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Abstract

This paper proposes a robust switched model-based predictive controller design for
discrete linear systems with state constraints, inputs, and disturbances limited in norm.
Modeled via linear matrix inequalities, the online and offline designs of the proposed
control aim at minimizing the upper bound of the quadratic performance index for
a horizon of infinite prediction associated with the state estimator and the switching
rule, seeking to guarantee the robust stability for closed-loop systems. To this end,
three theorems are formulated. To demonstrate the effectiveness of the control strat-

egy, a comparative analysis is performed between the performance of the proposed
model and a benchmark method. From the results, it is possible to conclude that the
proposed method is promising in the scope of control of linear systems subject to
switching, being more efficient than the benchmark for the stabilization and control
of both numerical examples.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Dynamic systems can be classified as linear or nonlinear. A system is said to be linear when the super-
position principle can be applied to it, otherwise, the system is classified as nonlinear. In practice, most real
systems are nonlinear, and the study and control of this type of plant is a recurring challenge in the literature
[1].

For nonlinear problems, there is also the aggravating factor that, in some cases, it is not possible to apply
certain control techniques. Therefore, it is necessary to use linearization methods to obtain linear models that
describe the dynamics of the plant as accurately as possible [2]. However, the linearization methods available
for this purpose are not always adequate, which consequently makes it difficult for the control synthesis [3].

An alternative to circumvent this problem is based on the concept of local linear models that compose a
global nonlinear model. Such a method consists of linearizing the model for two or more operating ranges
while preserving the nonlinear dynamics of the system. This enables the application of several control strate-
gies, from gain scaling to switching between subsystems [4].

The main works covering the fundamental concepts of switched linear systems date from the early 2000s
and are presented in Liberzon [5] and Liberzon and Morse [6]. Since then, the studies about this method have
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been gaining emphasis, being possible to mention the works of Dey et al. [7], Kairuz et al. [8], Najson [9], and
Poonawala [10].

Among the control methods applied to switched linear systems, the predictive approach stands out. In
this context, it is worth mentioning the research involving the works of Hall and Bridgeman [11], Marcolino
et al. [12]. In Hall and Bridgeman [11], the authors develop a study about exogenous switching in the context
of switched predictive control, and in Marcolino et al. [12], the authors explore the application of predictive
control and the switching action between two or more control laws designed through linearized processes as a
function of structured uncertainties.

Similarly, the works of Kiani et al. [13], Liu et al. [14], Monasterios and Trodden [15] can be mentioned.
In Kiani et al. [13], the authors propose a robust switched predictive control for controlling generators in wind
energy applications. In Liu et al. [14], a switched predictive control approach is proposed for the actuation
of permanent magnet synchronous motor drives, ensuring a fixed switching frequency while preserving the
dynamics of the predictive control. Finally, in Monasterios and Trodden [15], the feasibility of implementing
decentralized predictive control to switched linear systems is discussed.

Still, in the scope of predictive control, it is possible to mention the works of Barzegarkhoo et al. [16],
Sleiman et al. [17]. In Barzegarkhoo et al. [16], the authors control the current injection in electrical distri-
bution networks by three-phase inverters and apply predictive control associated with the switching operation
among different control arrangements. In Sleiman et al. [17], the authors propose the implementation of a
switched model predictive control (MPC) method for controlling the speed and position of robots.

Finally, we highlight the works of Nabais and Lemos [18], Khan et al. [19]. In Nabais and Lemos [18], the
synthesis of adaptive predictive control based on multiple linear subsystems is proposed, where the local con-
trol laws incorporate a model-based predictive control algorithm, and the global control action is determined
by a switching rule. In the Khan et al. [19], a switched predictive control method is applied to a seven-level
three-phase single-source inverter topology for grid-connected photovoltaic applications.

Motivated by the aforementioned different switched predictive control approaches, in this paper, a synthesis
of a robust model-based predictive controller for switched discrete linear systems, called switched robust
model predictive control (SR-MPC), is proposed.

The proposed method is an extension of the control strategy proposed by Wan and Kothare [20, 21] and the
switching rule defined by Geromel and Colaneri [22, 23]. These works, use linear matrix inequalities (LMIs)
to solve their respective modeling and optimization problems.

The offline design of the proposed control approach seeks the minimization of the upper bound of the
quadratic performance index to an infinite horizon (IH), associated with the switched state estimator and the
switching rule, seeking to guarantee closed-loop robust stability of the system.

The main contributions of this work are highlighted below:

1. A synthesis of controllers by state and output feedback via robust MPC with a switching approach, is
developed. The proposed model has the advantage that it can be implemented in both online and offline
arrangements via look-up table (LUT). To the best of the authors’ knowledge, such an approach has not
yet been presented in the literature;

2. A model stability analysis using stability ellipsoids with emphasis on offline design via LUT is proposed,
inspired by Wan and Kothare [20, 21]. Moreover, an input and output stability analysis of the controller-
observer is conducted. The advantage of this approach is that it ensures the robustness of the closed-loop
output feedback design along with the best performance obtained through the stability ellipsoids and the
observer structure.

