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Abstract

The problem of flutter is an important topic involving aeroelastic analysis. The first approach to studying this problem
was proposed by Theodore Theodorsen in 1935 and, since that publication, Theodorsen’s theory has been extensively
used by many researchers. However, it is common to find typographical errors in the definitions of the coefficients
introduced by Theodorsen to determine the aerodynamic forces in a typical section airfoil. In this context, this paper
summarizes the most common typographical errors found in the literature and includes mathematical demonstrations to

clarify the correct form of those coefficients.
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I. Introduction

Theodorsen (1935) proposed a theory based on poten-
tial flow and the Kutta conditions for the study of
aerodynamic instability and the mechanism of flutter.
That work is, probably, the base for the majority of
methods used in aeroelasticity analysis nowadays.
Theodorsen’s work was developed for an oscillating
airfoil or airfoil-aileron with three degrees of freedom;
his solution used certain definite integrals identified as
Bessel functions of the first and second kind of zero
and first order.

To compute unsteady aerodynamic forces on an air-
foil section with three degrees of freedom, Theodorsen
used various coefficients 7, which are dependent on the
geometry of the system. Although a detailed formula-
tion had been presented (Theodorsen, 1935), the alge-
braic development of every coefficient was not
presented. In this report, however, Theodorsen, devel-
oped illustrative examples and experimental results that
validated his ideas.

Recently, authors have shown that Theodorsen’s
report was published with numerical errors. For exam-
ple, Zeiler (2000) found a number of erroneous plots.
However, Zeiler highlighted the historical importance
of that work and also its usefulness in this field. After
Zeiler’s work, Perry (2015) recomputed the numerical

results of Theodorsen’s report (Theodorsen, 1935).
Perry also published an engineering note to make this
point clear (Perry, 2016). Zeiler and Perry found incor-
rect computations without any indication of what
might be typographical errors.

Since Theodorsen’s work was published, his theory
has been used by researchers to develop methodologies
in linear and nonlinear aeroelasticity and a large
number of works have been published by the scientific
community (Alighanbari, 1995; Ko et al., 1998; Bueno
et al., 2014; Zhang and Behal, 2016). Among these
works, several papers were disclosed with typographical
errors in Theodorsen’s coefficients (Edwards et al.,
1979; Karpel, 1981; Kanda and Dowell, 2005; Li
et al., 2010; Vasconcellos et al., 2012; Abdelkefi et al.,
2012). The quality of these works is not questionable.
However, particularly for students making initial steps
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Figure |. Typical section airfoil.

in this area, these errors have have contributed to an
increased in time wasted by comparing different biblio-
graphical references. In addition, it is also reasonable to
assume that some students might even be wasting some
part of their time with incorrect computational
implementations.

Typographical errors in scientific papers can eventu-
ally be found. For example, in the section ““differential
equation of motion” on page 419 of his report
(Theodorsen, 1935), Theodorsen writes the term (ASp)
instead of including the second derivative (hSg) for the
rearranged equation of (B). Similarly, equation (C) on
page 420 of the same report presents the term [/(1 + «)/
b] instead of [A(1 + k)/b].

Some typographical errors are not easily noticed
while reading a paper. Some of them can probably be
found during computational implementation, particu-
larly for those errors where the results are significantly
modified in comparison with expected results.
Conversely, for the cases where the final results are
unknown, the detection of a typographical error can
be a hard task.

Several textbooks have introduced new ideas in aero-
servoelasticity fields (Bisplinghoff and Ashley, 1962;
Dowell et al., 1995; Hodges and Pierce, 2002; Wright
and Cooper, 2007). Some of these also present comple-
mentary information and discuss applications involving
Theodorsen’s theory. However, algebraic demonstra-
tions of each coefficient 7; are commonly not included.
In this context, the contribution of this paper is to pre-
sent the most common typographical errors found in
the literature, and clarify by analytical development the
correct expressions that define them. In addition, this
paper includes appendix I that defines the aerodynamic
force and moments in matrix form, as they are often
used by researchers.

