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1 Introduction

The D = 11 pure spinor superparticle is a useful tool to describe D = 11 linearized

supergravity in a manifestly covariant way [1]. This formalism describes physical states as

elements of the cohomology of a BRST operator defined by Qmin = ΛαDα, where Λα is a

D = 11 pure spinor1 satisfying the constraint ΛΓaΛ = 0, a is an SO(10, 1) vector index,

and Dα are the first-class constraints of the D = 11 Brink-Schwarz-like superparticle [3].

The spectrum found by using this formalism coincides with that obtained via the BV

quantization of D = 11 linearized supergravity and includes the graviton, gravitino, and

3-form at ghost-number 3, as well as their ghosts and antifields at other ghost number [1, 4],

1In this paper, a d=11 pure spinor Λα will be defined to satisfy ΛΓaΛ = 0. A d=11 pure spinor is

sometimes [2] defined to satisfy both ΛΓaΛ = 0 and ΛΓabΛ = 0.
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each one of them satisfying certain equations of motion and gauge invariances as dictated

by the BV prescription.

Motivated by the non-minimal version of the pure spinor superstring [5], Cederwall

formulated the D = 11 non-minimal pure spinor superparticle by introducing a new set of

variables Λ̄α, Rβ and their respective momenta W̄α, Sβ , where Λ̄α is a D = 11 bosonic

spinor and Rβ is a D = 11 fermionic spinor satisfying the constraints Λ̄ΓaΛ̄ = 0 and

Λ̄ΓaR = 0 [6, 7]. In order for the new variables to not affect the physical spectrum, the

BRST operator should be modified toQ = ΛαDα+RαW̄
α, as in the quartet argument of [8].

In the non-minimal pure spinor formalism of superstring, one can formulate a consistent

prescription to compute scattering amplitudes by constructing a non-fundamental b ghost

satisfying {Q, b} = T . Therefore, it is important to know if a similar b ghost can be

constructed in the D = 11 superparticle case.

The D = 11 b-ghost was first constructed in [9] in terms of quantities which are not

manifestly invariant under the gauge symmetries of wα generated by ΛΓaΛ = 0. This

b-ghost was later shown in [10] to be Q-equivalent to one written in terms of the gauge-

invariant quantities Nab and J , and we will focus on this manifestly gauge-invariant version

of the b-ghost.

The complicated form of the b-ghost in [10] makes it difficult to treat, so for instance

its nilpotency property {b, b} has not yet been analyzed. A similar complication exists

in D = 10 dimensions, however, it was shown in [11] that the D = 10 b-ghost could be

simplified by defining new fermionic vector variables. In this paper, a similar simplification

involving fermionic vector variables will be found for the D = 11 b-ghost which will simplify

the computations of {Q, b} = T and {b, b}.

The paper is organized as follows: in section 2 we review the D = 10 non-minimal

pure spinor superparticle, constructing the corresponding pure spinor b-ghost and its sim-

plification. In section 3 we review the D = 11 pure spinor superparticle, constructing the

manifestly gauge-invariant b-ghost and explaining how to translate the simplification of

the D = 10 b-ghost to the D = 11 b-ghost by defining the SO(10, 1) composite fermionic

vector Σ̄j . Finally we construct the simplified D = 11 b-ghost and show that it satisfies the

relations {Q, b} = T and {b, b} = BRST-trivial. Some comments are given at the end of the

paper concerning the relation between the b-ghost found in [10] and this simplified b-ghost.

2 D = 10 non-minimal pure spinor superparticle

The D = 10 (minimal) pure spinor superparticle action is given by [12]:

S =

∫

dτ

(

ẊmPm + θ̇µpµ −
1

2
PmPm + λ̇µwµ

)

(2.1)

where m, µ are SO(9, 1) vector/spinor indices, θµ is an SO(9, 1) Majorana-Weyl spinor, pµ
is its corresponding conjugate momentum and Pm is the momentum. The variable λµ is a

D = 10 pure spinor satisfying the constraint λγmλ = 0 where m is an SO(9, 1) vector index,

and wµ is its corresponding conjugate momentum. Because of the pure spinor constraint

this SO(9, 1) antichiral spinor is defined up to the gauge transformation δwµ = (γmλ)µfm,

– 2 –
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where fm is an arbitrary vector. The SO(9, 1) gamma matrices denoted by γm satisfy the

Clifford algebra (γm)µν(γ
n)νρ+(γn)µν(γ

m)νρ = 2ηmnδρµ. The physical states are defined as

elements of the cohomology of the BRST operator Q = λµdµ, where dµ = pµ − Pm(γmθ)µ
are the first-class constraints of theD = 10 Brink-Schwarz superparticle [13]. The spectrum

turns out to describe the BV version of D = 10 (abelian) Super Yang-Mills [12, 14, 15].

In the non-minimal version of the pure spinor superparticle [5, 16], one introduces a

new pure anti-Weyl spinor λ̄µ, and a fermionic field rµ satisfying the constraint λ̄γmr = 0,

together with their respective conjugate momenta w̄µ, sµ. In order to not affect the coho-

mology corresponding to Qmin, the non-minimal BRST operator is defined as Qnon−min =

λµdµ + w̄µrµ. Thus the D = 10 non-minimal pure spinor superparticle is described by the

action:

S =

∫

dτ

(

ẊmPm + θ̇µpµ −
1

2
PmPm + λ̇µwµ + w̄µ ˙̄λµ + ṙµs

µ

)

(2.2)

and the BRST operator Q = λµdµ + w̄µrµ. By construction, the physical spectrum also

describes BV D = 10 (abelian) Super Yang-Mills.

2.1 D = 10 b-ghost

As discussed in [16, 17] a consistent scattering amplitude prescription can be defined using

a composite b-ghost satisfying {Q, b} = T , where Q is the non-minimal BRST operator

and T = −1
2P

aPa is the stress-energy tensor. This superparticle b-ghost is obtained by

dropping the worldsheet non-zero modes in the superstring b ghost and is

b =
1

2

(λ̄γmd)

λ̄λ
Pm −

1

192

(λ̄γmnpr)[(dγmnpd) + 24NmnPp]

(λ̄λ)2
+

1

16

(rγmnpr)(λ̄γ
md)Nnp

(λ̄λ)3

−
1

128

(rγmnpr)(λ̄γ
pqrr)NmnNqr

(λ̄λ)4
(2.3)

where Nmn = 1
2λγmnw.

The complicated nature of this expression makes it difficult to prove nilpotence [18],

however it was shown in [11] that the b-ghost can be simplified by introducing an SO(9, 1)

composite fermionic vector Γ̄m satisfying the constraint (γmλ̄)µΓ̄m = 0. In the expres-

sion (2.3), the terms involving dµ always appear in the combination

Γ̄m =
1

2

(λ̄γmd)

(λ̄λ)
−

1

8

(λ̄γmnpr)Nnp

(λ̄λ)2,
(2.4)

and using this Γ̄m, the b-ghost can be written in the simpler form:

b = PmΓ̄m −
1

4

(λγmnr)

(λ̄λ)
Γ̄mΓ̄n (2.5)

This simplified D = 10 b-ghost was shown to satisfy the property {Q, b} = T in [19], and

the nilpotence property {b, b} = 0 easily follows from {Γ̄m, Γ̄n} = 0 and [Γ̄m, λ̄λ] = 0.