The main novelty of this study consists of a robust switched controller-observer model-based predictive
control design using an LMI approach summarized in an algorithm, in which feedback controller gains and
the ellipsoids boundaries are stored in the LUT along with the observer gains for each user-defined subsystem.
Differently from what was proposed in Benallouch et al. [24], in this paper, an evaluation of the performance
of the proposed controller by switching between the subsystems and the control action is performed. The
evaluation method is performed using nonintrusive performance indices and the temporal response of the
closed-loop system. Moreover, unlike the works verified in the literature, in this paper, an iterative method
is proposed with a switching approach that follows the principle of invariant stability ellipsoids for switched
systems. To validate the proposal, three theorems are formulated: in the first one, the design of the control by
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state feedback is formalized; in the second theorem, the design of the state observer is idealized; and in the
third theorem, the stability of the controller-observer set is characterized.

The remainder of this paper is organized as follows: in Section 2, definitions and an overview of the
proposed SR-MPC control technique and the switching rule are presented, based on the works of Wan and
Kothare [20, 21], Geromel and Colaneri [22, 23]. In Section 3, the application of the proposed control method
is performed in two distinct plants, and a comparative analysis is carried out between the control strategy
proposed in this work and the one presented in Benallouch et al. [24]. Finally, in Section 4, the conclusions of
the study and proposals for future work are presented.

2. Problem Statement

For the synthesis of an output feedback control, both in online and offline arrangements, three steps must
be followed. In the first step, the state feedback gain, which will be described in Theorem 1, is determined. In
the second step, a state estimator, which can be verified in Theorem 2, is independently designed. Finally, in
the third step, the stabilizability and robustness of the combined observer-controller set are verified, as will be
described in Theorem 3.

2.1. Initial Considerations

Initially, consider a linear system subject to switching, as shown in (1).

x (k+1) = Agx (k) + Bgou (k) + W g ow (k)
2 (k) = Cgox (k) + D gt (k)

In (1), x(k) € R" are the states of the system, u(k) € R™ is the control signal, z(k) € R? is the output
signal, and w(k) € R" is the system disturbance, defined in (2). Moreover, A is the state matrix, B is the input
matrix, W is the disturbance matrix, C is the output matrix, and D is the direct transition matrix. All these
matrices vary according to the switching rule that, at each time instant, selects a given local model from the set

composed of the N subsystems, which describe the dynamics of the global model, available for the switching
action, as expressed in (2) and (3).

e))

W= {weR |[|W], < wn @)
ck)eN, N={1,2,..., N}, Vk>0 (3)
Based on Geromel and Colaneri [22, 23], the Lyapunov stability criterion for switched systems is assumed,
as shown in (4), and the switching rule is considered, as shown in (5).

V (x (klk), 0 (k) = x (k|k)" Pgox (k|k) “

c(x(k)=arg min _ x(klk)" Pggx (klk) )
O(k)y=i€

In (4) and (5), Pgy is the stability matrix of the respective subsystem and the notation x(k,|k,) corre-
sponds to the system states at time k, predicted from time k,. Equations (4) and (5) denote the application
of Lyapunov’s stability criterion to a given switched system and the switching rule, respectively. The nota-
tion o(k) indicates that the respective matrix is subject to switching at each instant of time k. The switching
signal depends on the system states and the project follows the procedure proposed by Geromel and Colaneri
[22, 23].

Moreover, suppose that there are constraints imposed on the control signal and the behavior of the states,
as described, respectively, in (6) and (7).

U= iu(k) D-w <wti(k) <wulzg=1,2, ., mi (6)
X={x(k) : =x2 <x"(k)<x’,v,=12, ..., n @)

In (6) and (7), z,, is the size of the input signal array and v, is the size of the state array on the z-plane. For
the synthesis of the SR-MPC, consider the quadratic performance index to an IH, as proposed by Benallouch
et al. [24], expressed in (8).

10 = 3 (I Wl +lu (0l =4 lw ol ) ®)

In (8), u(k) is the control signal for the system, x(k) and w(k) are the predicted state variables and the
exogenous noise variables, respectively. J . (k) is the quadratic cost function at time k over an infinite horizon
to an implicit function of the sequences of switching signals of the model, 4 > 0 is known as the noise

. T T
attenuation constant, R, = C5 . C5) > 0, R, = D 5, Dy > 0,and R, > 0.
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2.2. Synthesis of the Controller
From the considerations presented in Subsection 2.1, Theorem 1 is proposed.

Theorem 1. Consider the switched system defined in (1), subject to (5) — (7), and a control law u (k) =

F g x (k) with F ) = Xa(k)Go-(k) It is possible to determine F 5, € {Fl, F,, ..., FN} (state feedback
gains) and G g, € {Gl, G, ..., GN} (stability matrices) for each available subsystem during the switching
process, if any S gy = SO‘(k) 20,654, 20, Vgy >0, Xgu) >0, Zgy, > 0,1n>0, and pu > 0 exist, such
that the optimization process (9) — (13) is feasible.

min
S6.Go. Xo' ©)
subject to:
G+G -8, x & %
AG, + B, X, S * *
c.G,+DX, 0 g1 s [Z0 (10)
0 nW! 0 nuR,
1 * *
Py MWL, % | 20 an
x (k|k) 0 S,
z,
¥ earos|z0 02
| £ * *
AG +BX, o] (G+G-S) = |20 (13)
w. 0 o |

U max

2
In Theorem 1, Z f" < (ulzl‘rfn ) and V;.)" < (xfl - ) Moreover, the norm-limited disturbance is described
— 2 :
by Wy« and @, = 1 + w; . The attenuation constant and the upper bound of the performance index are
given, respectively, by 4 = \/ﬁ and g = \/ﬁ It is worth mentioning that the proposed optimization process
can be performed as a function of y or #, and to avoid issues related to bilinear terms, # or y are treated as the
objective function and as a design parameter, respectively.

