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“Rien dans la vie n’est à craindre, tout doit être compris.
C’est maintenant le moment de comprendre davantage, afin de craindre moins.”

Marie Curie



RESUMO

A epilepsia é uma das desordens neurológicas mais comuns no mundo, afetando milhões
de pessoas todo ano e apresentando implicações físicas, psicológicas e sociais que podem
comprometer significativamente suas vidas. Atualmente, há tratamentos que auxiliam a
mitigar a frequência e intensidade das crises, mas nenhum deles é plenamente eficaz, e
os mecanismos precisos que as causam também não são totalmente compreendidos ainda.
Isso tem motivado pesquisadores a abordar a epilepsia a partir de um ponto de vista
teórico, resultando no desenvolvimento de modelos matemáticos computacionais capazes
de elucidar a geração, sincronização e propagação de crises. O modelo Epileptor é um
marco nessa área de pesquisa devido a suas características altamente representativas,
implementação relativamente simples e aderência a observações experimentais. Similar-
mente, modelos baseados em dados também têm sido propostos na literatura para de-
screver as assinaturas temporais de registros eletrofisiológicos. Questões relevantes que
surgem nesse contexto são como obter modelos dinâmicos a partir de dados reais para os
quais um sistema de controle pode ser projetado e como definir a natureza das entradas
de controle que podem levar à atenuação de crises em ambos os modelos, teórico e exper-
imental. Nesse sentido, as principais contribuições desta tese são estratégias para definir
as entradas de controle capazes de suprimir ou mitigar as crises descritas pelo Epilep-
tor e sinais reais, baseadas no projeto de controladores, observadores e identificação de
sistemas. Ambos são desenvolvidos computacionalmente, mas superando uma série de
restrições numéricas, teóricas e práticas para obter uma abordagem final de controle com
forte apelo prático e potencialmente útil a médicos como ferramenta auxiliar para uma
melhor definição do formato, intensidade e frequência dos estímulos que devem ser apli-
cados para atenuar crises em terapias de estimulação elétrica. Os resultados demonstram
que é possível reconstruir e atenuar os padrões epileptiformes em ambos os modelos a
partir de sinais de controle específicos a cada nível de atividade cerebral, sendo também
consistentes com resultados previamente catalogados na literatura.

Palavras-chave: epilepsia; identificação de sistemas; atenuação de crises.



ABSTRACT

Epilepsy is one of the most common neurological disorders worldwide, affecting millions of
people every year and leading to physical, psychological and social implications that may
significantly compromise their lives. There are treatments today that help to mitigate
the frequency and intensity of seizures, but none is fully successful, and the precise mech-
anisms that trigger them are not yet completely understood either. This has motivated
researchers to address epilepsy from a theoretical point of view, resulting in the develop-
ment of mathematical computational models that provide insights into seizure generation,
synchronization and propagation. The Epileptor model is a breakthrough in this field due
to its highly representative features, relatively easy implementation and adherence with
experimental observations. Similarly, data-driven models have also been presented in the
literature to describe the temporal signatures of electrophysiological recordings. Relevant
questions that arise in this context are how to obtain dynamic models from real data
for which a control system can be designed and how to define the nature of the control
inputs that achieve seizure attenuation in both theoretical and experimental models. In
this sense, the main contributions of this thesis are strategies to define the control in-
puts able to suppress or mitigate the epileptiform activity described by the Epileptor and
real signals, based on the design of controllers, state observers and system identification
techniques. Both are developed computationally but overcoming a series of numerical,
theoretical and practical restrictions to obtain a final control approach with a strong
practical appeal that can be potentially used by physicians as an auxiliary tool to better
define the shape, intensity and frequency of the input stimulus that must be applied to
attenuate seizures in electrical stimulation therapies. The results show that it is possible
to reconstruct and attenuate the epileptiform patterns of both models from control signals
that are specific to each level of brain activity and consistent with previous studies in the
literature.

Keywords: epilepsy; system identification; seizure attenuation.
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ϕϕϕ Vector of coefficients of the autoregressive model
θθθ Vector of delayed signals for the autoregressive model
ρ Pearson linear correlation
ε Error of the autoregressive model
ς1 Scaling factor of the linear dynamic matrix
ς2 and ς3 Tuning factors for the control input
Υ Nonlinear functions of the nonlinear autoregressive model
ΞΞΞ Fourier vector base
ΘΘΘ Estimated parameters using orthogonal polynomials
λ Generic eigenvalue
ΛΛΛ Matrix of eigenvalues
ϵϵϵ Error between approximate and perfect gains of the adaptive controller
Γ Gain matrix multiplied by the sign of its determinant
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1 INTRODUCTION

Epilepsy affects millions of people worldwide every year (Iasemidis, 2003; Dua et al.,
2006), some of which may even have complications that lead to unexpected death (Surges
et al., 2009; Ryvlin; Nashef; Tomson, 2013). For the remaining patients who survive,
there are several physical, psychological/psychiatric and social implications that reduce
their quality of life, such as: headaches or migraines, mental confusion, depression and
embarrassement (Fisher; Schachter, 2000). Consequently, this disorder is regarded as a
very sensitive and relevant topic of research. It is usually associated to the progressive
hypersynchrony of neural firing over time and loss of brain complexity, generated by
endogeneous (genetic or developmental abnormalities, central nervous system infection,
traumas, for example) or exogenous agents (external flickering stimuli) (Iasemidis, 2003;
Zhu et al., 2010). However, the precise triggering mechanisms that cause a healthy brain
to have a seizure are not sufficiently understood yet (Vezzani et al., 2011).

Different possible therapies that aim at seizure mitigation or control are available
nowadays, ranging from pharmacological, surgical or electrical stimulation procedures,
to specific types of diets, such as ketogenic ones (Iasemidis, 2003; Meira et al., 2019).
Nonetheless, none of them is fully succesful: approximately 1/3 of patients with epilepsy
are drug-resistant or may develop a tolerance to the conventional medicines (Iasemidis,
2003); undergoing surgery is a complex and risky procedure, and only carefully selected
cases are suitable to it (Iasemidis, 2003); brain electrical or magnetic stimulation, in turn,
either present moderate results or need further research (Iasemidis, 2003; Chen r; Nolan,
2016); ketogenitc diets, albeit efficient in reducing neural excitability and seizures, tend
to be impalatable or too restrictive, apart from side effects, which often causes patients
to abandon them (Meira et al., 2019).

These are the main reasons that motivated researchers to address epilepsy from a more
theoretical standpoint, using mathematical and physical tools. An important contribution
in this sense is the development of dynamic models that can represent the main features
of epileptiform activities (Jirsa et al., 2014; Chizhov et al., 2018). This was made possible
thanks to previously well documented investigations about neuron spiking/bursting in
the literature, some of which compared to real brain activities (Hindmarsh; Rose; Huxley,
1984; Izhikevich, 2003), and it is worth mentioning that such models have been increas-
ingly well accepted in the scientific community (Wendling et al., 2016). One of them,
called Epileptor, is a phenomenological dynamic model whose objective is to reproduce
epileptic-like events on a scale (usually measured in µV or mV ) that is similar to that ob-
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served in local field potentials (LFP) (Jirsa et al., 2014), the activity that can be measured
from the portion of electrical current that flows through the extracellular space of neurons.
It has been consistent with a relatively wide range of types of seizures, mainly those from
mice, and helped to explain experimental observations concerning, for instance, seizure
onset and propagation (Jirsa et al., 2014; Jirsa et al., 2017).

The Epileptor model has been a breakthough in the field of neurosciences for specific
reasons: it was designed based on experimental models of mice but considering that
epileptiform features are shared accross species, using well-established tools from nonlinear
systems theory (Jirsa et al., 2014), which made it possible to represent well interictal (non-
seizure) and ictal (on-going seizure) states, as well as transitions between them; it can
generate spike and wave events and fast oscillations, common structures in real activities
(Jirsa et al., 2014); its simulations have been consistent with experimental observations
in terms of seizure onset and triggering effects (Jirsa et al., 2014); it is a relatively simple,
general-purpose and easily addressable model.

Also, it has led to several follow-up studies: Houssaini et al. (2015) carried out a
detailed bifurcation analysis using this model and verified the coexistence of different
pathological brain activities and states under certain particular conditions; Zhang and
Xiao (2018) studied the synchronization of Epileptor models under different coupling
conditions; Proix et al. (2017) addressed the recruitment of brain regions during seizure
propagation using a virtual brain modeling approach consisting of Epileptors; Jirsa et al.
(2017) developed patient-specific personalized brain network models by fitting experimen-
tal data to the results obtained by coupling Epileptors.

Possible questions that arise are whether and how the dynamics described by the
Epileptor can be controlled, as well as if the controlling effects can be extended to practical
situations. Some of them have been partially answered: Nagaraj, Lamperski and Netoff
(2017) investigated an approach of optimizing stimulation frequencies for controlling the
seizures described by Epileptor based on a reinforcement learning algorithm. The authors
evaluated their method adopting periodic pulses of one mili-second width and a reduced
version of Epileptor. However, duration, frequency, shape and amplitude for this type
of stimulus can be very different depending on the set of parameters used to define the
dynamic model. This fact is endorsed by applications in clinical environments, in which
a considerable variability is verified not only in terms of the shape of the stimuli (Velasco
et al., 2001; Tellez-zenteno et al., 2006; Velasco et al., 2007; Rizzone et al., 2001), but
also their regularity over time, presenting positive results being periodic or randomly
spaced (Cota et al., 2009). Besides, because of the reduced model, which accounts for
only two of the six states, the authors mention that finer state-space (SS) partitioning or
the additional feature dimensions may enhance their results (Nagaraj; Lamperski; Netoff,



1 INTRODUCTION 18

2017).

Approaches for designing controllers able to suppress the activity described by the
full Epileptor lack in the literature. This type of solution may be interesting to provide
the necessary conditions to study not only seizure propagation, as previously mentioned,
but also seizure mitigation in virtual brain schemes (Proix et al., 2017), for example.
Moreover, it may lead to a better definition of the inputs that must be applied to patients,
considering electrical stimuli, so that seizure suppression is attained. The first goal of the
present thesis is, thus, to design efficient controllers to drive Epileptor’s activity out
of a seizure, restoring it to a non-seizure condition. The tool adopted for doing so is
fuzzy Takagi-Sugeno (FTS) modeling (Takagi; Sugeno, 1985; Tanaka; Wang, 2004), a
sophisticated control approach based on Linear Matrix Inequalities (LMIs) that handles
particularly well dynamic models with nonlinear functions (Tanaka; Wang, 2004), as the
case of Epileptor.

In practice, for the controller to work, Epileptor’s variables and parameters (i.e.,
its plant, or SS representation) must be known, which is only true for simulations, not
practical situations. In this case, the present work also considers LMIs to design state
observers (which have also proved to be efficient in different kinds of systems1) in order
to reconstruct the unmeasurable variables from Epileptor based only on its measurable
activity in the time domain. As for the parameters of the system, a successive optimization
approach is adopted (Nelder; Mead, 1965; Luersen; Le Riche, 2004) considering, as inputs,
only the measurable activity as well. A full integration process can then be accomplished
by adopting a state-feedback approach: measuring the output of the system, represented
by Epileptor’s electrical activity in the time domain, estimating its parameters to design
the observer and reconstruct its unmeasurable variables, and designing controllers based
on the same parameters for purposes of seizure suppression. Nevertheless, this can only
be carried out in practical applications assuming that a plant is accurately obtained, i.e.
if the Epileptor model is, indeed, representative of a real seizure. This can be assessed by
analyzing its behavior over time compared to a real signal, which is also directly related
to its SS representation.

In this thesis, the SS model is found by calculating successive optimizations as a
parameter estimation approach considering simulated Epileptors with and without the
addition of artificial noise. Although important and useful to validate the hypothesis
of obtaining a representative SS notation that may lead to the design of observers and
controllers, this might be too restrictive to certain types of signatures. In fact, even with
the proposed integration process to overcome theoretical limitations, Epileptor does not
capture all the dynamics present in all seizures and remains a rather abstract model.

1See, for instance: Ichalal, Arioui and Mammar (2011), Ichalal et al. (2011), Ichalal et al. (2012),
Hammoudi et al. (2014)
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This is also addressed in this thesis by taking into account experimental data coming
from different areas of the brain and levels of electrical activity.

Thus, to extend the applicability of the proposed approach to seizure signatures that
are not accurately described by Epileptor, most notably those from real data, a different
strategy must be applied: system identification (SI) techniques (Ljung, 1998; Noël; Ker-
schen, 2017). SI is a widely studied topic in some areas of knowledge, such as structure and
control engineering (Ljung, 1998), in which the identification depends on the knowledge
about the system: there exist, for example, white-box models, which rely on having prior
knowledge and deterministic equations that represent it (Duun-henriksen et al., 2013);
gray-box models, which rely on prior knowledge and some available data (Ljung, 1998;
Duun-henriksen et al., 2013), which in this case is the electrophysiological recordings from
brain activity; and black-box models, which only take the data into account, without any
previous knowledge (Ljung, 1998; Duun-henriksen et al., 2013). As far as this thesis is
concerned, black- and gray-box models are investigated, especially because there is not
a full representative set of equations that can completely and accurately emulate the
behavior of the whole brain − which would be considered a white-box model.

Studies involving linear or nonlinear autoregressive models (AR/NAR), typical black-
box modeling tools, have been mostly proposed in the literature for seizure detection,
prediction and synchronization (Franaszczuk; Bergey, 1999; Chisci et al., 2010; Yu et al.,
2016; Ouyang et al., 2020; Attia; Moussaoui; Chahir, 2021), but approaches considering
system identification have also been used to describe the so-called NAR fingerprints of
patients (Schiff et al., 1995; Schiff; Victor; Canel, 1995). However, the latter ones do not
provide a systematic procedure to characterize the AR equations in terms of dynamic
models. If this is done, seizures can be described in state-space notation and used for
purposes of control2, which is precisely what is covered in this thesis, at the LFP level.
Furthermore, as a gray-box modeling, an SI procedure is carried out based on orthogonal
polynomials (Pacheco; Jr, 2002) to reconstruct the seizures measured at more global brain
activities, such as the electroencephalogram (EEG) or intracranial EEG (iEEG), and then
apply the controller to attenuate them, a concept that has not been proposed yet.

In summary, this thesis proposes a comprehensive approach for controlling seizures,
whether generated by a theoretical parametric model or based on real electrophysiolog-
ical recordings combined with system identification techniques. Numerical, theoretical
and practical limitations are surpassed by using state observers, parameter estimation
techniques, and artificial reconstruction/attenuation of signals. Since the inputs of the
controller can be computed during its application, the main inference that can be made

2As a matter of fact, AR/NAR models are inherently convertible into state-space notations, which
makes it possible to use them as plants for the design of controllers and observers (Durbin; Koopman,
2012; Fox, 2015).
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is that their shape, intensity and frequency may be translatable into real stimuli that are
able to attenuate the seizure represented by the signals. Such information can be used
as an auxiliary tool to help physicians in the process of decision making when it comes
to choosing the parameters in electrical stimulation therapies. Ultimately, the results ob-
tained in this thesis are helpful and potentially applicable in hospital centers for seizure
attenuation, thus representing a significant advance in the field of epilepsy.

1.1 Objectives

The general objective of this thesis is to develop a new comprehensive approach to
attenuate the epileptic seizures described by parametric semi-physical models or electro-
physiological responses (theoretical and real experimental data, respectively). The specific
objectives are presented below:

1. to develop an FTS-LMI-based controller to suppress epileptic seizures described by
the Epileptor model;

2. to design an FTS-LMI-based state observer to estimate the non-physical states of
the Epileptor model based on its LFP;

3. to create an approach to estimate the parameters of the Epileptor model based on
its LFP;

4. to adapt the same approach proposed in 1 to 3 to real electrophysiological recordings
using black-box modeling such that seizure reconstruction and attenuation can be
carried out artificially at the LFP level;

5. to apply the same strategy as in 4, but using gray-box modeling at more global
brain activities, such as EEG and iEEG;

6. to provide a careful assessment of the practical use of active controllers for epileptic
seizure suppression based on the findings and other articles from the literature. This
includes how the shape, frequency and amplitude of the electrical input obtained
from the simulations in this thesis can be used as auxiliary information in electrical
stimulation therapies for real seizure suppression in clinical environments.

1.2 Achieved contributions

The main achieved contributions are listed below, each of which associated to its
corresponding specific objective.
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• Specific Objective 1 (achieved): the Fuzzy Takagi-Sugeno modeling was applied
to design an LMI-based controller. The Epileptor model was previously written in
the SS notation, and a robust strategy was defined to compute the input stimuli to
suppress its seizures. The results can be found at (Brogin; Faber; Bueno, 2020a):

BROGIN, J. A. F., FABER, J., & BUENO, D. D. An Efficient Approach to Define
the Input Stimuli to Suppress Epileptic Seizures Described by the Epileptor Model.
International Journal of Neural Systems, v. 30, n. 11, p. 2050062, 2020.
PMID: 32938259. Available from: <https://doi.org/10.1142/S0129065720500628>.
This article already has 11 citations (Google Scholar).

• Specific Objective 2 (achieved): the LMI-based approach was proposed to de-
sign a state observer based on the local field potential. Epileptor’s states were
accurately reconstructed, and the results were published can be found at (Brogin;
Faber; Bueno, 2021):

BROGIN, J. A. F., FABER, J., & BUENO, D. D. Burster Reconstruction Consider-
ing Unmeasurable Variables in the Epileptor Model. Neural Computation, v. 33,
n. 12, p. 3288-3333, 11 2021. ISSN 0899-7667. Available from: <https://doi.org
/10.1162/neco a 01443>. This article already has 3 citations (Google Scholar).

• Specific Objective 3 (achieved): a parameter estimation approach was devel-
oped and the integration with observers and controllers was successfully carried out.
The results can be found at (Brogin; Faber; Bueno, 2022):

BROGIN, J. A. F., FABER, J., & BUENO, D. D. Estimating the parameters of the
epileptor model for epileptic seizure suppression. NeuroInformatics, 20, 919-941,
2022. Available from: <https://doi.org/10.1007/s12021-022-09583-6>. This article
already has 2 citation (Google Scholar).

• Specific Objective 4 (achieved): AR models were used to identify the epilep-
tiform signatures in the time domain of real LFPs as state-space representations;
the seizures were artificially reconstructed and attenuated. A manuscript has been
submitted to PLoS One and is currently under review. The results can be found
as a preprint at (Brogin et al., 2023):

BROGIN, J. A. F., FABER, J., & BUENO, D. D. Epileptic seizure suppression:
a computational approach for identification and control using real data. bioRxiv,
Cold Spring Harbor Laboratory, 2023. Available from: <https://www.biorxiv.org/
content/early/2023/01/08/2023.01.08.522971>. This article already has 1 citation.
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Besides, an NAR model was identified based on common statistical features shared
across patients. The results have been submitted and accepted for publication in the
IX Latin American Congress on Biomedical Engineering (CLAIB 2022)
and in the International Federation for Medical and Biological Engineering
(IFMBE) Proceedings. Although they have not been published yet, they can be
found as a preprint at:

BROGIN, J. A. F., FABER, J., & BUENO, D. D. A general NAR model for
seizure identification across different patients. IX Latin American Congress on
Biomedical Engineering (CLAIB 2022), 2022. Available from: <https://www.
research gate.net/publication/363740393 _A_general_NAR_model_for_seizure_
identification_across_different_patients>.

As complementary results, a NAR model was combined with an FTS strategy to
obtain a nonlinear model and attenuate seizures computationally, presented in the
Workshop of the Post-Graduate Program in Mechanical Engineering (PPGEM) in
2022.

• Specific Objective 5 (achieved): orthogonal polynomials and closed-loop con-
trollers were combined with model reference controllers to reconstruct and attenuate
the seizures computationally. The results have been organized a new article to be
submitted soon to an international journal.

• Specific Objective 6: a complete bibliographic revision has been continually car-
ried out, and a thorough evaluation of the findings will be done before finishing this
doctoral research, mainly for establishing the state of the art, current limitations
and challenges, and opportunities for future researches.

1.3 Summary of the chapters

This thesis is organized in 8 chapters, each of which is briefly described below:

• Chapter 1: Presents an introduction containing the context and the motivation of
this thesis, as well as its objectives, achieved and expected contributions;

• Chapter 2: Covers basic concepts of neural dynamics and electrophysiology. Since
specific time signatures (at different scales) are analyzed in this work, this chapter
is important to introduce the main types of signals that can be measured from brain
tissues;
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• Chapter 3: Introduces the Epileptor, the single closed-form dynamic model studied
in this thesis, as well as the main control approach (FTS) for attenuating its seizures.
The main constraints about the controller are discussed in detail;

• Chapter 4: Presents the FTS observer for estimating Epileptor’s unmeasurable
variables, thus eliminating the first theoretical constraint for the control approach;

• Chapter 5: Introduces the strategy of successive optimizations developed for the
Epileptor to estimate its parameters over time, thus eliminating the second theoret-
ical constraint for the control approch;

• Chapter 6: Extends the approach to time signatures that are not well represented
by the Epileptor by applying linear and nonlinear autoregressive (AR/NAR) mod-
eling to real electrophysiological activity at the LFP and iEEG level;

• Chapter 7: Presents an alternative to AR/NAR modeling by using model reference
controllers (MRCs), thus eliminating theoretical constraints about this technique.
The MRCs are applied to other types of signals, such as iEEG and EEG;

• Chapter 8: Summarizes the main findings of the thesis and indicates some direc-
tions for future work.

1.4 Strategies employed to develop this thesis

The methodology adopted for this thesis comprises two main strategies to evaluate
different applications: the first one involving theoretical data and the second one based
on experimental data obtained from real electrophysiological recordings. Regardless, the
same approach holds for any of them, as shown in Fig. 1: the system identification
stage is responsible for estimating the parameters of the Epileptor model or identifying
full models based on the real data from experimental recordings; for the Epileptor, there
is already a state-space notation with the estimated parameters, but for the identified
models it is necessary to perform a double conversion: into discrete-time SS notation
(Durbin; Koopman, 2012; Fox, 2015) and then into continuous-time SS (Shieh; Wang;
Yates, 1980); the design of observers and controllers can be carried out based on both
plants; closed-loop simulation results in the behavior of Epileptor in the time domain or
reconstructs the real signals, which then are attenuated by the input stimulus.



1.4 Strategies employed to develop this thesis 24

Figure 1 – General flowchart of the integration proposed in this thesis. System iden-
tification provides either estimations of the parameters of the Epileptor model or
full models based on the real data. After conversion into state-space notation, ob-
servers and controllers can be designed for seizure attenuation. It must be stressed
that, although similar stages are applied to the data, only Epileptor can be read-
ily implemented computationally, the other models are firstly identified from real
data and then reconstructed artificially. The stages for which this thesis proposes
a contribution are indicated in blue

End

Epileptor
Model

Experimental
Data

Start

System
Identification

Design of
Observers

Design of
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Seizure
Attenuation

Source: Own authorship.

1.4.1 Theoretical data

The theoretical data used in this thesis are generated by a mathematical dynamic
model called the Epileptor. Basically, it consists of six coupled first-order differential
equations, leading to six different states as well, which together are able to simulate
the behavior of epileptiform activity. Only two of the states, related to LFPs, have a
precise physical meaning, given in terms of difference of potential measurable in the time
domain. Therefore, the seizure signature analyzed is the linear combination between these
two states.

Since Epileptor is a canonical model, its typical behavior attempts to capture the main
features found in time signatures of seizures from different species − such as mouse, rat,
zebrafish and human − recorded in the time domain at the LFP level. Considering this,
according to Jirsa et al. (2014), any experimental model system could be used to validate
the model, but due to convenient experimental conditions, recordings were made in vitro
from the hippocampus of mice, resulting in seizure-like events that, in general, contain
sequences of tonic or tonic-clonic patterns (Jirsa et al., 2014). These recordings may
exhibit changes of dynamics from seizure onset to offset such as variations of amplitude and
frequency of discharge, characterizing transitions between silent to active (ictal) phases,
called bursting, or vice-versa, leading to non-seizure (interictal) phases (Jirsa et al., 2014).

The same authors also mention that in total there are 4 most common transitions,
or bifurcations, at seizure onset, and 4 other ones at seizure offset, of which 2 stand
out for being prevalent in the recordings: saddle-node (onset) and homoclinic (offset)
bifrucations, thus characterizing the so-called square wave burster. In this sense, the
theoretical data provided by the Epileptor may be directly (but not strictly) related to
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tonic-clonic patterns from field potentials of mice. This makes the model an interesting
system of study for understanding this class of seizure, but given its generality the results
obtained in this thesis can be extended to the epileptiform activity of other species as
well. Further information about this model is found in Chapter 3.

1.4.2 Experimental data

The experimental data used in this thesis consist of three different datasets. Details
for each of them are presented below:

• First Dataset: this set is only analyzed in Chapter 6 and its signals correspond
to chemically induced epileptiform patterns recorded in vitro from the main mi-
crostructures found in the hippocampus: cornu ammonis, dentate dyrus and subicu-
lum3, by using glass electrodes placed on slices of 12 human hippocampal specimens
that were surgically resected from patients with pharmacoresistent temporal lobe
epilepsy, leading to 35 time signatures acquired at a 10 kHz sampling frequency.
This process was approved by the Ethics Committe of Universidade Federal de São
Paulo (CAAE 47551015.1.0000.5505) with written informed constent from all the
patients, and then recently published (Araújo et al., 2022). The study in this chap-
ter was also approved by the Ethics Committe of Universidade Estadual Paulista
“Júlio de Mesquita Filho” (CAAE 60470222.9.0000.5402), thus allowing for the use,
analysis and sharing of the dataset, which is currently available on the platform
Zenodo at: https://doi.org/10.5281/zenodo.5039479;

• Second Dataset: this dataset is only analyzed in Chapter 6 as a shorter comple-
mentary result to the approach applied to the first one. It is composed of the SWEC-
ETHZ iEEG Database4, which is public and free of charge for research and education
purposes, and can be found at the following address: http://ieeg-swez.ethz.ch/. A
specific portion of it is chosen containing short-term intracranial electroencephalo-
grams (iEEGs, recorded intracranially by strip, grid, and depth electrodes) of 100
seizures coming from 16 patients. The pre-ictal stage lasts up to the first three
minutes of recording; the post-ictal stage, in turn, starts at the last three minutes of
recording; at last, the ictal stage presents a variable number of time/samples (Bur-
rello et al., 2019). All patients presented pharmaco-resistant epilepsies and were
evaluated for surgery at the SWEC of the University Department of Neurology at
the Inselspital Bern, after written informed consent was provided (Burrello et al.,
2019). Each patient presents a varying number of seizures and electrodes, all of
which digitally filtered between 0.5 and 150 Hz using a fourth-order Butterworth

3Further details about these structures can be found in Anand and Dhikav (2012).
4SWEC: Sleep-Wake-Epilepsy-Center; ETHZ: Eidgenössische Technische Hochschule Zürich.

https://doi.org/10.5281/zenodo.5039479
http://ieeg-swez.ethz.ch/
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filter prior to analysis, and stored with a 512 Hz sampling frequency (Burrello et
al., 2019). In this work, the ictal condition is used to construct the models, whereas
pre- and post-ictal conditions are neglected. The interictal condition, in turn, is
only considered as a non-seizure reference for attenuation purposes;

• Third Dataset: this dataset is only used in Chapter 7 and is part of the multicen-
ter prospective project led by Prof. Philippe Ryvlin, collaborator to this thesis, and
coordinated by the Centre hospitalier universitaire vaudois (CHUV, Lausanne, Swiz-
terland), currently involving 13 epilepsy centers in Swizterland and Europe. The
main purpose of this project was to analyze biomarkers to establish a link between
seizure severity and them. The data were collected at the Epilepsy Monitoring Unit
(EMU) of the hospital and includes several types of signals (such as Pulse Oxime-
try (SpO2), skin temperature, Electrodermal Activity (EDA), Electrocardiogram
(ECG), Photoplethysmography (PPG), and others) as well as video-EEG, which
includes important information such as times of seizure onset/offset and type of
seizure (local or generalized). Its use was approaved by the Swiss National Science
Foundation (SNF), number 320030_179240, protocol 2019-00437, for quantifying
the severity of generalized tonic-clonic seizures (GTCS) with ambulatory connected
devices (SEVERITY). For the analysis in this thesis, only the EEG data were in-
cluded, because the main interest lies on the electrical brain activity. Besides, only
the sub-dataset named SEVERITY-ZCH (Zurich) has been included due to its: 1)
availability, since it was readily available for use in the platform of the Clinical Neu-
roscience Department of the CHUV; 2) flexibility, since it contains 11 seizures (each
of which with a variable number of electrodes) from 13 different patients (for some,
there are only annotations or complementary information, not biophysical signals),
measured using a relatively low sampling frequency (256 Hz), representing a consid-
erably large dataset but lightweight at the same time, which is a major advantage
for computational purposes; 3) scale, since the signals recorded are either EEGs
(10 patients) or iEEGs (3 patients), thus representing more global activities, and
to which electrical stimulation for seizure attenuation can be associated aiming at
future practical non-invasive (or less invasive). The use of this dataset was allowed
inside the facilities of the CHUV and is thus not available on any online platform
yet.
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2 FUNDAMENTALS OF ELECTROPHYSIOLOGY AND NEURAL DYNAMICS

Brain activities are complex phenomena composed of a wide and rich range of pat-
terns. They can be measured from different brain sites and layers at higher or lower time
scales, which has direct implications on the type of signal and signature recorded by the
electrodes. In this thesis, since several processing, analysis and control techniques are
applied to simulated or real time series of such activities, it is relevant to introduce how
they are generated and recorded, as well as their differences, which is precisely what is
covered in this chapter.

2.1 Action potentials

Neurons cannot only be analyzed from the point of view of biology as fundamen-
tral structures for processing information, they can also be understood from a more
mathematical-physical standpoint as nonlinear systems with their intrinsic dynamics
(Izhikevich, 2007). A neuron does not fire by itself, it receives inputs from other hun-
dreads of neurons by connections between their dendrites or between a dendrite and the
axon, called synapses (Izhikevich, 2007). These inputs induce transmembrane electrical
currents that change its potential: the higher the current, the higher the potential. The
potentials are amplified depending on both temporal and spatial synchronization: as any
other type of oscillation, synchronized waves lead to constructive interferences whereas
de-synchronized waves lead to destructive interferences. If the sum of potentials is strong
enough to reach a specific level (inherent to neurons as well), known as firing threshold,
there is an abrupt electrical discharge that flows through the axon of the neuron to the
next one (Izhikevich, 2007). If the sum is not greater than the threshold, no firing occurs.
In biological terms, this discharge characterizes an action potential; for convenience of
nomenclature, it is considered a pre-synaptic potential. In mathematical terms, it quali-
fies neurons as excitable systems, operating near transitions (from latency, or rest state,
to spiking or pulsing activity) called bifurcations (Izhikevich, 2000; Izhikevich, 2007).

This process is depicted in Fig. 2, where there is an illustration of two neurons con-
nected by a synapse generating an action potential. Electrodes usually measure it in
terms of difference of potential − in milivolts, at the neuron scale. Since such an activity
is relatively fast (in the order of miliseconds), a high sampling frequency is necessary to
record it. Upon signal acquisition in practice, an essential technical requirement must be
met such that the potential is accurately measured: supposing the inherent frequency of
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firing is fs,fire, the minimum sampling frequency must be 2fs,fire according to the Nyquist
criterion (Shannon, 1984)1. Another issue imposed in this case is the need of isolating a
neuron, or a small group of neurons, from its surroundings, which can only be carried out
considering invasive approaches (Graimann; Allison; Pfurtscheller, 2010). Therefore, al-
though an action potential is the fundamental electrophysiological signature of the neuron,
it is not the most commonly measured electrical activity. Furthermore, invasive proce-
dures such as surgeries usually require the approval of an ethics committee before being
performed, as well as the expertise of an interdisciplinary team during the operation, thus
rendering signal acquisition even more complex.

Figure 2 – Illustration of neurons generating an action potential. A neuron is com-
posed of four main parts: nucleus, cell body, dendrites and axons; connections
between dendrites or a dendrite and axon are called synapses. The action poten-
tial is transmitted through the axon after the inherent threshold of the neuron is
reached, leading to a single pulse in the time domain.

Action Potential

Firing

Threshold
Latency

No firing

(Axon)
Dendrites

Cell Body

Nucleus
Synapse

Source: Own authorship.

2.2 From action potentials to EEGs

As seen, the pre-synaptic (action) potential flows through the neurons. According to
the same convenience of nomenclature, the post-synaptic potential is thus not related to
the axon, but to the region of dendrite “trees” in between neurons, leading to the so-called
Local Field Potentials (LFPs) (Graimann; Allison; Pfurtscheller, 2010). They also depend
on both temporal and spatial synchronization of micropotentials that are summed up at
the dendrites and arrive at the next cell body. In this sense, LFPs can also be seen as
the electrical current that flows outside the neural cells (Graimann; Allison; Pfurtscheller,
2010). At this point, it becomes difficult to distinguish what portion of the potentials is
from a single axon or from the dendrites. Besides, if an electrode is placed sufficiently

1It is worth mentioning that, given that this criterion is theoretical, it assures only that the oscillatory
phenomenon can be detected, not accurately reconstructed, which means that this value tends to be
underestimated in practice.



2.2 From action potentials to EEGs 29

near the dendrites to measure the LFPs, it no longer records phenomena at fs,fire, only
at fs,LFP ⩽ fs.fire.

Depending on the intensity of the activity in which the neurons are engaged, the fre-
quency and regularity of firing may increase or decrease (Graimann; Allison; Pfurtscheller,
2010), influencing directly the LFPs. Besides, firing is not necessarily continuous, it may
be composed of intricate patterns including the formation of bursts, which basically are
sequences of spikes followed by periods of latency again (Hindmarsh; Rose; Huxley, 1984;
Izhikevich, 2003), or combinations of bursts, single spikes and latency (Araújo et al., 2022).
If all of this activity is added together during synchronization and de-synchronization
events of some neurons, the resulting wave probably looks like a complex combination of
spikes/oscillations. Considering now a larger portion of brain tissue, the first LFPs give
rise to more global activities: if they are measured on the surface of the cortex, they are
called electrocorticograms (ECoG); if they are measured non-invasively (on the scalp of
patients), they called electroencephalogrms (EEG). For these cases, electrodes of sampling
frequencies fs,ECoG ⩽ fs,LFP and fs,EEG ⩽ fs,ECoG are sufficient to record the diffences of
potential.

This happens because the placements of the electrodes is usually farther from the
neurons that first emitted the firings, and thus they are both less intense (usually measured
in microvolts, not milivolts anymore) and less sharpy. At this point, the time signature
does not look like a spike, but roughly like sines or cosines, which means that their time
scale is relatively slower than that from action potentials and LFPs. In other words,
the groups of neurons, layers of tissue and bones play the role of physical filters, and
the appropriate electrodes to measure their electrical activity have a reduced sampling
frequency (Graimann; Allison; Pfurtscheller, 2010). Illustrations of these potentials are
depicted in Fig. 3 (Lago; Cester, 2017): measurements made at the neuron level (or small
groups of neurons) have stronger potentials of high fs,fire and fs,LFP; recordings made at
the surface of the cortex have intermediate values of intensity and fs,ECoG; at last, EEGs
present the lowest intensity and fs,EEG

2. It should be stressed that these characteristics
are general and fluctuations always occur, as shown in the same figure.

2Recall that the higher the sampling rate, the lower the sampling frequency.
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Figure 3 – Illustration of how action potentials are related to EEGs. They are essen-
tially trains of spikes that, if synchronized, give rise to LFPs; if LFPs are in turn
combined, ECoGs and EEGs are formed. Given that these latter activities are
measured relatively far from individual neurons using electrodes of lower sampling
frequency, the original spikes are attenuated by the layers of brain tissue, bones
and skin, giving way to more global oscillations that look like sine waves in the
time domain. Action potentials/LFPs can be measured using invasive devices such
as platform arrays, microwires or multisite probes, whereas ECoGs and EEGs are
usually measured by electrodes placed on the surface of the cortex and the scalp of
patients, respectively.

Source: Own authorship.

2.3 Intracranial EEG

Although the nomenclature used for the types of electrophysiological activity is useful
and usually indicates accurately the potentials that can be measured by the sensors or
electrodes, it should be stressed that “EEG” can be regarded as an ensemble of LFPs,
which in turn are composed of spikes. Consequently, it may be sometimes difficult to
distinguish precisely when LFP is no longer an appropriate term to indicate an electric
potential. Therefore, although EEG is typically a measurement made on the scalp (non-
invasivally), there seems to be adapted names using this terminology for some types
of potentials in the literature, such as intracranial electroencephalograms (iEEG) and
stereotactic EEG (sEEG), which are recorded invasively (Bourdillon et al., 2017; Parvizi;
Kastner, 2018).
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Unlike EEGs, iEEGs (as their name suggests) are recorded by eletroctes implanted
inside the brain, which makes an ECoG, for instance, a type of iEEG (Parvizi; Kast-
ner, 2018), thus being able to measure populations of neurons (Parvizi; Kastner, 2018).
Stereotactic EEGs, in turn, refer to potentials obtained by penetrating depth electrodes,
positioned using stereotactic guidance, implanted through small burr holes in the skull
(Herff; Krusienski; Kubben, 2020). These types of EEGs allow for the measurement of
neural activity in deeper structures of the brain (Parvizi; Kastner, 2018; Herff; Krusienski;
Kubben, 2020). In other words, for the sake of understanding, the following relation holds:
both ECoG and sEEG are iEEGs (because they are measured invasively), but ECoG is
usually obtained on the surface of the cortex, whereas sEEG uses a special technique for
recording deeper layers of brain tissue.

These two techniques in particular have some advantages: they provide a high tempo-
ral resolution (Bourdillon et al., 2017; Parvizi; Kastner, 2018; Herff; Krusienski; Kubben,
2020) and can be efficiently used to identify the epileptogenic zone in the case of refractory
epilepsy or medically intractable epilepsy, as well as other diseases such as Parkison or
even brain tumors (Herff; Krusienski; Kubben, 2020; Parvizi; Kastner, 2018). Along with
LFPs and EEGs, they are of particular interest in this thesis because part of the dataset
used to generate the results are based on iEEGs and sEEGs. The type of signal analyzed
is always indicated when necessary in the next chapters. At last, this thesis does not deal
with action potentials.

2.4 Mathematical fundamentals of neural dynamics

The nonlinear behavior of neurons and LFPs can be modeled using tools from the
nonlinear systems theory (Izhikevich, 2000). This is particularly useful in this thesis since
the Epileptor model, which simulates epileptic seizures at the LFP level, is designed based
widely on these tools. Therefore, in this subsection a brief introduction is presented to
how time signatures such spikings are generated over time. Consider the following simple
dynamic system composed of two state variables (Izhikevich, 2000):ẋ1 = 1

τ f1(x1,x2)

ẋ2 = f2(x1,x2)
(1)

where τ is a time scale parameter and fi(x1,x2), i = 1,2 are usually nonlinear functions
that couple both states3. According to Izhikevich (2000), spiking formation can be gen-
erated from the relative motion of the nullclines (fi(x1,x2) = 0, i = 1,2) of both of these
coupling functions on the phase portrait represented by (x1,x2), as presented in Fig. 4.

3These functions are usually parabolic or cubic (Izhikevich, 2000).
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Such motion depends on the choice of the coupling functions and, as the system evolves
in the time domain, it presents a behavior that characterizes the so-called limit cycle
(Izhikevich, 2000). In the case presented in the same figure, the choice of the functions
leads to 3 equilibrium points (at which all the states are equal to zero). If this dynamic
system is simulated, as the iterations proceed, the nullclines move closer to each other and
two of the equilbrium points collapse, making the trajectory of the curves on the phase
portrait enter the limit cycle; it only “escapes” from the cycle if the relative motion of the
nullclines is such that the three equilibrium points can be formed again (which depends
on the coupling functions as well).

Figure 4 – Example of spiking generation on the phase portrait of a dynamic sys-
tem that simulates a neuron dynamics with two state variables. The rel-
ative motion of the nullclines (fi(x1,x2) = 0, i = 1,2) of both of these coupling
functions make one of the equilibrium points collape and enter the limit cycle; mo-
ments later, the same motion makes the trajectory “escape” from the cycle.

f2(x1,x2) = 0

f1(x1,x2) = 0

Source: Adapted from Izhikevich (2000).

Although there are dynamic systems composed of only two state variables that are
able to generate spikes based on transitions from rest states into limit cycles and then
from the cycles back to the rest states (Izhikevich, 2003), most of them operate according
to a third state called control variable (Slotine; Li et al., 1991). Such a variable is the
main responsible for the transitions verified in the time domain (or, as seen in the previous
sections, bifurcations). An example of a system with a control variable is presented in Fig.
5, with two regular states (x1 and x2) and a control one (x3). Note that the two main
behaviors switch over time, thus characterizing a bi-stable system composed of sequential
spikes (known as bursts) and rest states. This is typical of neurons of ensamble of neurons,
whose electrical activity can be action potentials or LFPs, as is the case for the Epileptor
(Jirsa et al., 2014).
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Figure 5 – Example of spiking generation on the time domain and its correspond-
ing burster, revealed from two regular state variables a third control
one. The first bifurcation leads to a sequence of spikes; a second bifurcation leads
the system out of the limit cycle, ceasing the spikes; this behavior is repeated over
time, characterizing the transitions from rest state into bursting and vice-versa.

x2

x3x1

Source: Adapted from Izhikevich (2000).

2.4.1 Examples of spiking neuron models

Two widely studied spiking neuron models are the Hindmarsh-Rose and Izhikevich
models (Hindmarsh; Rose; Huxley, 1984; Izhikevich, 2003). For illustration purposes,
the parameters of both models are generically represented by pi in this subsection. The
Izhikevich model is given by the following set of equations (Izhikevich, 2003):ẋ1 = 0.04x2

1 +5x1−x2 + I +140

ẋ2 = 1
τ (p1−x2)

(2)

subjected to: if x1 ⩾ 30 mV, then x1← p2 and x2← x2 +p3, where τ is the time scale of the
recovery variable x2; pi, i = 1, ...,3 are the sensitivity of x2 to threshold oscillations, the
after-spike reset of the membrane potential x1, and the after-spike reset of x2, respectively;
and I is the electrical current applied to the membrane of the neuron. The set of equations
for the Hindmarsh-Rose model is (Hindmarsh; Rose; Huxley, 1984)4:

ẋ1 = x2−p1x3
1 +p2x2

1−x3 + I

ẋ2 = p3−p4x2
1−x2

ẋ3 = 1
τ [p5(x1−x0)−x3]

(3)

4This model is of particular interest in this thesis for illustration purposes because the Epileptor, the
system used for obtaining theoretical data, is designed based partially on it (Jirsa et al., 2014).
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where, according to Hindmarsh, Rose and Huxley (1984) and Storace, Linaro and Lange
(2008), τ is the time scale parameter; pi, i = 1, ...,4 are usually (but not necessarily) fixed
parameters, which model the nullclines in the phase portrait; p5 is the so-called adaptation
parameter; x0 is the resting potential; xi, i = 1, ...,3 are the state variables, related to the
membrane potential, recovery variable and control variable, related to the efficiency of
slow channels in exchanging ions, respectively; and I is the electrical current applied to
the membrane of the neuron.

The first important difference between these models is that the Izhikevich model
is only capable of reproducing the firing patterns because it presents a “jump” in the
time domain, given by the resets of the membrane and recovery variables, whereas the
Hindmarsh-Rose model presents transitions controlled by the third variable. Figure 6
depicts simulations of the Izhikevich model in two different modes (Izhikevich, 2003):
chattering and fast spike, showing the richness in behavior it is able to emulate. Besides,
changing the time scale parameter τ leads to more or less firing cycles: in the chattering
mode, τ = 50 yields few peaks distributed in the bursts and a fixed interval between them;
in the fast spike mode, changing from τ = 10 to τ = 1 leads to more spikes per unit of time.
At last, it is worth mentioning that the Izhikevich model does not present a characteristic
burster because its set of equations contains only 2 state variables.

Figure 7 depicts simulations of the Hindmarsh-Rose model in two different modes
(Hindmarsh; Rose; Huxley, 1984), similar to the ones from the Izhikevich model, showing
the richness in behavior it is able to emulate. Besides, changing the time scale parameter
τ leads again to more or less firing cycles: in the chattering-like mode, τ = 1000 yields
few peaks distributed in the bursts and a fixed interval between them; in the periodic
spiking mode, changing from τ = 100 to τ = 12.5 leads to more spikes per unit of time.
Close attention must be paid to the third variable x3, which controls, in the case of the
chattering-like mode, when the system presents transitions from rest state to firing and
vice-versa.

To provide a fuller understanding about spike generation, Fig. 8 shows the phase
portraits of the Hindmarsh-Rose model related to their trajetories in the time domain
at three different instants considering the chattering mode: during the rest state, when
firing starts, and all the remaining spikes until they cease. Note that, since the model has
three state variables, there are three equilibrium points as well, marked by the asterisks,
which are located at the intersection of the nullclines. Besides, as the simulation proceeds
the trajectory in the phase portrait leaves the first equilibrium point until it reaches the
second one, right before entering the limit cycle − which is responsible for the spikes in
the time domain. It remains stuck inside the cycle until firing ceases and then it goes
back to the rest state.
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Figure 6 – Examples of firing patterns simulated using the Izhikevich model. The
first case (A) is simulated in the chattering mode using the following parameters:
τ = 50, p1 = 0.2, p2 = −50 and p3 = 2; the second case (B) is simulated in the
fast spiking mode using the following parameters: τ = 10, p1 = 0.2, p2 = −50 and
p3 = 2; the third case (C) is simulated in the fast spiking mode using the following
parameters: τ = 1, p1 = 0.2, p2 = −50 and p3 = 2. This illustrates part of the rich-
ness in behavior the Izhikevich model can simulate. Moreover, note how increasing
the time scale τ leads to more spikes for the same time window.
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Source: Own authorship.
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Figure 7 – Examples of firing patterns simulated using the Hindmarsh-Rose
model. The first case (A) is simulated in a similar condition as the chattering
mode using τ = 1000; the second case (B) is simulated in a similar condition as the
fast spiking mode using the following parameters: τ = 100; the third case (C) is
simulated in a similar condition as the fast spiking mode τ = 12.5. For all simula-
tions, the following parameters are used: p1 = 1, p2 = 3, p3 = 1, p4 = 5, p5 = 4 and
x0 = −1.6. This illustrates part of the richness in behavior the Hindmarsh-Rose
model can simulate. Moreover, note how increasing the time scale τ leads to more
spikes for the same time window.
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Source: Own authorship.
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Figure 8 – Relationship between the phase portraits and behavior in the time do-
main of the Hindmarsh-Rose model. The chattering mode is used in the sim-
ulation again, leading to 3 equilibrium points, which are located at the intersec-
tion of the nullclines, according to Hindmarsh, Rose and Huxley (1984). In the
phase portraits, the red dashed lines (- -) indicate the first nullcline (ẋ1 = 0); the
solid blue lines (—) indicate the second nullcline (ẋ2 = 0); the black dotted lines
(...) indicate the trajectory. In the time domain, the solid blue lines (–) indicate
the membrane potential and the black dotted lines (...) indicate the correspon-
dence between the potential and the trajectory in the phase portraits.
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Source: Own authorship.