2. The most common typographical
errors

Theodorsen’s theory, developed to study the mechan-
ism of flutter, was based on a simple aeroelastic system,
which represents a typical section airfoil. An illustrative
scheme of this system is shown in Figure 1, where / is
the plunge, « is the pitch, g is the control surface angu-
lar displacement, and b is the aerodynamic semi-chord
(s.m.). In this figure, c.e. denotes the elastic center, « is
the location of the elastic center measured from s.m.,
¢ is the location of the control surface elastic center
measured from s.m., and CS denotes the control sur-
face. This illustration is important for understanding
the physical meaning behind some of the equations pre-
sented in this paper.

By comparing relevant works from the literature, it
is possible to verify that the coefficients Ty, T3, Ty, T7,
and T are often defined by different equations. It is
presumed that these differences simply correspond to
typographical errors. However, they can be found in
doctoral theses, master’s dissertations, and important
papers published in specialized periodical journals and
conferences.

According to Theodorsen (1935), each coefficient 7;
is obtained from velocity potentials and their analytical
forms are considered herein as hypotheses to be con-
firmed. Based on a literature review, the most common
typographical errors involving these coefficients are
summarized in Table 1.

2.1. Anadlytical development of some
Theodorsen’s coefficients

In this section, algebraic demonstrations of each coef-
ficient presented in Table 1 are developed with the
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Table I. The most common typographical errors for the
definitions of Theodorsen’s coefficients.

Coefficient Most common error

T It is written as a sum of two positive terms.

T4 It is not written as a sum of two terms.

T It is written as a sum of two negative terms.

To It is involved to define T)s.

T It is written with [—cos™'(c)(I — 2¢)]
instead of [cos™'(c)(I — 2¢)].

T3 It appears multiplied by — | instead of —2
in matrix M,,.

M, Elements (2,3) and (3,2) are defined by — T3
instead of —2T 3.

M, Element (3,3) is defined by T,o/m instead of
— To/m.

objective of comparing the analytical form with the
results proposed by Theodorsen (1935). The idea
herein is to clarify the correct definitions and the recur-
sive forms used by Theodorsen, since the equations
described by Theodorsen cannot be directly obtained
from the solutions of the integrals. Probably, at that
time, the recursive form was a convenient approach
to minimize the calculations that were performed by
hand. To demonstrate the correct form of some coeffi-
cients T; the integrals proposed by Theodorsen are
considered as hypotheses to be confirmed.

2.1.1. Coefficient T ,.
Hypothesis from Theodorsen’s work.

1
1
I=/¢9dx=—§v0T4 and @y = vObV 1 — X2
c

(1
Mathematical proof.
1
I:f vobV 1 — x2dx
Assume  that x=cos(4) = dx=—sin(4)dA  and

/1 — x% = sin(4). Then, substituting the terms

0
I=—wb / sin®(2) d/.
cos~!(c)

1 &
=3 vob [ [1+cos(24)]dA
A1

1 2

1.
=3 vOb [/1 —3 sm(2/1)i|

i

R . 1. oAl
= —2v0b{cos (x) — Esm[2 cos (x)]}

¢

1 1
= —§v9b|:— cos~'(¢c) + 25«/1 — cz}

By comparing this result with equation (1), it is pos-
sible to prove that

Ty=—cos ' (c)+ V1 —¢2

2.1.2. Coefficient To.

Hypothesis from Theodorsen’s work.

1= /1 @, dx = 6b> Ty
and
@5 = 6n° (%x — a)m 2)
Mathematical proof.
I:ébz[%llxmdx—a/CIde]

From the constant T4 note that
1
1
/ V1—x2dx = —§T4
(4

Integrating (1—x* =24, then

dl= —2xdx and

separately, if

1
dx=—-d4
xdx 5

Thus

1 1 2 12 2
/ XWI—xldy=—3 Vidi= —55(13/2)

)

5 )
sl A1

Then, denoting

1 3
p=-30-0)
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and substituting the terms 2.1.4. Coefficients T7 and T 3.
[ = 0b> E (—p) + g T4:| Hypothesis from Theodorsen’s work.