Proof. See Appendix A. U

Regarding the LMIs present in the minimization process described in Theorem 1, it is worth emphasizing
that the control law u (k) = Fg(yx (k), with Fgy) = X O'(k)Go'(k)’ follows directly from LMI (10) and
it guarantees the stability of the system subject to switching (1) by minimizing the performance index (8).
However, it does not guarantee the robustness of the system during the control action.

To solve this problem, the design method proposed by Kothare et al. [25] was adopted, according to
which, the existence of invariant ellipsoids limiting the behavior of the states on the plane composed by them
guarantee the robustness of the control action for the entire iterative process.

Varying as a function of the switching rule (5), the stability ellipsoids, subject to the switching between the
L subsystems, available in the course of the switching action, can be defined by (14).

_ n
—{xEIR oW

XTG> x31} (14)

The use of the artifice shown in (14) in the synthesis of the controller results in the formulation of the LMI
(11), being one of the greatest advantages of this work in comparison to the one developed by Benallouch
et al. [24], whose control strategy considers only the ellipsoid corresponding to the initial condition of the
system. By considering not only the initial condition in the iterative process, but also the values of the states
of the system for each instant of time, the proposed method guarantees the robustness of the model for the
entire iterative process regardless of the initial condition, in addition to enable the model to be implemented
online.

Finally, it is worth noting that the LMIs (12) and (13) correspond, respectively, to the constraints of the
control signal and the behavior of the states (6) and (7), associated with the switching rule (5). The proposed
model makes the closed-loop system globally asymptotically stable.
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2.3. Online and Offline Algorithms

The SR-MPC, characterized by Theorem 1, can be implemented under two distinct arrangements: the on-
line and the offline SR-MPC. In the online arrangement, the gain of the controller is determined automatically
at each sampling instant. This implies an increasing computational effort as the complexity of the processes
increases [20, 21].

The offline arrangement consists of obtaining the control law using interpolations over a LUT based on
the existence of the stability ellipsoids initially proposed by Kothare et al. [25]. Furthermore, the offline
model allows the simplification of the control law for which it is sufficient to insert the LUT into a given
microcontroller, for practical applications.

Algorithms 1 and 2, respectively, didactically indicate the implementation method of the online and offline
arrangements of the SR-MPC proposed in this paper.

Algorithm 1. Online SR-MPC

Consider an initial condition x (0), such that it satisfies || x (0)||2G_1 <l
O
Let k < 1, then follow the steps:

I From Theorem 1, determine the state feedback gain and stability matrix that describe the stability ellip-
soid that circumscribes the system states at instant k.

11 While k < kg, check if the states of the system satisfy the condition ||x (k)||2G_1 <1
O (k)
i — Ifthey satisfy, stop the iterative process;
ii — If they do not satisfy, let k < k + 1 and return to Step 1.

Algorithm 2. Offline SR-MPC

Consider an initial condition based on the impulse response x, € X°.

Admit a sequence of minimizers (Theorem 1): n, or u,, S;, G, Xy, Z,, andV, fork =1, 2, 3, ..., k,,
subject to (4) — (7) and the LMIs (9) — (13).

Let k < 1, then follow the steps:

1 Evaluate the minimizers n, or yy, Sy, G, X, Z,, and V| applying the additional constraint G,_; > G,
(ignore for k = 1) and accumulate G;l and X in the LUT.

11 While k < kg, check if the states x, ., satisfy the condition ||xk+1 ||2G—l <l
O (k)

i — Ifthey satisfy, stop the iterative process;
ii — If they do not satisfy, let k < k + 1 and return to Step 1.

11 If k > k, apply the control law u (k) = F g% (k), where F g, = Xo-(k)Gg.l(k), calculated from the
LUT constructed in the previous steps.

2.4. State Observer

Aiming at the synthesis of the robust state observer via LMIs applied to the switched system (1), it is nec-
essary to consider the estimated system (15) and, from the superposition principle [1], Theorem 2 is proposed.

{ Rk+1) = Agyo® (k) + Beout (k) + W g ow (k) + Lo, (2 (k) — 2 (k)

A u N (15)
2(k) =CgyX (k) + Dgyu(k), x(0)=0

Theorem 2. Consider the estimated system (15) subject to the switching rule (5) and the rate of decay of the es-
timation error & (0 < & < 1). Then, it is possible to determine the state estimation L, € {Ll, L, ..., L N}

where L) = G! Y 5k if there exist matrices Qg = Q 20 Ggy 20, and Y gy > O, such that

(k)
the LMI (16) is satisfied.

T
O (k)

gz(Gi + GIT -Q) *
AiGi - CiYi Qi =0 (16)

Proof. See Appendix B. O
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2.5. Closed-Loop Stability

To verify the closed-loop stability of the controller-observer set applied to the system (1), Theorem 3 is
formulated.