– 3 –
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3 D = 11 non-minimal pure spinor superparticle

The D = 11 non-minimal pure spinor superparticle action is given by [1]

S =

∫

dτ

(

ẊaPa + Θ̇αPα −
1

2
P aPa + Λ̇αWα + ˙̄ΛαW̄

α + ṘαS
α

)

(3.1)

We use letters of the beginning of the Greek alphabet (α, β, . . .) to denote SO(10, 1) spinor

indices and henceforth we will use Latin letters (a, b, . . . , l,m, . . .) to denote SO(10, 1) vector

indices, unless otherwise stated. In (3.1) Θα is an SO(10, 1) Majorana spinor and Pα is its

corresponding conjugate momentum, and Pa is the momentum for Xa. The variables Λα,

Λ̄α are D = 11 pure spinors and Wα, W̄
α are their respective conjugate momenta, Rα is

an SO(10, 1) fermionic spinor satisfying Λ̄ΓaR = 0 and Sα is its corresponding conjugate

momentum. The SO(10, 1) gamma matrices denoted by Γa satisfy the Clifford algebra

(Γa)αβ(Γ
b)βσ+(Γb)αβ(Γ

a)βσ = 2ηabδσα. In D = 11 dimensions there exist an antisymmetric

spinor metric Cαβ (and its inverse (C−1)αβ) which allows us to lower (and raise) spinor

indices (e.g. (Γa)αβ = CασCβδ(Γa)σδ, (Γ
a)αβ = Cασ(Γa)σβ, etc).

The physical states described by this theory are defined as elements of the cohomology

of the BRST operator Q = ΛαDα + RαW̄
α where Dα = Pα − Pa(Γ

aΘ)α and describe

D = 11 linearized supergravity.

3.1 D = 11 b-ghost and its simplification

As in the D = 10 case, a composite D = 11 b-ghost can be constructed satisfying the

properties {Q, b} = T where T = −P aPa, and was found in [9, 10, 20] to be:

b =
1

2
η−1(Λ̄ΓabΛ̄)(ΛΓ

abΓiD)Pi + η−2L
(1)
ab,cd

[

(ΛΓaD)(ΛΓbcdD) + 2(ΛΓabc
ijΛ)N

diP j

+
2

3
(ηb pη

d
q − ηbdηpq)(ΛΓ

apcijΛ)NijP
q

]

−
1

3
η−3L

(2)
ab,cd,ef

{

(ΛΓabcijΛ)(ΛΓdefD)Nij

− 12

[

(ΛΓabceiΛ)ηfj −
2

3
ηf [a(ΛΓbce]ijΛ

]

(ΛΓdD)Nij

}

+
4

3
η−4L

(3)
ab,cd,ef,gh(ΛΓ

abcijΛ)

[

(ΛΓdefgkΛ)ηhl −
2

3
ηh[d(ΛΓefg]klΛ)

]

{Nij , Nkl} (3.2)

where

η = (ΛΓabΛ)(Λ̄ΓabΛ̄) (3.3)

L
(n)
a0b0,a1b1,...,anbn

= (Λ̄ΓJa0b0Λ̄)(Λ̄Γa1b1R) . . . (Λ̄ΓanbnKR) (3.4)

and JK means antisymmetrization between each pair of indices. The D = 11 ghost current

is defined by Nij = ΛΓijW .

To simplify this complicated expression for the D=11 b-ghost, we shall mimic the

procedure explained above for the D=10 b-ghost and look for a similar object to Γ̄m. A

hint comes from looking at the quantity multiplying the momentum P i in the expression

– 4 –
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for the D=11 b-ghost:

b = P i

[

1

2
η−1(Λ̄ΓabΛ̄)(ΛΓ

abΓiD) + η−2L
(1)
ab,cd

[

2(ΛΓabc
kiΛ)N

dk

+
2

3
(ηb pη

d
i − ηbdηpi)(ΛΓ

apcqjΛ)Nqj

]]

+ . . . (3.5)

Therefore our candidate to play the analog role to Γ̄m is:

Σ̄i = Σ̄i
0 +

2

η2
L
(1)
ab,cd(ΛΓ

abckiΛ)Nd
k +

2

3η2
L
(1) i

ab,c (ΛΓabcqjΛ)Nqj −
2

3η2
L
(1) d

ad,c (ΛΓaicqjΛ)Nqj

(3.6)

where Σ̄i
0 = 1

2η
−1(Λ̄ΓabΛ̄)(ΛΓ

abΓiD) is the only term containing Dα’s. Using the identi-

ties (A.1), (A.2) in appendix A, one finds that Σ̄j satisfies the constraint:

(Λ̄ΓabΛ̄)Σ̄
a = 0. (3.7)

Furthermore, it will be shown in appendix B that theDα’s appearing in Σ̄i
0 are the same

as those appearing in the b-ghost. Therefore a plausible assumption for the simplification

of the b-ghost would be b = P iΣ̄i + O(Σ̄2). As will now be shown, the simplified form of

the b-ghost satisfying {Q, b} = T is indeed

b = P iΣ̄i −
2

η
(Λ̄ΓacR)(ΛΓajΛ)Σ̄jΣ̄

c −
1

η
(Λ̄R)(ΛΓjkΛ)Σ̄jΣ̄k (3.8)

3.2 Computation of {Q, Σ̄j}

To show that the b-ghost of (3.8) satisfies {Q, b} = T , it will be convenient to first compute

{Q, Σ̄i} where, using the identities (A.10), (A.13),

Σ̄i = Σ̄i
0 +

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓabckiΛ)Nd

k +
2

3η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓabcqjΛ)Nqj

−
2

3η2
(Λ̄ΓacΛ̄)(Λ̄R)(ΛΓaicqjΛ)Nqj (3.9)

Using equation (3.9) and the identities (A.20), (A.21), (A.22), (A.23):

{Q,Σ̄i}=−P i−
2

η
[(Λ̄ΓmbΛ̄)(ΛΓ i

b Λ)−(Λ̄ΓibΛ̄)(ΛΓ m
b Λ)]Pm+

2

η
(Λ̄ΓmnR)(ΛΓmnΛ)Σ̄i

0

+
4

η
(Λ̄ΓmnR)(ΛΓmnΛ)(Σ̄

i−Σ̄i
0
)−

1

η
(Λ̄ΓabR)(ΛΓabΓiD)

−
2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓabckiΛ)(ΛΓd

kD)−
2

3η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓabcdkΛ)(ΛΓdkD)

−
2

3η2
(Λ̄ΓabΛ̄)(Λ̄R)(ΛΓiabdkΛ)(ΛΓdkD)−

4

η2
(Λ̄ΓabR)(Λ̄ΓcdR)(ΛΓabckiΛ)Nd

k

−
4

3η2
(Λ̄ΓabR)(Λ̄Γ i

c R)(ΛΓabcdkΛ)Ndk−
4

3η2
(Λ̄ΓabR)(Λ̄R)(ΛΓiabdkΛ)Ndk

−
2

3η2
(Λ̄ΓabΛ̄)(RR)(ΛΓiabdkΛ)Ndk (3.10)

– 5 –
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As shown in appendix D, this expression in invariant under the same gauge transfor-

mations under which Σ̄i
0 is invariant:

δDα = (ΓijΛ′)αfij (3.11)

where (Λ′)α = 1
2η (Λ̄ΓmnΛ̄)(ΛΓ

mn)α is a pure spinor, and fij is an antisymmetric gauge

parameter. Therefore we can write all Dα’s in this object in terms of Σ̄i
0, and the result is

(see appendix D):

{Q,Σ̄i}=−P i−
2

η
[(Λ̄ΓmbΛ̄)(ΛΓ i

b Λ)−(Λ̄ΓibΛ̄)(ΛΓ m
b Λ)]Pm+

4

η
(Λ̄ΓmnR)(ΛΓmnΛ)(Σ̄i−Σ̄i

0)

−
2

η
(Λ̄ΓciR)(ΛΓckΛ)Σ̄

k
0+

4

η
(Λ̄ΓcdR)(ΛΓciΛ)Σ̄d

0+
2

η
(Λ̄R)(ΛΓikΛ)Σ̄0k

−
2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓinΛ̄)(ΛΓnkΛ)Σ̄0k−

4

η2
(Λ̄ΓabR)(Λ̄ΓcdR)(ΛΓabckiΛ)Nd

k

−
4

3η2
(Λ̄ΓabR)(Λ̄Γ i

c R)(ΛΓabcdkΛ)Ndk−
4

3η2
(Λ̄ΓabR)(Λ̄R)(ΛΓiabdkΛ)Ndk

−
2

3η2
(Λ̄ΓabΛ̄)(RR)(ΛΓiabdkΛ)Ndk (3.12)

