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1 Introduction
The D = 11 pure spinor superparticle is a useful tool to describe D = 11 linearized

supergravity in a manifestly covariant way [1]. This formalism describes physical states as
elements of the cohomology of a BRST operator defined by Quin = A*D,,, where A® is a
D = 11 pure spinor! satisfying the constraint AT'A = 0, a is an SO(10, 1) vector index,
and D, are the first-class constraints of the D = 11 Brink-Schwarz-like superparticle [3].
The spectrum found by using this formalism coincides with that obtained via the BV
quantization of D = 11 linearized supergravity and includes the graviton, gravitino, and
3-form at ghost-number 3, as well as their ghosts and antifields at other ghost number [1, 4],

n this paper, a d=11 pure spinor A® will be defined to satisfy AT'*A = 0. A d=11 pure spinor is
sometimes [2] defined to satisfy both ATA = 0 and AT'*A = 0.



each one of them satisfying certain equations of motion and gauge invariances as dictated
by the BV prescription.

Motivated by the non-minimal version of the pure spinor superstring [5], Cederwall
formulated the D = 11 non-minimal pure spinor superparticle by introducing a new set of
variables A, Rg and their respective momenta W, SP where A, is a D = 11 bosonic
spinor and Rg is a D = 11 fermionic spinor satisfying the constraints AT*A = 0 and
AT®R = 0 [6, 7]. In order for the new variables to not affect the physical spectrum, the
BRST operator should be modified to Q = A“D,+R,W®, as in the quartet argument of [8].
In the non-minimal pure spinor formalism of superstring, one can formulate a consistent
prescription to compute scattering amplitudes by constructing a non-fundamental b ghost
satisfying {Q,b} = T. Therefore, it is important to know if a similar b ghost can be
constructed in the D = 11 superparticle case.

The D = 11 b-ghost was first constructed in [9] in terms of quantities which are not
manifestly invariant under the gauge symmetries of w, generated by AI'*A = 0. This
b-ghost was later shown in [10] to be @-equivalent to one written in terms of the gauge-
invariant quantities Ny, and J, and we will focus on this manifestly gauge-invariant version
of the b-ghost.

The complicated form of the b-ghost in [10] makes it difficult to treat, so for instance
its nilpotency property {b,b} has not yet been analyzed. A similar complication exists
in D = 10 dimensions, however, it was shown in [11] that the D = 10 b-ghost could be
simplified by defining new fermionic vector variables. In this paper, a similar simplification
involving fermionic vector variables will be found for the D = 11 b-ghost which will simplify
the computations of {Q,b} =T and {b, b}.

The paper is organized as follows: in section 2 we review the D = 10 non-minimal
pure spinor superparticle, constructing the corresponding pure spinor b-ghost and its sim-
plification. In section 3 we review the D = 11 pure spinor superparticle, constructing the
manifestly gauge-invariant b-ghost and explaining how to translate the simplification of
the D = 10 b-ghost to the D = 11 b-ghost by defining the SO(10, 1) composite fermionic
vector ¥7. Finally we construct the simplified D = 11 b-ghost and show that it satisfies the
relations {@Q, b} = T and {b,b} = BRST-trivial. Some comments are given at the end of the
paper concerning the relation between the b-ghost found in [10] and this simplified b-ghost.

2 D = 10 non-minimal pure spinor superparticle

The D = 10 (minimal) pure spinor superparticle action is given by [12]:
) ) 1 )
S = /dT (Xum +0"p, — §Pum + )\“wu> (2.1)

where m, p are SO(9,1) vector/spinor indices, 0* is an SO(9, 1) Majorana-Weyl spinor, p,,
is its corresponding conjugate momentum and P"" is the momentum. The variable \* is a
D = 10 pure spinor satisfying the constraint Ay A = 0 where m is an SO(9, 1) vector index,
and w, is its corresponding conjugate momentum. Because of the pure spinor constraint
this SO(9, 1) antichiral spinor is defined up to the gauge transformation dw, = (y"™X), fm,



where f,,, is an arbitrary vector. The SO(9,1) gamma matrices denoted by +"* satisfy the
Clifford algebra (7™),, (7")"? + (7")u (¥™)"? = 2™"6};. The physical states are defined as
elements of the cohomology of the BRST operator Q = Ad,,, where d, = p, — Pn(Y"0),
are the first-class constraints of the D = 10 Brink-Schwarz superparticle [13]. The spectrum
turns out to describe the BV version of D = 10 (abelian) Super Yang-Mills [12, 14, 15].

In the non-minimal version of the pure spinor superparticle [5, 16], one introduces a
new pure anti-Weyl spinor j‘u’ and a fermionic field r, satisfying the constraint Ay =0,
together with their respective conjugate momenta w*, s*. In order to not affect the coho-
mology corresponding to Qmin, the non-minimal BRST operator is defined as Qnon—min =
Ad,, + w#r,. Thus the D = 10 non-minimal pure spinor superparticle is described by the
action:

. ) 1 . -
S = /dT (Xum + 0y — G P Py o+ Mawy + @A+ mﬂ) (2.2)

and the BRST operator () = Md,, + wtr,. By construction, the physical spectrum also
describes BV D = 10 (abelian) Super Yang-Mills.

2.1 D = 10 b-ghost

As discussed in [16, 17] a consistent scattering amplitude prescription can be defined using
a composite b-ghost satisfying {Q,b} = T, where @ is the non-minimal BRST operator
and T = —%P“Pa is the stress-energy tensor. This superparticle b-ghost is obtained by
dropping the worldsheet non-zero modes in the superstring b ghost and is

h = E(E"Ymd) pm 1 (S\anpr)[(d%nnpd) + 24Nman] 1 (T’Ymnpr)(j\’)’md)an

2 A\ 192 (AN)2 16 (AN)3
YA Pqr mn
_i (r'ymnpr)(/\'_y T)N qu (23)
128 )

where N, = %Aymnw.

