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Resumo

Dentre as indmeras frentes de investigacdo surgidas no contexto da astronomia de
ondas gravitacionais, um dos topicos mais fascinantes — em parte devido a sua natureza
interdisciplinar — € o estudo das deformacdes de maré e as propriedades absorptivas de
objetos compactos como as estrelas de néutrons e buracos negros. Notavelmente, estes
ultimos exibem zero deformagdes de maré estdticas em quatro dimensdes espago-temporais,
1sto €, seus numeros de Love estaticos sao nulos.

A fungdo de resposta — também chamada de polarizabilidade gravitacional — de buracos
negros de Schwarzschild € um tdpico vigoroso de estudo em abordagens de teorias efetivas
de campos aplicadas a dindmica gravitacional. No presente trabalho, nés consideramos
a validade das relacdes de dispersao de Kramers-Kronig para a fungdo de resposta e
discutimos sua compatibilidade com o desaparecimento dos niimeros de Love estéticos.
Para tal, realizamos o matching de fun¢des de Wightman gravitacionais de um campo teste
no background de Schwarzschild com um modelo efetivo do tipo linha-mundo (worldline)
construido para analisar deformacdes de maré. Os estados de vacuo de Boulware, Unruh
e Hartle-Hawking sdo considerados. Seguindo a aplicacdo das relagdes de dispersao a
funcdo de resposta, propomos uma regra de soma para a funcao de Wightman definida na
teoria efetiva. Por fim, discutimos a possibilidade de modificar tal regra de soma tendo em
vista efeitos de cauda (tail effects) na resposta do buraco negro.

A primeira parte dessa dissertacdo consiste em uma revisao bibliografica do formalismo
de teoria efetiva de campos conhecido como Relatividade Geral Nao-Relativistica. Escrito
com uma audiéncia de leitores inexperientes em mente, foi realizado um esforco para
tornar o texto o mais autocontido e pedagdgico possivel. O ultimo capitulo lida com o
problema exposto acima.

Palavras Chaves: Polarizabilidade; Buracos Negros; Ondas Gravitacionais; Teoria de
Campos; Teoria Efetiva.

Areas do conhecimento: Fisica; Relatividade Geral; Teorias Efetivas de Campos.
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Abstract

Amongst the wealth of research prospects brought forth by gravitational wave astron-
omy, one of the most fascinating topics — partly due to its multidisciplinary nature — is the
investigation of tidal deformations and absorption properties of compact objects such as
neutron stars and black holes. Remarkably, the latter exhibit zero static tidal deformability
in four spacetime dimensions, i.e., their static Love numbers vanish.

To date, the response function — also called the polarizability — of Schwarzschild black
holes has been vigorously studied with the framework of effective field theories (EFTs)
applied to gravitational dynamics. In this work we consider the validity of Kramers-
Kronig dispersion relations for such response function and discuss their compatibility with
the vanishing of the static Love numbers. To do so, we match gravitational Wightman
functions of a long-wavelenght test field in a Schwarzschild background to a worldline
EFT model for tidal deformations. The Boulware, Unruh, and Hartle-Hawking vacua states
are considered. Following the application of dispersion relations to the EFT response, a
sum rule for the EFT Wightman function is proposed. We discuss its validity in light of
late-time tails effects in the black hole response.

The first part of this dissertation reviews the EFT framework of Non-Relativistic
General Relativity (NRGR). Written with unexperienced readers in mind, an effort was
made to present a text as self-contained and pedagogic as possible. The last chapter deals
with the aforementioned puzzle.

Keywords: Polarizability; Black Holes; Gravitational Waves; Field Theory; Effective
Theory.

