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Resumo

Na ausência de uma teoria quântica de gravitação, a teoria quântica de campos
em espaços-tempos curvos fornece o arcabouço mais sólido para estudarmos a
interação entre gravidade e mecânica quântica. Uma das consequências mais
marcantes dessa teoria é o efeito Hawking. Neste contexto, buracos negros iriam
evaporar completamente devido à emissão de radiação térmica. Como consequên-
cia, um estado puro de um campo quântico preparado no passado assintótico
que colapsasse em um buraco negro evoluiria para um estado misto no futuro
assintótico, violando unitariedade. Este é o chamado "paradoxo da perda de
informação em buracos negros". Nesta dissertação, argumentamos que, longe de
ser paradoxal, a perda de informação é uma previsão da teoria quântica de campos
em espaços-tempos curvos e não uma violação da mesma. Além disso, abordamos
o problema de como conciliar a evolução unitária de um campo quântico com o
efeito Hawking sem depender de um modelo específico de gravitação quântica.

Palavras Chaves: teoria quântica de campos em espaços-tempos curvos; perda de
informação; buracos negros.

Áreas do conhecimento: física; teoria quântica de campos em espaços-tempos
curvos; relatividade geral.
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Abstract

In the absence of a quantum theory of gravity, quantum field theory in curved
spacetimes provides the most solid framework to study the interplay between
gravity and quantum mechanics. One of the most striking consequences of this
theory is the Hawking effect. In this scenario, the fade of black holes is its complete
evaporation due to the emission of thermal radiation. As a consequence, a pure
state of a quantum field prepared in the asymptotic past that collapses in a black
hole will evolve into a mixed state in the asymptotic future, violating unitarity.
This is the so-called “black hole information loss paradox”. In this dissertation, we
argue that, far from paradoxical, the information loss is a prediction of quantum
field theory in curved spacetimes and not a violation. In addition, we address
the problem of how to conciliate the unitary evolution of a quantum field and the
Hawking effect without relying on a specific quantum gravity model.

Key-words: Quantum field theory in curved spacetimes; Information loss; Black
holes.

Field of knowledge: Physics; Quantum field theory in curved spacetimes; General
relativity.
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Chapter 1

Introduction

It is widely recognized that the main frameworks in the study of the fundamen-
tal interactions of nature are quantum field theory (QFT) and general relativity
(GR). Over the past century, both theories have provided astonishing agreement
with experimental tests in their regime of validity. However, the “big picture” is
incomplete, lacking an entirely consistent framework encompassing these two
successful physics branches in situations where the quantum nature of both fields
and spacetime must be considered. In this scenario, one can argue that the most
natural first step towards a quantum description of gravity is considering quan-
tum effects in contexts where gravity cannot be neglected using the so-called
quantum field theory in curved spacetimes (QFTCS). This approach considers the
propagation of quantum fields in a classical curved spacetime background. Due
to its classical approach to the metric, QFTCS can not be a fundamental theory
of nature, although it is expected to provide an accurate description of situations
where one can neglect the effects of quantum gravity. Since its development in
the 60s, QFTCS has provided not only a description of quantum phenomena oc-
curring in the early universe and near black holes, but it has also given a deeper
understanding of QFT in Minkowski spacetime, e.g., the Unruh effect [1].

The most known effect predicted by QFTCS is undoubtedly Hawking radia-
tion, which states that black holes could evaporate via the emission of thermal
radiation [2]. Although using modern technology, it is impossible to detect this ra-
diation, which, in the most favorable scenario, would have a temperature billions
of times smaller than the cosmic microwave background, it was recently detected
an analog effect using Bose-Einstein condensate [3]. Other analogs of the Unruh
and Hawking effect have been reviewed in Ref. [4] (see also references [58-62]).

Despite its theoretical success, the Hawking effect has been raising doubts
in the scientific community through the so-called “black hole information loss
paradox”, which can be stated as follows. Consider the evolution of a quantum
state ϕ in a spacetime describing a collapsing star. Under certain conditions,
the collapse will create a black hole, eventually evaporating due to the Hawking
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Chapter 1. Introduction 2

radiation. Assuming that the black hole evaporates completely, the final state of the
field is characterized by a thermal distribution, which is a mixed state. Therefore,
we have an evolution from a pure state to a mixed one, which is not allowed
for closed quantum systems. As a consequence, the scientific community has
been challenging Hawking’s evaporation process due to this apparent violation of
quantum mechanics, leading to the term “paradox”. Past attempts to “resolve” this
“paradox” by disregarding the role played by the black hole singularity have led
to the introduction of all sorts of undesired features, such as violation of causality
and of other basic principles in low curvature regimes (see Ref. [5] for a review).

Far from paradoxical, the loss of information is a natural consequence of the
corresponding semiclassical spacetime not being globally hyperbolic. Enlight-
ening this scenario and showing how one can conciliate the Hawking process
with unitarity are the main goals of the present thesis. It should be stressed the
possibility (but certainly not the obligation) of quantum gravity resolving the
central spacelike singularity in the interior of black holes, recovering the unitary
evolution throughout spacetime.

In this work, we proceed as follows. Chapter 2 is a review of basic concepts of
general relativity relevant to the formulation of the Hawking process, focusing on
the symmetries present in stationary spacetimes, the causal structure of general
spacetimes, and the main features of black holes. Chapter 3 is concerned with
the derivation of the Hawking process. We offer a brief review of the canonical
quantization of scalar fields in curved spacetimes. The derivation of Hawking
temperature and discussion of the resulting flux of radiation are presented. Finally,
we discuss the formulation of the information loss “paradox”, arguing that it is
a prediction of the semiclassical theory. Chapter 4 is related to the conciliation
of black hole evaporation via thermal radiation with the unitary evolution of
quantum fields without relying on a specific quantum gravity model. We present
our conclusions in Chapter 5.

We assume metric signature (−+++) and natural units h̄ = G = c = kB = 1,
unless stated otherwise. Latin indexes (a, b,...) are used to denote tensorial
quantities in arbitrary coordinate systems, and Greek indexes (µ, ν,...) are used to
denote their value in a particular coordinate system.



Chapter 2

Basic concepts of general relativity

The fundamental ideas on which classical general relativity is based are that
(i) the spacetime is a manifold M endowed with a Lorentzian metric (a rank-two
tensor) gab

1 and (ii) the metric and matter fields are dynamical, evolving locally
by the Einstein’s field equation

Gab = Rab −
1
2

Rgab = 8πTab. (2.1)

This is a highly non-linear set of partial differential equations relating the metric
degrees of freedom with the ones of the matter fields. There is a very non-trivial
difference between Einstein’s equation and other differential equations in physics.
For instance, consider Maxwell’s equation in the Lorenz gauge

2Aa = −4π ja, ∇a Aa = 0,

where we can fix the 4-current ja and solve the above equation for Aa. However,
in general, the stress-energy tensor Tab depends on gab, so we can not, in analogy
with the electromagnetic case, fix ad hoc the matter field and solve for the metric
in Eq. (2.1). In this way, we have to solve both sides of Einstein’s equation in a
self-consistent way.

The above discussion makes it clear that it can be very challenging to solve
Einstein’s equation and extract the physical information from the solutions of
Eq. (2.1). In this way, the study of symmetries and the causal structure of the
spacetimes often help to unveil the physical content of the spacetime (M, gab).
In this chapter, we review some concepts concerning symmetries and the causal
structure of spacetimes, focusing on Minkowski and Schwarszchild solutions.
The former helps to illustrate the rather mathematical definitions used in those
contexts, while the latter is archetypal in studying black hole dynamics. We shall
also review the mathematical definition and the main properties of black holes in

1Some additional, physically motivated, causal features are demanded, see Sec. 2.2.
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Chapter 2. Basic concepts of general relativity 4

classical general relativity, highlighting the main results of their structure.

2.1 Symmetries

The concept of symmetry is usually crucial in generating solutions of Eq. (2.1).
Intuitively, a symmetry is a “motion” in spacetime under which all the physics is
invariant. In this way, the protocol to search for symmetries is simply “comparing”
the physical quantities defined in events before and after this “motion”. If they
are the same, we say that the theory has a symmetry.

Let us be more precise about what we mean physically by “motion” and
“comparison”. Consider a physical theory described by a manifold M and tensor
fields T(i) defined on M. Let va be a vector field on M. Suppose we displace each
point of M infinitesimally by an amount determined by the value of va at that
point. Thus, va defines the “motion” of spacetime along the direction defined by
the vector field. Now, we can have two sets of tensor fields: the original T(i) and
the one that results from subjecting T(i) to the motion defined by va. We can, then,
compare these two sets, by subtracting one from the other and dividing by the
amount of sliding along va, and conclude if they are the same. In case affirmative,
we say that va defines a symmetry.

Now that we have an intuitive picture of what symmetry is, let us make this
notion mathematically precise. We follow here mainly the approach of Ref. [6]. Let
M and N be manifolds (not necessarily of the same dimension). Let ϕ : M→ N be
a C∞ map and let f : N → R be a function. We define the pull back of f to be the
composed function f ◦ ϕ : M→ R, see Fig. 2.1. Similarly, let p ∈ M. For vp ∈ Vp

we define the push forward ϕ∗v ∈ Vϕ(p) by (ϕ∗v)( f ) = v( f ◦ ϕ) for all smooth
f : N → R, where Vp is the tangent space of p. In a similar manner, we can define
the pull back ϕ∗(wϕ(p)) of a covector wϕ(p) ∈ V∗

ϕ(p) by ϕ∗(wϕ(p))v = wϕ(p)(ϕ
∗(v)).

The same construction can be done for tensors of arbitrary ranks, where now we
demand ϕ to be a diffeomorphism, i.e., bijective C∞ map with inverse C∞. By
noticing that (ϕ−1)∗ goes from Vϕ(p) to Vp, we define the tensor (ϕ∗T)b1...bk

a1...al at
ϕ(p) by

(ϕ∗T)b1...bk
a1...al(µ1)b1 ...(µk)bk

(ν1)
a1 ...(νl)

al = Tb1...bk
a1...al(ϕ∗µ1)b1 ...([ϕ−1]∗νl)

al .
(2.2)

Similarly, we could extend the action of the map ϕ∗ to all tensors. However,
since ϕ∗ = (ϕ−1)∗ we only need to consider ϕ∗ and (ϕ−1)∗, see Ref. [6]. The
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M N R

ϕ f

f ◦ ϕ

p ϕ(p) f (ϕ(p))

Figure 2.1: Ilustration of pull back.

notions of diffeomorphisms between manifolds and push forward of tensor fields
define the concept of gauge freedom in general relativity. Roughly speaking,
consider a physical theory described in terms of a manifold M and tensor fields
T(i) defined on M. Let ϕ : M → N be a diffeomorphism, which guarantees that
M and N have the same manifold structure. Then, the solution (N, ϕ∗T(i)) is
physically indistinguishable from the previous solution (M, T(i)), which means
that any physically well-posed statement about (M, T(i)) will equally hold for
(N, ϕ∗T(i)).

Now, we can use the diffeomorphism ϕ to construct the “motion vector” va

described earlier as follows. Let M be a manifold. A one-parameter group of diffeo-
morphisms is a C∞ map ϕt : R×M → M such that for fixed t, ϕt : M → M is a
diffeomorphism. We can associate to ϕt the notion of a vector field va as follows.
For fixed p ∈ M and varying values of t, ϕt(p) : R→ M is a curve, parameterized
by t, called an orbit of ϕt, which passes through p at t = 0. Define va at p to be the
tangent to this curve at t = 0. Hence, we have established the association between
a one-parameter group of diffeomorphisms ϕt and a vector field va. In this way,
we define the Lie derivative with respect to va, Lv, of a tensor field Ta1...ak

b1...bl
by

LvTa1...ak
b1...bl

= lim
t→0

ϕ∗−tT
a1...ak

b1...bl
− Ta1...ak

b1...bl

t
, (2.3)

where all tensors in the equation above are evaluated at the same event p. The
Lie derivative gives the notion of comparing Ta1...ak

b1...bl
with ϕ∗−tT

a1...ak
b1...bl

in a
neighborhood of p for small values of t. In other words, the Lie derivative is the
mathematical structure used to “compare” the original tensor field with the one
“moved” along va. Therefore, in the light of the previous discussion, va defines
a symmetry if Lv(T(i)) = 0. In particular, we have Lv(gab) = 0 if va defines an
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isometry (i.e., spacetime symmetry). We can use this condition to study the special
properties a vector field should satisfy to define a symmetry.

Firstly, from Eq. (2.3), it follows directly that Lv is a linear map from smooth
tensor fields of rank (k, l) to smooth tensor fields of the same rank. Furthermore,
for functions f : M→ R we have

Lv( f ) = v( f ). (2.4)

Secondly, the action of the Lie derivative in general tensor fields can be simplified
if we introduce a coordinate system adapted to va in the sense that if x0 is one of
the coordinates, then va =

(
∂/∂x0)a. The action of ϕ−t then corresponds to the

transformation xµ → (x0 + t, xν), where ν = 1, 2, 3. Then, it follows that

ϕ∗−tT
µ1...µk

ν1...νl(x0, x1, x2, x3) = Tµ1...µk
ν1...νl(x0 + t, x1, x2, x3). (2.5)

As a consequence, the components of LvTa1...ak
b1...bl

in this adapted coordinate
system are given by

LvTµ1...µk
ν1...νl =

∂Tµ1...µk
ν1...νl

∂x0 . (2.6)

We can use this approach to find a coordinate-independent expression for the
Lie derivative of tensor fields. From Eq. (2.6) we have

Lvwµ =
∂wµ

∂x0 . (2.7)

Besides, defining the commutator [v, w] between the vector fields va and wa to be

[v, w] f ≡ v[w( f )]−w[v( f )]. (2.8)

One can easily see that the commutator of any two vector fields is again a vector
field. Using that v( f ) = va∇a f we have

[v, w] f =
(

va∇awb −wa∇avb
)
∇b f . (2.9)

Thus, we can write the commutator in terms of the covariant derivative

[v, w] = va∇awb −wa∇avb. (2.10)

It follows then, that in any coordinate system {xµ}, one can write the components
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of the commutator in this coordinate system as

[v, w]µ = vν ∂wµ

∂xν
−wν ∂vµ

∂xν
(2.11)

Thus, in the coordinate system adapted to va we have

[v, w]µ =
∂wµ

∂x0 . (2.12)

Therefore, the components of Lvwa and [v, w]a are equal. However, since both
the Lie derivative and the commutator are defined in a coordinate-independent
manner, we obtain

Lvwa = [v, w]a. (2.13)

We can now derive the action of the Lie derivative in a dual vector wa. From
Eq. (2.4) we have

Lv(waua) = v(waua)

= vbwa∇bua + vbua∇bwa

Using now that Lv(waua) = uaLvwa + waLvua with Eqs. (2.10) and (2.13) we get

Lvwa = vb∇bwa + wb∇avb. (2.14)

We can generalize Eq. (2.14) for covectors by induction, arriving at

LvTa1...ak
b1...bl

= vc∇cTa1...ak
b1...bl
−

i=k

∑
i

Ta1...c...ak
b1...bl
∇cvai +

j=l

∑
j

Ta1...ak
b1...c...bl

∇bj v
c.