After plugging (3.9) into (3.12), all of the terms explicitly depending on Nab are can-

celled and we get (see appendix E):

{Q,Σ̄i}=−P i−
2

η
[(Λ̄ΓmbΛ̄)(ΛΓ i

b Λ)−(Λ̄ΓibΛ̄)(ΛΓ m
b Λ)]Pm−

2

η
(Λ̄ΓciR)(ΛΓckΛ)Σ̄

k (3.13)

+
4

η
(Λ̄ΓcdR)(ΛΓciΛ)Σ̄d+

2

η
(Λ̄R)(ΛΓikΛ)Σ̄k−

2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓinΛ̄)(ΛΓnkΛ)Σ̄k

3.3 {Q, b} = T

Using (3.13) it is now straightforward to compute {Q, b}:

{Q, b} = P i{Q, Σ̄i} −
4

η2
(ΛΓmnΛ)(Λ̄ΓmnR)(Λ̄ΓajR)(ΛΓakΛ)Σ̄

kΣ̄j

+
2

η
(Λ̄ΓajR)(ΛΓakΛ)({Q, Σ̄k})Σ̄j −

2

η
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k({Q, Σ̄j})

−
2

η2
(ΛΓmnΛ)(Λ̄ΓmnR)(Λ̄R)(ΛΓjkΛ)Σ̄jΣ̄k +

1

η
(RR)(ΛΓjkΛ)Σ̄jΣ̄k

+
1

η
(Λ̄R)(ΛΓjkΛ)({Q, Σ̄j})Σ̄k −

1

η
(Λ̄R)(ΛΓjkΛ)Σ̄j({Q, Σ̄k}) (3.14)

To make the computations transparent, each term in (3.14) involving {Q, Σ̄i} will be sim-

plified separately:

M1 = P i{Q, Σ̄i}

= Pi

{

− P i −
2

η

[

(ΛΓibΛ)(Λ̄ΓbmΛ̄)− (ΛΓmbΛ)(Λ̄ΓbiΛ̄)

]

Pm

−
2

η
(Λ̄ΓciR)(ΛΓckΛ)Σ̄

k +
4

η
(Λ̄ΓcdR)(ΛΓciΛ)Σ̄d

+
2

η
(Λ̄R)(ΛΓikΛ)Σ̄k −

2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄Γ

inΛ̄)(ΛΓnkΛ)Σ̄
k

}

– 6 –
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= −P 2 −
2

η
(Λ̄ΓciR)(ΛΓckΛ)PiΣ̄

k +
4

η
(Λ̄ΓcdR)(ΛΓciΛ)PiΣ̄

d

+
2

η
(Λ̄R)(ΛΓikΛ)PiΣ̄k −

2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄Γ

inΛ̄)(ΛΓnkΛ)PiΣ̄
k (3.15)

M2 =
2

η
(Λ̄ΓajR)(ΛΓakΛ)({Q, Σ̄k})Σ̄j

=
2

η
(Λ̄ΓajR)(ΛΓakΛ)

[

− P k +
2

η
(ΛΓmbΛ)(Λ̄Γ

bkΛ̄)Pm −
2

η
(Λ̄ΓckR)(ΛΓcpΛ)Σ̄

p

−
2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄Γ

knΛ̄)(ΛΓnpΛ)Σ̄
p

]

Σ̄j

= −
2

η
Λ̄ΓajR(ΛΓakΛ)P

kΣ̄j +
4

η2
(Λ̄ΓajR)(ΛΓakΛ)(ΛΓmbΛ)(Λ̄Γ

bkΛ̄)PmΣ̄j

−
4

η2
(Λ̄ΓajR)(ΛΓakΛ)(Λ̄Γ

ckR)(ΛΓcpΛ)Σ̄
pΣ̄j

−
4

η3
(Λ̄ΓajR)(ΛΓakΛ)(Λ̄Γ

cdR)(ΛΓcdΛ)(Λ̄Γ
knΛ̄)(ΛΓnpΛ)Σ̄

pΣ̄j

Using (A.2), we get

M2=−
2

η
(Λ̄ΓajR)(ΛΓakΛ)P

kΣ̄j+
2

η
(Λ̄ΓajR)(ΛΓmaΛ)P

mΣ̄j

−
2

η2
(Λ̄ΓajR)(ΛΓapΛ)(Λ̄Γ

ckR)(ΛΓckΛ)Σ̄
pΣ̄j

−
2

η2
(Λ̄ΓajR)(ΛΓpaΛ)(Λ̄Γ

cdR)(ΛΓcdΛ)Σ̄
pΣ̄j

=−
4

η
(Λ̄ΓajR)(ΛΓakΛ)P

kΣ̄j (3.16)

M3=−
2

η
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k({Q,Σ̄j})

=−
2

η
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k

{

−Pj−
2

η

[

(ΛΓjbΛ)(Λ̄Γ
bmΛ̄)−(ΛΓmbΛ)(Λ̄ΓbjΛ̄)

]

Pm

−
2

η
(Λ̄ΓcjR))(ΛΓcpΛ)Σ̄p+

4

η
(Λ̄ΓcdR)(ΛΓcjΛ)Σ̄d+

2

η
(Λ̄R)(ΛΓjpΛ)Σ̄

p

−
2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓjnΛ̄)(ΛΓ

npΛ)Σ̄p

}

=
2

η
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

kPj+
4

η2
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k(ΛΓjbΛ)(Λ̄Γ
bmΛ̄)Pm

−
4

η2
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k(ΛΓmbΛ)(Λ̄ΓbjΛ̄)Pm+
4

η2
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k(Λ̄ΓcjR)(ΛΓcpΛ)Σ̄
p

−
8

η2
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k(Λ̄ΓcdR)(ΛΓcjΛ)Σ̄d−
4

η2
(Λ̄ΓajR)(ΛΓakR)Σ̄k(Λ̄R)(ΛΓjpΛ)Σ̄

p

+
4

η3
(Λ̄ΓajR)(ΛΓakΛ)Σ̄

k(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓjnΛ̄)(ΛΓ
npΛ)Σ̄p

Using (A.2), (A.5), (A.19):

M3=
2

η
(Λ̄Γaj

R)(ΛΓakΛ)Σ̄
k
Pj+

2

η2
(Λ̄Γaj

R)(ΛΓajΛ)(ΛΓ
kbΛ)(Λ̄ΓbmΛ̄)Σ̄kP

m

+
2

η
(Λ̄R)(ΛΓmkΛ)PmΣ̄k−

2

η2
(Λ̄ΓacR)(ΛΓacΛ)(Λ̄R)(ΛΓkpΛ)Σ̄kΣ̄p
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−
1

η
(RR)(ΛΓkpΛ)Σ̄kΣ̄p+

4

η2
(Λ̄Γaj

R)(ΛΓajΛ)(Λ̄Γ
cd
R)(ΛΓckΛ)Σ̄

kΣ̄d

+
2

η2
(Λ̄Γaj

R)(ΛΓajΛ)(Λ̄R)(ΛΓkpΛ)Σ̄kΣ̄p−
2

η2
(Λ̄R)(ΛΓkpΛ)(Λ̄ΓcdR)(ΛΓcdΛ)Σ̄kΣ̄p

=
2

η
(Λ̄Γaj

R)(ΛΓakΛ)Σ̄
k
Pj+

2

η2
(Λ̄Γaj

R)(ΛΓajΛ)(ΛΓ
kbΛ)(Λ̄ΓbmΛ̄)Σ̄kP

m

+
2

η
(Λ̄R)(ΛΓmkΛ)PmΣ̄k−

1

η
(RR)(ΛΓkpΛ)Σ̄kΣ̄p+

4

η2
(Λ̄Γaj

R)(ΛΓajΛ)(Λ̄Γ
cd
R)(ΛΓckΛ)Σ̄

kΣ̄d

−
2

η2
(Λ̄R)(ΛΓkpΛ)(Λ̄ΓcdR)(ΛΓcdΛ)Σ̄kΣ̄p (3.17)