1
= / @(x —c)dx = 0b* T3
By comparing this result with equation (2), it is pos- ¢
sible to prove that
| and
Ty :5(—p+aT4) | |
T; = —<§ + 62) cos~'(¢c) + gcv 1—c2(7+27) (4

2.1.3. Coefficient T .
Mathematical proof.
Hypothesis from Theodorsen’s work.

. 11
1 o 1 —
12/ <P9(X—C)dx=—§v9T1 (3) = |:/c <2x a)le x2dx
1
- —x—alV1=x2
Mathematical proof. ¢ /; <2x a) l —x?dx

1 1
I= v9b|:/ xv1 —xzdx—c/ V1 —xzdx]
¢ ¢ Writing 1= 60b*[I; + I, + I + I3] to simplify the
notation, it is possible to evaluate each term separately
From the constants 74 and Ty, respectively, note that

1 1
1 1 I:—/ XVl —x2dx = if x=-cos(/
/vl—xzdx:—§T4 T2 (4)
C

753
= —% / cos’(4) sin?(2) dA

and A1
1 ; 1 1+ cosA)T[1 —cos2A)] ..
fxvl—xzdx:1<\/l—c2>:1V1—CZ(1—C2) :_E/ [ 2 i|[ 2 dz
C 3 3 8
Substituting the terms = —% / Az[l — cos?(24)] d
1 1 ,
I:V@b{§ /1_62(1_6,2)_65[008l(c)_cﬂll_cz]} __l{ A2 y //uZI:l +COS(4/1):| d;t}
1 1 ‘1 Al
=v0h} V1 -2 —=V1—=¢2
3 3 1 217a 1 1 1 . o
1 . =-3 A7 —5|—cos (c)—i—zsm(M)h1
2 — 2= -1
+zc 1—c¢ 2cos (c)}
! ! ' cos—! o
— o[ VT VT oo where A= cos 1. =0 and

sin(44) = 2sin(24) cos(24)

| — 1, c
= vob |:3 I=e (1 tac ) 2% (C)i| = 2[2sin(4) cos(A)][cos*(Z) — sin*(2)]
= —lv9b|:—lvl -2+ —l—ccos_l(c)}
2 3 If x=c, sin(A)=+1—cos2(1), and sin*(A)=
cos’()—1, then sin(42) = 4ev/1 = 2(2¢2 - 1).
By comparing this result with equation (3), it is pos-  Substituting the terms in [,
sible to prove that

1 1 c
I =——|—=cos ' (¢) + =1 — 222 — 1
T, ———%\/1—cz(2+cz)+ccos_](0) ! 8|: 200S © 2 (2 )]
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Similarly, it is possible to write the terms based on
previous demonstrations, i.e.

12=—a/]xm¢x:—g<my
= ek /xmdx__g(m)

I =

—% [— cos~I(¢) + eVl c2]

At this point, the integral 7 defined in equation (4) is
solved and it can be computed by 652 Z?zl I;. However,
it is not yet possible to compare the results explicitly.
Thus, a nonintuitive rearrangement is presented as

+[_(g+a

4
ac I 5 5 -
+|:700s (C)_Eac vl—c]+]§:11j

1 cos l(c)

lgvl — 208 - 1)}

)i _CZ)}

where
i 7 (c2 cos~!(c) B c? cosl(c)>
L) 2 2
Jj=1
V1= J1=¢2
+ ( — - ) —0 (5
and, then

- [_;écm (7+c2)}

—I—[—a——m—i-ac gm
———«/ﬁ(l—cz)}

+ [—i—laccosl(c) - laczm:|

2 2
( ctcos7H(e) eVl — c2)
+(- +

2 2

4 -
>,
=

EN

+30] -

4
ZL‘ +
P

( +c )cosl(c)+écvl —c2 (7+cz)}

—_—

V=2 —A/1=¢2

N}
W N

8%@ + ccos_l(c)j|
_EEMU — )4 ecos () — m_—z]

2
4 4
PR EDIN/
i=1 Jj=1
1 1 2 —1 1 2
=—3|- §+c cos (c)+§6\/1—€2(7+0)

+ ;a[_;m(z +A)+ CCOSI(C)]
-3 [_;JT—? Q2+ + CCOSI(C)]

Considering the definition of 77, it is possible to
write

: 1 Lo -1 1 2
Zl,-:—{—[—(§+c)cos (c)+§cm(7+c)i|
—@—@ﬂ}

By comparing this result with equation (4), it is pos-
sible to prove that if

T, = —(é#—cz) cos’l(c)—f-écvl —c2(1+)
then

T3 = %[—T7 —(c—a)T]
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3. Discussion of results

To demonstrate the influence of the typographic errors
and their effect on the final solutions of a certain aero-
elastic problem is not a trivial task, since the final
results depend on various other parameters (structural
properties, and the combination of several errors sim-
ultaneously). However, it is possible to present a sim-
plified discussion to clarify how a simple mistake can
affect the unsteady aerodynamic loads proposed by
Theodorsen.