The complicated nature of this expression makes it difficult to prove nilpotence [18],
however it was shown in [11] that the b-ghost can be simplified by introducing an SO(9, 1)
composite fermionic vector [ satisfying the constraint (y,,A\)*T™ = 0. In the expres-
sion (2.3), the terms involving d,, always appear in the combination

cm _ L(0W™d) 1 (M) N,
=0 T8 o 24)

and using this T, the b-ghost can be written in the simpler form:

Lo P

b=P"l, — ——x—2T,1, 2.5

RSN (2:5)

This simplified D = 10 b-ghost was shown to satisfy the property {Q,b} = T in [19], and
the nilpotence property {b,b} = 0 easily follows from {T',,, T} =0 and [[';,, A\] = 0.



3 D = 11 non-minimal pure spinor superparticle

The D = 11 non-minimal pure spinor superparticle action is given by [1]
) . 1 . . )
S = /dr (X“Pa +0O%P, — §P“Pa + AWy + AW + RaSO‘> (3.1)

We use letters of the beginning of the Greek alphabet (v, 3,...) to denote SO(10, 1) spinor
indices and henceforth we will use Latin letters (a, b, ...,l,m,...) to denote SO(10, 1) vector
indices, unless otherwise stated. In (3.1) ©¢ is an SO(10,1) Majorana spinor and P, is its
corresponding conjugate momentum, and P, is the momentum for X®. The variables A“,
A, are D = 11 pure spinors and W, W are their respective conjugate momenta, R, is
an SO(10,1) fermionic spinor satisfying AT*R = 0 and S is its corresponding conjugate
momentum. The SO(10,1) gamma matrices denoted by I'* satisfy the Clifford algebra
(T%)05(T°)P7 4+ (%) 05(1'4)P7 = 21267, In D = 11 dimensions there exist an antisymmetric
spinor metric C,p (and its inverse (C~1)*?) which allows us to lower (and raise) spinor
indices (e.g. (T%)*? = C*7CP(T%),5, (I")*5 = C*(I)4p, etc).

The physical states described by this theory are defined as elements of the cohomology
of the BRST operator Q = A*D, + R,2W® where D, = P, — P,(I'*0),, and describe
D = 11 linearized supergravity.

3.1 D = 11 b-ghost and its simplification
As in the D = 10 case, a composite D = 11 b-ghost can be constructed satisfying the

properties {Q,b} =T where T'= —P®P,, and was found in [9, 10, 20] to be:

b= én_l(ﬁrabﬁ)(AF“bFiD)Pi + 2L {(AF“D)(AFdeD) +2(AD )N P

2 3 1 5
£ 200ty = P AT P < 292, { AT T D),

— 12| (AT AT — %nf [a(ArbcelijA} (AFdD)Nij}

4 - abcij e 2 e
b L ey (AT [ (AT S AT | (N, N (32)

where

n = (ATA)(ATgA) (3.3)
L = (ATappoA) (AT, R) . .. (AT, 5.1 R)

aobo,a1b1,...,anbn

and [] means antisymmetrization between each pair of indices. The D = 11 ghost current
is defined by Nij = AFZ]W

To simplify this complicated expression for the D=11 b-ghost, we shall mimic the
procedure explained above for the D=10 b-ghost and look for a similar object to I'". A
hint comes from looking at the quantity multiplying the momentum P? in the expression



for the D=11 b-ghost:
1 o
b= P'| o0~ (ATwA)(AT™TiD) + "Ly, [%AF“’%A)M’“

2 .
200 = ) AT | 4 (35)

Therefore our candidate to play the analog role to I'™ is

i 26 Lg})cd(AFabcsz)Nd + 37[/((”))C (AI‘“qujA)N 57 Lgi)c (Araicqu)qu
(3.6)
where $§ = 177! (ATA)(AT®’TD) is the only term containing Dy’s. Using the identi-
ties (A.1), (A.2) in appendix A, one finds that X7 satisfies the constraint:

(AT R)5° = 0. (3.7)

Furthermore, it will be shown in appendix B that the D,,’s appearing in 3 are the same
as those appearing in the b-ghost. Therefore a plausible assumption for the simplification
of the b-ghost would be b = P'S; + O(X?). As will now be shown, the simplified form of
the b-ghost satisfying {Q, b} = T is indeed

b= PiS, - z(AFaCR)(AI‘“jA)EJ (AR)(AD9FA)S, (3.8)

3\*—‘

3.2 Computation of {Q, X7}

To show that the b-ghost of (3.8) satisfies {Q, b} = T, it will be convenient to first compute
{Q, X%} where, using the identities (A.10), (A.13),

% _i abcki 2 5 AN A % abcqj
Y= (AFabA)(AFCdR)(AF beki \) N9, + W(ArabA)(Arc R)(ATU AN, ;

i)

— 2 (AT A) (AR)(AT“ A) N, (3.9)

Using equation (3.9) and the identities (A.20), (A.21), (A.22), (A.23):