Fields of knowledge: Physics; General Relativity; Effective Field Theories.
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Chapter 1

The NRGR Framework

1.1 Introduction

Since its advent in late 1915, the pillar which underpines our understanding of gravity
is Einstein’s theory of general relativity (GR). By recasting the laws of gravitation as
a consequence of spacetime’s curvature, one is able to not only recover the celebrated
predicitons of Newtonian gravity, but also systematically investigate phenomena that lie
beyond the scope of Newton’s formalism. This list of remarkable effects include: the theory
of stellar collapse and formation of black holes (BHs), the expansion of our Universe, and
the propagation of gravitational waves (GWs).

The first observational confirmation of gravitational-wave theory came with the ob-
servations of the Hulse-Taylor pulsar system in 1974, in which the loss of energy of the
binary matched with great precision the predictions of general relativity regarding GW
emission [75] [74]. The direct observation of GWs, however, had to wait the turn of the
century. In 2015, September 14, the LIGO/Virgo collaboration detected the first signal of
gravitational waves emitted by the inspiral and merger of a binary (BH) system [1].

So far, the LIGO/Virgo/KAGRA collaboration has successfully detected more than
one hundred events due to coalescence of compact binaries [2] [32]. Moving beyond laser
interferometry experiments, in 2023, the NANOGrav collaboration presented compelling
evidence for a stochastic background of low-frequency GWs [3]. Their experiment un-
veils the correlation between the angular separation in the sky of a pulsar array. Such a
correlation is expected in a stochastic background of GWs, such as those produced by
supermassive BH mergers or the inflationary epoch in the early Universe. Although the
source of the signal is yet to be confirmed, this partial result boosts our confidence in the
theoretical and experimental status of gravitational-wave theory. In the next decade, both
next generation ground-based interferometers [111] [109] and space-based interferometers
[10] [84] are expected to operate alongside current generation detectors.

Gravity is the weakest fundamental interaction, and the detection of such waves is
an enormous feat of engineering and data science. Crucially, the observation relies on a
tremendous theoretical effort spanning decades in the modelling of compact binary systems
and their associated gravitational radiation. To detect such events one must know the shape
of the predicted signal in great detail.' Such numerical templates form the basis of the
matched filtering method [86], which itself is a central technique in the data analysis. In the
case of GW experiments, one needs to provide the experimentalist with an accurate model
for the gravitational waveform, the radiated gravitational field at null infinity. Moreover,

'As discussed in [38], a reliable data analysis is unfeasible unless a 3PN/3.5PN accuracy in the waveform
is attained.
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as shown in equation (1.19), the observed GW phase A®(?) is sensitive to the radiated
power and the equations of motion of the binary system, so the source dynamics must also
be determined precisely. The coalescence of a compact binary system comprises three
distinct stages:

(i) Imspiral: The initial stage in which the objects are widely separated and their motion
can be regarded as non-relativistic. For typical masses M of order 1 — 10 M,
this means an orbital separation around 100 Km to a few (M /M) Km and typical
velocities in the range 0.1 < v/c < 0.4. The inspiral stage is thus amenable to
perturbative treatments, as we shall discuss in more detail below.

(i1) Merger: The objects collide and the non-linear strong-field regime of GR dominates
the dynamics, rendering any perturbative method unfeasible. The standard technique
used to analyze the merger is numerical relativity [82].

(iii) Ringdown: The compact objects form a single perturbed BH which oscillates
towards an equilibrium configuration. This stage is well-described by the methods
of black hole perturbation theory (BHPT) [108].

The search for an analytic solution in general relativity that describes all three coales-
cence stages is a hopeless endeavor; one must resort to approximation schemes within
perturbation theory or numerical modelling. In this former approach, deviations from the
Newtonian equations of motion, for example, are organized in a series of small corrections
controlled by a reasonable expansion parameter. The appropriate choice of parameter
depends on the approximation scheme, the most important being the post-Newtonian (PN)
and post-Minkowskian (PM) expansions.” See [23] for an authoritative account of PN
theory.