Theorem 3. Consider the state matrix of the model that describes the dynamics between the real and estimated
systems, as in (17).
A = [ Ao ) BoiyFow (17)
" LowCow) Acw t BowFow —LowCow
The observer-controller set, subject to the switching rule (5), will be globally asymptotically stable if there
exist the state feedback gains F s, a state estimation gain L ), characterized, respectively, in Theorems |
and 2, and matrices QO‘(k) =0
feasible response.

g.(k) > 0 and Gg, 2 0 of appropriate order, such that LMI (18) presents a

(18)

Q,- + ng - Qi *
AG, c,] =0

Proof. See Appendix C. U

3. Tests and Results

In this Section, the control theory developed in Section 2 will be applied to two different plants. The
objective is to compare the numerical results with those achieved by the method proposed by Benallouch et al.
[24]. In all the examples, it is assumed that the system is described by two linear subsystems: (1), shown in
(19) — (21), and 6(2), described in (22) — (24).

For validation of the proposed control strategy, two distinct situations are considered: in the first one, the
system states are available and, therefore, the control is performed using state feedback (SF). In the second,
the system states are not available, and, therefore, it is necessary to implement output feedback (OF) through
the proposed switched state observer.

For solving the LMIs, SeDuMi and YALMIP are used, since YALMIP allows problems involving convex
programming to be represented in a more natural way in MATLAB, automatically making an interface with
SeDuMi [26]. The tests were conducted on a computer with a 2.20 GHz 8" generation Intel® Core™ i3
processor and 8 GB of RAM.

3.1. Example I

For the implementation of the first example, consider the parametric model given in (1), where the state,
input, output, disturbance, and direct transition matrices are given in (19) — (21) for subsystem o (1) and
matrices (22) — (24) will be used for subsystem o (2).

—-0.050 0.000 0.10 0.00
0.000 -0.300 0.00 0.10
A= -0.125 0.125 0.00 0.00 (a9

0.125 -0.125 0.00 -0.15

0.20 0.05
0.80 0.03

B, = 0.00 W= 0.02 (20)
0.10 0.03

~0.150 0,060 030 —0.06
0000 —0.900 000 030
A= 0375 0375 000 000 22)

0.375 -0.375 0.00 -0.45

0.60 0.03
2.40 0.09

B, = 0.00 W= 0.06 (23)
0.30 0.15
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Table 1

Look-Up Table Obtained for Example |

et o (1) c(2)

1.00  F =[-0.0166 0.5080 0.0608 —0.0401] F =[-0.0080 0.4925 0.0831 —0.0372]
0.50  F =[-0.0166 0.5082 0.0608 —0.0401] F =[-0.0080 0.4924 0.0831 —0.0371]
030 F =[-0.0166 0.5081 0.0604 —0.0402] F =[-0.0080 0.4924 0.0832 —0.0372]
0.20 F =[-0.0166 0.5088 0.0609 —0.0399] F =[-0.0080 0.4922 0.0833 —0.0371]
0.15 F =[-0.0166 0.5084 0.0608 —0.0400] F =[-0.0080 0.4923 0.0833 —0.0371]
0.10 F =[-0.0166 0.5085 0.0608 —0.0401] F =[—0.0080 0.4924 0.0833 —0.0372]
0.07 F =[-0.0166 0.5084 0.0608 —0.0401] F =[-0.0080 0.4926 0.0832 — 0.0372]
0.05 F =[-0.0166 0.5086 0.0608 —0.0401] F =[-0.0080 0.4925 0.0832 —0.0372]
0.035 F =[-0.0166 0.5089 0.0607 —0.0399] F =[-0.0080 0.4920 0.0834 — 0.0372]
0.001 F =[-0.01660.5121 0.0612 —0.0388] F =[-0.0080 0.4914 0.0836 —0.0372]

The initial condition for obtaining the time response for the simulated cases is given in (25).

X©0)=[ 1.00 -1.00 0.00 0.00 ]T (25)

To perform a comparative analysis between the cited methods, both models were submitted to the same
switching sequence, shown in Fig. 1, determined by the switching rule, characterized in (5). In this context, it
is important to note that in Benallouch et al. [24], the authors did not evidence the switching sequence of the
proposed model.

o (k)

0 2 4 6 8 10
Time (s)
Figure 1: Switching sequence for the system of Example I.

By assuming the presence of a gaussian noise signal with standard deviation of 1.2 and R, = I, the
same excitation vector based on the impulse response adopted by Wan and Kothare [21], and constraints
imposed on the input signal and states, ulzl‘;n = 1.0 and xﬁ‘;n = 1.0, it was possible to construct the LUT (for SF)
for 6 (1) and o (2), as shown in Table 1.

Fig. 2 presents the stability ellipsoids related to the interaction of the states of each subsystem, constructed
from the stability matrix Gi_1 , the excitation vector xie‘, and Table 1.

According to Wan and Kothare [21], the stability matrix corresponds to an ellipsoidal set on the plane
composed of the interaction of the system states and tends to the origin of the plane in steady-state as the
system reaches asymptotic stability, a fact observed in all the stability ellipsoids illustrated in Fig. 2.