(2.15)
Finally, we can evaluate Lv(gab) = 0 using Eq. (2.15)

vc∇cgab + gcb∇avc + gac∇bvc = 0. (2.16)

where we have supposed that va defines an isometry. Now, using the fact that ∇a

is compatible with the metric, i.e., ∇agbc = 0, we arrive at

∇avb +∇bva = 0. (2.17)

This equation is called Killing’s equation and va is called a Killing vector field. There-
fore, the necessary and sufficient condition to va be a generator of an isometry is
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that it satisfies Killing’s equation (2.17).
From a more mathematical point of view, we say that ϕ is a symmetry transfor-

mation for a tensor field T if ϕ∗T = T. In the case of the metric tensor, a symmetry
transformation is called an isometry. It follows directly from Eq. (2.3) that if ϕt

is a symmetry transformation, then LvT = 0. One can immediately see from
Eq. (2.6) that if T is independent of one of the adopted coordinates, for example,
x0, we have a symmetry generated by va = (∂/∂x0)a ≡ ∂a/∂x0. Therefore, if
gab = gab(xi), i = 1, 2, 3, then we have a Killing field va = ∂a/∂x0. Conversely,
choosing a coordinate system xµ, Eq. (2.16) reads

vα∂αgµν + gµα∂νvα + gνα∂µvα = 0. (2.18)

Now, let xµ be a coordinate system and va = ∂a/∂x0. Then, from Eq. (2.18) we get

∂x0 gµν = 0⇒ gab = gab(xi), i = 1, 2, 3.

So far, we have established the concept of symmetry and its relation with
Killing vector fields. We know from Noether’s theorem that symmetries are
associated with conserved quantities, so it is expected that Killing vectors lead
to conserved quantities. These come in two ways. First, let ξa be a Killing vector
field and γ a geodesic with tangent vector ua. Then, ξaua is constant along γ. To
show this, we simply note that

ua∇a(ξbub) = ξbua∇aub + ubua∇aξb

= 0

since the first term vanishes due to the geodesic equation and the second one by
Killing’s equation.

The second type of conserved quantities comes from the stress-energy tensor
Tab. Again, assuming that ξa is a Killing vector field, we have the conserved
four-current Ja = Tabξb:

∇a Ja = ∇a(Tabξb) = (∇aTab)ξb + Tab∇aξb = 0,

since the first term vanishes because Tab is divergence-free and the second one
due to Killing’s equation. Now, suppose we have an isolated body. Let S and S′ be
three-dimensional surfaces that cross the world-tube of the body. It follows from
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Gauss’ theorem that∫
S′

TabξbdS′a −
∫

S
TabξbdSa =

∫
V
∇a(Tabξb)dV =

∫
V
∇a JadV = 0,

where V is the portion of the world-tube between S and S′. Therefore,
∫

S TabξbdSa

is independent of the surface S and, thus, it is a conserved quantity.
Beyond conserved quantities, Killing vector fields can also characterize the

spacetime itself. A spacetime is said to be stationary if it possesses an everywhere
timelike Killing vector field ξa. It is said to be static if, in addition, there is a
spacelike hypersurface Σ which is orthogonal to the orbits of the isometry, see
Fig. 2.2. By Frobenius’s theorem2, this is equivalent to the requirement that
the corresponding timelike Killing vector, ξa, satisfies ξ[a∇bξc] = 0. Physically
speaking, stationarity means invariance by “time” translation, where “time” means
the parameter t of the isometry, while, in addition to time invariance, staticity
means invariance by time reflection. For instance, if we consider the spacetime
of the Earth (an axisymmetric sphere, in vacuum, rotating uniformly) it is clear
that nothing happens in time, but in a time reversion, the Earth would rotate in
the opposite direction. Therefore, in this simple example, the spacetime generated
by Earth is stationary, but not static. In order to make it static, one should consider
a non-rotating Earth.

ξa

Σ

Figure 2.2: Representation of the timelike Killing vector ξa orthogonal to a space-
like surface Σ.

2See Appendix B of Ref.[6] for the statement of Frobeniu’s theorem.
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One can give a general form of the metric tensor of a static spacetime using
the above results as follows. Let ϕt be a one-parameter group of diffeomorphisms
whose orbits are timelike. Let ξa be the corresponding timelike Killing vector field
and Σ the spacelike surface to which ξa is orthogonal. Assuming that ξa ̸= 0 on Σ,
we can define a family of hypersurfaces, Σt, using the action of the isometry ϕt on
Σ

Σt = ϕt(Σ).

Since ϕt is an isometry, Σt is isometric to Σ and, thus, ξa is orthogonal to each Σt,
see Fg. 2.3. Now, let xµ = (t, xi), i = 1, 2, 3, be a coordinate system in Σ. We can

ξa

Σt

Figure 2.3: Representation of the family of hypersurfaces Σt.

use it to describe each Σt by means of the action of ϕ on each p ∈ Σ demanding
that

xi(ϕt(p)) = xi(p), (2.19)

i.e., the coordinates describing a point p in one of the hypersurfaces Σt are the
same as the coordinates describing the image of this point under the action of ϕt,
which lies in other Σt. Therefore, every event can be described by {t, xi}. Using
now the fact that gµν = gab(∂

a
µ∂b

ν) along with the fact that ∂a
t is orthogonal to ∂a

i ,
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the line element of such spacetime reads

ds2 = g00(xi)dt2 + gkj(xi)dxkdxj, (2.20)

where we have used the fact that if ∂a
t is a Killing vector, the components of the

metric in this coordinate basis are independent of t. Eq. (2.20) is the general form
of the metric components adapted to ξa in a static spacetime. Note that one can
find an expression for g00(xi) in terms of the Killing vector field by noticing that
ξaξa = g00. A stationary spacetime will inevitably have cross terms of the kind
dtdxi but, still, the components of the metric will be independent of t.

Finally, we mention the notion of conformal isometry which will be important
in the study of causal structure. Let (M, gab) and (M′, g′ab) be spacetimes. A
conformal isometry, ϕ, between these spacetimes is a diffeomorphism ϕ : M→ M′

for which there is a function φ, called conformal factor, such that ϕ∗gab = φ2g′ab.
Since ϕ is a diffeomorphism, φ is non-vanishing. Physically speaking, a conformal
isometry is a transformation that leaves the causal structure of the spacetime
unaltered, which is the same as saying that a null vector in (M, gab) is again a null
vector in (M′, g′ab)–this fact can readily be seen from the definition of conformal
isometry.

2.2 Causal structure

As previously outlined, spacetime is a four-dimensional manifold endowed
with a Lorentzian metric, dynamically coupled to the matter distribution via Ein-
stein’s equation. However, not all solutions of Eq. (2.1) are physically reasonable.
For instance, Godel’s universe, an exact solution of Einstein’s equation describ-
ing a pressure-free perfect fluid, allows one to travel back in time, which is a
non-expected property for a physical universe [7]. Hence, one should impose ad-
ditional conditions on the spacetime to ensure that it really describes the physical
world. In this manner, the study of the causal structure of spacetime has proved
to be a powerful way to analyze scenarios that should be discarded as physically
unreasonable. In fact, a causally well-behaved spacetime has an intrinsic relation
with the unitary evolution of quantum fields, as we will show in a moment (see
also Chap. 3). In this section, we discuss the most important of these conditions
for general spacetimes.
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2.2.1 Time-orientable spacetimes

The first condition that we should demand for our physical spacetime is a
global notion of future and past. Let (M, gab) be a spacetime. The tangent vector
space Vp of each p ∈ M is isomorphic to Minkowski spacetime (this comes directly
from the definition of manifolds). Thus, we can refer to the light cone of p as the
light cone of the origin of Vp. In this way, as in special relativity, we may designate
half of the light cone as the future and the other half as the past; see Fig. 2.4. If
a continuous definition of future and past for the light cone at each p ∈ M can
be made, then we say that (M, gab) is a time-orientable spacetime. It can be shown
that every spacetime based on a simply connected manifold is time-orientable [8].
From now on, we will only consider time-orientable spacetimes.

M
p

V p

Vp

p

future

past

Figure 2.4: Lightcone of an event p ∈ M as the lightcone of the origin of Vp

2.2.2 Causality conditions

The notion of time-orientable spacetimes does not rule out situations that go
against our intuitive thinking of how nature should behave. Consider, for instance,
a simply connected spacetime (M, gab). From the last section, (M, gab) is time-
orientable. Let γ be a closed timelike curve. Now, consider an observer O joining
γ at some event p ∈ M and leaving it at some q ∈ M, see Fig. 2.5. However, since
the curve is everywhere timelike and it continues from q to p, the observer could
prepare a rocket ship to travel from q to p, arriving at the instant of departure,
and prevent the observer from setting out in the first place. It should be stressed
that this paradoxical situation has nothing to do with the topology of spacetime,
namely that γ is homotopic to the trivial closed curve at p, which prevents it from
ruining the time orientation. Although this could appear an arbitrary example,
Godel’s universe, as commented above, has closed timelike curves but has the
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γ

O

q

p

Figure 2.5: Example of an observer O crossing a closed timelike curve through p.

manifold structure of R4, i.e., it is time-orientable. This is an example of an exact
solution of Einstein’s equation that is time-orientable but has closed timelike
curves [7]. In this way, other physically motivated conditions, named causality
conditions, should be imposed on spacetimes to prevent the existence of closed
timelike curves. In this section, we address the mathematical formulation of such
conditions and their relation with unitarity. We follow here mainly the approach
of Ref. [6].

Let γ(t) be a curve parameterized by t and let ua be its tangent. We say that
γ(t) is a timelike future directed (resp. past directed) curve if, at each p ∈ γ(t), the
vector field ua is timelike and it is inside the future (resp. past) light cone of p.
Besides, we say that γ(t) is a causal future directed (resp. past directed) curve if, at
each p ∈ γ(t), the vector field ua is either timelike or null and is in the future (resp.
past) light cone of p. One can use these definitions to describe causal relations
between events in M. Let p, q ∈ M. We say that q is in the chronological future of
p, and denote this relation by p ≺ q, if there exists everywhere a future-directed
timelike curve γ(t) such that γ(0) = p and γ(1) = q. These causal relations of
events in (M, gab) define causal sets in spacetime. We define the chronological future
of p ∈ M, I+(p), as the set of events that are in the chronological future of p

I+(p) = {q ∈ M, p ≺ q}. (2.21)
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The same definition holds for the chronological past I−(p) of p by changing future
with past in the above definition. We define the chronological future of a set
S ⊂ M by

I+(S) = ∪p∈S I+(p). (2.22)

An analogous definition holds for I−(S).
The notions of chronological future and past of a set can be used to define the

general notion of horizons, ubiquitously present in the study of black holes. Let γ

be a timelike curve. The future horizon, h+, of γ is defined to be the boundary of
I−(γ), written as İ−(γ) (see Fig. 2.6). Analogously, we can define the past horizon,
h−. Note that one can define h+ and h− for a family of observers. In addition, one
can define Killing horizons. Let ξa be a Killing vector field. A Killing horizon, h, is
a null surface having the property that ξa is normal to it.

γ

h+ = h− = ∅

(a)

γ

(b)

h+

Figure 2.6: Example of past and future horizons for a inextendible timelike curve
γ. In figure (a), we have a timelike curve in Minkowski spacetime with no past nor
future horizons. In figure (b), we have a timelike curve in Minkowski spacetime
with an event removed; in this case, γ has only a future horizon.

In addition, we say that q is in the causal future of p, and denote this relation
by p≪ q, if there exists everywhere a future-directed causal curve γ(t) such that
γ(0) = p and γ(1) = q. Analogously, we define the causal future of p, J+(p), as the
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set of events that are in the causal future of p

J+(p) = {q ∈ M, p≪ q}. (2.23)

Again, the causal past of p, J−(p), can be defined in the same manner just changing
future by past in the above definition. We define the causal future of a set S ⊂ M
by

J+(S) = ∪p∈S J+(p). (2.24)

As before, an analogous definition holds for J−(S). See Fig. 2.7 illustrating the
causal future of a closed set S. Physically, the set I+(S) consists of events that
can be influenced by signals traveling slower than the speed of light coming from
S, while J+(S) consists of events that can be influenced by signals traveling at
a speed lower than or equal to the speed of light coming from S. Besides, the
existence of a future horizon h+ of some timelike curve γ means that there are
events that can not influence γ using signals traveling at a speed lower than the
speed of light.

Now we can address the causality conditions. At the beginning of this section,
we view that one should rule out the existence of closed timelike curves from the
spacetime, this is called chronological condition [7]. However, even if the spacetime
has no closed timelike curves, it could be “on the verge” of violating causality,
i.e., there could be timelike curves that come arbitrarily close to intersecting
themselves, although none of them actually do. One can, then, simply make an
arbitrarily small perturbation on the metric of such spacetimes to generate closed
timelike curves. In this manner, we should regard such spacetimes as physically
unreasonable. One can rule out this kind of situation as follows. Let (M, gab)

be a spacetime. If for all p ∈ M and every neighborhood, Op, of p there is a
neighborhood Vp of p contained in Op such that no causal curve intersects Vp

more than once, then the previous situation can not occur. If (M, gab) satisfies this
condition, then it is strongly causal. Thus, if a spacetime violates strong causality
at p, there exist causal curves near p that come arbitrarily close to intersecting
themselves.

However, one can still have a strongly causal spacetime but a modification of
gab in an arbitrarily small neighborhood of two or more events produces closed
causal curves. Thus, we need to impose some other condition to guarantee that the
spacetime is not “on the verge” to produce closed timelike curves. Such conditions
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can be constructed as follows. Let ta be a timelike vector at p ∈ M. Define g̃ab by

g̃ab = gab − tatb,

where gab is the spacetime metric. It is easy to see that g̃ab is also a Lorentzian
signature metric at p: Let ra be a spacelike vector orthogonal to ta with respect
to gab at p. Then, g̃abrarb = gabrarb > 0. Besides, g̃abtatb = gabtatb − tatatbtb =

tata(1− tbtb) < 0. Finally, we have g̃abtarb = gabtarb = 0. So g̃ab is a Lorentzian
signature metric at p. Moreover, the light cone of g̃ab is larger than the one of gab,
i.e., every timelike vector and null vector of gab is a timelike vector of g̃ab. We
already showed the first part of the claim. Now let ka be a null vector of gab, thus,
g̃abkakb = gabkakb − takatbkb = −takatbkb < 0. Therefore, if spacetime is “on the
verge” of having closed timelike curves, then by “enlarging” the light cone at each
point, we should be able to produce closed timelike curves. Thus, we define a
spacetime (M, gab) to be stably causal if there exists a continuous non-vanishing
timelike vector field ta such that the spacetime (M, g̃ab) possess no closed timelike
curves. It follows that stable causality implies strong causality [6, 7]. Henceforth,
every spacetime (M, gab) considered in this thesis is presumed to satisfy all the
causality conditions discussed so far.

Now that we have described the physically reasonable conditions that a space-
time with no causal pathologies should possess, we can turn to the problem of
what this causally well-behaved spacetime has to do with unitary evolution. In
the previous definitions, attention was focused on the collections of events that
could be influenced by a set S of events. Now we shall focus on the collection of
events that can completely be determined by a set of events S.

First, we need the notion of extendible curves. Let γ(t) be a future-directed
causal curve. We say that p ∈ M is a future endpoint of γ(t) if for every neighbor-
hood Op of p, there exists a t0 such that γ(t) ∈ Op for all t > t0. The curve γ(t) is
said to be future inextendible if it has no future endpoints. Second, it is necessary
to introduce the notion of achronal sets. A subset S ⊂ M is said to be achronal if
I+(S) ∩ S = ∅, i.e., no pair of points p, q ∈ S can be joined by a timelike curve.
A simple example of an achronal set is the surface of t = const in Minkowski
spacetime, where t is the usual Cartesian coordinate.

Now, let S be a closed, achronal set. We define the future domain of dependence
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S

(a)

J+(S)

(b)

S

D+(S)

Figure 2.7: Example of the (a) causal future and (b) future domain of dependence
of a closed set S.

of S, denoted D+(S), by

D+(S) = {q ∈ M, every past inextendible causal curve

through p intersects S once and only once}.