{Q, 2} =—P'— %[([\rmb[\)(Ar;A) (AT™A) (AT, A)| P+ = ., (Al“mnR) (AT™™A)S
%(AF’”"R)(AanA)( i) — %([\FabR) (AT’T D)
2 abcki d 2 A AN/ A i abedk
?(ArabA)(AchR)(AF A) (AT D)— W(ArabA)(AFc R) (A" A) (AT 4, D)
%(AFGbA)(AR)(AFi“bd’“A)(Al“de) - % (AT, R)(AT (g R) (AT A)NY
- 34? (ATuR) (AT, R)(AT@¢4k A) N, — % (ATR)(AR) (AT A) Ny,
— %([\rab[\)(RR)(Ariabd’fA)Ndk (3.10)



As shown in appendix D, this expression in invariant under the same gauge transfor-

mations under which 26 is invariant:
6Dy = (TN fij (3.11)

where (A)® = %([\I’mn]&)(AFm")o‘ is a pure spinor, and f;; is an afltisymmetric gauge
parameter. Therefore we can write all D,’s in this object in terms of 3, and the result is
(see appendix D):

{Q, X} =—PI - 727 [(AT™PA) (AT A) — (AT A) (AT A)| Py, + j; (AT R) (AT™A) (2° — 5)

2 4 9 o
—5(AFC’R)(AFCkA)Z’g+H(AFCdR)(AF“A)ZngH(AR)(AF”“A)E%

2 - o _ 4 - )
~ 3 (AT R)(AT*A) (AT A) (AT ) Do~ 5 (AT ) (AT tB) (ATHA) V'

=

4 5 o 4 - _ 4
_ 3772 (AT, R)(AT."R) (AI‘adekA)Ndk — W (AT R)(AR) (ArzabdkA)Ndk

2 _ .
—W(ArabA)(RR)(Arwbd’fA)Ndk (3.12)
n
After plugging (3.9) into (3.12), all of the terms explicitly depending on N, are can-
celled and we get (see appendix E):

(0.5} =—Pi_ 727 (AT R) (AT A) — (AT A ) (AT A)] Py — 727 (AT R)(AT o A)SF  (3.13)
+ i (AT .4 R) (AFC"A)id+727(1_\R) (ATFA)S), — 7722(111“8(1}%) (ATA)(AT™A) (ATFA)S,,

33 {Q,b}=T
Using (3.13) it is now straightforward to compute {Q, b}:

(Q.b) = P{Q. 5} — ;‘2<Arm“A><ArmnR><Ar“jR><ArakA>z’“zj

(AT D) ({Q, 35}

~—

+ f}(z‘xraijArakA)({Q, SRS, - j(z‘xraﬂR
2

5 (AT A) (AT R) (AR) (ATI*A) S, 53 +

(RR)(AT*A);5,

| — 3
I |~

+ —(AR)(AT"A)({Q, 1)y — ;(AR)(AFMA)%({Q, Zi}) (3.14)

Ui

To make the computations transparent, each term in (3.14) involving {Q, %;} will be sim-
plified separately:
Ml = PZ{Q) iz}

= Pi{ - P - 727 [(AribA)(ArbmA) — (AFmbA)([\F“/_\)] P

[\

— (AT R)(AT W A)SF + (AT R) (AT A)SY
n

+

I3

(AR)(AT* A%y, — 1722(/_\FCdR)(AFCdA)(]XFm/_\)(AFnkA)S’“}



=— (AFC’R)(AFCkA)PE + = (AchR)(AFC’A)P L
o

+ g([&R)(AF“"A)PSk — %(]XFCdR)(AI‘CdA)(AF’”A)(AFnkA)PiEk (3.15)
n n

2 _ _ _

My = n(AF“JR)(AFakA)({QEk})Ea

2 a 2 A T0k A m 2 5 ck S

= Z(ATYR) (AT A) | — P¥ + Z(AT,,A)(ATY*A) P™ — Z(AT* R) (AT, A)EP

n n n

- 7722(/_\FCdR)(AFCdA)(/_XFk”f\)(AanA)EP 5,

— _iArajR(ArakA)P’“ij + :2(/_\F“JR)(AFakA)(AFmbA)(f\Fbk/_\)Pmij

: (AT R)(AT 4, A) (AT* R) (AT, A)XPY;
4

5 (AT R)(AT o A) (AT“? R) (AT cqA) (AT*" A) (AT, A) S5

3

Using (A.2), we get
My = (AF“JR)(AFakA)PkZ 4= (AF‘”R)(AFmaA)PmE
U
(AT R)(AT 4 A)(AT* R) (AT 1, A)XPY

(AT R)(AT o A) (AT R) (AT 4 A)EPY;

:M‘ MQ’M‘ wd

—— (AT R)(AT 4 A) P*S; (3.16)

Ms=—=(AT"R)(ATux M) 5 ({Q.551)

—Z(ATY R)(AT 1 A)% { —[AFJbA)(AFbmA) (AT™ A)(ATy,;A) | P,

— (AT R))(ATPA)S +é AFCdR)(AFCJA)Ed+ (AR)(AFij)i”

d\l\)s\wﬁ\wi\%

S

%\ o

(AT R)(AT .qA) (AT j, A)(AT"PA)S }

AN W)

T% R)(AT o A)ZF P; + 1 S (AT R)(AT e A)SF (AT ju A) (AT A) Py,

/;;

4 . o _
(Al“‘”R)(AFakA)E’“(AFmbA)(AFbjA) ?(AF‘”R)(AFakA)E’“(AFCJR)(AFCPA)EP

4

(AT R)(AT 0 A)SF (AT R) (AL ;A ) S — — (AT R) (AL 0. R) SF (AR) (AT, A) 5P

\4;3,\,\003,0\4;

(AT R) (AT 41, A)SF (AT R) (AT cqA) (AT, A) (AT"P A,

=
o

Using (A.2), (A.5), (A.19):

