopf singular points
in quadratic systems.

Lastly, we investigated the period of the limit cycle bifurcating from a persistent
polycycle Γ in families of polynomial planar vector fields depending on a perturbation
parameter µ. We proved that, when some generic conditions on the return map depending
on µ are satisfied, excatly one limit cycle bifurcates from Γ whose period function behaves
as 1
|1− r(µ)| where r(µ) is the graphic number associated to the polycycle Γ.
Overall, our work enhances our understanding of nilpotent centers, cyclicity and bifur-

cation phenomena. The results of this thesis are distributed in papers [9, 10, 11, 12, 13, 14].
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A Appendix

A.1 Computing the focal values for system (2.1) with
odd Andreev number

We consider analytic system (2.1) having an isolated monodromic nilpotent singular
point at the origin. We will work in the case which the Andreev number n is odd. By
Theorem 2.18, the computation of the focal values is only necessary when the monodromy
condition β > n− 1 is satisfied.

By Proposition 2.11, (2.1) can be transformed into (2.10) with µ = 0. From this
canonical form, by performing the change of variables x → 2n−2

√
nx, y → − 2n−2

√
n y, we

obtain the following system

ẋ = −y +∑
k>n+1 Pk(x, y),

ẏ = x2n−1 +∑
k>2nQk(x, y), (A.1)

where Pk, Qk ∈ P(1,n)
k . The generalized polar coordinates transform (A.1) into the fol-

lowing system
ρ̇ = ρn+1∑

k>0 ρ
kR3n+k(θ),

θ̇ = ρn−1
(
1 +∑

k>1 ρ
kΘ2n+k(θ)

)
,

(A.2)

where Rk(θ) and Θk(θ) are (1, n)-quasi-homogeneous polynomials of weighted degree k in
the variables Cs θ, Sn θ. We have that, for k > 0,

R3n+k(θ) = Cs2n−1θ Pn+1+k(Cs θ, Sn θ) + Sn θ Q2n+k(Cs θ, Sn θ),
Θ2n+1+k(θ) = −nSn θ Pn+1+k(Cs θ, Sn θ) + Cs θ Q2n+k(Cs θ, Sn θ). (A.3)

We say that the focal value vk(T ) is the k-th generalized Lyapunov coefficient when it is
the first non-zero focal value. The following result, [27, Theorem 1] provides a method to
compute the generalized Lyapunov coefficient for system (A.2).

Theorem A.1. Consider system (A.2). It can be written in the form dH+ω1 +ω2 + · · · =
0, where H = ρ2n

2n and ωk(ρ, θ) are the 1-forms

ωk(ρ, θ) = ρ2n+k−1Θ2n+k(θ)dρ− ρ2n+kR3n+k−1(θ)dθ.

Then, the k-th Lyapunov coefficient can be computed as

vk(T ) = − 1
( 2n
√

2nρ̃)k+1

∫
H=ρ̃

k−1∑
l=1

hk−1−lωl,

where h0 = 1, and for m = 1, . . . , k − 1, hm are defined by the recurrent expression
d (∑m

l=1 hm−lωl) = −d(hmdH).
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The following lemma, [27, Lemma 4], simplifies the application of the above theorem.

Lemma A.2. Let ω be the 1-form ω = α(ρ, θ)dρ + β(ρ, θ)dθ where α, β are T -periodic
functions in the variable θ and H = ρ2n

2n . Then, the following hold

i)
∫
H=ρ̃ ω =

∫ T
0 β( 2n

√
2nρ̃, θ)dθ;

ii) The function h = − 1
ρ2n−1

∫ θ
0
∂α
∂θ

(ρ, ϕ) − ∂β
∂ρ

(ρ, ϕ)dϕ satisfies dω = −d(hdH). More-
over, it turns out that if

∫
H=ρ̃ ω = 0, then h is also T -periodic.