(In fact, we could drop the imposition “once and only once” since we are only
considering spacetimes with no closed causal curves). An analogous definition can
be made for the past domain of dependence, D−(S) (see Fig. 2.7). The set D+(S)
is fundamental in formulating unitary physical theories. Since information can
not travel faster than light any signal sent to p ∈ D+(S) from the past of S must
be registered on S. In this way, using the information in S as initial conditions, one
should be able to predict what happens at p ∈ D+(S) (provided unitary evolution
of the fields is given). Conversely, if p ∈ I+(S) but p /∈ D+(S), then it would
be possible to send a signal to p from the past of S without influencing S, and
the complete knowledge of S will not be enough to determine conditions at p.
A similar analysis holds for D−(S), where in this case, from the knowledge of
conditions on S we expect to be able to retrodict conditions at all q ∈ D−(S). The
domain of dependence of S, denoted D(S), is defined simply by D(S) = D+(S) ∪
D−(S). In the light of the previous discussion, D(S) represents the complete
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set of events for which all conditions should be determined by a knowledge of
conditions on S.

A closed achronal set Σ for which D(Σ) = M is called a Cauchy surface. Cauchy
surfaces represent “instants of time” throughout the spacetime. A spacetime
(M, gab) which possesses a Cauchy surface Σ is said to be globally hyperbolic. There-
fore, in globally hyperbolic spacetimes the entire future and past of (M, gab) can be
determined by data on Σ. An important property of a globally hyperbolic space-
time is that M can be foliated by Cauchy surfaces and the topology of M is R× Σ,
where Σ denotes any Cauchy surface used in the foliation [9]. Therefore, from the
previous discussion, it follows that global hyperbolicity is a much-desired condi-
tion for well-posed initial value formulation of physical field equations [6, 10]. It is
challenging to conceive how information, and thus unitarity, could be conserved
in non-globally hyperbolic spacetimes.

Finally, we comment on the relation between causality conditions and the well-
posed unitarity in our spacetime. Let (M, gab) be a globally hyperbolic spacetime.
Then (M, gab) is stably causal. Hence, (M, gab) is strongly causal. Therefore, the
unitary evolution of physical systems is directly related to a causally well-behaved
spacetime.

2.2.3 Carter-Penrose diagrams

Finally, we review the basic construction and properties of Cartan-Penrose
diagrams, which are very useful in the study of the causal structure of spacetime
since it has the nice feature of representing all null curves with a π/4-angle with
the vertical. Consider the Minkowski spacetime (R4, ηab) with the line-element
cast in spherical coordinates (t, r, θ, ϕ)

ds2 = −dt2 + dr2 + r2dΩ2, (2.25)

where dΩ2 ≡ dθ2 + sin θ2dϕ2 is the solid angle element. Consider the case of radial
(dΩ2 = 0) null curves in Minkowski spacetime

−dt2 + dr2 = 0,

whose solution is given by

t = ±r + constant, (2.26)
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where the plus sign corresponds to outgoing (r increasing with t) null curves and
the minus sign (r decreasing with t) to ingoing ones. One can show that solutions
of the type (2.26) imposed to the coordinates of a null vector field ka imply ka

satisfying the geodesic equation. Therefore, the curves given by Eq. (2.26) are
radial null geodesics in the Minkowski spacetime.

Using these solutions, define the following coordinates transformation

u = t− r

v = t + r
(2.27)

which gives

ds2 = −1
4

dvdu +
1
4

(
u2 − v2

)
dΩ2, (2.28)

The coordinates (u, v) are called null coordinates since u = const and v = const are
solutions of the radial null geodesic equation. Note that since t ∈ R and r ≥ 0,
we have u, v ∈ (−∞,+∞). Besides, it is important to stress that for any functions
f (u) and g(v) it is still true that f (u) = const (resp. g(v) = const) corresponds
to outgoing (resp. ingoing) radial null geodesics in Minkowski spacetime. Now,
define a new set of coordinates (U, V) by

u = tan U

v = tan V
(2.29)

where now U, V ∈ (π/2, π/2). The metric then reads

ds2 =
sec2 U sec2 V

4

(
−dUdV + sin2(U −V)dΩ2

)
. (2.30)

Considering now only the radial components of the metric, we can readily extract
the conformal factor φ2 = sec2 U sec2 V/4. The conformally related metric is
clearly ds′2 = −dUdV. We stress that ds′2 should be regarded as the unphysical
metric since it is not required to satisfy the field equations. However, the Carter-
Penrose diagram will be formulated from ds′2 instead of ds2, which will allow us
to use the unphysical metric (generally easier to treat) to study the causal structure
of the physical metric (generally more complicated to treat).

Before moving to the diagram, it is convenient to define a new set of coordinates
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(T, R) given by

U = T − R,

V = T + R,
(2.31)

where T ∈ (−π/2, π/2) and R ∈ [0, π/2). Now, using (T, R) we can represent the
whole spacetime, including its different types of infinities (see the comments in the
next paragraph) in a finite diagram, shown in Fig. 2.8, which is the Carter-Penrose
diagram of the Minkowski spacetime, where each point on it corresponds to a
2-sphere.

There are several regions of interest in this picture: (1) The past timelike infinity
i− given by T = −π/2 and R = 0. (2) The spatial infinity i0 given by T = 0 and R =

π/2. (3) The future timelike infinity i+ given by T = π/2 and R = 0. (4) The past
null infinity J − given by the relation T− R = −π/2. (5) The future null infinity J +

given by the relation T + R = π/2. Note that all spacelike geodesics in Minkowski
spacetime begin and end at i0, all the timelike geodesics come from i− and end at
i+ and all null geodesics come from J − and end at J +. Furthermore, we have
depicted a few additional structures to illustrate the previously made discussion:
(i) Spacelike hypersurfaces Σ1 and Σ2. (ii) Curves of constant u and v. (iii) A
curve γ. Firstly, note that because of the construction of the diagram, all null
geodesics make a π/4-angle with the vertical, which illustrates the point made at
the beginning of this discussion. Secondly, using this property we can immediately
see that γ is in fact a timelike curve since one could easily draw the light cones
along γ and verify that it is always inside of them. Lastly, if we pick any point
of the diagram in the future (resp. past) of Σ1 and trace all the past (resp. future)
inextendible curves from it, we see that they all intersect Σ1, so Σ1 is a Cauchy
surface of the Minkowski spacetime. The same argument holds for Σ2.

Now that we have established the causal conditions one should have on a
physical spacetime and illustrated it in the simple case of Minkowski spacetime, we
can now move on to a case of major interest in general relativity: the Schwarzschild
metric.

2.3 Schwarzschild spacetime

One of the most known (non-trivial) solution of Einstein’s equation is the
Schwarzschild metric. It is a spherically symmetric, static, and vacuum solution,
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Figure 2.8: Carter-Penrose diagram of Minkowski spacetime

whose line element is most usually cast as

ds2 = −
(

1− 2M
r

)
dt2 +

dr2(
1− 2M

r
) + r2dΩ2, (2.32)

where M = const is the single parameter characterizing the spacetime. A known
result, named Birkhoff’s theorem, states that the Schwarzschild spacetime is the only
spherically symmetric solution of Einstein’s vacuum equation.

To unveil the causal structure of Schwarzschild spacetime we proceed in the
same manner as in the Minkowski case. We start by analyzing the equation of null
radial curves

dt2 =
dr2(

1− 2M
r
)2

whose solution is given by

t = ±
(

r + 2M log
∣∣∣ r
2M
− 1
∣∣∣)+ const. (2.33)
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Defining the “tortoise coordinate” r∗ by

r∗ = r + 2M log
∣∣∣ r
2M
− 1
∣∣∣, (2.34)

we can write the equation for null radial curves in Schwarzschild metric

t = ±r∗ + const. (2.35)

Following the procedure applied in the Minkowski case, we define the null coor-
dinates

ū = t− r∗,

v̄ = t + r∗,
(2.36)

and cast the line element as

ds2 = −
(

1− 2M
r

)
dūdv̄ + r2dΩ2, (2.37)

where r should now be viewed as a function of ū and v̄ given implicitly by

r + 2M log
∣∣∣ r
2M
− 1
∣∣∣ = v̄− ū

2
. (2.38)

One can see that for finite values of t, the value of r = 2M is equivalent to
(ū→ ∞, v̄) and (ū, v̄→ −∞).

Using Eq. (2.38) we can write

1− 2M
r

= ±2Me−
r

2M

r
e

v̄−ū
4M ,

where the plus sign refers to r > 2M and the minus sign to r < 2M. Then, the line
element reads

ds2 = ∓2Me−
r

2M

r
e

v̄−ū
4M dūdv̄ + r2dΩ2. (2.39)

Defining the new set (u, v) of null coordinates

u = ∓e−
ū

4M ,

v = e
v̄

4M ,
(2.40)

where, again, the upper sign refers to r > 2M and the lower one to r < 2M, the
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Schwarzschild metric reads

ds2 = −32M3e−
r

2M

r
dudv + r2dΩ2. (2.41)

Note that now the region r = 2M is equivalent to (u = 0, v) and (u, v = 0). In this
way, r = 2M is a (bifurcating) null surface.

Finally, define the set (U, V) of null coordinates by

u = tan U,

v = tan V,
(2.42)

with which the line element in the U −V plane reads

ds2 = −32M3e−
r

2M

r
sec2 U sec2 VdUdV. (2.43)

In this way, the conformal factor is now φ2 = 32M3e−
r

2M
r sec2 U sec2 V and the

unphysical metric is simply ds′2 = −dUdV, where U, V ∈ (−π/2, π/2).
In order to draw the Carter-Penrose diagram of Schwarzschild spacetime we

should note first that from the definition of (u, v) it follows that

uv = ∓e
v̄−ū
4M

= ∓e
r∗
2M

= ∓e
r

2M

∣∣∣ r
2M
− 1
∣∣∣

= e
r

2M

(
1− r

2M

)
.

Then, we have
uv ≤ 1, (2.44)

which gives
tan U tan V ≤ 1, (2.45)

where the equality holds at r = 0. Note, however, from Eq. (2.41) that ds2 is
ill-defined at r = 0. This is because r = 0 is a true singularity of the Schwarzschild
metric. This fact can readily be seen by computing the Krestchmann scalar K =

RabcdRabcd = 48M2

r6 and noticing that K diverges as r → 0. The term “singularity”
means, in a loose sense, a breakdown in ordinary dynamical evolution. Next,
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define the coordinates (T, R) by

U = T − R,

V = T + R,
(2.46)

where T, R ∈ (−π/2, π/2). Now Eq. (2.45) reads

tan(T + R) tan(T − R) ≤ 1. (2.47)

We can use trigonometric relations in the above equation to conclude that the
singularity r = 0 is located at T = ±π/4, so we can only have T ∈ (−π/4, π/4).
We can use these new ranges to draw the Carter-Penrose diagram for Schwarzschild
spacetime, depicted in Fig. 2.9. The diagram shows four regions: I, I I, I I I, and IV.
Region IV is given by U, V < 0 and it is causally connected with all other regions
in the sense that it can influence (but not be influenced by) all the rest of spacetime.
This region is called a white hole. Region I, given by U < 0, V > 0, is causally
disconnected from region I I (given by U > 0, V < 0) and vice-versa, so none of
these regions can affect the other. Furthermore, region I I, given by U > 0, V > 0,
is causally connected with the rest of the spacetime, so that it can be influenced
by the other regions. Since light travels with a π/4 angle, one can readily see that
once light has entered region I I it can never leave. In fact, since all information
travels in timelike or lightlike trajectories, everything that enters region I I can no
longer leave it. This looks like the intuitive notion of a black hole. Indeed, as we
will see in the next section, region I I satisfies the topological definition of black
holes. In addition, one can see that the future and past event horizons of the black
hole are located respectively at U = 0 and V = 0, i.e., at r = 2M. Besides, once
inside the black hole, one head inevitably to the singularity at r = 0, and it is
destroyed by it3. In fact, since the singularity is completely inside Region I I, no
external observer can actually be influenced by it.

In order to clarify the above discussion, we have depicted in the diagram two
timelike curves: γ1, which goes safely to the asymptotic future, and γ2, which
enters the black hole and reaches the singularity in finite proper time. Finally, in
this diagram, we have the same asymptotic (timelike, space-like and null) regions
as the ones depicted in the Minkowski case, characterizing the asymptotic flatness
feature of the Schwarzschild metric4. In addition, we have depicted a spacelike

3This is what physically characterizes a spacelike singularity.
4Asymptotically flat spacetimes has the property of “looking like” flat spacetime at space-like
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hypersurface Σ that is also a Cauchy surface for the Schwarzschild spacetime, as
can be seen from the same arguments made in the previous section.

Figure 2.9: Carter-Penrose diagram of Schwarzschild spacetime.

Finally, we would like to address the characteristics of Killing vector fields
in Schwarzschild spacetime, as they will play a fundamental role in quantum
field theories. It is straightforward to see from Eq. (2.32) that gµν, i.e., the metric
components in the coordinate system adopted, is independent of t. From the
results of Sec. 2.1, it follows that ξa = ∂a/∂t is a Killing vector field. From the line
element, we get

ξaξa = −
(

1− 2M
r

)
. (2.48)

In this way, ξa is timelike for r > 2M, space-like for r < 2M and null at r = 2M.
But we already have seen that r = 2M is a null hypersurface (the event horizon),
so the event horizon is a Killing horizon. In the next section, we will see that this
is the case for stationary spacetimes.

2.4 Black holes

The intuitive notion of a black hole is of a “region of no return", i.e., a region
of spacetime where gravity is so strong that no particle nor light rays could ever

and null infinities, see Ref. [6] for a precise mathematical definition of it.
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escape from it after entering. We have already seen that a black hole is present
in the static, spherically symmetric, vacuum solution of Einstein’s equation. The
purpose of this section is to generalize the intuitive idea about black holes.

From the simple example we have treated, one would be tempted to define
black holes in a spacetime (M, gab) to be simply a subset A ⊂ M such that for any
p ∈ A we have J+(p) ⊂ A. If this was the case, Region I I of Fig. 2.9 could not
be regarded as a black hole, since it contains the spacelike singularity at r = 0,
which is not a subset of M. Moreover, with that definition, the causal future of any
set of any spacetime would be a black hole. Therefore, this is not the definition
that encodes the “no escaping” property of black holes. The striking feature of
Region I I in Fig. 2.9 is that it is confined to r < 2M, i.e., it does not extend
“out to infinity”. Hence, for asymptotically flat spacetimes, the impossibility of
escaping to J + seems to provide an appropriate characterization of black holes.
Comparing Figs. 2.8 and 2.9 we see that J−(J +) in both cases is nonsingular, but
for the Schwarzschild case, it does not include the entire physical spacetime, in
contrast to the Minkowski case. Hence, the idea that J−(J +) is well-behaved but
does not include the entire spacetime realizes the physical intuition of a black hole.

We can now use the above discussion to motivate the mathematical definition
of black holes as follows. Let (M, gab) be an asymptotically flat spacetime. Let
(M′, g′ab) be the associated unphysical spacetime. We say that (M, gab) is strongly
asymptotically predictable if in (M′, g′ab) there is an open region V′ ⊂ M′ with
M ∩ J−(J +) ⊂ V′ such that (V′, g′ab) is globally hyperbolic. In this way, a strongly
asymptotically spacetime is said to contain a black hole if M is not contained in
J−(J +). Thus, the black hole region B of such spacetime is defined to be

B = M− J−(J +). (2.49)

The boundary of B in M is called the event horizon. The same definition of a
black hole could be given for asymptotically flat spacetimes that are not strongly
predictable, see Ref. [6].