2

Mz ==(AT" R)(AT o A)S* P+ = (AT R) (AT 4 A) (AT* A) (AT A) S P™
n

+ J‘MA

2 < mk O 2 < ac A e
E(AR)(AF "A)PmEk—?(AFacR)(AF A)(AR)(AT*A)SLE,



(AT’ R)(AT ., A) 25,

N2

R
(RR)(AF"pA)EkZp+n—2(AP TR)(AT4;A

d\ﬂ

(AT R)(AT4;A)(AR) (AT A)S, 5, — — (AR)(AT*PA) (AL eq R) (AT A) 5y

e 2
(AT R)(ATurA)SF P i+

dm‘w
:'w‘[\"

JF
% (AT R)(ATu; A) (AT*A) (AT &) 55 P™
+Z(AR)(AT™ A) Py, Zkf%(RR)(AF’“”A)Z p te (AF‘”R)(AFGJA)(AFCdR)(AFCkA)S’“id

I N

(AR)(AT*™A) (AT caR) (AT A) S5, (3.17)

Sw‘w

AR)(AT*A)({Q, 25}k

d\)—‘

(
_ %(AR)(AF]’“A)P Dt 2 (AR)(ATP* A) (AT A) (AT &) P Sk
2

773 (AR)(AT7*A) (AT 4 R)(AT°“A) (AT, A) (AT"PA) S, 55,

= (AR) (AFJ’“A)(AFCJR)(AFCPA)E Sk—

—=(AR)(AT7*A)P; Sy + = (AR)(AF’””A)

J\’—‘d

\ —

= 1

(AR)(ATP*A) (AT R) (AT A)E, 5k — — (AR) (AT R) (AT g A) (AT A) S, 5,

™
3

—Z(AR)(AT7*A) P35y (3.18)

G\Hd\w\ﬁ

—=(AR)(AT?*A)S;({Q, 5k })

E

|
=

+ :,\H 4+ 3=

. _ 2 : _ m _ _
R)(AFJ’“A)Eijf$(AR)(AI‘J’“A)Ev(AF "A)(ATyA) Py,

(AR)(AT7*A)S; (AL R) (AT A)S,, + (AR)(AFJ"A) (AT’ R) (AT caA) (ADk, A) (AT"PA) S,

Sw‘w

=

R)(AT* A)P; Sy, — ) (AR) (AT AP, 5

|~

(AR)(AT7PA)S; (AP R) (AT, A) S+ — (AR)(AijA)i]-(/_\FCdR)(AchA)ip

o
3

—Z(AR)(AT7*A) PS5y (3.19)

3\[03

Putting together all the terms in (3.14):

{Q,b} = ZM 4 (AT A) (AT R) (AT % R) (AT 4, A)SFS

n—Q(AFm”A)(AanR)(IXR)(AijA)i Sk 1(RR)(AFJ"CA)S Sk

__p (3.20)

3

Recalling that T = —P? is the stress-energy tensor, we have checked that {Q,b} = T.

3.4 {b,b} = BRST-trivial

In the D=10 case, the identity {I"™,T"} = 0 was crucial for showing that {b,b} = 0.
However, in the D=11 case, it is shown in appendix F that {7, 3*} is non-zero and is

proportional to R,. This implies that
{b,b} = R*Go (A, A, R,W, D) (3.21)

for some G (A, A, R, W, D).



Note that [Q, {b,b}] = 0 since [b, T] = 0 where T' = — P, P®. Since Q = A*D,,+ R*W,,,
the quartet argument implies that the cohomology of () is independent of R,,, which allows
us to conclude that {b,b} = BRST-trivial. It would be interesting to investigate if this
BRST-triviality of {b,b} is enough for the scattering amplitude prescription using the b-
ghost to be consistent.

4 Remarks

We have succeeded in finding a considerably simpler form in (3.8) for the D=11 b-ghost
than that of equation (3.2) which was presented in [10]. Although this simplified version
is not strictly nilpotent, it satisfies the relation {b,b} = BRST-trivial which may be good
enough for consistency.

It is natural to ask if the simplified D = 11 b-ghost (3.8) is the same as the b-ghost
presented in (3.2). These two expressions are compared in appendix G and we find that they
coincide up to normal-ordering terms coming from the position of N,,, in each expression.
Note that the product of Ny,,’s appears as an anticommutator in (3.2) whereas it appears
as an simple ordinary product in (3.8). However, because we have ignored normal-ordering
questions in our analysis, we will not attempt to address this issue.
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A D = 11 pure spinor identities

We list some pure spinor identities in eleven dimensions:

(ATA)(TyA) g = 0 (A1)

(AT A)(AT4A) = (A.2)
(ATIPA)(ATIA) = 0 (A.3)
(ATPA) (AT R) = (A.4)
(ATy;R)(AT,’R) = (AT;R)(AR) + %([Xfik]\)(RR) (A.5)
(ArabR) (AFCdR)facgbd =0 (AG)
(AT . A)(AT%edkA) = (A7)
(TiA) o (ATt A) = 6(DLA), (ADA) (A.8)
(TijA) (AT A) = —18(T1@A), (AT*IA) (A.9)

where £, g*@ are antisymmetric in (a,c), (b, d) respectively. In addition, using (A.4) it
can be shown that

L((li)),cdfabc = (I\FabA) (AFCdR)fabc (AlO)



LY) % = —(ATqA) (AT R) f (A.11)

(2) ~ pabee _ (AT @A) (AT 4 R)(AT .4 R) fobe (A.12)

Lab cd,ef

where fob¢, fabee are antisymmetric in all of their indices.
Other useful identities:

L{}).* = (AT.A)(AR) (A13)
L. = 52(A0GA) (AL R)(AR) — (ALciA) (AT R)(AL, ")) (A.14)
L. = 3IATwA)ATGR) (AT, *R) - 2ATX) (AL R)AR)  (A.15)
(AT, A)2P =0 (A.16)
Some useful commutation relations
) =0 (A.17)
(%7 (AT™"A)] = %(I\re FA) (AT g, R)[(AT 93 ) (AT ™ A) — (AT /979 A) (AT "™ A)]
(A.18)
{57 (AT, R) (AT™A)} =0 (A.19)
[Q.n]=—2(AT™"A)(AT,,, R) (A.20)
(Q.(AT*A)] = ~2(AT*"R) (A.21)
[Q,N"]=(AT""D) (A.22)
[Q.Dgl=—2(I" )3 P, (A.23)
[N n]=—2(AT 4 A)[—2n" (ATPPA) +20*" (AT A)]
= 4(AT® ,A)(ATP"A)—4(AT"  A)(AT"A) (A.24)
[Nhi,(AFlmnqu)] _ _277iq(A1-wchlmnA) +2nzn(AFchlqu) _2,,71771 (AFChlnqA)
+2n ( FchmnqA)+2,’7hq( FcilmnA) hn(AFcilqu)
hm (AFczlnqA) 2nhl (AFczmnqA) _|_27761 (ArhlmnqA)
_2nch(AF1lmnqA) (A 25

— 480, NP 4+4600 N — 4500 N +4650 NP —=2AT*""PW - (A.26)

B The b-ghost and ¥7 have the same D,’s

We should figure out which are the D, ’s appearing in the expressions for £? and the b-ghost.
For this, we will decompose the eleven dimensional Lorentz group in the following way:
SO(10,1) — SO(3,1) x SO(7). In addition, we conveniently choose the special direction
for A, to be ATT0 £ 0. So

ATR=0—>R" "=R T=R7=0, wherej=1,...,7 (B.1)
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On the other hand, from the pure spinor constraint AT'*A = 0 we have:

3 AFTIA—T
3 AT—IA—T
A+ 0 — —ﬁ (BS)
A = A_l_o [A=—IAHH0 L A—HIAF0 | pA+T ) (B.4)
where j = 1,...,7 and we have assumed that A==° # 0. This allows us to expand the

quadratic term in D, in the b-ghost in terms of these components:

; (A+HOA++0)(A++0R—0)
1 X (AHFORTFOY2Z(A=—07A—0 1 A——kA—Fk)2
+A+—/€D——k] > [A——OD—-‘rO + A——/CD—-HC _ATOp—0 _ A—+/€D——k]}
(A+HOA++0)(A++0R—0)
(A++0]\++0)2(A——0A——0 + Afkaffkp
_|_A*+kD77k] % [AffODJrfO + Afka+fk _ AJrfOfoO _ A+fk:D77k]}
i 7(17\++O/7\++0)(/7X++0R+_j)
(ATFOA++0)2(A——0A——0 4 A~k k)2
+A DO A DR AT D" — AT DO
(AHHOA++0) (A++0R—+i) P ik
_([\++0]\++0)2(A——0A——0 +A——kA——k)2{[A D +ATTTD
+AT 00 4 A+_kD__k’] X [A"°D™ — A= ID™7Y} (B.5)

{[A__0D+_O+A__kD+_k +A+_0D__0

+ {[AffODerO_i_Afkaerk _’_AerOfoO

+ {[A——OD——H) + A——kD—+k

Now, we write Xf, in the convenient form:

S — 2177[2(AF“iA)(AFaD) + (AT o) (AT D)] (B.6)

After using the particular direction chosen above, 3 presents the following SO(3,1) x SO(7)

components:
=™ =0 (B.7)
s+ B8
1o A+HOA++0 e e
B ey e (DT AT ()
o ATHOA++0 e
Yy (]\++0]\++0)(A__0A__0—|—A——kA——k)(A D=0 4 A="FD~+k) (B.10)
p ATHO7A++0 e
2y x (AFHOA+H0)(A——0A——0 —|—A——’fA——k)(A D —A"77'D77) (B.11)
where k,j = 1,...,7. Therefore, after using the pure spinor constraint, we see that the ex-

pression for b1 contains the same combinations of D, ’s as those contained in the expression
for 33 ((B.9), (B.10), (B.11)).
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C D, in terms of 2{,

Let us define the quantity:
. 1 o :
H, = (AT})20 = Q—(FiA)a(AFabA)(AF“”F’D) (C.1)
n

Now we will assume that there exist a matrix (M 1), such that:
Dy = (M), Hy (C.2)
and let us check that the following ansatz for (M _1)a5 :
(M1),f =250 + Z(Arm)a(Arm"A)(Arn)ﬁ (C.3)
is right. This can be seen easily as follows
H, = 7](r,-A)a(I\rab[\)(AF@’TZ’M*ULI)
= —(D;A)o (AT A) [(AT®PTTI A) S0 + ?17(AFabFiFmA)(/_\anzi)(AF"jA)io il
= (TVA)aX0; — i(riA)a(AFibA)(ArbjA)zo i+ 1712[n(FiA)a(AFinA)(AF”jA)EO i
—2(T3A) o (AT A) (AT, A) (AT A) (AT A) S ]
= (IVA)aS0;

2
1
n

where the identity (A.3) was used. Therefore we have the relation:

Da = 2(AT)aS00 + (AT (AT A) (AT A) S0, (C.4)
n

Furthermore, from the constraint (/_\Fabl_\)f]g = 0, one immediately concludes that

sk = ;(AFijA)(AFiij) (C.5)

which is the inverse relation between ¥ and H,,.