Now, we have the tools to compute the third Lyapunov coefficient. By Lemma 2.16
and Proposition 2.14, we have that v1(T ) = v2(T ) = 0. Thus, we compute v3(T ). We
show the explicit computations below to better illustrate the method. Let Pk(x, y) =∑
i+nj=k aijx

iyj and Qk(x, y) = ∑
i+nj=k bijx

iyj. By Theorem A.1, we have:

v3(T ) = − 1
( 2n
√

2nρ̃)4

∫
H=ρ̃

h1ω1 + ω2, (A.4)

for which h1 must satisfy dω1 = −d(h1dH). Since ω1 = ρ2nΘ2n+1(θ)dρ − ρ2n+1R3n(θ)dθ,
using Lemma A.2, we have:

h1 = −ρ
∫ θ

0
Θ′2n+1(ϕ) + (2n+ 1)R3n(ϕ)dϕ. (A.5)

By (A.3), we have:

R3n(θ) = an+1,0Cs3nθ + (a11 + b2n,0)Cs2nθ Sn θ
+bn,1Csnθ Sn2θ + b02Sn3θ,

R3n+1(θ) = an+2,0Cs3n+1θ + (a21 + b2n+1,0)Cs2n+1θSn θ
+bn+1,1Csn+1θSn2θ + b12Cs θSn3θ,

Θ2n+1(θ) = b2n,0Cs2n+1θ + (bn,1 − nan+1,0)Csn+1θ Sn θ
+(b02 − na11)Cs θ Sn2θ, (A.6)

and so

Θ′2n+1(ϕ) + (2n+ 1)R3n(ϕ) = (a11 + 2b02)Sn θ + (bn,1 + (n+ 1)an+1,0)Csnθ.

Thus, by (A.5), we have:

h1 = ((a11 + 2b02)Cs θ − (bn,1 + (n+ 1)an+1,0)Ψn(θ) + (a11 + 2b02)) ρ, (A.7)

where Ψn(θ) =
∫ θ

0 Csnϕdϕ. Note that, since n is odd,
∫ T

0 Csnθdθ = 0. Also, h1 is T -
periodic in the variable θ, which implies that the coefficients of dρ and dθ in h1ω1 + ω2
are T -periodic functions. Using Lemma A.2 once more yields∫

H=ρ̃
h1ω1 + ω2 =

∫ T

0
−ρ2n+1h1R3n(θ)− ρ2n+2R3n+1(θ)dθ

∣∣∣∣∣
ρ= 2n√2nρ̃

.

Thus, by (A.4),

v3(T ) = ( 2n
√

2nρ̃)2n−2
∫ T

0

h1

ρ
R3n(θ) +R3n+1(θ)dθ. (A.8)

We set ε3 = ( 2n
√

2nρ̃)2n−2 for the sake of simplicity. Studying the expressions (A.6) and
(A.7), we conclude that the integrand of (A.8) is a linear combination of the functions
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• Cs3n+1θ;

• Csn+1θ Sn2θ;

• Cs2n+1θ Sn θ;

• Cs θ Sn3θ;

• Cs3nθ;

• Csnθ Sn2θ;

• Cs2nθ Sn θ;

• Sn3θ;

• Cs3nθΨn(θ);

• Csnθ Sn2θΨn(θ);

• Cs2nθ Sn θΨn(θ);

• Sn3θΨn(θ).

Since n is odd, only the first two are not zero when integrated from 0 to T . Thus,
(A.8) simplifies to

v3(T ) = ε3

∫ T

0
(an+2,0 + an+1,0(a11 + 2b02))Cs3n+1θ dθ

+ε3

∫ T

0
(bn+1,1 + bn,1(a11 + 2b02))Csn+1θ Sn2θ dθ.

By a simple integration by parts, it is easy to see that∫ T

0
Cs3n+1θ dθ = (n+ 2)

∫ T

0
Csn+1θ Sn2θ dθ.

Since n is odd, ∫ T

0
Csn+1θ Sn2θ dθ =

2Γ(3
2)Γ(n+2

2n )
n

3
2 Γ(2n+1

n
)
,

hence

v3(T ) = ε3 ((n+ 2)(an+2,0 + an+1,0(a11 + 2b02))
+bn+1,1 + bn,1(a11 + 2b02)) ,

for a non-zero constant ε3.

A.2 Proof of Proposition 2.14
We work with the canonical form (2.10) for Cr systems. The change of variables

x→ 2n−2
√
nx, y → − 2n−2

√
n y transforms the canonical form into

ẋ = y + µxn + P (x, y),
ẏ = −x2n−1 + nµxn−1y +Q(x, y), (A.9)

where P (x, y), Q(x, y) are Cr functions for 2n− 1 < r. The generalized polar coordinates
transform (A.9) into

ρ̇ = µρnCsn−1θ + Cs2n−1θ P (ρCs θ, ρnSn θ) + ρ−(n+1)Sn θ Q(ρCs θ, ρnSn θ),
θ̇ = ρ−(n+1) (ρ2n − nρnSn θ P (ρCs θ, ρnSn θ) + ρCs θ Q(ρCs θ, ρnSn θ)) , (A.10)

from which we obtain
dρ

dθ
= ρ̇

θ̇
= R(ρ, θ)

1 + Θ(ρ, θ) . (A.11)

Using Proposition 2.5, and (A.10), we conclude that (A.11) is invariant by the transfor-
mations

ρ 7→ −ρ, θ 7→ θ + T

2 , for n odd,
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ρ 7→ −ρ, θ 7→ −
(
θ + T

2

)
, for n even.