The PN approximation is applied whenever one is dealing with slowly moving and
weakly self-interacting sources (e.g., the inspiral stage of coalescence). The expansion
parameters are €; = v/c and € = r,/d, where v is the typical orbital velocity, d is the
typical orbital separation, and 7 is the characteristic size of the binary constituents (the
Schwarzschild radius). These two ratios are related to one another by the virial theorem,
which implies that v?/c? ~ r,/d in a gravitationally bound system. Corrections of order
O(€}) with respect to the Newtonian dynamics are called “nPN” corrections. The validity
of the PN approximation is restricted to the so-called near-zone of the source. Let X = ¢/w
denote the typical reduced wavelength of the gravitational radiation and w be its associated
frequency. Then, we separate the region outside the source (r > ry) as:

(i) Near-zone (r < X): The retardation effects associated to the emission of radiation
are negligible and one works with “quasi-instantaneous’ gravitational potentials.
The PN approximation is well-suited here, as long as we are dealing with weak-field
sources.

21t is worth mentioning a third approximation scheme naturally adapted to describe extreme mass-ratio
inspirals: the self-force approach [98], where one solves Einstein’s field equations as a formal series in
the ratio m; /ms < 1. So far, this technique has produced a number of important cross-checks of results
obtained in the PN and PM approximations. See [12] for an example.
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(i) Intermediate-zone (r ~ X): Also called the “induction-zone” in electrodynamics.
Traditional GR techniques often require “matching conditions” in this region to
connect the near-zone dynamics to the far-zone boundary conditions associated to
radiation emission and retardation.

(iii) Far-zone (r > X): The region in which the propagation of GWs takes place. Retar-
dation effects are crucial and the PN expansion by itself is no longer appropriate.’
The emission of GWs alters the near-zone dynamics via radiation-reaction effects.

In figure 1.1 we display the parameter space (€2, ¢) and the range of validity of the PN
approximation. It is worth mentioning that each of the regions introduced above may be
further segmented depending on the regime one wishes to investigate and the techniques
used. For example, when describing strong-field sources such as neutron stars and black
holes, it is often useful to split the near-zone into a strong-field near-zone (where 7 is
roughly a few r,) and a weak-field near-zone.

In light of the near/far description given above, one cannot rely on the PN scheme
in the near-zone. Instead, a post-Minkowskian approximation is traditionally used. The
expansion parameter is G, Newton’s constant, and we are no longer restricted to slowly-
moving sources.” As one can easily infer from the virial theorem, an observable known at
some order in G can be further expanded in powers of v, allowing cross-checks between
quantities computed with different approximations. Since the PM expansion is able to probe
sources with relativistic speeds, this approximation is also ideal for studying scattering
events and their associated gravitational radiation [79]. Both PN and PM approximations
are supplemented by a multipole expansion controlled by the ratio r/ L, where L is the
typical distance from the source.

strong fields

Rs/D

PN

static bodies

" linearized theory

wie)’ 1

Figure 1.1: Part of the parameter space of a compact binary system and the approxi-
mation regime encompassed by post-Newtonian theory. Adapted from [86].

Beyond the traditional methods used in GR, the two approximation schemes just
described are amenable to field-theoretic treatments, where one exploits the framework of
Lagrangian field theory to extract GR observables from Feynman diagrams describing the

30ne cannot impose boundary conditions at infinity (r < X) within the PN approximation. See footnote
12 in chapter 5 of [86].
“A correction of order G™ with respect to the Newtonian dynamics is said to be a nPM correction.
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interaction of gravitons and matter fields (or classical worldlines). The literature on this
subject is huge, and we make no effort to survey it completely in this introduction.

In the context of QFT/amplitude techniques applied to the PM approximation, the first
milestone was reached by Z. Bern and collaborators [16] in 2019, with the computation
of the 3PM correction to the conservative two-body Hamiltonian for spinless black holes,
pushing forward the state of the art at the time. Their methods involve a mixture of double
copy, effective field theory, and generalized unitarity. Further developments (up to 2022)
are surveyed in [22, 78]. Since then, many other frameworks have been developed for
extracting classical physics from amplitudes, including: the KMOC formalism [77], the
eikonal approach [44], heavy-mass EFT [27], and the worldline QFT [91].