D The D.’s in {Q, X} are gauge invariant

We will show that the D,’s appearing in (3.10) are invariant under the gauge transforma-
tions (3.11). Therefore they are the same D,’s as those contained in the definition of 7.
In this appendix and the next ones we have made use of the GAMMA package [21] because
of the heavy manipulation of gamma matrix identities which computations demanded. Let
us call I* to the terms containing D,,’s explicitly in (3.10). The identities (A.8), (A.9) allow

— 12 —



us simplify this object:
I' = —l(/_\PabR)(AP“bFiD) ~ %(/_\Fab/_\)(/_XPCdR)(AF“bC’“A)(APde)
" 1
2 5 AN A % abc 2 5 AN A e

- W(Afab/\)(/\rc R)(AT**“* A) (AT ¢ D) — W(ArabA)(AR)(AF PR A) (AT 4. D)

L AT, R)(AT® D) — 2(AT%R)(AT,D) — (AT A) (AT R)(AT*¥* A)(AT,2D)
" 0

(ADwA) (AL, R)(ATYA)(AT"D) + (AT R)(AT,.D)
iy 1
8
t 3

. (AT A)(AR)(ATYA) (AT D) + i(AR)(AFiD) (D.1)

The third term of this expression requires more careful manipulations:

rri— %(AFabA)(AdeR)(AF”bCZkA)(AFkdD)
%(Z\ K)(KR)(AF“A)(AF“D)—%(AFabe)(]\chR)(AFCiA)(AF“bdD)
%(ArbcA)(AR)(AF’”A)(ArCD)+%(I\rab]\)(ixrcdR)(Ar“A)(Ar“dD)
%(AFabA)(AF R)(AFbCA)(AF“D)—E(AR)(AF D)— 7 (Arab[\)([\rcdR)(ArbCA)(Ar”dD)
%(AF” )(AFCD)—%([\FMR)(AFMD) (D.2)

Furthermore, the identity (A.4) allows us to cast this result as

ri— —%(/_XFaC/_\)(/_XR)(AFCiA)(AF“D) - 7722(f\Fabe)(/_\chR)(AFCiA)(AF“bdD)

(AT g A) (AT g R) (ATYA)(AT*4 D) — 7742(]\rab]\)(ArciR)(ArbCA)(AraD)
— —(AR)(AT'D) + ;(AradR)(AraidD) + 7712(AFadA)(AFbCR)(AFbCA)(AF“idA)
Z(AT“R)(AT'.D) — 5(ArcdR)(ArwiD) (D.3)

77
Plugging this result into (D.1), we find

I' = : (AT, A) (AT, *R)(AT*A) (AT D) + 2 (I\ra,,]\)(ArcdR)(ArciA)(ArabdD)
+ 7712(AFad_/_X)(AFbCR)(AFbCA)(AF“idD) (D.4)

After applying the transformation (3.11) and using the identities (A.2), (A.3), (A.4) one
can show that this expression is invariant as mentioned above.

Therefore we can replace the inverse relation (C.4) in (3.10). After doing this for each
term in (D.4), we get:
: 92 _
It = —Z(AT“R) (AT, A) Sk (D.5)
n

4 - S 2 - . _
= 5(ArcdR)(Mf«‘ZA)zg + %(AR)(AF““A)EM (D.6)
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. 2 _ _ 2 _ _ _
I = —E(ArcdR)(Arch)zg — ?(AFCdR)(AFCdA)(AFmA)(AF”kA)EOk (D.7)

Replacing these expressions in (D.4) and putting all together in (3.10) we obtain

{Q.2}=—P'— %[([\Fmb]\)(ArbiA) (AT A)(AT mA)]Pm+ (AanR)(AFm”A)S’

%(AFW,R)(AF’”"A)% — %(AreiR)(ArckA)i’g +;(ArcdR)(AF”'A)ig

% (AR)(AT* Aoy — ) (I\chR) (AT oqA) 2} — % (AT oqR)(ATA) (AT A) (AT A) S
~ (AT B AT R AT H A)NY = 25 (AT R) (AT, R)(ATA) Noy

3i (AFabR)(AR)(AFmbd’CA)Ndkf%([\FQJX)(RR)(AFi“bdkA)Ndk (D.8)

E Cancellation of all of the N,;, contributions in the equation (3.12)

We will show this cancellation in two steps. First we will simplify the expression depending
explicitly on 26 and then simplify the expression depending explicitly on Nyp. Finally we
will see that these two expressions identically cancel out. We start with the following

equation
. 4 _ . L
Jt = H(AFW"R)(AanA)(E’ -2l - i(AF”R)(AFCkA)EO + n(Al“cdR)(AF”A)Eg
92 _ . _ 2 _ _ _
+E(AR)(AF““A)EO,€ — ?(AFCdR)(AFCdA)(AFmA)(AFnkA)Z’g (E.1)

One can show that the term proportional to AR can be cast as

Ji = 5(A]_“biA)([&R)(/_\Fab[X)(AFCkR)(AFCkA)(AF“W)

7274 (AT A)(AR) (AT R)(ATCTY)

_7176( AT R) (AT A) (AR) (AT'W) (E.2)

The use of the identity (A.9) allows us to write the term proportional to (AT R) in the
form
Ji = f%(/_\F’"”R)(AanA)(/_\Fab/_\)(]\FCiR)(AFbCA)(AF“W)f%(Z_\Fm"R)(AanA)(]\FCiR)(AFCW)

— 5 (AT R)(ATA) (AT *R) (AT W) (E.3)

Finally, with a little algebra and the use of the identities (A.4), (A.8) one gets the following
result

:2(AFm”R)(AanA)(AdeR)(AdeiW)+:2(AFCdR)(AFCiA)(AFe FR)(AT W)
—% (AT™ R) (AT, A) (AT, *R) (AT W) — :2(1\1‘0 ‘R)(AT*A)(AT 1. R) (AT W) (E.4)

J=—

3
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Now we will simplify the expressions containing N,,, explicitly:

4 . 4 -
—2(AFabR)(APCdR)(AF“bC’“A)Ndk—W(AFabR)(AFC”R)(AF“de’“A)Ndk

4
3n?