The Epileptor, introduced in the next chapter, uses the standard Hindmarsh-Rose
model to design the first ensemble of neurons, which corresponds to the fast oscillations
in the time domain (Jirsa et al., 2014), whose time scale parameter plays the same role as
the ones presented in this chapter5. In total, Epileptor presents 3 time scale parameters,
two of which related to subsystems that generate a combined electrical activity, and the
last one is linked to the control variable, as is the case for x3 in the Hindmarsh-Rose model.
Considering this, features of both models in the phase portrait are quite similar. Close
attention must be paid to the parameter x0 =−1.6 as well: this value is the same used for
the Epileptor and is known as the degree of excitability of the system (epileptogenicity)
(Jirsa et al., 2014). Varying the other parameters (such as I or pi) also entails a wide
range of firing patterns; however, a comprehensive sensitivity analysis is out of the scope

5To model the second subsystem, the excitable system shown by Roy, Ghosh and Jirsa (2011) was
considered. For illustration purposes, only the Hindmarsh-Rose model was included in this thesis.
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of this thesis. For a thorough investigation on these parameters and how they lead to
bifurcations in both models, please see Storace, Linaro and Lange (2008), Nobukawa et
al. (2015) and Saggio et al. (2020).

2.5 10-20 System for signal acquisition

Regardless of the level of brain activity of interest, it is important to place the elec-
trodes at representative regions so that the resulting potential is properly recorded. To do
so, there are standardized positioning systems that have been used for decades (Jasper,
1958) such as the 10-20 system, which is implemented considering electrodes placed at
distance intervals of 10% and 20% from one another (Webster, 2006). Each electrode is
labeled with a specific number and letter, according to their respective region. It should
be stressed that this system is suitable for measuring EEGs since its positioning is on the
scalp of patients. A more comprehensive description of the anatomy and function of such
brain regions is out of the scope of this thesis; however, to provide enough information
consistent with the that from the labels of the electrodes presented in this section, con-
sider the following notation (Sepulveda et al., 2015): pre-frontal (Fp), frontal (F), central
(C), auricular (A), parietal (P), occipital (O) and temporal (T). Close attention should
be paid to the electrode Fp2, because it is the main one used in Chapter 7. Figure 9
presentes an example of the 10-20 system placed according to 4 main points of the head:
nasion, vertex, inion and pre-auricular point.

Figure 9 – Relationship between the phase portraits and behavior in the time do-
main of the Hindmarsh-Rose model. Illustration of the 10-20 system for
measuring EEGs. Four main points are used as references: nasion, vertex, in-
ion and pre-auricular point. The notation includes: pre-frontal (Fp), frontal (F),
central (C), auricular (A), parietal (P), occipital (O) and temporal (T).

Fp1

Vertex

Nasion

Inion

Nasion

Pre-Auricular
Point

Source: Adapted from Sepulveda et al. (2015).
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3 SEIZURE SUPPRESSION USING THE EPILEPTOR MODEL

This chapter introduces the dynamic model studied in this thesis for purposes of
seizure suppression: the Epileptor. Firstly, the model is presented mathematically along
with detailed explanations about the variables and parameters that describe its behavior.
Then, the FTS approach is introduced as control technique for suppressing its seizures.
The codes used in this chapter are available online on the platform GitHub at the following
address: https://github.com/GMSINT/Epilepsy-Dynamics-Control.

3.1 The Epileptor

The Epileptor was designed as a phenomenological canonical model for describing
epileptic seizures considering the hypothesis that invariant features related to epilepto-
genic activity are shared across species (Jirsa et al., 2014). To do so, tools and concepts
from nonlinear dynamics were used, such as the notion of limit cycles, attractors and
bifurcations. Essentially, after analyzing signals that represent epileptic activities in some
species (human, mouse, rat and zebrafish), Jirsa et al. (2014) proposed a taxonomy of
seizure-like events according to the bifurcations verified in them. Also, as an experimental
model, the authors used signals obtained from hippocampi of mice, given in terms LFPs,
which were placed in persistent epileptogenic conditions.

Based on the experiments carried out and a thorough statistical analysis, two major
activities in time were identified for such LFPs (Jirsa et al., 2014): fast oscillations and
spike (or spike and wave) events, which are usually (but not necessarily) coupled. As
for the dynamic structures, the predominant features are as follows (Jirsa et al., 2014)1:
i) the intervals between spikes present a logarithmic scale as the seizure approaches its
offset; ii) the onset of a seizure is characterized by an abrupt change in behavior, which
entails fast oscillations and a baseline shift, and, thus, represents the bifurcation known
as saddle-node; iii) at the seizure offset, another shift occurs back to the baseline, which,
in conjunction with the interspike logarithmic scale, defines a homoclinic bifurcation.
Naturally, there are other types of behavior present in epileptic seizures, which lead to
different possible bifurcations2; however, the purpose of Epileptor is to account for the
main behavior verified. To represent all of these features as a mathematical model, a set
of first-order differential equations was proposed (Jirsa et al., 2014; Nagaraj; Lamperski;

1These features can be seen in Fig. 10.
2For a thorough analysis and nomenclature, see Izhikevich (2000).

https://github.com/GMSINT/Epilepsy-Dynamics-Control
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Netoff, 2017): 

ẋ1 = y1−ω1(x1,x2)− z + Irest1

ẏ1 = 1
τ1

(y0−5x2
1−y1)

ż = 1
τ0

[4(x1−x0)− z]

ẋ2 =−y2 +x2−x3
2 + Irest2 +0.002u(t)−0.3(z−3.5)

ẏ2 = 1
τ2

[−y2 +ω2(x2)]

(4)

where:
u(t) =

∫ t

t0
e−γ(t−τ)x1(τ)dτ (5)

ω1(x1,x2) =

x3
1−3x2

1, x1 < 0

[x2−0.6(z−4)2]x1, x1 ≥ 0
(6)

ω2(x2) =

0, x2 <−0.25

6(x2 +0.25), x2 ≥−0.25
(7)

Each of the variables and parameters in this model intends to represent a biophysical
entity (Jirsa et al., 2014), as briefly explained below:

First subsystem: The variables (x1,y1) represent the first subsystem, which accounts for
the fast oscillations. Therefore, this set evolves in a relatively faster time scale compared
to the other variables. In practice, they may be linked to membrane potentials, and in
this case represent LFPs, given in mV or µV.

Second subsystem: The variables (x2,y2) represent the second subsystem, responsible for
the spike and wave events. Compared to the first subsystem, it evolves relatively slowlier
in time, and is also given in terms of LFPs (mV or µV).

Permittivity: Variable z, in turn, is known as permittivity, a variable that evolves in
the slowest time scale compared to the other variables. It is responsible for driving
the whole system from the baseline condition into a state of constant epileptic activity,
and vice-versa. Based on the nonlinear systems theory, it is a control parameter that
triggers bifurcations (Slotine; Li et al., 1991). In biophysical terms, it may be related to
extracellular processes that also evolve in a slow time scale during seizures, such as levels
of ions, oxygen and energy metabolism (Jirsa et al., 2014).

Time scale parameter: τ is the time scale control parameter. Depending on its value, a
specific number of oscillation may occur relatively faster or not. Thus, for the Epileptor
model, the following relation holds: τ1 < τ2 < τ0.
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Electric currents: Irest1 and Irest2 are associated to the flow of electric currents moving
inward or outward the neural cells for the first and second subsystems, respectively.

Epileptogenicity: x0, in particular, represents a parameter defined as degree of epilepto-
genicity; that is, depending on its value, Epileptor presents a more regular (associated
with brain baseline condition) or less regular condition (associated to a higher intensity
of epileptic-like events).

Coupling functions: ω1(x1,x2) and ω2(x2) are coupling functions. According to Jirsa et
al. (2014), during most signals for seizure-like events in their experiments, fast discharges
(first subsystem) are connected to the spike and wave events (second subsystem), and
their activity is only present during the wave, and not the spike, or not present at all.
This suggests a coupling between both activities, presented by aforementioned functions.

Associated constant values: at last, y0 and γ are constant parameters associated to the
model. The first of which was defined following the formulation of Hindmarsh, Rose and
Huxley (1984); the second of which was added along with u(t) by Jirsa et al. (2014). The
term u(t) can be rewritten as a differential equation, which is convenient to establish the
state-space model used later on. To demonstrate that, consider it as follows (Jirsa et al.,
2014):

u̇ =−γ(u−0.1x1) (8)

In its homogeneous form:
du(t)

dt
+γu(t)−0.1γx1 = 0 (9)

By applying the Laplace transform, it becomes L{u′}+γL{u}= 0.1γL{x1}, which which
is also equivalent to sU(s)− u(0) + γU(s) = 0.1γX1(s). Considering initial conditions
equal to zero:

U(s) = 0.1γ
1

s+γ
X1(s) (10)

At last, after defining the following new variables: F (s) = 0.1γ/(s+γ) and G(s) = X1(s),
it is possible to state, therefore, that U(s) = F (s)G(s). Taking advantage of the fact that
a convolution in time between two any functions f(t) and g(t) is:

(f ∗g)(t) =
∫ t

0
g(τ)f(t− τ)dτ (11)

whose Laplace Transform is L{f ∗ g} = F (s)G(s), and considering that the individual
Inverse Laplace Transforms of F (s) and G(s) are L{F (s)} = 0.1γe−γt and L{G(s)} =
x1(t). By analogy, u(t) can be represented by:

u(t) = 0.1γ
∫ t

t0=0
e−γ(t−τ)x1(τ)dτ (12)
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Hence, a convenient choice for γ − in this case, 0.02 (Jirsa et al., 2014) − may lead this
equation to be represented in its original integral form.

3.1.1 State-space representation

The design of the controller is based on the Epileptor model written in its state-space
representation, as usually done in FTS applications (Tanaka; Wang, 2004). It is thus
convenient to rearrange it in matrix form as:ẋ(t) = Anlx(t)+b

y(t) = Cx(t)
(13)

where the dynamic matrix Anl is nonlinear and state-dependent, and the affine term b
are respectively given by

Anl =



−ω̄1(x1,x2) 1 −1 0 0 0
−5x1 −1 0 0 0 0
4/τ0 0 −1/τ0 0 0 0

0 0 −0.3 (1−x2
2) −1 2

0 0 0 ω̄2(x2)/τ2 −1/τ2 0
0.1γ 0 0 0 0 −γ


(14)

b = {Irest1 y0 −4x0/τ0 1.05+ Irest2 c/τ2 0}T (15)

and the state vector is defined as x = {x1 y1 z x2 y2 u}T . Also:

ω̄1(x1,x2) =

x2
1−3x1, x1 < 0

x2−0.6(z−4)2, x2 ≥ 0
(16)

ω̄2(x2) =

0, x2 <−0.25

6, x2 ≥−0.25
(17)

c =
 0, x2 <−0.25

1.5, x2 ≥−0.25
(18)

Note that c implies that b is a vector with a piecewise linear function. Besides, as
defined by Jirsa et al. (2014), τ1 = 1 for Epileptor’s typical behavior, and it is omitted from
the equations above. At last, y(t) is the vector of observable states, which is discussed in
detail in the next chapter.
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3.1.2 Epileptor’s uncontrolled behavior

To illustrate Epileptor’s typical behavior, the parameters used for the following sim-
ulation are the same as those previously defined by Jirsa et al. (2014), i.e.: x0 = −1.6,
τ0 = 2857, τ1 = 1, τ2 = 10, γ = 0.01, Irest1 = 3.1, Irest2 = 0.45, y0 = 1; also, the initial
conditions are: x1(0) = 0, y1(0) = −5, z(0) = 3, x2(0) = 0, y2(0) = 0 and u(0) = 0. It
must stressed that, for x0 = −1.6 (among other values), Epileptor is subjected to a per-
sistent epileptic condition (Jirsa et al., 2014). Although only this particular condition is
presented, different configurations were exhaustively evaluated, and similar results were
obtained from all numerical simulations. The computational codes were implemented in
Python 3.7, which is free and open source, on the Spyder scientific environment, consid-
ering a fourth-order Runge-Kutta integrator with time step equal to dt = 0.01.

Figure 10 presents Epileptor’s behavior in time, which can be obtained by a linear
combination between both subsystems, thus representing an LFP (Jirsa et al., 2014):
−x1(t)+x2(t). The permitivity variable z(t) is also plotted, and note that it is responsible
for driving the system into and out of the seizures, depending whether specific extreme
values (indicated by the peaks) are reached. The first of these values stands for the
saddle-node bifurcation, after which the ictal period starts; the second one, in turn, is the
homoclinic bifurcation, after which the ictal period ends, and the interictal period begins.
A third event is highlighted, right after seizure offset. Such a point is particularly relevant
because it represents the beginning of a seizure-free state, which is of our interest when
designing the controller, defined as xh. Also, it is important to clarify that these types of
results are known in the literature, and they are included in this section to demonstrate
the uncontrolled system.

Figure 11 depicts the analysis of the interspike intervals (ISI) generated by Epileptor.
As mentioned in the beginning of this chapter, one feature related to the hypothesis of
the homoclinic bifurcation is that the ISIs exhibit a logarithmic scaling at seizure offset.
For this figure, the same parameters previously used were kept, but the epileptogenicity
was set to x0 =−0.8 to obtain a longer ictal period for illustration purposes. As done by
Jirsa et al. (2014), the time interval between each peak and seizure offset was measured so
as to obtain a reversed time vector; then, curve fitting was applied to obtain the equation
that best describes the samples. For this specific condition, −14.14ln(t)+143.34 provides
a fairly good approximation to the ISIs of the simulation, thus endorsing the hypothesis.
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Figure 10 – Epileptor’s behavior in the time domain: LF P (−x1(t) + x2(t)) and
state z(t). The ictal period begins right after the saddle-node bifurcation and
ends at the homoclinic bifurcation, giving rise to the interictal period. This de-
fines Epileptor as a bi-stable model (Jirsa et al., 2014). Details for the subsys-
tems are also presented: x1(t) is indicated by the the solid line (—), and x2(t) is
indicated by the dashed line, (- -).

Source: Own authorship.

Figure 11 – Analysis of the interspike intervals (ISI) of the Epileptor model. The
peaks (*) were identified using the “find_peaks” built-in function from the
numpy library after setting a 0.23 threshold. The ISIs were measured as well
as the time interval between each peak and seizure offset, organized in a re-
versed time vector; then curve fitting was applied to the samples. In this case,
all parameters remain the same except the epileptogenicity, which is x0 = −0.8,
leading to the following logarithmic curve, indicated by the solid blue line (—):
−14.14ln(t)+143.34.
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Source: Own authorship.



3.1 The Epileptor 45

Figure 12 presents the portraits for Epileptor’s subsystems. As τ1 = 1, the first sub-
system evolves in a relatively faster time scale, and its phase portrait defines two main
points: the first one to which the trajectory spirals in, thus representing its attractor and
the ictal period, and the second one, out of the attractor, which represents a seizure-free
condition (or the “healthy” condition). For the second subsystem, τ2 = 10, that is, it
evolves in a slower time scale, and the seizure is represented by the finite number of cycles
of its attractor, which remains open during all the ictal period; at last, the seizure-free
point is located out of it. Both of these activities are synchronized, as seen in Fig. 10, due
to the coupling functions defined in Eqs. 6 and 7; this leads to regular intervals between
seizure and baseline behaviors over time.

Figure 12 – Representation of both subsystems in the time domain and in their
phase portraits. Epileptor’s cyclic behavior can be better visualized in both of
these domains; the time scale parameters define how many “loops” are formed
during the ictal event. For the first subsystem, they spiral inwards the attractor;
for the second subsystem, they remain open.

Second subsystemFirst subsystem

Source: Own authorship.

To better explore Epileptor’s features and its similarities to the Hindmarsh-Rose
model, a full time window cell is plotted in Fig. 13, containing again its behavior in
the time domain but showing its phase portraits and nullclines. For the first subsystem,
the attractor has a similar shape to the one presented in Fig. 8, which is expected since
Epileptor is designed based partially on the Hindmarsh-Rose model, as previously dis-
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cussed. However, the cycles of the fast oscillations decrease in amplitude at each loop
of the second limit cycle from the second subsystem, which is reflected on the phase
portraits by the trajectories spiralling inwards the attractor. Note that this behavior is
only possible due to the interaction between both nullclines ẋ1 = 0 and ẏ1 = 0: ẋ1 = 0
is slightly modified at each cycle so that their intersection occurs at a different location.
For the second subsystem, the cycles do not spiral into the center of the attractor, but
they remain open. Nonetheless, their mean diameter decreases in size as the simulation
proceeds, which is a consequence of the interaction of both nullclines ẋ2 = 0 and ẏ2 = 0
as well.

Figure 13 – Relationship between the phase portraits and behavior in the time do-
main of the Epileptor model. The different intersections of the nullclines
generates differences in the loops of both limit cycles. In the phase portraits,
the red dashed lines (- -) indicate the first nullcline of the subsystems (ẋ1 = 0 or
ẋ2 = 0); the solid blue lines (—) indicate the second nullcline of the subsystems
(ẏ1 = 0 or ẏ2 = 0); the black dotted lines (...) indicate the trajectory. The whole
time window shown for the Epileptor is used to generate the phase portraits.

Limit Cycle

First Subsystem Second Subsystem

Limit Cycle

Source: Own authorship.

3.2 Applying the controller

The epileptic seizure described by the Epileptor model can be suppressed by designing
a feedback controller. It is assumed that six control signals Fu(k), k = 1, ...,6, can be added
to the system of equations, i.e., each one in Eq. (4) and Eq. (8). In this case, the vector of
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control signals Fc = {Fc1 , ..., Fc6}T can be considered to establish the closed loop system
representation as follows:

ẋ(t) = Anlx(t)+b+Fc(t) (19)

The physical nature of these control signals is somewhat abstract for some variables,
just as the physical meaning of the states that define the Epileptor model is not fully
established in the literature (Jirsa et al., 2014). However, the focus herein is to intro-
duce the methodology to compute these control signals efficiently for any configuration of
Epileptor, i.e., for any individual for which the epileptic seizure is sufficiently described
by this model.

The key to applying the active controller is to define a non-seizure (“healthy”) con-
dition through the state vector xh = {x1h y1h zh x2h y2h uh}T . Conceptually, this state
vector represents any instantaneous condition before an epileptic seizure, and note that
the practical definition of this healthy condition also depends on the complete understand-
ing of the physical meaning of the states. The idea behind this strategy is based on the
hypothesis that there are active control signals capable of acting locally in the patient’s
brain during the epileptic seizure, continuously, until the baseline condition is reachieved.
Hence, it is a feedback-based electrical stimulation procedure.

The proposal considers that the instantaneous state vector is known during the seizure
event, while the controller is working. It is a neural feedback-based strategy, that is why it
is necessary to identify a state space model for each individual. The system’s identification
requires adjusting the parameters in the matrix A to get a representative behavior of the
epileptic seizure, before designing the controller. Using the state vector x(t) the control
signals are computed as:

Fc(t) =−BG [x(t)−xh] (20)

where B is the the input matrix conveniently defined by

B = diag (dx1 , dy1 , dz, dx2 , dy2 , du) (21)

where dk is the k-th weighting factor in the range ]0, 1] used to limit the control sig-
nals differently among the states. These factors are adjusted once, when designing the
controller. As well established for practical feedback-based control applications (Tanaka;
Wang, 2004; Ichalal; Arioui; Mammar, 2011; Hammoudi et al., 2014), it is important to
highlight that a state observer can be employed to estimate unmeasurable states from
the measurable ones. However, the state-space observer design is not discussed in this
chapter yet. Also, the performance of the controller is strongly dependent on the gain
matrix G, which is computed by applying the FTS-based approach introduced in the next
subsection.
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3.2.1 Fuzzy Takagi-Sugeno modeling

The strategy used to compute the gain of the controller is based on the FTS mod-
eling (Takagi; Sugeno, 1985). It basically consists in rewriting the nonlinear dynamic
model as a set of linear subsystems that represent the original dynamics. Essentially,
two approaches can be employed for doing so: i) constructing local linear models and
choosing the so-called membership functions to adequate the approximate fuzzy model to
the original one; ii) carrying out an exact modeling based on specific well-defined mem-
bership functions (Tanaka; Wang, 2004). In this work, the second approach is applied
due to specific reasons: an exact modeling avoids approximation errors; furthermore, a
simple method for identifying the local models (also known as submodels) was proposed
by Taniguchi et al. (2001). It is particularly helpful because a high number of submodels
can be critical when designing this type of fuzzy-based controller since it considerably
increases the number of variables to be found during the optimization process, as well as
the computational cost.

The state-space model in Eq. (13) is rewritten neglecting the term b: ẋi(t) = ∑N
j=1

fij [x(t)]xj(t), where fij [x(t)] = fk represents the k-th nonlinear function, N is the number
of rows or columns, and k = 1, ...,Nnl ≤ N2 is the total number of nonlinear functions.
Although b is initially neglected to compute the gain, it is considered during the feedback
loop. It was observed during the simulations that it affects the dynamics as a disturbance
over time and it does not decrease substantially the controller’s performance. According
to the FTS modeling, the new system can be described by the following If-Then rule:

Rule i :
If χ1(t) is Mi1 and ... and χp(t) is Mip

Then, ẋ(t) = Aix(t), i = 1, ..., r
(22)

where Mij is called a fuzzy set, r is the number of rules, and χ1(t), ...,χp(t) are known
as premise variables. These concepts can be understood according to fuzzy inference
(Kalogirou, 2014): it is a method for mapping a given input to an output based on the
substitution of an originally binary logic by a fuzzy one. In this sense, any statement is
not simply true or false, but its truth becomes a matter of a degree. In mathematical
terms, a fuzzy set is thus characterized by a function that measures the membership of
a variable in the range [0,1], or from 0 to 100% (zero to perfect chances of belonging to
the fuzzy set). Premise variables are, in turn, functions of the state variables, exeternal
disturbances, and/or time, for example (Tanaka; Wang, 2004).

Each i-th matrix Ai defines the i-th submodel employed to describe the original non-
linear model. As presented herein, χi(t) are the reconstructed nonlinear functions present
in the model, and the Mij are fuzzy sets of combinations between maximum and mini-
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mum values of the state variables contained in χi(t) that represent Epileptor. To identify
the submodels, Taniguchi et al. (2001) proposed writing all fk as linear combinations
between their maximum (fmax

k = max[fk(x)]) and minimum (fmin
k = min[fk(x)]) values.

Therefore, the nonlinear functions can be rewritten as follows:

fk(x) = [gmin
k (x)]fmin

k +[gmax
k (x)]fmax

k (23)

where:
gmin

k (x) = [fmax
k −fk(x)]

fmax
k −fmin

k

gmax
k (x) = 1−gmin

k (x)

(24)

are the membership functions3 which must meet the following conditions: a) gmin
k (x)≥ 0;

b) gmax
k (x)≤ 1; and c) gmin

k (x)+gmax
k (x) = 1. This last condition allows writting fk(x) =∏Nnl

j=1,j ̸=k{gmin
j (x)+gmax

j (x)}fk(x), or, alternatively,

fk(x) =
r1∑

j=1
Nj(x)fmin

k +
(2Nnl)∑

j=r1+1
Nj(x)fmax

k (25)

where r1 = 2(Nnl−1), and Nj(x) = ∏Nnl
k=1 g

(.)
k (x), which, necessarily, must meet ∑2Nnl

j=1 Nj [x] =
1. The superscript (.) indicates a combination between the maximum and minimum val-
ues for the k-th nonlinear function g

(.)
k (x). After substituting each fk according to Eq.

25 into the matrix Anl, the system in Eq. (19) is rewritten as

ẋ(t) =
2Nnl∑
j=1

Nj(x) [(Aj−BG)x(t)+BGxh +b] (26)

3.2.2 Example of Fuzzy Takagi-Sugeno modeling

For the sake of understanding, Fig. 14 presents an example of the exact reconstruction
of a nonlinear function using the membership functions and linear submodels. In this case:
f(t) = e−2tsin(2πt), that is, Nnl = 1. The membership functions gmax

1 (x(t)) and gmin
1 (x(t))

weigh the maximum and minimum values of f(t) (fmax
1 and fmin

1 , respectively) over time
such that its exact representation is obtained as f1(x(t)). Note that that it is always
necessary to known such boundaries beforehand so that this approach can be correctly
employed. For dynamic systems, which may have more than one nonlinear function, a
process known as fuzzification can be applied (Tanaka; Wang, 2004).

3Note that membership functions can be understood as the mathematical representation of fuzzy sets.
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Figure 14 – Concept of sector nonlinearity to reconstruct a nonlinear function.
The function fsin(t) = e−2tsin(2πt) (–) is reconstructed using the exact solution
(Tanaka; Wang, 2004; Taniguchi et al., 2001) based on the maximum and min-
imum values of fsin(t), expressed by fmax

1 and fmin
1 (- -), and the membership

functions: gmin
1 (x(t)) (...) and gmax

1 (x(t)) (-.-). The reconstructed model is repre-
sented by f1(x(t)) (■).

max

min max

min

max

min

Source: Own authorship.

As an example, consider the following dynamic matrix containing Nnl = 2 nonlin-
ear functions Anl = Anl(f1,f2) of minimum and maximum values f

{∗}
k , k = 1,2, where

{.} is a minimum or maximum. By using Eq. 23, it follows that f1(x) = [gmin
1 (x)]fmin

1 +
[gmax

1 (x)]fmax
1 and f2(x) = [gmin

2 (x)]fmin
2 +[gmax

2 (x)]fmax
2 . Remember that fk(x) = ∏Nnl

j=1,j ̸=k{gmin
j (x)+

gmax
j (x)}fk(x), k = 1,2, which leads to the following system of equations:

f1(x) = {gmin
2 (x)+gmin

2 (x)}︸ ︷︷ ︸
= 1

{[gmin
1 (x)]fmin

1 +[gmax
1 (x)]fmax

1 }

f2(x) = {gmin
1 (x)+gmin

1 (x)}︸ ︷︷ ︸
= 1

{[gmin
2 (x)]fmin

2 +[gmax
2 (x)]fmax

2 }
(27)

By expanding the terms and omitting “(x)” for convenience of notation, it follows that:f1(x) = gmin
1 gmin

2 fmin
1 +gmin

1 gmax
2 fmin

1 +gmax
1 gmin

2 fmax
1 +gmax

1 gmax
2 fmax

1

f2(x) = gmin
1 gmin

2 fmin
2 +gmax

1 gmin
2 fmin

2 +gmin
1 gmax

2 fmax
2 +gmax

1 gmax
2 fmax

2
(28)
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Note that a pattern begins to arise, for example: gmin
1 gmax

2 are common to fmin
1 and

fmax
2 , leading to a notation similar to that from Eq. 25:

f1(x) = [gmin
1 gmin

2︸ ︷︷ ︸
N1(x)

+gmin
1 gmax

2︸ ︷︷ ︸
N2(x)

]fmin
1 +[gmax

1 gmin
2︸ ︷︷ ︸

N3(x)

+gmax
1 gmax

2︸ ︷︷ ︸
N4(x)

]fmax
1

f2(x) = [gmin
1 gmin

2︸ ︷︷ ︸
N1(x)

+gmax
1 gmin

2︸ ︷︷ ︸
N3(x)

]fmin
2 +[gmin

1 gmax
2︸ ︷︷ ︸

N2(x)

+gmax
1 gmax

2︸ ︷︷ ︸
N4(x)

]fmax
2

(29)

This allows performing the fuzzification procedure and defining the subsystems as:

A1 = A(fmin
1 ,fmin

2 )
A2 = A(fmin

1 ,fmax
2 )

A3 = A(fmax
1 ,fmin

2 )
A4 = A(fmax

1 ,fmax
2 )

(30)

Consequently, the minimum and maximum values of both nonlinear functions replace
them completely in the dynamic matrices, which become linear. It is also important to
stress that each of these values is associated only to its specific subsystem. Considering
this, the defuzzification procedure can be summarized in the following equation:

Anl =
4∑

j=1
Nj(x)Aj (31)

In the case that nonlinear functions are present in matrix B as well, a similar procedure
is applied. Since a constant input matrix is adopted in this thesis, the system can be
rearranged as the closed-loop state-space notation from Eq. 26.

3.2.3 Stability analysis

The problem stated above can be easily solved to determine G using Lyapunov Sta-
bility Theory if b is neglected and xh = 0. Note that the controller imposes x→ 0 when
it is designed, but considering the not null xh, the controller imposes x→ xh, as desired
for this case. The solution considers the Lyapunov function V (x) = xT Px > 0, where P
is a positive definite matrix (whose all eigenvalues are positive) (Slotine; Li et al., 1991).
The derivative of V (x) implies that ẋT Px+xT Pẋ < 0, and by substituting Eq. (26) into
it without considering b and xh, the following matrix inequality (MI) is obtained

2Nnl∑
j=1

Nj(x)[(Aj−BG)T P+P(Aj−BG)] < 0 (32)
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The MI above can be conveniently rewritten by its equivalent form, which consists in
writing an MI for each j-th submodel (Tanaka; Wang, 2004):

(Aj−BG)T P+P(Aj−BG) < 0 (33)

where j = 1, ...,2Nnl . In addition, the following changes of variables are applied: X = P−1

and Gx = GX. Then, each j-th matrix inequality is rewritten as a linear matrix inequality
(LMI), as follows (Boyd et al., 1994):

XAT
j −GxB+AjX−BGx < 0 (34)

The 2Nnl LMIs must be simultaneously solved to compute the matrices X and Gx. So,
finally, the gain matrix is given by

G = GxX−1 (35)

and using such a gain, the closed loop system is defined by ẋ(t) = (A−BG)x(t)+BGxh +
b. Note at this point that the control signals shown in Eq. (20) can be computed for each
time instant if x(t) is available.

3.2.4 The submodels for the Epileptor

The implication of Eq. (26) is that the Epileptor model is described by 24 linear
submodels. They are obtained by the combination of the minimum and maximum values
of the nonlinear functions fk, k = 1, ...,4. For instance: the premise variables zi represent
fk ∈ [fmin

k ,fmax
k ], where k = 1, ...,Nnl = 4; if f1 = fmax

1 and f2 = fmax
2 and f3 = fmax

3 and
f4 = fmax

4 , A1 is obtained. The fuzzification procedure is applied, leading to4:

A1 = A(fmax
1 ,fmax

2 ,fmax
3 ,fmax

4 )
A2 = A(fmax

1 ,fmax
2 ,fmax

3 ,fmin
4 )

A3 = A(fmax
1 ,fmax

2 ,fmin
3 ,fmax

4 )
...

A14 = A(fmin
1 ,fmin

2 ,fmax
3 ,fmin

4 )
A15 = A(fmin

1 ,fmin
2 ,fmin

3 ,fmax
4 )

A16 = A(fmin
1 ,fmin

2 ,fmin
3 ,fmin

4 )

(36)

and the fk functions, in the case of Epileptor, correspond to the elements a11, a44,
a21 and a54 of the dynamic matrix A (Eq. 14), i.e., f1 = −ω1(x1,x2), f2 = ω2(x2)/τ2,

4Note again that each maximum or minimum value of the nonlinear functions replaces it completely
in the linear submodel.
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f3 = −5x1, and f4 = 1−x2
2. For the sake of understanding, the second linear submodel,

for instance, is composed of the maximum values of the first three nonlinear functions
fmax

1 , fmax
2 , fmax

3 , and the minimum value of the fourth nonlinear function fmin
4 . To

reconstruct exactly the original model based on this equation, the process of defuzzi-
fication is carried out, which leads directly to Eq. 26 with the 16 sub-models, where
N1(x) = gmax

1 (x)gmax
2 (x)gmax

3 (x)gmax
4 (x), and so forth, where g

(.)
k (x) are given by Eq. 24.

It is important to consider these 16 sub-models to design the controller and ensure the
sufficient condition to suppress the seizures

The active controller can be easily designed considering these four fk nonlinear func-
tions. In the first step, it is necessary to establish their boundaries (maximum and min-
imum values) for each particular individual. It can be done if the epileptic seizure is
monitored for a representative period of time, such that the associated state-space model
is appropriately identified − which is assumed as true in this chapter. After knowing the
values of these nonlinear functions, a conservative strategy can be employed by increasing
them. Although large ranges can conceptually decrease the LMI feasibility, on the other
hand, it can assure the accuracy of the controller’s performance. The ranges of each
k-th nonlinear function are shown in Fig. 15, and they correspond to the time interval
considered in the simulations used in Fig. 10.

Figure 15 – Nonlinear functions of the Epileptor model for a specific time inter-
val. In total, there are four nonlinear functions inside the dynamic matrix:
f1 = −ω1(x1,x2), f2 = ω2(x2)/τ2, f3 = −5x1, and f4 = 1− x2

2. They are repre-
sented by the solid black lines (—) and their extreme values are represented by
dashed red lines (- -).

Source: Own authorship.
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3.2.5 Constraints on the input and output

Although not all states can be described by a precise biophysical entity, since Epilep-
tor intends mainly to represent LFPs, the practical application of the feedback-based
controller involves applying electrical stimuli to the brain proportionally to the states of
the system. The general idea consists in using a sensor to obtain the states (measuring
them in terms of electrical voltage5). Based on the state vector the control signals are
computed using the gain matrix. These control inputs must be carefully monitored to
assure the use of a limited and safe range of external electricity, which is important for the
protection of the patient. Therefore, an additional condition must be considered before
solving the LMI shown in Eq. (34), as discussed below.

Consider a generic matrix H, which is formed, for convenience, by the matrices A
and B (used to describe the closed loop Epileptor model), and a generic T:

H =
 A B
BT T

 (37)

These matrices can be of any convenient dimension as long as H is square. For illustration
purposes, consider a square dynamic matrix of Epileptor’s dimensions A(6×6). Then, the
following matrices can be potentially used: B(6×j) and T(j×j), where j ∈ N∗. The Schur
complement states that, if A = AT and det(H) ̸= 0, then (Tanaka; Wang, 2004): A B

BT T

 =
I BT−1

0 I

∆Sc 0
0 T

 I 0
T−1B I

 > 0 (38)

which is an LMI, where ∆Sc = A−BT−1BT > 0 is the Schur complement itself, and
det(T) ̸= 0. Thus, if it is possible to obtain an equation that is similar to ∆Sc, then it
is also possible to propose a new LMI, which is solvable. Particularly, in the context
of constraints on the input, the LMIs are given in terms of the initial conditions of the
system, according to the formulation in Tanaka and Wang (2004). Assume the vector of
initial conditions at the moment when the controller is activated is known: x(tc0); the
constraint on the input |u(t)| ≤ µ, where µ is a predefined constant value, is reinforced at
all times t≥ tc0 if the following LMIs are hold true: 1 x(tc0)T

x(tc0) X

≥ 0,

 X GT
x

Gx µ2I

≥ 0 (39)

5Or, alternatively, measuring some of the states (or a combination of states, as the LFP, for example)
and estimating the other ones using a state observer.
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where X = P−1 and Gx = GX. Their Schur complement forms are as follows:

X−x(tc0)T x(tc0)≥ 0,
1
µ2 GT

x Gx−X≤ 0 (40)

Note that this input limitation is an Euclidean norm (Tanaka; Wang, 2004). Besides, it
is included for the model neglecting the vector b, which makes the real maximum input
level equal to µr = pµµ. However, because b is defined by a piecewise constant function
(and constant elements), it has been verified in the simulations that pµ ≤ 1.

Consider now the open loop case for Eq. (33) (i.e., G≡ 0), and replace A by AN =
A+αI, where I is the identity matrix. It follows that AT

N P+PAN < 0, or, alternatively,
(A + αI)T P + P(A + αI) < 0. By expanding its terms, it is possible to verify that its
structure corresponds to:

AT P+PA+2αP < 0 (41)

Its solution is possible if matrix P = PT is positive definite (Slotine; Li et al., 1991)6. Thus,
note that, the more positive its eigenvalues are, the more negative the inequality becomes,
thus intensifying the stability effect by a factor of α, known as decay rate (Tanaka; Wang,
2004). The decay rate is associated to how fast the system responds to the inputs. The
main idea is to add a specific condition for influencing the positiviness of the eigenvalues
of P. To include this parameter into the LMIs, Eq. 42 must hold (Tanaka; Wang, 2004):

XAT
j −GxBj +AjX−BjGx +2αX < 0 (42)

where j = 1, ...,2Nnl and α is previously set upon criteria defined by the designer.

3.2.6 Epileptor’s controlled behavior

To compute the gains of the controller, it is necessary to implement an optimization
routine to handle all the LMIs together properly. Nowadays, there exist specific packages
for this purpose such as PICOS (Sagnol; Stahlberg, 2012) (combined with CVXOPT) for
Python, or YALMIP (Lofberg, 2004), for MATLAB. Since all the codes in this thesis were
implemented in Python, PICOS is the package of choice for all the simulations. Epileptor’s
controlled behavior is implemented from scratch and simulated with the same parameters
described for the uncontrolled one. The gain matrix is computed by preliminarily setting
an input matrix through the scalar di, i = 1, ...,6 in Eq. (21). The definition of these values
is empirical, if the analyst intends to consider different weighting factors for the states.

6It is worth mentioning that, while P must be positive definite to assure stability
during the control design, matrix A must present negative eigenvalues for the system to
be considered stable.
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However, they do not affect substantially the controller’s performance. For this chapter
B = diag(1, 1, 0.05, 1, 1, 1) is used to limit the level of z(t) during the controller’s action
to the same maximum level for this individual in a normal condition (i.e., the interictal
period in Fig. 10). Nonetheless, for simplicity, B can be assumed as an identity matrix
as well, if desired. Figure 16 shows a comparison between the uncontrolled (Fig. 16-
I) and controlled (Fig. 16-II) LFP over time. Extreme values of z(t) are considered as
triggers to switch on the controller, that is, at the imminence of an epileptic seizure, when
z(t) is sufficiently close to its lower boundary (indicated by the lower dashed blue line in
Fig. 16-III).

Figure 16 – Comparison of the system’s output in both uncontrolled and con-
trolled conditions. The LFP = −x1(t) + x2(t) is uncontrolled (I) and then
controlled (II) after closing the loop in the simulation for about 5 seconds. The
levels of z(t) (III) are indicated for when the controller is off by the solid black
line (—) and on by the dashed red line (-.-). Its upper and lower limits are indi-
cated by the dashed horizontal lines (- -).

I

III

II

Source: Own authorship.

It must be stressed that different criteria can also be used as triggers, such as alerts by
automated detection and diagnosis algorithms. Deep convolutional neural networks have
been used for automated seizure and neonatal seizures detection in electroencephalograms
(EEGs), for example (Acharya et al., 2018; Ansari et al., 2019). Another promising
technique is the Wavelet Transform (WT): it can capture well subtle changes in EEGs,
which present a nonstationary nature (Yuan et al., 2018; Faust et al., 2015). Besides, it
works for both denoising and feature extraction (Faust et al., 2015), and has been applied
along with machine learning techniques for detecting interictal and ictal states (Li et al.,
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2018a), and even for nonconvulsive seizure detection, which are more difficult to identify
(Sharma et al., 2014). Yuan, Zhou and Chen (2018) even proposed an interesting concept:
seizure prediction horizon (SPH), defined as a time interval after a prediction alarm until
the beginning of the seizure occurrence period (SOP). Therefore, such techniques are
consistent with our approach and can be combined with it in possible practical applications
considering LFPs. This description suggests that the individual must be continually
monitored7 over time, and, when potential risks of a new seizure arise (or when it starts),
the controller needs to be switched on. This concept is similar to that presented in
Nagaraj, Lamperski and Netoff (2017), considering a reinforcement learning algorithm:
according to the authors, their controller is constantly vigilant and must be activated
when changes that may indicate a seizure arise.

It is important thereby to define a convenient trigger criterion to start the controller’s
action. Although z(t) is potentially one of the best states to identify the imminence of
this type of seizure, the measurement of the LFP is an interesting alternative due to
its practical feasibility. In this case, the time history of this output can be monitored
and a threshold can be used to trigger the controller. As well known in the literature,
patients may present physical, psychiatric or subjective auras seconds or minutes before
undergoing seizures (Chen r; Nolan, 2016; Spencer, 2015), which might also help during
the process of control activation. Nonetheless, the concept of an automatic trigger is
considered in this chapter.

Figure 17 shows the Euclidean norm over time for the vector (x(t)−xh) to demon-
strate quantitatively the controller’s performance. For t < 700 it is possible to see the
effect of a first seizure (i.e., for when the controller is off). This norm increases after
t ≈ 1000 s, and the controller is switched on when t = 1800 s, and after ∼ 5 seconds the
state vector achieves the healthy condition (see the dotted line box). The controller’s
action over time can be better visualized in Figs. 18 and 19, in which the stimuli to each
state and the convergence of states are shown. Approximately five seconds are enough to
attain the zero baseline again (i.e. convergence) and, thus, suppress the epileptic seizure.
The behavior of the inputs, in turn, is similar to an overdamped oscillation with no more
than a cycle. These results indicate that the higher level of inputs is required when the
controller is switched on, and it is important thereby to consider constraints on the input,
as discussed later on in this chapter.

7As seen in Jirsa et al. (2014), the biological model used to design Epileptor was based on signals
obtained from mice. The authors even carried out experiments (using hippocampi and the septum) to
test some hypotheses related to the prediction capability of Epileptor. Further details on how LFPs can
be monitored and acquire can be seen in the same reference.
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Figure 17 – Euclidean norm for (x(t) − xh) over time. The controller is switched on
just for a few seconds, indicated by the dotted box (...). Then, it is switched off,
driving the system out of the seizure, thus returning to the non-seizure baseline
close to the zero levels. The Euclidean norm is indicated by the solid black lines
(—) and it measures the distance between the state variables and the seizure-free
state; during the action of the controller, it is indicated by the red dash-dotted
lines (-.-).

Source: Own authorship.

Figure 18 – Control signals Fc(j) (j = 1, ...,6) over time for µ = α = 0 (no con-
straints) to suppress Epileptor’s seizure. Seizure suppression is attained
after approximately 5 seconds by stimuli that resemble overdamped oscillations
of one cycle.

Source: Own authorship.
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Figure 19 – State variables after switching the controller on. The solid red lines (—)
represent the states converging to the target ones, indicated by the dashed black
lines (- -), thus demonstrating the efficiency of the controller. In this simulation,
no constraints are applied to the input.

Source: Own authorship.

To illustrate a practical implementation of the controller, constraints on the input and
output are evaluated. Table 1 shows the controller’s performance for different values of µ,
presenting the maximum level of each input, F max

c(j) = max(|Fc(j)(t)|), and each respective
time (tc [s]) to achieve xh after switching the controller on. Also, the maximum value
for the ratio z(t)/zmax is shown during the controller’s action, where zmax = 4.15 (Fig.
10) for the present case. Since the choice of µ influences max(z(t)/zmax) (referred to as
zratio), this implies that µ must be chosen also considering zmax. If µ is too high, a seizure
is suppressed, but max(z(t)) > zmax. If µ is too low, in turn, a seizure is suppressed, but
it takes longer until x(t) ∼= xh (in case the controller is switched on for shorter than the
specified value, max(z(t)/zmax)≪ 1, which may supress a seizure, but x(t) remains at
surrounding seizure-free points other than xh and the seizure-free condition lasts shorter).
The respective inputs are omitted, but they are similar to those shown in Fig. 19. Fig. 20
shows that constraints on inputs can change the trajectory of the states until achieving
the target xh. In particular, for µ = 30 (and α = 0) the main differences are observed for
x2 and y2 (see Fig. 19 to compare them).
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Table 1 – Controller’s performance, in terms of LFP input, for different con-
straints on the input (dz = 0.05). For all cases, µ is applied such that
zratio is kept close to the ideal unity and the inputs do not exceed the bound-
aries of the control variable z(t).

µ F max
c1 F max

c2 F max
c3 F max

c4 F max
c5 F max

c6 tc [s] zratio

– 24.63 13.25 2.41 1.20 0.87 1.73 ∼ 5 0.99
20 9.24 7.32 0.38 0.62 0.69 1.26 ∼ 50 0.98
30 10 2.64 0.57 1.42 1.27 2.56 ∼ 10 0.99

Source: Own authorship.

Figure 20 – State variables after switching the controller on. The solid red lines (—)
represent the states converging to the target ones, indicated by the dashed black
lines (- -), thus demonstrating the efficiency of the controller even when con-
straints on the input are applied. In this simulation, the parameter of the con-
straint on the input is: µ = 30.

Source: Own authorship.

Figure 21 presents a comparison between the time the system takes to achieve the
healthy condition if the controller’s design considers α = 0 (no constraints on the output)
and α = 1. For both cases no contraints on the input are used (µ = 0). Note that the
controller exhibits a higher decay rate when the output constraint is taken into account.
However, large values of α commonly require high levels of inputs, and due to this fact, the
combination of both constraints can be used to define a more suitable solution. Table 2
shows the controller performance for two different pairs (µ,α), and it is possible to note
that, by tuning specific combinations of such parameters, similar values to those from
Table 1 (where no decay rates were included) can be used to obtain relatively short tc
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and low amplitude input forces such that max(z(t)/zmax) < 1.

Figure 21 – Euclidean norm for (x(t) − xh) after adding the decay rate. Note that α
is a performance-enhancing parameter, leading to seizure suppression in a shorter
period of time. The controller’s performance is compared for when α = 0 (no
constraint on the output), indicated by the solid black line (—), and when α = 1,
indicated by the dash-dotted red line (-.-).

Source: Own authorship.

Table 2 – Controller’s performance, in terms of LFP inputs, for different
pairs of constraints on the input and output (dz = 0.05). Combina-
tions of µ and α are used such that zratio is kept close to the ideal unity and
the inputs do not exceed the boundaries of the control variable z(t).

µ α F max
c1 F max

c2 F max
c3 F max

c4 F max
c5 F max

c6 tc [s] zratio

38 0.52 10.78 11.55 0.48 0.55 0.58 1.16 ∼ 5 0.99
35 0.48 10.75 12.41 0.44 0.53 0.52 1.05 ∼ 5 0.99

Source: Own authorship.