This definition of a black hole allows the existence of naked singularities, i.e.,
singularities present in the outside of the event horizon, which, therefore, could
influence observers at large distances from the black hole. A more accurate defi-
nition of naked singularities can be given as follows. An inextendible spacetime
(M, g) is said to be future nakedly singular if admits a future inextendible causal
curve which lies entirely in the past of some point x ∈ M. From the definition
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of singularities, the existence of naked singularities results in a breakdown of
predictability for external observers. Hence, a spacetime with naked singularities
can not be globally hyperbolic. However, it is widely accepted that no such sin-
gularities occur in physically reasonable gravitational collapses. This conjecture
is known as the cosmic censor hypothesis, which states that all physical spacetimes
are globally hyperbolic. The validity of the cosmic censor would ensure that any
outside observer could not be influenced by naked singularities. Thus, one would
have a strongly asymptotically predictable spacetime. Therefore, if the cosmic
censor conjecture holds, then every physical black hole is predictable despite the
presence of the spacelike singularity in its interior (or any other type of singularity
inside of more general black holes [6, 7]).

Let us now introduce the notion of a black hole at a given instant of time.
Let (M, gab) be a strongly asymptotically predictable spacetime, with globally
hyperbolic region V′ in the unphysical spacetime. Let B = M− J−(J +) be the
black hole region of the spacetime. Let Σ be a Cauchy surface of V′. We shall refer
to Σ∩ B as the black hole region at time Σ. Thus, each connected component of Σ∩ B
is called black hole at time Σ. We then have the following theorem due to Hawking
[11]. Let (M, gab) be a strongly predictable spacetime satisfying Rabkakb ≥ 0 for
all null ka. Let Σ1 and Σ2 be spacelike Cauchy surfaces for the globally hyperbolic
region V′ with Σ2 ⊂ I+(Σ1). Let h1 = h∩ Σ1 and h2 = h∩ Σ2, where h is the event
horizon. Then the area of h2 is greater than or equal to the area of h1.

To conclude this section, we shall present a striking property of event horizons
of stationary spacetimes due to Hawking, known as the strong rigidity theorem.
Let (M, gab) be a strongly asymptotically predictable stationary spacetime that
satisfies Einstein’s equation such that the metric and the matter fields are analytic.
Then, the event horizon is a Killing horizon.

Once explored the key aspects of general relativity relevant to understanding
the information loss issue, the next step is to discuss the framework of quantum
field theory, where the principles and tools outlined in this chapter will find their
application.



Chapter 3

Quantum field theory in curved space-
times

In flat spacetime, it is usual to use the plane-wave decomposition of the field
to construct the Fock space representation of the canonical commutation relations
of our quantum field. However, even in this simple case, this construction is not
unique, leading to different particle contents in the same state [1, 12]. In curved
spacetimes, the situation is more dramatic, since the existence of solutions with
time dependence e±iωt is only guaranteed if the spacetime is stationary. In the
absence of timelike symmetry, there is no way to favor one Fock representation
over any other and, thus, we have to abandon the particle concept. However, the
theory must be well-posed even in this type of broader case. In this section, we
review the formulation of the quantum field theory in curved spacetime without
reference to the concept of particles.

3.1 Canonical quantization in curved spacetimes

Consider a globally hyperbolic spacetime (M, gab). Let L be the Lagrangian
density describing the classical theory and {xµ} some coordinate system for the
spacetime. The equation of motion of the field ϕ(xµ) is given via the extremization
of the action

S[gµν, ϕ] =
∫

M
d4x
√
−gL(ϕ,∇µϕ), (3.1)

which gives
∂L
∂ϕ
−∇µ

(
∂L

∂(∇µϕ)

)
= 0. (3.2)

This is the well-known Euler-Lagrange equation. Now, consider the scalar field
ϕ(xµ) described by the Lagrangian

L = −1
2

[
∇µϕ∇µϕ + (m2 + ξR)ϕ2

]
, (3.3)

28
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where ξ ∈ R is a constant and R = R a
a is the Ricci scalar, which leads to the

Klein-Gordon equation
−2ϕ + (m2 + ξR)ϕ = 0, (3.4)

where 2 ≡ ∇a∇a is the d’Alambertian operator.
The well-posedness of Eq. (3.4) in globally hyperbolic spacetimes follows

from the following theorem [10]: Let (M, gab) be a globally hyperbolic spacetime
with smooth, spacelike Cauchy surface Σ. Then the Klein-Gordon equation has a
well-posed initial value formulation in the following sense. Given any pair of C∞

functions (ϕ0, ϕ̇0) on Σ, there exists a unique solution, ϕ, to Eq. (3.4), defined on
all of M, such that on Σ we have ϕ = ϕ0 and na∇aϕ = ϕ̇0, where na denotes the
unit, future-directed, normal to Σ. Furthermore, for any closed subset S ⊂ Σ, the
solution ϕ restricted to D(S) depends only upon the initial data on S. In addition,
ϕ is smooth and varies continuously with the initial data.

Now, Eq. (3.4) can be cast in a more suitable form. Consider, first, the term
2ϕ = ∇µ∇µϕ. Since ϕ is a scalar, ∇µϕ = ∂µϕ. Next, let vµ ≡ ∂µϕ. Then,

2ϕ = ∇µvµ

= ∂µvµ + Γµ
µαvα,

where

Γµ
µα =

1
2

gµβ
(
∂µgβα + ∂αgµβ − ∂βgµα

)
=

1
2

(
∂βgβα + gµβ∂αgµβ − ∂µgµα

)
=

1
2

gµβ∂αgµβ.

Now, note that if A is a matrix, we have

Tr(A−1∂α A) = ∂α ln |A|,

where |A| is the determinant of A. Using this result for the metric tensor, we have

gµν∂αgµν = ∂α ln (−g).
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Applying this result in the expression for Γµ
µα

Γµ
µα =

1
2

∂α ln (−g)

= ∂α ln
√
−g

=
1√−g

∂α

√
−g.

Thus, the d’Alambertian reads

2ϕ = ∂µ∂µϕ +
1√−g

(∂µ

√
−g)∂µϕ.

Finally, see that

∂µ

[√
−g∂µϕ

]
= (∂µϕ)∂µ

√
−g +

√
−g∂µ∂µϕ

Then, we have

2ϕ =
1√−g

∂µ

[√
−g∂µϕ

]
.

Therefore, in general coordinates, the Klein-Gordon equation reads

− 1√−g
∂µ

[√
−ggµν∂νϕ

]
+ (m2 + ξR)ϕ = 0. (3.5)

Concerning the canonical quantization of the field ϕ, we need to define the
momentum π associated with it. For this purpose, let Σ be a Cauchy surface for
(M, gab). Let t ∈ R be the label of the different Cauchy surfaces used to foliate
the spacetime, i.e., Σt = {t} × Σ. Let na be the normal, unit vector field to each
Σt and let hab = gab + nanb be the metric induced on each Σt. Thus, we define the
canonical conjugate momentum π by

π =
∂L

∂(nµ∇µϕ)
= nµ∇µϕ. (3.6)

The canonical quantization follows from promoting ϕ and π to operators ϕ̂
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and π̂ and imposing the canonical commutation relations

[
ϕ̂(p), π̂(q)

]∣∣∣∣
Σt

= δ
(3)
Σt

(p, q)ih̄,

[
ϕ̂(p), ϕ̂(q)

]∣∣∣∣
Σt

= [π̂(p), π̂(q)]
∣∣∣∣
Σt

= 0,
(3.7)

where p, q ∈ Σt and δ(3) is the Dirac-delta distribution on Σt

δ
(3)
Σt

(p, q) ≡ δ(x1(p)− x1(q))δ(x2(p)− x2(q))δ(x3(p)− x3(q))√
h

, (3.8)

with xµ being an arbitrary coordinate system for Σt and h the determinant of hab

in these coordinates.
The construction of a representation of the canonical commutation in terms of

the Fock space is given as follows. Let SC be the space of complex solutions of Eq.
(3.4). Define, next, the following form on SC

(ϕ1, ϕ2)KG ≡ i
∫

Σt
d3x
√

h nµ
(
ϕ∗1∇µϕ2 − ϕ2∇µϕ∗1

)
= i

∫
Σt

d3x
√

h (ϕ∗1 π2 − ϕ2π∗1) ,

(3.9)
called Klein-Gordon form. It follows directly from the above definition that

1. (ϕ1 + ϕ2, ϕ3 + ϕ4)KG = (ϕ1, ϕ3)KG + (ϕ1, ϕ4)KG + (ϕ2, ϕ3)KG + (ϕ2, ϕ4)KG,

2. (αϕ1, βϕ2)KG = α∗β(ϕ1, ϕ2),

3. (ϕ1, ϕ2)
∗
KG = (ϕ2, ϕ1)KG = −(ϕ∗1 , ϕ∗2)KG,

where ϕn ∈ SC, n = 1, 2, 3, 4 and α, β ∈ C. Then, we say that ( · , · )KG is a
sesquilinear map on SC. One can also show that Eq. (3.9) is independent on t, i.e.,
independent of the choice of the Cauchy surface. To see this, consider the quantity

Jµ ≡ ϕ∗1∇µϕ2 − ϕ2∇µϕ∗1 . (3.10)

Note that ∇µ Jµ = 0

∇µ Jµ = ∇µϕ∗1∇µϕ2 + ϕ∗12ϕ2 −∇µϕ2∇µϕ∗1 − ϕ22ϕ∗1

= (m2 + ξR)ϕ∗1 ϕ2 − (m2 + ξR)ϕ2ϕ∗1

= 0,
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where we have used Eq. (3.4) in the second line. Next, let U ⊂ M be a region of
the spacetime. Then, the Gauss’s theorem reads∫

∂U
d3x
√

h nµ Jµ =
∫

U
d4x
√

g∇µ Jµ = 0, (3.11)

where nµ is a normal unit vector to the boundary ∂U of U and h is the determinant
of the induced metric on ∂U. Let ∂U be composed of two Cauchy surfaces Σ1 and
Σ2 and a spatial volume V. Let nµ

1 = nµ and nµ
2 = −nµ. Then, we have∫

∂U
d3x
√

h nµ Jµ =
∫

Σ1

d3x
√

h nµ Jµ −
∫

Σ2

d3x
√

h nµ Jµ +
∫

V
d3x
√

h nµ Jµ = 0.

Assuming that Jµ decays rapidly near spatial infinity, we have∫
Σ1

d3x
√

h nµ Jµ =
∫

Σ2

d3x
√

h nµ Jµ

which is the same as

(ϕ1, ϕ2)KG

∣∣∣∣
Σ1

= (ϕ1, ϕ2)KG

∣∣∣∣
Σ2

. (3.12)

Therefore, ( · , · )KG is independent of the choice of the Cauchy surface.
Next, we can use the canonical commutation relations to show that, for ϕ1, ϕ2 ∈

SC, we have
[(ϕ1, ϕ̂)KG, (ϕ̂, ϕ2)KG] = h̄(ϕ1, ϕ2)KG. (3.13)

To see this, we simply evaluate the left-hand side, using the fact that ϕ(x) is real
along with Eq. (3.7)

[(ϕ1, ϕ̂)KG, (ϕ̂, ϕ2)KG] = −
∫

d3xd3x′ h
[
ϕ∗1(x)π̂(x)− ϕ̂(x)π∗1(x), ϕ̂(x′)π2(x′)− ϕ2(x′)π̂(x′)

]
= −

∫
d3xd3x′ h

(
ϕ∗1(x)π2(x′)[π̂(x), ϕ̂(x′)]− ϕ∗1(x)ϕ2(x′)[π̂(x), π̂(x′)]

−π∗1(x)π2(x′)[ϕ̂(x), ϕ̂(x′)] + π∗1(x)ϕ2(x′)[ϕ̂(x), π̂(x′)]
)

= ih̄
∫

d3xd3x′
√

hδ(3)(x− x′)(ϕ∗1(x)π2(x′)− ϕ2(x′)π∗1(x))

= ih̄
∫

d3x
√

h(ϕ∗1(x)π2(x)− ϕ2(x)π∗1(x))

= h̄(ϕ1, ϕ2)KG.

This identity would be important in the establishment of the annihilation and
creation operators soon.
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The space SC can be decomposed as a direct sum of two subspaces,

SC = SC
+ ⊕ SC

−,

where on SC
+ the Klein-Gordon form is positive definite and on SC

− is negative
definite. Now, let { fα} be complete set of solutions of SC

+ and { f ∗α } of SC
− such that

( fα, fβ)KG = −( f ∗α , f ∗β )KG = δ(α− β),

( fα, f ∗β )KG = 0.
(3.14)

Solutions in SC
+ are called positive-norm solution while the ones in SC

−, negative-norm
solution. The subspace SC

+ can be made a Hilbert space,H, where ( · , · )KG is the
inner product onH. Using this representation, we can decompose the quantum
field by

ϕ̂(x) =
∫

dα
[

âα fα(x) + â†
α fα(x)∗

]
, (3.15)

where âα is an operator defined on SC
+ and â† is its adjoint. It follows directly from

the orthonormality conditions of ( fα, f ∗α ) that

âα = ( fα, ϕ̂)KG, â†
α = (ϕ̂, fα)KG. (3.16)

Besides, from the definition, the momentum operator reads

π̂ =
∫

dα nµ
[

âα∇µ fα + â†
α∇µ f ∗α

]
. (3.17)

Finally, from the canonical commutation relations (3.7) and Eq. (3.13) follow that

[âα, âβ] = [â†
α, â†

β] = 0,

[âα, â†
β] = δ(α− β).

To see this, we compute, using Eq. (3.13)

[âα, â†
β] = [( fα, ϕ̂)KG, (ϕ̂, fβ)KG]

= ( fα, fβ)KG

= δ(α− β).

The other relations can be derived similarly.
The operators âα and â†

α are called annihilation and creation operators, respectively.
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They define a vacuum state |0⟩ characterized by

âα |0⟩ = 0, ∀α. (3.18)

Note that since the vacuum state is defined by the annihilation operator, which
is given by the functions fα via Eq. (3.16), the choice of fα satisfying Eq. (3.14)
determines the vacuum state. In this way, an important inquiry is to understand
how to compare these different vacua for different choices of fα.