M4=
1

η
(Λ̄R)(ΛΓjkΛ)({Q,Σ̄j})Σ̄k

=−
1

η
(Λ̄R)(ΛΓjkΛ)PjΣ̄k+

2

η2
(Λ̄R)(ΛΓjkΛ)(ΛΓmbΛ)(Λ̄ΓbjΛ̄)PmΣ̄k

−
2

η2
(Λ̄R)(ΛΓjkΛ)(Λ̄ΓcjR)(ΛΓcpΛ)Σ̄pΣ̄k−

2

η3
(Λ̄R)(ΛΓjkΛ)(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓjnΛ̄)(ΛΓ

npΛ)Σ̄pΣ̄k

=−
1

η
(Λ̄R)(ΛΓjkΛ)PjΣ̄k+

1

η
(Λ̄R)(ΛΓkmΛ)PmΣ̄k

−
1

η2
(Λ̄R)(ΛΓpkΛ)(Λ̄Γcj

R)(ΛΓcjΛ)Σ̄pΣ̄k−
1

η2
(Λ̄R)(Λ̄Γcd

R)(ΛΓcdΛ)(ΛΓ
kpΛ)Σ̄pΣ̄k

=−
2

η
(Λ̄R)(ΛΓjkΛ)PjΣ̄k (3.18)

M5=−
1

η
(Λ̄R)(ΛΓjkΛ)Σ̄j({Q,Σ̄k})

=
1

η
(Λ̄R)(ΛΓjkΛ)Σ̄jPk−

2

η2
(Λ̄R)(ΛΓjkΛ)Σ̄j(ΛΓ

mbΛ)(Λ̄ΓbkΛ̄)Pm

+
2

η2
(Λ̄R)(ΛΓjkΛ)Σ̄j(Λ̄ΓckR)(ΛΓcpΛ)Σ̄p+

2

η3
(Λ̄R)(ΛΓjkΛ)Σ̄j(Λ̄Γ

cd
R)(ΛΓcdΛ)(Λ̄ΓknΛ̄)(ΛΓ

npΛ)Σ̄p

=
1

η
(Λ̄R)(ΛΓkjΛ)PjΣ̄k−

1

η
(Λ̄R)(ΛΓmjΛ)PmΣ̄j

+
1

η2
(Λ̄R)(ΛΓjpΛ)Σ̄j(Λ̄Γ

ck
R)(ΛΓckΛ)Σ̄p+

1

η2
(Λ̄R)(ΛΓpjΛ)Σ̄j(Λ̄Γ

cd
R)(ΛΓcdΛ)Σ̄p

=−
2

η
(Λ̄R)(ΛΓjkΛ)PjΣ̄k (3.19)

Putting together all the terms in (3.14):

{Q, b} =
5

∑

i=1

Mi −
4

η2
(ΛΓmnΛ)(Λ̄ΓmnR)(Λ̄ΓajR)(ΛΓakΛ)Σ̄

kΣ̄j

−
2

η2
(ΛΓmnΛ)(Λ̄ΓmnR)(Λ̄R)(ΛΓjkΛ)Σ̄jΣ̄k +

1

η
(RR)(ΛΓjkΛ)Σ̄jΣ̄k

= −P 2 (3.20)

Recalling that T = −P 2 is the stress-energy tensor, we have checked that {Q, b} = T .

3.4 {b, b} = BRST-trivial

In the D=10 case, the identity {Γ̄m, Γ̄n} = 0 was crucial for showing that {b, b} = 0.

However, in the D=11 case, it is shown in appendix F that {Σ̄j , Σ̄k} is non-zero and is

proportional to Rα. This implies that

{b, b} = RαGα(Λ, Λ̄, R,W,D) (3.21)

for some Gα(Λ, Λ̄, R,W,D).
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Note that [Q, {b, b}] = 0 since [b, T ] = 0 where T = −PaP
a. Since Q = ΛαDα+RαW̄α,

the quartet argument implies that the cohomology of Q is independent of Rα, which allows

us to conclude that {b, b} = BRST-trivial. It would be interesting to investigate if this

BRST-triviality of {b, b} is enough for the scattering amplitude prescription using the b-

ghost to be consistent.

4 Remarks

We have succeeded in finding a considerably simpler form in (3.8) for the D=11 b-ghost

than that of equation (3.2) which was presented in [10]. Although this simplified version

is not strictly nilpotent, it satisfies the relation {b, b} = BRST-trivial which may be good

enough for consistency.

It is natural to ask if the simplified D = 11 b-ghost (3.8) is the same as the b-ghost

presented in (3.2). These two expressions are compared in appendix G and we find that they

coincide up to normal-ordering terms coming from the position of Nmn in each expression.

Note that the product of Nmn’s appears as an anticommutator in (3.2) whereas it appears

as an simple ordinary product in (3.8). However, because we have ignored normal-ordering

questions in our analysis, we will not attempt to address this issue.
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A D = 11 pure spinor identities

We list some pure spinor identities in eleven dimensions:

(Λ̄ΓabΛ̄)(ΓbΛ̄)α = 0 (A.1)

(Λ̄Γ[abΛ̄)(Λ̄Γc]dΛ̄) = 0 (A.2)

(Λ̄Γ[abΛ̄)(Λ̄Γcd]Λ̄) = 0 (A.3)

(Λ̄Γ[abΛ̄)(Λ̄Γcd]R) = 0 (A.4)

(Λ̄ΓijR)(Λ̄Γ j
k R) = (Λ̄ΓikR)(Λ̄R) +

1

2
(Λ̄ΓikΛ̄)(RR) (A.5)

(Λ̄ΓabR)(Λ̄ΓcdR)facgbd = 0 (A.6)

(ΛΓskΛ)(ΛΓ
abcdkΛ) = 0 (A.7)

(ΓiΛ)α(ΛΓ
abcdiΛ) = 6(Γ[abΛ)α(ΛΓ

cd]Λ) (A.8)

(ΓijΛ)α(ΛΓ
abcijΛ) = −18(Γ[aΛ)α(ΛΓ

bc]Λ) (A.9)

where fac, gbd are antisymmetric in (a, c), (b, d) respectively. In addition, using (A.4) it

can be shown that

L
(1)
ab,cdf

abc = (Λ̄ΓabΛ̄)(Λ̄ΓcdR)fabc (A.10)
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L
(1)
ab,cdf

abc = −(Λ̄ΓcdΛ̄)(Λ̄ΓabR)fabc (A.11)

L
(2)
ab,cd,eff

abce = (Λ̄ΓabΛ̄)(Λ̄ΓcdR)(Λ̄ΓefR)fabce (A.12)

where fabc, fabce are antisymmetric in all of their indices.