In possible practical applications, combinations of µ and α mean weaker or stronger
constraints on the voltage amplitude necessary for suppressing seizures. It is thus reason-
able to assume that moderate parameters are suitable for treating patients, since relatively
low inputs are associated to longer times or suboptimal efficiency to suppress a seizure,
whereas significantly high inputs may suppress a seizure in a shorter time (as seen in Table
3, for example) but compromise the health of brain tissues. The best trade-off between
these parameters is not discussed in this chapter, but realistic values of some parameters
used in electrical therapies for seizure attenuation are analyzed and compared to other
results obtained in this thesis in Chapter 7.



3.3 Contributions, limitations and conclusions 62

3.3 Contributions, limitations and conclusions

Considering the results and discussion addressed in this chapter, the main contribu-
tions that can be highlighted are:

• the controller proposed in this chapter is able to efficiently suppress the epileptic
seizures because its formulation is carried out considering a sufficient condition for
stability;

• its design depends on solving a set of linear matrix inequalities, which computation-
ally can adjust the values of α to obtain a feasible solution. This means that the
intensity of the input can be amplified if necessary;

• it is also possible to limit the admissible intensity of input by the constraint on
the output from µ. This is particularly useful in possible future applications of
the controller in practice since an arbitratily high input is not a realistic option for
patients with epilepsy. This issue is addressed in more detail in Chapter 7;

• regarding the shapes of the control signals, the results show that overdamped inputs
can suppress a seizure if they are computed proportional to the difference between
the nonlinear dynamics described by the system’s states during the seizure event
and a reference healthy condition. It means that establishing a baseline reference
for a seizure-free condition for the individual is an important step to define the
input stimuli. Besides, these inputs are consistent with the shapes of the stimuli
applied in real clinical environments for seizure suppression, essentially composed
of pulses of periodic or non-periodic frequency (Velasco et al., 2001; Velasco et al.,
2007; Rizzone et al., 2001; Cota et al., 2009).

For the proposed approach to work, the following hypotheses are implicitly assumed,
thus imposing some limitations to the current results:

• the state vector is known for each time instant and it is possible to define xh.
Nonetheless, it is known that some variables involved in the Epileptor dynamic
model are not measurable in a real brain or do not have a precise biophysical mean-
ing (Jirsa et al., 2014). Important effort has been made by researchers to link
Epileptor’s variables and parameters to the chemical and electrical characteristics
of brain dynamics, but to improve the possibilities of using this relevant tool in real
applications further developments and investigations are required.

• a set of parameters S = {τ0, τ1, τ2, γ, x0, y0, Irest1, Irest2} is known to define a
representative Epileptor model (i.e., a model to describe a real epileptic seizure for
an individual);
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• the electrophysiological time signature can be accurately represented or at least
approximated by the Epileptor, which probably does not hold true for all existing
seizures.

To address the first hypothesis, the concept of fuzzy observers can used, for exam-
ple (Tanaka; Wang, 2004; Ichalal; Arioui; Mammar, 2011; Hammoudi et al., 2014). In
this case, the LFPs can provide input information for the observer to estimate the re-
maining states. For the second hypothesis, as a typical control application, the online
implementation of the proposed methodology requires previous identification and fitting
(or parameter estimation) of the model that represents a patient. This topic is associated
to model identification and is discussed in the next chapters.

This chapter introduced an approach to design a feedback controller to suppress epilep-
tic seizures described Epileptor. This dynamic model represents the most recurring and
relevant characteristics of this type of disorder. Although previous works discuss alterna-
tive methodologies to design controllers for suppressing epileptic seizures, they typically
consider simpler models, compared to Epileptor, which in turn limits their applicability
to particular types of epilepsy. However, once that different types of epileptic conditions
can be described by tuning Epileptor’s parameters, it is very convenient to use the general
methodology developed in this work to write the nonlinear dynamics by a combination
of linear local models using an exact solution. In addition, if an associated set of LMIs is
feasible, the controller ensures a sufficient condition to suppress the undesired dynamics.

The methodology described herein allows one to simultaneously consider constraints
on the input and output, which provides an interesting strategy for practical applica-
tions. Nonetheless, further investigations are required to improve the understanding
about Epileptor, particularly to link its dynamics to chemical and electrical activities
measurable in real cases. On the other hand, once that modeling a controller that is
capable of reducing the effects of epilepsy is addressable, more realistic applications can
be envisioned, especially because the control law and state feedback indicate which vari-
ables must be targeted when designing a closed-loop controller in practice, and how the
shapes of the input stimuli must be for a seizure-free state (that is, a “healthy” nonseizure
condition) to be achieved again.

At last, if the parameters of the model are known, as in the present case, the FTS
modeling can be applied to obtain control gains for seizure suppression. Furthermore, the
proposed approach can be used as of now to study coupled Epileptors not only for seizure
propagation (Proix et al., 2017), but also for seizure suppression.
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4 RECONSTRUCTING THE UNMEASURABLE VARIABLES OF THE
EPILEPTOR MODEL

Even if the epileptiform has been effectively suppressed using all Epileptor’s variables,
not all of them are of concrete nature or have a precise physical meaning (Jirsa et al.,
2014); that is, they cannot be directly measured. Therefore, further work needs to be
done to circumvent this problem and bring the application of controllers closer to real-
istic scenarios. In this sense, the concept of observability plays an important role: it is
possible to estimate/reconstruct unmeasurable variables based on the output response of
the system by designing a copy of the original dynamic set of equations, if its parameters
are known (Tanaka; Wang, 2004).

Thus, a fuzzy Takagi-Sugeno observer (Tanaka; Wang, 2004) is developed in this
chapter considering a specific formulation for its error dynamics that has presented effec-
tive results in the literature (Ichalal; Arioui; Mammar, 2011). Naturally, a fundamental
assumption is made: the dynamic model is known, that is, all of its parameters are known.
The problem of identifying them is discussed in the next chapter. Moreover, the objec-
tive of this chapter is twofold: designing the above-mentioned observer and enhancing its
performance. As seen, the parameter known in the literature as decay rate (α) intensifies
the action of controllers and observers by decreasing the time necessary for stability to be
achieved (Tanaka; Wang, 2004; Ichalal; Arioui; Mammar, 2011). In this chapter, a novel
approach using the parameter β is introduced, which outperforms the one with α alone
and provides a smoother response when reconstructing the unmeasurable variables of the
system. The codes used in this chapter are available online on the platform GitHub at
the following address: https://github.com/GMSINT/Epilepsy-Dynamics-Control.

4.1 Measurable and unmeasurable variables

The role of observers is to reconstruct variables that cannot be directly measured
in practice, based on the measurable ones. Therefore, a clear definition about what is
considered as measurable or not needs to be stated. A comprehensive description of the
variables and parameters associated to the Epileptor has already been introduced in the
previous chapter, so a brief analysis is presented below to explain which variables (and
why) have been considered as measurable:

• First sub-system: although this sub-system is described by LFPs, thus measured in
mV or µV, only x1(t) can be recorded over time − thus, it is likely to measured;

https://github.com/GMSINT/Epilepsy-Dynamics-Control
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y1(t), in turn, is not measurable − rather, it plays the role of a higher-dimensional
entity which helps unfold the attractor of this subsystem, thus revealing its dynamics
(thus, it is unlikely to measured);

• Second sub-system: similarly, x2(t) is associated to neuron membrane potentials
(mV or µV) and is considered likely to be measurable, whereas y2(t) is responsible
for revealing the attractor of the second sub-system, which makes it unlikely to me
measured;

• Permittivity: z(t) is the slowest time-evolving variable potentially associated to
levels of ions, oxygen or energy metabolism (Jirsa et al., 2014). Given its possible
but uncertain biophysical meaning, it is considered an entity that is unlikely to me
measured;

• Variable u(t): since u(t) is a “dummy” variable that plays the role of a low-pass filter
due to the time scale separation 1/γ = 100≫ τ2 (Jirsa et al., 2014), it is considered
unlikely to be measured.

All of the other entities associated to the model are parameters of the system, not
variables, which is why they have not been included. Therefore, for the definition of
matrix C (that is, the information that can actually be recorded over time), there are
only three candidate variables available in this case: x1(t), x2(t) and z(t). Nevertheless,
due to the inherent uncertainty of z(t), matrix C is composed of x1(t) and x2(t):

C = [−1 0 0 1 0 0] (43)

Note that C is actually a vector. This can be explained by the fact that, as defined
by the authors of Epileptor (Jirsa et al., 2014), the resulting LFPs in the time domain
are formed by a coupling between both sub-systems, which is, in turn, defined as the
following linear combination: −x1(t) + x2(t). For the sake of understanding, Fig. 22
depicts Epileptor’s behavior in the domain time again, but now with all of its variables
indicated, categorized as measurable (from the output) and unmeasurable.
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Figure 22 – Epileptor’s behavior in the time domain as LFP = (−x1(t) + x2(t)) and
state z(t), and all of its variables, categorized as measurable or unmea-
surable. Of all the six state variables that describe Epileptor’s behavior, only
x1 and x2 are related to the membrane potential, measurable in the time domain
as difference of potential. Although z(t) is potentially measurable (Jirsa et al.,
2014), it is considered unmeasurable in this thesis due to its inherent uncertainty.
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4.2 Fuzzy state observer

By measuring the output of the system, given as electrical/voltage activity in LFPs,
it is possible to access the “hidden” information in the brain and then reconstruct all
of the states. Once they are available, this is useful for two main purposes: i) a fuller
understanding of the brain dynamics is obtained − in particular, for the reconstruction
of the attractors and bursters which characterize epileptic seizures as cyclic bi-stable
phenomena (Jirsa et al., 2014); ii) control approaches for seizure suppression for Epileptor
have been designed recently (Nagaraj; Lamperski; Netoff, 2017) (including the one from
the previous chapter), but since state-feedback controllers rely on knowing all of the
states, their applicability is restricted unless an observer is also designed. Based on this
context, the design of the observer applied to Epileptor using the DMVT is presented in
this section to tackle this specific problem.

State observers are, essentially, “copies” of the original system that are capable of
measuring its output and estimating possible variables that, for different reasons (such as:
abstract nature, physical constraints or limited resources), cannot be directly measured,
which often occurs in practical applications (Tanaka; Wang, 2004). Considering the state-
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space representation, a fuzzy observer is given by (Tanaka; Wang, 2004): ˙̂x(t) = ∑2Nnl

i=1 N̂i(x̂(t)){Aix̂(t)+Biu(t)+Li[y(t)− ŷ(t)]}
ŷ(t) = Cx̂(t)

(44)

where L ∈ ℜny is a weighting matrix for the observer. That is, once the output vector y
from the original system is measurable, if it is compared to a known predefined copy of
the system whose output is ŷ, and weighted by matrices Li of proper dimension, ŷ→ y,
which implies that Li[y(t)− ŷ]→ 0, and the observer becomes an exact copy of the system,
yielding recreated versions of the original variables as well. Note that, for this approach
to work, the system and its parameters must be known.

Moreover, x̂(t) ̸= x(t) (the estimated states are different from the actual states), as well
as N̂i(x̂(t)) ̸= Ni(x̂(t)), for the most general case (the weighting functions for the estimated
states are different from the actual weighting functions too). The latter condition is
particularly relevant in this chapter, because it indicates that the membership functions
depend on the unmeasurable variables. Therefore, there are two main cases (Tanaka;
Wang, 2004):

• N̂i(x̂(t)) = Ni(x̂(t)): the membership functions do not depend on the estimated
states. That is, the nonlinear functions in Anl do not depend on estimated vari-
ables/states;

• N̂i(x̂(t)) ̸= Ni(x̂(t)): the membership functions depend on the estimated states.
That is, the nonlinear functions in Anl depend on estimated variables/states.

The case for the Epileptor model falls in the latter one1. The estimation error for
state observers, in turn, is defined as: e(t) = x(t)− x̂(t). For linear models (that is,
time-invariant systems), this equation can be written in its dynamic form after deriving
it (Ogata, 2010): ė(t) = (A−LC)e(t), where A is a constant matrix. However, Epilep-
tor presents a non-constant dynamic matrix Anl. Therefore, the fuzzy observer can be
strategically applied to cope with this issue, leading to the following expression (Ichalal;
Arioui; Mammar, 2011):

ė(t) = f(z(t))−f(ẑ(t))−LCe(t) (45)

For simplicity, single gain and output matrices L and C are considered (that is, Li = L
and Ci = C, i = 1,2, ...,2Nnl). Also, f(z(t)) = f(x(t),u(t)) and f(ẑ(t)) = f(x̂(t),u(t)),

1Since Eq. 6 depends on z(t), one of the nonlinear functions (and, thus, its membership function)
contains a variable that is not considered as measurable. In other words: N̂i(x̂(t)) ̸= Ni(x̂(t)) because of
z(t), which explains why it is necessary to apply the DMVT.
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defined as (Ichalal; Arioui; Mammar, 2011):

f(z(t)) =
2Nnl∑
i=1

Ni(x(t))[Aix(t)+Biu(t)] (46)

f(ẑ(t)) =
2Nnl∑
i=1

N̂i(x̂(t))[Aix̂(t)+Biu(t)] (47)

As discussed by Tanaka and Wang (2004), if N̂i(x̂(t)) = Ni(x̂(t)), the stability analysis
is straightforward. However, considering the worst case scenario where N̂i(x̂(t)) ̸= Ni(x̂(t))
(which is the case for Epileptor, as mentioned above), the stability analysis of this kind
of estimation error cannot be carried out using the traditional tools available for Takagi-
Sugeno systems (Ichalal; Arioui; Mammar, 2011). Thus, a different approach must be
employed to cope with the following term: ϑ = f(z(t))− f(ẑ(t)). In this thesis, the
Differential Mean Value Theorem (DMVT) is chosen for this purpose. Its formulation
extends the concept of linear sub-models to the error dynamics, whose stability is assured
by using a Lyapunov function (Ichalal; Arioui; Mammar, 2011).

This approach has been chosen for specific reasons: it has presented fairly good results
in terms of convergence and stability for continuous (Ichalal et al., 2011; Hammoudi et
al., 2014; Hammoudi et al., 2015; Ichalal et al., 2018) and discrete-time systems (Ichalal
et al., 2012), as well as common practical (Ichalal; Arioui; Mammar, 2011; Hammoudi et
al., 2014; Hammoudi et al., 2015) or more abstract systems (Ichalal et al., 2012); at last,
it is a relatively simple approach, in terms of implementation.

4.2.1 Differential Mean Value Theorem (DMVT)

The formulation using the DMVT in this work is based on the results obtained by
Ichalal, Arioui and Mammar (2011). Considering all of the n entries of the nonlinear
functions from f(z) : ℜn→ℜ, denoted as fi(z) (Ichalal; Arioui; Mammar, 2011):

f(z) =
[
f1(z) · · · fn(z)

]T
(48)

where fi(z) : ℜn →ℜ, i = 1, ...,n. Let a,b ∈ ℜn. If fi(z) is differentiable on [a,b], then
there exists a constant vector zi, satisfying zi ∈]a,b[, i.e., zi

j ∈]aj , bj [, for j = 1, ...,n, such
that (Ichalal; Arioui; Mammar, 2011)

fi(b)−fi(a) = ∂fi(zi)
∂z

(b−a) (49)
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It follows that, in terms of vectors (Ichalal; Arioui; Mammar, 2011):

f(z)−f(ẑ)︸ ︷︷ ︸
ϑ

= ∂fi(zi)
∂z

(z− ẑ) (50)

To expand this notation taking all nonlinear entries fi(z) (i = 1, ...,n) into account, as
well as all variables involved in the system zj (j = 1, ...,n), the following vector is defined
(Ichalal; Arioui; Mammar, 2011):

Ei =
[
0
1
· · · 0

i−1
1
i

0
i+1

· · · 0
n

]T

(51)

Then, the function f(z) can be expressed as a sum of all individual fi(z) and Ei (Ichalal;
Arioui; Mammar, 2011):

f(z) =
n∑

i=1
Eifi(z) (52)

or, alternatively, for i and j (Ichalal; Arioui; Mammar, 2011):

ϑ =
n∑

i=1

n∑
j=1

EiET
j

∂fi(zi)
∂zj

(z− ẑ)︸ ︷︷ ︸
e(t)

(53)

Thus, replacing the equation above into the error dynamics (see Eq. 45) leads to (Ichalal;
Arioui; Mammar, 2011):

ė(t) =
n∑

i=1

n∑
j=1

EiET
j

∂fi(zi)
∂zj

e(t)−LCe(t) (54)

Alternatively (Ichalal; Arioui; Mammar, 2011):

ė(t) =
[ n∑

i=1

n∑
j=1

EiET
j

∂fi(zi)
∂zj

−LC
]
e(t) (55)

The concept of sector nonlinearity from TS systems, which is the main characteristic that
allows rewriting nonlinear systems as linear sub-models, can be applied to model each of
the derivatives present in the Jacobian, for i = 1, ...,n and j = 1, ...,n, as (Ichalal; Arioui;
Mammar, 2011):

aij ≤
∂fi(zi)

∂zj
≤ bij (56)

if, and only if, ∂fi(zi)
∂zj

is differentiable on each [aij , bij ], where aij and bij are individual
maximum and minimum values for each i and j. Therefore, this term can be rewritten
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as a linear combination between such extreme values (Ichalal; Arioui; Mammar, 2011):

∂fi(zi)
∂zj

=
2∑

k=1
vk

ij(zi)ãijk (57)

where:

v1
ij(zi) =

∂fi(zi)
∂zj

−aij

bij−aij
, v2

ij(zi) = 1−v1
ij(zi) (58)

which, necessarily, must meet the following requirements of convexity (Ichalal; Arioui;
Mammar, 2011):

2∑
k=1

vk
ij(zi) = 1, 0≤ vk

ij(zi)≤ 1, k = 1,2 (59)

After carrying out this expansion, the error dynamics becomes, then (Ichalal; Arioui;
Mammar, 2011):

ė(t) =
[ n∑

i=1

n∑
j=1

2∑
k=1

vk
ij(zi)EiET

j ãijk
∂fi(zi)

∂zj
−LC

]
e(t) (60)

Alternatively, for the sake of simplicity, new matrices A∗ can be introduced (Ichalal;
Arioui; Mammar, 2011):

n∑
i=1

n∑
j=1

2∑
k=1

vk
ij(zi)EiET

j ãijk =
q∑

i=1
hi(z̃)A∗

i (61)

where q ≤ 2n2 , which leads to (Ichalal; Arioui; Mammar, 2011):

ė(t) =
q∑

i=1
hi(z̃)Ψie(t) (62)

where Ψi = A∗−LC is a linear subsystem.

4.2.2 Stability analysis of the error dynamics

To analyze the error dynamics in terms of convergence, Lyapunov theory can be
used, which is a sufficient condition to assure stability. Consider the following quadratic
Lyapunov function:

V (e(t)) = e(t)T Pobse(t) (63)

where Pobs = PT
obs > 0 (that is, Pobs is a positive-definite matrix, whose all eigenvalues

are positive) (Slotine; Li et al., 1991), in this case, is the stability matrix for the error
dynamics of the fuzzy observer. After deriving this equation and substituting Eq. 62 into
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it (Ichalal; Arioui; Mammar, 2011):

V̇ (e(t)) =
q∑

i=1
hi(z̃)e(t)T (ΨT

i Pobs +PobsΨi)e(t) < 0 (64)

Alternatively, this sum can be converted into a set of Linear Matrix Inequalities (LMIs)
(Boyd et al., 1994; Tanaka; Wang, 2004):

A∗T
i Pobs +A∗

i Pobs−MC−CT MT < 0, i = 1, ..., q (65)

where M = PobsL. All of the q inequalities above must be solved simultaneously to
compute M. Therefore, if there exists a matrix M, which implies that there also exist
Pobs and L, then the error dynamics converges towards zero, based on the Lyapunov
criterion.

4.3 Reducing the time necessary for stability to be achieved

This section presents a methodology known in the literature for increasing the speed at
which the error dynamics is reduced to its minimum value over time, based on the so-called
decay rate (α), as previously introduced in this thesis. Besides, a novel approach using
the parameter β is introduced, which outperforms the approach with α alone and provides
a smoother response when reconstructing the unmeasurable variables of the system.

4.3.1 Classic approach

The decay rate is responsible for increasing the speed of convergence in control en-
gineering problems (Tanaka; Wang, 2004). Essentially, it influences the positiveness of
matrix Pobs, contributing to making its eigenvalues even more positive, which enhances
the performance of controllers/observers. Based on Eq. 65, for the specific case of the
fuzzy observer, adding the decay rate α leads to (Tanaka; Wang, 2004; Ichalal; Arioui;
Mammar, 2011):

(A∗
i +αI)T Pobs +(A∗

i +αI)Pobs−MC−CT MT < 0, i = 1, ..., q (66)

According to (Ichalal; Arioui; Mammar, 2011), the performance of the fuzzy observer
can be improved by pole assignment in an LMI region of the type S = {z ∈ C|Re(z) <

−α, |z|< r}, defined as the intersection between the left plan Re(z) <−α and a disc with
center (0,0) and radius r. This region leads to the following LMIs:

(Ai +αI)∗T Pobs +(A∗
i +αI)Pobs−MC−CT MT < 0, i = 1, ..., q (67)
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 −rPobs PobsA∗
i −MC

A∗T
i Pobs−CT MT −rPobs

 < 0, i = 1, ..., q (68)

4.3.2 Proposal of enhancement

Additionally, with the purpose of smoothing and increasing the effect of α, a new
parameter can be included to the set of equations, referred to as β:

(A∗
i +αI+β1)∗T Pobs +(A∗

i +αI+β1)Pobs−MC−CT MT < 0, i = 1, ..., q (69)

where 1 is an n-dimensional matrix containing only 1, and Eq. 68 remains the same.
Essentially, it is also responsible for influencing the positiveness of Pobs. However, the
main difference compared to α is that it does not add eigenvalues directly to the system
A in the Lyapunov LMIs; rather, this parameter acts as a performance enhancer in its
own eigenvector base. Besides, β1 can be seen as a matrix that increases the coupling
among the states of the system by a factor β. Note that, once the constraint imposed by
this LMI is satisfied, stability is assured according to the Lyapunov criterion.

For instance, consider the Lyapunov inequality (Eq. 65) without any additional in-
puts: (A + αI)T P + P(A + αI) < 0. It can be shown that multiplying both sides of this
equation by the eigenvectors of matrices αI and A

Φ−1
A Φ−1

αI [(A+αI)T P+P(A+αI)]ΦαIΦA < 0 (70)

leads to:
(ΛA +ΛαI)T P+P(ΛA +ΛαI) < 0 (71)

Note that the matrices of eigenvalues ΛA and ΛαI are, in fact, superposed. After including
β: (A + αI + β1)T P + P(A + αI + β1) < 0. A similar procedure can be applied to find
that:

(ΛA +ΛαI +Φ−1
A β1ΦA)T P+P(ΛA +ΛαI +Φ−1

A β1ΦA) < 0 (72)

That is, including β adds ΛA and ΛαI to the projection of β1 onto the base of eigenvectors
of A. Alternatively, using the base of eigenvectors of β1,

(Φ−1
β1AΦβ1 +ΛαI +Λβ1)T P+P(Φ−1

β1AΦβ1 +ΛαI +Λβ1) < 0 (73)

which can be understood as: since the addition of eigenvalues of β1 is not direct (as
seen for αI), the addition of ΛαI and Λβ1 occurs on Φβ1. Mathematically, it means that
there is a linear transformation that, albeit abstract, drives the original system into a new
convenient noncanonical base, where the speed at which stability is attained is increased.
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Further details about this formulation can be found in Final Remarks.

4.4 Applying the observer

This section presents the results obtained for the fuzzy observer when applying the
DMVT to Epileptor, based on its state-space representation. It must be stressed that the
observer is designed for an identified model capable of representing the dynamics of the
system. The process of obtaining this model and its parameters is not discussed in this
chapter. According to the DMVT, each of the rows of the dynamic matrix A, combined
with the rows from the affine term b, can be modeled as a different entry, as given by Eq.
48, thus representing the variables associated to the model:

f(z) =
{

f1(z) f2(z) f3(z) f4(z) f5(z) f6(z)
}T

=
{

x1 y1 z x2 y2 u
}T

(74)

These are, therefore, the entries used for designing the observer. Consider again the
equations in state-space representation. Based on Eq. 55, the Jacobian can be defined
as:

∂f(z)
∂z

=


∂f1
∂z1

· · · ∂f1
∂zn... . . . ...

∂fn
∂z1

· · · ∂fn
∂zn

 (75)

where n = 6. For simplicity, only the following partial derivatives (all non-zero) are
presented below:

∂f1
∂z1

= ∂f1
∂x1

=

−[x2
1−3x1], x1 < 0

−[x2−0.6(z−4)2], x1 ≥ 0
∂f1
∂z3

= ∂f1
∂z

= 1.2x1z−4.8x1−1

∂f1
∂z2

= ∂f1
∂y1

= 1 ∂f1
∂z4

= ∂f1
∂x2

=−x1

∂f2
∂z1

= ∂f1
∂x1

=−10x1/τ1
∂f2
∂z2

= ∂f2
∂y1

=−1/τ1

∂f3
∂z1

= ∂f3
∂x1

= 4/τ0
∂f3
∂z2

= ∂f3
∂y1

=−1/τ0

∂f4
∂z3

= ∂f4
∂z

=−0.3 ∂f4
∂z4

= ∂f4
∂x2

= 1−3x2
2

∂f4
∂z5

= ∂f4
∂y2

=−1 ∂f4
∂z6

= ∂f4
∂u

= 2

∂f5
∂z4

= ∂f5
∂x2

=

0, x2 <−0.25

1/τ2, x2 ≥−0.25
∂f5
∂z5

= ∂f5
∂y2

=−1/τ2

(76)
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There are, thus, 6 nonconstant values inside the Jacobian. According to Eq. 62, then,
q = 2(

√
6)2 , which leads to 64 linear sub-models:

(A∗
i +αI+β1)∗T Pobs +(A∗

i +αI+β1)Pobs−MC−CT MT < 0, i = 1, ...,64 (77) −rPobs PobsA∗
i −MC

A∗T
i Pobs−CT MT −rPobs

 < 0, i = 1, ...,64 (78)

where the linear sub-systems are, in turn, given by:

A1 = A(ã112, ã132, ã142, ã212, ã442, ã542)
A2 = A(ã112, ã132, ã142, ã212, ã442, ã541)
A3 = A(ã112, ã132, ã142, ã212, ã441, ã542)

...
A62 = A(ã111, ã131, ã141, ã212, ã441, ã541)
A63 = A(ã111, ã131, ã141, ã212, ã441, ã541)
A64 = A(ã111, ã131, ã141, ã211, ã441, ã541)

(79)

For the sake of understanding, ã112 indicates, for example, the maximum value of
∂f1
∂z1

, whereas ã111 indicates its minimum value. Each matrix A is composed, thus, of all
constant partial derivatives plus each combination of maximum and minimum values for
the six nonconstant ones.

4.4.1 Observer for an on-going seizure

This section presents the results obtained for the fuzzy observer applied to Epilep-
tor when the initial conditions are set to an on-going seizure, which implies that the
convergence occurs during epileptiform activity. All of the computational codes were
implemented in Python 3.7, which is free and open source, on the Spyder environment.
Epileptor’s responses in the time domain were obtained using a Fourth-Order Runge-
Kutta numerical integrator with a time step of dt = 0.01. The gains of the observer,
in turn, were computed using again PICOS (Sagnol; Stahlberg, 2012), combined with
CVXOPT.

Figure 23 shows the results obtained for the fuzzy Takagi-Sugeno observer considering
the following parameters: α = 1.10−6, β = 0, r = 2 (left column) and α = 1.10−6, β = 0.2,
r = 2 (right column). For simplicity, only two of the variables considered unmeasurable
were plotted; further results for all of them can be found in Final Remarks. The initial
conditions for the simulation are the same as the ones originally defined for Epileptor
(Jirsa et al., 2014), that is, they refer to an on-going seizure state. Also, the time window
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was set to last until approximately the seizure offset. Note that, although there is a
certain oscillating behavior after adding β (especially for variables z(t) and u(t) − Final
Remarks), the convergence speed is increased, which is reflected on all the variables,
leading to a better synchronization of both fast oscillations and spike events.

Figure 23 – Performance of the fuzzy observer for an on-going seizure. The observer
is activated during the ictal event of the Epileptor model consdering the addition
α or α and β together, a combination que provides a smoother reconstruction.
The solid blue line (—) indicates the actual states (initial conditions: x1(0) = 0,
y1(0) = −5, z(0) = 3, x2(0) = 0, y2(0) = 0, u(0) = 0) and the red dashed line (-
-) indicates the estimated states (initial conditions: x̂1(0) = x1(0)− 1, ŷ1(0) =
y1(0)−1, ẑ(0) = z(0)−0.2, x̂2(0) = x2(0)−1, ŷ2(0) = y2(0)+1, û(0) = u(0)−0.1).

Source: Own authorship.

Figure 24 presents the error dynamics for both cases considering the same variables
(more details can be found in Final Remarks). Without β, such a dynamics tends to
become unstable and not follow a smooth behavior towards zero. This is due to the
discontinuity observed in Fig. 23 for y1(t) and y2(t), for example, which is reflected on
the magnitude of the error, assuming a considerably higher value compared to the curves
including β. Furthermore, since Epileptor’s subsystems are coupled, the discontinuities
are passed on to the other variables (z(t) and u(t)), but at lower amplitudes. In practice,
this is not desired since it can severely compromise the observer’s performance and lead
to inconsistencies during the measurements. On the other hand, this effect is reduced
after including β, since no discontinuities are visually recognizable: notice that the same
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oscillating behavior is still present in the curves (as in Fig. 23), but the convergence is
sped up while keeping a smoother behavior towards zero.

Figure 24 – Error dynamics for the fuzzy observer considering an-ongoing seizure.
Adding the parameter β along with α leads to a smoother performance when
reconstructing the states during the ictal event of the Epileptor model, endorsing
its efficiency in the application of the observer. The results without including the
parameter β are in the left column and the ones after including it are in the right
column.

Source: Own authorship.

A specific case to be considered is if only α is increased while setting β = 0, to verify
whether α alone can attain the same quality of convergence. Nevertheless, it must be
stressed that, after carrying out several simulations, depending on the values set for
α, the gains for the observer may be too high for Epileptor, leading to numerical errors.
Moreover, even when α is considerably higher (that is, regardless of its value), the addition
of β enhances the results. An additional proof for this statement can be found in Final
Remarks. Therefore, β is a good option when designing the observer2, and combining it
with α is essential to obtaining the best possible results.

The main advantage of this type of observer is that no previous recording of brain
electrical activity is necessary. That is, in practical/clinical applications, as soon as a
seizure arises, the observer is activated to measure such activity, which implies in fewer
data points, thus considerably reducing the computational cost in terms of storage. This

2As seen in Final Remarks, this also holds for controllers.
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strategy is particularly suitable if controllers are envisioned for seizure suppression: once
the states are accurately measured and estimated during the beginning of a seizure (even
if no previous information is available), control inputs may be sent to the epileptogenic
locus via electrical stimuli, thus mitigating the effects of a seizure. Therefore, designing
an observer for on-going seizures is useful for clinical applications, especially for seizure
suppression purposes. A disadvantage, however, is that, as discussed in the next section,
if no baseline behavior is recorded, relevant information related to the brain dynamics is
missing.

It is well known in the literature that the use of nonlinear dynamics tools, especially
limit cycles, attractors and bifurcations, is of great importance for understanding spiking
formation and its triggering factors (Hindmarsh; Rose; Huxley, 1984; Morris; Lecar, 1981;
Izhikevich, 2000). Besides, particularly for Epileptor, bifurcation analyses have verified
the coexistence of different pathological behaviors and brain states (Houssaini et al.,
2015). Such findings often make use of phase portraits, which essentially are helpful
graphical tools that help better understand motion patterns and stability of dynamical
systems without solving their nonlinear equations analytically (Slotine; Li et al., 1991).
When the system is two-dimensional, the phase portrait is well defined, as discussed
by (Slotine; Li et al., 1991). However, higher dimensional representations can also be
obtained using, for example, the concept of phase space reconstruction by time delays
(Hajiloo; Salarieh; Alasty, 2018). At last, combinations of these representations and
control variables (Slotine; Li et al., 1991), which may lead to abrupt transitions as the
case of Epileptor (Jirsa et al., 2014), generate the so-called bursters (Izhikevich, 2000),
equally important structures.

Thus, estimating and reconstructing phase spaces is key to accessing nonmeasurable
(and usually abstract) activity, which nonetheless is useful to understand the complexity
of brain behavior. Although on-going seizure signals represent well the main attractors
of Epileptor (Jirsa et al., 2014), including baseline states provides a more comprehensive
analysis, especially in terms of interictal and pre-ictal states, which are fundamental for
seizure prediction and diagnosis (Faust et al., 2015; Li et al., 2018a; Sharma et al., 2014;
Yuan et al., 2018; Acharya et al., 2018; Ansari et al., 2019). The next section presents,
thereby, a variation of the fuzzy observer to account for baseline and pre-ictal states, as
well as how Epileptor’s bursters can be obtained from them.

4.4.2 Observer for the transition between non-seizure and seizure

Figure 25 presents the performance of the fuzzy observer considering the following
parameters: α = 2.10−6, β = 0, r = 0.5 (left column) and α = 2.10−6, β = 0.03, r = 0.5
(right column). Only two of the unmeasurable variables were plotted; further results for



4.4 Applying the observer 78

this condition can be found in Final Remarks. Note that, since the baseline does not
include any oscillating or spiking behavior, lower values for some parameters are needed
to attain a good convergence. Once again, the results after adding β are better compared
to the ones without it, as seen in the previous section: the transition to the seizure is
brought forward when β = 0, which significantly compromises the fitting between the
spikes and fast oscillations, whereas the inclusion of β ̸= 0 implies in a smoother and more
adherent behavior.

Figure 25 – Performance of the fuzzy observer for the transition between interic-
tal and ictal states. The observer is activated during the transition between
interictal and ictal events of the Epileptor model consdering the addition α or
α and β together, a combination que provides a smoother reconstruction. The
blue solid line (—) indicates the actual states (initial conditions: x1(0) = −1.98,
y1(0) = −18.66, z(0) = 4.15, x2(0) = −0.88, y2(0) = 0, u(0) = −0.035) and the
red dashed line (- -) indicates the estimated states (initial conditions: x̂1(0) =
x1(0)−2, ŷ1(0) = y1(0)−8, ẑ(0) = z(0)−0.2, x̂2(0) = x2(0)−2, ŷ2(0) = y2(0)+0.5,
û(0) = u(0)−0.4).

Source: Own authorship.

The main disadvantage of this type of observer is, as discussed previously, the need
for constant monitoring of brain activity, which considerably increases the burden of
computational storage. One of its advantages is, in turn, that it takes both conditions
into account, healthy and epileptiform, thus accounting for the full bi-stable behavior
that is inherently designed for Epileptor (Jirsa et al., 2014)3. To illustrate such bi-stable

3As seen in the same reference (Jirsa et al., 2014), this bi-stable behavior characterizes
two bursters for Epileptor, one for the first subsystem, composed of fast oscillations, and
the other one for the second subsystem, composed of spike and wave events.
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characteristic and how the observer is able to recreate it, Fig. 26 is presented. Three
situations are considered: i) Epileptor implemented without the fuzzy observer; ii) its
implementation with the decay rate α, but β = 0; and iii) with both α and β. Note that,
when β is added, the burster is as well defined as the original Epileptor behavior, clearly
unveiling the cyclic behavior, whereas this trait is not as recognizable for when only α is
taken into account.

Figure 26 – Comparison between the bursters defined for the original Epileptor
and the estimated ones using β = 0 and β ̸= 0. The bursters are composed
of each subsystem of the Epileptor model, plotted using estimated variables with
the application of the observer using α or α and β together, a combination that
provides a smoother reconstruction, especially at the bifurcations, thus endorsing
β as a performance-enhancing parameter. The burster obtained by simulating an
Epileptor is in the first column, to the left‘; the reconstructed one using β = 0 is
in the middle column; the reconstructed one using β ̸= 0 is the last column, to
the right.

Source: Own authorship.

Another advantage for this approach is that, once both behaviors are captured by the
observer, interictal and pre-ictal states, which generally play an important role for un-
derstanding and predicting seizures, are identified as well. Nowadays, there exist several
techniques involving machine learning algorithms applied to electroencephalogram signals
(EEGs) which are able to detect seizures before they happen (that is, pre-ictal states)
(Faust et al., 2015; Li et al., 2018a; Sharma et al., 2014; Yuan et al., 2018; Acharya et al.,
2018; Ansari et al., 2019). Therefore, online integration between patients and fuzzy ob-
servers are of great interest in the fields of computational neuroscience, for understanding
the complex dynamics of seizures and their bursters/attractors, or in clinical applications
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involving seizure detection and suppression.

4.5 Contributions, limitations and conclusions

Considering the results and discussion addressed in this chapter, the main contribu-
tions are:

• considering the concept of DMVT, a fuzzy observer can be efficiently designed and,
once it is applied, Epileptor’s unmeasurable variables can be estimated based only
on the measurable ones. Such variables yield relevant information related to the
complex activity of the brain and, by design or due to their inherent uncertainty in
terms of physical meaning, cannot be directly measured;

• this enables accessing the underlying information that occurs in neural systems
(in this specific case, electrical activity that accounts for local field potentials).
By doing so, two possible scenarios are envisioned in practice: clinical/therapeutic
applications, where the fuzzy observers can be integrated with controllers, for seizure
mitigation during on-going epileptiform activity; neuroscientific applications, where
the study of the complex brain activities can be better understood by estimating
and reconstructing the bursters that are associated to them;

• two variations of the fuzzy observer can be designed: i) for on-going seizures and
ii) considering the transition between interictal and ictal states. For the first one,
the observer is only switched on as soon as the epileptiform activity arises, which is
advantageous especially because of the reduced burden in terms of computational
storage, since no previous recording of brain activity is required. For the second
one, in turn, although it might demand more computational cost, both healthy and
epileptiform activities are taken into account, which is useful to possibly record and
predict pre-ictal activities;

• the proposal of enhancement based on β is also introduced as an alternative for
designing controllers or observers using Lyapunov theory. It significantly improves
the response of the observer in terms of speed of convergence and smoothness,
outperforming the traditional tools available nowadays.

However, for the proposed approach to work, some of hypotheses assumed in Subsec-
tion 3.3 still hold, that is: a set of parameters that define Epileptor’s behavior must be
known beforehand; only electrophysiological signatures that are accurately represented or
approximated by the model can be considered candidates.
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As a consequence of the contributions achieved so far, the integration of fuzzy ob-
servers and fuzzy controllers can be an interesting option to simultaneously estimate and
reconstruct the unmeasurable variables of the model while using this full information to
compute gains for the controllers to emit signals to suppress epileptic seizures online. Of
course, to do so, the parameters of the Epileptor model must be known, which is hypoth-
esized as true in this chapter, although this is not the case in practice. However, there are
techniques in the literature that deal with this specific problem, that is, system identifi-
cation or parameter estimation strategies that, once applied, result in the estimation of
such parameters (Nowak, 2002; Noël; Kerschen, 2017). The complete integration between
parameter estimation, observers and controllers is discussed in the next chapter.
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5 ESTIMATING THE PARAMETERS OF THE EPILEPTOR MODEL

The approaches developed for designing the controller and the state observer are
powerful tools that may lead to promising investigations on the use of active control
techniques for epileptic seizure suppression. However, for practical applications, it is
necessary to obtain a patient-specific or/and condition-specific Epileptor model, which
represents each individual for whom an active controller is designed. To do so, a specific
set of parameters must be found such that Epileptor’s dynamics can be defined and
represent features of realistic seizures1. A recent work in the literature (Hashemi et
al., 2020) partially addresses this problem by using Baysian inference to estimate the
epileptogenicity parameter (x0, which represents the degree of excitability of the system).
The authors consider a reduced-order Epileptor, leading to a set of 2 equations (x1, the
LFP for the first subsytem, and z, the control variable) and 3 parameters (Irest1, τ0 and
x0). In this chapter, a more comprehensive approach is proposed for estimating all of
the 8 parameters in the full-order Epileptor, which can nonetheless be applied to the
reduced-order one. Besides, this strategy is consistent with all the previous chapters
involving state-feedback control/state observers, which are designed considering all of
these parameters.

It is worth mentioning that there is a wide range of seizures with different dynamics.
In fact, their categorization has been of particular interest in the fields of neuroscience,
and there are articles in the literature which propose a taxonomy of seizures based on
their types of bifurcations (Jirsa et al., 2014) or the so-called dynamotypes (Saggio et al.,
2020). The latter one even discusses on how such dynamotypes evolve during patients’
lifetime, display complex variations, as well as how often they may occur (individually or
together). Furthermore, as mentioned above, variations of Epileptor exist today, such as
the reduced-order model (Proix et al., 2017; Hashemi et al., 2020), or a model considering
longer interictal periods (Proix et al., 2014). This chapter focuses on obtaining the set of
parameters that was originally defined for Epileptor (Jirsa et al., 2014). Nevertheless, as
long as any of these systems of equations can be converted into state-space notation, the
proposed approach can be applied.

The approach chosen for this article is based on the Nelder-Mead (NM) optimiza-
1In the context of system identification, this process is known as parameter estimation, which implies

finding the parameters of a model that best describe the existing data (Ljung, 1998; Bos, 2007). In
practical applications, this would consist of defining an Epileptor model whose parameters are estimated
for a single patient or different Epileptors for the same patient, but adapting to each seizure. Once they
are available, a controller can be designed based on such models with specific parameters.
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tion algorithm, introduced by Nelder and Mead (1965). The application of heuristic
algorithms, such as the NM or the Particle Swarm Optimization (PSO) (Poli; Kennedy;
Blackwell, 2007), for example, have been widely used in the fields of engineering for
purposes of parameter estimation (Neto et al., 2013; Hardt; Schraknepper; Bergs, 2021;
Altan, 2020; Altan; Parlak, 2020). Besides, their use in biomedical engineering, especially
in the context of epilepsy, is relatively common, involving, for instance, epileptic seizure
prediction (Dollfußet al., 2013; Kim et al., 2014; Hamad et al., 2018; Subasi; Kevric;
Canbaz, 2019) or classification (Abuhasel; Iliyasu; Fatichah, 2015; Li et al., 2018b), based
on the use of one of the algorithms alone or hybrid approaches. In fact, the NM algo-
rithm has been even employed in an optimization problem concerning seizure propagation
speed in the Epileptor model (Proix et al., 2018). However, applications for determining
Epileptor’s parameters in the time domain, mainly for seizure mitigation purposes, still
lack in the literature.

In this chapter, the NM algorithm is not directly and simply applied; an efficient
strategy to obtaining the state-space representation of the Epileptor model for an indi-
vidual undergoing an epileptic seizure is introduced. The main idea is to measure the LFP
during the epileptic seizure and use it as input to the algorithm. The strategy involves
a pseudo-random matrix and a normalization criterion to apply the algorithm succes-
sively until the best set of parameters is attained to describe the input LFP through the
Epileptor model.

Furthermore, since there is an inter-dependency between controller, observer, and
parameter estimation, the latter one plays a crucial role when conceiving possible ther-
apeutic strategies based on feedback control. In practice, once the parameters of the
Epileptor model are properly identified, the gains of the controller and state observer can
be accurately computed, as introduced in the previous chapters. Therefore, this chapter
presents how an integration process between these three stages can be carried out as well.

At last, although the Nelder-Mead algorithm involves a heuristic approach, which may
lead to local minima or maxima2, this problem is also addressed in this work by using a
successive optimization approach in the time domain, combined with a statistical analysis
and median values to assure that the estimated parameters converge towards the reference
ones. Therefore, it is regarded herein as a simpler, more straightforward, and only output-
dependent approach, among other advantages, as discussed in the next sections. For these
specific reasons, it represents an attractive option with a strong practical appeal. The
codes used in this chapter are available online on the platform GitHub at the following
address: https://github.com/GMSINT/Epilepsy-Dynamics-Control.

2An interesting investigation on this topic is provided by Luersen and Le Riche (2004).

https://github.com/GMSINT/Epilepsy-Dynamics-Control
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5.1 Parameter estimation: overview

The strategy proposed in this chapter consists of a process with four main stages: i)
obtaining the input signals (i.e., the LFP), ii) pre-optimization, defining initial guesses for
the parameters, iii) optimization for parameter estimation (modeled as a minimization
problem), and iv) validation. The third stage characterizes the optimization itself, during
which the unknown parameters of the model are estimated via an objective function based
on the LFP. As for the last stage, a validation process is carried out considering several
successive optimizations along the LFPs over time, whose median values tend to converge
towards the target ones. Figure 27 depicts an illustration of the aforementioned parameter
estimation process.

Figure 27 – Flowchart for the proposed parameter estimation process. It comprises
four main stages: obtaining the input signals as references, pre-optimization used
to define the initial guesses of the parameters, the optimization itself, and valida-
tion.

Parameter Estimation

Source: Own authorship.

Note that for practical applications of epileptic seizure suppression, the identified
state-space model is used for designing the controller and state observer, as introduced
in the previous chapters. Moreover, the first stage, consisting of obtaining input signals,
has already been previously presented and represents the LFPs in the time domain. It is
thus not covered in the next subsections.

5.1.1 Pre-optimization

Based on the Epileptor model, the parameters considered correspond to every entity
that likely has a biophysical meaning and is not a variable or a purely mathematical
constant (e.g. c from Eq. 18), or influences significantly its behavior. Therefore, from
the point of view of the system’s dynamics, it is necessary to define 6 initial conditions
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(for the 6 variables considered in state-space representation) and 8 parameters which, if
changed, also change Epileptor’s behavior. By doing so, the set of 8 parameters that
characterize a local field potential can be expressed as S:

S = {τ0, τ1, τ2, γ, x0, y0, Irest1, Irest2}T (80)

or, using an equivalent notation, for simplicity, S = {s(1), ..., s(8)}T , where s(1) ≡ τ0 and
so forth until s(8)≡ Irest2. Note that all of them must be known before using the Epileptor
model. In practice, this means the set is patient-specific; that is, each individual presents
their unique seizure signature, which, in turn, implies that estimating these parameters
leads to the full description of their epileptiform activity, for a given time window recorded
over time. Therefore, the pre-optimization stage concerns the definition of initial guesses
for each of them. In this case, the set of parameters over the n optimizations can be
described by

Sn = (I+ δDn)Sref (81)

where I 8× 8 is an identity matrix, δ is an uncertainty factor, Dn is the disturbance
matrix, which changes for each n-th iteration. Vector Sref contains reference values,
which in practice is unknown, but for the proposed approach it is taken as the target or
desired parameters, to simulate a real scenario. At last, Sn is the input matrix for the
n-th iteration. Note that, if no iterations are carried out, n = 0, and S0 ≡ (I+ δD0)Sref;
therefore, the estimated vector is S≡ S0, and the disturbance (I+ δD0) ̸= 0 is the highest
possible. On the other hand, as the iterations proceed, n→ N , where N is the defined
maximum number of iterations, the estimated vector is Sn→ Sref. That is, S≡ Sn=N is
sufficiently close to the reference Sref, and δDN

∼= 0.