Consider two complete sets of functions { fα, f ∗α } and {F′α, F′∗α } satisfying con-
ditions (3.14). Since the two sets are complete, we can write one in terms of the
other

Fα′ =
∫

dα [cα′α fα + dα′α f ∗α ] . (3.19)

From the orthonormality conditions, we have

cα′α = ( fα, Fα′)KG = (Fα′ , fα)
∗
KG

dα′α = −( f ∗α , Fα′)KG = (F∗α′ , fα)KG.
(3.20)

Thus, we can invert Eq. (3.19), obtaining

fα =
∫

dα′ [c∗α′αFα′ − dα′αF∗α′ ] . (3.21)

Then, we can use the two sets to decompose the field ϕ̂

ϕ̂ =
∫

dα
[

âα fα + â†
α f ∗α
]
=
∫

dα′
[
b̂α′Fα′ + b̂†

α′F
∗
α′

]
. (3.22)

Using Eq. (3.19) we can write∫
dα
[

âα fα + â†
α f ∗α
]
=
∫

dα
∫

dα′
[

fα

(
cα′αb̂α′ + d∗α′αb̂†

α′

)
+ f ∗α

(
dα′αb̂α′ + c∗α′αb̂†

α′

)]
,

from which we have
âα =

∫
dα′

(
cα′αb̂α′ + d∗α′αb̂†

α′

)
(3.23)

and
â†

α =
∫

dα′
(

c∗α′αb̂†
α′ + dα′αb̂α′

)
. (3.24)

One can do the same procedure and extract the inverted relations

b̂α′ =
∫

dα
(

c∗α′α âα − d∗α′α â†
α

)
(3.25)
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and
b̂†

α′ =
∫

dα
(

cα′α â†
α − dα′α âα

)
. (3.26)

These transformations mixing annihilation and creation operators relative to the
two complete sets of modes are called Bogolubov transformations, with the co-
efficients cα′α and dα′α being the Bogolubov coefficients. One can show that the
Bogolubov coefficients satisfy∫

dα (cα′αc∗α′′α − dα′αd∗α′′α) = δ(α′ − α′′), (3.27)∫
dα (cα′αdα′′α − dα′αcα′′α) = 0. (3.28)

The vacuum states corresponding to the two sets of orthonormal basis are
distinct if dα′α do not vanish for all α′ and α. To see this, let |0α⟩ and |0α′⟩ be the
vacua corresponding to fα and Fα′ , respectively. Let N̂α = â†

α âα and N̂α′ = â†
α′ âα′ be

the number operators. Then, from Eqs. (3.23) and (3.24) it follows that

⟨0α′ | N̂α |0α′⟩ =
∫

dα′|dα′α|2, (3.29)

analogously for ⟨0α| N̂α′ |0α⟩. So we see that although the number of excitations of
fα in |0α⟩ is zero, the excitations of Fα′ in |0α⟩ can be arbitrarily greater than zero,
depending exclusively on the value of dα′α.

From the previous discussion, we see that the choice of vacuum states depends
on the choice of the functions fα used to decompose the field. Since one could
have infinite basis functions, one expects no natural choice of vacuum. However,
there is a preferred vacuum state in static spacetimes, which can be constructed as
follows. Let (M, gab) be a static spacetime. Let ϕ̂ be a quantum field decomposed
in terms of a complete set { fα, f ∗α } as described above. First, we cast Eq. (2.20) as

ds2 = −V2(xk)dt2 + Gij(xk)dxidxj (3.30)

and note that
√−g = V

√
G, where G is the determinant of gij. Then, the Klein-

Gordon equation (3.5) reads

∂2
t fα =

V√
G

∂i

[
V
√

Ggij∂j fα

]
− (m2 + ξR)V2 fα. (3.31)

Then, it is natural to let fα have a t-dependence of the form e−iωαt, where ωα are
positive constants related to the energy of the particle with respect to the Killing
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vector ∂a/∂t. Therefore, in a static spacetime, this is the natural choice of fα, and
thus of vacuum state, i.e., the one that preserves the time-translation symmetry.
The state defined in this way is called static vacuum. Our next task is to show how
these non-uniqueness of vacuum states can lead to different particle contents for
different families of observers when gravitational collapse comes into play, which
leads to the well-known Hawking effect.

3.2 Black hole evaporation: the Hawking effect

We are now in position to derive Hawking radiation [2]. We will concentrate
on the case of a massless scalar field in the Schwarzschild spacetime, but the
fundamental ideas can be applied to any quantum field in a general black hole
spacetime. The physical setup is the following. We consider a black hole formed in
the past by gravitational collapse as illustrated in Fig. 3.1. In addition, we consider
a massless scalar field ϕ̂ prepared, in the asymptotic past, in the vacuum state
|0⟩J − . The changing background geometry can lead to particle creation, as was
the case in expanding universes [13]. In this way, our task is to determine how the
in-vacuum is perceived by asymptotic observers in the future.

When no horizon is present, all the ingoing modes that left J − propagate out
to J +. However, when a horizon is present, part of the modes from the asymp-
totic past can propagate into the black hole, eventually reaching the spacelike
singularity and, thus never reaching the future null infinity. In other words, all
null geodesics have a past endpoint at J −, but their future endpoint can be the
central singularity or J +. Hence, a complete description of the quantum state
after the formation of the black hole is made in terms of modes that reach J +

and the ones that go into the black hole. In this manner, since all modes that fell
into the black hole have crossed the event horizon, it is natural to describe these
modes in terms of solutions of the Klein-Gordon equation at the event horizon.
However, since the Killing vector field is null at the event horizon, no preferred set
of orthonormal modes at the event horizon exists. Nonetheless, the quantum field
can be decomposed in terms of two sets of solutions of the Klein-Gordon equation:
the modes that represent “event–horizon particles states” according to “observers
at the horizon” and modes that represent “asymptotic–observers particles states”
according to static observers at J +, in a way similar to the case of the Unruh
effect [1]. However, in the case of the Unruh effect, both sets of solutions have an
unambiguous, physically well-defined, particle interpretation. On the other hand,
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the physical interpretation of the “event–horizon particles states” is not clear. First
of all, as already discussed, since the Killing vector field at the horizon is null,
there is no way to favor one Fock representation over any other. Besides, there is
no such thing as “an observer at the horizon”, since the horizon is a null surface
and physical observers travel in timelike trajectories, so it is not even clear who
would detect such particles and via what kind of measurements. Therefore, one is
primarily interested in the results of measurements made by static observers in
the asymptotic future [14, 15].

Now that the physical situation is established, we can translate it into the
mathematical framework developed in the last section. Let { fω′ , f ∗ω′} be a complete
set at J − for the quantum field ϕ̂. From previous discussion, the in-modes, fω′ ,
that are purely positive frequency in J − are of the form ∼ e−iω′t at J −, where t is
the proper time of static asymptotic observers in the past. Let âω′ be the anihilation
operator associated with fω′ . Hence, the field can be decomposed as

ϕ̂(x) =
∫

dω′
(

âω′ fω′(x) + â†
ω′ f
∗
ω′(x)

)
. (3.32)

In a similar manner, let {Fω, F∗ω} be a orthonormal set at J + for ϕ̂. The out-modes,
Fω, that are purely positive frequency in J +, are of the form ∼ e−iωt′ , where t′ is
the proper time for static asymptotic observers in the future. We have seen that the
complete decomposition of the field is made in terms of {Fω, F∗ω} and the modes
at the event horizon. Thus, let {uω, u∗ω} be a orthonormal set at the event horizon.
In addition, let b̂ω and ĉω be, respectively, the anihilation operator associated with
Fω and uω. Hence, the field can be decomposed as

ϕ̂(x) =
∫

dω
(

b̂ωFω(x) + b̂†
ωF∗ω(x) + ĉωuω(x) + ĉ†

ωu∗ω(x)
)

. (3.33)

As commented above, we are interested in measurements made by static observers
in the asymptotic future, so we disregard any considerations from the set {uω, u∗ω}.

Since the set { fω′ , f ∗ω′} is complete, we can use it to decompose the modes at
J + as

Fω =
∫

dω′ (cωω′ fω′ + dωω′ f ∗ω′) . (3.34)

Thus, the spectrum of created particles according to observers at J + is computed
from Eq. (3.29) to be

J −⟨0| b̂†
ω b̂ω |0⟩J − =

∫
dω′ |dωω′ |2. (3.35)
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Figure 3.1: Carter-Penrose diagram for the spacetime of a collapsing spherical
matter Σ. The line u = uH represents the event horizon.

Our next task is to compute the Bogolubov coefficients cωω′ and dωω′ to evaluate
Eq. (3.35). The massless Klein-Gordon equation with ξ = 0 in Schwarzschild
spacetime reads

(
1− 2M

r

)−1 ∂2ϕ

∂t2 −
1
r2

∂

∂r

(
r2
(

1− 2M
r

)
∂ϕ

∂r

)
− 1

r2 sin θ

∂

∂θ

(
sin θ

∂ϕ

∂θ

)
− 1

r2 sin2 θ

∂2ϕ

∂ϕ2 = 0,
(3.36)

where we have used Eq. (3.5). Due to the time and spherical symmetry of the
metric, we use as an ansatz for the normal modes, the functions

fω′lm ∼
1√
ω′

Ylm(θ, ϕ)e−iω′t g(r)
r

, (3.37)

where Ylm(θ, ϕ) are the usual spherical harmonics and g(r) satisfies

ω′2
(

1− 2M
r

)−1

g(r) +
2
r

(
1− 2M

r

)(
∂rg(r)− g(r)

r

)
+

2M
r2

(
∂rg(r)− g(r)

r

)
+

(
1− 2M

r

)(
2g(r)

r2 − 2∂rg(r)
r

+ ∂2
r g(r)

)
− l(l + 1)g(r)

r2 = 0.

(3.38)
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Note that here M = const since we are in the asymptotic region.

Figure 3.2: Illustration of the ingoing modes propagating to J + or into the sin-
gularity in the spacetime of gravitational collapse of a body Σ. These modes are
very high blue-shifted close to the event horizon. The limit ingoing ray is given by
v = vH.

The above equation has no closed form. However, as discussed above, we are
only interested in three sets of solutions: the one at J − (given by t → −∞ and
r → ∞), the one at J + (given by t → ∞ and r → ∞), and the one at the event
horizon (r = 2M). For static observers in the asymptotic past, we have

∂2
r g(r) + ω′2g(r) = 0. (3.39)

We choose as solution g(r) = e−iω′r because we are interested in ingoing modes,
i.e., the ones propagating from r ≫ 2M to r = 0. Therefore, the asymptotic form
of the past modes is

fω′lm ∼
1√
ω′

Ylm(θ, ϕ)
e−iω′v

r
, (3.40)

where v = t + r. The same reasoning with respect to the infinite future (t→ +∞)
gives us the asymptotic form of the future modes

Fωlm ∼
1√
ω

Ylm(θ, ϕ)
e−iωu

r
, (3.41)
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where u = t− r.
Now, consider the out-mode propagating backward from J +. Part of the

solution will be scattered and reach J − with a frequency similar to the one it
had when it was “emitted” in J +. The other part will pass through the center
of the collapsing body and emerge as an incoming solution, reaching J − with a
frequency much greater than the one it had when left J +. This comes from the
fact that these solutions pile up just outside the event horizon (see Fig. 3.2). In
other words, Fωlm suffers a very high blue shift near the event horizon. In this way,
Fωlm propagates by geometric optics back through the collapsing body and out to
J −. However, we can see that there is a limiting value for v, namely, v = vH such
that ingoing rays with v > vH do not escape the black hole and eventually reach
the singularity. Thus, our out-mode Fωlm is valid only for v < vH, i.e.,

Fωlm ∼
1√
ω

Ylm(θ, ϕ)
e−iωu(v)

r
Θ(vH − v), (3.42)

where Θ(vH − v) is the Heaviside function. All we need to know now is how
an ingoing geodesic coming from J − emerges as an outgoing one after passing
through the center of the collapsing body.

Consider radial null geodesics of the Schwarzschild spacetime. The equation
describing these curves is given by(

1− 2M
r

)
dt
dζ

= ± dr
dζ

, (3.43)

where ζ is the affine parameter along radial null geodesics and the plus (resp.
minus) sign is along outgoing (resp. ingoing) ones. Let E be the conserved quantity
associated with the Killing vector ∂a

t(
1− 2M

r

)
dt
dζ

= E. (3.44)

Hence, Eq. (3.43) reads
dr
dζ

= ±E, (3.45)

where again the plus sign is along outgoing null geodesics and the minus sign is
along ingoing null ones. Therefore, we have

r(ζ) = ±Eζ + a±, a± ∈ R. (3.46)
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Figure 3.3: Carter-Penrose diagram for the spacetime of a collapsing spherical
matter Σ. An ingoing null ray with v < vH from J − passes through Σ, it is
reflected at r = 0 and escapes to J + as a u = u(v) outgoing null ray. Ingoing
rays with v > vH do not escape after reflecting at r = 0 and reach the spacelike
singularity. The line u = uH represents the event horizon.

Consider now the ingoing ray v = v1 = const that crosses the event horizon,
as in Fig. 3.3. We want to find u(λ) along this geodesic, where u ≡ t− r∗ and
we choose ζ = λ as the affine parameter. Choosing r(λ = 0) = 2M and using
Eq. (3.46), we have

r(λ) = −Eλ + 2M. (3.47)

Hence, from Eq.(3.44) and the fact that dr∗/dr = (1− 2M/r)−1 we have

du
dλ

=
dt
dλ
− dr∗

dλ

=
dt
dλ
− dr∗

dr
dr
dλ

=
2E

1− 2M
r(λ)

= −4M
λ

+ 2E,

(3.48)

where we have used Eq. (3.47). Therefore,

u(λ) = 2Eλ− 4M log λ/b, b < 0. (3.49)
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The condition b < 0 comes from the fact that λ < 0 outside the black hole. Close
to the event horizon, λ ≈ 0, we have

u(λ) ≈ −4M log λ/b. (3.50)

This is the equation describing all the outgoing geodesics close to the event horizon
that intersect the ray v = v1.

We can use Eq. (3.50) to find the function u(v), where v is the ingoing ray
that emerges when u = const is reflected at r = 0, using the following reasoning.
Consider a fixed value of λ along v = v1, that is, choose any outgoing ray u(λ)
that crosses v = v1. If we take the integration constant b to be the same along any
ingoing geodesic that crosses u(λ), then λ will describe the same outgoing ray
along all such geodesics. In other words, fixing λ along any ingoing geodesic that
crosses the event horizon also fixes the corresponding outgoing ray. Since this is
valid for any outgoing geodesic, the same holds for the event horizon, which is
given by λ = 0. Therefore, the affine distance between any outgoing ray u(λ) and
the event horizon is given simply by λ. Since λ is the same along any ingoing
geodesic crossing u(λ), this separation remains constant along the entire length of
u(λ) and the event horizon, extending all the way to J +.

Now, along u(λ), the coordinate v is a function of the affine parameter ζ = µ,
so we write v = v(µ). Next, let µ and µH be, respectively, the value of the affine
parameter corresponding to the reflected ingoing ray v(µ) and the generator of the
event horizon vH, see Fig. 3.3. As with u(λ), we can always choose the integration
constant of v(µ) to be the same along any outgoing ray crossing v(µ) such that
the value of µ is the same along all outgoing rays that cross v(µ). The same holds
for vH. Hence, the affine separation µ− µH remains constant along v(µ) and vH,
extending all the way to J −. Let α be such value, i.e., µ− µH = α. If we rescale
the affine parameter µ by

µ→ aµ + b,

µH → aµH + b,

we end up with

µ− µH → aα.