In Fig. 3, the process of minimizing the objective function for the presented problem is illustrated. As
previously discussed, for the solution of the LMIs that describe the proposed control, it is necessary to fix y
or # when searching for the optimal solution, thus avoiding issues related to bilinear terms. For the simulation

of Example I, the value of y = \/ﬁ was fixed when # was minimized.

In Fig. 4 and Fig. 5, it is possible to observe, respectively, the states of the system and the state feedback
control signal. In both cases, the curves in red are from the control strategy presented by Benallouch et al.
[24], while those in blue are the result of the proposed model.

When simulating the second implementation condition, with OF, which considers the nonavailability of the
system states for state feedback, two sets of gains for the switched-state observer are obtained, with a decay
rate of the estimation error defined as & = 0.1, as per (26) and (27).

Ly, = [ —04070 —2.1655 09328 —1.4922 |" (26)
Lo = | —14676 84352 4.0131 -7.1576 | @7

Fig. 6 and Fig. 7 show, respectively, the estimated states of the system and the control signal via output
feedback. When analyzing the curves and comparing them with the response of the system via state feedback
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2.0 1.0 0.4
1.0 0.5 0.2
-10 -0.5 02
-2.0 -1.0 -0.4
2.0 0.0 2.0 2.0 0.0 2.0 -2.0 0.0 2.0
X X1 *1
1.0 0.4 0.4
05 02 02 /_\
<00 300 J 00
0.5 -0.2 -0.2 u
-1.0 04 0.4
-20 0.0 2.0 -20 0.0 2.0 -1.0 0.0 1.0
X3 X2 X3
(@)
1.0 2.0 2.0
0.5 1.0 1.0
00 £ 00 I 00
-0.5 ~10 -1.0
-1.0 2.0 -2.0
-20 0.0 2.0 -2.0 0.0 2.0 -2.0 0.0 2.0
Xq X X1
2.0 2.0 2.0
1.0 1.0 1.0
<00 3 00 J 00
-1.0 -1.0 -1.0
-20 -20 20 :
-1.0 0.0 1.0 20 0.0 2.0 -2.0 0.0 2.0

X2

(b)

X3

Figure 2: Stability ellipsoids for (a) subsystem 1 and (b) subsystem 2 of Example |.

(Fig. 4 and Fig. 5), it is verified that the time response of the controller-observer model presents smaller
amplitudes, both in the behavior of the states and in the control signal. It is worth noting that the estimated
model was also subjected to the same switching action illustrated in Fig. 1.

To perform a quantitative analysis of the efficiency of the presented arrangements, the nonintrusive perfor-
mance indices discussed in Shinners [27] were used, according to which, the closer the index is to zero, the
greater is the efficiency of the simulated control. In Table 2, the indices integral absolute error (IAE), integral
squared error (ISE), integral time-weighted absolute error (ITAE), and integral of time multiplied square error
(ITSE), obtained from the implemented models, are presented.

In Table 2, in red, are the performance indices obtained from the proposal of Benallouch et al. [24], in
black, the indices referring to the proposed strategy for the SF case, and, in blue, the indices for the proposed
strategy for the OF case. By analyzing Table 2, it is possible to observe that the offline SR-MPC controllers, SF
and OF, presented better results when these are compared with the results obtained from the control strategy
proposed in Benallouch et al. [24]. Moreover, the OF control strategy presented the best indices.
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0.0 o——o— '
0.0 0.2 0.4 0.6 038 10

set

X

Figure 3: Minimization of  for u = /0.3, Example .

[ —8—Benallouch et al. [24]  —@— Proposed Model |

1.0 0.5
0.5 0.0
S S
Y %'
0.0 -05
-0.5 -1.0
0 5 10 0 5 10
Time (s) Time (s)
0.5 1.0
0.0 0.5
£ £
< <
-05} 0.0
-1.0 -0.5 .
0 5 10 0 5 10
Time (s) Time (s)

Figure 4: System behavior with state feedback control for Example 1.

.O
o

o
=)

Ilnput Signal
&
[

|
S o
N

[ —&—Benallouch et al. [24] —&— Proposed Model |

~

0 2 4 6 8 10
Time (s)

Figure 5: State feedback control signal for Example .

3.2. Example II

For the implementation of the second example, consider the parametric model given in (1), where the
model matrices, for the two subsystems, and the initial condition, are given, respectively, in (28) — (31) and
(32).

028 0.06 0.02 0.02
A= [ 0.10 0.14 ]Bl = [ 0.10 ]Wl = [ 0.03 ] (28)
C =1, D=0 (29)

~05 02 0.80 0.30
A2=[ _12 04 ]B2=[ 1.20 ]W2=[ 0.40 ] (30)

Carvalho et al.: Preprint submitted to Journal of the Franklin Institute Page 9 of 17



1.0 0.02
0.5 0.01
S S
> By
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Figure 6: System behavior with output feedback control for Example .

0.01 T T T T T T T T T

0.0

Input Signal

-0.01

0 1 2 3 4 5 6 7 8 9 10
Time (s)

Figure 7: Control signal from the observer-controller system of Example .