St =

3

_ ) 2 _ )
(AFabR)(AR)(AFWbdkA)Ndk—W(AFabA)(RR)(AFWbd’“A)Ndk (E.5)

The first term in (E.5) can be written as follows

S = 52(AFQCR)(AR)(AF“A)(AF“W) - ;12(APQCA)(RR)(AP“A)(AF“W)
:2(AFabR)(AFCdR)(AFCiA)(AF“de) - 52(AFabA)(AFCiR)(AFC“A)(AFbW)
+52(Z\rcaR)([\R)(ArmA)(AriW) — f](RR)(AFiW)
;Q(ArabR)(ArabA)(Ar ‘R)(AT*W) + ;12([\F“bR)(AFabA)(AFCdR)(APCd"W)
52(AI‘aCR)(AR)(AF”A)(AFCW) - :2(AFQCA)(RR)(AFi“A)(AFCW)
52(AFabR)(AFCdR)(AFmA)(AFdeW) (E.6)

The last three terms in (E.5) can be put into the form:

= —G(AFGbR)(]\FCiR)(AFbCA)(AF“W) + 52(ArabR)(ArabA)(ArciR)(ArCW)

(ArabR)(ArabA)(’R)(AFiW) + 7172(/_\FabR)(/_\R)(AFbiA)(AF“W)
8

+S(RR)(AT'W) + -

(AT, A)(RR)(ATYA) (AT*W) (E.7)

d\ﬂkd

When summing S] + S we obtain
. 4 _ _ )
= —(AFm"R)(AanA)(AdeR)(AFWW)
4
iz

(AT g R) (AT A) (AT R) (AT W)

:’N‘ [0g] dw‘ =~

(AT R) (AT A) (AT, ' R) (AT“W) +— (AT, R)(AT* A) (AT 1, R) (AT W) (E.8)

Thus we have a full cancellation J* + S* = 0.

F Calculation of {Z_li, ij}

The object X' has a part depending on D, and other part depending on N,,,, as it can
be seen in (3.9). The part depending on N,,,, will be called £¢ and as before we use 3} to
denote the part depending on D,. Therefore

Y=+ 2 (F.1)

,15,



It is easy to see that {3¢, 26} = 0. To compute the anticommutator {%f, 231} we write 2{
in the more convenient way:

5 — 7722(AFabA)(AFCdR)(AFCjA)(AF“de) - :}(AFCdR)(AFCdjW)
+7722(AFbij)(/_\FC“R)(AFCGA)(AFI,W) - :2(]\FCJ’]\)([\rb“R)(ArcaA)(Ar,,W)
7712(ArbdA)(AracR)(Ar“CA)(AdeJ W) (F.2)
The result is
(5,57 = —;(AFCjR)(I\PmA)(AFC”D) + ;(ArﬁR)(ArmnMArmD)
7722(A1“ 3 R)(AT &) (AT D) — :Z(AR)(APZ' A)(ATI"D)
+7722n‘ '(AR)(AT 1y A) (AT™" D) — 5(AR)(Zxrmn]\)(AW‘WD) (F.3)

Analogously, one can show that {f]zi, 2]1} depends linearly and quadratically on R,. This
allows us to find the R,-dependence of {b, b} which turns out to be of the form:

{b,b} = R*fV + ...+ RARPROR"R' RN | (F.4)
where fé?,,,ai for i = 1,...,6 are functions of pure spinor variables A%, A,, W, and the

fermionic constraints D,,.
This can be used to check that {b,b} = Q€2 where Q is an arbitrary function of pure
spinor variables and the constraints D,. To see this let us expand () in terms of R“:

Q=00 4 Rl + RPQE) + .. 4 Ruon ) (F.5)

Qaq...0023
Thus the action of the BRST operator Q = Qo + R*W,, on ) gives us

0
i o1(V) 0 o pB
e + QoY ) + RYR

0

— (0) a
QQ = Qo2 —i—R( BAO‘

Q) + QM%) +... (F.6)

The comparison of this result with the equation (F.4) determines the functions Q®) for
E=1,...,23:

0 = Qo (F.7)
P

18 = 52290 + Qo0 (F.8)
P)

18 = o) + @l (F.9)

OA™
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Therefore if we make the following definitions:
QO = Ao p)
D _ rap®2)
Qp" = A"fos
) _ Ao )
Qus = A fops

(5)  _ Rap®)
Q,B&o'p)\ =A faﬁéo’p)\
(6) _

Qss0oxy = 0

Q(23) =0

the equations above are automatically solved.