The reference vector Sref can be arbitrarily defined. However, it is recommended
to use values typically employed to describe representative epileptic seizures to improve
the feasibility of the optimization process. In this sense, without loss of generality, the
values used by Jirsa et al. (2014) are considered. The robust identification is achieved by
conveniently computing the disturbance matrix Dn of each n-th iteration by the following
equation

Dn = diag (φφφn)
max(|φφφn|)

(82)

where diag(φφφr) is a pseudorandomly-generated vector φφφn = {r1 r2 r3 r4 r5 r6 r7 r8}T for
the n-th iteration and max(|φφφn|) is the highest value in |φφφn|3. The highest element rj is
obtained in a different position into the diagonal of the matrix Dn. The disturbance factor

3Pseudorandom values can be obtained by drawing samples from a typical Gaussian distribution
commonly used in signal processing applications as additive noise (Liu; Lin, 2013). In Python, this is
done with the built-in function random.normal from the NumPy library.
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δ is previously defined considering δ > 0, such that δ = 1 is the maximum percentage of
variation admitted to the parameter in Sn in relation to the reference value in Sref. For
example, if δ = 0.25, δDn includes 25% of variation in pj (i.e., the j-th element into Sn)
in relation to its reference value defined in Sref. Figure 28 shows a schematic illustration
of this approach, in which D(j) is the j-th element from the diagonal of Dn. Note that
D(i) < D(j) ∀ i ̸= j.

Figure 28 – Visual illustration of the non-null values in δDn. Initially, the uncertainty
factor for the optimization is defined as δ, along with the pseudo-random ma-
trix rn; then, this matrix is normalized by its maximum value, thus leading to
the disturbance Dn; at last, the initial guesses Sn are formed by the disturbance
term and the previously defined reference values S. Red dashed lines represent
the reference values and ⋆ represents each value of sj for the n-th iteration. The
superscript j from each Dn indicates its j-th element, whereas n indicates the
number of the iteration process during optimization. The same holds for Sn.
Source: Own authorship.
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Source: Own authorship.

The process of estimating the actual parameters is also subjected to disturbances
related to the presence of noise in experimental signals, which is usually associated to the
output variables, i.e., the physical quantities that are measured in the time domain (y(t)).
Thus, along with the uncertainty factor, the influence of noise addition is also considered
in this chapter as:

Snoise
dB = SNRdB−Ssignal

dB (83)
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where Snoise
dB stands for the power of the noise present in the output, Ssignal

dB ≡ LFP ref
dB

is the power associated to the measurable reference LFP, and SNRdB is a pre-defined
signal-to-noise ratio, given in decibels (dB). By applying the appropriate logarithm-linear
conversion, the noise-corrupted output can be modeled in the time domain as:

LFP ref
noisy = LFP ref +N (t) (84)

where N (t)∼ (0,
√

Snoise) is an artificially generated and normally distributed pseudoran-
dom variable, known as additive white Gaussian noise (AWGN) (Liu; Lin, 2013), given
in the same unities as the LFP.

5.1.2 Optimization

The optimization process is employed to get Sn→ S from Sref. Each n-th iteration is
evaluated by computing the function f(W, wn), where W ≡ LFP ref, i.e., the target LFP.
Similarly, wn is the LFP obtained by integrating the Epileptor model in the time domain
considering the parameters in Sn, i.e., the n-th set of parameters. The function f(W, wn)
is defined by

f(W,wn) = 1
ν

 1
K

K∑
k=1

(W (k)−wn(k))2
1/2

(85)

where W (k) and wn(k) correspond respectively to the k-th value of W and wn, k =
1, ..., K, i.e., their discrete representation for computational purposes is considered, ν =
|W max−W min| is a normalization factor and K is the number of time instants considered.
Note that the target LFP is the reference local field potential to be described using the
identified Epileptor model. In practical applications, it is a recording of epileptiform
activity, whose parameters are unknown. The optimization procedure is defined as a
minimization problem, as follows:

minSn [f(W, wn)] (86)

The strategy established in the optimization procedure is as follows: for each n-th
iteration, a set of parameters Sn is evaluated; a computational simulation for the Epileptor
model is then run for such a set; in case f(W,wn) = 0, then wn ≡W , and the iteration
process is stopped. Typically f(W,wn) = 0 is not achieved, and the tolerance value ϵ and
the maximum number of iterations N are predefined. Then, the following criterion is
assessed: f(W,wn)≤ ϵ, which limits the number of iterations, as is the case in practice4.

4As stated by Luersen and Le Riche (2004), the number of analyses (in this case, optimizations) in real
situations is usually restricted. Naturally, this fact is taken into account in this chapter by using a limited
number of iterations and threshold, since computational applications are sometimes time-consuming and
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Figure 29 shows an illustration of this iteration process.

Figure 29 – Visual illustration of the iteration process for a time window of an
LFP. Initially, at n = 0, both target W and optimized wn LFPs present differ-
ent parameters, whose variation is defined by the uncertainty factor δ; as the
iterations proceed, this difference is minimized until a maximum number of itera-
tions N or tolerance ϵ is achieved. The estimated parameters ⋆ tend to converge
towards the desired references as the optimization proceeds, so that wn matches
W . Source: Own authorship.
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Source: Own authorship.

The Nelder-Mead algorithm was chosen because it provides a good convergence speed
(Neto et al., 2013), it is easily addressable, its implementation is relatively simple, and
presents a low computational complexity (Neto et al., 2013), which makes it an interesting
option, for which several successive optimizations are performed, as shown in next section.
It has been used for different applications, such as the tuning of Kalman filters (Powell,
2002), or model parameters estimation (Neto et al., 2013; Hardt; Schraknepper; Bergs,
2021), for example. This algorithm was first established in 1965 (Nelder; Mead, 1965)
and it is also known as Downhill Simplex Method (Neto et al., 2013). It is based on a
heuristic approach, which may lead to local minima or maxima; however, this problem is
addressed herein by adopting successive optimizations over time, as presented in the next
subsection. Another important advantage is that it can be applied directly to Epileptor’s
require a high processing. However, as seen in the next sections, the proposed approach provides a good
strategy for estimating the parameters of the system with a strong practical appeal.
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output, in the time domain, which thus requires no previous stages of signal processing
or manipulation.

Consider that there are S parameters to be estimated; then, as seen in (Gao; Han,
2012), the Nelder-Mead algorithm involves a simplex of S + 1 points (or vertices) that
attempts to find the best solution in the parameter space based on the objective function.
Essentially, this is attained by five main operations: 1) sort, 2) reflection, 3) expansion,
4) contraction and 5) shrink, each of which is briefly explained below5.

1. Sort: the objective funtion f(.) = f(W,wn) is evaluated at each of the S +1 vertices
based on the initial guesses given in the pre-optimization stage, and these values
are sorted in ascending order such that: f1 < f2 < ... < fS+1;

2. Reflection: calculate the vector of parameters Sr = S̄ + κref (S̄− SS+1), where
κref > 0 is the reflection factor and S̄ is the centroid of the S best vertices. If
f(S1)≤ f(Sr) < f(SS), replace SS+1 with Sr;

3. Expansion: if f(Sr) < f(S1), then try Se = S̄+κexp(Sr− S̄), where κexp > 1 is the
expansion factor. If f(Se) < f(Sr), replace SS+1 with Se; otherwise, replace SS+1

with Sr;

4. Contraction:

(a) Outside: if f(SS) ≤ f(Sr) < f(SS+1), calculate So = S̄ + κctr(Sr− S̄), where
κctr < 1. If f(So) ≤ f(Sr), then replace SS+1 with So; otherwise, go to the
shrink step;

(b) Inside: if f(Sr)≥ f(SS+1), calculate Si = S̄−κctr(Sr− S̄). If f(Si) < f(SS+1),
replace SS+1 with Si, otherwise go to the shrink step;

5. Shrink: if all else fails, then calculate Ss = S1 + κshr(Ss−S1) for 2 ≤ s ≤ S + 1,
where 0 < κshr < 1 is a shrink factor.

Figure 30 shows an illustration of the main stages of the Nelder-Mead algorithm
to better understand this calculation flow. For representation purposes, the number of
parameters was limited to S = 2, such that the Simplex method is formed by S + 1 = 3
vertices.

5This formulation, although applied to the notation developed in this work, is consistent with the one
from Gao and Han (2012).
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Figure 30 – Main stages of the Nelder-Mead algorithm. The objective function f(.) =
f(W,wn) is evaluated at each of the simplex vertices based on the the initial
guesses for the parameters to be estimated. Then, after consecutive expansion,
contraction and shrink operations, the iteration process is stopped considering a
tolerance value of maximum number of iterations.
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Source: Own authorship.

5.1.3 Validation

The validation stage comprises repeating the optimization process considering M

different time frames to define W . The idea is to evaluate an entire seizure, from preictal
to postictal states, by cutting the signal in M parts. According to the number of points
measured in the target LFP, it is possible to consider an overlap as usually done in signal
processing techniques (Oppenheim et al., 1997). The M repetitions provide S(1), ..., S(M)

sets of parameters. The set used is the median resulting value of all optimizations, i.e.,

S = med{S(1), ..., S(m), ..., S(M)} (87)

Since m = 1, ...,M , the estimated parameters are considered as random variables. As such,
an intuitive choice to summarize them would be the mean, but if they are averaged using
it, they risk being biased, assuming high values which do not reflect the real parameters
(Soong, 2004), because the algorithm only aims at the best numerical solution. In this
sense, medians are more stable and conservative as they are centered samples (Soong,
2004). Other advantages in doing so are summarized below:
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• depending on the requirements of the optimization (in this case, the number of
points, for example), it may take a relatively long time for the parameters to con-
verge towards the desired ones. Therefore, shorter time windows enable to perform
several shorter, faster evaluations, which leads to a finer resolution in function of
the number of windows applied;

• since preictal, ictal and postictal signals have different characteristics, the best es-
timate for the parameters can be found individually, for each part, or as a whole,
based on median values of multiple successive operations, whose number is defined
based on the time window analyzed (as addressed in Subsection 5.2.1);

• by estimating the parameters according to pieces of the signals, it may be possible
that they are dominated by the local dynamics, which implies that they do not
fully reflect Epileptor’s true general behavior, a problem commonly associated to
overfitting (Hawkins, 2004). However, even if a set of parameters proves to be the
best fit for a part of the LFP but not for another one, by using median values, all of
the parameters yielded from the optimization can be analyzed as independent values
and converge to the desired ones. For instance: in case fm(W,wn) > ϵ, obtained if
the number of iterations exceeds the predefined one or a global minimum that does
not tend to zero is achieved for some m, it is possible that one or more of its p(j)

diverge considerably from its reference value. Once many time windows are adopted,
the overall median result tends to compensate for particular discrepancies like this,
because it is supposed to tend towards the target values without being significantly
affected by extreme values.

Based on the aforementioned reasoning, Subsection 5.2.1 is designed to specifically
address this issue and find the best trade-off between number of time windows and ac-
curacy. Figure 31 depicts an illustration of this approach, considering sequential time
windows over time, based on a reference (i.e., the target) LFP. The frame chosen refers
to the one with the minimum non-repeating cell for reproducing Epileptor’s main stages:
interictal and ictal. After the specified number of points, the same structure is obtained
over and over, which characterizes the system’s bi-stable behavior (Jirsa et al., 2014).
Moreover, by considering such a frame, the transitions between states are also captured
during the optimizations.
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Figure 31 – Steps prior to the validation process for the parameter estimation ap-
proach using sequential time windows to estimate the unknown pa-
rameters of the target LFP.. According to Eq. 87, each window m represents
a full optimization process, as described in Section 5.1.2, leading to a set of pa-
rameters S(m), m = 1,2, ...,M . The final set of parameters, considered the best
representative one, is given by S = med{S(1), ..., S(m), ..., S(M)}.
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Source: Own authorship.

5.2 Parameter estimation: application

The proposed approach is evaluated considering a target LFP numerically obtained.
An Epileptor model is defined considering the following reference parameters (Jirsa et al.,
2014): Sref = {2857, 1, 10, 0.01, −1.6, 1, 3.1, 0.45}T . An example of the vector of pa-
rameters before the iterations is S = {2142.75, 1.1860, 12.6744, 0.0103, −1.3674, 1.0436,

2.5773, 0.4343}T . In particular for this case, note that the main difference is verified for
the parameter τ0 = 2142.75, which is 25% (δ = 0.25) lower than its original value. How-
ever, different Sref were investigated and similar results were obtained for S. Values of
ϵ = 10−6 and K = 200000 were set for the integration in the time domain using the fourth
order Runge-Kutta algorithm, with dt = 0.01 s.
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5.2.1 Influence of the time window

Figure 32 presents the results obtained for the proposed parameter estimation ap-
proach using successive optimizations, based on box plots, in which the center value is
the median (Sbest). For Irest1, Irest2, τ1, τ2 and y0, small time windows lead to a smaller
region inside the box plot and less scattering around their respective medians, compared
to those from longer time windows, which suggests that a finer time resolution is more
appropriate in terms of parameter estimation in these cases. A reason for this behavior is
that all of these parameters are related to variables that evolve in a faster time scale (as
Epileptor’s subsystems, which define the epileptiform dynamic features). A more detailed
analysis on this topic shall be covered in the next subsection.

For x0, since this parameter is linked to the intensity of a seizure (in terms of am-
plitude and duration), shorter time windows may benefit the overall performance of the
optimizations, but longer ones may comprise the information of the whole ictal state bet-
ter, which is a possible reason why an intermediate value (25000) seems to be the best
result. For τ0, in turn, longer time windows seem to favor its estimation. This parameter
is associated to both duration and interval between two consecutive seizures in Epileptor,
and thus epochs that capture the global behavior of an LFP better seem to be more
appropriate choices. At last, longer time windows also favor the estimation of γ. This
parameter does not present a precise physical meaning, which makes it difficult to relate
it to a specific behavior; however, it plays the role of a slow-pass filter in the model, and
slower activities might be benefited from longer time windows. As a general result, con-
sidering that all parameters were fairly well estimated regardless of the time window, the
values obtained for the parameters tend to approach those originally defined for Epileptor
(Jirsa et al., 2014), and a finer time partitioning is beneficial for most cases.

Table 3, in turn, presents the relative mean squared errors (RMSE) between the esti-
mated and actual parameters, as well as their median final objective-function evaluations
(after M = 800, 400, 40, 8 and 4 optimizations, respectively, depending on the number
of windows). Based on the function evaluation, it endorses the advantage of a relatively
smaller time window to improve the estimation of the parameters. However, the RMSE
does not necessarily reflect the same results. This may happen because fbest(W,w) is
obtained as a median final evaluation of all M windows, whereas RMSE is only related to
the difference between a simulated reference signal and a new one obtained with the final
set of parameters estimated (that is, it is not a median value). Nonetheless, the general
behavior is that the finer the resolution (shorter time windows), the better the results are.
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Figure 32 – Box-plots for the set of 8 parameters estimated using different time
windows (given in number of points) and δ = 0.25. The overall behavior is
that reducing the size of the time windows enhances the results of the estimation,
meaning that greater resolutions in the time domain may lead to higher accu-
racies. Blue dashed lines (- -) represent the reference values (Jirsa et al., 2014).

Source: Own authorship.
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Table 3 – Performance of the optimization approach, in terms of the relative
mean squared error (RMSE), for different time windows, consid-
ering median values between the estimated (Sbest) and reference
(Sref) parameters, and associated median final objective-function
evaluations (fbest(W,w)). Although a 5000-point window is an exception,
the overall result is that the shorter the time window, the better the estima-
tion.

Window (points) 250 500 5000 25000 50000
RMSE (%) 0.63 1.21 0.66 3.96 1.47
fbest(W,w) 1.32.10−6 5.83.10−6 2.36.10−4 5.5.10−2 1.1.10−1

Source: Own authorship.

This is possibly due to the pseudo-random characteristic of the initial guesses: since
an unknown combination of them is set at the beginning of the process, slightly higher or
lower values are likely to be obtained for the parameters; also, a set of parameters that best
fits one time window is not necessarily the best choice for the remaining ones; however, the
guesses tend to converge towards the correct values on average, as the number of available
signal samples increases. Furthermore, note that, for this particular case, to obtain an
RMSE lower than 1%, the threshold that relates the RMS of an LFP fbest(W,w)≤ ϵ must
be such that ϵ = 10−6.

5.2.2 Influence of interictal and ictal states

In Fig. 33, the same parameters as in Fig. 32 are shown over the number of optimiza-
tions (alternatively, the number of time windows), but using a 250-point frame. For the
parameters chosen, different characteristics are observed over the number of optimizations
(which include information about the LFP over time). For Irest1, the estimated values
remain at an almost unchanged baseline, thus providing an accurate representation of its
original magnitude. Such a parameter is only present in vector b in Epileptor’s equations,
which is decoupled from the dynamic matrix, which might be why it is relatively easier
to be approximated (the same behavior occurred for Irest2).

As for x0, two possible reasons may be associated with its behavior: it interacts with
other parameters that must be estimated (as τ0, for example), which makes it difficult for
the algorithm to yield a precise value throughout the whole signal; besides, it is associated
with variable z(t), which represents processes that evolve slowly in time. Note that, for
τ1, the opposite behavior is obtained, probably because it is associated (and interacts)
with fast-evolving variables and parameters, as x1 and y0, respectively. Therefore, each
of the parameters are better estimated according to their biophysical nature in terms of
time scale. Furthermore, this endorses the fact that adopting successive optimizations,
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including interictal and ictal states, is an interesting strategy, even if the resulting values
must be averaged.

Figure 33 – Optimizations for the set of 8 parameters estimated using a 250-point
time window, comparing the preictal and ictal states. The overall behav-
ior is that parameters associated to a relatively faster time scale (such as τ1 and
τ2) are better estimated in the ictal condition (faster activity), whereas parame-
ters associated to a relatively slower time scale (such as τ0) are better estimated
in the interictal (baseline) condition. Constant parameters (such as Irest1 and
Irest2) are well estimated in both conditions, but slightly better in the interictal
condition. Red dashed lines (- -) represent the reference values. Vertical dashed
lines represents transitions from interictal to ictal.

Source: Own authorship.

This result can be generalized, as seen in Fig. 34, where a comparison between the
box plots in the interictal and ictal states is presented. For these cases, a 250-point frame
is also adopted, such that the resulting box plot represents all optimizations carried out
for the parameters (as seen in Fig. 33) in one of the aforementioned conditions. For τ0
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and x0, their best estimation is performed before a seizure occurs. The first one is a time
scale parameter that, essentially, influences on the duration and interval between seizures.
The second one, in turn, is known as epileptogenicity and influences on the intensity of a
seizure, in terms of amplitude and duration. It interacts with τ0 according to the state
control variable z in the Epileptor model, which is a slow-evolving variable. This helps
explain why their estimation is better in the interictal region, the period between two
consecutive seizures.

Figure 34 – Box-plots for the set of 8 parameters estimated comparing the inter-
ictal (II) and ictal (IC) states using a 250-point time window. The box-
plots generalize the behavior seen in Fig. 33: parameters associated to a faster
time scale are better estimated in the ictal condition, whereas the ones associ-
ated to a slower time scale are better estimated in the interictal condition. Blue
dashed lines (- -) represent the reference values.

Source: Own authorship.

As for the parameters τ1 and τ2, they are time scales that regulate the behavior of
both subsystems that define the main features of an ongoing seizure: fast oscillations and
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spike and wave events, described by x1 and x2, respectively, which are both fast-evolving
variables (the following relation always holds: τ0 > τ2 > τ1 (Jirsa et al., 2014)). Parameter
y0, in turn, is a constant value associated to the first subsytem (x1,y1) in the Epileptor
model. Since all of them are linked to events that take place in the ictal state, this suggests
that they are likely to be more accurately estimated in this region.

Parameters Irest1 and Irest2 can be considered as particular cases: even though each of
them is associated to one of the subsystems (which represent fast-evolving activities in the
time domain), they were better estimated in the interictal region in the cases analyzed,
not the ictal one. However, both are assumed as a constant flow of electric currents that
flow inward or outward neural cells in the model (Jirsa et al., 2014), and thus they do not
belong to the dynamic matrix, which might explain this finding. It should be stressed that
the results for the ictal period are fairly good as well and do not significantly compromise
their estimation.

Finally, parameter γ, linked to the dummy variable u(t), presented a slightly better
result for the interictal state; however, since it is not directly related to any biophysical
entity and works as a low-pass filter, it can be reasonably estimated in both regions.

As a general rule for deciding which periods of time during an LFP activity described
by Epileptor should be measured for the best possible estimation of its parameters, that
is, which parts of the signal over time are more likely to provide the right estimates,
arrows pointing to the best box plot are indicated in Fig. 34. Essentially, the criterion
used is not only how close the median values are to the reference once, but the variation
around them: low fluctuations imply in higher chances of estimating the correct values.

5.2.3 Influence of the uncertainty factor δ

Figure 35, in turn, depicts a comparison between the estimated parameters obtained
for different uncertainty factors δ. The box plots were obtained using a 250-point frame
and combining both interictal and ictal states. Note that, as the uncertainty (that is, the
relative difference in magnitude between the estimated and actual values) increases, the
parameters tend to move farther from the reference ones. This is particularly evidenced by
some visual features: for low δ, the region inside the box plot is smaller, more concentrated
around the medians, whereas the outliers are less spread around them as well; for high
δ, in turn, the opposite behavior is seen, with larger regions inside the box plots and
a higher scattering in terms of outliers. It is worth mentioning, however, that even for
δ = 0.75 and δ = 1.0, the resulting medians are fairly close to the target values for most
parameters analyzed.
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Figure 35 – Box-plots for the set of 8 parameters estimated using different uncer-
tainty factors δ and a 250-point time window. The overall behavior seen
in the box-plots is that decreasing the value of the uncertainty factor leads to a
better estimation. Blue dashed lines (- -) represent the reference values.

Source: Own authorship.

In practical terms, the prior lack of information about the initial guesses influences
directly the final output; that is, the less information, the worse. Nonetheless, accurate
predictions can be made based on the successive optimizations method. At last, Table
4 summarizes these results, showing that not only does the relative mean square error
get higher with the uncertainty, but also that the final objective-function evaluation is
farther from zero. In other words, the resulting value of the objective function, which
expresses how close the estimated LFP is to the reference signal, diverges from zero as
the uncertainty increases, which leads to a less precise estimation.
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Table 4 – Performance of the optimization approach, in terms of the relative
mean squared error (RMSE), for different uncertainty factors δ,
considering median values between the estimated (Sbest) and ref-
erence (Sref) parameters, and associated median final objective-
function evaluations (fbest(W,w)). The overall behavior is that decreas-
ing the uncertainty factor leads to a better estimation since the difference be-
tween estimated w and reference W LFPs is smaller.

δ (%) 25 50 75 100
RMSE (%) 0.63 4.47 12.40 16.43
fbest(W,w) 1.32.10−6 1.71.10−5 5.22.10−4 3.1.10−3

Source: Own authorship.

5.2.4 Influence of noise addition N (t)

Figure 36 depicts the influence of noise addition when estimating the set of 8 param-
eters in both conditions, interictal and ictal. The box-plots are obtained considering a
250-point frame and SNRdB = 70 dB. It is worth mentioning that other values of SNR

(which shall be presented in this subsection) were tested and similar results were obtained.
For τ1, τ2 and y0, the same behavior from Fig. 34 is observed: since they are parameters
related to the subsystems that define Epileptor’s main epileptiform features, they are bet-
ter estimated in the ictal region. Parameter γ, in turn, is best estimated in II as before,
and the same conclusions hold for this case as well.

For the remaining parameters, an interesting behavior occurs: especially for the ones
related to slow-evolving variables, they are not better estimated in the interictal region.
Note that τ0, x0 and Irest16 present a lower variation around the median values in IC.
This may be explained due to the main features of each region in the time domain. Before
the seizure onset (first bifurcation), the model essentially behaves as a positive DC trend,
without any other strong dynamic structures, as spikes or fast oscillations. When noise
is added to this part of the signal, it causes a progressive degradation of the baseline7,
thus compromising the estimation process. During the ictal period, nonetheless, the
main epileptiform structures take place and help the algorithm identificate the correct
parameters more easily. Despite this peculiarity, the estimations are fairly good in both
regions.

6Although II is considered as the best region for Irest2, note that there is not a clear visual distinction
between II and IC, in terms of estimation.

7The effect of progressive degradation caused by noise is commonly found in applications envolving
brain signals, in which the source can be from eye movements, muscle artifacts or the environment, for
example (Agarwal et al., 2017; Hussein et al., 2018).
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Figure 36 – Influence of noise addition on the process of parameter estimation in
both regions, using a 250-point time window and SNR = 70 dB. The
overall behavior seen in the box-plots is that, even with the addition of noise,
parameters related to faster time scales are still better estimated in the ictal con-
dition, whereas the ones associated to a slower time scale are better estimated in
the interictal condition. Blue dashed lines (- -) represent the reference values.

Source: Own authorship.

Finally, Fig. 37 shows the results for the parameter estimation process considering
different moderate SNRdB. The box-plots were obtained using a 250-point frame and
combining both II and IC regions. Essentially, the overall behavior is that, as the power of
the noise present in the LFP decreases, the process of parameter estimation is more accu-
rately carried out. This can be particularly seen by the lower region inside the box-plots
and fewer outlines as SNRdB increases. A higher SNR implies in less signal degradation
(Agarwal et al., 2017; Hussein et al., 2018), that is, the intensity of the measured activity,
as the LFP in this case, is stronger (or overcomes) than that of the noise that corrupts the
output, which thus helps the optimization algorithm find an appropriate solution more
easily. Conversely, as the noise progressively kicks in, it corrupts the dynamic structures,
thus compromising the estimation process. Nonetheless, for the cases analyzed in this
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work, even relatively lower SNR yielded fairly good results, which is evidenced by the
small distance from the reference values and the median ones.

Figure 37 – Influence of noise addition on the process of parameter estimation us-
ing a 250-point time window and different SNR dB, combining both
IC and II regions. The overall behavior seen in the box-plots is that the higher
the intensity of the noise added to the signals, the worse is the estimation, be-
cause the signal-to-roise ratio is compromised. Blue dashed lines (- -) represent
the reference values.

SNRdB SNRdB

Source: Own authorship.

To obtain a more comprehensive and detailed analysis, especially considering the
influence of noise (which is responsible for corrupting the quality of the reference signal
and decreasing significantly the accuracy of the optimization process), different sets were
tested having one of their parameters changed. In this case, the first set is the same as
the one addressed in the previous sections; the second one, in turn, is the same set, except
for x0; the third one is again the same set, except for Irest1. Table 5 presents the results
for these selected cases based on a 250-point frame, δ = 0.25, and three levels of noise.

For fbest(W,w), it increases as the noise increases, moving farther from the ideal
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value close to zero. However, the overall result is within 0.2 (or 20%), which is relatively
low. A similar behavior occurs to the RMSE: in general, it becomes higher as the levels
of noise increase, leading even to percentages that exceed 100%. This can be explained
by the fact that it represents a pointwise comparison between the reference LFP and
the reconstructed one. That is, the signals are not perfectly synchronized, especially
due to τ0, which varies considerably and is responsible for the slow-evolving processes.
Nonetheless, when analyzed individually, the estimated parameters are fairly close to
their reference values, which explains why a low fbest(W,w) is achieved, as previously
mentioned. Therefore, the proposed parameter estimation approach is consistent across
the different sets of parameters tested in the presence of noise.

Table 5 – Selected cases for the performance of the optimization approach,
in terms of parameters, relative mean squared error (RMSE), for
different levels of noise, considering median values between the esti-
mated (Sbest) and reference (Sref) parameters, and their respective
associated median final objective-function evaluations (fbest(W,w),
whose notation is simplified for visual purposes). Values obtained
based on a 250-point frame, δ = 0.25, and rounded up to the third significant
figure. “Est.” stands for estimated values. The RMSE is significantly affected
by the addition of noise, but the individual parameters present values still
close to the reference ones.

1st set τ0 τ1 τ2 γ x0 y0 I1 I2 RMSE(%) fbest

Reference 2857.000 1.000 10.000 0.010 -1.600 1.000 3.100 0.450 0.000 –
Est. (80 dB) 2843.117 1.000 9.952 0.009 -1.651 1.000 3.099 0.449 54.388 0.028
Est. (50 dB) 2201.157 0.991 9.991 0.011 -1.568 1.004 3.100 0.451 114.467 0.156
Est. (20 dB) 2451.317 0.972 8.637 0.008 -1.534 1.167 3.069 0.433 115.473 0.165
2nd set τ0 τ1 τ2 γ x0 y0 I1 I2 RMSE(%) fbest

Reference 2857.000 1.000 10.000 0.010 -1.400 1.000 3.100 0.450 0.000 –
Est. (80 dB) 2823.374 0.999 9.983 0.009 -1.336 0.999 3.100 0.450 62.348 0.011
Est. (50 dB) 2428.167 0.999 9.877 0.009 -1.412 1.004 3.099 0.449 93.252 0.136
Est. (20 dB) 2691.772 0.978 8.983 0.007 -1.319 1.134 3.082 0.451 82.542 0.158
3rd set τ0 τ1 τ2 γ x0 y0 I1 I2 RMSE(%) fbest

Reference 2857.000 1.000 10.000 0.010 -1.600 1.000 2.800 0.450 0.000 –
Est. (80 dB) 2840.615 1.000 10.011 0.009 -1.497 1.000 2.800 0.450 70.386 0.027
Est. (50 dB) 2607.437 1.001 9.989 0.009 -1.510 1.007 2.802 0.451 82.693 0.144
Est. (20 dB) 2607.133 1.008 9.749 0.006 -1.504 1.154 2.799 0.447 91.542 0.161

Source: Own authorship.

5.3 Integrating parameter estimation and controllers for seizure suppression

Figure 38 presents the integration of all the stages mentioned in this chapter. Two
major steps are, thus, expected: an offline/preparation one (I), during which LFPs are
acquired (or previously simulated), taken as reference or target signals, and used to design
the observer and controller − therefore, note that there must be available data sets, which
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represent well patients’ specific seizure signatures, prior to this stage; and an online one
(II), where the gains computed in (I) are already defined and used to reconstruct the
unmeasurable variables, thus leading to the full definition of Epileptor’s states, necessary
to activate the controller − which, in turn, proceeds to deliver the inputs for seizure
suppression.

Figure 38 – Integration process considering the proposed parameter estimation
technique and seizure suppression. In the offline stage (I), previously ac-
quired LFPs are used as reference signals to carry out the optimization process
and obtain the best set of parameters S, as seen in Fig. 31; these values are then
used to design both observer and controller. In the online stage (II), the observer
is activated to reconstruct Epileptor’s actual states x based on the estimated
ones x̂, and the controller uses the reconstructed states to deliver the input stim-
uli for seizure suppression.

Parameter
Estimation

Source: Own authorship.

As illustrated in Fig. 38, after carrying out the parameter estimation methodology
proposed in this chapter, the first requirement for applying observers and controllers
is met: since both rely on knowing the initially unknown parameters before being de-
signed, once these values are available, the necessary respective gains for reconstructing
the Epileptor’s model and driving it out of a seizure can be properly computed, as di-
cussed in the previous chapters. Therefore, the following strategy for seizure suppression
is adopted: the estimated parameters are directly used to design both controllers and
observers; the gains obtained from the design are then used along with inputs to each of
the states of the system, which characterizes the state feedback control approach. Note
that the design is performed with estimated parameters, whereas the activation of both
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observer and controller is for the system with the actual values of the parameters. It is
expected thus that, albeit the set Sbest is different from the real condition, it is sufficiently
close to it so that seizure mitigation can be attained effectively. Figure 39 presents the
aforementioned strategy, including the reference LFP (W ) and the resulting one (w) after
the successive optimization process, constructed with the estimated values using a 250-
point time window and δ = 0.25. Note that the curves present a good fit, and the only
major visual difference is related to a horizontal stretch from both sides, leading to a pos-
itive delay over time. Nonetheless, such a discrepancy does not significantly compromise
the controller’s performance: as soon as it is activated, it can efficiently drive Epileptor
out of a seizure, back to the healthy condition, expressed by the baseline at a higher LFP
level.

Figure 39 – Comparison between the reference LFP (W ) and the one using the es-
timated parameters obtained from the optimization process proposed
in this work (w), as well as the controller’s action, over time. The re-
sulting LFP after simulating the Epileptor with estimated parameters is close to
the reference one, only presenting a residual horizontal stretch. The controller
is designed with these estimated parameters and is effective in suppressing an
on-going seizure. Black solid lines (–) indicate the reference LFP; blue dashed
lines (- -) indicate the LFP with estimated parameters; the red dotted box (...)
indicates that the controller, which is designed based on estimated states recon-
structed by the observer, is activated at 1200 seconds and kept for 10 seconds.

**W w

Control is on

Source: Own authorship.

It is worth mentioning that, although the relative mean square error for this condition
is around zero (RMSE = 0.63%, from Table 3) and the difference between the expected
output signal and the target one is slight, it can still be visually well identified. This
suggests that the threshold ϵ must be as low as possible for an accurate estimation of
Epileptor’s parameters to be made. Due to this fact, close attention should be paid
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to those whose variation affect significantly slow-evolving processes in the time domain
and, thus, are directly related to driving Epileptor into and out of seizures: x0 and τ0.
Mathematically (Slotine; Li et al., 1991) and physically (Jirsa et al., 2014) speaking, z(t)
is a control variable, which explains this behavior, and since it presents both of these
parameters linked together (as in Eq. 4), it might be difficult for the optimization to
yield highly precise values. Nonetheless, these results highlight that both interictal and
ictal states are relevant when applying parameter estimation approaches to the Epileptor
model.

Furthermore, since both fuzzy observer’s and controller’s designs are carried out using
estimated parameters, to assure that Epileptor’s states are indeed properly reconstructed
by the first one, as well as efficiently driven out of a seizure by the latter one, the Euclidean
norm of the dynamic error (∥ e(t) ∥) and the one associated to the actual states in relation
to the healthy condition (∥ x(t)−xh ∥) were calculated and presented in Fig. 40. The
seizure-free condition xh can be defined as the vector composed of the states that are
immediately after the seizure offset (desired behavior), as seen in Chapter 3. Both norms
are computed based on the results of Fig. 39. Note that, after approximately 1000s,
∥ e(t) ∥→ 0; also, right after the control input is activated (at 1200s, for 10s), ∥ x(t)−
xh ∥→ 0. There is a small fluctuation on the error dynamics at the seizure onset (that
is, when the behavior is more unstable); however, as seen, this does not significantly
compromise the observer’s performance, and the error tends to converge towards zero.

Figure 40 – Euclidean norms of the error dynamics considering all estimated states
(∥ e(t) ∥) and between the actual states and the seizure-free condition
(∥ x(t)−xh ∥). The observer is active during the whole simulation and when the
states converge towards the desired ones, the controller is switched on, leading
to the suppression of an on-going seizure. The controller is activated at 1200 s,
as indicated by the red dash-dotted line, and lasts for 10 s, as indicated by the
turquoise dotted boxes (...).

Control is on Control is on

Source: Own authorship.
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5.3.1 Relevance to real seizure suppression

The case analyzed in the previous section evidences the effectiveness of the controller
when designed with parameters estimated at an RMSE = 0.63%. In terms of real epilepti-
form activity, however, a stronger background activity is present along with other artifacts
and noise. Although there exist techniques for dealing with artifact removal (Chen et al.,
2016; Islam; Rastegarnia; Yang, 2016), as well as the classic techniques for signal process-
ing and filtering (Oppenheim et al., 1997), it is reasonable to assume these activities are
inevitably part of real signals, which requires that the FTSM approach works well under
more adverse conditions too.

This issue is addressed in Fig. 41, where the action of the controller is simulated for
different conditions of the Epileptor model (as in Table 5) and their respective Euclidean
norms are calculated:

1. First set:Sref = {2857, 1, 10, 0.01, −1.6, 1, 3.1, 0.45}T

S = {2629.268, 1.250, 8.804, 0.011, −1.965, 1.148, 3.819, 0.456}T

2. Second set:Sref = {2857, 1, 10, 0.01, −1.6, 1, 3.1, 0.45}T

S = {2629.268, 1.250, 8.804, 0.011, −1.965, 1.148, 3.819, 0.456}T

3. Third set:Sref = {2857, 1, 10, 0.01, −1.6, 1, 2.8, 0.45}T

S = {3571.25, 0.997, 8.144, 0.001, −1.781, 0.997, 3.110, 0.356}T

For reference, Sref is the set of reference values (simulated) and S is the set of values
used to design the controller. To emphasize only seizure suppression, for simplicity, the
set of parameters was manually set according to Eq. 81, and a fixed level of noise was
also added to each simulation according to Eq. 84. Based on these cases, it can be seen
that Epileptor is driven out of a seizure towards the seizure-free point. This implies that,
even if no optimizations were carried out and the only different between estimated and
actual parameters was reladed to the uncertainty δ, it would still be possible to design
effective controllers.
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Figure 41 – Action of the FTSM controller considering different sets of parame-
ters as in Table 5. The uncertainty factor used to generate Sref is δ = 0.25.
Designing the controller with estimated parameters and applying it to a reference
LFP corrupted by relatively high levels of noise still leads to seizure suppression,
thus endorsing the efficiency of the controller for this purpose. The level of noise
is: 20dB. The control is activated at 1000 seconds, as indicated by the vertical
dashed lines, and kept on for 10 seconds, indicated by the red dotted box.

Case I 

Case II 

Case III 

Source: Own authorship.

5.4 Contributions, limitations and conclusions

Considering the results and discussion addressed in this chapter, the main contribu-
tions are: ´

• estimating the parameters of the Epileptor model based on a reference LFP with a
good accuracy is possible by using the proposed successive optimization approach,
leading to the reconstruction of the signal in the time domain;

• a comprehensive analysis about the influence of the time window, interictal and
ictal conditions, uncertainty factor and addition of noise showed that, in general,
parameters associated to a relatively faster time scale are better estimated in the
ictal condition, whereas parameters that evolve at a slower time scale are better
estimated in the interictal condition;
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• it is possible to integrate parameter estimation with the previous approach for de-
signing observers and controllers that aim at estimating Epileptor’s states and pro-
viding input stimuli that suppress its seizures. For the latter one, since such a
design relies on knowing the parameters that describe a seizure in the model, its
application would be restricted without the contributions achieved in this chapter;

• this integration has also provided evidence that, once the initially unknown parame-
ters that describe a seizure over time are available, that is, if the model is accurately
identified as introduced in this work, they can be used to design the gains for both.

The limitations of the proposed approach are, in turn, presented as follows:

• although the necessary tools for designing controllers and observers for seizure sup-
pression are already available, another relevant aspect on this matter is how the
input stimulus can be delivered to the brain region undergoing a seizure. The
state-space representation used in this chapter and the previous ones considers the
full-order Epileptor with six states, but since the fairly abstract physical nature of
the model prevents the real system from receing multi-input stimuli, only one of
them must be delivered, whose units are expressed in terms of electrical activity;

• the proposed approach assumes that an Epileptor model can accurately describe
the dynamics of an experimental LFP that represents a seizure of interest, and the
unknown parameters (as well as their variations) may be sufficiently well estimated
by the proposed approach, which is not the case in all real scenarios due to the large
variability of seizures;

• besides, real data usually contain noise, background activity and other artifacts that
have not been accounted for in the proposed approach.

The proposed parameter estimation approach aims at the best possible outcome,
which is supposed to provide an accurate approximaton of the true parameters. Nonethe-
less, considering real applications where the number of iterations, time windows and
processing is limited, finding the exact actual parameters that represent a seizure seems
unrealistic, which makes it necessary to assume a variation around them. From this point
of view, designing the controllers based on the uncertainty factor is an interesting strategy
and demonstrates its purposes in terms of seizure suppression.

However, as stated in the limitations, it is necessary to define boundaries within which
each parameter can vary (especially in the presence of noise, artifacts and background
activity), which in clinical applications is not always possible. To circumvent this issue,
articles addressing variations on the parameters in the literature (Houssaini et al., 2015;
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Zhang; Xiao, 2018) may be useful for establishing references for the initial guesses, which
is a major requirement for the optimization process to work properly and convergence to
be achieved.

As for the issue of the absence of multi-input stimuli, underactuated control ap-
proaches can be applied (Spong, 1998; Reyhanoglu et al., 1999), in which the number
of states used during control design and activation is not the same. This remains to
be addressed in the next chapters, with a relatively different approach. Nevertheless,
the current status of the controller for seizure suppression purposes allows applications
in computational neuroscience as of today, along with the study of seizure propagation
(Proix et al., 2017; Proix et al., 2018), for example.

At last, although the main restrictions regarding the applicability of the controller to
the Epileptor have been removed or overcome (reconstruction of unmeasurable states and
parameter estimation), no real electrophysiological signal has been analyzed so far. This
is precisely what the next chapter covers.



111

6 BLACK-BOX MODELING FOR RECONSTRUCTING AND ATTENUATING
REAL SEIZURES

From the physical point of view, epilepsy can be understood as a multivariable and
multiparameter dynamic system, described as differential equations or state-space nota-
tion (Jirsa et al., 2014). The parameters in these equations intend to represent biophysical
factors that, if modulated, may change its overall behavior (Jirsa et al., 2014; Hindmarsh;
Rose; Huxley, 1984; Izhikevich, 2003). Computationally speaking, by setting them, it is
possible to pre-define the response of the system and analyze several scenarios (i.e., how
the response is influenced by different parameters). In practice, if one or more of these
simulations match a specific signature of real brain activity (usually given in the time
domain), this indicates that the set of parameters used for this case is consistent with
the real activity. In system identification (SI) approaches (Ljung, 1998; Noël; Kerschen,
2017), this strategy is known as parameter estimation (Bos, 2007).

In the case of epileptiform activity, there are few SI applications involving dynamic
models such as the Epileptor. As discussed in the previous chapter, a successive optimiza-
tion approach was introduced to estimate all of its parameters, which is synergetic to the
work developed by Hashemi et al. (2020). A fundamental limitation is that it considers
only a reference output LFP related to seizures that are accurately represented by the
model, not real experimental signals. Therefore, it is necessary to account for a wider
range of signatures so that the results obtained in this thesis can be better validated. To
do so, it is important to define which SI strategy to apply.

SI is a widely studied topic in some areas of knowledge, such as structure and con-
trol engineering (Ljung, 1998; Noël; Kerschen, 2017), where each case depends on the
knowledge about the system. For example: there exist white-box models, which rely on
having prior knowledge and deterministic equations that represent it (Duun-henriksen et
al., 2013); gray-box models, which rely on prior knowledge and some available data (in
this case, real signals from brain activity) (Ljung, 1998; Duun-henriksen et al., 2013); and
black-box models, which only take the data into account, without any previous knowledge
(Ljung, 1998; Duun-henriksen et al., 2013).

Articles involving linear or nonlinear autoregressive models (AR/NAR), typical black-
box modeling tools, have been mostly proposed in the literature for seizure detection,
prediction and synchronization (Franaszczuk; Bergey, 1999; Chisci et al., 2010; Yu et al.,
2016; Ouyang et al., 2020; Attia; Moussaoui; Chahir, 2021), but approaches considering
system identification have also been used to describe the so-called NAR fingerprints of
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patients (Schiff et al., 1995; Schiff; Victor; Canel, 1995). However, the latter ones do
not provide a systematic procedure to chacterize the AR equations in terms of dynamic
models. If this is done, seizures can be described in state-space notation and used for
purposes of control, for example, as discussed in Chapter 3.

Considering this, the aim of this chapter is twofold: i) to propose an SI approach,
which comprises the use of real brain activity (at the LFP level), recorded from human
brain slices; ii) to provide a strategy for reconstructing real signals and applying control
inputs to attenuate the epileptiform activity based on state-space plants. For the first
one, AR models (Ljung, 1998; Durbin; Koopman, 2012; Fox, 2015) are used, making
the identification process simpler, since they only take into account the output of the
system, which is often the case in practice. For the second one, state-space (SS) models
are obtained based on rearrangements of the AR equations (Durbin; Koopman, 2012) and
converted into continuous-time models (Shieh; Wang; Yates, 1980; Åström; Wittenmark,
2013). Once the SS plants are available, they make it possible to design both observers
and controllers.

Furthermore, the second objective is achieved considering two other different cases:
the SS plant used to design both observer and controller is obtained from a signal under-
going epileptiform activity (named here as periodic ictal spiking − PIS) and the control
inputs are applied to the same signal; the plant is obtained from a signal that represents
interictal activity (named here as II) and applied to the PIS signal, which is taken as a
hybrid controller in this work. The main purpose is to assess the possibility of designing
observers and controllers without necessarily having access to seizure events, only the
interictal ones. This is regarded as an interesting and important study in the sense that
one does not need to rely on awaiting seizures to occur to be prepared for it. Although
these events are cyclic (Jirsa et al., 2014; Fisher et al., 2014), they are often unpredictable
(Kalitzin; Velis; Silva, 2010; Kalitzin et al., 2011), leading to interictal periods that are
typically much longer than the ictal ones (Proix et al., 2014), so hybrid controllers may
compensate for the possible lack of PIS activity recorded.

At last, as a synergetic approach to AR models, a smaller section including NAR
models is also presented in this chapter. The main reasons for doing so are: i) NAR
modeling is a generalization of its linear AR version; ii) the use of nonlinear regressors
may compensate for local instability caused by stationarity issues, as discussed later on;
iii) it allows writting the state-space notation in a similar way as the one of the Epileptor
model, taking advatange of FTS modeling; iv) at last, it is not applied to LFPs anymore,
but to iEEGs, thus extanding the results to more global activities − which are usually
easier to measure in practice. The nonlinear parameters are also explored to provide a
single general model that share common features across patients, which is of particular
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interest to provide controllers, for instance, that may work regardless of the patient or
seizure. The codes used in this chapter are available online on the platform GitHub at
the following address: https://github.com/GMSINT/Epilepsy-Dynamics-Control.

6.1 General methodology

The general methodology of this chapter comprises 3 major stages: 1) design, 2)
simulation and 3) comparison. Design is composed of 10 main steps: i) obtaining raw
signals, which are the brain activity directly measured during clinical procedures (either
II or PIS); ii) signal processing, which in this case consists of filtering and downsampling;
iii) frequency analysis; iv) AR model definition; v) AR model order selection and fitting;
vi) model extension; vii) discrete-time state-space definition (DSS); viii) convertion to
continuous-time state-space model (CSS); ix) design of the observer; x) design of the
controller. Simulation has 2 other steps: i) applying the observer to reconstruct the real
signal, which is a copy of the PIS/II activity; and ii) applying the controller to attenuate
the epileptiform activity while driving the signal (i.e., brain region) to the II condition,
where no seizure takes place. This stage is performed such that the estimated states are
used as input variables for the controller. At last, Comparison comprises comparisons
between the controlled signal (i.e., mitigated PIS driven back to II) and the original II
one. For this purpose, the Euclidean norm, spectrograms/power spectral density (PSD),
cross-correlations, principal component analysis (PCA) and appropriate statistical tests
are considered. In this way, a comprehensive time-frequency analysis is carried out to
assess the efficiency of the controller.