Other useful identities:

L
(1) d

ad,c = (Λ̄ΓacΛ̄)(Λ̄R) (A.13)

L
(2) a

ab,cd,e =
1

3
[2(Λ̄ΓebΛ̄)(Λ̄ΓcdR)(Λ̄R)− (Λ̄ΓcdΛ̄)(Λ̄ΓabR)(Λ̄Γ a

e R)] (A.14)

L
(2) c

ab,cd,e =
1

3
[(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(Λ̄Γ c

e R)− 2(Λ̄ΓedΛ̄)(Λ̄ΓabR)(Λ̄R)] (A.15)

(Λ̄ΓabΛ̄)Σ̄
b = 0 (A.16)

Some useful commutation relations

[Σ̄i,η]=0 (A.17)

[Σ̄j ,(ΛΓmnΛ)]=
2

η2
(Λ̄Γef Λ̄)(Λ̄ΓghR)[(ΛΓefgmjΛ)(ΛΓhnΛ)−(ΛΓefgnjΛ)(ΛΓhmΛ)]

(A.18)

{Σ̄j ,(Λ̄ΓmnR)(ΛΓmnΛ)}=0 (A.19)

[Q,η]=−2(ΛΓmnΛ)(Λ̄ΓmnR) (A.20)

[Q,(Λ̄ΓabΛ̄)]=−2(Λ̄ΓabR) (A.21)

[Q,Nhi]=(ΛΓhiD) (A.22)

[Q,Dβ ]=−2(ΓmΛ)βPm (A.23)

[Nhi,η]=−2(Λ̄ΓabΛ̄)[−2ηai(ΛΓbhΛ)+2ηah(ΛΓbiΛ)]

=4(Λ̄Γi
bΛ̄)(ΛΓ

bhΛ)−4(Λ̄Γh
bΛ̄)(ΛΓ

biΛ) (A.24)

[Nhi,(ΛΓlmnpqΛ)]=−2ηiq(ΛΓchlmnΛ)+2ηin(ΛΓchlmqΛ)−2ηim(ΛΓchlnqΛ)

+2ηil(ΛΓchmnqΛ)+2ηhq(ΛΓcilmnΛ)−2ηhn(ΛΓcilmqΛ)

+2ηhm(ΛΓcilnqΛ)−2ηhl(ΛΓcimnqΛ)+2ηci(ΛΓhlmnqΛ)

−2ηch(ΛΓilmnqΛ) (A.25)

−4δacmnN
bp+4δabnpN

cm−4δabmpN
cn+4δabmnN

cp−2ΛΓabcmnpW (A.26)

B The b-ghost and Σ̄j have the same Dα’s

We should figure out which are theDα’s appearing in the expressions for Σ̄i and the b-ghost.

For this, we will decompose the eleven dimensional Lorentz group in the following way:

SO(10, 1) → SO(3, 1) × SO(7). In addition, we conveniently choose the special direction

for Λ̄α to be Λ̄++0 6= 0. So

Λ̄ΓaR = 0 → R+−0 = R−+0 = R−−j = 0 , where j = 1, . . . , 7 (B.1)
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On the other hand, from the pure spinor constraint ΛΓaΛ = 0 we have:

Λ−+0 = −
Λ−+jΛ−−j

Λ−−0
(B.2)

Λ+−0 = −
Λ+−jΛ−−j

Λ−−0
(B.3)

Λ++j =
1

Λ−−0
[Λ−−jΛ++0 − Λ−+jΛ+−0 + Λ+−jΛ−+0] (B.4)

where j = 1, . . . , 7 and we have assumed that Λ−−0 6= 0. This allows us to expand the

quadratic term in Dα in the b-ghost in terms of these components:

b1 ∝
(Λ̄++0Λ̄++0)(Λ̄++0R−−0)

(Λ̄++0Λ̄++0)2(Λ−−0Λ−−0 + Λ−−kΛ−k)2
{[Λ−−0D+−0 + Λ−−kD+−k + Λ+−0D−−0

+Λ+−kD−−k]× [Λ−−0D−+0 + Λ−−kD−+k − Λ−+0D−−0 − Λ−+kD−−k]}

+
(Λ̄++0Λ̄++0)(Λ̄++0R−−0)

(Λ̄++0Λ̄++0)2(Λ−−0Λ−−0 + Λ−−kΛ−−k)2
{[Λ−−0D−+0 + Λ−−kD−+k + Λ−+0D−−0

+Λ−+kD−−k]× [Λ−−0D+−0 + Λ−−kD+−k − Λ+−0D−−0 − Λ+−kD−−k]}

+
(Λ̄++0Λ̄++0)(Λ̄++0R+−j)

(Λ̄++0Λ̄++0)2(Λ−−0Λ−−0 + Λ−−kΛ−k)2
{[Λ−−0D−+0 + Λ−−kD−+k

+Λ−+0D−−0 + Λ−+kD−−k]× [Λ−−0D−−j − Λ−−jD−−0]}

−
(Λ̄++0Λ̄++0)(Λ̄++0R−+j)

(Λ̄++0Λ̄++0)2(Λ−−0Λ−−0 + Λ−−kΛ−−k)2
{[Λ−−0D+−0 + Λ−−kD+−k

+Λ+−0D−−0 + Λ+−kD−−k]× [Λ−−0D−−j − Λ−−jD−−0]} (B.5)

Now, we write Σ̄i
0 in the convenient form:

Σ̄i
0 =

1

2η
[2(Λ̄ΓaiΛ̄)(ΛΓaD) + (Λ̄ΓabΛ̄)(ΛΓ

abiD)] (B.6)

After using the particular direction chosen above, Σ̄i
0 presents the following SO(3, 1)×SO(7)

components:

Σ̄1+2i
0 = 0 (B.7)

Σ̄3+4i
0 = 0 (B.8)

Σ̄1−2i
0 ∝

Λ̄++0Λ̄++0

(Λ̄++0Λ̄++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D+−0 + Λ−−kD+−k) (B.9)

Σ̄3−4i
0 ∝

Λ̄++0Λ̄++0

(Λ̄++0Λ̄++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D−+0 + Λ−−kD−+k) (B.10)

Σ̄j
0 ∝

Λ̄++0Λ̄++0

(Λ̄++0Λ̄++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D−−j − Λ−−jD−−0) (B.11)

where k, j = 1, . . . , 7. Therefore, after using the pure spinor constraint, we see that the ex-

pression for b1 contains the same combinations of Dα’s as those contained in the expression

for Σ̄i
0 ((B.9), (B.10), (B.11)).
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C Dα in terms of Σ̄
j
0

Let us define the quantity:

Hα = (ΛΓi)αΣ̄
i
0 =

1

2η
(ΓiΛ)α(Λ̄ΓabΛ̄)(ΛΓ

abΓiD) (C.1)

Now we will assume that there exist a matrix (M−1) β
α such that:

Dα = (M−1) β
α Hβ (C.2)

and let us check that the following ansatz for (M−1) β
α :

(M−1) β
α = 2δ β

α +
2

η
(ΛΓm)α(Λ̄Γ

mnΛ̄)(ΛΓn)
β (C.3)

is right. This can be seen easily as follows

Hα =
1

2η
(ΓiΛ)α(Λ̄ΓabΛ̄)(ΛΓ

abΓiM−1H)

=
1

η
(ΓiΛ)α(Λ̄ΓabΛ̄)[(ΛΓ

abΓiΓjΛ)Σ̄0 j +
1

η
(ΛΓabΓiΓmΛ)(Λ̄ΓmnΛ̄)(ΛΓ

njΛ)Σ̄0 j ]

= (ΓjΛ)αΣ̄0 j −
2

η
(ΓiΛ)α(Λ̄Γ

i
bΛ̄)(ΛΓ

bjΛ)Σ̄0 j +
1

η2
[η(ΓiΛ)α(Λ̄Γ

i
nΛ̄)(ΛΓ

njΛ)Σ̄0 j

−2(ΓiΛ)α(Λ̄Γ
i
bΛ̄)(ΛΓ

b
mΛ)(Λ̄Γm

nΛ̄)(ΛΓ
njΛ)Σ̄0 j ]

= (ΓjΛ)αΣ̄0 j

where the identity (A.3) was used. Therefore we have the relation:

Dα = 2(ΛΓc)αΣ̄0 c +
2

η
(ΛΓm)α(Λ̄ΓmnΛ̄)(ΛΓ

njΛ)Σ̄0 j (C.4)

Furthermore, from the constraint (Λ̄ΓabΛ̄)Σ̄
b
0 = 0, one immediately concludes that

Σ̄k
0 =

1

η
(Λ̄ΓijΛ̄)(ΛΓ

ijkH) (C.5)

which is the inverse relation between Σ̄k and Hα.

D The Dα’s in {Q, Σ̄i} are gauge invariant

We will show that the Dα’s appearing in (3.10) are invariant under the gauge transforma-

tions (3.11). Therefore they are the same Dα’s as those contained in the definition of Σ̄i.