Table 2
Performance Indices for Example |

Benallouch et al. [24] Proposed SF Proposed OF

IAE 3.3241 2.1123 0.3726
ISE 2.1960 12314 0.0341
ITAE 3.0974 1.4330 0.4734
ITSE 1.2416 0.2458 0.0352
C,=1,, D,=0 (31)
xO=[10 -10]" (32)

As in Example I, both models were subjected to the same optimal switching sequence, shown in Fig. 8,
determined by the switching rule defined by (5).

o (k)

0 2 4 6 g 10
Time (s)
Figure 8: Switching sequence for the system of Example Il

To implement the numerical simulations for Example II, the same parameters and disturbances applied to
Example I were adopted, with a single difference that the standard deviation of the gaussian noise signal for
this case is 2.2. From the above, Table 3 presents the LUT (for SF) obtained for o (1) and & (2).

In Fig. 9 (a) and Fig. 9 (b), the stability ellipsoids referring to the interaction of the states of each subsystem

are illustrated, constructed from the stability matrix Gl._l and the excitation vector xjet, presented in Table 3.
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Table 3
Look-Up Table Obtained for Example Il

X a(1) c(2)

100 F=1x10"°[0.0001 0.0006] F =[0.8715 —0.0119]
0.50 F =1x10-5[0.0004 0.0078] F =[0.8716 —0.0117]
030 F=1x10-5[0.00020.0033] F =[0.8718 —0.0116]
020 F=1x10-5[0.0017 0.0339] F = [0.8720 — 0.0115]
0.15 F=1x10-5[0.00020.0034] F =[0.8717 —0.0120]
0.10 F=1x10-5[0.00080.0164] F =[0.8721 —0.0117]
007 F=1x10-5[0.0021 0.0416] F =[0.8717 —0.0115]
005 F=1x10-5[0.00160.0330] F =[0.8711 —0.0120]
0.035 F=1x10"5[0.00110.0230] F =[0.8710 —0.0113]
0001 F=1x10"[-0.0180.3443] F =[0.8717 —0.0118]

15 15
10 10}
0.5 0.5
10,0 0.0
-0.5 -05
—10f -10}
_1.5 1 1 1 1 1 _1'5 1 1 1 1 1
215 10  -05 0.0 0.5 1.0 15 =15 -10 -05 0.0 0.5 1.0 1.5
X1 X1
(@) (b)

Figure 9: Stability ellipsoids for (a) subsystem 1 and (b) subsystem 2 of Example II.

Fig. 10 illustrates the temporal dynamics of Fig. 9. These refer to the simulated optimization process for
the offline algorithm.

1.5 1.5
1.0 1.0
0.5 0.5
0.0 0.0

o o

= =
-0.5 -0.5
-1.0 -1.0

(b)

Figure 10: 3-D stability ellipsoids for (a) subsystem 1 and (b) subsystem 2 of Example II.

By analyzing Fig. 9 and Fig. 10, it can be observed that, in both cases, the ellipsoids converge to the
center and tend to the origin of the plane in the steady-state. Moreover, the excitation vector xiet (red curve)
remains within the region bounded by the stability ellipsoids, a fact that implies the robustness of the system
and, consequently, the optimal convergence of the algorithm [25].

In Fig. 11, the minimization process of the objective function of the set of LMIs, (9) — (13), is presented.
In the simulation, the value of y = 4/0.2828 was fixed and the minimization of # was sought for the offline
process.

By analyzing Fig. 9 to Fig. 11 and Table 3, it is possible to observe the overview of the convergence
process of the proposed algorithm in a detailed way, since it is possible to associate each line of the LUT to
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Figure 11: Minimization of  for u = 1/0.2828, Example II.

each element of x**' and the respective stability ellipsoid and verify the robustness of the process according to
1 p y ellip y p g

the criteria described in Kothare et al. [25].
From the state feedback gains shown in Table 3, it is possible to obtain Fig. 12, which shows the behavior
of the system states, and Fig. 13, that shows the control signal via state feedback.

1.5 T T T T

—B—Benallouch et al. [24]  —&— Proposed Model |

o 2 4‘1 ‘6 8 10
Time (s)
Figure 13: State feedback control signal of Example II.

In Fig. 12 and Fig. 13, the red curves are from the control strategy presented by Benallouch et al. [24],
while the blue curves are obtained from the proposed method. It can be verified that, in both figures, the
system response via SF using the proposed method was very close to that presented by Benallouch et al. [24].
However, further analysis using performance indices will show that the strategy addressed in this work is more
efficient.

When simulating the second implementation condition, with OF, i.e., considering the nonavailability of
system states for state feedback, two sets of gains for the switched-state observer are obtained, (33) and (34),
with an estimation error decay rate £ = 0.1.

Loy = 01723 -0.0381 | (33)

Lo =[ 01196 —0.1455 |" (34)

Fig. 14 and Fig. 15 show the estimated system states and the control signal via output feedback, respec-
tively.
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Figure 14: System behavior with output feedback control for Example Il for (a) x,(k) and (b) x, (k).

x1073
1

Input Signal

Time (s)

Figure 15: Control signal from the observer-controller system of Example II.

Table 4
Performance Indices for Example |l

Benallouch et al. [24] Proposed SF Proposed OF

IAE 1.5567 1.3735 0.0688
ISE 1.0989 1.0542 0.0011
ITAE 0.7186 0.5427 0.1908
ITSE 0.1045 0.0588 0.0025

By analyzing Fig. 14 and Fig. 15, it is possible to infer that, as in Example I, the response of the observer-
controller set also presented lower amplitudes, both in the behavior of the states and in the control signal.