Remembering that any affine function of an affine parameter is still an affine
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parameter, we can always choose a such that

µ− µH = λ, (3.51)

i.e., the affine separation is preserved when ingoing geodesics are turned into
outgoing ones. Using Eqs. (3.44) and (3.46) at J − (u→ −∞) we have

t(µ) = Eµ + c1

r(µ) = Eµ + c2,
(3.52)

where c1, c2 are constants. Finally, using that v ≈ t + r at J − we have

v(µ) = 2Eµ + c3, c3 ∈ R. (3.53)

Hence, v− vH = 2E(µ− µH), which gives

λ =
1

2E
(v− vH). (3.54)

We can now cast the above equation as vH − v = C1λ, where C1 < 0 since λ < 0.
Therefore, close to the horizon where the geometric optic limit holds, we have
from Eq. (3.50) that an ingoing light ray with fixed v gives rise to an outgoing light
ray with fixed u by

u(v) = −4M log
(

vH − v
C

)
, C ∈ R+, (3.55)

where C ≡ bC1. Therefore, we see from Eq. (3.42) that the mode in the asymptotic
future, when traced back to J − has the form

Fωlm ∼
1√
ωr

Ylm(θ, ϕ)e4Mωi log
(

vH−v
C

)
Θ(vH − v). (3.56)

To obtain the Bogolubov coefficients we must expand Fωlm in terms of fω′lm. Due
to spherical symmetry, only modes with the same {l, m} are coupled. Therefore,
our focus will be the ω part of the expansion. From Eq. (3.19) we have

Fωlm =
∫ +∞

0
dω′(cωω′lm fω′lm + dωω′lm f ∗ω′lm) (3.57)
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Multiplying both sides by e−iω′′v/2π and integrating over v using Eq. (3.40) gives

∫ +∞

−∞
dv

e−iω′′v

2π
Fωlm ∝

1
2π

∫ ∞

0

dω′

r
√

ω′

(
cωω′lm

∫ +∞

−∞
dv e−iv(ω′′+ω) + dωω′lm

∫ +∞

−∞
dv eiv(ω′−ω′′)

)
=
∫ ∞

0

dω′

r
√

ω′

(
cωω′lmδ

(
ω′′ + ω′

)
+ dωω′lmδ

(
ω′ −ω′′

))
=

dωω′′lm

r
√

ω′′
,

where we have discarded the first term since both ω′ and ω′′ are positive. Hence,
using Eq. (3.56), we have

dωω′′lm√
ω′′

∝
∫ +∞

−∞
dv

e−iω′′v

2π

1√
ω

e4Mωi log
(

vH−v
C

)
Θ(vH − v)

=
∫ vH

−∞
dv

e−iω′′v

2π

1√
ω

e4Mωi log
(

vH−v
C

)

Proceeding in the same manner, substituting e−iω′′v by eiω′′v, we get cωω′′lm. There-
fore, the Bogolubov coefficients for the out-mode (3.57) are given by

cωω′lm ∝
1

2π

√
ω′

ω

∫ vH

−∞
dv eiω′ve4Mωi log

(
vH−v

C

)
,

dωω′lm ∝
1

2π

√
ω′

ω

∫ vH

−∞
dv e−iω′ve4Mωi log

(
vH−v

C

)
.

(3.58)

Let us focus on the cωω′lm integral. Making a change of variables of the form
v′ = vH − v leads to

cωω′lm ∝
1

2π

√
ω′

ω

∫ +∞

0
dv′ eiω′(vH−v′)e4Mωi log

(
v′
C

)
.

Since the integrand is analytic in the lower right quadrant of the complex plane,
we can use a quarter-circle contour with radius R to evaluate the integral, see Fig.
3.4a. For R→ ∞, region C2 does not contribute. Thus, we have

cωω′lm ∝ − 1
2π

√
ω′

ω

∫ 0

−i∞
dv′ eiω′(vH−v′)e4Mωi log

(
v′
C

)
.
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(a) Contour for cωω′ (b) Contour for dωω′

Figure 3.4: Contour of integration on the complex plane for evaluating the Bogol-
ubov coeficcients.

Making v′ = is gives

cωω′lm ∝ − i
2π

√
ω′

ω

∫ 0

−∞
ds eiω′(vH−is)e4Mωi log ( is

C ).

Besides, in the region of integration, we have

log
(

is
C

)
= log

(
|s|
C

)
− iπ/2,

which makes the integral becomes

cωω′lm ∝ − i
2π

√
ω′

ω
e2Mπωeiω′vH

∫ 0

−∞
ds eω′se4Mωi log

(
|s|
C

)
. (3.59)

A similar reasoning applied to dωω′lm, where now we use the contour depicted in
Fig. 3.4b, gives

dωω′lm ∝
i

2π

√
ω′

ω
e−2Mπωe−iω′vH

∫ 0

−∞
ds eω′se4Mωi log

(
|s|
C

)
. (3.60)

Comparison of these results leads to

|cωω′lm| = e4πMω|dωω′lm|. (3.61)

We can use this result to evaluate the mean number of particles the observers in



Chapter 3. Quantum field theory in curved spacetimes 46

the asymptotic future attribute to the vacuum of the observers in the asymptotic
past, |0⟩J − . Applying Eq. (3.61) in Eq. (3.27) we have

lim
T→∞

lim
ω′→ω

1
2π

∫ T/2

−T/2
dt eit(ω−ω′) =

∫
dω′

(
|cωω′ |2 − |dωω′ |2

)
=
(

e8πMω − 1
) ∫

dω′|dωω′lm|2.
(3.62)

Hence, we have

lim
T→∞

T
2π

=
(

e8πMω − 1
) ∫

dω′|dωω′lm|2. (3.63)

Therefore, from Eq. (3.29), the mean number of particles per unit of proper time
for asymptotic observers in the future is given by

⟨Nω⟩dω =
1

2π

dω

e8πMω − 1
, (3.64)

which is the thermal distribution of a blackbody radiating at a temperature given
by

TH =
1

8πM
. (3.65)

Essentially, these results translate in the fact that, due to quantum effects,
stationary black holes can create and emit particles as if they were hot bodies
with temperature given by Eq. (3.65)1. This effective particle creation by black
holes with thermal spectrum is known as the Hawking effect. This particle creation
is related to thermal radiation, i.e., an energy flux of particles seen by static
observers at future infinity, known as Hawking radiation. In fact, if we consider
the (renormalized)2 expectation value of the stress energy tensor, ⟨Tµν⟩, in the
in-vacuum, i.e., the vacuum according to static observers at past infinity, for the

1We emphasize the fact that although black holes emit as if they were black bodies, a black hole
could not be more different than an ordinary thermodynamical system. See Sec. 4.3 for more
details on this issue.

2Here, renormalized stands for a renormalization of the cosmological constant, see Ref [16].
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case of a spherically collapsing null shell, we end up with

⟨Tuu⟩ =
1

24π

(
3M2

2r4 −
M
r3

)
, (3.66)

⟨Tvv⟩ =
1

24π

(
3M2

2r4 −
M
r3

)
, (3.67)

⟨Tuv⟩ = ⟨Tvu⟩ =
1

24π

(
2M2

r4 −
M
r3

)
, (3.68)

for times long before the collapse, and

⟨Tuu⟩ =
1

24π

(
3M2

2r4 −
M
r3 +

1
32M2

)
, (3.69)

⟨Tvv⟩ =
1

24π

(
3M2

2r4 −
M
r3

)
, (3.70)

⟨Tvu⟩ = ⟨Tuv⟩ =
1

24π

(
2M2

r4 −
M
r3

)
. (3.71)

for times long after the collapse [16]. Comparison between Eqs. (3.66) and (3.69)
reveal that the effect of the collapse is to add a term proportional to M−2, which is
precisely the term that makes the energy flux, for long times, at infinity (r → ∞)
be non-vanishing and equal to

⟨Tuu⟩ =
1

768πM2 , (3.72)

Hence, asymptotic observers see a positive energy flux of radiation that they
attribute as coming from the black hole. Furthermore, from both Eqs. (3.67) and
(3.70), close to the black hole event horizon, the energy flux is given by

⟨Tvv⟩ = −
1

768πM2 , (3.73)

which is a negative energy flux of radiation going into the black hole.
This negative energy flux makes the area of the black hole shrink at a rate

consistent with the energy flux observed at infinity, i.e., the black hole loses mass.
One can then ask what the fate of the black hole is due to this mass loss. Due to
the radiation being approximately thermal, we can use the Stefan-Boltzmann law
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to estimate the decrease of M for a chargeless black hole:

dM
dt

= −σAT4
H, (3.74)

where σ ≡ π2/60 is the Stefan-Boltzmann constant (in natural units), A = 16πM2

is the area of the EH, and t is the proper time of asymptotic static observers. From
Eq. (3.65), we have

dM
dt

= − M−2

15, 360
, (3.75)

which can be integrated to give

M3(t)−M3
0 = − ∆t

5, 120
, (3.76)

where ∆t ≡ t − t0 with M0 and t0 being, respectively, the initial mass of the
black hole and the initial time of measurement. If we ignore the fact that the
semiclassical picture discussed so far can change drastically in the final moments
of the evaporation, it follows that the black hole will evaporate in a finite proper
time given by

∆t = 5, 120M3
0. (3.77)

After this time, the final spacetime configuration will be, approximately, that of
Minkowski space together with the thermal radiation emitted by the black hole.
Since the spectrum of emitted particles is independent of the collapse details, the
same conclusions hold for a general collapsing process resulting in a black hole. A
spacetime diagram depicting the black hole formation and evaporation process is
shown in Fig. 3.5.

3.3 Information loss

The idea that black holes evaporate gives rise to a striking consequence: the
loss of quantum coherence. Consider the spacetime depicted in Fig. 3.5. Consider
that a pure quantum state, |ϕ⟩, of a quantum field, ϕ, is prepared at time Σ1, i.e.,
before the black hole has formed. Assuming that the laws used to evolve ϕ through
the spacetime are unitary, the total state of the quantum field is still pure at some
later time Σ2 after the formation of the black hole. Now, consider the time Σ3

after the total evaporation of the black hole. From the previous discussion, the
Hawking radiation carries a positive-energy flux of particles to J +, according to
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Figure 3.5: Carter-Penrose diagram illustrating the formation and evaporation of a
black hole due to Hawking radiation. The surfaces Σi, i = 1, 2, 3 are spacelike.

asymptotic static observers, to which there is a corresponding negative-energy
flux of particles going into the black hole. Hence, the quantum state at Σ3 will
remain entangled with the quantum field observables inside the (now) past black
hole even though the black hole no longer exists. Therefore, although the system
was initially in a pure state, the entire system at later times (after the complete
evaporation) is described by a mixed state, so evolution from a pure to a mixed
state has occurred. In other words, information was lost.

One can also see the information loss from the causal structure of the spacetime.
Consider the spacelike surface Σ3 of Fig. 3.5. One can easily see that Σ3 ̸⊂ D+(Σ2),
so Σ3 is not a Cauchy surface. One could expect that we could not predict what
happens to ϕ after the evaporation of the black hole, say, at Σ3, from complete
knowledge of the state of the field at Σ2. That this does not need to be the case
can be illustrated as follows. Consider a massless scalar field ϕ propagating in
Minkowski spacetime with an event p removed, see Fig. 3.6. In this case, the
spacetime is no longer globally hyperbolic. Thus, apparently, the values of the
field inside the future light cone of p would be undetermined. However, the
value of the quantum field at p can be determined by continuity, allowing us to
evolve ϕ inside the future light cone of p. Hence, even in this simple example of
a non-globally hyperbolic spacetime, the field evolution is determined uniquely
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from the initial data set {ϕ0, ϕ̇0} on a spacelike surface (t = const, for instance). In

p

Σ1
{ϕ0, ϕ̇0}

t = const

Figure 3.6: A initial data set {ϕ, ϕ̄0} at a non-Cauchy surface Σ1 of t = const for
the quantum field ϕ in Minkowski spacetime with a point p removed.

our scenario, the event removed is the naked singularity S2 [17]. The semiclassical
theory assumes that this naked singularity does not influence the spacetime. As
a result, from initial data on Σ2, we can evolve uniquely the quantum field both
to the future and to the past. Now, consider the surface Σ3. Again, this is not a
Cauchy surface since D−(Σ3) does not include any portion from inside the black
hole. Therefore, the degrees of freedom from the field that fell into the black hole
have been destroyed by the spacelike singularity, leaving the outside degrees of
freedom in a mixed state. In other words, the spacelike singularity has opened the
quantum system. Therefore, once again, we have the evolution from a pure state
to a mixed state.

It is clear from the previous discussion that the pure-to-mixed-state evolution
comes from the geometrical property of the spacetime of not being globally hy-
perbolic. However, the exact same sort of phenomenon occurs in a quantum field
in flat spacetime if one considers its evolution from an initial Cauchy surface Σ1

to a final surface Σ2 which fails to be a Cauchy surface for Minkowski spacetime
(see Fig. 3.7). In this case, the quantum field inside D(Σ2) will be correlated with
radiation propagating out to infinity. Hence, the final state of the (initial pure)
quantum state is mixed. Thus, again, there is a loss of quantum coherence, not
because the spacetime fails to be globally hyperbolic, but because the final surface
considered fails to be a Cauchy one. To physically illustrate this situation, consider
that an atom in a laboratory emits a photon at some given instant of proper time
t = 0. If that photon escapes out the window and is not absorbed (nor reflected)
by any matter in the universe, then, as far as we are concerned, it is lost forever.
Thus, the laboratory is forever correlated to degrees of freedom that it does not
have access to anymore. Therefore, the state of the laboratory is mixed. Hence,
any initial pure state in any accessible region around the laboratory will have been
converted into a mixed state. In this way, information will be lost.
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Figure 3.7: Carter-Penrose diagram of Minkowski spacetime depicting a Cauchy
surface Σ1 and a spacelike surface Σ2 that fails to be a Cauchy surface.

We emphasize that during the process of black hole formation and evaporation,
the quantum field obeys well-posed (local unitary and causal) equations of motion.
At no stage, except at the singularity, there is a breakdown of any known laws
of physics. The information loss comes simply from the fact that the black hole
acts as a “sink” for degrees of freedom of quantum fields. In this way, the pure-to-
mixed-state evolution in the context of black hole evaporation is a prediction of the
semiclassical theory and not a paradox.



Chapter 4

Globally hyperbolic evaporating black
hole and the information loss issue

In the last section, we have discussed how the non-globally hyperbolicity of
spacetimes can lead to loss of quantum coherence in the context of black hole
evaporation. In this chapter, we discuss the possibility that the usual semiclassical
spacetime of Figs. 4.3 and 4.4 is replaced by a globally hyperbolic one preserving
all classical and semiclassical physics far from the Planck region. The simplest
possibility would be given by a black hole that evaporates as usual until it reaches
the Planck size, after which it would freeze out as shown in Fig. 4.2. Here, however,
we look for a situation where the black hole completely evaporates in addition to
being globally hyperbolic (see Figs. 4.5 and 4.6). To do so, instead of replacing the
spacelike singularity of Figs. 4.3 and 4.4 with a super-curved spacetime region as
was done in Fig. 4.1, we substitute the naked singularity with a null (thunderbolt)
singularity. As a consequence, the corresponding spacetime preserves (i) the event
horizon (EH) null surface, (ii) all the expected classical and semiclassical features
(including Hawking radiation) far from the Planck region, and (iii) information
over the Cauchy surfaces.

It must be stressed, however, that because parts of the late-time Cauchy surfaces
are inside the EH (see Σ2 in Figs. 4.5 and 4.6), late-time external observers will only
have access to part of the information contained in the asymptotic past (see Σ1 in
Figs. 4.5 and 4.6), vindicating the mixed state of Hawking radiation. This is not any
worse than what is found in the more familiar case where a black hole remnant is
left at the end, Fig. 4.2, in which case observers outside the EH can always “blame”
the black hole for the information they do not have access to. (Nevertheless, in
our case, the black hole fully evaporates, as in the usual semiclassical scenario,
in the sense that no massive remnant is left over at the end. Note that there are
light rays from J − that do not enter the horizon.) Whether Figs. 4.5 and 4.6 of a
completely evaporating black hole are correct depends on what quantum gravity

52
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will say about the “last breath” of a Planck mass black hole.

Figure 4.1: Possible conformal Carter-Penrose diagram associated with the total
collapse of a spherically symmetric null shell (v = vs) in a quantum gravity
scenario. The spacelike singularity is replaced by a regular (yet super-curved
spacetime) region. Regions I, II, III, IV, and V are similar to the corresponding
ones in the semiclassical picture (although, stricto-sensu, there would be no EH).
Nevertheless, the collapse would not give rise to a black hole in this scenario
since information would leak to the full quantum gravity region VI. The dashed
spacelike hypersurfaces Σ1 and Σ2 represent Cauchy surfaces of this globally
hyperbolic spacetime. Information could be preserved along the whole spacetime
depending on the equations that evolve the quantum gravity degrees of freedom.