Considering the system presented in Figure 1 for the
case in which both pitch and plunge degrees of freedom
are fixed, i.e.

h(t) = 6(t) = 0

the Theodorsen’s force presented in equation (8) can be
simplified to F}, such that

Fy = —pb*(=VTup — T1bp)

1 1 .
—27T,OVbC|:—T10Vﬁ+b—T11,B:| (6)
b4 2

Assuming the control surface displacement B= 5,
sin(¢) (where ¢ = w ), and rewriting ¢ in terms of the
reduced frequency

ﬁcy(¢) = By sin(¢p)

: %
fote) = o3 ) cos(0 o

. V \2
fot) =~ (£ ) sin(0

where the angle ¢ is an angular displacement and sub-
script “‘cy” indicates one cycle of motion (0 < ¢ <2n).
Using equation (7), the unsteady aerodynamic force
(equation (6)) can be determined.

The following results of Fj were obtained consider-
ing the correct form of 7 (shown in Appendix 2) in
comparison with its incorrect form, computed as indi-
cated in the first line of Table 1. The parameters used in
the analysis were

b=0.15m

p = 1.225kg/m?
V=1m/s
c=0.25

Bo = 37/180 rad

_ Figure 2 shows how the real and imaginary parts of
F), differ from the correct forms. Clearly, it can be noted
that a simple mistake results in very different values for

~0.005 = 0

-0.5
Imag. part -0.01 —q Real part

Figure 2. Real and imaginary parts of F,. Blue dots represent
correct values and red circles represent incorrect values.

Force Mag.

0.2

Angular disp.
Reduced frequency

Figure 3. Magnitude of F, over a cycle for different values of k.
Blue dots represent correct values and red circles represent
incorrect values.

0.035 T T T !
s ot st pws oo
P - - O o . -
0.025} - ®.. ‘°§ “““ e S JERREE ° ““““
o . : o: .
L ] : : e
8 0.02p i e e e o
L ‘e : : °
0.015F @ i SRR TR TIPREE SRR
o : ()
0.01f i B SRR AR .
) ) : °
0.005 i S RRRRRRRRE
' ; 4
0 i i
0 1 2 3 4 5 6
Angular displacement

Figure 4. Magnitude of Fy for k=0.5. Blue dots represent
correct values and red circles represent incorrect values.
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Angular displacement

Figure 5. Magnitude of F, for k=1.l. Blue dots represent
correct values and red circles represent incorrect values.

high values of reduced frequency. These results can also
be verified from equation (6) (or equation (8)), which
shows the coefficient 7, multiplied by B, since the latter
is a function of k7.

The presented differences also imply an incorrect
magnitude of the unsteady aerodynamic force.
According to Figure 3, the value of |F,| over a cycle
of motion is more inaccurate for high reduced frequen-
cies. However, small values, e.g. k=0.5 (Figure 4) and
k=1.1 (Figure 5) can also result on incorrect compu-
tations. The results shown in Figure 5 also indicate an
important error in the phase of F.

4. Final remarks

Since its publication in 1935, Theodorsen’s theory has
established the foundations of aeroelasticity. The aero-
dynamic forces for a typical section airfoil were defined
in terms of coefficients for which Theodorsen’s report
(Theodorsen (1935)) does not present a complete math-
ematical demonstration. Some of these coefficients
cannot be defined directly by solving an integral because
they require recursive solutions to be explicitly deter-
mined. In this context, this paper presented the most
common typographical errors found in the definition
of these coefficients. The corrected coefficients were cal-
culated and are listed in Appendix 2 for easy reference.
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Appendix |I. Aerodynamic force and
moments