In this appendix and the next ones we have made use of the GAMMA package [21] because

of the heavy manipulation of gamma matrix identities which computations demanded. Let

us call Ii to the terms containing Dα’s explicitly in (3.10). The identities (A.8), (A.9) allow
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us simplify this object:

Ii = −
1

η
(Λ̄ΓabR)(ΛΓabΓiD)−

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓabckiΛ)(ΛΓd

kD)

−
2

3η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓabcdkΛ)(ΛΓdkD)−

2

3η2
(Λ̄ΓabΛ̄)(Λ̄R)(ΛΓiabdkΛ)(ΛΓdkD)

= −
1

η
(Λ̄ΓabR)(ΛΓabiD)−

2

η
(Λ̄ΓaiR)(ΛΓaD)−

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓabcikΛ)(ΛΓ d

k D)

+
8

η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓbcΛ)(ΛΓaD) +

4

η
(Λ̄ΓciR)(ΛΓcD)

+
8

η2
(Λ̄ΓabΛ̄)(Λ̄R)(ΛΓbiΛ)(ΛΓaD) +

4

η
(Λ̄R)(ΛΓiD) (D.1)

The third term of this expression requires more careful manipulations:

I
∗i=−

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓabcikΛ)(ΛΓ d

k D)

=−
4

η2
(Λ̄ΓacΛ̄)(Λ̄R)(ΛΓciΛ)(ΛΓa

D)−
2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓciΛ)(ΛΓabd

D)

+
4

η2
(Λ̄ΓbcΛ̄)(Λ̄R)(ΛΓbiΛ)(ΛΓc

D)+
4

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓbiΛ)(ΛΓacd

D)

−
4

η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓbcΛ)(ΛΓa

D)−
4

η
(Λ̄R)(ΛΓi

D)−
4

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓbcΛ)(ΛΓaid

D)

−
2

η
(Λ̄Γci

R)(ΛΓcD)−
2

η
(Λ̄ΓcdR)(ΛΓcid

D) (D.2)

Furthermore, the identity (A.4) allows us to cast this result as

I∗ i = −
8

η2
(Λ̄ΓacΛ̄)(Λ̄R)(ΛΓciΛ)(ΛΓaD)−

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓciΛ)(ΛΓabdD)

+
4

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓbiΛ)(ΛΓacdD)−

4

η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓbcΛ)(ΛΓaD)

−
4

η
(Λ̄R)(ΛΓiD) +

1

η
(Λ̄ΓadR)(ΛΓaidD) +

1

η2
(Λ̄ΓadΛ̄)(Λ̄ΓbcR)(ΛΓbcΛ)(ΛΓaidΛ)

−
2

η
(Λ̄ΓciR)(ΛΓcD)−

2

η
(Λ̄ΓcdR)(ΛΓcidD) (D.3)

Plugging this result into (D.1), we find

Ii =
4

η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓbcΛ)(ΛΓaD) +

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓciΛ)(ΛΓabdD)

+
1

η2
(Λ̄ΓadΛ̄)(Λ̄ΓbcR)(ΛΓbcΛ)(ΛΓaidD) (D.4)

After applying the transformation (3.11) and using the identities (A.2), (A.3), (A.4) one

can show that this expression is invariant as mentioned above.

Therefore we can replace the inverse relation (C.4) in (3.10). After doing this for each

term in (D.4), we get:

Ii1 = −
2

η
(Λ̄ΓciR)(ΛΓckΛ)Σ̄

k
0 (D.5)

Ii2 =
4

η
(Λ̄ΓcdR)(ΛΓciΛ)Σ̄d

0 +
2

η
(Λ̄R)(ΛΓikΛ)Σ̄0 k (D.6)
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Ii3 = −
2

η
(Λ̄ΓcdR)(ΛΓcdΛ)Σ̄

i
0 −

2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓinΛ̄)(ΛΓnkΛ)Σ̄0 k (D.7)

Replacing these expressions in (D.4) and putting all together in (3.10) we obtain

{Q,Σ̄i}=−P i−
2

η
[(Λ̄ΓmbΛ̄)(ΛΓ i

b Λ)−(Λ̄ΓibΛ̄)(ΛΓ m
b Λ)]Pm+

4

η
(Λ̄ΓmnR)(ΛΓmnΛ)Σ̄i

−
2

η
(Λ̄ΓmnR)(ΛΓmnΛ)Σ̄i

0
−
2

η
(Λ̄ΓciR)(ΛΓckΛ)Σ̄

k
0
+
4

η
(Λ̄ΓcdR)(ΛΓciΛ)Σ̄d

0

+
2

η
(Λ̄R)(ΛΓikΛ)Σ̄0k−

2

η
(Λ̄ΓcdR)(ΛΓcdΛ)Σ̄

i
0
−

2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄ΓinΛ̄)(ΛΓnkΛ)Σ̄0k

−
4

η2
(Λ̄ΓabR)(Λ̄ΓcdR)(ΛΓabckiΛ)Nd

k−
4

3η2
(Λ̄ΓabR)(Λ̄Γ i

c R)(ΛΓabcdkΛ)Ndk

−
4

3η2
(Λ̄ΓabR)(Λ̄R)(ΛΓiabdkΛ)Ndk−

2

3η2
(Λ̄ΓabΛ̄)(RR)(ΛΓiabdkΛ)Ndk (D.8)

E Cancellation of all of the Nab contributions in the equation (3.12)

We will show this cancellation in two steps. First we will simplify the expression depending

explicitly on Σ̄i
0 and then simplify the expression depending explicitly on Nab. Finally we

will see that these two expressions identically cancel out. We start with the following

equation

J i =
4

η
(Λ̄ΓmnR)(ΛΓmnΛ)(Σ̄

i − Σ̄i
0)−

2

η
(Λ̄ΓciR)(ΛΓckΛ)Σ̄

k
0 +

4

η
(Λ̄ΓcdR)(ΛΓciΛ)Σ̄d

0

+
2

η
(Λ̄R)(ΛΓikΛ)Σ̄0 k −

2

η2
(Λ̄ΓcdR)(ΛΓcdΛ)(Λ̄Γ

inΛ̄)(ΛΓnkΛ)Σ̄
k
0 (E.1)

One can show that the term proportional to Λ̄R can be cast as

J i
1 =

8

η3
(ΛΓbiΛ)(Λ̄R)(Λ̄ΓabΛ̄)(Λ̄ΓckR)(ΛΓckΛ)(ΛΓaW )

−
24

η2
(ΛΓikΛ)(Λ̄R)(Λ̄ΓckR)(ΛΓcW )

−
16

η2
(Λ̄ΓmnR)(ΛΓmnΛ)(Λ̄R)(ΛΓiW ) (E.2)

The use of the identity (A.9) allows us to write the term proportional to (Λ̄ΓciR) in the

form

J
i
2 = −

16

η3
(Λ̄Γmn

R)(ΛΓmnΛ)(Λ̄ΓabΛ̄)(Λ̄Γ
i

c R)(ΛΓbcΛ)(ΛΓa
W )−

12

η2
(Λ̄Γmn

R)(ΛΓmnΛ)(Λ̄Γ
i

c R)(ΛΓc
W )

−
8

η2
(Λ̄Γci

R)(ΛΓckΛ)(Λ̄Γ
k

f R)(ΛΓf
W ) (E.3)

Finally, with a little algebra and the use of the identities (A.4), (A.8) one gets the following

result

J i = −
4

η2
(Λ̄ΓmnR)(ΛΓmnΛ)(Λ̄ΓbdR)(ΛΓbdiW )+

4

η2
(Λ̄ΓcdR)(ΛΓciΛ)(Λ̄ΓefR)(ΛΓefdW )

−
4

η2
(Λ̄ΓmnR)(ΛΓmnΛ)(Λ̄Γ

i
c R)(ΛΓcW )−

8

η2
(Λ̄Γ i

c R)(ΛΓckΛ)(Λ̄ΓfkR)(ΛΓfW ) (E.4)
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Now we will simplify the expressions containing Nmn explicitly:

Si = −
4

η2
(Λ̄ΓabR)(Λ̄ΓcdR)(ΛΓabckiΛ)Nd

k −
4

3η2
(Λ̄ΓabR)(Λ̄Γ i

c R)(ΛΓabcdkΛ)Ndk

−
4

3η2
(Λ̄ΓabR)(Λ̄R)(ΛΓiabdkΛ)Ndk −

2

3η2
(Λ̄ΓabΛ̄)(RR)(ΛΓiabdkΛ)Ndk (E.5)

The first term in (E.5) can be written as follows

Si
1 = −

8

η2
(Λ̄ΓacR)(Λ̄R)(ΛΓciΛ)(ΛΓaW )−

4

η2
(Λ̄ΓacΛ̄)(RR)(ΛΓciΛ)(ΛΓaW )

−
4

η2
(Λ̄ΓabR)(Λ̄ΓcdR)(ΛΓciΛ)(ΛΓabdW )−

8

η2
(Λ̄ΓabΛ̄)(Λ̄Γ

i
c R)(ΛΓcaΛ)(ΛΓbW )

+
8

η2
(Λ̄ΓcaR)(Λ̄R)(ΛΓcaΛ)(ΛΓiW )−

4

η
(RR)(ΛΓiW )

−
4

η2
(Λ̄ΓabR)(ΛΓabΛ)(Λ̄Γ

i
c R)(ΛΓcW ) +

4

η2
(Λ̄ΓabR)(ΛΓabΛ)(Λ̄ΓcdR)(ΛΓcdiW )

−
8

η2
(Λ̄ΓacR)(Λ̄R)(ΛΓiaΛ)(ΛΓcW )−

4

η2
(Λ̄ΓacΛ̄)(RR)(ΛΓiaΛ)(ΛΓcW )

+
8

η2
(Λ̄ΓabR)(Λ̄ΓcdR)(ΛΓiaΛ)(ΛΓbcdW ) (E.6)

The last three terms in (E.5) can be put into the form:

Si
2 =

16

η2
(Λ̄ΓabR)(Λ̄Γ i

c R)(ΛΓbcΛ)(ΛΓaW ) +
8

η2
(Λ̄ΓabR)(ΛΓabΛ)(Λ̄Γ i

c R)(ΛΓcW )

+
8

η2
(Λ̄ΓabR)(ΛΓabΛ)(Λ̄R)(ΛΓiW ) +

16

η2
(Λ̄ΓabR)(Λ̄R)(ΛΓbiΛ)(ΛΓaW )

+
4

η
(RR)(ΛΓiW ) +

8

η2
(Λ̄ΓabΛ̄)(RR)(ΛΓbiΛ)(ΛΓaW ) (E.7)

When summing S1
1 + Si

2 we obtain

Si =
4

η2
(Λ̄ΓmnR)(ΛΓmnΛ)(Λ̄ΓbdR)(ΛΓbdiW )−

4

η2
(Λ̄ΓcdR)(ΛΓciΛ)(Λ̄ΓefR)(ΛΓefdW )

+
4

η2
(Λ̄ΓmnR)(ΛΓmnΛ)(Λ̄Γ

i
c R)(ΛΓcW )+

8

η2
(Λ̄Γ i

c R)(ΛΓckΛ)(Λ̄ΓfkR)(ΛΓfW )(E.8)

Thus we have a full cancellation J i + Si = 0.

F Calculation of {Σ̄i, Σ̄j}

The object Σ̄i has a part depending on Dα and other part depending on Nmn, as it can

be seen in (3.9). The part depending on Nmn will be called Σ̄i
1 and as before we use Σ̄i

0 to

denote the part depending on Dα. Therefore

Σ̄i = Σ̄i
0 + Σ̄i

1 (F.1)
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It is easy to see that {Σ̄i
0, Σ̄

j
0} = 0. To compute the anticommutator {Σ̄i

0, Σ̄
j
1} we write Σ̄j

1

in the more convenient way:

Σ̄j
1 = −

2

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓcjΛ)(ΛΓabdW )−

1

η
(Λ̄ΓcdR)(ΛΓcdjW )

+
2

η2
(Λ̄ΓbjΛ̄)(Λ̄ΓcaR)(ΛΓcaΛ)(ΛΓbW )−

4

η2
(Λ̄ΓcjΛ̄)(Λ̄ΓbaR)(ΛΓcaΛ)(ΛΓbW )

+
1

η2
(Λ̄ΓbdΛ̄)(Λ̄ΓacR)(ΛΓacΛ)(ΛΓbdjW ) (F.2)

The result is

{Σ̄i
0, Σ̄

j
1} = −

4

η2
(Λ̄ΓcjR)(Λ̄ΓinΛ̄)(ΛΓcnD) +

2

η2
(Λ̄ΓijR)(Λ̄ΓmnΛ̄)(ΛΓ

mnD)

+
2

η2
(Λ̄Γ j

c R)(Λ̄ΓmnΛ̄)(ΛΓ
cimnD)−

4

η2
(Λ̄R)(Λ̄Γi

nΛ̄)(ΛΓ
jnD)

+
2

η2
ηij(Λ̄R)(Λ̄ΓmnΛ̄)(ΛΓ

mnD)−
2

η
(Λ̄R)(Λ̄ΓmnΛ̄)(ΛΓ

ijmnD) (F.3)

Analogously, one can show that {Σ̄i
1, Σ̄

j
1} depends linearly and quadratically on Rα. This

allows us to find the Rα-dependence of {b, b} which turns out to be of the form:

{b, b} = Rαf (1)
α + . . .+RαRβRδRσRρRλf

(6)
αβδσρλ (F.4)

where f
(i)
α1...αi for i = 1, . . . , 6 are functions of pure spinor variables Λα, Λ̄α,Wα and the

fermionic constraints Dα.

This can be used to check that {b, b} = QΩ where Ω is an arbitrary function of pure

spinor variables and the constraints Dα. To see this let us expand Ω in terms of Rα:

Ω = Ω(0) +RαΩ(1)
α +RαβΩ

(2)
αβ + . . .+Rα1...α23Ω(23)

α1...α23
(F.5)

Thus the action of the BRST operator Q = Q0 +RαW̄α on Ω gives us

QΩ = Q0Ω
(0) +Rα

(

∂

∂Λ̄α
Ω(0) +Q0Ω

(1)
α

)

+RαRβ

(

∂

∂Λ̄α
Ω
(1)
β +Q0Ω

(2)
αβ

)

+ . . . (F.6)

The comparison of this result with the equation (F.4) determines the functions Ω(k) for

k = 1, . . . , 23:

0 = Q0Ω
(0) (F.7)

f (1)
α =

∂

∂Λ̄α
Ω(0) +Q0Ω

(1)
α (F.8)

f
(2)
αβ =

∂

∂Λ̄α
Ω
(1)
β +Q0Ω

(2)
αβ (F.9)

...
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Therefore if we make the following definitions:

Ω(0) = Λ̄αf (1)
α (F.10)

Ω
(1)
β = Λ̄αf

(2)
αβ (F.11)

Ω
(2)
βδ = Λ̄αf

(3)
αβδ (F.12)

...

Ω
(5)
βδσρλ = Λ̄αf

(6)
αβδσρλ (F.13)

Ω
(6)
βδσρλγ = 0 (F.14)

...

Ω(23) = 0 (F.15)

the equations above are automatically solved.