Figure 42 presents a flowchart with all the 3 major stages proposed in this work. Note
the interdependency between observer and controller: as the first one recreates the real
signal computationally, a control input is applied to the recreated artificial signal to verify
whether its epileptiform activity can be mitigated. This integration approach is consistent
with the one introduced in Chapter 5. It must be emphasized that the present approach
is only carried out because there is no access to the true system. In real applications, a
controller would not be applied to an artificial signal, but to a real brain region. It is
thus expected that the simulations reflect real conditions sufficiently well to reproduce
the results in clinical environments.

https://github.com/GMSINT/Epilepsy-Dynamics-Control
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Figure 42 – General flowchart with the 3 major stages of the proposed SI and con-
trol approach. Design: PIS or II signals are obtained beforehand (thus defining
the non-hybrid or hybrid approach) so that the AR modeling can be applied;
several AR models are obtained from evenly-spaced time windows, whose size
is defined during steps iii and iv; the models are rearranged into DSS and then
converted to CSS; the same number of plants for designing the observers and
controllers is used to generate single individual gains: G and L, respectively (it is
important thus to emphasize that: several models from one single lead to single
gains). Simulation: II signals (xh) are taken as the reference behavior to which
drive the system after the control is activated (i.e., no seizure condition); the real
PIS activity is reconstructed based on the output matrix C (identifying the mea-
surable state) and the relative difference between measured (y) and estimated
(ŷ) states, weighed by the gain L; with the gain of the observer G, control inputs
are applied to mitigate the PIS activity. Comparison: the controlled activity (ŷ)
is compared to the reference behavior (xh) using specific techniques: Euclidean
distance, spectrograms and PSDs, normalized cross-correlation and PCA. Matri-
ces A and B correspond to the identified CSS AR (which varies over time) plant
and control input one (identifying the controlled states), properly defined in the
next subsections.

- Power spectral density
- Principal component analysis

Source: Own authorship.

6.2 Design stage

This section comprises the results from the first stage. For simplicity, some of the
steps have been merged. Besides, for purposes of better explaining each of the steps,
the analysis is carried out using only 2 signals, one from each condition: PIS and II.
Nonetheless, other results considering more signals can be found in Final Remarks.
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6.2.1 Signal processing and frequency analysis

The raw signals are properly filtered to remove any uncorrelated activity (i.e., shifting
baseline, spurious harmonics), as carried out in (Araújo et al., 2022): Butterworth low-
pass and high-pass filters were applied to limit the signals above 0.5 Hz and below 1 kHz,
respectively; a notch-filter was also applied to remove the 50 Hz frequency and its 10
first harmonics. By filtering them, the resulting activity consists mainly of only epileptic
spiking or bursting behavior over time. Then, a downsampling of factor 10 is applied
(from 10 kHz to 1 kHz), which helps significantly to reduce the computational cost and
time, without compromising its overall behavior.

Figure 43 presents examples of different signals obtained from the same hippocampal
subfield (in this case, the subiculum − SUB) in two conditions: interictal (Fig. 43A) and
ictal states (Fig. 43B). For the raw signals, there is a moving baseline over time, which
is likely due to an external source of voltage that is not inherent to the spiking activity.
This issue is addressed by implementing a high-pass filter, which in this case was at 0.5
Hz. This process is not only important to unveil the spikes and bursts, but also necessary
so that the mean properties of the signal are better kept over time, which is a condition
for the AR models to be properly estimated (Durbin; Koopman, 2012). Although the
downsampling effect cannot be explicitely seen, a factor of 10 was applied to all signals,
such that the sampling frequency becomes 1 kHz instead of the previously defined one,
equal to 10 kHz.

The main difference between ictal (PIS) and interictal (II) spikings concerns the in-
terspike intervals: while the PIS activity presents more regular evenly-spaced spikes, the
spikes of the II activity are more irregular, switching from local bursts to isolated spikes
over the whole signal. A previous statistical analysis and classification of the signals used
in this chapter has been carried out (Araújo et al., 2022). Essentially, according to the
authors, the patterns exhibited in PIS signals indicate a more deterministic activity and
underlying mechanism, whereas II signals suggest a more complex/chaotic one. Further
considerations on this matter are out of the scope of the present chapter, but some of
these findings are important and shall be recovered in the next sections.



6.2 Design stage 116

Figure 43 – Raw and filtered downsampled signals with their respective spectro-
grams. (A) and (B) contain examples of raw and filtered downsampled signals
from SUB in the II and PIS conditions, respectively. For the filtering, a high-pass
first-order filter is applied at 0.5 Hz. For the downsampling, a factor of 10 is ap-
plied in this case, which means that the initially 10 kHz-sampled series becomes
a 1 kHz-sampled series. (C) presents the spectrograms for the same signals, both
obtained after filtering and downsampling. A higher range of frequency is re-
glected because it does not contain further strong frequency components.

A

B

C

Source: Own authorship.

By analyzing each signal in the frequency domain through its spectrograms, it is pos-
sible to find out which frequency components are more pronounced in the brain activity,
and an appropriate time window can be selected based on them, covering a range from
fmin to fmax. Therefore, the minimum time window that must be used for the identifica-
tion process is T = tmin = 1/fmin, leading to Nmin samples. It must be stressed that this
value is only the first reference. As shall be shown in the next steps, sufficiently long time
windows are applied as a conservative approach.

Figure 43 also shows the spectrogram of both signals analyzed above, after filter-
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ing and downsampling (Fig. 43C). There is an increase in terms of power over a wider
frequency range for the interictal activity for the period of time in question, which is
evidenced by the darker pixels, indicating that its activity is more complex, whereas a
concentration in low-frequency bands is seen in the ictal activity, suggesting that periodic-
ity and synchronization are indeed typical features of this condition (Araújo et al., 2022).
Nevertheless, in terms of frequency components, their ranges remain relatively the same
for both conditions, comprising approximately from ∼ 0.5 Hz up to ∼ 40 Hz. A higher
range of frequency is not shown in the same figure because it does not contain strong
components. As a conservative approach, it is assumed in this work that: fmin = 0.5 Hz.
Therefore, tmin = 2 seconds, at least, to assure that all spectral activity is properly rep-
resented during the AR model definition, which leads to Nmin = 2000 points considering
fs = 1000 Hz, the sampling frequency for the downsampled series.

6.2.2 AR model definition, order selection, fitting and extension

AR models are equations whose current value depends on previous observations of a
time series. They try to predict present states based on the time history. The classical
AR model can be expressed as (Ljung, 1998):

ŷ(n) = ϕ0−
k∑

i=1
ϕiy(n− i) (88)

where n = 1, ...,N indicates a discrete-time series, ϕi, i = 1, ...,k, are coefficients that weigh
each past observation y(n− i), i = 1, ...,k, of variable ŷ(n), which in this case represents
the output of the system (i.e., the elecrophysiological recordings), and ϕ0 is the mean
value of the time series (or the intercept). Suppose the AR model can be rewritten as
ŷ(n) = θθθT (n)ϕϕϕ, where:

ϕϕϕ = [ϕ1 ϕ2 . . . ϕk−1 ϕk]T (89)

θθθ(n) = [−y(n−1) −y(n−2) . . . −y(n−k +1) −y(n−k)]T (90)

the first step to calculating the vector of coefficients ϕϕϕ is considering a minimization
function min

ϕϕϕ
f(y, ŷ) based on the Least Squares Method (LSM) (Ljung, 1998):

f(y, ŷ) = 1
N

N∑
n=1

[y(n)− ŷ(n)]2 = 1
N

N∑
n=1

[y(n)−θθθT (n)ϕϕϕ]2 (91)

The vector of coefficients that minimizes this function is the one obtained when its deriva-
tive is zero:

d

dϕϕϕ
f(y, ŷ) = 2

N

N∑
n=1

θθθ(n)[y(n)−θθθT (n)ϕϕϕ] = 0 (92)
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This equation holds if ∑N
n=1θθθ(n)y(n) = ∑N

n=1θθθ(n)θθθT (n)ϕϕϕ or, alternatively:

ϕϕϕ =
 N∑

n=1
θθθ(n)θθθT (n)

−1
N∑

n=1
θθθ(n)y(n) (93)

thus yielding the coefficients. In this chapter, one of the main assumptions is that the
time series is stationary (Durbin; Koopman, 2012), despite local variations represented
by the spikes. As shall be shown herein, with an appropriate number of AR coefficients,
the epileptiform activity can be adequately reconstructed. In practice, no AR model is
capable of fully describing the dynamics of a time series, because the number of coeffi-
cients is usually limited, and for certain time intervals there might be local non-stationary
behaviors. Therefore, if the error considered during the modeling is taken into account,
Eq 88 becomes:

ŷ(n) = ϕ0−
k∑

i=1
ϕiy(n− i)+ εn (94)

where εn is the error associated to the n discrete time. One possible way to evaluate
model consistency is by calculating the autocorrelation function (ACF) of its residuals:
(Fox, 2015):

ρi = corr(εn, εn−i) = cov(εn, εn−i)√
var(εn)var(εn−i)

(95)

where, for simplicity of notation, εn = ε(n) and εn−i = ε(n− i), cov(.) is the covariance
operator, and var(.) is the variance operator. If ρi is relatively steady and close to zero for
any i > 0, then εn can be assumed as a Gaussian error of the type N ∼ (µ,σ2), where µ is
a zero mean and σ2 is a unity variance. If this proves to be true, then the AR model has
captured the significant dynamics of the time series, and the residuals are merely random
fluctuations.

Some criteria that are often used in the literature to define the order of an AR model
are: the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC).
Both attempt to obtain a good trade-off between the order k and the sum of squared errors
SSE = ∑N

i=1 [y(n)− ŷ(n)]2 between the resulting model and the original time series. Their
equations can be defined, respectively, as (Durbin; Koopman, 2012; Fox, 2015; Gordon,
2015):

AIC = ln
(SSE

N

)
N +2k (96)

BIC = ln
(SSE

N

)
N +ln(SSE)k (97)

Based on these equations, when a minimum is found on the k vs AIC/BIC plane, it
represents the best order for the model. Another possible way to assess order selection is



6.2 Design stage 119

by the mean squared error (MSE), which is closely related to the previous ones. In this
chapter, MSE is also tested to balance the order of the model and fix a limited error, and
N = Nmin is used as the minimum time window.

Since the definition of an AR model is closely linked to its fitting, which, in turn, is
based on order selection, these steps are carried out together. To define the AR model,
Nmin comes in handy, because it has already been calculated as an adequate time resolu-
tion. As a conservative approach, this number of points is increased by a factor of 2.5 in
this work, leading to Nmin = 5000. By doing so, it is also possible to comprise different
features over a longer period of time, thus providing a source of heterogeneity to the
model. Figure 44 presents the results for the k vs AIC, BIC or MSE criteria, considering
the two previously studied signals, in the interictal (Fig. 44A) and ictal conditions (Fig.
44B). Note that, as the number of k increases, all of the measures for the criteria decrease.
Additionally, the difference between previous and past values tends to become less and
less abrupt, indicating that the AR(k) coefficients of higher order have a weaker effect
in improving significantly the quality of the model. At last, both criteria provide similar
results, which is evidenced by the superposition of both curves.

From the same curves, k = 6 has been selected for specific reasons: i) as mentioned,
the decrease after k = 6 is smoother, less steep; ii) for higher values of k, some coefficients
for the interictal model may assume a magnitude such that |ϕ|> 1, which theoretically is
not adequate due to the stationarity assumption (Fox, 2015); iii) the main goal is to keep
both models as simple as possible. It is worth mentioning that, for both conditions, the
overall MSE is less than 0.05%, indicating a good representation of both spiking activities.
Figure 44 also shows the models obtained for both conditions considering k = 6. Overall,
the AR models capture well the dynamics involved in the signals, from steadier behaviors,
as the fluctuations around the baselines close to zero, to the abrupt changes that arise
as spikes occur. Further results concerning the autocorrelation functions of the residuals
are presented in Final Remarks, where similar conclusions can be drawn. Furthermore,
the six coefficients found are different between the conditions. This result is important
because it provides evidence that relatively simple models, as autoregressive ones, might
be an interesting option to describe and distinguish types of seizures, thus providing
patient-specific models with their own features.
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Figure 44 – Reference II and PIS signals from SUB and their respective AR mod-
els obtained after order selection based on the AIC/BIC/MSE crite-
ria. Although the best order of the model is supposed to be at the global min-
imum on the k vs AIC/BIC plan, k = 6 is chosen to make the model as simple
as possible; besides, after 6 there is a less steep reduction in the AIC/BIC val-
ues, as well as a stabilization of the MSE. (A) contains the results for the II case
whereas (B) constains the results for the PIS case: blue solid lines (—) represent
the reference II/PIS signals; red dashed lines (- -) represent the respective fitted
AR(k = 6) models. Order selection: blue solid lines with square markers (-□-)
indicate AIC curves; red solid lines with star markers (-⋆-) indicate BIC curves.

Source: Own authorship.

Concerning model extension, this step comprises extending AR(k) model to more
samples from the measured signal. That is, if Nmin samples were used to fit it, N > Nmin

samples are now included. In practice, since it is not feasible to measure an infinite
time of epileptiform activity, this strategy is useful to extend the fitted model to future
time instants. Naturally, this extension involves errors; however, they do not significantly
compromise the system identification approach in this chapter. Once the AR(k) has been
obtained considering Nmin, the same equations can be applied to the remaining samples
of the whole time series (N > Nmin). Fig. 45 presents both AR models fitted to their
respective signals (interictal and ictal), as well as their MSE over time. To obtain this
error, equally spaced moving windows of size Nmin were taken as references so that MSE
could be calculated for each of them. The errors exhibit a quite regular behavior, whose
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means are below 0.01%, the value that was previously found during order selection. This
result is important especially envisioning more realistic practical situations, where storing
an infinite number of samples is not feasible. Therefore, epochs of interictal or ictal
signatures can be acquired to be used as templates for the AR models, and then used for
the upcoming brain activities.

Figure 45 – Model extensions calculated for the whole time series based on the
AR models found using the first Nmin samples. The coefficients of the AR
model are calculated for the first time window of Nmin samples, then reapplied
to the remaining ones, suggesting that there the pattern is maintained over the
whole signal and extension can indeed be performed. Blue solid lines (—) indi-
cate the filtered downsampled signals; red dashed lines (- -) indicate the fitted
models; magenta dotted lines (...) indicate the mean values of the MSE. Each
cell contains Nmin samples.

Source: Own authorship.
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6.2.3 Discrete and continuous state-space definition (DSS/CSS)

Once the AR models are properly obtained, they can be converted into state-space
notation according to the difference equation xk′ in function of the states xk (which con-
tains the dynamic matrix composed of the AR coefficients), and the measurable activity
in the time domain, represented by yk (Durbin; Koopman, 2012):

yn

yn−1
...

yn−k+2

yn−k+1


︸ ︷︷ ︸

xk′

=



ϕ0

0
0
...
0


︸ ︷︷ ︸

b

+



ϕ1 ϕ2 . . . ϕk−1 ϕk

1 0 . . . 0 0
0 1 . . . 0 0
... ... . . . ... ...
0 0 0 1 0


︸ ︷︷ ︸

A{d}



yn−1

yn−2

yn−3
...

yn−k


︸ ︷︷ ︸

xk

+



ε1

0
0
...
0


︸ ︷︷ ︸

εεεk

(98)

yk =
[
1 0 0 . . . 0

]
︸ ︷︷ ︸

C

xk (99)

where A{d} is the discrete SS model and C is the matrix corresponding to the measurable
states in time − in this case, only the first one, yn, can actually be measured, whereas
the remaining ones are delayed states, thus not having a specific physical meaning. Since
low-frequency components are filtered out, b = 0. Besides, this AR modeling identifies
the discrete plant and the error is evaluated a posteriori. In this sense, in practice εεεk = 0
is adopted for design purposes.

The previous step presents the AR model in terms of a difference equation, which is
a common practice for a one-step ahead prediction, for example (Ljung, 1998). Although
digitized signals are finite and taken as an ensemble of samples, a more realistic approach
is to consider a continuous-time model that accounts for all time instants, as usually
done in engineering applications (Tanaka; Wang, 2004; Ogata, 2010). Besides, because
the application proposed in this work requires observers and controllers, a numerical
integration procedure is carried out in SS notation, which also justifies the need for a
continuous-time plant. For this purpose, the formulation becomes (Shieh; Wang; Yates,
1980; Åström; Wittenmark, 2013):

Ā{c} = 2fs

[
R+ 1

3R3 + 1
5R5 + ...+ 1

p
Rp

]
(100)

where Ā{c} is the continuous-time model, R = (A{d}−I)(A{d} +I)−1 and I is an identity
matrix of the same size as A{d}. By adopting the Direct Truncation Method (Shieh;
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Wang; Yates, 1980), the continuous-time model can be approximated, for simplicity, by:

Ā{c} ∼= 2fs(A{d}− I)(A{d} + I)−1 (101)

Note that this model avoids terms of higher order, thus reducing the magnitude of the
elements in the continuous-time matrix. It can be further adapted by considering a scaling
factor such that A{c} = 1

ς1
Ā{c}, where ς1 ̸= 0. This is particularly interesting for some

reasons: (1) local or quasi-non-stationary behavior of the signals leads to higher AR
coefficients in the discrete model (Fox, 2015), which in turn is reflected on the continuous
one; thus, scaling down the models is proposed in this chapter to mitigate this problem; (2)
this problem is endorsed by the sampling frequency of the signals, which is considerably
high even after downsampling (1 kHz) due to the time scale of neuron firing being relatively
fast; (3) since the proposed approach focuses on AR models of low order, local fluctuations
may not be captured by them, which means that the difference between the dynamics of
the recording being read and the one reconstructed by the identified AR model may not
be compensated for by the gains of the observer.

Figure 46 presents the matrices for the discrete-time models (Eq. 118), obtained
directly from the AR coefficients, and the continuous-time models (Eq. 101), after the
appropriate conversion. For illustration purposes, only the m = 1,2,M models are shown,
i.e., the ones obtained from the two first time windows and the last one. Light colors
indicate that the magnitude of the element inside a matrix increases positively, whereas
cold colors indicate this magnitude increases negatively. All m = 1,2, ...,M together in
the continuous form are used to design the gains of both observer and controller for one
of the proposed schemes: hybrid (LII and GII , Fig. 46A) and non-hybrid (LP IS and
GP IS , Fig. 46B). In this way, single gains assure dynamic stability when applied to the
whole signal. Note that their structure is quite similar to each other, regardless of the
condition, mostly having magnitudes of the type |ϕ| < 1 (for discrete models), which is
desired in the case of AR modeling (Fox, 2015).
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Figure 46 – Discrete and continuous dynamic matrices obtained from the AR coef-
ficients in state-space notation. (A) and (B) represent A{d}

m and A{c}
m , from

Eqs. 98 and 100, respectively. The set of matrices A{c}
m , m = 1,2, ...,M , is used

to compute single gains for the observer (L) and controller (G) in one of the two
conditions (II or PIS). For illustration purposes, only the m = 1,2,M models are
shown, i.e., the ones obtained from the two first time windows and the last one.

Source: Own authorship.

For clarity of understanding, Table 6 shows the AR coefficients for some of the afore-
mentioned matrices. There are differences from the coefficients calculated in both condi-
tions, which indicates that AR models can capture the dynamic transitions inherent to
the real signals, which is reflected on their coefficients. This distinction is particularly
evidenced by the fluctuation in the values between each condition, especially for II, where
the first term (ϕ1) is less stable across the windows presented (characterizing the irreg-
ular pattern of II compared to a more regular PIS activity (Araújo et al., 2022)). This
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characteristic is specific to this type of modeling and has been used in pattern recogni-
tion approaches involving, for instance, structural health monitoring (Yao; Pakzad, 2012;
Entezami; Shariatmadar, 2018; Yang; Lam, 2019; Yano et al., 2021) as well as analysis
and validation of computational models in describing II and PIS activities (Araújo et al.,
2022), since the AR coefficients are sensitive to changes in the signal dynamics (Entezami;
Shariatmadar, 2018).

Table 6 – Coefficients for AR(k = 6) models obtained for the SUB signal in
the interictal (II) and periodic ictal spiking (PIS) conditions. Means
are calculated considering all of the time windows (m = 1,2,3, ...,M), not
only the ones presented. Each line corresponds to the first line of the matrices
(discrete case) from Fig. 46. The table is restricted for illustration purposes.
For further results, please see Final Remarks.

Time Window (II) ϕ1 ϕ2 ϕ3
m = 1 0.96601012 -0.51796275 0.71708485
m = 2 0.74988617 -0.39621265 0.56154335

m = M −1 0.66563797 -0.43145048 0.51627098
m = M 0.96324516 -0.53397719 0.67803996

Time Window (II) ϕ4 ϕ5 ϕ6
m = 1 -0.37918536 0.35394271 -0.15192228
m = 2 -0.32536739 0.41139278 -0.12343279

m = M −1 -0.35454543 0.36084365 -0.17006476
m = M -0.35530265 0.36815283 -0.13206332

Time Window (PIS) ϕ1 ϕ2 ϕ3
m = 1 0.94856822 -0.47273578 0.70742222
m = 2 0.95015544 -0.47088456 0.71662639

m = M −1 0.88594754 -0.37282567 0.61554666
m = M 0.92252666 -0.45359902 0.69951633

Time Window (PIS) ϕ4 ϕ5 ϕ6
m = 1 -0.40025955 0.42473779 -0.21686942
m = 2 -0.43850637 0.46697371 -0.23336034

m = M −1 -0.35305278 0.44163889 -0.22369959
m = M -0.42437682 0.46004082 -0.21459317

In fact, the authors used the same signals present in this work, and by applying non-
linear/nonparametric classification techniques, such as logistic regression and confidence
intervals, fairly good classifications were obtained (Araújo et al., 2022). Moreover, within
each condition, the coefficients are relatively bounded over the time windows (for further
results, please see Final Remarks), which suggests that not only the patterns of II/PIS
are sustained differently, but also that the coefficients do reflect this consistency.
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6.2.4 Design of the observer

Suppose that, for each of the m = 1,2, ...,M time windows of size Nmin presented in
Fig. 47, there exists an identified plant: for m = 1, A{c}

m = A{c}
1 during the Nmin first

points; for m = 2, A{c}
m = A{c}

2 in the interval ]Nmin,2Nmin], and so forth. Then, the local
models in state-space notation become:ẋ(t) = A{c}

m x(t), m = 1,2, ...,M

y(t) = Cx(t)
(102)

where t = n/fs represents the continuous time variable, such that x(n/fs)∼= x(t) (Shieh;
Wang; Yates, 1980). This system can be understood as the mathematical representation
of the real PIS/II signatures in time. However, controllers cannot be directly applied to
it since the signals are only samples stored computationally, not dynamic systems. In
other words, there is no access to the true system set of deterministic equations that
describes the electrophysiological brain activity in hippocampal subfields or as a whole,
only the signals that have been previously measured. To tackle this problem, the concept
of observability needs to be applied.

Figure 47 – Illustration of the time windows used (whose minimum size is Nmin)
to obtain the AR models and to which the observers and controllers
are applied, ranging from m = 1,2, ...,M . For each time window, A{c}

m is
defined based on the state-space representation in continuous time and, as the
observer/controller procedes in time, models are then switched to adequately
represent the window. The gains, however, are single for the whole signal: G and
L.

m = 1 m = 2 m = M

Source: Own authorship.

As previously discussed, although C = [1 0 0 ... 0]T is consistent with the fact that
only the first state is measurable and the other ones are merely artificial states, for pur-
poses of recreating the signal in time and applying a control input afterwards, it is neces-
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sary to implement an observer such that the numerical integrator recreates its behavior
artificially. For this purpose, a “copy” of the identified plant is required, represented by
the following equation (Tanaka; Wang, 2004; Ogata, 2010):

ˆ̇x(t) = A{c}
m x̂(t)+L[y(t)− ŷ(t)], m = 1,2, ...,M

ŷ(t) = Cx̂(t)
(103)

During the numerical integration in the time domain, the matrix L weighs the relative
difference between the output of the stored PIS signal y(t) and the estimated output
ŷ(t) (which is in fact the recreated signal) such that, as ŷ(t)→ y(t), L[y(t)− ŷ(t)]→ 0,
and the copy becomes an exact approximation of the actual output. In practice, y(t) is
not a stored signal, but the real activity measured, for instance, by electrodes positioned
on specific brain regions. To assess how accurate this approximation is, the error can
be calculated by e(t) = x(t)− x̂(t) (Tanaka; Wang, 2004; Ogata, 2010). By taking the
derivative of this equation, the error dynamics becomes (Ogata, 2010):

ė(t) = (A{c}
m −LC)e(t), m = 1,2, ...,M (104)

It is thus expected that ė(t)→ 0 as t→ mNmin/fs, according to each m = 1,2, ..,M .
Although the time windows switch over time, it is an interesting strategy to obtain a
single L that is capable of observing the whole signal, i.e., one that is valid for all time
windows. To do so, it is necessary that this gain be stable across all the identified plants
A{c}

m . This issue is addressed in this chapter by taking advantage again of the concept of
FTS Modeling (FTSM), which states that a nonlinear plant can be exactly reconstructed
using linear submodels represented by the so-called Linear Matrix Inequalities (LMIs)
(Tanaka; Wang, 2004). LMIs can be formulated considering the stability criterion by
Luapunov theory (Slotine; Li et al., 1991) applied to the error dynamics:

V (e(t)) = e(t)T Pobse(t) > 0 (105)

whose derivative is

V̇ (e(t)) = ė(t)T Pobse(t)+e(t)T Pobsė(t) < 0 (106)

By substituting Eq 104 into the derivative, it follows that:

e(t)T [(A{c}T
m −CT LT )Pobs +Pobs(A{c}

m −CL)]e(t) < 0, m = 1, ...,M (107)

Since the norm of the error remains positive still convergence towards zero, the equation
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above can be rewritten as

(A{c}T
m −CT LT )Pobs +Pobs(A{c}

m −CL) < 0,m = 1, ...,M (108)

Therefore, in the case of the observers, the LMIs are stated as the following optimiza-
tion problem (Tanaka; Wang, 2004):

A{c}T
m Pobs +PobsA{c}

m −MC−CT MT < 0, m = 1, ...,M (109)

where L = MP−1
obs and Pobs is a positive-definite matrix (Slotine; Li et al., 1991). In this

optimization problem, all of these inequalities are solved simultaneously to find L before
the numerical integration in the domain. If there exists a solution, then there exists M,
thus also assuring the existence of L. Once L is found, it is applied in the state-space
equation from Eq. 103. These inequalities are formulated based on the Lyapunov theory,
so solving them implies that there exist sufficient conditions that assure stability (Slotine;
Li et al., 1991). An important difference is that, while FTSM assumes that nonlinear
functions can be rewritten in terms of linear combinations between their maximum and
minimum values (Tanaka; Wang, 2004), the present approach only considers the several
linear models obtained from the CSS AR indentified models. It is expected that if L
exists, it can be applied to the whole signal observing it every m time window as the
models switch over time. ‘

6.2.5 Design of the controller

Considering again the m = 1,2, ..,M time windows observed and recreated by the
responses of the observer, a control input can be applied to each of them according to the
following equation, as carried out for the Epileptor model:

ˆ̇x(t) = A{c}
m x̂(t)+L[y(t)− ŷ(t)]+Bu(t), m = 1,2, ...,M

ŷ(t) = Cx̂(t)
(110)

where u(t) is the input entry for control (which in this case represents an active electrical
stimulus, in terms of volts) and B is the input matrix, whose elements can be set according
to the design requirements or applications. The input u(t) has been proposed to be of
the following form, as done for the Epileptor model as well:

u(t) =−G[x̂(t)−xh] =−Gx(t)+Gxh (111)

Note that it is actually composed of two superposed stimuli: the negative term attempts to
attenuate the undesired dynamics while the positive term induces the desired one, based
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on a predefined non-seizure behavior xh and gains coming from the matrix G. Thus, the
system can be rewritten as:

ˆ̇x(t) = A{c}
m x̂(t)+L[y(t)− ŷ(t)]−BG[x̂(t)−xh], m = 1,2, ...,M

ŷ(t) = Cx̂(t)
(112)

If xh = 0, then the controller supposes the stability point is a zero baseline; otherwise, if
xh ̸= 0, it attempts to drive the current state to the desired condition while simultaneously
mitigating the undesired epileptiform activity. Recall that xh is taken as a reference signal
in the II condition, with the first state being one of its samples at each time instant and the
remaining ones equal to zero. To be consistent with the output matrix C, it is considered
as B = diag{B11,0,0, ...,0}, which means that the only target state (the one that actually
receives an input) is the first one, whose magnitude can be conveniently adjusted.

Similarly, the design of the controller can also be carried out considering a single G
for all of the m = 1,2, ...,M time windows over time, thus assuring stability based on the
Lyapunov criterion, but now considering the states, not the error dynamics: V (e(t)) =
x(t)T Px(t) > 0. By applying the same procedure described for the observer, the LMIs for
the controller are (Tanaka; Wang, 2004):

A{c}T
m P+PA{c}

m −GxB−BT GT
x < 0, m = 1, ...,M (113)

where Gx = GP−1. Considering that the system of interest in this case where physical
inputs are intended to be applied is a brain region, close attention must be paid to the
intensity of the gain G, so that it is properly delivered to suppress only the epileptiform
activity with an acceptable input intensity. This can be carried out considering again the
decay rate (Tanaka; Wang, 2004):

A{c}T
m P+PA{c}

m −GxB−BT GT
x +2αP < 0, m = 1, ...,M (114)

In this chapter, a good trade-off between this parameter and B1 is analyzed. This set
of inequalities, as well as the previous ones for the observer, can be simultaneously solved
using specific optimization tools, such as YALMIP (Lofberg, 2004), for MATLAB, or PI-
COS (Sagnol; Stahlberg, 2012), for Python. Without loss of generality, the computational
package adopted in this work is PICOS.

1For purposes of design, matrix B can be any convenient matrix defined by the designer. The simplest
one is the identity B = I, for example. However, to be consistent with the fact that only one state is
measurable in this work, the application of the controller during numerical integration requires B =
diag{B11,0,0, ...,0}. This approach is known as underactuation in the control engineering (Reyhanoglu
et al., 1999).
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6.2.6 Hybrid and non-hybrid observers and controllers

This chapter investigates the possibility of not only designing observers and controllers
based on the epileptiform/PIS activity to suppress PIS activity, but also designing them
using II activity and then applying them to attenuate PIS activities. This is regarded
as an interesting study in the sense that one does not need to rely on awaiting seizures
to occur to take action. The two types of designs carried out are: non-hybrid (design
performed using PIS to suppress PIS) and hybrid (design performed using II to suppress
PIS), respectively. Essentially, this implies that the internal dynamic structure of A{c}

m

changes according to the signal from which the AR models were obtained.

6.2.7 Remarks on the controller

The input can be adapted as (Bueno et al., 2014):

u(t) =− 1
ς2

Gx(t)+ 1
ς3

Gxh (115)

where ς2, ς3 ̸= 0 are constants that are applied to tune its intensity. Therefore, during the
time integration the controlling effect is given by:

ˆ̇x(t) = 1
ς1ς2ς3

{[ς2ς3Ā{c}
m − ς1ς3BG]x(t)+ ς1ς2BGxh}, m = 1,2, ...,M (116)

In sum, the continuous-time models and control inputs are weighted over time normalized
by the combined constants ςi, i = 1,2,3. The simulations showed that this approach
provides more flexibility for a finer tuning of the controller, especially considering the
limited order of the AR model.

6.3 Simulation stage

This section comprises the results from the simulation of the action of the observer
and controller proposed in this work. A fourth-order Runge-Kutta was applied as the
numerical integrator, considering the time step equal to the one from the real signal (that
is: dt = 0.001s). This procedure is implemented on the Spyder platform, using Python
3.2, which is free and open-source.
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6.3.1 Applying the observer and controller

Figure 48 presents the results obtained after the application of both observer and
controller. For the sake of understanding, it was divided into three parts showing the first
5 seconds of simulation (and a zoomed in pannel during the first 0.1s): for the first one
(Fig. 48A), only the observer is activated while the controller is kept off. To verify the
efficiency of the observer, the copy of the system is set with different initial conditions from
the ones measured in the real system. It is expected that the gain L weighs the relative
difference between states such that both time signatures converge. This is evidenced in
the same by the fact that the error e(t)→ 0 in a relative short time (first 0.1 seconds).

In this case, the numerical integrator reconstructs the stored signal computationally
over time. In practice, however, the process of signal acquisition would be carried out from
a real electrode, positioned on the brain region of interest. In other words, by designing a
state observer, the real PIS/II activities can be reconstructed (or “observed”) artificially.
It must be stressed that this process is different from simply recording the signals: if
there were more states in vector x̂(t), all of them would be recreated, regardless of their
physical interpration. Besides, this approach enables having an artificial dynamic model
where control inputs can be applied.

Fig. 48B presents the case in which both observer and controller are activated from the
beginning of the simulation, while setting xh = 0. This implies that the control attempts
only to drive the system to a constant baseline around zero. Its action is efficient in
attenuating the amplitudes of the spikes over time. Nonetheless, this is not the most
realistic scenario, since it is desired not only to mitigate the PIS activity, but also drive
the system back to the condition it was before a seizure started. Thus, the reference
state must necessarily be of the type xh ̸= 0, as presented in Fig. 48C. Note that not
only are the amplitudes of the spikes mitigated (from the PIS activity), but the controller
progressively delivers the reference input to bring the signal back to the II condition.

At last, considering the normalized Euclidean norms between the reference state xh

and actual states x(t), values fluctuate close to zero but do not reach this level in both
applications of the controller. This is also expected, firstly because for xh = 0, the dif-
ference is calculated from the signal and zero, and since a complex activity is going on,
a zero baseline is never achieved. Similarly, for xh ̸= 0 the spikes are attenuated but not
canceled, and since it is desired that x→ xh, the progressive addition of the reference xh

to the controller makes it interact with the PIS activity reconstructed from the observer.
The final result is not an exact version of the reference, but a close one. Therefore, it is
expected that the controlled signal presents a similar behavior to the reference globally,
not locally.
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Figure 48 – Action of the observer and controller over time and behavior of the er-
ror dynamics and Euclidean norms. In (A), only the observer is activated
while the controller is not. In (B), both are activated while setting xh = 0. In
(C), both are activated while setting xh ̸= 0. For the observer, x(0) (states of
the real system) and x̂(0) (states of the copy of the system) are set with different
values and, as it progressively weighs the outputs ŷ and y, the trajectories over
time converge within a limited period of time. When xh = 0, the controller at-
tenuates the epileptic spikes, but attempts to mitigate them towards zero. When
xh ̸= 0, in turn, it delivers an additional input to simultaneously attenuate these
spikes while driving the system to the II condition. In this case LPIS and GPIS
are used. Subfigures in columns II, III and IV are zoomed-in time windows of
the beginning of the signals. Solid orange lines (—) indicate the activation of the
observer; solid black dashed lines (- -) indicate the activation of the controller;
blue solid lines (—) indicate the measured signal; red dashed lines (- -) indicate
the reconstructed signal; magenta dash-dotted lines (-.-) indicate the error or
Euclidean norm of each case.

I

II

III

IV

Source: Own authorship.

6.3.2 Non-hybrid controller

Figure 49 presents the action of both observer and controller, but now considering the
whole signal from SUB. The observer remains activated all the time while the controller
is only turned on at the middle of the signal (half of the entire time of simulation). In
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the time domain, note that there is again a clear difference in the observed signal as
soon as the controller is activated. The amplitude of the undesired activity (i.e., PIS) is
significantly reduced and the controller keeps delivering the input signal to drive it back
to the II condition (xh), which is indicated by the irregular spiking pattern of higher
amplitude that arises.

Figure 49 – Action of the observer and non-hybrid controller over time analyzed in
terms of the normalized Euclidean norm ∥ x(t) − xref ∥ and frequency
content over time (spectrograms). The overall effect is mitigation of the un-
desired peaks of the PIS activity and induction of the non-seizure dynamics to
restablish the II condition. The controller is activated at half of the entire time
of the signal, whereas the observer remains on during all the time. In this case
LPIS and GPIS are used. Before the controller is activated, xref is the PIS sig-
nal being observed; after it is activated, xref is the non-seizure II signal. Solid
orange lines (—) indicate the activation of the observer; solid black dashed lines
(- -) indicate the activation of the controller; blue solid lines (—) indicate the
measured signal; red dashed lines (- -) indicate the reconstructed signal; ma-
genta dash-dotted lines (-.-) indicate the Euclidean between measured and re-
constructed/attenuated signal.

Source: Own authorship.
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However, such a difference is not reflected on the Euclidean norm, as previously dis-
cussed, resulting in no significant improvement. By plotting the spectrogram it becomes
clear that the uncontrolled signal has a similar frequency content pattern as the PIS sig-
nal, whereas the controlled one presents higher similarity with the II signal (Fig. 43).
This is the global similar behavior expected when the controller is activated.

6.3.3 Hybrid controller

As part of the hybrid strategy also covered in this chapter, Fig. 50 presents similar
results, but using LII and GII, that is, both observer and controller are designed using
a SUB signal in the II condition2. When the controller is activated, the amplitude of
the undesired activity is mitigated and the peaks of the reference signal can be seen
standing out among the others, as previously. This indicates that the design can be
carried out without the need of having epileptiform activity recorded, only the pre-ictal
states. This is an interesting result aiming at practical applications, where seizures often
occur spontaneously and unpredictably − which makes it difficult to measure them several
times. For illustration purposes, the controller remained activated for half of the duration
of the signal3.

6.3.4 Input stimulus

In practice, it is not expected to act for a long time since this might not be the
ideal case considering that patients would have to wear devices from which the inputs
are delivered, and also for economy reasons, because if the controller is activated for
short periods time, not continuously, its lifespan is increased. Besides, its intensity must
also be taken into account for the same reasons. In this sense, the amplitude of such
inputs must be adequately tuned so as not to compromise the health of desired brain
activities. Figure 51 presents the responses of the signals in time when the parameters of
the controller (α and γ) are tuned to decrease the intensity of the input (for both hybrid
and non-hybrid cases). For illustration purposes, only the first 20 seconds of activation
(and zoomed in windows) are shown. For the non-hybrid controller (Fig. 51A), when
the amplitude is limited it changes from its previous highest peak (based on the time
window analyzed) at ∼ 1480mV to 740mV (in modulus), a reduction of 50%. Naturally,
this implies that amplitudes of the undesired activity are not as efficiently mitigated as

2A different signal from xh is used to match the amplitude of the epileptiform activity without signif-
icantly increasing the gains of the controller. Futher details can be found in Final Remarks

3In approaches where the equations of the system are deterministic, such as the one applied to Epilep-
tor, the control can be activated for a few seconds to suppress a seizure. In this chapter, only the signals
are known, that is, the partial representation in time of a broader system, so control inputs that last
longer must be applied to better visualize their effects. This is also discussed in detail in the next sections.
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before, but a considerable attenuation can be seen, specially in the zoomed in epochs of
the signal.

Figure 50 – Action of the observer and hybrid controller over time analyzed in
terms of the normalized Euclidean norm ∥ x(t) − xref ∥ and frequency
content over time (spectrograms). The overall effect is mitigation of the un-
desired peaks of the PIS activity and induction of the non-seizure dynamics to
restablish the II condition. The controller is activated at half of the entire time
of the signal, whereas the observer remains on during all the time. In this case
LII and GII are used. Before the controller is activated, xref is the PIS signal
being observed; after it is activated, xref is the non-seizure II signal. Solid or-
ange lines (—) indicate the activation of the observer; solid black dashed lines
(- -) indicate the activation of the controller; blue solid lines (—) indicate the
measured signal; red dashed lines (- -) indicate the reconstructed signal; ma-
genta dash-dotted lines (-.-) indicate the Euclidean between measured and re-
constructed/attenuated signal.

Source: Own authorship.



6.3 Simulation stage 136

Figure 51 – Effect of tuning α and B11 on the input response of the signal in the
time domain. By tuning these parameters, the intensity of the input can be
modulated so that an excessive amplitude is avoided. The attenuation effect is
given by canceling out the peaks of the PIS activity while simultaneously intro-
ducing aperiodic peaks of the II activity. (A) contains results for the non-hybrid
case, whereas (B) contains the results for the hybrid case: blue solid lines (—)
represent the reference PIS signal (from SUB); red dashed lines (- -) represent
the controlled signal before tuning the parameters; green dash-dotted lines (-.-)
represent the controlled signal after tuning them. The input forces are indicated
as: black solid lines (—) for the control input without tuning and magenta dash-
dotted lines (-.-) for the same input after tuning. In this case LPIS and GPIS and
LII and GII are used, respectively. The parameters before tuning are: α = 1680,
1/ς2 = 1 and 1/ς3 = 1.55 (non-hybrid), and α = 810, 1/ς2 = 1 and 1/ς3 = 2 (hy-
brid). The parameters after tuning are: α = 840 and 1/ς2 = 1 and 1/ς3 = 1.55
(non-hybrid), and α = 675 and 1/ς2 = 1 and 1/ς3 = 1.5 (hybrid). For all cases,
1/ς1 = 1/10.

Non-hybrid

Hybrid

Source: Own authorship.

Concerning the shape of the control stimulus, two components can be distinguished:
the first one acts in the opposite sense of the PIS activity, presenting spikes of inverse
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magnitude; the second one, in turn, is responsible for delivering spikes of irregular time
intervals (similar to the II activity). This finding is consistent with previous observations
made in the literature, where continuous periodic stimulation/trains of pulses (Velasco et
al., 2001; Tellez-zenteno et al., 2006; Velasco et al., 2007) or randomly-spaced ones (Cota
et al., 2009) have been relatively efficient in suppressing seizures. Thus, an interesting
investigation in practice would be the use of combined types of stimulation to verify their
controlling effects in real epileptiform activity. As for the inputs of the hybrid controller
(Fig. 51B), the main difference compared to the first one is that its amplitude decreases
from ∼ 850mV to 595mV (a reduction of 30% in modulus). For both of them, a significant
attenuation is observed nonetheless.

6.4 Comparison stage

To better assess the efficiency of the controller and endorse the previously presented
results of Euclidean norm and spectrograms, this section presents results for the compar-
isons using PSDs, cross-correlations and PCA. For the sake of understanding: reference
II represents the stored II signal (xh); reference PIS represents the stored PIS signal to
be observed/controlled; the uncontrolled signal represents the observed PIS signal after
activating the observer; the controlled one, in turn, represents the signal after activating
the controller.

6.4.1 Power Spectral Density (PSD) and Principal Component Analysis (PCA)

Figures 52 and 53 summarize all of these metrics for the non-hybrid and hybrid con-
trollers, respectively. To generate the PSDs, several Nmin-long windows were considered
such that they are taken as random variables, which makes it possible to calculate mean
PSDs with standard deviations and confidence intervals (Figs. 52A and 53A). By analyz-
ing the means (Figs. 52B and 53B), two interesting patterns can be observed concerning
the controlled signal compared to the uncontrolled one: there is a slight decrease in power
up to ∼ 10 Hz and an increase after this frequency, consistent with the fact that II repre-
sents more complex activities, thus covering a large frequency band, while PIS is a more
deterministic periodic activity (Araújo et al., 2022). This suggests that upon activation
of the controller, the signal tends to move towards the reference II and leave the PIS
condition, regardless of the control strategy.
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Figure 52 – Comparison between the reference observed II and PIS signals and
the uncontrolled/controlled ones using PSDs and PCA after activat-
ing the non-hybrid controller. For reference: (A) contains the PSD results:
gray solid lines (—) represent the PSDs obtained for each of the Nmin-long win-
dows; red solid lines (—) represent the mean PSD of the reference/observed
II signal; red dashed lines (- -) represent the mean PSD of the controlled sig-
nal; blue solid lines (—) represent the mean PSD of the PIS reference/observed
signal; blue dashed lines (- -) represent the mean PSD of the controlled signal;
black dotted lines (...) represent the confidence intervals at a 95% level. (B) rep-
resents all the mean PSDs together for visual inspection; (C) contains the max-
imum cross-correlation values between the combinations reference II/PIS and
uncontrolled/controlled signals using all of the Nmin-long windows and their re-
spective confidence intervals at a 95% level. (D) and (E) present the principal
components of PCA highlighting the clusters individually and after considering
II/controlled and PIS/uncontrolled groups.

~0.74

Source: Own authorship.
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Figure 53 – Comparison between the reference observed II and PIS signals and
the uncontrolled/controlled ones using PSDs and PCA after activat-
ing the hybrid controller. For reference: (A) contains the PSD results: gray
solid lines (—) represent the PSDs obtained for each of the Nmin-long windows;
red solid lines (—) represent the mean PSD of the reference/observed II sig-
nal; red dashed lines (- -) represent the mean PSD of the controlled signal; blue
solid lines (—) represent the mean PSD of the PIS reference/observed signal;
blue dashed lines (- -) represent the mean PSD of the controlled signal; black
dotted lines (...) represent the confidence intervals at a 95% level. (B) repre-
sents all the mean PSDs together for visual inspection; (C) contains the max-
imum cross-correlation values between the combinations reference II/PIS and
uncontrolled/controlled signals using all of the Nmin-long windows and their re-
spective confidence intervals at a 95% level. (D) and (E) present the principal
components of PCA highlighting the clusters individually and after considering
II/controlled and PIS/uncontrolled groups.

Source: Own authorship.
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Figures 52C and 53C show the results for the analysis of maximum cross-correlation
coefficients. Each of the Nmin-long window was taken as a sample; then, uncontrolled
and controlled signals were both compared to references II and PIS. As expected, PIS
activities correlate better with uncontrolled ones, whereas II activities correlate better
with controlled ones, which again evidences the effectiveness of the controller, but analyzed
in the time domain − for this metric, the non-hybrid controller has a better performance,
with ∼0.74 vs ∼0.48. In the 3-dimensional principal component space, when each of the
Nmin-long PSD windows is projected four different clusters are revealed, corresponding to
references II and PIS and uncontrolled/controlled signals.