From here, we will follow the steps described in [31, Section 24 of Chapter IX]. We
will assume n even, since for n odd, the results are exactly the same as those written in
[31]. We also adopt the same notation as [31] for the convenience of the reader.

Let f(θ; θ0, ρ0) be the solution of (A.11) with initial condition ρ = ρ0 for θ = θ0.
The displacement function is given by d(ρ0) = f(T ; 0, ρ0)− ρ0. We assume that |ρ0| < δ
for δ sufficiently small so the denominator of (A.11) is not null and the function f is
well-defined. Since (A.11) is invariant by ρ∗ = −ρ, θ∗ = −(θ+ T

2 ), any solution of (A.11)
satisfies

dρ∗

dθ∗
= d(−ρ)
d(−(θ + T

2 ))
= R(ρ, θ)

1 + Θ(ρ, θ) = R(ρ∗, θ∗)
1 + Θ(ρ∗, θ∗) . (A.12)

Lemma A.3. For equation (A.11), we have d(−ρ0) = −(f(−3T
2 ;−T

2 , ρ0)− ρ0).

Proof: Consider the solution of (A.12) with initial condition ρ∗ = −ρ = ρ0 for θ∗ =
−(θ + T

2 ) = −T
2 . It is given by:

ρ∗ = −ρ = f
(
θ∗;−T

2 , ρ0
)

= f(−(θ + T
2 );−T

2 , ρ0).

The initial condition is equivalent to the initial condition ρ = −ρ0 for θ = 0. Thus, by
the uniqueness of solutions, we have that

f(θ; 0,−ρ0) = −f(−(θ + T
2 );−T

2 , ρ0).

Therefore, we have

d(−ρ0) = f(T ; 0,−ρ0) + ρ0 = −f(−3T
2 ;−T

2 , ρ0) + ρ0 = −(f(−3T
2 ;−T

2 , ρ0)− ρ0).

Lemma A.4. If there exists r1 > 0 such that for all 0 < ρ0 < r1, d(ρ0) < 0 (or
d(ρ0) > 0), then there exists r2 > 0 such that d(−ρ0) < 0 (respectively d(−ρ0) > 0).
Thus, for ρ0 < min{r1, r2}, d(ρ0)d(−ρ0) > 0.

Proof: We consider the case where d(ρ0) < 0 for 0 < ρ0 < r1. The case d(ρ0) >
0 is analogous. Under this assumption, the origin is a focus, and the solution curves
parametrized by (f(θ; 0, ρ0), θ) spiral towards the (0, 0) as θ increases. Note that these
curves spiral away from the focus as θ decreases. Thus, the curves cross the rays θ ≡ c
for c constant and in particular θ = −T

2 . Then, the function f(θ;−T
2 , ρ0) can be defined

for 0 < ρ0 < r2 where r2 is a positive number. Since the curve (f(θ; 0, ρ0), θ) spirals away
from the focus as θ decreases, we have:

f(−3T
2 ;−T

2 , ρ0) > f(−T
2 ;−T

2 , ρ0) = ρ0.

Thus, by Lemma A.3, d(−ρ0) < 0 for 0 < ρ0 < r2. The result holds.
Proof of Proposition 2.14, for n even: By Lemma 2.16, we know that d(ρ0) ∈ O(ρ2

0).
Suppose that the first non-zero focal value is uk(T ). Then d(ρ0) = vk(T )ρk0 +O(ρk+1

0 ) and
there exists r1 > 0 such that for all 0 < ρ0 < r1, d(ρ0) and vk(T ) have the same sign. By
Lemma A.4 d(−ρ0) must have the same sign as vk(T ) for sufficiently small ρ0. However,
this is only possible when k is an even number.
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A.3 Proof of Theorem 2.54
First we prove Theorem 2.54 for the case where V is a C1 function. Essentially, we

organize the proof presented in [45]. We recall the well-known definition:

Definition A.5. Let X be a vector field defined on an open set U ⊂ Rk and M : U ⊂
Rk → R be a C1-function not locally null such that

div(MX) = XM +MdivX ≡ 0.