This dissertation deals with Non-Relativistic General Relativity (NRGR); an effective
field theory approach to post-Newtonian gravitational dynamics [59, 50, 104, 83, 120]. In
this framework, gravitons are coupled to classical worldline actions which describe the
compact objects. By exploiting the natural separation of scales in the two-body problem,
one constructs a tower of effective theories by integrating out “short-distance” degrees of
freedom in the path integral. The small expansion parameter is the orbital velocity v < 1.

At a first level, the internal scale of the binary is integrated out, leaving behind an
effective action consisting of the bulk gravitational field and point-particle worldlines
supplemented by higher-dimensional operators enconding finite-size effects. The graviton
field is then split into potential, off-shell modes and radiative, on-shell modes. This
separation allows for a clear PN scaling of each term in the effective action, and thus,
for each Feynman diagram as well. While potential modes are associated with quasi-
instantaneous propagators, the on-shell modes require the complete relativistic propagator.
Feynman rules for vertices and graviton-worldline interactions follow from usual path-
integral techniques [97].

The starting point for a near-zone description of the dynamics is the integration of
potential modes, which results in an effective potential for two-body interactions. The
PN corrections to the equations of motion are extracted from the real part of this effective
action. By computing graphs including couplings to external radiative graviton legs, one
takes into account far-zone interactions. The effective action then picks up an imaginary
part from which the instantaneous radiated power is extracted via optical theorem. In the
parlance of effective field theory, this is a fop-bottom approach to carry out computations.

Radiation-reaction forces are systematically captured by implementing the in-in formu-
lation of NRGR, an extension of the textbook in-out approach which allows one to analyze
dissipative systems at the level of the Lagrangian [55]. So far, the conservative sector of
NRGR has been completely determined up to 4PN order [51, 49] and 5PN order [26].

The to GW emission can also be investigated by constructing the most general effective
action compatible with the symmetries of the two-body of the far-zone action. This is
a bottom-up approach to NRGR computations. The action thus constructed is naturally
organized in multipole moments of the system, whose expression in terms of orbital
variables is a priori unknown to us. The Wilson coefficients of this action have a clear PN
scaling and a fixed dimension; they encode all information regarding the near-zone physics.
These coefficients are determined via a matching calculation, i.e., a direct comparison
between observables computed in the EFT and a given model for the short-scale physics
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(be it phenomenological or not). Once these constants are fixed, the EFT machinery can be
put to use with full predictive power within its realm of validity.

Even though this text does not discuss the structure of ultraviolet (UV) and infrared
(IR) divergences in NRGR, the ability to organize and systematize such divergences is one
of the most attractive features of the EFT approach [107]. We also focus on spinless bodies
— the basic formalism of NRGR was expended to incorporate spin degrees of freedom
by Porto in the early days of the subject [102, 103]. More recently the formalism was
modified to systematically compute observables in the PM approximation [80].

Structure. The work of this dissertation is structured as follows. Our literature review
spans chapters | to 3. The goal of these chapters is to discuss the foundations of NRGR
(chapter 1), including the in-in formulation (chapter 2), and absorption effects (chapter 3).
This first part of the text contains a fair amount of detailed calculations of basic NRGR
results. Students and newcomers to the field may benefit from an expanded discussion of
key results presented in early NRGR papers, and our exposition was written with special
attention to this audience.