According to Theodorsen, the total aerodynamic force and
moments for each degree of freedom are given by

F, = —pb2<Vm5t + 7th — whad — V4B — leB>
. 1
—2anbC|:Va+h+b(§—a>ok

1 1 .
+—T10Vl3+b—T11/3:| (3
T 2

M, = —pb* [n(%— a) Vbd—i—rrbz(%—az)d

1
+(Ty + Tho)V* B+ <T1 — T3 —(C—G)T4+§T11>

X Vb — (T3 + (c — a) T — anbh}
2 1 . 1 .
+2pVb 7 a—l—z ClVa+h+b E—a o
1 1 .
+—T10Vﬂ+b—T11ﬁ:| 9)
T 2

1
My = —pb2[<—2T9 — T+ Ty (a — 5)) Vb + 2T 13b%6
1 1.
+=V2B(Ts — T4T1o) — ~— VbBT4 Ty
b4 2
1 .. .
——T5b* B — leh}
T
. 1
- pVszlzC[Va +h+ b(E — a)oz

1 1 .
+—T10Vﬂ+b—T11.3] (10)
T 21

where p is the air density, V' is the airspeed, and C is
Theodorsen’s function. Theodorsen (1935) presents
these quantities considering the sequence «, 8, and h.
However, in the literature, they are commonly orga-
nized in matrix form, considering the displacement
vector explicitly defined by u={/ « 8}".

Al.l Aerodynamic forces in matrix form

The general aerodynamic force in matrix form F,(s) =
qQ(s)Hu(s) involves the matrix Q(s'), also termed the
generalized aerodynamic influence coefficient matrix,
which is given by

Q(s') = 26’ [Mie(s)” + (Bye + C(s)R;Sy)s’

+Knc + C(S/)Rlsl] (11)

where s’ =ik is the Laplace variable defined in terms of
the reduced frequency k, i is the imaginary number,
and the subscript “nc” indicates the noncirculatory
part. The reduced frequency is computed by k=wb/V,
where w is the angular frequency in rad/s. The following
matrices are obtained through a rearrangement of equa-
tions (8), (9), and (10), and considering the aeroelastic
displacement vector equal to u={h a g}

- wa T
My = | ma —n(@®+1/8) —2T)3 (12)
Ty —2T13 T;/7
0 —7a T4
Bie=|0 n(a—1/2) —Ti (13)
0 —T1 =T/
0 0 0
Knc =10 0 _TIS (14)
0 0 —Tlg/JT
Ri=[-27 2n(a+)) —Tn] (15)
Sl Z[O 1 T10/7T] (16)
SQ:[I (%—a) %] (17)

Appendix 2. Theodorsen’s coefficients

Each coefficient can be computed using the following
equations, where « is the location of the elastic center,
measured from the aecrodynamic semi-chord (b), and ¢
is the location of the control surface elastic center, mea-
sured from the aerodynamic semi-chord

1
Ti=—3V1 —2(2+¢*) 4 ccos™' ()

Tr=c(1—=c*) = V1 —=c(1+c*)cos™(c)
+ c(cos’l(c))2

T;=— (é + 62) (cos_l(c))2

+%c 1—c2cos™(¢)(7+2¢%) —é(l — ) (5 +4)
Ty =—cos H(¢)+ V1 —¢2

Ts=—(1-¢)~ (COS?l(C))2+2cx/1—:vcEcos’l(c)
Te=T>

1 1
T, = —(g—i-cz) cos’l(c)+§c«/1 —c2(7+2¢%)
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where

Ty = —%\/1"—?5(2(:2 + 1) + ccos™'(c)
171 3 1
Ty :—[— <v1 - 02> +aT4:| =§(—P+QT4)

213

o)
Tio=~1-—2+ cos!(c)
Ti = cos ' (&)1 = 2¢) + V1 =22 —¢)
T, = M(Z +¢)—cos N (e)2e+ 1)

T3 = %[—T7 —(c—a)T]

T = -4 Lac
4=T16 2%

Tis=T4+ Ty

T,
TIGZTI_TS_(C_a)T4+%

1
Ty = 2Ty — T +(a—§)T4

Tig=Ts— Ty4Tho

1
Tyg = —§T4T11