Finally, a quantitative analysis of the efficiency of the three arrangements presented using the nonintrusive
performance indices IAE, ISE, ITAE, and ITSE, is performed. The results of this analysis are shown in Table
4.

In Table 4, the results described in red, black, and blue are characterized exactly as they were defined
for Table 2. When analyzing Table 4, it is possible to observe that the offline SR-MPC controllers, SF and
OF, presented better results when these are compared with the results obtained from the control strategy of
Benallouch et al. [24]. Again, the OF control strategy presented the best indices.

4. Conclusion

In this paper, three theorems were formulated for the synthesis of robust model predictive control (RMPC)
and a state observer, both designed via linear matrix inequalities and applied to switched linear systems. In
addition, the proposed control was implemented in the offline arrangement, since the online model requires
more computational effort, which makes its application for higher complexity or high order systems infeasible.

To determine which control strategy (state feedback or output feedback) via switched robust-model predic-
tive control (SR-MPC) is more efficient, a series of comparative analysis between the proposed models and a
benchmark, using two different plants, were performed. It is worth mentioning that, among the analyzed char-
acteristics, emphasis was given to the time responses of the systems under gaussian disturbances, nonintrusive
performance indices, and robustness analysis via stability ellipsoids.

In view of the obtained results, it was verified that the proposed control strategies presented better perfor-
mance than the benchmark method in all examples and simulated cases, with emphasis on the output feedback
control arrangement.

As a proposal for future work, there is the possibility of developing research both in modeling and simu-
lation, as well as for applications in experimental problems. In these cases, it is possible to develop studies
involving modeling of the proposed control for linear parameter varying systems and for systems whose un-

Carvalho et al.: Preprint submitted to Journal of the Franklin Institute Page 13 of 17



certainties are polytopically modeled, both subject to switching, and applications of SR-MPC for the control
of electromagnetic power converters, such as the buck and boost converters.

A. Proof of Theorem 1
Proof. Suppose that (1) can be rearranged as a closed-loop system, as described in (35).
x(k+1) = (Agu + BowFow) X (k) + W ggw (k)
{ z(k) = (Cou) + DowFow) x (k)

From (35), it is possible to obtain the state and output matrices of the closed-loop model given, respectively,
in (36) and (37).

(35)

Acwy = Acw + BowFow (36)

Cowy=Cow + DowFouw 37

To minimize the performance index defined in (8) it is necessary to apply the concepts of H  norm filter-
ing, Lyapunov stability, defined in (4), and use (36) and (37) in (35) to formulate the inequality (38), based on
the same principle adopted by Benallouch et al. [24] and Kothare et al. [25].

x (k)" <Ao-(k)P0'(k+l)AO'(k) - Pggy + CO'(k)CO'(k)> x (k) + w (k)" <Wg-(k)P0'(k+l)W0'(k) - /IZRW> w(k)+

2x ()" (Aggy Py W o)) w (k) <0

(38)

By separating x (k)T and w (k)" on the left-hand side, and x (k) and w (k) on the right-hand side, it is
possible to rewrite (38) into (39).

=T = =T A .
[ AswPournAow ~ Pow + Cow Cow * <0 (39)

T T 2
AowPownWow WowPowryWouw =4 Ry

By applying Schur complement to (39) and rearranging the inequality, it is possible to formulate (40).

_ Ps * * *
AO'(k_)PO'(k+1) Po ) * *
>0 40
) , 0 1 2* = (40)
0 Wo.(k)Po-(kH) 0 AR,

For simplicity, leti = 6(k), j = o(k+ 1), u = A2, P, = nSi_l, and P; = nSJTl in (40). From the above, by
inspection, it is possible to obtain (41).

nSi_l * * *

ApS7! s

'7CJ ’70, j : >0 (41)
0 Wwins' 0 uR,

By applying the relaxation concept proposed by Cuzzola et al. [28], it is possible to assume the existence
of an invertible matrix G of appropriate order, and it is possible to pre and post multiply this matrix in (41) by
the diagonal block B = bdiag (GiT, S o 1 11). Therefore, it is possible to rewrite it as (42).

G+G -8, x % %

G,A, S = *
i J >

GC, o a1« |Z° “42)
0 nW! 0 nuR,

By using (36) and (37) in (42) and performing the substitution X; = F;G,, it is possible to complete the
proof of the LMI (10).

To ensure the asymptotic stability of the closed-loop system at each sampling instant, consider the opti-
mization problem (43), subject to the stability condition (44).

: 2
pin p 3)

x (k|k)" P.x (k|k) + 22u? < p? (44)

max —

From (44), by inspection, it is possible to obtain (45), where P; = n.S l._l, n=p%and u = A°.
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1—x(klk)" ST x (klk) —n'pw?, >0 (45)

By rearranging and applying Schur complement on (45), it is possible to complete the proof of the LMI
(11).