When plotted together, regardless of the control strategy used, the samples from
uncontrolled signals are spatially closer to PIS references, reference II is farther from the
groups, and samples from controlled signals fall in between. When plotting only two
categories (relating uncontrolled to PIS samples and controlled to II ones), the difference
between these clusters becomes more pronounced. To assess statistical similarity between
these four clusters, a bilateral Kruskal-Wallis test was carried out considering only the
second principal component (PC2), which proved to be the best one to distinguish them.
This test yielded H = 137.64 and p ≪ 0.001 for the non-hybrid controller and H = 105.39
and p ≪ 0.001 for the hybrid one, thus indicating the samples are statistically different.

Next, the post-hoc Dunn’s test was also performed to evaluate individual differences,
whose results are summarized in Table 7. For the non-hybrid controller, this test can
efficiently distinguish reference PIS from reference II and uncontrolled from controlled
signals. Besides, it does not distinguish between reference PIS and the uncontrolled sig-
nal, and between reference II and the controlled signal at 95%, which endorses the effect
of the controller in restoring the signal to the II condition. For the hybrid controller, as
the non-hybrid one, the test distinguishes well between references PIS and II as well as
controlled from PIS references, endorsing the effectiveness of the controller in attenuat-
ing PIS. However, it does not attest the similarity between controlled and reference II,
demonstrating that its performance compared to the non-hybrid one is moderate.

6.5 Relevant aspects of non-hybrid and hybrid controllers

This chapter addresses a relevant challenge in the context of epileptic seizures, which
is obtaining a data-based model that describes its signatures over time. System identi-
fication approaches involving epileptiform activity (or from interictal to ictal states) are
not commonly found in the literature. An important implication of doing so is to provide
models that are patient-specific or seizure-specific; that is, models that adept to each type
of time signature or patient. From these models, observers and controllers can be designed
for purposes of recreating the epileptiform dynamics and controlling it artificially.
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Table 7 – P-values obtained from the post-hoc Dunn’s test considering the
samples projected on the second principal component P C2, for
both non-hybrid and hybrid controllers. The tests indicate similarity
between controlled signals and II reference ones as well as uncontrolled signals
and PIS reference ones for the non-hybrid controller, but only similarity be-
tween uncontrolled signals and PIS activity for the hybrid controller, suggest-
ing its efficiency is moderate. The following notation is adopted: p ≪ 0.001 if
p < 10−6.

Non-hybrid Reference II Reference PIS Controlled Uncontrolled
Reference II 1.0 ≪ 0.001 0.197 ≪ 0.001

Reference PIS ≪ 0.001 1.0 ≪ 0.001 0.923
Controlled 0.197 ≪ 0.001 1.0 ≪ 0.001

Uncontrolled ≪ 0.001 0.923 ≪ 0.001 1.0
Hybrid Reference II Reference PIS Controlled Uncontrolled

Reference II 1.0 ≪ 0.001 ≪ 0.001 ≪ 0.001
Reference PIS ≪ 0.001 1.0 0.002 0.908

Controlled ≪ 0.001 0.002 1.0 ≪ 0.001
Uncontrolled ≪ 0.001 0.908 ≪ 0.001 1.0

From the time-frequency analysis, the total number of samples was reduced, which
considerably relieves the computational burden without compromising the signals’ inher-
ent dynamics. In addition, the main frequency components were identified and used as
a reference from which to define the templates (several time windows over time) for the
AR models with an appropriate fixed time length. This strategy enabled obtaining AR
models of reduced order: in this work, AR(k = 6) provided a good trade-off between ac-
curacy and complexity, resulting in low values of MSE and other relevant criteria, such
as AIC and BIC. Naturally, as the order gets higher, models become increasingly closer
to their reference signals. However, one of the main goals of the proposed approach is
to make the models as simple as possible (specially envisioning the later stages of state-
space representation), besides avoiding potential problems of overfitting. In this sense,
the models can sufficiently approximate the inherent dynamics of periodic ictal activity
(PIS) and interictal activity (II), distinguishing them according to the AR coefficients
obtained, thus endorsing previous results using the same signals (Araújo et al., 2022).

For the model extension step, the AR(6) model calculated from the first Nmin sam-
ples was reapplied to the whole signal (N > Nmin), in both conditions (PIS and II). Since
the evolution of the MSE over time was stable, this suggests that the identification from
restricted time intervals can be used in other parts of the signal too, a fact that is also
endorsed by the consistency of AR coefficients over time windows presented in Table 6
and Final Remarks. This result is particularly interesting because, in practice, obtaining
arbitrarily long time signals of epileptiform activity, especially from humans, usually in-
volves complex procedures, or recordings may not be readily available. Therefore, even
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with reduced information about the time signatures, it is possible to infer about their
remaining dynamics over time, which is also important for the next steps of designing
observers and controllers.

When applying the state observer, it was verified that the dynamic error e(t)→ 0
during the first instants of the simulation. This makes it possible to recreate the time
signature over time accurately from stored signals, as the case of this work. This result
is consistent with a previous study that reconstructed the unmeasurable activity of the
Epileptor model based on its measurable activity. The main difference is that this time
the reference signal is not dynamically simulated through the numerical integrator, but
approximated based on observations of stored signals. In practice, it is expected that the
observed signal is not a stored one, but brain activity measured in real time. As long as
such activity can be properly recorded, the proposed approach can be applied.

As for the controllers, its activation could attenuate significantly the amplitude of
the undesired activity, i.e., periodic ictal spiking (PIS), while simultaneously driving the
system back to the interictal condition (II). To do so, it is required to record II events
previously so as to provide a dataset from which to choose xh. This is an interesting result
because, since seizures present a wide variety, the reference for each case and design is
seizure/patient-specific as well. The design of hybrid controllers (state-space plant built
using II signals applied to PIS signals) proved to be relatively effective, which means that
it is still possible to design such a hybrid control in the absence of ictal events, a good
advantage considering that seizures cannot be easily measured and often occur abruptly.

The metrics used to evaluate how close controlled signals are to their reference desired
ones provided complementary results. The Euclidean norm could be reasonably applied
during the first seconds of simulation to visualize the efficiency of the controller along with
the dynamic error; however, for longer time windows, the norm did not prove to be the
best measure for this purpose. In other words, the norm is an interesting tool to assess
small-scale events, not global ones. On the other hand, both spectrograms and PSDs
provided relevant information regarding the frequency content of signals: they revealed
that PIS activities have higher power in lower frequency bands (∼ 10 Hz) whereas II
activities spread over the spectrum. Upon the activation of the controller, the controlled
signal tends to recover a significant part of power lost in higher bands, which is also
reflected on the similarity between both II and controlled signal’s spectrograms.

Concerning the normalized cross-correlation, both controllers provided significant re-
sults in the sense that PIS activities correlate better with uncontrolled signals and II
activities correlate better with controlled ones. This effect is, however, stronger for the
non-hybrid controller. At last, PCA confirmed that both controllers yield easily separable
clusters in the principal component space, and they can be distinguished statistically.
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Control inputs could be tuned and constrained, which is essential in practical appli-
cations not to deliver unnecessarily strong stimuli to the brain region of interest. The
shape of the input stimulus is also an important result in this work. As seen, previous
approaches considering trains of pulses or continuous stimulation for purposes of seizure
suppression are commonly found in the literature (Velasco et al., 2001; Tellez-zenteno et
al., 2006; Velasco et al., 2007). Alternative approaches considering irregular time intervals
for the simulation can also be found (Cota et al., 2009). This raises an important ques-
tion on which type of simulation is the most effective. On the one hand, applying pulses
of inverse magnitude to “cancel out” the spikes of PIS activities seems an acceptable
premise, which may explain the similarity of the results obtained here with the first stud-
ies. On the other hand, the reasoning behind aperiodic stimulation lies on attempting to
disengage the hypersynchronism and reverberating effects of neural networks (Cota et al.,
2009), which is also promising considering epilepsy as a progressive hypersynchronization
process (Iasemidis, 2003) and consistent with the definition of xh.

From a physical point of view, epilepsy can be interpreted as the progressive loss of
complexity due to a hypersynchronized activity (Iasemidis, 2003; Araújo et al., 2022), so
considering this context and the results obtained here for the control inputs, it may be
inferred that periodic stimulation acts on reducing the on-going undesired PIS activity,
whereas aperiodic stimulation (x(t)→ xh) acts on progressively re-establishing the com-
plexity of the brain region that had been oversynchronized. In this sense, combined types
of stimuli remains an open topic for future investigation.

6.6 Assessing nonlinear models

AR modeling has already been used for seizure description and prediction and pro-
vided promising results. However, there is still a need for more general models which are
not only suitable for describing individual activity from patients, but also general across
subjects. In this sense, this section introduces an alternative approach to constructing
nonlinear autoregressive models (NAR) that adhere to individual seizures and the ones
coming from different patients. The main assumption in this case is that, although each
epileptiform signature is unique to a subject, there are common features across patients, as
also proposed by Jirsa et al. (2014). These features are in turn reflected by the magnitude
of the NAR coefficients.

To extend the validity of the results obtained so far, not only is the approach adapted
as a nonlinear model, it is also appied to iEEG signals, not LFPs anymore. Essentially,
it consists of analyzing a public dataset (Burrello et al., 2019) and performing several
consecutive regressions so as to obtain random variables for each of the NAR coefficients.
The results show that it is possible to use median coefficients to build a model that
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summarizes all the remaining seizures. This finding is useful in applications where a
sufficiently large number of recordings is not available, as well as in the context of seizure
prediction and attenuation using NAR modeling. For the signals analyzed in this section,
a similar filtering as the one mentioned in the beginning of this chapter was carried out.

6.6.1 NAR models

NAR models can be defined in terms of linear and nonlinear contributions (Schiff et
al., 1995; Schiff; Victor; Canel, 1995):

ŷ(n) = −
r∑

i=1
ϕiy(n− i)︸ ︷︷ ︸
Linear

−
r∑

j=1

r∑
k=1

ϕijy(n− j)y(n−k)+ . . .

︸ ︷︷ ︸
Nonlinear

+ϕ0 + εn (117)

where n = 1, ...,N is a discrete-time series (i.e., the samples of the signal), ϕi, i = 1, ..., r,
are the coefficients of the model, y(n−i), i = 1, ..., r, are past observations of variable ŷ(n),
which is the output of the system. The first coefficient ϕ0 is the mean value of the time
series, and εn is the error associated to the n discrete-time instant. These coefficients,
obtained by a similar LSM (Ljung, 1998) discussed in the beginning of this chapter, are
sensitive to the inherent dynamics present in the signals (Entezami; Shariatmadar, 2018)
and may indicate differences or similarities in behavior if they occur over time, which is
why they are used in as features.

6.6.2 Statistical analysis

The number of available electrodes and seizures is not the same across the patients.
For convenience, only the first seizure of each subject was selected, but including all of the
channels. In this way, it is possible to assure a significantly high number of samples (a total
of 1016 time windows from 16 patients) while accounting for representations of all patients
at the same time. Histograms are used to depict the resulting distribution obtained
after successive estimations of each coefficient. Medians are adopted to summarize the
distributions, which implies that no assumptions regarding normality are made. To assess
goodness of fit, two metrics are employed: the Pearson correlation and relative root mean
squared error (RRMSE)4 between the signal and the model.

4The RRMSE is normalized by the difference between the maximum and minimum values of the time
series in this work.
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6.6.3 Analysis of general model

Figure 54 depicts an example of epileptiform signature and its reconstructed version.
A second-order NAR model with six terms was considered. That is, the nonlinearity
assumed is parabolic, and the number of terms resulting from the expansion of the poly-
nomial [ϕi +∑r

j=i ϕijy(n−j)]y(n− i), i = 1,2, is six. However, note that the AIC suggests
that only the first two terms of the NAR model should be used, which implies that the
effect of the nonlinearities in this case is not strong. This is endorsed by the resulting
equation, where coefficients of the order 10−4 are related to the second-degree terms,
whereas coefficients of the order 100 to 10−1 are associated to the first-degree terms.

Figure 54 – NAR model reconstruction considering an iEEG signal. The seizure is
measured invasively (iEEG) and can be accurately described by a second-order
NAR model. The solid blue line (—) indicates the epileptiform activity ob-
tained from the first seizure and first electrode of the first patient; the red dashed
line (- -) indicates the reconstructed 6 terms: ŷ(n) = 0.0319 + 1.7363y(n− 1)−
0.7404y(n− 2)− 0.0005y(n− 1)2− 0.0005y(n− 2)2 + 0.0009y(n− 1)y(n− 2); since
only the first two are relatively high, this indicates an AR model would be suf-
ficient for the same purpose. Blue solid lines with square markers (-■-) indicate
the Akaike Information Criterion. Coefficients are rounded up to the 4th signifi-
cant figure..

Source: Own authorship.

Figure 55 presents the histograms for the random variables of each ϕi. The distri-
butions tend to be assymetric, but there is a clear tendency of the values concentrating
around their medians. This provides evidence of a common pattern across patients, repre-
sented by the NAR coefficients: a stable ϕ0∼−0.03 indicates that all iEEG have a similar
mean value; besides, their linear components are well pronounced (ϕ1 ∼ 1.81 and ϕ2 ∼
0.83) while the nonlinear ones (ϕ11 ∼−6.1.10−5, ϕ22 ∼−1.13.10−4 and ϕ12 ∼ 1.68.10−4)
less strong.
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Figure 55 – Histograms obtained from the NAR coefficients after successive iden-
tifications over the iEEG signal. Each box contains a random variable con-
sisting of the NAR parameters identified over successive regressions, leading to
the histograms, which in general present a region of concentration, thus suggest-
ing a common pattern across the patients. The red dashed line (- -) indicates the
median values of the parameters.

Source: Own authorship.

To better analyze how strong the influence of the nonlinearities in the model is,
the first channel and seizure of the first patient was selected and new regressions were
performed varying the number of lags to match the number of terms, i.e., i = 1, ...,6, so
that the last resulting model is purely the traditional linear AR (∑6

i ϕiy(n− i), i = 1, ...,6).
Then, the RRMSE was calculated for all cases, resulting in Table 8. As seen, the error
tends to decrease as the model becomes more linear, also suggesting that the addition of
delays can provide a more refined description of the seizure. In other words, a precise
identification of seizures required dependency on early stages of the electrophysiological
activity. It is worth mentioning that the order of the polynomial has also been varied but
no significant improvement was verified.

Table 8 – Effect of the addition of lags to the NAR model considering the
number of lags and the RRMSE. As the number of lags increases, the
RRMSE decreases, indicating a higher accuracy, but this effect is mild in gen-
eral, since from 2 to 6 lags the decrease is about 0.25%.

Lags 2 3 4 5 6
RRMSE 0.3973% 0.3130% 0.2299% 0.1894% 0.1508%
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Table 9 presents the Pearson correlation and RRMSE between the seizures and their
reconstructed versions using individual NAR models and a general NAR model, composed
of the median coefficients from Fig. 55. For all cases, both RRMSE and correlation
are slightly higher for the model built using the medians, but they still remain at a
considerably low level, indicating that the median model provides a sufficiently good
description of all seizures analyzed.

Table 9 – Performance of individual NAR models for selected patients and
the general one: ρ1 and ρ2 correspond to the Pearson correlation
for each of them, respectively. “P” stands for patient and “Sz”
stands for seizure. The mean is calculared using all patients. The RRMSE
and correlation from the general model are close to the ones obtained from
individual models, indicating the general model can represent well similarities
across patients.

P/Sz ρ1 RRMSE1 ρ2 RRMSE2
#01/#01 0.99892 0.3973% 0.99890 0.4197%
#02/#01 0.99896 0.4958% 0.99891 0.5188%
#15/#01 0.99719 0.6467% 0.99712 0.6557%
#16/#01 0.99511 0.9176% 0.99504 0.9250%
Mean 0.99789 0.5559% 0.99781 0.5839%

6.6.4 state-space conversion

Following the same approach proposed to the linear AR, the NAR models can be
converted into state-space (SS) notation according to the difference equation xr′ in func-
tion of the states xr, and the measurable activity in the time domain, represented by yr

(Durbin; Koopman, 2012):

yn

yn−1
...

yn−r+2

yn−r+1


︸ ︷︷ ︸

xr′

=



ϕ0

0
0
...
0


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+
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(118)

yr =
[
1 0 0 . . . 0

]
︸ ︷︷ ︸

C

xr (119)
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where A{d} is the discrete SS model, C is the matrix corresponding to the measurable
states in time, and each Φi is a nonlinear function of the type:

Υi = ϕi +
r∑

j=i

ϕijy(n− j)+
r∑

j=i

ϕijjy
2(n− j)+ 1

2

r∑
j=i

r∑
k=i

ϕijky(n− j)y(n−k)+P q, j ̸= k

(120)

where P q are polynomials of higher order q. For the sake of understanding, ϕ1 indicates
the coefficient of the linear regressor for the first delayed time series y(n− 1), ϕ11 is the
coefficient of the nonlinear regressor for the first delayed time series y(n− 1)2, and so
forth, all of them associated to the y(n− i) delayed series. For applying observers and
controllers, the formulation in continuous time is used again, as in Eq. 101 (Shieh; Wang;
Yates, 1980). Since the dynamic matrix has nonlinear terms, the FTS modeling can be
conveniently applied, as carried out in Chapter 3.

6.6.5 Seizure reconstruction and attenuation

Figure 56 presents the reconstructed NAR model based on the epileptiform signature
(A) along with the AIC (B), membership functions (C and D) and reconstructed nonlinear
functions (E and F). In the AIC plot, the terms do not correspond to the order of the
NAR model, but the number of terms used for a specific order (in this case, k = 2), after
polynomial expansion. Therefore, for 6 terms and a 2nd-order model, the real signal can
be accurately reconstructed.

Figure 57, in turn, depicts the reference signal xh (A) used for seizure attenuation
(B), the convergence of the error dynamics of the observer towards zero (C), as well as the
Euclidean norm between the controlled signal in time and the epileptiform iEEG (D). A
significant reduction in amplitude can be seen after the activation of the controller, which
demonstrates its effectiveness. However, xh is not fully restablished, indicating that it
must be enhanced in future applications.
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Figure 56 – NAR identification considering the iEEG signal and concept of sector
nonlinearity. (A) contains model reconstruction with the solid blue line (—)
representing the iEEG signal and the red dashed line (- -) representing the re-
constructed one; (B) contains the Akaike Criterion; (C) contains the membership
functions gmin

1 and gmax
1 of the first nonlinear function (Υ1), indicated by the

solid black line (—) and solid magenta line (—), respectively; (D) contains the
membership functions gmin

1 and gmax
1 of the second nonlinear function (Υ2), indi-

cated by the solid black line (—) and solid magenta line (—), respectively; (E)
contains the first nonlinear function Υ1, indicated by the solid black line (—),
and its recreated version, indicated by the solid magenta line (—); and (F) con-
tains the second nonlinear function Υ2, indicated by the solid black line (—),
and its recreated version, indicated by the solid magenta line (—).

Source: Own authorship.
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Figure 57 – Performance of both observer and controller for the recosntruction
and attenuation of the iEEG signal. In this case, the same approach done
with the AR model is applied: the control input attempts to cancel out the un-
desired epileptiform activity while simultaneously inducing the non-seizure dy-
namics. (A) is the reference seizure-free signal xh; (B) contains the uncontrolled
signal, indicated by the solid blue line (—), and the controlle one, indicated by
the red dashed line (- -); (C) is the error dynamics over time; and (D) is the
Euclidean norm between controlled and reference signals in the uncontrolled con-
dition, indicated by the blue solid line (—), and controlled one, indicated by the
red dashed line (- -).

Source: Own authorship.

6.7 Contributions, limitations and conclusions

Considering the results and discussion addressed in this chapter, the main contribu-
tions that can be highlighted are:

• Advances in system identification and control of seizures: the fact of pro-
viding a state-space representation that accurately describes epileptiform activity is
a major step towards representing real brain activities. Previous dynamic mod-
els designed considering tools from nonlinear systems theory, such as Epileptor
and Epileptor-2 (Jirsa et al., 2014; Chizhov et al., 2018), found important pat-
terns/classifications in epileptic seizures, and experimental observations have been
consistent with some predictions. However high their fidelity and representative-
ness may be, these models remain fairly abstract to a certain extent. In the present
work, the proposed approach is different because it obtains a mathematical set of
equations directly from real brain activity. Furthermore, rearranging them into



6.7 Contributions, limitations and conclusions 151

state-space notation enables the application of observers and controllers for seizure
suppression purposes. It must also be considered that the signals used in this work
were obtained from slices of the hippocampal tissues resected from human patients
(Araújo et al., 2022). Therefore, controlling the activity of these signals is highly
relevant in the context of epilepsy. A possible extension of this study is to analyze
and build experimental set-ups where such brain tissues can be adequately stimu-
lated and verify the outcomes. AR modeling and variations such as NAR usually
work for any kind of time series, so this step can be carried out using animal tissue,
not necessarily human, which considerably facilitates experimental verification.

• Seizure suppression on different subfields: by using observers and controllers,
the signal studied in this work proved to be controllable in the sense that its spikings
were attenuated while it was driven back to the reference II activity. Nonetheless,
as seen in Final Remarks, different signals (from subfields of the hippocampus, such
as DG, CA1-CA4 and SUB) were also tested in this work and similar results were
obtained. This demonstrates the flexibility and robustness of the proposed control
approach regardless of the region of interest. Considering this, future strategies fo-
cused on controlling seizures locally can be carried out (on a smaller scale, specific
to each subfield). Moreover, it may also be possible to design controllers taking
into account time signatures from several subfields at the same time, thus provid-
ing a more global suppression approach. These are interesting topics for future
investigation.

• Possible applications in seizure classification and prediction: once the au-
toregressive models are available in practice, they can be used, for instance, to
identity each type of seizure, or even for distinguishing ictal from interictal states.
This is possible because their coefficients are sensitive to the inherent dynamics
existing in real signals, and then will likely indicate a difference in behavior if it
exists. Besides, given that the main characteristic of AR models is trying to foresee
next states based on the time history, it is a predictor by design, a powerful and
helpful feature to be taken into account. As a matter of fact, seizure prediction
is a widely studied topic in neural engineering, but the methods employed for this
purpose usually rely on machine learning (Sharma et al., 2014; Faust et al., 2015;
Acharya et al., 2018; Yuan et al., 2018; Li et al., 2018a; Yuan et al., 2018; Ansari et
al., 2019). Although regarded as a black-box method too, AR modeling for system
identification in the context of seizure prediction still needs to be better explored,
and may be an alternative to such algorithms.

The main limitations are, in turn:
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• The issue of stationarity and AR order: considering that AR models are most
suitable to stationary time series, the baseline shifts represented by the spikings from
the real brain activities analyzed may influence their quality, which helps explain
why the PIS activity is not completely attenuated: since the modeling consists of a
regression of the signal onto itself, features of its inherent dynamics are expressed
by the AR coefficients; if such a dynamics is not fully captured during the fit-
ting process, the resulting state-space representation may not be accurate enough.
Nevertheless, consistent representations of the real signals have been obtained at a
relatively low order, which indicates that, although simple, AR models may be an
alternative for system identification in the context of epilepsy. In this sense, alter-
native autoregressive techniques can be used to enhance the present results, such as
ARMA, ARIMA or NARMA (Landau; Karimi, 1999; Jansson, 2003; Baldacchino;
Anderson; Kadirkamanathan, 2013; Liu et al., 2017; Retes; Aguirre, 2019). In par-
ticular, the latter one is a nonlinear version of AR and might thus be appropriate
to capture PIS/II dynamics efficiently.

• The issue of noise and background activity: another interesting issue that
must be taken into account is the level of noise and background activity in the sig-
nals. The proposed approach was partially successful due to a certain level of noise:
it grants the signals a more stochastic/stationary nature, thus compensating for
local abrupt variations. However, it may also mask important dynamic structures
that would otherwise be more evident and meaningful for the identification and de-
sign procedures. In this work, filters were mostly applied to remove low-frequency
components, so a great part of the remaining dynamics contains seizure-unrelated
activity. On the one hand, this is necessary envisioning realistic applications; on
the other hand, this might render the observers/controllers less efficient. Besides,
this work assumes that the existence of such low-frequency components is negligi-
ble, as previously carried out (Araújo et al., 2022), but they may actually lead to
modifications in the future designs too.

• The issue of controlling signals, not systems: since this work considers a recon-
struction of signals that were previously measured and stored, the present strategy
is not based on a full system control approach. In other words, there is no access to
a more comprehensive mathematical/dynamical model that represents epilepsy in
detail, such as the Epileptor (Jirsa et al., 2014), for example. Rather, control inputs
were applied to data-driven models that were observed in time, which makes the
present approach signal-specific (or partially patient-specific), but not generalizable.
In other words, the controller is effective in attenuating the epileptiform in signals
(or, in the present context, regions of slices from hippocampal subfields), which are
partial representations of a broader and intricate dynamics of the whole brain. For
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this reason, while the controller is activated, it attenuates the undesired activity; as
soon as it is deactivated, this effect cannot be visualized anymore. Therefore, the
exact duration of a control input is yet to be determined in the case of real activity.
This issue remains a challenge in the current literature, but considering the promis-
ing results obtained here, data-driven modeling may be a relevant resource in this
direction.

6.7.1 Remarks on the NAR model

The use of NAR in this chapter attempted to address and overcome some specific
restrictions verified in the application of the AR models: i) extend the approach to more
global activities, such as iEEGs; ii) mitigate stationarity issues; iii) find a general model
that is suitable to a set of patients. Since there seems to be a common pattern across
all the patients, it is reasonable to assume that any processing or analysis made to one
signal/patient may hold true for the remaining ones. In this sense, applications involving
seizure prediction and attenuation using AR/NAR modeling may benefit from this con-
tribution. For instance, a model obtained from one patient can be used as knowledge to
design predictors to new patients for whom no signal is available yet, a similar approach
to that of transfer learning (Taylor; Kacprzyk, 2009).

A parabolic nonlinearity has been assessed along with an order selection criterion
(AIC), suggesting that the nonlinear regressors do not have a strong influence on enhanc-
ing the quality of the model. Besides, adding delays to the estimated model implies in
a better goodness of fit, which indicates that the epileptiform activity is strongly state-
dependent. This is consistent with the fact of seizures being assessed from the point of
view of chaotic dynamics, which is sensitive to initial conditions (Iasemidis, 2003; Jirsa
et al., 2014). Still, it is a good practice to use NAR models to generalize the approach to
any type of signal and to mitigate stationarity issues (Fox, 2015).

AR/NAR modeling can be used in future work to build state space models (Durbin;
Koopman, 2012) from which state observers and controllers can be designed and inte-
grated to study seizure reconstruction and attenuation, respectively. The same concept
of transfer leaning can be adopted by identifying a model from one patient and using it
to design controllers applied to other ones. Although there is an inherent fluctuation of
the AR coefficients, which may lead to moderate outcomes, the general model proposed
in this work is regarded as a helpful alternative for addressing seizures.

NAR models and FTS modeling can be applied together to accurately describe epilep-
tiform activities over time considering a relatively low order. The performances of both
observer and controller indicate that the signal can be reconstructed and attenuated arti-
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ficially, thus simulating a real case scenario using electrodes on brain regions. This result
is of particular interest as an alternative to mitigate the problem of stationarity verified
in the AR models. However, further improvements are necessary so that the controlled
signal fully attains the desired behavior, represented by the seizure-free condition.

In sum, this chapter proposed an efficient approach for attenuating the epileptiform
activity of electrophysiological recordings considering the artificial reconstruction of the
stored signals based on AR modeling and an integration between state observers and
controllers. Several stages/steps of design, application and comparison are involved, thus
characterizing a systematic and straightforward procedure that has not been reported
elsewhere.

The results provided evidence that attenuating the undesired effects of real seizures
can be computationally emulated, being efficient for different hippocampal subfields (DG,
CA1, CA2, CA3, CA4 and SUB). Both non-hybrid and hybrid approaches can be used
for this purpose: the first one provides stronger input stimuli to mitigate periodic ictal
spikings while simultaneaously driving the signal to the interictal-like behavior; the second
one, despite causing slightly milder attenuation effects, is also able to generate effective
outcomes. This endorses the possibility of designing controllers in the absence of sufficient
PIS recordings, which is considered an advantage in this work given the inherent difficulty
in acquiring signals with seizure events.

The shape of the control input seems consistent with previous approaches that adopt
regular and irregular stimulation individually for seizure suppression. A major contribu-
tion in this sense found in this work is that they may be more effective if combined, applied
as a superposed one consisting of periodic pulses of inverse magnitude (similar to the reg-
ular stimuli) and chaotically-behaved ones (closer to the irregular stimuli). These findings
may be of great interest for real applications comprising the modeling and description of
seizures (characterized by the AR models), and seizure mitigation and suppression.
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7 GRAY-BOX MODELING FOR RECONSTRUCTING AND ATTENUATING
REAL SEIZURES

Although promising results have been attained using the AR models to reconstruct
and attenuaute the real seizure, such models require time series to be stationary, which
is usually not the case for epileptiform activities. This issue was partially addressed
by the NAR models considering a polynomial nonlinearity, but according to the Akaike
Criterion and regressors, the nonlinear coefficients do not provide a significant contribu-
tion/improvement to its accuracy. This suggests that the relatively higher sophistication
of the NAR model may not be worth it. Besides, the hybrid concept (i.e., designing con-
trollers from models in the non-seizure condition and applying them to mitigate seizure
conditions) still lacks theoretical basis. At last, it would be interesting to extend even
more the applicability of the proposed approach to other electroencephalograms (EEG),
intracranial EEGs (iEEGs) or stereo-EEGs (sEEGs).

To overcome these obstacles, this chapter introduces a new approach using the concept
of model reference controllers (MRC) (Goel; Kumar; Narayan, 2016) combined with sys-
tem identification (SI) techniques (Ljung, 1998; Pacheco; Jr, 2002). The main idea lies on
identifying models based on real signals, reconstruct them artificially and then attenuate
specific oscillations associated to seizures. This process is purely computational, using
previously stored signals. However, since it enables the visualization of brain patterns
dynamically, it is expected that the results obtained artificially reflect those that would
occur in actual patients. Besides, they provide information about how seizures could be
mitigated in realistic scenarios. The approach proposed in this chapter is theoretically
consistent and similar to the previous ones; however, the main differences are: it extends
the concepts to global levels of electrical activity (mainly EEG); it does not require sta-
tionarity as an assumption; the use of MRC provides a more formal concept for the hybrid
controllers; it is simpler than both AR and NAR, thus having a stronger practical appeal.

Therefore, this chapter has two main objectives: to formalize the concept of hybrid
controllers that were previously introduced; to propose a new approach for attenuating
seizures computationally but with a strong practical appeal. The MRC approach is ap-
plied to reconstruct and attenuate seizures artificially, which is considered a major advance
in terms of simplicity, efficiency and practical appeal. To do so, three main hypotheses
are adopted:
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1. There is a characteristic signature for both conditions (non-seizure and seizure), for
at least some cases. This means that patterns in the signals can be visualized in
both time and frequency domains, such that they can be correctly distinguished and
associated to each condition;

2. A closed-loop linear model represents well each of the measured activities (non-
seizure and seizure). Neural systems are usually nonlinear and time-varying (Hind-
marsh; Rose; Huxley, 1984; Izhikevich, 2003; Jirsa et al., 2014), so linear models are
not sufficient to describe their behavior; however, with an appropriate choice of the
parameters of the controller (such as gain and input stimulus), a closed-loop linear
system is equivalent (i.e. it converges) to the real/measured activities;

3. The formulation in closed loop can be applied for seizure attenuation in open loop
in real scenarios. In other words, the closed-loop strategy is carried out in this work
for simulation purposes, but in realistic applications the controller should operate as
a constant or alternate pulse emission with a monitoring system. This is discussed
in detail in the next sections.

The codes used in this chapter are available online on the platform GitHub at the
following address: https://github.com/GMSINT/Epilepsy-Dynamics-Control.

7.1 General methodology

The general methodology of this chapter comprises 4 major stages: i) signal process-
ing and analysis, ii) identifying candidate models iii) signal reconstruction via closed-loop
models; iv) signal attenuation via closed-loop models. Signal processing and analy-
sis explains the filtering and time window selection procedures performed to each signal.
Identifying candidate models presents the mathematical technique based on orthogo-
nal polynomials to identify the main oscillating components of the signals to generate the
so-called “candidate models” in this chapter. Signal reconstruction via closed-loop
models applies artificial closed-loop controllers to reconstruct the time signatures. Sig-
nal attenuation via closed-loop models applies a second closed-looop to attenuate
the seizures artificially as well.

7.1.1 Definitions and notation

This subsection comprises important definitions regarding the model used for seizure
reconstruction and attenuation, as well as the notation adopted for the whole chapter.

https://github.com/GMSINT/Epilepsy-Dynamics-Control
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First, consider the following generic linear time-invariant state-space model (Ogata, 2010):

ẋ(t) = Ax(t)︸ ︷︷ ︸
Open loop

, ẋ(t) = Ax(t)+Bu(t)︸ ︷︷ ︸
Closed loop

(121)

where x(t) ∈R2n×1 is the vector of states, A ∈R2n×2n is the dynamic matrix, B ∈R2n×q

is the input matrix and u(t) ∈ Rq is the input stimulus (the same as defined since the
Epileptor model and black-box modeling):

u(t) =−G[x(t)−xd(t)] = −Gx(t)︸ ︷︷ ︸
Attenuated

+Gxd(t)︸ ︷︷ ︸
Desired

(122)

composed of two terms that are responsible for attenuating the undesired activity to the
zero level while inducing the desired dynamics, respectively. The difference between open
loop and closed loop is highlighted due to its relevance in this chapter. As presented in this
work later on, without the control input, only the candidate models are simulated, based
on a previous identification procedure, thus none of the activities can be reconstructed.
With the control input, the gains act on the states attempting to mitigate the epileptic
patterns while following the trajectory defined by the real recorded activities, such that
they can be artificially reconstructed. In this sense, the desired dynamics is precisely
what represents the model reference, and all controllers proposed in this chapter are
Model Reference Controllers (MRC)1.

Considering this, it is convenient to define a notation to distinguish between recorded/stored
signals from reconstructed ones. Table 10 presents the notation adopted throughout the
text, where the subscripts refer to actual recorded or reconstructed activities, whereas the
superscripts refer to different conditions (non-seizure and seizure, for example).

Table 10 – Notation adopted for the MRC approach, considering a generic
W{∗}

{.} .

Subscript Notation Meaning
{.} { } Actual: recorded or stored
{.} {m} Reconstructed model

Superscript Notation Meaning
{∗} {h} Non-seizure activity
{∗} {s} Seizure activity
{∗} {ch} Candidate for non-seizure
{∗} {cs} Candidate for seizure
{∗} {sh} Seizure to non-seizure
{∗} {ad} Adaptive

Source: Own authorship.
1Further information about MRC can be found in Final Remarks.
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For the sake of understanding, consider the following examples: x{h} is the vector of
states of the real recorded activity in the non-seizure condition; A{cs}

m is the candidate
dynamic matrix for the model that represents the seizure condition. The curly braces
of the subscripts and the reference to time ′(t)′ are intentionally omitted throughout the
whole text for better readability.

7.2 Signal processing and analysis

Before analysis, all signals were notch-filtered at 50 Hz and its harmonics to remove
spurious components. No further filtering was carried so that all of the dynamic patterns
present in the signals could be preserved, which is close to real situations where the only
activity not taken into account is the spurious one. As they were already labeled, the times
for seizure onset (ton) and offset (toff ) were taken as references to define the time window
for each patient, such that: tw = toff − ton. The time instants that represent the non-
seizure condition were shifted 3600 seconds in time: th = th,f − th,i, where th,i = ton−3600
and th,f = th,i +tw. This procedure results in an equal number of points for both conditions
and tracks the non-seizure behavior one hour back in time2. The analysis presented in this
section refer to the electrode Fp2, according to the international 10-20 system (Webster,
2006). This electrode was selected based on visual inspection because it provided a good
visualization of the epileptiform patterns. However, complementary results, considering
more patients, are provided in Final Remarks, to demonstrate the validity of the proposed
approach. It should also be stressed that several tests/simulations were carried out and
similar results were obtained.

According to the first hypothesis, there is a characteristic signature for both conditions
(non-seizure and seizure), for at least some cases. Figure 58 presents epochs of real
signals for each of them, acquired from one of the patients, electrode Fp2. Note that the
amplitude of the seizure is approximately 10 times stronger than that of the non-seizure
activity. Besides, the oscillating pattern is quite different in both conditions: while more
erratic spikes with irregular intervals are present in the non-seizure condition, more regular
spikes with an increasing and then decreasing amplitude are predominant in the seizure
condition. Even at the EEG level, this is consistent with observations made in Chapter
6: this behavior indicates that, physically, the brain region under the seizure condition
presents a higher level of synchronization between the neurons, which is thus reflected on
the repetitive features over time. Besides, since a higher amount of energy is necessary to
sustain the neurons spiking, their combined activity leads to higher amplitudes.

2Biomarkers for epileptic seizures may be traced for different periods of time. Due to a limited number
of signals and recording time (as well as to reduce computational burden when processing them), one
hour was the choice for this chapter.
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Figure 58 – Analysis of patterns in both non-seizure and seizure conditions (time
domain). Signals are presented on the same scale to the left to show the differ-
ence in amplitude that a seizure causes, and on zoomed-in versions to the right
so that their respective patterns can be better visualized: non-seizure behavior
presents more erratic spikes with irregular intervals; seizure behavior presents
more regular spikes. The non-seizure signal is obtained approximately one hour
before seizure onset, thus evidencing significant differences in amplitude and os-
cillating behavior.

Source: Own authorship.

The seizure activity seems to have dominant frequencies driving its behavior, whereas
the non-seizure one does not. This can be visualized in Fig. 59 by the analysis in the
frequency domain. To do so, all of the electrodes from the same patient are considered;
successive Power Spectral Densities (PSD) and Hilbert Transforms (HT) are calculated
for each electrode and a mean vector is obtained; the following results correspond, thus, to
the mean behavior. The PSD shows two main effects of the seizure condition compared
to the non-seizure one: there is an overall increase in power over the whole frequency
range, characterized possibly by homeostasis imbalance and the oversynchronized neurons
firing simultaneously (Iasemidis; Sackellares, 1996; Turrigiano; Nelson, 2000; Klausberger;
Somogyi, 2008; Yizhar et al., 2011; Ziburkus; Cressman; Schiff, 2013; Araújo et al., 2022);
a concentration of power around low frequencies ∼ 2.5 Hz, which may be related to the
high-amplitude oscillations seen in the time domain (Fig. 58). After applying the HT
and obtaining the instantaneous frequencies over time, similar conclusions can be drawn:
higher frequency bands seem to be recruited over time, and the concentration is reflected
on its probability density function, since it is displaced to the left of the plot, compared
to the non-seizure condition.
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Figure 59 – Analysis of patterns in both non-seizure and seizure condition in the
frequency domain for the first patient. The PSD shows a double effect: an
overall increase in energy in all frequency bands, and a concentration of energy
in bands of low frequency; this is endorsed by the HT and its representation in
the estimated probability density function p(f). The solid blue line (–) indicates
the curves for the non-seizure condition; the red dashed line (- -) indicates the
curves for the seizure condition. PSDs are calculated using the following param-
eters: number of windows: 5; type of window: Hanning; overlap: 10%; averaging
technique: mean; scaling: density.

PSD PSD

HT HT

Source: Own authorship.

As a complementary result, Fig. 60 presents the analysis in both time and frequency
domains for different patients using the same electrode. Note that a similar behavior
can be observed: the patterns in the time domain indicate that the non-seizure condition
is more erratic and has irregular spaces between spikes, whereas the seizure condition
has more frequency regular firings; besides, the amplitude of the seizure is considerably
stronger than the one of the non-seizure. As for the frequency domain, there is again
an increase in energy along with a spread over a wide band of frequencies. There is also
a concentration of power in lower frequencies, although it is not as prominent as in the
one from the first patient. These results show that seizures tend to have a relatively
well defined time signature that can be identified in both domains, suggesting again that
synchronized neuron spiking is a common factor that dictates epileptiform behavior.
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Figure 60 – Analysis of patterns in both non-seizure and seizure condition for dif-
ferent patients in the frequency domain. Similar results using PSDs and
HTs are found in other patients: spread in energy in all frequency bands and
concentration on low-frequency ones. The solid black line (–) indicates the real
recorded signals; the solid blue line (–) indicates the curves for the non-seizure
condition; the red dashed line (- -) indicates the curves for the seizure condition.
PSDs are calculated using the following parameters: number of windows: 5; type
of window: Hanning; overlap: 10%; averaging technique: mean; scaling: density.
The patients used for these results are different from the one used in Figure 59.

Source: Own authorship.

To assess if the pattern repeats for all of the signals and electrodes, the PCA of all
the patients and seizures was carried out, considering the mean PSDs as features, as
presented in Fig. 61. One of the patients had 5 seizures in approximately 4 hours, so
the non-seizure condition associated to its signals was only one for all, not one for each
seizure. To compensate for the reduced number of patients, the PSDs of all seizures were
divided into smaller windows of 100 points each up to 1000 points. Note that there are
two clusters of points, each of which corresponding to one of the conditions, non-seizure
and seizure. Although they can be visually distinguished, there is a region of transition
between them, thus requiring further evaluation. The Kruskal-Wallis test followed by
post hoc Dunn’s test are carried out and the results are available in Table 11. For all of
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the Principal Components (PCs), both tests are statistically different one from the other,
thus endorsing the fact that each condition has its own specific pattern and feature.

Figure 61 – PCA considering the PSDs of all the patients and seizures. Seizure and
non-seizure clusters are formed, thus endorsing the hypothesis of these two con-
ditions being spatially and statistically distinguishable. The blue asterisks (*)
indicate the non-seizure condition; the red crosses (+) indicate the seizure con-
dition. To better visualize the clusters, the same plot is presented twice, from
different perspectives, and the axes have been limited to an acceptable range.

Source: Own authorship.

Table 11 – Kruskal-Wallis and post hoc Dunn’s test applied to distinguish
the non-seizure condition from the seizure one. The p-values indi-
cate that, for all components, the two clusters are statistically different.

Component H (KW value) p-value (KW) p-value (Dunn’s test)
PC1 231.88 p ≪ 0.01 p ≪ 0.01
PC2 193.53 p ≪ 0.01 p ≪ 0.01
PC3 152.35 p ≪ 0.01 p ≪ 0.01

Source: Own authorship.

7.3 Identifying candidate models

This section introduces the concept of orthogonal polynomials and how they can be
applied to identify the (open-loop) candidate models. These are the same models that
help to reconstruct the real activity after the loop is closed.



7.3 Identifying candidate models 163

7.3.1 Orthogonal Polynomials

A set of real functions ϕk(t), k = 1,2, .. is said to be orthogonal in the interval [a,b] if:
∫ b

a
fi(t)fj(t)dt = K (123)

where K ̸= 0 if i = j and K = 0 if i ̸= j. The same set is said to be orthonormal if it is
the Kronecker delta. In this latter case, this implies that there exists a f̄(t) ⩾ 0 such that
Φk(t) =

√
f̄(t)fk(t), k = 1,2,3, ... and:

∫ b

a
fi(t)fj(t)f̄(t)dt = K (124)

If a function f(t) is continuous or at least partially continuous in [a,b], it can be expanded
in the series of orthogonal functions truncated up to a certain number of terms r:

f(t)∼=
r∑

i=1
ciΞi(t) (125)

where ci, i = 1,2, ..., r are the coefficients of expansion. If the series converges to f(t), Φj

can be multiplied by both sides of the equation and integrated in [a,b]. The successive
integration of the vectorial basis in the time domain ([0, t]) has the following property:∫ t

0
. . .︸︷︷︸

n times

∫ t

0
ΞΞΞi(τ)∼= Hn

mΞΞΞi (126)

where ΞΞΞi = [Ξ0(t) Ξ1(t) . . . Ξr(t)]T ∈ Rr×1 is the vector composed of the truncated or-
thogonal series and Hm is the Operational Matrix of Integration (OMI) (Paraskevopoulos;
Mouroutsos, 1985; Pacheco; Jr, 2002), which depends on the choice of the polynomial used
and order r. In this thesis, the Fourier series was adopted due to its easy implementa-
tion and inherent sine/cosine behavior, which is usually associated to the brain dynamics
(Graimann; Allison; Pfurtscheller, 2010; Brogin; Faber; Bueno, 2020b; Griffith et al.,
2023):

Hm =


T
2 Z1×s −T

π ẽT
s

Zs×1 Zs×s
T
2π Ĩs×s

T
2π ẽs − T

2π Ĩs×s Zs×s

 (127)

where T is the maximum time window considered, ẽs = [1 1/2 1/3 . . . 1/s]T ∈ R1×s,
Ĩs×s = diag(ẽs) ∈ Rs×s and each Z of its respective dimension is a matrix containing
only zeros. Now consider the following generic state-space notation for the reconstructed



7.3 Identifying candidate models 164

models ({∗} can be any superscript):

ẋ{∗}
m = A{∗}

m x{∗}
m +B{∗}

m u{∗}
m

where:

A{∗}
m =

 Z I
A{∗}

1 A{∗}
2

 , Bm =
 Z
M̄{∗}−1

 (128)

where Z∈Rn×n is a matrix containing only zeros, I∈Rn×n is the identity matrix, A{∗}
1 =

−M̄−1{∗}K{∗} and A{∗}
2 = −M̄−1{∗}C{∗} ∈ Rn×n, where M̄{∗} ∈ Rn×n is the matrix of

inertia, K{∗} ∈Rn×n is the stiffness matrix, and C{∗} ∈Rn×n is the damping matrix3 The
dimension (or degrees of freedom) n must be selected previously, and is usually associated
to the dynamic behavior of the system (Rao, 2001; Ogata, 2010). After integrating both
sides in time: ∫ t

0
ẋ{∗}

m dt =
∫ t

0
A{∗}

m x{∗}
m dt+

∫ t

0
B{∗}

m u{∗}
m dt (129)

x{∗}
m −x

′{∗}
m = A{∗}

m

∫ t

0
x{∗}

m dt+B{∗}
m

∫ t

0
u{∗}

m dt (130)

where x
′{∗}
m is the vector of initial conditions. The Orthogonal Polynomial (OP) approach

states that both response vector and input stimulus can be expanded in r number of terms
considering a truncated polynomial series (Paraskevopoulos; Mouroutsos, 1985; Pacheco;
Jr, 2002):

x{∗}
m
∼= X{∗}

m ΞΞΞm (131)

u{∗}
m
∼= U{∗}

m ΞΞΞm (132)

where X{∗}
m and U{∗}

m are the matrices of the coefficients after expansion, whose sizes are
(2n× r). By replacing the terms into the state-space equation:

X{∗}
m ΞΞΞm−x

′{∗}
m emΞΞΞm = A{∗}

m X{∗}
m HmΞΞΞm +B{∗}

m U{∗}
m HmΞΞΞm (133)

where the following relations were applied: em = [1 0 . . . 0], emΞΞΞm = 1, PmΞΞΞm =∫ t
0 ΞΞΞm(τ)dτ (Paraskevopoulos; Mouroutsos, 1985; Pacheco; Jr, 2002). After canceling

out ΞΞΞm and rearranging the terms, the identified forced system is:

[A{∗}
m B{∗}

m x
′{∗}
m em]


X{∗}

m Hm

U{∗}
m Hm

eT
m

 = X{∗}
m (134)

3There is a direct analogy between mass-spring-damper systems with resistor-capacitor-inductor ones.
Although RCL systems are more consistent with the electrical activity of the brain, the MCK notation
is kept in this text for easiness of interpretation.
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For the identification of unforced (free) systems, in turn:

[A{∗}
m x

′{∗}
m em]

X{∗}
m Hm

eT
m

 = X{∗}
m (135)

By performing the following change of variables ΘΘΘ{∗}
m = [A{∗}

m B{∗}
m x

′{∗}
m em]T ∈R2n×(2n+q+r)

and J{∗}
m = [X{∗}

m Pm U{∗}
m Pm eT

m]T ∈ Rr×(2n+q+1), the vector of identified matrices ΘΘΘ{∗}
m

can be expressed as:
ΘΘΘ{∗}

m = (J{∗}
m J{∗}T

m )−1J{∗}
m X{∗}T

m (136)

where (J{∗}
m J{∗}T

m )−1 ∈ R(2n+q+1)×(2n+q+1) is non-singular. It must stressed that, in the
present case, matrices X{∗}

m and U{∗}
m are obtained from the recorded activities x{∗} and

u{∗} projected onto ΦΦΦm, since they are the information available for the identification.