G Expanding the simplified D = 11 b-ghost

In this appendix we will show explicitly the terms contained in O(Σ̄2) in the expression for

the simplified D = 11 b-ghost. We will work with the expression

bsimpl=P iΣ̄i−
4

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓajΛ)Σ̄j

[

(ΛΓbdΛ)Σ̄c+
1

η
(ΛΓbdΛ)(Λ̄ΓcsΛ̄)(ΛΓskΛ)Σ̄

k

]

(G.1)

Therefore,

bsimpl=P
iΣ̄i−

4

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓbdΛ)(ΛΓa

jΛ)

[

Σ̄j
0+

2

η2
(Λ̄Γef Λ̄)(Λ̄ΓghR)(ΛΓefgijΛ)Nh

i

+
2

3η2
(Λ̄Γef Λ̄)(Λ̄Γ

j
g R)(ΛΓefghiΛ)Nhi−

2

3η2
(Λ̄ΓegΛ̄)(Λ̄R)(ΛΓejghiΛ)Nhi

]

×

×

{

Σ̄c
0+

2

η2
(Λ̄ΓlmΛ̄)(Λ̄ΓnpR)(ΛΓlmnqcΛ)Np

q+
2

3η2
(Λ̄ΓlmΛ̄)(Λ̄Γ c

n R)(ΛΓlmnpqΛ)Npq

−
2

3η2
(Λ̄ΓlnΛ̄)(Λ̄R)(ΛΓlcnpqΛ)Npq+

1

η
(Λ̄Γc

sΛ̄)(ΛΓ
s
kΛ)

[

Σ̄k
0+

2

η2
(Λ̄ΓrtΛ̄)(Λ̄ΓuwR)(ΛΓrtuykΛ)Nw

y

+
2

3η2
(Λ̄ΓrtΛ̄)(Λ̄Γ

k
u R)(ΛΓrtuwyΛ)Nwy−

2

3η2
(Λ̄ΓruΛ̄)(Λ̄R)(ΛΓrkuwyΛ)Nwy

]}

(G.2)

The contributions proportional to D2 are:

b
(2)
simp = −

4

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓajΛ)Σ̄0 j

[

(ΛΓbdΛ)Σ̄c
0 +

1

η
(ΛΓbdΛ)(Λ̄ΓcsΛ̄)(ΛΓskΛ)Σ̄

k
0

]

=
1

η2
L(1)
mc,rs(ΛΓ

mD)(ΛΓcrsD)

where the identities (A.3), (A.4) were used.
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The terms proportional to η−3, η−4 can be found by using the identities (A.2), (A.4)

and (A.7). The result is

b
(3)
simp =

4

η3
(Λ̄ΓlmΛ̄)(Λ̄ΓcxR)(Λ̄Γ p

n R)(ΛΓlmcnqΛ)(ΛΓxD)Nqp

−
2

η3
(Λ̄ΓlmΛ̄)(Λ̄ΓnxR)(Λ̄R)(ΛΓlmnpqΛ)(ΛΓxD)Npq

−
1

3η3
(Λ̄Γef Λ̄)(Λ̄ΓgcR)(Λ̄ΓmnR)(ΛΓefghiΛ)Nhi(ΛΓ

cmnD) (G.3)

b
(4)
simp =

4

3η4
(Λ̄Γef Λ̄)(Λ̄ΓgcR)(Λ̄ΓlmR)(Λ̄ΓnpR)(ΛΓefghiΛ)Nhi(ΛΓ

clmnqΛ)Nqp

−
2

3η4
(Λ̄Γef Λ̄)(Λ̄ΓgmR)(Λ̄ΓlnR)(Λ̄R)(ΛΓefghiΛ)Nhi(ΛΓ

lnmpqΛ)Npq (G.4)

In order to compare the two ways for the b-ghost, we should move all of the Nab’s at the

end of the expressions showed above. After doing this one concludes that b
(3)
simpl changes

by the factor − 1
3η3

(Λ̄Γef Λ̄)(Λ̄ΓgcR)(Λ̄ΓmnR)(ΛΓefghiΛ)(ΛΓchimnD), and b
(4)
simpl does not

receive any contribution. Therefore, the simplified b-ghost has the following form:

bsimpl = P i

[

1

2
η−1(Λ̄ΓabΛ̄)(ΛΓ

abΓiD) + η−2L
(1)
ab,cd

[

2(ΛΓabc
kiΛ)N

dk

+
2

3
(ηb pη

d
i − ηbdηpi)(ΛΓ

apcqjΛ)Nqj

]]

+
1

η2
L(1)
mc,rs(ΛΓ

mD)(ΛΓcrsD) +

+
4

η3
(Λ̄ΓlmΛ̄)(Λ̄ΓcxR)(Λ̄Γ p

n R)(ΛΓlmcnqΛ)(ΛΓxD)Nqp

−
2

η3
(Λ̄ΓlmΛ̄)(Λ̄ΓnxR)(Λ̄R)(ΛΓlmnpqΛ)(ΛΓxD)Npq

−
1

3η3
(Λ̄Γef Λ̄)(Λ̄ΓgcR)(Λ̄ΓmnR)(ΛΓefghiΛ)(ΛΓcmnD)Nhi

+
2

3η4
(Λ̄Γef Λ̄)(Λ̄ΓgcR)(Λ̄ΓlmR)(Λ̄ΓnpR)(ΛΓefghiΛ)(ΛΓclmnqΛ){Nhi, Nqp}

−
1

3η4
(Λ̄Γef Λ̄)(Λ̄ΓgmR)(Λ̄ΓlnR)(Λ̄R)(ΛΓefghiΛ)(ΛΓlnmpqΛ){Nhi, Npq}

−
1

3η3
(Λ̄Γef Λ̄)(Λ̄ΓgcR)(Λ̄ΓmnR)(ΛΓefghiΛ)(ΛΓchimnD) (G.5)

where we have written the anticommutator instead of the ordinary product of Nab’s after

using the relation 2NhiNpq = [Nhi, Npq] + {Nhi, Npq} and the fact that the commutator

contribution vanishes because of the identity (A.7). We can compare this result to the

expansion of the b-ghost in (3.2)

b =
1

2
η−1(Λ̄ΓabΛ̄)(ΛΓ

abΓiD)Pi + η−2L
(1)
ab,cd

[

(ΛΓaD)(ΛΓbcdD) + 2(ΛΓabc
ijΛ)N

diP j

×
2

3
(ηb pη

d
q − ηbdηpq)(ΛΓ

apcijΛ)NijP
q

]

−
1

3
η−3L

(2)
ab,cd,ef

{

(ΛΓabcijΛ)(ΛΓdefD)Nij
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− 12[(ΛΓabceiΛ)ηfj −
2

3
ηf [a(ΛΓbce]ijΛ](ΛΓdD)Nij

}

+
4

3
η−4L

(3)
ab,cd,ef,gh(ΛΓ

abcijΛ)[(ΛΓdefgkΛ)ηhl −
2

3
ηh[d(ΛΓefg]klΛ)]{Nij , Nkl} (G.6)

The quadratic term in Dα is easy to obtain using the identity (A.10)

b(2) =
1

η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(ΛΓaD)(ΛΓbcdD) (G.7)

With a little algebra the terms proportional to η−3, η−4 can be found. The result is

b(3) =
4

η3
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(Λ̄Γ j

e R)(ΛΓabceiΛ)(ΛΓdD)Nij

−
2

η3
(Λ̄ΓbcΛ̄)(Λ̄ΓedR)(Λ̄R)(ΛΓbceijΛ)(ΛΓdD)Nij

−
1

3η2
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(Λ̄ΓefR)(ΛΓabcpqΛ)(ΛΓdefD)Npq (G.8)

b(4) =
4

3η4
(Λ̄ΓabΛ̄)(Λ̄ΓcdR)(Λ̄ΓefR)(Λ̄ΓghR)(ΛΓabcijΛ)(ΛΓdefgkΛ)ηhl{Nij , Nkl}

−
2

3η4
(Λ̄ΓabΛ̄)(Λ̄ΓcgR)(Λ̄Γef Λ̄)(Λ̄R)(ΛΓabcijΛ)(ΛΓefgklΛ){Nij , Nkl} (G.9)

which should be compared with the analog expressions corresponding to bsimpl, equa-

tions (G.3), (G.4).

The differences between this equation (G.6) and (G.5) is the non-zero extra term

proportional to (ΛΓchimnD). This might be related to normal-ordering ambiguities.
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