Instead of considering specific quantum-gravity models (see, e.g., Refs. [18,
19, 20]), we focus on unveiling general conditions to allow for the appearance
of the final thunderbolt singularity. (See, e.g., Ref. [21] for other spacetimes
investigated irrespective of specific quantum-gravity theories.) We comply with
Einstein and semiclassical equations everywhere in the low-curvature regions but
not necessarily at the Planck scale, where we only assume the spacetime to possess
a Lorentzian metric arbitrarily close to the singularity. This presumes that the
forthcoming quantum-gravity theory will provide an effective description of the
entire spacetime as a manifold endowed with metric, enabling the discrimination
between spacetimes that only differ at the Planck scale.

We must acknowledge the possibility that quantum gravity changes the semi-
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Figure 4.2: Conformal Carter-Penrose diagram associated with the total collapse
of a spherically symmetric light null (v = vs) with emission of Hawking radiation.
This is a globally hyperbolic spacetime but in contrast to the usual semiclassical
picture of Figs. 4.3 and 4.4, a black hole remnant is left out at the end.

classical picture by resolving the singularity, possibly altering the spacetime of
Fig. 4.3 as, e.g., the one of Fig. 4.1. By replacing the singularity with a regular,
yet super-curved, spacetime region, the quantum-gravity spacetime would gain
a full quantum-gravity region, region VI, but would be deprived of the event
horizon. Still, the quantum-gravity spacetime should preserve the classical and
semiclassical (including Hawking radiation) features far from the Planck scale
region. Importantly, the spacetime shown in Fig. 4.1 is supposed to be globally
hyperbolic in contrast to the one of Figs. 4.3 and 4.4. We note, however, that
even if quantum gravity turns the spacetime globally hyperbolic as in Fig. 4.1, it
must comply with other nontrivial requirements to avoid loss of information. For
instance, assuming that the black hole thermally evaporates until its mass reaches
the Planck scale, quantum gravity should allow the storage of an arbitrarily large
number of degrees of freedom in a Planck-mass object that would be entangled
with the ones of Hawking radiation.

We start by elaborating on a simple model for the usual non-globally hyperbolic
evaporating spacetime, which will be useful to describe some of the machinery
used in the globally hyperbolic case. We then discuss how to change the naked
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singularity by a thunderbolt one and describe the model for the globally hyperbolic
scenario.

Figure 4.3: Conformal Carter-Penrose diagram associated with the total collapse of
a spherically symmetric light shell (v = vs). This leads to a black hole with mass M0
that evaporates into Hawking radiation. The spacetime inside the shell, region I,
is flat. Event B characterizes the crossing of the ingoing collapsing shell with the
outgoing EH. The spacetime is not globally hyperbolic, and the dashed spacelike
hypersurfaces Σi, i = 1, 2, 3, are not Cauchy surfaces. The timelike curve D,
ending at the naked singularity S2, separates regions II and III approximated by
metrics (4.3) and (4.4) of ingoing negative-energy and outgoing positive-energy
Hawking radiation, respectively. Region IV represents a distant region where the
spacetime is well approximated by a vacuum Schwarzschild metric. Hawking
radiation is depicted by the translucent strip u ≲ 0 at region III, and is assumed
to carry out all black hole energy. Region V is a Minkowski spacetime in its own
right, which emerges after the complete black hole evaporation.
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Figure 4.4: Sketch of the Finkelstein diagram corresponding to the Carter-Penrose
one shown in Fig. 4.3. The diagram is axially symmetric around the r = 0 axis,
but we have avoided repeating information in order not to overload the figure.
One can see that Σ2 cannot be continuously deformed into Σ3 without crossing
the singularity. There is nothing impeding information on Σ2 dropping in the
singularity instead of reaching Σ3. We also show, here, the AH contained in
region II depicted with a dashed-double-dotted line.

4.1 Nonglobally hyperbolic evaporating black hole

Let us consider a spherically symmetric thin shell with mass M0 collapsing at
the speed of light (with null coordinate v = vs) to form a black hole, as shown in
Figs. 4.3 and 4.4. We initially consider the usual semiclassical scenario where the
black hole completely evaporates with the emission of Hawking radiation, leaving
a Minkowski spacetime, region V. (We shall disregard possible massive particles
that enter region V, making the metric deviate from flatness.) We shall broadly
follow Ref. [22] in this section, which will serve to put in context our results of
Sec. 4.2.

The spacetime inside the shell (v < vs), region I, is flat and the metric can be
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cast as
ds2

I = −dv2 + 2dvdr + r2dΩ2, (4.1)

where r ≥ 0, dΩ2 ≡ dθ2 + r2dϕ2, and v = constant denotes ingoing null geodesics.
Concerning the metric outside the shell, let us assume that the evaporation

of the black hole is negligible for u < u0, where u0 = constant represents some
outgoing null geodesic. As a consequence, Birkhoff’s theorem guarantees that
the spacetime in region IV, defined by u < u0 ∩ v > vs, will be endowed with the
usual Schwarzschild vacuum metric:

ds2
IV = −

(
1− 2M0

r

)
du2 − 2dudr + r2dΩ2. (4.2)

Then, the evaporation process starts (or becomes important) at u = u0, where
the original mass M0 of the shell begins its gradual conversion into a positive-
energy-density outgoing flux of radiation filling region III (associated with a
negative-energy-density ingoing flux in region II flowing down into the black hole,
as discussed in Sec. 3.2). Following Hiscock [22], regions II and III are assumed
to share a common timelike hypersurface D (see Figs. 4.3 and 4.4) whose radius
monotonically decreases from some r = r0, at u = u0 ∩ v = vs, to r = 0, at the
naked singularity S2.

Hence, regions II and III should be well described by the ingoing and outgoing
Vaidya metrics

ds2
II = −

(
1− 2MII(v)

r

)
dv2 + 2dvdr + r2dΩ2 (4.3)

and
ds2

III = −
(

1− 2MIII(u)
r

)
du2 − 2dudr + r2dΩ2, (4.4)

respectively, where MII(v) and MIII(u) are monotonically decreasing mass func-
tions:

dMII(v)/dv < 0 (vs < v < v0), (4.5)

dMIII(u)/du < 0 (u0 < u < 0), (4.6)

and the coordinate r must have the same value at every point on the common
boundary D, as defined in regions II and III, to ensure continuity of the 2-sphere
areas. The dependence of the mass functions was chosen to reflect that Hawking ra-
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diation is dominated by the emission of massless particles, rendering MIII constant
along the u = constant null rays. An analogous reasoning for the negative-energy-
density ingoing flux in region II drives MII to be constant along the v = constant
null rays. Indeed, black holes are not expected to emit non-relativistic particles
(say, neutrinos with energies of the order of 1 eV) before their Schwarzschild
radius gets as minuscule as 10−8 m. Note, then, that

MII(vs) = MIII(u0) = M0, MII(v0) = MIII(0) = 0. (4.7)

We draw attention to the fact that we have set u = 0 at the final evaporation of the
black hole. This is the same as setting the event horizon at u = 0, which is different
from the divergent behavior (u→ ∞) of u that we have in the Schwarzschild case.
This is a feature of the Vaidya metric, where now the coordinate u is not defined
by u = t− r∗ with r∗ given by Eq. (2.34), but rather by

du =

(
fIII(t, r)

1− 2MIII(t,r)
r

)−1

dt−
(

1− 2MIII(t, r)
r

)−1

dr, (4.8)

where MIII(t, r) is the mass function MIII(u) written in terms of {t, r} and fIII(t, r)
is the function used to write the Vaidya metric (4.4) as

ds2 = − fIII(t, r)dt2 −
(

1− 2MIII(t, r)
r

)−1

dr2 + r2dΩ2.

(The analytical form of fIII(t, r) is not known for non-linear mass functions).
Since the spacetime is no longer stationary, the event horizon is not located at
r = 2MIII(u), but rather inside the surface r = 2MIII(u) [26]. Hence, there is no
divergence in Eq. (4.8) at the event horizon, as it is the case in the Schwarzschild
metric. However, close to the junction between regions III and IV, we have
MIII(u) ≈ M0, which gives

du = dt−
(

1− 2M0

r

)
dr,

where we have used the fact that near region IV, fIII(t, r) ≈ 1− 2M0/r. Thus, we
arrive at

u = t− r− 2M log
(

1− 2M0

r

)
,

which is the same definition of the Eddington-Finkelstein coordinate u. Therefore,
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we see that we can cover region III with a null coordinate u that is zero at the event
horizon, but can be continuously matched with the usual Eddington-Finkelstein
coordinate of Schwarzschild metric when approaching region IV. More details
concerning the matching of the regions will follow next.

Now, in order to ensure the correct matching of the Vaidya metrics (4.3)
and (4.4) along the boundary of regions II and III, we shall demand the first
junction condition [23]

hII
ab = hIII

ab , (4.9)

where hab is the induced metric on the tridimensional hypersurface D. (Because D
is the region where positive- and negative- energy “particles” going to J + and
entering the black hole are assumed to pop up, respectively, there is no reason to
expect the transition between the regions to be smooth on the stress-energy tensor
and, thus, to impose the second junction condition KII

ab = KIII
ab for the extrinsic

curvature Kab on D.) Let D be covered with coordinates ξ i = (λ, θ, ϕ), where ∂λ is
a future-pointing timelike vector. Thus, we can map the ξ i coordinates to the ones
defined in regions II and III on D as

(λ, θ, ϕ)
D7→ (v(λ), r(λ), θ, ϕ) (4.10)

and
(λ, θ, ϕ)

D7→ (u(λ), r(λ), θ, ϕ), (4.11)

respectively. Hence, the induced metrics are

ds2
II
D
= −

[(
1− 2MII(v)

r

)
v̇2 − 2v̇ṙ

]
dλ2 + r2dΩ2 (4.12)

and
ds2

III
D
= −

[(
1− 2MIII(u)

r

)
u̇2 + 2u̇ṙ

]
dλ2 + r2dΩ2, (4.13)

where a dot represents derivative with respect to λ. Imposing the first junction
condition (4.9) gives

ṙ D=
1

2(v̇ + u̇)

[(
1− 2MII(v)

r

)
v̇2 −

(
1− 2MIII(u)

r

)
u̇2
]

. (4.14)

Using in the above equation the fact that ṙ < 0 [see discussion below Eq. (4.2)]
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with v̇ > 0 and u̇ > 0 (see Fig. 4.3), we get

(
1− 2MIII(u)/r
1− 2MII(v)/r

)1/2

>
dv
du

> 0. (4.15)

The D surface will be timelike if ds2 < 0 for θ, ϕ = constant. Imposing this in Eq.
(4.13), we obtain (

1− 2MIII(u)
r

)
u̇ > −2ṙ > 0, (4.16)

because ṙ < 0. Recalling that u̇ > 0, the surface D will be timelike provided that

r > 2MIII(u) (4.17)

along D. Applying condition (4.17) in Eq. (4.15), we get along D

r > 2MII(v). (4.18)

Equation (4.18) turns out particularly convenient when comparing the relative
positions of D and the apparent horizon (AH). The latter is given by the geometric
location where outgoing null geodesics have vanishing expansion θ. In the co-
ordinates being used, this translates into the geometric location where outgoing
null geodesics stem with dr/dv = 0. Let us make the ansatz (to be confirmed just
ahead) that the AH is within region II. In this case, we consider the equation for
outgoing null geodesics (θ, ϕ = constant) given by metric (4.3):

dr
dv

=
1
2

(
1− 2MII(v)

r

)
. (4.19)

By imposing above dr/dv = 0, we obtain the equation for the AH:

r(v) AH
= 2MII(v), vs < v < v0. (4.20)

By comparing Eqs. (4.18) and (4.20), we see that the AH is inside the bound-
ary D and, thus, dwells in region II, confirming the ansatz (see Fig. 4.4). Then,
the AH pops up at the light shell with r = 2M0 [see Eq. (4.7)] and diminishes
monotonically as ruled by Eq. (4.5), eventually vanishing at S2.

Although the precise form of MII(v) and MIII(u) depends on the evaporation
details (that we do not address here), we know that the late stage of the evaporation
process is dominated by Hawking radiation represented by the translucent strips
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in Figs. 4.3 and 4.4. Hence, we can give an explicit form for MIII(u) in this
region based on Hawking’s prediction. Assuming that the radiation reaching the
asymptotic future is purely null outgoing [i.e., M = MIII(u)], Eq. (3.75) reads

dMIII(u)
du

= −MIII(u)−2

15, 360
. (4.21)

This can be integrated, leading to

MIII(u) =
(
−u

5120

)1/3

, (4.22)

where we note that the end of the evaporation here is at u = 0. We emphasize
that Eq. (4.22) is only a good approximation in the domain of region III where the
optical geometric approximation used to derive Hawking’s effect is valid.

4.2 Globally hyperbolic fully evaporating black hole

While the semiclassical theory provides a reliable description of the evaporation
process for macroscopic black holes, its predictions are expected to break down
when the black hole reaches a mass of the order of the Planck mass. After that, the
black hole evaporation is governed by quantum gravity, which would supposedly
describe the process in the so-called Planck scale. We shall look for a modification
of the spacetime in this regime to make it globally hyperbolic (taking care of
not jeopardizing any classical or semiclassical results). The simplest example
would be a black hole that evaporates via Hawking radiation until it reaches the
Planck size, after which it would freeze out (see Fig. 4.2). Here, however, we
look for an instance where the black hole fully evaporates (in the sense that no
massive remnant is left over at the end) in addition to being globally hyperbolic,
as described by Figs. 4.5 and 4.6. (By construction any spacetimes that maintain
unaltered classical and semiclassical physics can only be distinguished by their
Planck scale different properties.)

In this token, we shall choose the metric in region V of Figs. 4.5 and 4.6 (v >

v1 ∩ r ≲ 1) to make the spacetime globally hyperbolic as depicted in the diagrams,
while the evaporation model discussed in Sec. 4.1 will be valid everywhere outside
region V. Note that P at (u, v) = (u1, v1), representing a 2-sphere with an area of
the Planck order, is the meeting point of regions II, III and V. It is interesting to note
that observers in the far future visiting the asymptotically flat region 0 < u < u1
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will be influenced (but not governed) by quantum gravity. Hence, we assume
that we can also describe this region by metric (4.4) with a general mass function
MIII(u) that should approach the Planck mass,

MIII(u1) ∼ 1, (4.23)

as u→ u1.
Now, let us investigate the conditions that the metric in region V should satisfy

to replace the naked singularity S2 in Figs. 4.3 and 4.4 by a null (thunderbolt)
singularity as in Figs. 4.5 and 4.6. Previous investigations, e.g. Ref. [18], have
examined the Planck-scale region at the end of black hole evaporation and its
connection to thunderbolt singularities based on specific quantum-gravity models.
In contrast, we seek to uncover general conditions for the occurrence of a thun-
derbolt singularity and its prevailing features in a model-independent manner. In
this way, let us begin considering a general ingoing Vaidya metric in region V but,
now, with the mass function M = MV(v, r) depending on v and r:

ds2
V = −

(
1− 2MV(v, r)

r

)
dv2 + 2dvdr + r2dΩ2, (4.24)

where we use the same radial coordinate r to ensure the continuity of the 2-sphere
areas. Let us cast MV(v, r) as

MV(v, r) =

µ1(v, r), v ≥ v0,

µ2(v, r), v0 ≥ v > v1,
(4.25)

with µi(v, r), i = 1, 2, being monotonic positive functions:

∂vµi(v, r) < 0, ∂rµi(v, r) > 0. (4.26)

Also, continuity of MV(v, r) at v = v0 is ensured by imposing

µ1(v0, r) = µ2(v0, r). (4.27)

The rise of the null singularity depends on choosing Eq. (4.25) such that r = 0
is identified with an outgoing singular null ray, u = 0, for v ≥ v0. To achieve
this, let us consider a one-parameter family of spherically symmetric timelike
hypersurfaces Si, defined by ϕi(xµ) = constant, namely, r = ri = constant for
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different values of ri, and let us assume that ∇αϕi∇αϕi
ri→0−→ 0. Then, in the ri → 0

limit, Si degenerates into a null surface spanned by the null dual vector∇αr. Since
∇αr = (0, 1, 0, 0) and

gµν =


0 1 0 0
1 1− 2MV(v, r)/r 0 0
0 0 r−2 0
0 0 0 (r sin θ)−2

 (4.28)

for metric (4.24), we obtain

∇αr∇αr = 1− 2MV(v, r)/r. (4.29)

Therefore, a null outgoing ray (labeled by u = 0) stems in region V from the
evaporation endpoint S2 at r = 0 provided

lim
r→0

[1− 2MV(v, r)/r] = 0. (4.30)

Combining Eqs. (4.30) and (4.25) for v ≥ v0 leads us to the conclusion that the
existence of a zero-mass null singularity, MV(v, r) r→0−→ 0 (for v ≥ v0), requires

lim
r→0

µ1(v, r)/r = 1/2. (4.31)

(Note that the above requirement is not satisfied, e.g., by linear mass models for
evaporating black holes [22, 24, 25].)