7.3.2 Examples of candidate models

Considering the features of both activities, it is desirable to have models of the type:
ẋ{h} = A{h}x{h}, for the non-seizure condition, and ẋ{s} = A{s}x{s}, for the seizure con-
dition. However, dynamic matrices that fully represent both behaviors are difficult to
obtain, and even highly representative analytical models, such as the Epileptor (Jirsa
et al., 2014), do not fully capture the richness of all dynamics found in seizures. Thus,
an alternative solution is proposed in this chapter, considering candidate (or “dummy”)
unforced models of the type: ẋ{h}

m = A{ch}
m x{ch}

m and ẋ{s}
m = A{cs}

m x{cs}
m .

To find appropriate A{ch}
m and A{cs}

m for the recordings used in Fig. 58, a convergence
analysis was carried out to find a reasonable r that provided a low error between x{∗}

and X{∗}
m ΦΦΦm. Figure 62 presents an r vs NMSE plot, where NMSE is the mean squared

error normalized by the difference between the maximum and minimum values of each
signal. To achieve NMSE ⩽ 1%, relatively high values of r are necessary: r = 6001 and
NMSE ∼= 0.88% for the non-seizure condition; r = 16001 and NMSE ∼= 0.95% for the
seizure condition. This is due to the richness and complexity of the signals analyzed, com-
posed of several frequency components, which thus implies in more terms to reconstruct
them.
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Figure 62 – Analysis of convergence for the number of terms in the Fourier vector
basis considering the real signals in Figure 58. For the non-seizure condi-
tion, it takes r = 6001 terms to obtain NMSE < 1%¨, whereas it takes 16001
terms in the seizure condition to achieve that error, thus evidencing the complex-
ity of the seizure signature. The blue line with dot markers (-•-) indicates values
for the non-seizure condition; the red red with triangle markers (-▲-) represents
values for the seizure condition.

Source: Own authorship.

As an example, Fig. 63 presents both x{∗} and X{∗}
m ΦΦΦm in time using r = 16001

for both conditions. It must be stressed that these are only the truncated Fourier series
composed of the coefficients of expansion (based on the real signals) and vector basis, not
the closed-loop reconstructed ones. This number of terms is considered sufficient because
both states (difference of potential and derivative) are well approximated. Besides the
description provided for Figs. 58 and 59, it is also interesting to visualize the derivatives
in the time domain of both signals: while the irregularity of the non-seizure condition
is reflected on its derivative, presenting mostly a noisy-like baseline with short bursts of
energy, the high increase in energy is even more evident in the seizure condition.

Figure 64, in turn, presents an illustration of the identification approach: dynamic
matrices A{h}

m and A{s}
m are identified based on the states of the real recordings x{h}

and x{s}, respectively. For simplicity, only the equivalent responses are shown in the
figure, not including any derivatives. Physically, the resulting oscillation is equivalent to
the best approximation of a single degree-of-freedom mass-spring-damper system (or, by
analogy, resistant-indutance-capacitance circuit) based on the Fourier basis considering
r = 16001 terms. In other words, all information contained in the non-seizure and seizure
signals is summarized as single predominant oscillatory systems, which are the candidate
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models. Simulations can then be run considering these identified dummy models, which
are represented as x{h}

m and x{s}
m , respectively.

Figure 63 – Truncated Fourier series compared to the real signals. The sines and
cosines of the Fourier basis are capable of reconstructing fairly well the signals
from Fig. 62, thus evidencing their suitability for this purpose. The solid black
line (—) indicates the real signals; the blue dashed line (- -) indicates the series
for the non-seizure conditions; the red dashed line (- -) indicates the series for
the seizure condition. The truncated series for each one is composed of X{∗}

m ΞΞΞm,
that is, the coefficients of expansion and vector basis. The number of terms for
both conditions is r = 16001.

Non-seizure

Source: Own authorship.
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Figure 64 – Identification of dummy/candidate models based on the real record-
ings. The dynamic matrix A{h}

m is identified based on the non-seizure condition
x{h}; the dynamic matrix A{s}

m is identified based on the seizure condition x{s}.
Responses x{h}

m and x{s}
m in time can be generated by running simulations consid-

ering both matrices. Recall that the states x{∗} represent the real recording and
its numerical derivative; x{∗}

m , in turn, contains an equivalent response (shown in
the figure) and its derivative (not shown in the figure). The solid black line (—)
indicates the recorded signals; the blue dashed line (- -) indicates the candidate
states x{h}

m ; the red dashed line (- -) indicates the candidate states x{s}
m .

Non-seizure

Source: Own authorship.

7.3.3 Remarks on the identification process

1. Nature of the stimulus input. Note that these matrices can only be identified
based on previous knowledge about u{∗}, i.e., if the input stimulus is known. Conversely,
u{∗} can be estimated if the parameters from the pair (A{∗}

m ,B{∗}
m ) are known. In the

case of the non-seizure and seizure activities, none of them is available. Besides, there
is not a clear meaning of the possible mechanisms that play the role of a stimulus in
generating a seizure (Vezzani et al., 2011). Therefore, an alternative strategy is adopted
and the the system is identified in the free condition: u{∗} = 0, ΘΘΘ{∗}

m = [A{∗}
m x

′{∗}
m em] and

J{∗}
m = [X{∗}

m Pm eT
m]T and only A{∗}

m is obtained (Final Remarks).

2. Representativeness of the dynamic matrix. The whole identification process
assumes a linear time-invariant dynamic matrix Am, which is too simple of a model to
fully capture the dynamics of a real brain activity. However, Am is a system equivalent to
the physical one, but not strictly a physical system. Besides, to compensate for this, not
only is the approach applied in closed loop, but a pseudo-time-varying Am(t) is proposed
considering an update of this model over time based on a monitoring system, which is
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discussed in the next sections.

3. Definition of the input matrix. Although the identification imposes a restric-
tion on Am, it makes the choice of Bm more convenient because it is defined a posteriori.
In this work, B{∗}

m = B = [Z I]T is adopted, regardless of {∗}, and the input stimulus um

is allowed to have a direct 1:1 relation when applied to the system for control purposes.
It is tacitly assumed that M = I, and to compensate for this fact, the control gain is
adjusted also a posteriori, which is discussed in the next sections.

4. Number of degrees of freedom. Since the brain activity is complex, one might
argue that a high degree of freedom is necessary to represent it well. Nevertheless, it must
be stressed that, as dummy/candidate models, the main interest lies on their behavior
after closed-loop evaluation, and thus they do not need to be highly accurate in open
loop. Based on this reasoning, n = 1 in this work, and although this is the simplest
state-space model possible, it is also the most flexible one4, such that: xm = [xm ẋ]T .
During the simulations, xm is reconstructed based on the stored signal x, and ẋm is
reconstructed based on ẋ, which is the numerical derivative of x. In this sense, note that
each xm represents a single electrode and its numerical derivative, and it is also taken as
an independent oscillating system.

7.4 Signal reconstruction via closed-loop models

According to the second hypothesis, a closed-loop linear model represents well each of
the measured activities (non-seizure and seizures). Therefore, if the candidate model for
the non-seizure condition is used to reconstruct the non-seizure activity in closed loop:

ẋ{ch}
m =

Open loop︷ ︸︸ ︷
A{ch}

m x{ch}
m +Bu{ch}

m︸ ︷︷ ︸
≡A{h}

m x{h}
m (Closed loop)

, and u{ch}
m =−G{h}

m [x{ch}
m −x{h}] (137)

then the closed-loop candidate model behaves “as if” it were the real recorded one
A{ch}

m x{ch}
m +Bu{ch}

m ≡A{h}
m x{h}

m . Note that, according to the notation of Eq. 122:

u{ch}
m =−G{h}

m x{ch}
m +G{h}

m x{h} (138)

that is, the states from the candidate model x{ch}
m are attenuated while the states of the

non-seizure condition x{h} are induced. This implies that ẋ{ch}
m ,x{ch}

m → ẋ{h},x{h}. To
compute the gain G{h}

m ∈R1×2n, the same candidate model A{ch}
m is used in an optimiza-

tion problem based on a positive-definite matrix P{ch}
m which assures stability (Slotine; Li

4“Flexible” also means “controllable” in this work. Several degrees of freedom were tested and n = 1
has proved to be the best one in terms of controllability
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et al., 1991; Tanaka; Wang, 2004).

If the candidate model for the seizure condition is used to reconstruct the seizure
activity in closed loop, an analogous procedure is done:

ẋ{cs}
m =

Open loop︷ ︸︸ ︷
A{cs}

m x{cs}
m +Bu{cs}

m︸ ︷︷ ︸
≡A{s}

m x{s}
m (Closed loop)

, and u{cs}
m =−G{s}

m [x{cs}
m −x{s}] (139)

then the closed-loop candidate model behaves “as if” it were the real recorded one
A{cs}

m x{cs}
m +Bu{cs}

m ≡A{s}
m x{s}

m . Note that, according to the notation of Eq. 122:

u{cs}
m =−G{s}

m x{cs}
m +G{s}

m x{s} (140)

that is, the states from the candidate model x{cs}
m are attenuated while the states of the

seizure condition x{s} are induced. This implies that ẋ{cs}
m ,x{cs}

m → ẋ{s},x{s}. To compute
the gain G{s}

m ∈R1×2n, the same candidate model A{cs}
m is used in an optimization problem

based on a different positive-definite matrix P{cs}
m which assures stability (Slotine; Li et

al., 1991; Tanaka; Wang, 2004). An illustration of the full procedure is depicted in Fig.
65. The gains are calculated during the optimization problem; before the activation of
the controller, the simulated states are the candidate/dummy ones; after its activation,
the states of the reconstructed models converge towards the desired ones from the real
recordings. This reconstruction is completely artificial, in an attempt to “copy” the actual
signal being recorded. This is only possible thanks to the candidate model, which plays
the role of the best malleable substract possible (according to the identification by the
Fourier basis) that adapts itself to the time signatures.
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Figure 65 – Closed-loop model reconstruction using the real signals. Gains G{h}
m and

G{s}
m , as well as stability matrices P{h}

m and P{s}
m , are computed based on the

identified candidate models A{ch}
m and A{cs}

m , respectively, in an optimization
problem. Before the control is activated, x{ch}

m and x{cs}
m are the states of the

dummy models; after its activation, the states of both reconstructed models con-
verge towards the desired ones: x{h}

m → x{h} and x{s}
m → x{s}. The solid black line

(—) indicates the recorded signals; the blue dashed line (- -) indicates the recon-
structed models of the non-seizure condition in open loop x{ch}

m and closed loop
x{h}

m ; the red dashed line (- -) indicates the reconstructed models of the seizure
condition in open loop x{cs}

m and closed loop x{s}
m ; the magenda dotted line (...)

indicates the activation of the controller.

Non-seizure
Source: Own authorship.

7.4.1 Reconstruction error

Figure 66 presents both non-seizure and seizure activities with their corresponding
reconstructions − in this case, considering full closed-loop simulations over the whole
time. With the values chosen for the decay rate, the minimum and maximum values
for the normalized relative errors of both are, respectively: e(t){h} = [1.03.10−4,19.72]%,
e(t){s} = [5,89.10−7,24.65]%. Therefore, the proposed approach is not only more effective
in reconstructing the non-seizure activity, but such a reconstruction depends on the mag-
nitude of the decay rate: increasing this parameter means searching for solutions that
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provide more intense gains for the closed-loop controllers (Tanaka; Wang, 2004); since
the application of these controllers in this case corresponds to obtaining an approximated
response of a desired reference signal, better approximations can only be attained at the
expense of high-intensity gains. For now this does not pose any problem because the gains
are not associated to attenuation, representing only abstract values. Nonetheless, since
attenuation relies on an appropriate reconstruction, this issue is taken into account in this
chapter and discussed in the next sections. At last, reconstructing the seizure activity
leads to a higher error, indicating again the complexity of the signal, which is expected
since its since-cosine model has more terms and is, thus, more complex.

Figure 66 – Full closed-loop model reconstruction and reconstruction error. The
errors are calculated over the whole time of simulation in closed-loop, and the
results indicate that there is a higher error, or less efficiency, in reconstructing
the seizure activity. The solid black line (—) indicates the recorded signals; the
dashed blue line (- -) indicates the reconstructed model of the non-seizure con-
dition; the red dashed line (- -) indicates the reconstructed models of the seizure
condition. The decay rate used for the simulation is α{h} = α{s} = 100.

Non-seizure

Source: Own authorship.

7.4.2 Influence of the decay rate

The simulations demonstrated that the higher the decay rate, the lower the error be-
tween reconstructed model and real signal, which is then related to the representativeness
of the dynamics reconstructed. This effect is shown in more detail in Fig. 67, where other
values for the decay rate are used. Recall that the non-seizure condition is always an
artificial reconstruction, but since the seizure condition is also considered to represent a
real epileptiform event that eventually suffers the influence of the controller, it is the only
analyzed in the figure. In the first simulation (I), α{s} = 0 leads to the reconstruction of
low-frequency components, which basically traces the silhouette of the seizure activity,
capturing the transitions in amplitude and the highest peak. In the second simulation
(II), α{s} = 10 leads to a refined reconstruction, capturing faster components as well, but



7.4 Signal reconstruction via closed-loop models 173

missing some small peaks. In the third simulation (III), α{s} = 80 provides an even better
reconstruction, capturing slow or fast components, as well as small peaks. As discussed
in the next section, the decay rate influences directly the effectiveness of the controllers
proposed to attenuate the seizure.

Figure 67 – Closed-loop model reconstructions for different decay rates. As the de-
cay rates increases, seizure reconstruction captures not only slow oscillations, but
also high-frequency ones. The solid black line (—) indicates the recorded signals;
the red dashed line (- -) indicates the reconstructed models of the seizure con-
dition. The decay rates used for the simulations are: (I) α{s} = 0, (II) α{s} = 10
and (III) α{s} = 80.

I

II

III

Source: Own authorship.

7.4.3 Remarks on the closed-loop reconstructed models

1. Gains of the input stimulus. Note that both u{ch}
m and u{cs}

m are artificial entries
that are only applied computationally to assure that the reconstructed states converge
towards the recorded/stored ones. Considering this, the magnitude of both gains G{h}

m

and G{s}
m can be conveniently adjusted, even to relatively high levels.

2. Application of the stimulus. As mentioned in the previous section, A{∗}
m is

a system equivalent to the physical one. Besides, given that B = [Z I]T is defined a
posteriori, to remove the effect of the inertia M over the input stimulus, the following
adaptation is adopted:

u{∗}
m =−ςG{∗}

m [x{∗}
m −x{∗}] (141)

where ς = m, since M1×1 = m, for a single degree-of-freedom system.
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7.5 Signal attenuation via closed-loop models

Since the closed-loop model for the seizure condition now describes the dynamics of a
seizure sufficiently well, it can be regarded “as if” it were a new single model (A{s}

m x{s}
m ).

If the closed-loop approach can also be used to simulate seizure attenuation by adding a
second layer of control:

ẋ{cs}
m = A{cs}

m x{cs}
m +Bu{cs}

m +Bu{sh}︸ ︷︷ ︸
≡A{sh}

m x{sh}
m (2nd Closed loop)

, and u{sh} =−G{ad}[x{s}−x{h}] (142)

then the closed-loop candidate model behaves “as if” it were the real recorded one being
attenuated: A{cs}

m x{cs}
m + Bu{cs}

m + Bu{sh} ≡ A{sh}
m x{sh}

m . Note that, according to the
notation of Eq. 122:

u{sh} =−G{ad}
1 x{s} +G{ad}

2 x{h} (143)

that is, the states from the seizure model are attenuated while the states of the non-seizure
condition x{h} are induced. This implies that ẋ{s}

m ,x{s}
m → ẋ{h}

m x{h}
m , and ẋ{h}

m ,x{h}
m →

ẋ{h},x{h}, that is, the reconstructed states from the seizure condition are driven to the
desired reconstructed non-seizure states, which, in turn, converge to the actual non-seizure
states. The vectors x{s} and x{h} are used in the input stimulus because x{s}

m → x{s} and
x{h}

m → x{h}, as previously mentioned. Besides, as discussed in the next subsection, this
stimulus is the one responsible for attenuating a seizure in a real scenario.

To compute the gains G{ad}
1 , G{ad}

2 ∈ R1×2n, the concept of adaptive control is used
(Goel; Kumar; Narayan, 2016), and a positive-definite P{ad} (also found from an opti-
mization problem) is combined with the information from the reconstructed states and
error compared to the actual states to update G{ad}. For further details on the formula-
tion to obtain the gains, please see Final Remarks. For the sake of understanding, Figure
68 presents a comparison between the recorded signal x{s} and the closed-loop model
that simulates seizure attenuation. The controller is active during the whole simulation,
and note that not only is the amplitude considerably reduced, but the patterns are also
changed.
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Figure 68 – Seizure attenuation considering reconstructed models. The input used to
reconstruct the seizure Bu{cs}

m is counterbalanced by the input stimulus that at-
tempts to attenuate it: Bu{sh}. This leads to two competing effects in the same
simulation: seizure reconstruction and seizure attenuation. The controller is ac-
tive during the whole simulation. Violet is chosen intentionally to represent a
seizure being attenuated since it is an intermediate condition between seizure and
non-seizure. The solid black line (—) indicates the recorded signal in the seizure
condition x{s}; the violet dashed line (- -) indicates the reconstructed seizure
model being attenuated.

Source: Own authorship.

To evaluate seizure attenuation, the first parameter used is α{s}, defined as the decay
rate to reconstruct the seizure model in relation to a real seizure. Essentially, since it is
related to the speed of convergence in the control theory (Tanaka; Wang, 2004), it plays
the role of an intensifier: the higher it is, the better the seizure is reconstructed, i.e.,
the closer to the behavior of the real seizure it becomes. The adherence, in turn, can be
defined as:

γ̄ad = {1−max[abs(e(t){s})]}×100 (144)
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where e(t){s} is the normalized relative error between the real and reconstructed seizure:

e(t){s} = x{s}−x
{s}
m

max(x{s})−min(x{s})
(145)

Note that, since this parameter is based on the maximum error, it can be regarded
as the minimum adherence. This means that it is a conservative parameter, and for
other parts of the signal, the model necessarily achieves higher similarities. As for the
attenuation level ∆V , the following equation is applied:

∆V = 1
W

W∑
i=1

∆V
{s}

i −∆V
{s}

m,i

∆V
{s}

i

×100 (146)

where:

∆V
{s}

i = RMS(x{s}
i )−RMS(x{h}

i )
RMS(x{h}

i )
, ∆V

{s}
m,i =

RMS(x{s}
m,i)−RMS(x{h}

i )
RMS(x{h}

i )
(147)

where RMS(x{s}
i ) is the Root Mean Square (RMS) value of the i-th time window of the

real seizure signal, RMS(x{h}
i ) is the RMS value of the corresponding i-th time window of

the real non-seizure signal, RMS(x{h}
m,i) is the RMS value of the corresponding i-th time

window of the reconstructed seizure, and W is the number of time windows considered −
which, for all cases, is W = 10. It should be stressed that this equation is proposed in the
present form to remove the effect of the RMS value of the non-seizure signal compared
to the one from the attenuated seizure. This is necessary because the controller does not
only attenuate a seizure, but also attempts to drive it back to the non-seizure behavior.

7.5.1 Adaptive controller

Figure 69 presents the results for the adaptive controller, which is activated during
the whole simulation. A decay rate of α{s} = 25 was chosen to reconstruct the seizure
and α{ad} = 10 to attenuate it. For the pair of (α{s},α{ad}), a significant reduction (more
precisely, 30.85% of reduction, in terms of power of signal) can be seen both in terms
of amplitude and oscillating behavior, which illustrates the efficiency of the controller.
Physically, its application means emitting a combined electrical stimulus that attempts
to mitigate the undesired seizure dynamics while inducing a non-seizure one at all time
instants, whose intensity of amplitude is modulated by the adaptive gains. In this sense,
both input and gains are adjustable, which is not the case for the next type of controller,
presented in the next section.
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Figure 69 – Activation of the adaptive controller for attenuating the reconstructed
signal. The controller is activated during the whole simulation with two simul-
taneous inputs (as in Fig. 68) to reconstruct and attenuate a seizure based on
adaptive gains. The solid black line (—) indicates the recorded signal; the red
dashed line (- -) indicates the reconstructed model of the seizure condition before
attenuation (I); and the violet dashed line (- -) indicates the reconstructed model
after attenuation (II).. The decay rate used for the simulation is: α{s} = 25 and
α{sh} = 10.

Source: Own authorship.

Figure 70, in turn, presents the adaptive gains and input stimulus necessary to at-
tenuate the seizure. The gains G

{ad,1}
1 , G

{ad,2}
1 and L

{ad,1}
1 tend to stabilize over time,

especially after 50 seconds when the seizure begins to approach offset, whereas G
{ad,2}
1

presents a monotonically increasing behavior for the period of time considered. Since
this latter gain is related to the state that represents the derivative of the real signal, it
means that the controller has more difficulties in assimilating it and use it as an input
to drive the seizure back to a non-seizure condition. However, this does not significantly
compromise its efficiency. As for the input stimulus, it also tends to stabilize over time,
especially after the highest amplitude right after 50 seconds. Its magnitude is bounded
between −47.28V and 31.34V and the shapes of the pulses resemble bursts.

Since there is a close dependency of the intensity of the input stimulus on α{s}, which
also influences the attenuation level, this parameter is analyzed in more detail in Fig.
71. In general, as α{s} increases, the minimum adherence of the reconstructed model in
relation to the real seizure as well as the magnitude of input stimulus increase, but the
level of attenuation decreases. This means that the better a seizure is described (as in Fig.
67), the more intensity in terms of input is necessary to attenuate it. Suppose α{s} = 20
is selected; then, the minimum adherence γ = 55.13% is obtained (i.e., the seizure is at
least 55.13% correctly described by the model), and the attenuation level obtained is
∆V = 37.57%. Such information is relevant in practical terms when designing controllers
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for real applications: by adjusting the level of tension applied, it is expected that 37.57%
of the seizure is attenuated.

Figure 70 – Adaptive gains and input stimulus applied for seizure attenuation. The
gains are dynamically adapted to each part of the signal, leading to different in-
puts of different amplitude that attenuate the seizure locally. The solid blue line
(—) represents the adaptive gains and the solid black (—) represents the input
stimulus. The decay rate used for the simulation is: α{s} = 25 and α{sh} = 10.

Source: Own authorship.

High values of adherence result in unrealistic levels of voltage, and it is clear that
the magnitude of ∥ u{ad} ∥ should be constrained in some cases to avoid delivering an
excessively high level of tension to the patient. In practice, besides adjusting α{s}, other
approaches can be adopted to limit the maximum level of ∥u{ad} ∥, such as saturation (i.e.,
designing the controller with a specific α{s} but limiting the level of input a posteriori) or
switching the controller on and off successively. Simulations for all of these strategies are
carried out and shown in Fig. 72. Compared to the full control, which has been previously
introduced, a saturation level of 50% results in 18.92% of attenuation with 47.98V; when
saturation is applied simultaneously with on-off switching (i.e., the controller is activated
and deactivated several times), this results in 10.21% of attenuation with 37.53V. It is
expected, thus, that the efficiency of the controller is decreased by modulating the way
the stimulus is delivered; however, it is still possible to attenuate a seizure.
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Figure 71 – Decay rate in function of maximum magnitude of input stimulus, ad-
herence and attenuation level for the adaptive controller. As the maxi-
mum voltage allowed increases, the model adherence is improved, enhancing the
percentage of signal attenuated. The blue line with triangle markers (-▲-) indi-
cates the adherece γ̄ad; the red line with asterisk markers (-⋆-) indicates the level
of attenuation; and magenta line with square markers (-■-) indicates the maxi-
mum magnitude of the input stimulus. Only α{s} varies from 5 to 55, in steps of
5, to reconstruct the seizure while α{sh} = 10 is fixed.

ad
_

Source: Own authorship.

7.5.2 Fixed-gain controller

An alternative to the adaptive controller is also considered in this article, using a
fixed gain for the whole simulation. For this purpose, instead of using an adaptive G{ad},
whose values change over time, G{h}

m is adopted. Recall that this latter gain is applied
to reconstruct the non-seizure condition, associated to an artificial input. This time, it is
thus reused as the gain for seizure attenuation. The main reasoning behind this idea is
that, if G{h}

m can be used to reconstruct a non-seizure condition, it can also drive a seizure
condition back to it. By doing so, the controller becomes even more simplified, which, on
the one hand, may be less accurate but, on the other hand, makes its application simpler
and practical.
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Figure 72 – Different approaches to limit the magnitude of the input stimulus con-
sidering adaptive gains. For the full control input, no saturation or modifica-
tion is applied to the controller, which leads to the best attenuation of the cases
presented; when saturation is applied, the performance is intermediate; at last,
when both saturation and the on/off switching are applied, there is still attenu-
ation, but it is considerably reduced. The black solid line (—) indicates the real
seizure signals and their respective input stimulus; the violet dashed line (- -)
indicates the attenuated signals; and green dashed line (- -) indicates the max-
imum absolute magnitude of the input stimulus. The parameters used for this
simulation are: α{s} = 25 and α{sh} = 10.

Attenuation of ~30.85% Attenuation of ~18.92% Attenuation of ~10.21% 

Source: Own authorship.

Figure 73 presents the results for the fixed gain controller, which is activated during
the whole simulation. A decay rate of α{s} = 25 was chosen to reconstruct the seizure and
α{ad} = 10 to attenuate it (the same parameters used for the adaptive controller). For the
pair of (α{s},α{sh}), a moderate reduction (more precisely, 17.39% of reduction, in terms
of power of signal) can be seen specially in terms of amplitude. This implies that, for the
same parameters, the fixed gain controller is less effective. Physically, its application also
means emitting a combined electrical stimulus that attempts to mitigate the undesired
seizure dynamics while inducing a non-seizure one at all time instants, whose intensity of
amplitude is modulated by the fixed gain. In this sense, only the input is adjustable, not
the gains.
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Figure 73 – Activation of the fixed gain controller for attenuating the recon-
structed signal. The controller is activated during the whole simulation with
two simultaneous inputs (as in Fig. 68) to reconstruct and attenuate a seizure
based on fixed gains. The black solid line (—) indicates the recorded signal;
the red dashed line (- -) indicates the reconstructed model of the seizure con-
dition before attenuation (I); and the violet dashed line (- -) indicates the recon-
structed model after attenuation (II). The decay rate used for the simulation is:
α{s} = 25 and α{sh} = 10.

Source: Own authorship.

However, by increasing α{ad} = 50 for the same α{s} = 25, it follows that a higher
reduction (more precisely, 87.18%5) is observed for the fixed gain controller compared to
the adaptive one, as shown in Fig. 74. Physically, this means that the input is modulated
so that its maximum amplitude allowed is higher. This is particularly relevant in terms of
practical applications, because it might not be necessary to apply an adaptive approach
for seizure attenuation purposes, especially considering its cumbersome formulation and
implementation (for further details, please see Final Remarks).

5Visually, the adaptive controller may seem to provide a greater attenuation. However, the perfor-
mance of the fixed gain controller is usually better especially due to the attenuation of the highest peak,
just after 50 seconds. Besides, since the attenuation is based on a mean value of shorter time windows,
the local RMS of the non-seizure reference also influences the final result.
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Figure 74 – Activation of the fixed gain controller for seizure attenuation. The con-
troller is activated during the whole simulation with two simultaneous inputs to
reconstruct and attenuate a seizure based on fixed gains. The increase in α{sh}

leads to an improvement in attenuation. (—) represents the recorded signal; (-
-) represents the reconstructed model of the seizure condition before attenuation
(I); and (- -) represents the reconstructed model after attenuation (II). The de-
cay rate used for the simulation is: α{s} = 25 and α{sh} = 50.

Source: Own authorship.

To analyze if its performance is indeed better, not only must the attenuation level
be higher, but the intensity of the input stimulus must be lower. Figure 75 shows a
comparison between the input stimuli from Fig. 69 (adaptive gain), and Figs. 73 and 74
(fixed gains), respectively. Therefore, the increase in α{sh} for the fixed-gain controller
results in a better performance because it provides a greater attenuation compared to
the adaptive one at a considerably lower magnitude of input stimulus. These results are
summarized in Table 12 for better interpretation and analysis. Moreover, the shape of the
input changes slightly when the fixed-gain controller is applied: the stimulus presents a less
burst-like behavior and tends to be a combination of small bursts and peaks. Regardless
of the type of the controller, this result is particularly interesting because, similar to
the blackbox application, it is consistent with previous studies that found periodic pulse
stimulation to be effective against some seizures (Velasco et al., 2001; Tellez-zenteno et
al., 2006; Velasco et al., 2007; Rizzone et al., 2001).
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Figure 75 – Input stimuli applied for attenuating the reconstructed signal con-
sidering fixed gains compared to adaptive ones. The intensity of the
fixed-gain input is relatively lower than the one from the adaptive input, but
the shapes of both are quite similar, presenting peaks or small bursts during
the whole signal. The decay rates used for the simulation are: α{s} = 25 and
α{sh} = 10 (I − adaptive); α{s} = 25 and α{sh} = 10 (II − fixed); α{s} = 25 and
α{sh} = 50 (III − fixed).

Adaptive Fixed Fixed

I II III

Source: Own authorship.

Table 12 – Comparison between the input stimuli from the adaptive and
fixed-gain controllers when varying the decay. Recall that: α{s} is the
decay rate for reconstruction, α{sh} is the decay rate for attenuation, u{sh}

is the input stimulus, and ∆V is the attenuation level. The fixed-gain con-
troller achieves a higher attenuation with a relatively lower input. Besides,
as α{sh} increases, the attenuation is higher.

Controller α{s} α{sh} u{sh}[V ] ∆V [%]
Adaptive 25 10 [−47.28, 31.34] 30.85

Fixed-Gain 25 10 [−1.93, 2.34] 17.39
Fixed-Gain 25 50 [−9.23, 9.34] 87.18

Source: Own authorship.

Concerning the influence of the decay rate, in general Fig. 76 presents the same
behavior seen in Fig. 71 occurs6: as α{s} increases, the adherence of the reconstructed
model in relation to the real seizure as well as the magnitude of input stimulus increase,
but the level of attenuation decreases. The main difference is that relatively lower values
of input are necessary to obtain similar adherence to the model at a considerably higher
attenuation level.

6The scale is kept the same as before for purposes of comparison.
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Figure 76 – Decay rate in function of maximum magnitude of input stimulus, ad-
herence and attenuation level for the fixed-gain controller. Similar to
the results from the adaptive controller, as the maximum voltage allowed in-
creases, the model adherence is improved, enhancing the percentage of signal
attenuated. The blue line with triangle markers (-▲-) indicates the adherece γ̄ad;
the red line with asterisk markers (-⋆-) indicates the level of attenuation; and the
magenta line with square markers (-■-) indicates the maximum magnitude of the
input stimulus. Only α{s} varies from 5 to 55, in steps of 5, to reconstruct the
seizure while α{sh} = 50 is fixed.

ad
_ ad

_

Source: Own authorship.

This implies that the fixed-gain control may be a more effective strategy in terms of
seizure attenuation. Saturation and on-off switching can also be carried out, as presented
in Fig. 77. Compared to the full control, a saturation level of 50% results in 60.60% of
attenuation with 4.92 V of maximum input applied. When saturation is applied simulta-
neously with on-off switching, this results in 37.02% of attenuation with a maximum value
for the input equal to 4.83 V. Note that, in this case, the combined switching strategy
produced a slightly lower level of input, which nonetheless does not compensate for the
low attenuation percentage achieved. However, any of the three strategies seems to be
valid feasible options when dealing with these types of seizure.
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Figure 77 – Different approaches to limit the magnitude of the input stimulus con-
sidering fixed gains. For the full control input, no saturation or modification
is applied to the controller, which leads to the best attenuation of the cases pre-
sented; when saturation is applied, the performance is intermediate; at last, when
both saturation and the on/off switching are applied, there is still attenuation,
but it is considerably reduced. The black solid line (—) indicates the real seizure
signals and their respective input stimulus; the violet dashed line (- -) indicates
the attenuated signals; and green dashed line (- -) indicates the maximum abso-
lute magnitude of the input stimulus. The parameters used for this simulation
are: α{s} = 25 and α{sh} = 50.

Attenuation of ~87.18% Attenuation of ~60.60% Attenuation of ~37.02% 

Max. Abs. ~9.34V Max. Abs. ~4.92V Max. Abs. ~4.83V 

Source: Own authorship.

At last, 78 presents a comparison between the input stimuli from the adaptive and
fixed-gain strategies in the frequency domain, using Power Spectral Density (PSD). For
both, there is a prominent frequency around 2.8 Hz and a relatively wide band with
stronger power from 10 to 110 Hz, approximately. For the adaptive strategy, there is a
concentration between 20 to 80 Hz; for the fixed-gain one, in turn, from 10 to 50 Hz.
This means that coping with a seizure demands actuation in a wide range of frequencies,
which is consistent since this disorder provides a generalized increase in energy over them.
Although slow components can be identified, the stimulus cannot be narrowed down to
a single band. Moreover, the adaptive strategy requires a broader band to attenuate a
seizure, which may explain why it attenuates the seizure activity over all the signal. The
fixed-gain one focuses on lower frequencies, which may also explain why it attenuates the
highest peaks of activity, but not as much the other bands, compared to the adaptive one.
Note that, in either case, the power associated to each frequency band is relatively small,
up to 1V 2/Hz. This also endorses the effectiveness of both controllers in terms of seizure
attenuation at low power input.
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Figure 78 – Power Spectral Density (PSD) of the input stimuli of both control
strategies (adaptive and fixed gain). Both PSDs present a similar behavior:
there is an increase followed by a decrease in energy over the frequency bands,
with a steep concentration in low-frequency components. For the adaptive con-
troller, the predominant band is 2−80 Hz, whereas for the fixed-gain one is 2−50
Hz. The parameters used for this simulation are: α{s} = 25 and α{sh} = 10 (I −
adaptive); α{s} = 25 and α{sh} = 50 (II − fixed-gain). The parameters used for
the PSD are: number of windows: 5; type of window: Hanning; overlap: 10%;
averaging technique: mean; scaling: density.

Adaptive Fixed
I II

Source: Own authorship.

7.5.3 Remarks on closed-loop attenuated seizure

1. Similarities between the input stimuli. Like u{ch}
m and u{cs}

m , u{sh} is used
for purposes of simulation, and is the input stimulus that is introduced to attenuate a
seizure computationally. In this sense, the following inputs:

Bu{cs}
m +Bu{sh}

represent the “dispute” between the model simulating a seizure while simultaneously
attempting to counterbalance it with an attenuation input.

2. Differences between the input stimuli. Unlike u{ch}
m and u{cs}

m , u{sh} has a
practical meaning, being the responsible for actually attenuating a real seizure. Its nu-
merical values are equal to the voltage tension that should be delivered in a real situation
or clinic environment. In other words, Eq. 142 represents a system “as if” it were in
the seizure condition, but being attenuated by an external input (seizure to non-seizure
condition):

A{cs}
m x{cs}

m +Bu{cs}
m +Bu{sh} ≡A{s}

m x{s}
m +Bu{sh} ≡A{sh}

m x{sh}
m
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3. Use of adaptive gains. Gains of the type G{ad} are used to attempt to compen-
sate for the simplifications assumed in the proposed approach. Since the dynamics are
reconstructed artificially based on simple candidate models, adaptive gains are reasonable
choices. Nonetheless, as shall be shown in this article, G{ad} can be replaced by the fixed
gain G{h}

m . Therefore, even the gains for the actual control inputs can be computed based
solely on the candidate models and adopted in practice.

4. Physical meaning of the input stimulus. According to the third hypothesis,
the formulation in closed loop can be applied for seizure attenuation in open loop in real
scenarios. Therefore, note that the second layer of control is precisely what represents
the tension delivered to a patient, for example. Nonetheless, since the model is only
representative of the brain activity being reconstructed, it does not fully capture the whole
brain dynamics (as a comprehensive analytical model), and thus it cannot be associated
to a real closed-loop scenario. On the other hand, it provides relevant information about
the shape and magnitude of the input, and open loop stimulation (such as pulse emission,
for example) becomes possible.

7.6 Integration of identification, reconstruction and attenuation

The main steps of seizure identification and their artificial reconstruction and attenu-
ation are closely connected. For the sake of understanding, this section is thus dedicated
to summarizing and better explaining how their integration is carried out offline. This is
also particularly useful as a contrast to the next section, in which operational aspects for
practical (online) applications are presented.

1. Identification: the first step concerns the identification of candidate models. This
is done beforehand by having access to the datasets where signals that represent
both non-seizure and seizure behavior are stored. Then, they are projected on
the Fourier vector basis to estimate the coefficients of expansion. The OMI Hm is
applied to estimate the dynamic matrices for the dummy models in both conditions:
A{ch}

m (non-seizure) and A{cs}
m (seizure);

2. Open-loop simulation: with matrices A{ch}
m and A{cs}

m , open-loop simulations
can be carried out to visualize the behavior of the candidate models, respectively:

ẋ{ch}
m = A{ch}

m x{ch}
m , ẋ{cs}

m = A{cs}
m x{cs}

m

3. Closed-loop simulation for reconstruction: if the input of both candidate
models are included, closed-loop simulations result in the reconstructed models for
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non-seizure and seizure conditions, respectively:

ẋ{ch}
m = A{ch}

m x{ch}
m +Bu{ch}

m , ẋ{cs}
m = A{cs}

m x{cs}
m +Bu{cs}

m

Note that, although a single loop can be coded for the whole simulation, the two
systems are independent.

4. Closed-loop simulation for attenuation: by considering superposition, a second
layer of input stimulus is added to the seizure model:

ẋ{ch}
m = A{ch}

m x{ch}
m +Bu{ch}

m , ẋ{cs}
m = A{cs}

m x{cs}
m +Bu{cs}

m +Bu{sh}

Recall that: u{sh} = −G{ad}[x{s}− x{h}]. In practice, this means that the real
seizure is attenuated considering a real stored non-seizure signal. For the simula-
tions, however:

u{sh} =−G{ad}[x{cs}
m −x{ch}

m ]

since x{cs}
m → x{s} and x{ch}

m → x{h}. By doing so, the two systems become inter-
connected in the same simulation, such that seizure attenuation is achieved by a
combination of both behaviors.

Figure 79 illustrates a flowchart of the proposed integration. The preparation for
control corresponds to the three following steps: identification, closed-loop simulation
and closed-loop simulation for reconstruction. All of them are previously carried out at
t0, without connecting both systems. It should be stressed that this time instant is merely
illustrative, not specific, and only intends to indicate that this stage preceds the next one.

Due to the importance of the application of the controller for attenuation purposes,
a whole stage is dedicated to it. This stage corresponds to the following step: closed-loop
simulation for attenuation. It is the only one carried out afterwards, at t0 + ∆t, thus
connecting both of the systems. Here, ∆t is again merely illustrative and can be any con-
venient time interval that is considered necessary to separate both stages. Furthermore,
it also explicitely highlights that this procedure is not simultaneously carried out with
the first one.
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Figure 79 – Offline integration of identification, reconstruction and attenuation:
for color coding, please see Figs. 64 to 68. Firstly, signals are acquired in
both seizure and non-seizure conditions. For purposes of simulation, the orthogo-
nal polynomials are applied to identify the dummy models, then the two systems
are simulated individually in open loop (dummy models) and in closed loop to
reconstruct the desired activity. For purposes of attenuation, a second layer of
input is added afterwards, thus interconnecting them, leading to seizure attenua-
tion.

Non-seizure

Source: Own authorship.

7.7 Operational aspects for practical applications

One of the main purposes of the proposed controller is to provide conditions for real-
istic applications in clinical environments. Figure 80 presents a flowchart illustrating how
the integration of all of the steps (identification, open-loop simulation, closed-loop sim-
ulation for reconstruction and closed-loop simulation for attenuation) can be carried out
in practice. Initially, a reference non-seizure activity is recorded and stored; the identifi-
cation technique is applied at t0 to find the first candidate model, being this time instant
merely illustrative; once it is identified as A{ch}

m,0 , the optimization algorithm computes the
gain G{h}

m,0 and stability matrix P{h}
m,0; the signal can then be reconstructed to verify its

adherence to the recorded activity; even after reconstruction, the reconstructed activity
and parameters are associated with the time window obtained at t0, and this requires
the model to be updated (at t1, t2, ..., tn) given that non-seizure/seizure behaviors are



7.7 Operational aspects for practical applications 190

time-varying in general.

Any time interval can be previously defined and applied between tn and tn+1. Since
the electrical activity can be regarded as a continuous variable whose underlying system
is probably time-varying, the current pseudo-time-varying approach attempts to compen-
sante for this fact by updating the models based on successive time windows. Supposing
a seizure can be detected, the most updated model can be used as a reference to attenuate
it after ∆t, which is again merely illustrative and is yet to be defined.

Figure 80 – Integration of identification, reconstruction and attenuation for a prac-
tical (online) application: for color coding, please see Figs. 64 to 68.
Non-seizure signals are acquired online by electrodes that monitor the patient.
The identification procedure is carried out to obtain dummy models, simulated
artificially in open loop, and then closed-loop simulation is applied to reconstruct
the desired activity. The non-seizure reference is updated from time to time
(t1, t2, ..., tn), resulting in the updated triplet (A{ch}

m ,P{h}
m ,G{h}

m ), characterizing
this approach as pseudovarying in time. Based on this triplet, such reconstruc-
tion yields the information needed to define the shape, amplitude and frequency
of the electrical inputs necessary to attenuate the seizure, regardless of the type
of controller chosen. Once this input is defined, stimuli are applied in open loop
to the brain region of interest.

0

Update

Source: Own authorship.
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Some remarks should be made at this point to validate the proposed approach as a
possible operational procedure in practice:

• seizure reconstruction is only required when simulating a seizure, otherwise it is not
possible to study attenuation, computationally speaking. In a real application, the
seizure model represents the actual on-going seizure itself, and the only stimulus
applied is a real one (u{sh});

• the first main hypothesis must hold to distinguish correctly between non-seizure
and seizure behavior, such that the reference non-seizure behavior is only updated
if the patient is not undergoing a seizure event. When and how to detect seizures
is out of the scope of the present article, but there exist several algorithms in the
literature that are capable of doing so (Alotaiby et al., 2014; Faust et al., 2015;
Sándor; Maffione, 2016; Li et al., 2018a; Yuan et al., 2018; Fan; Chou, 2019; Ansari
et al., 2019; Prasanna et al., 2021) and could also be readily integrated;

• the third hypothesis states that, in a real application, closed-loop stimulation cannot
be carried out. This restriction is imposed because there is no access to the full
representative epileptogenic model of the brain, only the signals. The attenuation
achieved in the simulations reflect, thus, the input necessary to mitigate a seizure
locally. This implies that only open-loop stimulation is feasible. To compensate
for this, a monitoring strategy can be integrated to assess if x{s}→ x{h}: if true,
decrease/saturate the intensity of the input stimulus; if false, keep the intensity;

• for the adaptive controller, G{ad} is adapted over time based on the information ob-
tained in P{h}

m,n (Goel; Kumar; Narayan, 2016), which is the most updated reference
in this case;

• for the fixed-gain controller, G{h}
m , computed based on the most updated time win-

dow, is used instead of G{ad}, as commonly done in control applications (Slotine;
Li et al., 1991; Tanaka; Wang, 2004; Ogata, 2010);

• note that, regardless of the controller chosen, seizure attenuation relies on having
a candidate model available, which provides information in terms of the triplet
(A{ch}

m ,P{h}
m ,G{h}

m ) used in the optimization problem (Boyd et al., 1994; Tanaka;
Wang, 2004; Sagnol; Stahlberg, 2012);

• furthermore, although it might seem that the approach only takes the candidate
model into account, the effectiveness of the controller relies on α{h} as well (Tanaka;
Wang, 2004), which directly influences the adherence of the closed-loop candidate
model to the actual non-seizure condition. In this sense, the triplet (A{ch}

m ,P{h}
m ,G{h}

m )
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can only be used as reference parameters for real seizure attenuation because con-
vergence towards the actual signals is assured, especially because of the decay rate
α{h};

• as a rule of thumb, the higher α{h}, the more efficient the attenuation. However,
it must stressed that this also implies in a higher intensity of input stimulus. The
practical trade-off is achieved by the need of saturating u{sh} to avoid delivering an
excessively high input according to medical specifications.

7.8 Assessment of the controllers and comparison with existing results

In terms of signal reconstruction, both non-seizure and seizure conditions can be arti-
ficially recreated. To do so, the proposed system identification technique (via orthogonal
polynomials) must be applied to generate candidate models. In open-loop simulations,
such models behave as spring-mass-damper systems (or resistor-capacitor-inductor cir-
cuits) of one degree of freedom. Although this kind of dynamics does not fully represent
all the patterns existing in brain activities, it does capture their main oscillating fre-
quencies, because the formulation in state-space notation takes into account the damped
natural frequency of the system, its corresponding damping factor and amplitude of oscil-
lation (Rao, 2001; Pacheco; Jr, 2002). It is unlikely that each electrode can be considered
as an independent oscillator, as implicitly assumed, but this assumption does not signif-
icantly influence the final results of reconstructed states converging towards the desired
activities (in closed loop). In other words, the simplicity of the identified models is justi-
fied to prioritize the closed-loop simulations. This renders the process of reconstructing
signals relatively easy and almost model-independent, which is the major advantage. On
the other hand, the main disadvantage is that the closed-loop model cannot be explic-
itly written mathematically in the same state-space notation, it can only be visualized
dynamically over time.