We say that M is a Jacobi multiplier of X.

Let x ∈ Rk and ϕ(t, ·) the flow of vector field X at time t. We now proceed to compute
the following quantity: (

d

dt

∫
Vt
M(x)dx

)∣∣∣∣∣
t=0

,

where Vt = ϕ(t, V ) is the volume resulting from the temporary evolution of a volume V
through ϕ(t, ·). Since ϕ(t, ·) is a diffeomorphism, we have:

∫
Vt
M(x)dx =

∫
ϕ(t,V )

M(x)dx =
∫
V
M ◦ ϕ−1(t, x) det(dϕ−1

x (t, x))dx =

=
∫
V
M ◦ ϕ(−t, x) det(dϕx(−t, x))dx

Taking the derivative with respect to time in the above equation yields:

d

dt

∫
Vt
M(x)dx = d

dt

∫
V
M ◦ ϕ(−t, x) det(dϕx(−t, x))dx =

=
∫
V

(
dM(ϕ(−t, x))(−ϕ̇(−t, x)) det(dϕx(−t, x))

+ M ◦ ϕ(−t, x) d
dt

(det(dϕx(−t, x)))
)
dx, (A.13)

Now, dϕx(t, x) is the fundamental matrix solution to the matrix system

Ȧ = dX(ϕ(x; t))A

with initial conditions A(0) = I. Then, we may apply the Liouville formula, which gives
us:

det(dϕx(t, x)) = exp
(∫ t

0
divX ◦ ϕ(τ, x)dτ

)
,

which implies that(
d

dt
det(dϕx(t, x))

)∣∣∣∣∣
t=0

=
(

exp
(∫ t

0
divX ◦ ϕ(τ, x)dτ

)
divX ◦ ϕ(t, x)

)∣∣∣∣
t=0

= divX.

Coming back to equation (A.13), and evaluating at t = 0 we have(
d

dt

∫
Vt
M(x)dx

)∣∣∣∣∣
t=0

= −
∫
V

(dM(x)X +M(x)divX) dx = −
∫
V

div(MX)dx.
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Thus, M is a Jacobi multiplier of X if and only if
(
d

dt

∫
Vt
M(x)dx

)∣∣∣∣∣
t=0

= 0. Now,

introducing the change of variables y = φ(x), we have that∫
Vt
M(x)dx =

∫
φ(Vt)

M ◦ φ−1(y) det(dφ−1(y))dy.

Hence, if M is a Jacobi multiplier of X then N = det(dφ−1)M ◦φ−1 is a Jacobi multiplier
of the vector field Y = dφ · X ◦ φ−1 in the new variables. Now to complete the proof
of Theorem 2.54 it is enough to note that V is an inverse Jacobi multiplier of X if and
only if M = 1/V is a Jacobi multiplier of X. Then, N is a Jacobi multiplier of Y which
implies that W = 1/N = (det(dφ)V ) ◦ φ−1 is an inverse Jacobi multiplier of Y .

Now, to address the formal case. Let φ and V be formal series. We then turn to Borel
Lemma, which states

Lemma A.6 (Borel Lemma). For each formal mapping F , there exists a C∞ mapping
F̂ : Rn → Rm such that its Taylor series at 0 is j∞F̂ (0) = F .

Thus, there exists C∞ mappings φ̂ and V̂ for which the respective power series expan-
sion are φ and V . Once the algebraic relationships hold for the C1 case, that is

XV = V divX ⇒ YW = WdivY,

in particular, they hold for V̂ and φ̂. Hence, these equations hold term-by-term in the
power series expansions. This completes the proof.

Remark A.7. One can also verify that the equation YW = WdivY hold by compu-
ting each side and comparing both of them term-by-term. However the computations
get longer and longer as the dimension of the given system X increases. The algebraic
verification of the simpler case, i.e. the one-dimensional is presented below:

In the one-dimensional case, Y = φ′X ◦ φ−1 and W = (detφ′V ) ◦ φ−1 = (φ′V ) ◦ φ−1.
If V is an inverse Jacobi multiplier of X, then V ′X = V X ′. Then,

W ′Y = (φ′′V + φ′V ′)(φ−1)′φ′X ◦ φ−1 = (φ′′V + φ′V ′)X ◦ φ−1 = (φ′′V X + φ′V ′X) ◦ φ−1,

and
WY ′ = ((φ′V ) ◦ φ−1)(φ′′X + φ′X ′)(φ−1)′ = (φ′′V X + φ′V X ′) ◦ φ−1.