G Expanding the simplified D = 11 b-ghost

(F.10)
(F.11)

(F.12)

—

F.13)
F.14)

—

(F.15)

In this appendix we will show explicitly the terms contained in O(3?) in the expression for

the simplified D = 11 b-ghost. We will work with the expression

Dsimpl = P*%i — % (AT A) (AT g R) (AT ), [(Arbd/\)zc

n
Therefore,
ie 4 orn wvrw bd a =j , 2
bsimplzp E,—?(ArabA)(AchR)(AF A)(AF JA) |:Eg)+ﬁ
2 ; 2
—Z_(AT;A) (AT, R) (AT 9" A\) Ny — ==
+ 3,,72 ( f )( g R)( ) h 3772

. {ig+ n% (ATumA) (AT R) (AT A) NP 4 #(AFMA)(AF”CR)(AFlm””qA)Npq

_2
3n?

42 (AT R) (AT, * R) (AT Y A) Ny — —
37}2 u Y 3,,]2

The contributions proportional to D? are:

e

simp ~

4

)

= iQLU) (AT™D)(AT*"* D)
U

me,rs

where the identities (A.3), (A.4) were used.

,17,

(AT s A) (AT ;5 R)(ADST99 A)N,

(/_\Feg/_\)(/_\R)(AFEjghiA)NM} X

(I\rm/‘\)(I\R)(Ar”““wyA)wa} }

+l(AdeA)(AFCSA)(AFSkA)E’C

(G.1)

(f\Flnf\)(AR)(AFlc"qu)Npq+%(AFC JR)(ATS L A) {im 2 (AT A) (AL wy R) (AT A) N,

(G.2)

(AT A) (AT qR) (AT A) % ; [(Arbd/\)zg + 1(AdeA)(AFCSA)(AFSkA)E’g]
n n



The terms proportional to 73, n~* can be found by using the identities (A.2), (A.4)
and (A.7). The result is

b8 = 2 (AT, A) (AT R) (AT, R) (AT'™" A)(AT* D) N,

simp

n
9 _
(AT 8) (AT B) AR) (AT A) AT D) Ny
3:](AFefA)(AFgCR)(APmnR)(AFefghiA)Nhi(Afcm”D) (G.3)
4 _ )
Wimp = 3,71 (AT er A)(ATge ) (AT R) (AL B) (AT T A) Ny (AT 14) Ny

2 _ _ _ _ .
—@(AFefA)(AFng)(AFlnR)(AR)(AFefghlA)Nh,-(Al“l”mqu)Npq (G.4)

In order to compare the two ways for the b-ghost, we should move all of the Ng;’s at the

end of the expressions showed above. After doing this one concludes that béizlpl changes
by the factor —#(]\I‘ef]\)(]\I‘gcR)(AanR)(AFefghiA)(AFChim”D) and bgnzlpl does not
receive any contribution. Therefore, the simplified b-ghost has the following form:

1 -
bsimp = P'| 50! (AL R)(AT*"T; D) + N 2L [Q(AF‘“’CMA)N"”“

W N

- 1
+5 0" = nbdnpi)(AF“pcq]A)quH + 7Lk (AT D)(AT7D) +
(AT} A) (AT R) (AT, P R) (AT A) (AT* D) N,

(AT}, A) (AT R)(AR) (AT'™P4A) (AT D) N,

doa‘ ') Sw‘ o

‘ -

LefA)(ALgeR) (AT R) (AT A) (AT D) Ny,
AT fA) (AT 4o R) (AT, R) (ATT9" A) (AT ™™ D) N

[N
1\33
w

3774 (AT s A) (AT 4o R) (AT}, R) (AT R) (AT T IMA) (AT ™I ) { Npyi, Ny b

b
3n?

1 _ . .

= 5 (ATe )ALy R) (AT B) (AT*/9 A) (AT D) (G.5)

(ALesA)(AT gy R) (ALp, R) (AR) (AT /97 A) (AT"P9 A) { Niyi, Npg }

where we have written the anticommutator instead of the ordinary product of N,’s after
using the relation 2Np;Npg = [Npi, Npg| + {Nhi, Npg} and the fact that the commutator
contribution vanishes because of the identity (A.7). We can compare this result to the
expansion of the b-ghost in (3.2)

1 _ _ . .
b= 50 '(ALA)(ATT'D)P; + N 2LY) [(AF“D)(AFWD) + 2(AD A) N P

2 apci, — abciy e
X S0y = 1) (AT M), Pq] ~ 37 3Léz3cdef{<Arb IA)AT* DN
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. ) .
— 12[(ADeei A)pfT — 3nf[a(ArbcemA](ArdD)Nij}

4 -
+ 777_4L£1%),cd,ef,gh(AFabCZ]A) [(Al—‘defgkA)nhl _

3 n"(ATTIMAN (NG, N} (G.6)

W N

The quadratic term in D,, is easy to obtain using the identity (A.10)
b® — L (AT A)(AT4R)(AT“D)(AT*D G.7
—?( aN) (AT R)( ) ) (G.7)

—4

With a little algebra the terms proportional to 72, 7% can be found. The result is

b3 = i([\FQ,,A)([\rcdR)(]\FEJR)(AFGIW’A)(AFdD)J\Qj

—7723(AFbcA)(AFedR)(AR)(AFbCEijA)(AFdD)Nij

—37172 (AT A) (AT qR) (AT R)(AT®PIA) (ATS D) N, (G.8)
Y = ;;4 (ATapA) (AT R) (AT R) (AT g R) (AT** A)(ATTI* Ay { Ny, Ny}

—32774 (ALapA) (AT g R)(AT o A) (AR) (AT Y A) (AT TIMA){ Ny, Ny} (G.9)

which should be compared with the analog expressions corresponding to bgimpl, equa-
tions (G.3), (G.4).

The differences between this equation (G.6) and (G.5) is the non-zero extra term
proportional to (AI'**"™" D). This might be related to normal-ordering ambiguities.
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