The decay rate plays an important role in such a reconstruction: the higher it is, the
higher the adherence (i.e., the lower the error) between the model and the real signal. This
parameter usually dictates the intensity of the input stimulus necessary to achieve conver-
gence (Tanaka; Wang, 2004), but in this case these are artificial entries for reconstruction
purposes only. However, it does have a physical meaning for attenuation purposes: its
numerical values correspond to the magnitude of the stimulus, measured in volts, that
should be applied to a patient in real scenarios. In this case, close attention must be paid
when designing the controller, which is why the decay rate has been associated to other
parameters as well: adherence and maximum voltage. For both controllers, the general
conclusions is that, the higher the adherence, the lower the attenuation level, and the
higher the input stimulus must be.
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In the limit, when the model converges perfectly to the real signal, arbitrarily high-
voltage inputs must be applied to attenuate a seizure. This seems unrealistic, especially for
preserving the physical health of patients. However, by considering the strategies adopted
in this chapter, the results obtained are within reasonable boundaries commonly seen in
the literature. Table 13 presents a summary of the parameters used in several studies
for treating common brain disorders compared to the adaptive/fixed-gain ones (only the
best trade-off between attenuation and intensity is shown). In terms of frequency, there
is a similar 2-200 Hz (all studies) vs 2-80 Hz (this chapter); as for the voltage, 2-14V
(all studies) vs 0-18V (this chapter). The results seem, thus, to be consistent with the
parameters that have already been used in real applications, for different disorders (from
epilepsy to obsessive compulsive disorder). There is only a slight difference between the
adaptive controller (up to 18 V, if the saturated version is selected) and the maximum
14V.

Table 13 – Comparison between the parameters used in for seizure attenua-
tion with other studies in the literature. The proposed fixed-gain and
adaptive controllers, using the saturated (open loop) strategy, provide simi-
lar parameters as the ones already existing in the literature. Abbreviations:
TS - Thalamic Stimulation (Schulze-bonhage, 2017); AH-DBS (Boex et al.,
2011) - Amygdala-Hippocampal Deep Brain Stimulation; ANT/H-SS - An-
terior Nucleus of the Thalamus and the Bippocampus Scheduled Stimula-
tion (Jobst et al., 2010); CSCS - Chronic Subthreshold Cortical Stimulation
(Lundstrom et al., 2016); CMTN - Centromedian Thalaci Nucleus (Fisher;
Velasco, 2014); IC/NA - Internal Capsule and Nucleus Accumbens (Laere
et al., 2006); ANT - Anterior Mucleus of Thalamus (Klinger; Mittal, 2016);
CMT - Centromedian Nucleus of Thalamus (Klinger; Mittal, 2016); Bi-STN
- Subthalamic Nucleus (Klinger; Mittal, 2016); P - Partial Seizure; G - Gen-
eralized Seizure; MYO - Myoclonic Seizure (Klinger; Mittal, 2016); SPS -
Simple Partial Seizure; CPS - Complex Partial Seizure; STC; LG - Lennox-
Gastaut Syndrome; AA - Atypical Absence Seizure; DIA - Dialeptic Seizure;
CER - Cerebellum; MTLS - Mesial Temporal Lobe Seizure; SGTC - Secon-
darily Generalized Seizure; GTCS - Generalized Tonic-Clonic Seizure; DRFS
- Drug-Resistant Focal Seizure; MRS - Medication Refractory Seizure; OCT
- Obsessive Compulsive Disorder; Bi - Bilateral.

Stimulation Strategy Specified Disorder Frequency [Hz] Voltage [V]
TS Open Loop Epilepsy (Unspecified) 145 5

AH-DBS Continuous MTLS 130 0−2
ANT/H-SS Continuous/Intermitent GTCS 130−200 0.1−5

CSCS Continuous Pulsing DRFS 2−100 1−6
CMTN-DBS Cycles of Pulses MRS 65 5
IC/NA-DBS Cycles of Pulses OCD 100−130 4−10.5
ANT-DBS Cycles of Pulses SPS/CPS/SGTC 100 1-10

Bi-CMT-DBS Cycles of Pulses LG (GTC)/AA/SGTC/CPS 60 4-6
Bi-STN/ANT-DBS Cycles of Pulses DIA/SGTC/TS 130 3-7
P, G, MYO-DBS Unspecified CER 10-200 10-14

All – – 2-200 0-14
Adaptive Saturated (Open Loop) GTCS 2−80 0−18

Fixed-Gain Saturated (Open Loop) GTCS 2−50 0−5
Source: Own authorship.
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Considering that DBS, used in most of the studies presented, is an invasive approach,
and that the signals used in the main text are at the EEG/iEEG level, the intensity of the
input is approximately the same as if it were being applied in an invasive way. Besides,
the proposed approach takes saturation into account as well, which in practice means that
the voltage applied cannot exceed the one recommended by the physician. For example:
the adaptive controller exceeds (up to 18V) in 4V the maximum observed voltage (up
to 14V), so in practice saturation must be intensified to assure only 14V (or even less,
if necessary) are applied. It can also be inferred that, inasmuch as the reconstruction
of the model depends on the adherence, and the stimulus, in turn, attenuates only the
reconstructed activity, attenuation always occurs. For low decay rates, the reconstructed
activity preserves low-frequency patterns, whereas high decay rates lead to a better recon-
struction of fast/high-frequency patterns. Therefore, there is always a trade-off between
attenuation level and input, which nonetheless may help to mitigate a seizure.

Comparing the controllers, both adaptive and fixed-gain seem to provide positive
results in terms of attenuation. For the first one, there is an overall reduction in amplitude
along the whole signal, and the input stimulus presents a burst-like behavior. Of the three
strategies applied, the most effective one was full control, then saturated control, then
saturated combined with switching. The saturated one should be highlighted because of
its relatively high attenuation level at a moderate magnitude of input. For the second
one, in turn, the main advantage is the reduction in the highest peak of the seizure, which
leads to high levels of attenuation, and the input stimulus has a peaky behavior. Of the
three strategies applied, the most effective was full control, then saturated, then saturated
with switching. This time, the lowest magnitude of input corresponds to the combined
strategy, but it is considerably lower than the saturated one, for example, which provided
a significant attenuation at low input levels.

At last, as also seen in Table 13, most strategies for attenuating their corresponding
disorders represent cycles of pulses (on/off activation for different periods of time, for
example), or open loop stimulation, approaches that are consistent with the one proposed
in this article. Thus, in practice, as covered in Section 7.7, a possible realistic way of
applying the controller is considering open loop along with a parallel monitoring system,
which measures the current electrical activity: if it is indeed attenuating the seizure (based
on reference pre-defined values), reduce/saturate the input; if not, keep the same input
level.

7.9 Contributions, limitations and conclusions

Considering the results and discussion addressed in this chapter, the main contribu-
tions are:



7.9 Contributions, limitations and conclusions 195

• the concept of hybrid controllers, proposed in Chapter 6, can be better formalized
with the current approach using MRC, since it provides two types of input: the
first one to attenuate the undesired activity and the second one to “induce” a new
dynamics based on a desired reference. This is made possible especially by adopting
adaptive gains over time; in this sense, the controlling effects fit to the current local
information of the signal and attempt to drive the state back to the desired reference.
In other words, as long as there is a desired reference, all the responsibility “falls
on” the adaptive gains, without the need of a formal seizure model;

• the fixed-gain controller has also proven to be an interesting option. It can be
considered as a particular case of the adaptive one, in which all gains are the same.
This renders the application even simpler, but still conceptually consistent;

• based no MRC, it is possible to design controllers considering only non-seizure
epochs, which is a major advantage, especially because there are usually more record-
ings for this activity compared to seizure events;

• the proposed approach also allows for signal reconstruction, simulation and atten-
uation artificially, without requiring stationarity as an assumption, which makes it
an interesting option in the context of brain activity, which is usually not station-
ary. Besides, it is the first time that a modeling composed of consecutive loops to
simulate seizure attenuation is proposed;

• if MRC is applied in practice, no model for the seizure is required, only dummy
models for the non-seizure condition. The adherence of such models to real activities
is limited to certain frequency bands, but in closed-loop simulation convergence is
indeed verified, which demonstrates the flexibility of the dummy models;

• the shape, frequency and amplitude of the stimuli that must be applied for seizure
attenuation, at the EEG/iEEG level, has been better defined. The values obtained
seem consistent with previously published articles in the literature, and explanations
about their similarities and differences have been provided;

• considering the already existing approaches for seizure attenuation in practice, the
results obtained in this paper provide complementary information to help physi-
cians during electrical stimulation therapy. Therefore, the proposed controller has
a relatively simple concept yet a strong practical appeal;

• two main ideas are used to compensate for the simplicity of the (linear time-
invariant) models: (1) the reconstruction and attenuation of the activities in closed-
loop simulation, for a specific time window; (2) the pseudo-time-varying strategy,
which updates the reference window from time to time, thus accounting for a richer,
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more general non-seizure reference. This is the first time such a strategy is proposed,
which represents a major contribution in control theory as well;

• at last, it should be stressed again that, although the identification of seizure activ-
ities has been carried out in this work, it is only necessary for simulation purposes
(otherwise attenuation could not be tested, for example). In practice, the integra-
tion of Fig. 80 should be applied such that: successive identifications are performed
directly online (no previously stored signals are necessary) to assure an updated
model is obtained; assuming a seizure can be detected, the controller designed us-
ing the non-seizure parameters is activated and monitored. Thus, this qualifies
the proposed approach as almost model-independent and a major finding not seen
elsewhere in the literature.

The main limitations, in turn, are presented as follows:

• the error between reconstructed models and real activities is not significant to the
point of expressively compromising the effectiveness of the controller. However, even
in closed-loop simulations, it is about 20%. The inaccuracy of the model in some
parts of the signal may thus explain why slightly high voltage levels are obtained
in some cases (around 18V for the adaptive controller compared to a maximum of
10-14V in practice);

• perhaps the main limitation of the study is the fact that only signals are recon-
structed and attenuated. There is not a fully description of a region or the whole
brain. On the one hand, this makes the approach flexible for dealing only with
datasets; on the other hand, as mentioned before, only open-loop stimulation can
be carried out in practice. This problem has been found and discussed in the pre-
vious chapter, so it is expected in a certain way; however, since the stimulus can
always be saturated in practice, the information about shape, frequency and ampli-
tude can still be used as long as it does not exceed the parameters defined by the
physician;

• at last, although new information about the stimulus can be defined, the exact site,
region and type of stimulation (DBS, vagus nerve stimulation, or other types that
provide attenuation at a more global level) still need to be assessed and tested to
determine the consistency between the proposed approach and the existing ones.

All the similarities between the proposed controllers and real approaches point to
some conclusions:

• the reason why the frequency and voltage ranges applied in reality lead to positive re-
sults in terms of seizure mitigation might be related to the fact that seizures present
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similar signatures across patients, which, in turn, require similar input parameters
to be attenuated. This is consistent with the first hypothesis;

• to account for the individual signatures, which of course change from patient to
patient, as well as their inherent variance and richness of behavior, not one fre-
quency/voltage pair is required, but a set of frequencies and voltages;

• in any case, the variability of positive outcomes (attenuation level ∆V ) depends on
how intense and specific the input (u{sh}) is to that signature. Such a specificity
depends on a correct association between the stimulus and the target oscillating
behavior to be attenuated. In other words, its effectiveness relies on a sufficiently
good representation of the activity to be attenuated;

• the quality of such a representation can be related to the parameter γ, which provides
a percentage of adherence between the real signal and the reconstructed activity. A
good adherence is only achieved in closed-loop simulation. The second hypothesis
is the main responsible for that;

• therefore, the triplet (∆V,γ,u{sh}) determines the success of the open-loop electrical
therapy in practice. The results obtained in this work, associated to the third
hypothesis, are consistent with this fact;

• both controllers are feasible options, specially if applied with saturation and/or
switching strategies to meet practical requirements, and provide relevant informa-
tion in terms of the shape, magnitude and frequency of the stimulus input that must
be applied for seizure attenuation. This information can be used by physicians as
an auxiliary tool for electrical stimulation therapies.

The main implication of these findings is the possibility to propose an experimental
setup in which on-going electrical therapies for treating epilepsy can take advantage of
them. This investigation can occur in two stages: for the first one, it is required to collect
signals from non-human patients to study their features and design the controllers; the
resulting information associated to the parameters of the input should be tested and
compared to other traditionally applied inputs based on the literature; for the second
one, a similar procedure can be carried out, but considering human patients. To do so,
other interesting parallel issues remain open for future research: to verify which of the
existing stimulation techniques (DBS and vagus nerve stimulation, among others) are
more suitable and representative for seizure attenuation in practice based on the study
of EEG signals, as done in this work; to choose which strategy (continuous, intermittent,
cycles of pulses) provides the best outcomes.
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8 FINAL REMARKS

8.1 Main contributions

This thesis proposes a comprehensive approach to integrate system identification,
parameter estimation, state reconstruction and attenuation in a dynamic model called
Epileptor and data-driven models based on real electrophysiological recordings. The re-
sults comprise different levels of brain activity (from LFPs to EEGs), thus demonstrating
that they can be generalized. The main outcomes of this research are:

• the possibility of improving the process of defining shape, frequency and amplitude
of the electrical stimuli that must be applied for seizure attenuation. This may work
as an auxiliary tool to physicians in hospital centers during electrical stimulation
therapies in patients with epilepsy;

• a deeper understanding about the dynamics of epilepsy not only in terms of mod-
eling but also considering concepts of the nonlinear systems theory. The results
obtained in this thesis are consistent with those published in recent studies relating
epileptic brains to bi-stable phenomena that undergo transitions, thus manifesting
characteristics of deterministic and chaotic systems. In this sense, the proposed
control approach plays the role of mitigating periodic deterministic patterns while
simultaneously attempting to drive the brain region to a more chaotic non-seizure
condition with aperiodic stimulation, as if it were restoring its complexity.

8.2 Future work

The main implication of the findings obtained in this thesis is the possibility to propose
an exper- imental setup in which on-going electrical therapies for treating epilepsy can
take advantage of them. This investigation can occur in two stages: 1) to collect signals
from non-human patients to study their features and design the controllers; the resulting
information associated to the parameters of the input should be tested and compared to
other traditionally applied inputs based on the literature; 2) the same, but considering
human patients. To do so, other parallel issues remain open for future research: to
verify which of the existing stimulation techniques are more suitable and representative
for seizure attenuation in practice based on the study of LFP/EEG signals; and to choose
which strategy provides the best outcomes.
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As a matter of fact, there is already an on-going research project at the post-doctorate
level taking place at the Federal University of São Paulo (São José dos Campos campus)
investigating the effects of different types of stimulation in attenuating the epileptiform
patterns generated by slices of hippocampus in animal models: “Estimulação elétrica
controlada em tempo real para supressão da atividade epileptiforme in vitro em fatias
hipocampais de modelos animais”. The main goal is to evaluate the efficiency of the
controller when electrical pulses are emitted considering spiking intervals that behave
chaotically or stochastically, for example. The aforementioned research project is a di-
rect consequence of one of the articles produced in this thesis, Brogin et al. (2023), and
indirect consequence of the previously published ones that served as a theoretical basis
for it. Besides, it is potentially helpful to shed light on practical stimulation strategies
to attenuate epileptiform activities. Depending on the outcome, clinical tests in human
patients can be included as well.
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APPENDIX A - MATHEMATICAL FORMULATION FOR THE PARAMETER
β

The classic definition of the decay rate is as follows:

αI =


α 0 · · · 0
0 α · · · 0
... ... . . . ...
0 0 · · · α



Its characteristic polynomial is given by |αI−λI|= 0. Alternatively:∣∣∣∣∣∣∣∣∣∣∣∣

(α−λ) 0 · · · 0
0 (α−λ) · · · 0
... ... . . . ...
0 0 · · · (α−λ)

∣∣∣∣∣∣∣∣∣∣∣∣
= 0

Therefore, the eigenvalues λi, i = 1, ...,n, where n is the dimension of the system, are
all the same, given by the following equation:

(α−λ)n = 0

whose determinant, since it is a diagonal matrix, is always greater than zero. For the
proposed matrix β1, in turn:

β1 =


β β · · · β

β β · · · β
... ... . . . ...
β β · · · β


Its characteristic polynomial can be obtained by induction. Consider two systems of

dimension 2 and 3, respectively:

β1 =
β β

β β



β1 =


β β β

β β β

β β β


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If |β1−λI|= 0, the following polynomials are obtained:

p(λ) = (β−λ)2−β2 = λ(λ−2β)

p(λ) = (β−λ)3 +2β3− [3β2(β−λ)] = λ2(−λ+3β)

Thus, the eigenvalues for n = 2 are λ1 = 0 and λ2 = 2β; the ones for n = 3, in turn,
are: λ1 = 0, λ2 = 0 and λ3 = 3β. A general equation for the characteristic polynomial
can, thereby, be expressed by:

p(λ) = (−1λ)n +nβ(−1λ)n−1 = λn−1(λ−nβ)

Since the rows of matrix β1 are identical, its determinant is zero (thus implying in
linear dependency among the rows and columns), which leads to the following relationship
between eigenvalues:

λ1 = λ2 = ... = λn−1 = 0, λn = nβ

For the sake of understanding, the diagonal matrices of eigenvalues αI and β1 can be
re-written as:

ΛαI =


α 0 · · · 0
0 α · · · 0
... ... . . . ...
0 0 · · · α

 , Λβ1 =


nβ 0 · · · 0
0 0 · · · 0
... ... . . . ...
0 0 · · · 0


Based on the superposition principle, the linear combination between the eigenvalues

of both matrices, given by:

αI+β1 =


(α +β) β · · · β

β (α +β) · · · β
... ... . . . ...
β β · · · (α +β)



whose determinant is |αI+β1|, presents the following matrix of eigenvalues:

ΛαI+β1 =


(α +nβ) 0 · · · 0

0 α · · · 0
... ... . . . ...
0 0 · · · α



which can be, indeed, verified after calculating again the determinant for its characteristic
polynomial. Note that:
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•the introduction of matrix αI leads to a single eigenvalue of multiplicity n;

•the introduction of matrix β1 leads to two different eigenvalues: 0, of multiplicity
n−1, and nβ, of multiplicity 1;

•the introduction of matrix αI + β1 leads to two different eigenvalues: α, of multi-
plicity n−1, and α +nβ, of multiplicity 1;

•matrix αI + β1 is a general case of all the other ones: if β = 0, the classical decay
rate is obtained; if α = 0, only the proposed matrix is obtained; at last, if α = β = 0,
no decay rate of any kind is applied.

This is particularly useful when applying such matrices to dynamic systems. For the
classical Lyapunov inequality, if follows that:

AT P+PA < 0

Note that, as the inequality is negative (that is, it is supposed to produce a negative
definite matrix), the resulting positive eigenvalues of P imply, ultimately, in negative
eigenvalues by the inequality, which assures stability. By introducing the decay rate in
its classical form, the following equation is obtained:

(A+αI)T P+P(A+αI) < 0

The practical effect of the decay rate can be seen by rearranging the equation above:

AT P+PA+2αP < 0

That is, as the Lyapunov inequality is, by definition, negative, the addition of a
positive term that must keep such inequality negative influences on the positiveness of
matrix P, thus forcing the system to look for solutions to the left of the real vs imaginary
plane. Alternatively, using the proposed matrix:

(A+αI+β1)T P+P(A+αI+β1) < 0

The main idea of applying this new equation is based on the qualitative characteristic
of the eigenvalues of αI compared to the ones from αI + β1. Although both intend to
produce an effect that speeds up the convergence to the equilibrium point, for the first
case, the multiplicity n of the eigenvalues imply in a single value of λ (placed to the left of
the imaginary plane, due to the Lyapunov inequality, but on the real axis); for the second
one, the characteristics are the same, but there are two different values.
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This peculiarity leads, in the first case, to an inflected stable node (Figari; Altosole,
2007); in the second one, to a stable node (Figari; Altosole, 2007). To better understand
the relationship between the two decay rate matrices applied to the system, not only
individually, we propose analyzing the problem from the eigenvector base point of view.
For instance, matrices A, αI and β1 can be re-written as:

A = ΦAΛAΦ−1
A

αI = ΦαIΛαIΦ−1
αI

β1 = Φβ1Λβ1Φ−1
β1

Alternatively, it also holds that:

ΛA = Φ−1
A AΦA

ΛαI = Φ−1
αI αIΦαI

Λβ1 = Φ−1
β1β1Φβ1

The first analysis herein focus on αI.

Base of Eigenvectors of αI

Considering the Lyapunov equation again, for αI:

Φ−1
αI [(A+αI)T P+P(A+αI)]ΦαI < 0

which is the same as:

(Φ−1
αI AΦαI +Φ−1

αI αIΦαI)T P+P(Φ−1
αI AΦαI +Φ−1

αI αIΦαI) < 0

or, alternatively:

(Φ−1
αI AΦαI +ΛαI)T P+P(Φ−1

αI AΦαI +ΛαI) < 0

Since ΦαI is a canonical base (all eigenvalues of the decay rate are α, which implies
that Φ−1

αI AΦαI = A), then:

(A+ΛαI)T P+P(A+ΛαI) < 0

By carrying out the same procedure for the base of eigenvectors of A the following
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expression if obtained:

Φ−1
A [(A+ΛαI)T P+P(A+ΛαI)]ΦA < 0

Since ΛαI = αI, then Φ−1
A ΛαIΦA = Φ−1

A (αI)ΦA = αΦ−1
A IΦA = αI = ΛαI. Therefore,

for the stability analysis, it suffices that the Lyapunov inequality is defined as:

(ΛA +ΛαI)T P+P(ΛA +ΛαI) < 0

Note that eigenvalues of magnitude α are directly added to A, whose base if the same
as the one from the eigenvectors of αI. However, since including β does not lead to a
canonical eigenvector base, its analysis is more difficult. Defining again the Lyapunov
inequality:

Φ−1
αI [(A+αI+β1)T P+P(A+αI+β1)]ΦαI < 0

By carrying out similar steps as previously done, a new equation is obtained, but it
does not present only eigenvalues matrices:

(ΛA +ΛαI +Φ−1
A β1ΦA)T P+P(ΛA +ΛαI +Φ−1

A β1ΦA) < 0

A possible interpretation for this result is that: adding β does not imply in a direct
addition of eigenvalues to the system A; rather, it adds the eigenvalues matrices ΛA and
ΛαI to the projection of β1 onto the base of eigenvectors of A. The resulting effect in
this case is not given by the introduction of eigenvalues of β1, but by its full matrix
to the base of A (which defines the dynamics of the system in terms of oscillation and
stability), weighed by a factor β for all states. It is expected that this weight, during the
optimization process of the LMIs, provides a more balanced gain distribution among the
states.

An alternate analysis of the same equation can lead to more concrete conclusions.
Therefore, for purposes of comparison, the same formulation is carried out again, but
applying the base of eigenvectors of β1.

Base of Eigenvectors of β1

Considering the Lyapunov inequality in terms of β1, in turn:

Φ−1
β1 [(A+αI+β1)T P+P(A+αI+β1)]Φβ1 < 0

Once again, the following relation holds: Φ−1
β1(αI)Φβ1 = αΦ−1

β1IΦβ1 = αI = ΛαI. Thus,
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it is possible to rearrange the equation above as:

(Φ−1
β1AΦβ1 +ΛαI +Λβ1)T P+P(Φ−1

β1AΦβ1 +ΛαI +Λβ1) < 0

Compared to Eq. A, this result can be interpreted as: since the addition of eigenvalues
of β1 does not occur directly (as it is the case for αI), due to its noncanonical base, the
addition of eigenvalues of matrices ΛαI and Λβ1 occurs on the base of eigenvectors of β1.
Mathematically, although such a base is abstract, there exists a linear transformation that
drives the original system A from the canonical base to the base Φβ1, there, at last, a
new addition of eigenvalues occurs. Both bases must assure stability. The main different
consists, naturally, in the inclusion of eigenvalues λ1 = λ2 = ... = λn−1 = 0 and λn = nβ

to the system, which enables a faster and smoother stability, as seen previously.

To check whether adding β is, indeed, more efficient than only α, the following LMI
must, therefore, hold:

Aβ1 +ΛαI +Λβ1 > 0

where Aβ1 = Φ−1
β1AΦβ1, and, again by induction for n = 2,3,4, ..., Φβ1 and Φ−1

β1 can be
defined as:

Φβ1 =



−1 −1 · · · −1 −1
0 0 · · · 1 1
... ... . . . ... ...
0 1 · · · 0 1
1 0 · · · 0 1



Φ−1
β1 =



− 1
n − 1

n · · · − 1
n

(n−1)
n

− 1
n − 1

n · · · (n−1)
n − 1

n... ... . . . ... ...
− 1

n
(n−1)

n · · · − 1
n − 1

n
1
n

1
n · · · 1

n
1
n


where n is the dimension of the system. Nonetheless, the behavior of the system Aβ1

must be known yet, compared to the original one.
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Practical Application

For simplicity and clarity of understanding, the system considered for the practical
application is the classic mass-spring-damper, whose equation can be represented as:

mẍ+kx+ cẋ = u(t)

where m is the mass of the system, k is the stiffness of the spring, c is the damping
coefficient, and u(t) is an external input force. By rearranging such an equation into
state-space representation, it follows that:ẋ

ẏ

 =
 0 1
− k

m − c
m

x

y

 +
 0

1
m

u(t)

where ẋ = y is the change of variables applied, with x being the linear displacement. For
the control modeling, the linearization around the equilibrium point approach is used
(which can be seen, in fact, directly from matrix A in Eq. A). The following parameters
are, then, set: m = 1kg, k = 1N/m e c = 0Ns/m. The latter one is zero for simplicity;
that is, a simple oscillating behavior is expected to occur over the whole time window.

Figure 81 presents the phase portrait for the mass-spring system applying only α

individually and, afterwards, along with β, considering the initial conditions as x(0) = 0
and y(0), and then varying the latter one from −0.2 to 0.2, with a step size of 0.05.
Note that, while both solutions reveal the stable nodes around the equilibrium point, the
addition of β smooths out and speeds up the convergence of the system. In other words,
the trajectory until the origin (0,0) is shortened with β as the spiraling effect is reduced.

Figure 82a, in turn, presents particular cases among the ones above, in the time
domain. Note that, while α itself speeds up the response of the system towards zero,
adding β causes two effects: the curve gets smoother (that is, the oscillatory behavior is
decreased) and the stability speed is increased. To check whether the Lyapunov constraint
is met (that is, its derivative must be negative at all times greater than zero (Slotine; Li
et al., 1991)), also note that including β leads, indeed, to a faster stabilization based on
such criterion.

To endorse the efficiency of β (that is, to provide evidence that its effect cannot
be obtained by only using α), consider a significantly higher decay rate for α. Figure
82b shows the results for this condition without and with β. Note that, even that the
response is sped up with α, β provides, again, a smoother response such that the oscillating
behavior below zero does not occur. Also, the convergence towards stability is slightly
faster if compared to the case where β = 0.
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Figure 81 – Phase portrait for the response of the mass-spring-damper system.
The addition of β provides a faster smoother convergence towards the equilib-
rium point. The following parameters are used: α = 0.3 and β = 0, indicated by
the blue solid lines (–), and α = 0.3 and β = 1.0, indicated by the red dashed lines
(- -).

−0.05 0.00 0.05
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−0.1

0.0
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Source: Own authorship.
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Figure 82 – Response of the mass-spring-damper system in the time domain with
the respective Lyapunov functions using varying α and β. For both
cases, the constraint of the Lyapunov function is met, being positive for all time
instants and having its derivative negative for all time instants as well. a) Re-
sponse of the mass-spring system in the time domain with the respective Lya-
punov functions using the following parameters: α = 0 and β = 0 (solid lines –),
α = 0.3 and β = 0 (dashed lines - -), and α = 0.3 and β = 1.0 (dotted lines ...); b)
response of the mass-spring system in the time domain with the respective Lya-
punov functions using the following parameters: α = 10 and β = 0 (solid lines –),
and α = 10 and β = 1.0 (dashed lines - -).

A B

Source: Own authorship.

Figure 83, in turn, presents the response of the controlled system in the presence
of noise. White noise was added to both state variables x(t) and y(t) considering the
following relation: xn(t) = x(t)+tnr(t), where xn(t) is the response of the system x(t) after
noise addition, expressed by r(t), which represents elements from a gaussian distribution
with zero mean and unity variance times the root mean square (RMS) value of x(t), and
tn is an intensity factor. The same equation holds for y(t). Note that, for the cases
considered, the approach using the parameter β outperforms the one using only α, since
the amplitudes of the states of the system remain at lower levels during the action of the
controller.
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Figure 83 – Response of the mass-spring-damper system in the time domain after
noise addition using varying α and β. Adding noise does not significantly
compromise the performance of the controller, which is still capable of driving
the system to the equilibrium point effectively. The following parameters are
used: a) α = 0.3, β = 0 and tn = 0.5, indicated by the solid lines (–), and α = 0.3,
β = 1.0 and tn = 0.5, indicated by the dashed lines (- -); b) α = 0.3, β = 0 and
tn = 1, indicated by the solid lines (–), and α = 0.3, β = 1.0 and tn = 1, indicated
by the dashed lines (- -).

Source: Own authorship.

One caveat for applying this approach is that the use of both α ̸= 0 and β ∀ ℜ+ is
mandatory, because:

•if β = 0, the classical decay rate is defined, and no further gain is obtained;

•if α = 0: p(λ) = λn−1(λ−nβ), which implies that λn−1 = 0, which may lead to the
addition of eigenvalues equal to zero, thus possibly causing a condition of marginal
stability.
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To analyze the effect of β in the dynamics of the system A, consider Fig. 84, where
the solutions for the system without any control input are presented for both A and Aβ1

in the time domain and phase portrait. In this case, Eqs. A and A are as follows:

Φβ1 =
−1 1

1 1



Φ−1
β1 =

−0.5 0.5
0.5 0.5


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Figure 84 – Response of the mass-spring-damper system in the time domain and
phase portrait using the following dynamic systems: A and Aβ1. The
simulations show the similarity between both models in terms of frequency of
oscillation, but opposed amplitude direction as the main difference. The following
notation is used: solid lines (–) for A and dashed lines (- -) for Aβ1.

Source: Own authorship.

Note that the transformation to the base of eigenvectors of β1 implies that the inherent
dynamics of the system is changed; in this case, since the oscillating behavior for the mass-
spring system in its traditional form (A) is controllable, in the base β1, where its behavior
presents the same attractor on the phase portrait, the system is also controllable. This
fact is particularly relevant, because, according to Eq. A:

(Φ−1
β1AΦβ1 +ΛαI +Λβ1)T P+P(Φ−1

β1AΦβ1 +ΛαI +Λβ1) < 0
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the addition of eigenvalues occurs directly to matrix Aβ1, which means that it should
be, thus, controllable and susceptible to the decay rates for the parameter β to have a
physical meaning. As for the eigenvalues of both conditions, they can be analyzed around
the equilibrium point. For matrix A:

A =
 0 1
−1 0


whose eigenvalues are: 0+1j e 0−1j; that is, a marginally stable system is obtained, as
demonstrated by the attractor in Fig. 84. For Aβ1, in turn:

Aβ1 =
0 −1
1 0


whose eigenvalues are 0+1j e 0−1j too. Note that the system, in this case, presents the
same condition as the previous one in terms of stability. However, the change verified for
Aβ1 leads to a change in the direction of variable x(t) in Fig. 84.
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APPENDIX B - COMPLEMENTARY RESULTS FOR THE FUZZY
OBSERVER

Figure 85 presents actual states for the remaining unmeasurable variables (obtained
directly by the simulation) and their estimation computed by the fuzzy observer consid-
ering an on-going seizure, the error dynamics of each of them, and then considering the
interictal period, respectively.
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Figure 85 – Complementary results for the fuzzy observer considering α and β.
The remaining state variables of the Epileptor model are also efficiently recon-
structed, especially with the addition of β, which leads to a smoother perfor-
mance. A) Performance of the fuzzy observer: blue solid lines (—) indicate the
actual states (initial conditions: x1(0) = 0, y1(0) = −5, z(0) = 3, x2(0) = 0,
y2(0) = 0, u(0) = 0) and red dashed lines (- -) indicate the estimated states
(initial conditions: x̂1(0) = x1(0)− 1, ŷ1(0) = y1(0)− 1, ẑ(0) = z(0)− 0.2,
x̂2(0) = x2(0)− 1, ŷ2(0) = y2(0) + 1, û(0) = u(0)− 0.1). B) Error dynamics for
the fuzzy observer without including the parameter β and after including it.

Source: Own authorship.
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APPENDIX C - COMPLEMENTARY RESULTS FOR THE BLACK-BOX
MODELING

Figure 86 depicts the autocorrelation function of the residuals of both AR models
analyzed in the main body of the manuscript for the SUB signal (II and PIS, Figs. 86A
and 86B, respectively). For both conditions, the same pattern can be observed: at the
first lags, or time delays, the correlation values remain slightly higher than the confidence
levels (at 95%); this indicates that these values of ρ are significant. As for the correlation
for the next lags, they tend to decrease in magnitude and shrink into the confidence levels,
which in turn indicates that they are not significant. This behavior is expected due to
the relative simplicity of the model, which cannot fully capture all the dynamics involved
in the real epileptiform activity. Nevertheless, since the values of ρ are low in general, the
AR(k = 6) models are taken as sufficiently good representations of the original signals.
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Figure 86 – Autocorrelation funtion ρ considering the lags of the residuals ob-
tained after estimation of the both AR models (for II and PIS, respec-
tively) for the first time window: m = 1. At the first lags, the correlation
is slightly higher than the confidence levels at 95% significance, but they tend
to decrease for the next lags, indicating that part of the dynamics of the sig-
nal was not well captured, which is also exptected due to the simplicity of the
model. The signal used in this case was from SUB, as in the main body of the
manuscript.

A

B

Source: Own authorship.

Figure 87 presents the AR coefficients obtained for all of the discrete-time models A{c}
m ,

m = 1,2, ...,M considering the II and PIS conditions (Figs. 87A and 87B), respectively.
The coefficients vary over time but are enclosed within upper and lower limits.
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Figure 87 – AR coefficients of the identified models for the II and PIS signals from
SUB to design matrices A{c}

m , m = 1,2, ..,M and the gains LII and GII,
or LPIS and GPIS.. There is a fluctuation associated to the coefficients, but
they remained bounded over time. The black solid line (—) indicates the AR
coefficients; the red dashed line (- -) indicates their upper and lower limits.

A

B

Source: Own authorship.

Figure 88 presents the results for the performance of the controller when applied to
signals coming from different hippocampal subfields. In general, it is efficient in attenu-
ating the PIS activities while driving the system back to the II condition. Even though
attenuation occurs, poorer results are seen for CA1, where a high fluctuation around the
baseline occurs, possibly due to stronger background/noise activity.



APPENDIX C - COMPLEMENTARY RESULTS FOR THE BLACK-BOX MODELING 231

Figure 88 – Performance of the controller when applied to signals coming from
different hippocampal subfields: DG, CA2 and CA1. The artificial re-
construction and attenuation of the signals from these subfields is fairly good as
well, endorsing the efficiency of the proposed approach. The solid blue line (—)
indicates the uncontrolled activity; the red dashed line (- -) indicates the con-
trolled activity. In this case LPIS and GPIS are used without any constraints on
the input. The observers and controllers were designed according to the available
dataset, so results for CA3 and CA4 could not be generated due to the lack of
PIS activity available for them.

DG

CA2

CA1

Source: Own authorship.

Figure 89 shows the signal (number 21 from SUB) used to design both gains LII and
GII in the hybrid approach covered in the main text, whereas xh (signal 18 from SUB)
is the healthy reference signal to which drive the system. Note that the non-periodic
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feature is present in both 18 and 21, thus characterizing the II events. However, signal
21 has lower amplitude and was chosen for the design to avoid significantly higher gains.
This suggests that amplitude is just as important as the spiking pattern when designing
controllers and observers.

Figure 89 – Signals used to design both gains LII and GII in the hybrid approach
and the healthy reference xh. The lower amplitude of signal 21 leads to a
better performance, which means that this criterion should also be considered
during the design of the controller. In this case, signal number 21 from SUB is
used for the design, whereas signal number 18 is used as a reference to which
drive the system.

Source: Own authorship.
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APPENDIX D - MODEL REFERENCE ADAPTIVE CONTROLLER (MRAC)

According to the MRAC theory, there might be cases where the parameters of the
reference model from which to design the controller do not match those from the real plant
to be controlled (Goel; Kumar; Narayan, 2016). In this case, adaptive gains are proposed
to compensate for this difference. In this paper, the main interest lies on attenuating a
seizure without having its model/plant available, only an approximate model from the
non-seizure condition, which is regarded as an analogous procedure. If both state-space
models are fully available:

ẋ{h} = A{h}x{h} +B{h}r1, ẋ{s} = A{s}x{s} +B{s}r2

then there exist exact gains G1 ̸= G2 that attenuate a seizure, as follows (Goel; Kumar;
Narayan, 2016):

r2 =−G1x{s} +G2r1

The attenuated seizure is, thus:

ẋ{s} = [A{s}−B{s}G1]x{s} +B{s}G2r1

For the adaptive control, it is tacitly assumed that, as an epileptogenic brain, the non-
seizure condition can be triggered into the seizure condition and vice-versa (Hindmarsh;
Rose; Huxley, 1984; Izhikevich, 2003; Jirsa et al., 2014; Araújo et al., 2022): x{h}→ x{s}

and x{s}→ x{h}, respectively. Although the two vectors of states are inherently different
and take a mutually exclusive behavior in this thesis, they are part of a single epileptogenic
brain. Thus, it is possible to state that the non-seizure condition can be written in terms
of the seizure condition, and vice-versa. The responsibility for attenuating the seizure
based on such reasoning falls solely on the adaptive gain. Therefore, considering that
both activities come from the same system, by comparison:

[A{s}−B{s}G1] = A{h}

B{s}G2 = B{h}

However, perfect G1 and G2 are not available since the real plant has unknown
parameters, only Ḡ1 and Ḡ2, which are approximations at best:

r2 =−Ḡ1x{s} + Ḡ2r1
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To address this issue, by adding and subtracting the desired exact input −[G1x{s}−G2r1]
to the real plant, it follows that:

ẋ{s} = A{h}x{s} +B{h}r1 +B{s}[G1x{s}−G2r1 + r2]

By replacing the approximate r2:

ẋ{s} = A{h}x{s} +B{h}r1 +B{s}[−G{ad}
1 x{s} +G{ad}

2 r1]

where the adaptive gains are defined as G{ad}
1 = Ḡ1−G1 and G{ad}

2 = Ḡ2−G2. Sub-
tracting the non-seizure model, the error dynamics can be defined as:

ϵ̇ϵϵ = A{h}ϵϵϵ+B{s}[−G{ad}
1 x{s} +G{ad}

2 r1]

Given that B{s}G2 = B{h}:

ϵ̇ϵϵ = A{h}ϵϵϵ+B{h}G−1
2 [−G{ad}

1 x{s} +G{ad}
2 r1]

consider the following Lyapunov function:

V (ϵϵϵ,G1,G2) = ϵϵϵT P{ad}ϵϵϵ+tr[G{ad}T
1 ΓΓΓG{ad}

1 +G{ad}T
2 ΓΓΓG{ad}

2 ]

where ΓΓΓ −1 = G2sgn(g2) and there exists a symmetric positive-definte P{ad} > 0 which
satisfies the inequality:

A{h}T P{ad} +P{ad}A{h} =−Q{ad}

where there exists another symmetric positive-definite Q{ad} > 0. Therefore:

V̇ (ϵϵϵ,G1,G2) = −ϵϵϵT Q{ad}ϵϵϵ+2ϵϵϵT P{ad}B{h}G−1
2 [−G{ad}

1 x{s} +G{ad}
2 u{h}]+

+2tr[G{ad}T
1 ΓΓΓ Ġ{ad}

1 +G{ad}T
2 ΓΓΓ Ġ{ad}

2 ]

Then:
ϵϵϵT P{ad}B{h}G−1

2 G{ad}
1 x{s} = tr[G{ad}T

1 ΓΓΓB{h}T P{ad}ϵϵϵx{s}T ]sgn(g2)

ϵϵϵT P{ad}B{h}G−1
2 G{ad}

2 r1 = tr[G{ad}T
2 ΓΓΓB{h}T P{ad}ϵϵϵrT

1 ]sgn(g2)

At last, the adaptive gains are defined as:

Ġ{ad}
1 = ˙̄G1 = B{h}P{ad}ϵϵϵx{s}T sgn(g2)

Ġ{ad}
2 = ˙̄G2 =−B{h}P{ad}ϵϵϵrT

1 sgn(g2)
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A necessary assumption of this approach is that, if sgn(g2) = 1, then G2 > 0 (positive-
definite); if sgn(g2) = −1, then G2 < 0 (negative-definite). To compute the gains in this
thesis, both sgn(g2) = 1 and sgn(g2) =−1 were tested and the one which provided stability
was chosen.

Remarks on the adaptive controller

State-space representation and input stimulus. Since an actual plant of the
seizure is not available, the input stimulus is added as follows in the seizure model after
closing the loop of its respective candidate model:

ẋ{cs}
m = A{cs}

m x{cs}
m +Bu{cs}

m︸ ︷︷ ︸
≡A{s}

m x{s}
m

+Br2

where r2 = u{sh}
m in the notation used in the main text.

Reference model to design the controller. To design a stable P{ad} as:

A{h}T P{ad} +P{ad}A{h} =−Q{ad}

the model A{h} is used in open loop and the only possible r1 available comes from the
candidate non-seizure model:

r1 = u{ch}
m =−G{h}

m x{ch}
m +G{h}

m x{h}

This implies that:

u{sh} =−G{ad}
1 x{s} +G{ad}

2 {−G{h}
m [x{ch}

m +x{h}]}

However, given that the activity to be attenuated is related to the following seizure
model and input:

u{sh} =−G{ad}
1 x{s} +G{ad}

2 x{h}

it follows that {−G{h}
m [x{ch}

m + x{h}]} ̸= x{h}, and it is necessary to adapt the approach.
By closing the loop of the candidate non-seizure model:

ẋ{h}
m = [A{h}

m −B{h}
m G{h}

m ]x{h}
m +B{h}

m G{h}
m x{h}

then it is possible to consider a new:

r1 = G{h}
m x{h}
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Replacing r1 again into u{sh}:

u{sh} =−G{ad}
1 x{s} +L{ad}x{h}

where L{ad} = G{ad}
2 G{h}

m . This leads to a direct relation between the desired condition
x{h} and the adaptive input stimulus. Besides, the controller is designed as (Tanaka;
Wang, 2004):

P̄{ad}A{h}T
m +A{h}

m P̄{ad}− ḠT
x BT −BḠx < 0

where B = B{∗}
m = [Z I]T , P̄{ad} = P{ad}−1 and Gx = ḠxP{ad}. Note that only P{ad}

participates in the adaptive strategy, not Gx, which is an auxiliary gain. This approach
is consistent with the fact that the reference model for the controller is a closed-loop model.
The last adaptation to be made concerns L{ad}: its dimension is commonly adopted to be
(1×1) (Goel; Kumar; Narayan, 2016); however, the product L{ad} = G{ad}

2 G{h}
m requires

dimensions of the type (1× 2) = (1× 1)(1× 2) such that, when multiplied by x{h}, of
dimension (2× 1), the same (1× 1) is obtained for u{sh} (considering a single degree of
freedom). Therefore:

Ġ{ad}
1 = BP{ad}ϵϵϵx{s}T sgn(g2)

Ġ{ad}
2 =−BP{ad}ϵϵϵx{h}T sgn(g2)

In practice, since x{s} is the recorded signal which represents the activity to be at-
tenuated and x{h}

m → x{h}:

Ġ{ad}
1 = BP{ad}ϵϵϵx{s}T sgn(g2)

Ġ{ad}
2 =−BP{ad}ϵϵϵx{h}T

m sgn(g2)

Complementary results for seizure attenuation

To provide a more detailed assessment of the control approach, Figs. 90 and 91 present
complementary results considering the adaptive or fixed-gain controllers, respectively, for
all of the remaining patients (also using electrode Fp2). All of the signals correspond to
EEGs, except for III, which is an intracranial EEG (iEEG). The strategy was selected so
as to obtain a reasonably remarkable visual effect for illustration purposes. A decay rate
of α{s} = 50 was adopted for all cases to have a better comparison with the main results.
This is why seizure IV, for instance, is not as accurately described as the other ones.
Increasing this value leads to a better reconstruction, but also stronger input values, as
mentioned in the main text.
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As for α{ad}, it was varied according to each case, such that the seizures could be
efficiently attenuated at a moderate level of input stimulus and providing a reasonable
visual effect. Note that, for all cases, reductions in the intensity of the peaks can be
observed, providing reductions 12 to 45% using 20 to 25 V, approximately. Increasing
the level of input implies in more effective attenuation. Although these voltage levels are
slightly higher, lower ones can be adopted but at the cost of a less strong attenuation.

Figure 90 – Complementary results for all the remaining patients, considering
adaptive or fixed-gain MRCs. For all cases, α{s} = 50 to have a better com-
parison with the main results, but α{ad} = 40,50,20,50,50 (from I through V,
respectively), to adapt the intensity of gain of the controller. Reductions in the
intensity of the peaks can be observed after applying both controllers at moder-
ate input levels. Red dashed lines (- -) represent the reconstructed seizure; violet
dashed lines (- -) represent the attenuated seizure.
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Adaptive

Max. Abs. ~14.39V
Attenuation of ~45.09%

Max. Abs. ~24.85V
Attenuation of ~16.23%

II

I

Source: Own authorship.
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Figure 91 – Complementary results for all the remaining patients, considering
adaptive or fixed-gain MRCs. For all cases, α{s} = 50 to have a better com-
parison with the main results, but α{ad} = 40,50,20,50,50 (from I through V,
respectively), to adapt the intensity of gain of the controller. Reductions in the
intensity of the peaks can be observed after applying both controllers at moder-
ate input levels. Red dashed lines (- -) represent the reconstructed seizure; violet
dashed lines (- -) represent the attenuated seizure.

Fixed

Fixed

Max. Abs. ~22.68V
Attenuation of ~39.48%

Fixed

Max. Abs. ~21.35V
Attenuation of ~45.99%

Max. Abs. ~26.11V
Attenuation of ~12.60%

I

II

III

Source: Own authorship.
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