The singular nature of the outgoing null ray departing from S2 at u = 0
(r = 0) in region V (v ≥ v0) can be investigated using the Kretschmann scalar
K = RabcdRabcd:

K = 4r−6
[
12µ2

1 − 16 r µ1∂rµ1 + 4r2µ1∂2
r µ1 + 8r2(∂rµ1)

2 + r4(∂2
r µ1)

2 − 4r3(∂rµ1)(∂
2
r µ1)

]
.

(4.32)
Equation (4.31) ensures the divergence of the term µ1(v, r)2/r6 for r → 0 and,
consequently, of K (provided the other terms are not fine-tuned to cancel out this
divergence).

Finally, we must impose the mandatory continuity of the induced metrics, hab,
on the boundaries of region V. (We do not impose the matching of the extrinsic
curvatures, as there is no reason to expect the transition of the stress-energy tensor
from semiclassical to quantum-gravity regions to be smooth.) The condition



Chapter 4. Globally hyperbolic evaporating black hole and the information loss issue 64

ℑ"

𝑟
=
0

𝑟 = 0

ℑ"

𝑢 =
0

𝑣 =
𝑣
(

𝑢 =
𝑢 (

𝑣 =
0

𝑣 = 𝑣
)

𝑖+

𝑟 =
0

𝑖(𝑢 =
−∞

𝑢 =
𝑢 )

ℑ+

𝑃

𝑣 →
−∞

𝑖"

𝑣 =
𝑣
0

𝑢 =
0

𝑣 →
∞

𝑟
=
0

𝑀 = 0

𝒟

Σ)

Σ4

𝑀
=
𝑀(

Figure 4.5: Conformal Carter-Penrose diagram associated with the total collapse of
a spherically symmetric light shell into a black hole with mass M0. This spacetime
is similar to the usual semiclassical one except for the quantum-gravity naked
singularity that is replaced by a null singularity. The timelike curve D separates
regions II and III ruled by metrics (4.3) and (4.4) of ingoing negative-energy and
outgoing positive-energy radiation, respectively. The mass of the black hole is of
the order of the Planck mass, M ∼ 1, at the event P. The Planck-scale region near
the null singularity is represented by region V that is delimited by the null line
v = v1 joining P to the spacelike singularity at r = 0, and the timelike curve with
Planck radius r = 1 joining P to i+. The spacetime is globally hyperbolic, and the
dashed spacelike hypersurfaces Σ1 and Σ2 are Cauchy surfaces. Information is
preserved on each Cauchy hypersurface, although observers will not have access
to the information that enters the black hole. It is worth noting that the black hole
will still be held responsible for any information that observers outside the event
horizon cannot access.

hII
ab = hV

ab is automatically satisfied, since the corresponding induced metrics at



Chapter 4. Globally hyperbolic evaporating black hole and the information loss issue 65

Σ"

Σ#

𝒟

𝑀 = 0
𝑟 = 0

𝑣 =
𝑣
#

𝑣 =
𝑣
*

𝑃

𝑣 =
𝑣,

𝑟 = 1

𝑟 = 2𝑀*𝑣 =
0

𝑀 = 𝑀*

Figure 4.6: Sketch of the Finkelstein diagram corresponding to the Carter-Penrose
one shown in Fig. 4.5. The diagram is axially symmetric around the r = 0 axis, but
we have avoided repeating information to not overload it. An observer extending
from i− to i+ (as depicted here and in Fig. 4.5 by long-dashed lines) would perceive
no particles in regions I and IV but this would continuously change in region III
building up into Hawking radiation at u ≲ u1, eventually. After that, the observer
would accuse the presence of a black hole with Planck mass (decreasing as ruled by
quantum gravity). It is particularly illuminating to see how the Cauchy surface Σ2
curves itself, collecting information from past Cauchy surfaces.

v = v1 are

ds2
II

v=v1= r2dΩ2, (4.33)

ds2
V

v=v1= r2dΩ2. (4.34)

Concerning the matching between regions III and V, we cover the corresponding
boundary at r = 1 (in natural units) with coordinates ξ i = (τ, θ, ϕ), where ∂τ is a
future-pointing timelike vector. Thus, we can map accordingly the ξ i coordinates
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on the surface to the ones defined in regions III and V as

(τ, θ, ϕ)
r=17→ (v(τ), 1, θ, ϕ), (4.35)

(τ, θ, ϕ)
r=17→ (u(τ), 1, θ, ϕ). (4.36)

In this way, the induced metrics are

ds2
III

r=1
= − [1− 2MIII(u)]

(
du
dτ

)2

dτ2 + dΩ2 (4.37)

and

ds2
V

r=1
= − [1− 2MV(v, 1)]

(
dv
dτ

)2

dτ2 + dΩ2. (4.38)

Then, the junction condition, hIII
ab = hV

ab, reads

du
dv

r=1
=

(
1− 2MV(v, 1)
1− 2MIII(u)

)1/2

, (4.39)

where we impose MIII, MV ≲ 1/2 at the event P, (u, v) = (u1, v1). This, combined
with ∂vMV(v, 1) < 0, ∂uMIII(u) < 0, is enough to guarantee that Eq. (4.39) is well
behaved on the whole boundary. A discussion about the behavior of the apparent
and event horizon in this spacetime can be found in Ref. [26]

4.3 Black holes not as ordinary black boxes

The goal of this section is to clarify the distinction between the two prevailing
issues concerning the black hole information loss:

A. the information loss observed at the final stages of the evaporation due to
the black hole internal singularity expected to eventually erase information
that enters the horizon, and

B. the paradox that arises (much earlier) in the semiclassical regime (after the
Page time) if one imposes that black holes must behave as any other ordinary
thermodynamical system (an imposition called “central dogma”, see Ref.
[27]).

Global hyperbolicity of the spacetime of Fig. 4.5 and the ensuing conservation
of information at each Cauchy surface may not be enough to make supporters of
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the “central dogma” feel comfortable since they would like all this information to
be accessible to external observers. In fact, it has been argued that if information
that falls into the black hole does not begin to be accessible to external observers
after some given (Page) time, a paradoxical situation would arise in the semiclassi-
cal regime when the black hole would still be macroscopic. The argument goes as
follows (see, e.g., Ref. [27]).

Let Σζ be a spacelike foliation of region I ∪ II ∪ III ∪ IV (of any of Figs. 4.3-
4.6) with ζ ∈ R being a labeling increasing to the future. Now, let Σin

ζ be the
intersection of Σζ with the black hole and Σout

ζ ≡ Σζ\Σin
ζ . Then, tracing out the

degrees of freedom of the quantum fields in the region Σin
ζ [resp., Σout

ζ ] leads to the
reduced fields’ state ρ̂out(ζ) [resp., ρ̂in(ζ)], whose corresponding von Neumann
entropy we call SvN

out(ζ) [resp., SvN
in (ζ)]. It is well known that if the state of the

fields on Σζ is pure (hence, with vanishing von Neumann entropy), then

SvN
out(ζ) = SvN

in (ζ), (4.40)

after proper regularization and renormalization.1

Now, the assumption that Hawking radiation does not encode information that
falls into the black hole implies that

SvN
out(ζ) is a strictly increasing function of ζ. (4.41)

In particular, if we assume that Hawking radiation is truly a thermal state at
Hawking temperature TH, then SvN

out(ζ) can be evaluated from the same (black
hole) parameters that determine TH.

On the other hand, if one associates the thermodynamical entropy of the black

1For free fields in d spacetime dimensions, the von Neumann entropy for general Hadamard
states associated with a (spatial) region Σ with boundary ∂Σ can usually be cast as

SvN
Σ = ∑

n<d−2

fn(∂Σ)
ϵd−2−n + f (∂Σ) log ϵ + S0 (Σ) ,

where ϵ is a short-distance cutoff, n = 0, 1, · · · are positive integers, f and fn are state-independent
constants (although the fn’s depend on the regularization process chosen) expressed as integrals
on ∂Σ, and S0(Σ) is a finite state-dependent term. In d = 4, f0(∂Σ) ∝ A(∂Σ), where A(∂Σ) is the
area of ∂Σ, giving an area law for the leading term of von Neumann entropy divergences. If one
is interested in variations of the entropy, one can renormalize SvN

Σ by subtracting its value with
respect to some reference (Hadamard) state. For more details (including interacting theories), see
Refs. [28, 29, 30, 31] and references therein.
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hole, Stherm
bh , as due to ρ̂in(ζ) at Σin

ζ , we would have

SvN
in (ζ) ≤ SvN

in [ρ̃]
∣∣∣
sup
←→ Stherm

bh (ζ) = A(ζ)/4, (4.42)

where the first inequality is the trivial statement that SvN
in is limited by the supre-

mum of the von Neumann entropy among all possible states ρ̃ (satisfying the
relevant coarse-grained constraints), and ‘←→’ stands for the assumption that
SvN

in [ρ̃]
∣∣
sup equals the thermodynamical entropy of the black hole given by the

Bekenstein-Hawking formula with A(ζ) being the area of the event horizon on Σζ .
It is quite obvious that Eqs. (4.40), (4.41), and (4.42) are in tension: a strictly in-

creasing function SvN
out(ζ) bounded from above by the decreasing function A(ζ)/4.

This is the essence of the reasoning used by the followers of the “central dogma”
to argue that Eq. (4.41) should be violated after some (Page) time; i.e., that Hawk-
ing radiation should eventually carry away information that fell into the black
hole, “purifying” ρ̂out(ζ) for sufficiently large values of ζ. Yet, subtle as it may
be, the identification in Eq. (4.42) depends on assuming that black holes are like
any common (“black box”) thermodynamical system, which is a quite nontrivial
assumption.

While the walls of a “black box” do not have to “react” to attempts of external
observers to “hide” entropy in its interior, the event horizon (being a dynamical
entity) “denounces” any such attempt by changing its area. Therefore, while the
entropy of a “black box” must be due to whatever it contains (to ensure a meaning-
ful second law of thermodynamics), this is not so for black holes (being consistent
with the standard view that modes falling into the black hole are inaccessible to
external observers). According to the standard semiclassical description, the event
horizon should be seen as a causal boundary separating degrees of freedom that
(i) escape to the future null infinity and account for Hawking radiation from those
that (ii) fall into the black hole (being both entangled with each other). In this way,
the tension among Eqs. (4.40), (4.41), and (4.42) is avoided, not due to informa-
tion “leaking” from the black hole [i.e., violation of Eq. (4.41)], but because the
identification in Eq. (4.42) would not be valid for black holes.

Indeed, in the semiclassical realm, Eq. (4.41) is necessary to maintain the
generalized second law true. This can be already seen from a simple calculation.
Assuming that Hawking radiation as measured by asymptotic Killing observers is
thermal with temperature TH as given by Eq. (3.65), each electromagnetic radiation
energy element dMH carries an entropy element dSH = (4/3)× dMH/TH. This
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increase of external-to-the-horizon entropy is accompanied by a decrease of the
black hole thermodynamical entropy of dStherm

bh = −8πMdM, leading to∣∣∣∣∣ dSH

dStherm
bh

∣∣∣∣∣ = 4
3
> 1. (4.43)

A more detailed analysis taking into account the full density matrix ρ̂out describing
Hawking radiation (including grey-body factors) leads to [32]∣∣∣∣∣ dSH

dStherm
bh

∣∣∣∣∣ ≡ R ≳ 1, (4.44)

which ensures the validity of the generalized second law of thermodynamics.
In summary, if one adopts the “central dogma” and assumes that black holes

must behave as any other ordinary thermal system, Hawking radiation should
begin to deviate from thermality yet in the semiclassical domain (after some Page
time), which is considered paradoxical for being at odds with the semiclassical
derivation of the Hawking effect. On the other hand, if one does not adopt the
“central dogma,” the black-hole degrees of freedom (and thus its Hilbert space), do
not need to be associated with the modes that fell into the black hole. In this case,
black holes (with their horizons) must be seen as independent dynamical entities
with their own Hilbert spaces, existing no contradiction between A/4 being the
logarithm of the dimension of the black-hole Hilbert space (e.g., representing
qubits encoded in each quantum of area) and the much larger Hilbert space
associated with the swallowed matter/radiation.



Chapter 5

Conclusions

As discussed, quantum particle creation during the process of gravitational
collapse and formation of black holes would lead to the emission of a thermal
energy flux, as seen by asymptotic static observers, eventually resulting in the
complete evaporation of the black hole. Semiclassical arguments strongly suggest
that, in the process of black hole formation and complete evaporation, a pure
quantum state will evolve to a mixed state, violating unitary evolution. In other
words, information will be lost. Despite its theoretical robustness, this scenario
is still posed as a paradox, even after fifty years of its discovery. Past attempts to
solve this nonexistent paradox have led to all sorts of undesired features, such as
a violation of causality and other basic principles in low curvature regimes.

As we have seen, far from paradoxical, the information loss is a natural conse-
quence of the fact that the spacetime usually considered is not globally hyperbolic,
i.e., the past domain of dependence of spacelike surfaces after the evaporation
does not include the interior of the past black hole. In this way, the quantum state
will remain entangled with the quantum field observables inside the (now) past
black hole, even though the black hole no longer exists.

Nevertheless, quantum gravity may modify the semiclassical picture depend-
ing on its impact on the Planck scale physics. In this manner, we have also
discussed the case where the final naked singularity of the usual semiclassical
spacetime is replaced by a null (thunderbolt) singularity. All classical and semi-
classical features are preserved in small curvature regions. In particular, late-time
observers will experience Hawking radiation at u ≲ u1, after which they accuse
the presence of a Planck-mass black hole (decreasing as ruled by quantum gravity).
A pleasant feature of this spacetime is that it is globally hyperbolic. As a result,
information is preserved on each Cauchy hypersurface, where the evolution is
assumed to be unitary. Despite this, the fact that late-time Cauchy surfaces “in-
vade” the EH prevents late-time observers from accessing complete early-time
information. Thus, even after late-time observers (those ending at i+) do not see
Hawking radiation anymore, they can still “blame” the hole for the thermal state
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of Hawking radiation since its degrees of freedom will be still entangled with
the ones inside the hole. Without a full quantum gravity theory, nothing can
be said about the robustness of the conditions that lead to this scenario, neither
in favor nor against it. Hence, the very fact that a fully evaporating black hole
scenario exists, where information (and unitarity) can be preserved with “minimal”
deviations from the semiclassical picture, is worthy of attention.
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