To formulate the LMIs (12) and (13), it must be guaranteed that constraints (6) and (7) are satisfied. In
this case, the same procedures used by Kothare et al. [25] and Benallouch et al. [24] were adopted. First, to
aggregate control input constraints, consider that the Euclidean norm of the signal is less than or equal to the
maximum allowed signal, as expressed in (46) — (50).

lw? (Ol < wit, k=02, =1,2, ...m (46)
max|lu(ill, = max||Fx(b)]; (47)
- mwyfxers)) “
< max||x,6 4. 49)

€Ee
= |(X,G7)" 57812 (x,67)] (50)

In (46) — (50), € is an ellipsoidal set defined in (14), and these equations are formulated following the

“ )2 allowing to obtain (51).

procedure proposed by Kothare et al. [25] to ensure the condition ||u(k)||§ < (“nm

(ul )= X7 (G'S7'G,)" X, >0 (51)

lim

By applying Schur complement to inequality (51), the relaxation method of Cuzzola et al. [28], and as-

suming the existence of a positive semidefinite variable, Z; < (ulzl‘:n )2, where z, =1, 2, ..., m, it is possible
to formulate (52), concluding the proof of the LMI (12).

Z.

[x‘. G,+G - 5,|2" (52)

Given that the norm of the system states is less than or equal to the maximum allowed signal, as described
in Benallouch et al. [24], the system states can be written as (53) — (56).

llx* (k+ DI < xp¢. Vk>0, v,=1,2, ...n (53)
2 _ i x (k) ]
maxlx(e + DI =maxl|[ 4w, ]| 3G . (54)
2
_ 1/2
= max ||[A,87 w,] [Sf x (55)
X, Wee i ! w )
= (1+ w2, )[(AS)" S (4,5) +Wiw)| (56)

Vg

In (53) — (56), the control signal design condition is given by ||x(k)||§ < (x )2 and ¢ is an ellipsoidal set

defined in (14). From the set (53) — (56), it is possible to obtain (57).

lim

lim max

(x4 )2 - (1+w?,) [(jisi)T S,-_l (J,,S,.) + W,,TWI.] >0 (57)

By applying the relaxation process, (36) and (37), considering that V', < (xl')l‘r’n )2 wherev, =1, 2,..., n

and, by making X; = F,G, and w,,, = 1 + wfmx to apply Schur complement, it is possible to conclude the
proof of LMI (13) and Theorem 1.

O

B. Proof of Theorem 2

Proof. The interaction between the real (1) and estimated (15) systems, both subject to the switching rule
(5), allows determining the equation of the dynamic error expressed by (58), which will be minimized as the
estimated model approaches the temporal dynamics of the real model.

ek +1)=x(k+1)—x(k+1) (58)

According to Wan and Kothare [21], from the decay rate of the estimation error £, the gain of the estimator
L, can be defined if there exists a matrix Pg,, > 0, such that it satisfies inequality (59).
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Ee (k) Pguye (k) > ek + 1) Pgype(k+1) (59)
From (58) and (59), by inspection, (60) is obtained.

fzpo(k) - (AO'(k) - LG(k)CO'(k))TPO'(k)(AO'(k) - LG(k)CO'(k)) >0 (60)
By letting Qg ;) = P;.l( e Lsy, = Q;.l(k)Yo-(k), and adopting the relaxation method proposed by Cuzzola

et al. [28] (multiplying (60) on the left by G4, and on the right by Gg.(k)), it is possible to rewrite (60) as
o61).

sza(k)Q;—l(k)Gf;(k) - (AsGow — LO'(k)CO'(k))Q;)'l(k)(AO'(k)GG(k) - LoyCou)' 20 (61)
By letting i = (k) and applying Schur complement to inequality (61), (16) is obtained, thus concluding
the proof of Theorem 2. O

C. Proof of Theorem 3

Proof. By considering system (1), the deterministic state estimation model in (15), and Theorem 2, it is
possible to formulate (62).

{ £k+1)=(Agu — LowCou) X (k) + (Bou — LowPow) uk) + W gow (k) + Lggyz (k) )

2(k) = Copok (k) + Dggou(k), %(0)=0

From Theorem 1 it is possible to obtain the control law u (k) = F 5% (k). By considering D5, = 0,
(63) is obtained.

2(k+1)=(Agu + BowFow — LowCouw) & (k) + W guw (k) + Lggz (k) -
2(k)=Cgpi(k), %(0)=0
From (63) and the real closed-loop model (35), it is possible to obtain the augmented model (64).
_| As) By Fow x (k)
X+ )= LO'(k)CO'(k) AO'(k) + BO'(k)FO'(k) - LO’(k)CO'(k) [’A‘ (k)] 64

By subjecting (64) to the Lyapunov stability criterion given in (4), (65) can be formulated, where A,
and P, are, respectively, the state and stability matrices of the augmented model.

Pow ~ AswPowAsuw 2 0 (65)
By making Pg ) = Q;.l(k), where Qg ;) = Qg(k) > 0, admitting the existence of a positive invertible and
semidefinite G, and adopting the notation i = & (k), it is possible to rewrite inequality (65) as (66).

¢r'o7'6, - (A6) ¢ (AG6) 20 (66)

By applying the relaxation concepts proposed by Cuzzola et al. [28] and applying Schur complement on
(66), it is possible to obtain (18) and, therefore, conclude the proof of Theorem 3.
Hence, the observer-controller set will be globally asymptotically stable if there exist a feedback gain F g4,
and a state estimator Ly, as well as matrices G; and Q,, such that LMI (18) presents a feasible solution.
]
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