The experienced reader may wish to head straight to chapter 4, which contains the
bulk work of this dissertation. This chapter is based on the preprint [124], a work done
in collaboration with G. Vidal, R. Sturani, and G. Menezes. The grand theme of 4 is
the use of linear response theory applied to the study of long wavelenght perturbations
of a Schwarzschild BH. In particular, inspired by previous work on the subject [61, 57],
we devise a worldline EFT inspired in NRGR to attack this problem. The main problem
we investigate is the conciliation of Kramers-Kronig dispersion relations — derived under
causality requirements — and the vanishing of the static response of four-dimensional
Schwarzschild BHs. We find that the classical part of the two-point correlation function
of the BH quadrupole (of electric parity) depends on the semiclassical vacuum boundary
conditions of the spacetime. We also explore the consequence of this fact to the validity
of the Kramers-Kronig dispersion relations. In particular, we propose a sum rule for
the Wightman function of the electric quadrupole. We conclude that the inclusion of
late-time tail® effects may contaminate the BH response, which requires a modification of
the aforementioned sum rule in order to take into account the overlap of tidal responses
and tail effects.

3By tail effect we mean the scattering of GW waves by static gravitational fields. See chapter 4 for more
context.
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List of conventions

* We adopt the mostly-minus signature (+ — ——). Greek indices y, v, - - - are space-
time indices ranging from O to 3, while Latin indices ¢, j, - - - are purely spatial
indices ranging from 1 to 3. Einstein’s summation convention is implied whenever a
pair of repeated indices appears contracted.

* Partial and covariant derivatives are denoted by 0, = a% and V ,, respectively.

* The Riemann tensor is defined as R*,,, = 9, — 0,1, + I3, T}, — I{,T)

pov no
where F/‘jy is the Levi-Civita connection, and the Ricci tensor is R, = R’ v

 Newton’s constant (in three spatial dimensions) is G = (327 M) ™!, where My
denotes Planck’s mass. We work in natural units such that c = h = 1.

« The proper time is denoted by 7 and we use either z° or ¢ to denote coordinate time
(unless otherwise mentioned). Time derivatives with respect to coordinate time are
often written with the dot notation: f = ‘é{ For n > 3, we also write fwjj = f(¢).

All three-dimensional vectors x,y, - -- are boldface and unit vectors carry a hat:

X,y,---. When a spacetime function f depends on x*, y*,--- we omit the Greek

indices in the argument and simply write f(z,y,---).

« The Fourier transform is defined as f(z) = [, e f(k) = = [ @x d4k e~ f (k). W
also denote [, = [ djrkg (gﬂp and Jeo ... = dQ’er (12;; . Whenever the

integration limits of a one- d1mens1ona1 mtegral are suppressed itis 1mp11ed that they
range from —oo to +o00.

* Depending on which choice minimizes notational clutter in a given expression,
complex conjugation is either denoted by a * symbol (z*) or a bar (z).

* In certain equations we employ the multi-index notation of Blanchet and Damour:
It = [7i2 i Symmetric and trace-free (STF) tensors are written as [ ]gg =
(T + T7%) — 16T, where T = 6,;T*. The operation of removing traces is
s1m11arly written as [1]p = T — 69T

» Green’s functions play a key role in our discussion. In our literature review (chapters
1 to 3), we use the conventions of the seminal reference [55], which coincide with
those used in [59, 60, 68]. In this way, the reader that wishes to read our review to
become familiar with the basics of NRGR may directly compare intermediate steps
of key calculations with the exposition of the well-stablished aforementioned papers.
Our chapter 4 is an expanded version of the original work presented in the preprint
[124]. As such, in chapter 4 — and chapter 4 only — we follow [124]. Further details
and a comprehensive dictionary for translating both conventions back and forth can
be found in section A.2 of the appendix.
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1.1.1 The linearized theory of gravity

The theory of gravitational waves begins with the linearization of Einstein’s field
equations:

1
R, — éRgW = 81GT ). (1.1)

We consider slowly-moving sources in weak gravitational fields, so that it makes sense
to treat v and G as independent expansion parameters. In particular, we shall treat the
background spacetime near the sources as flat and discuss the generation of GWs in a
small v approximation.

This simplified approach does not accurately describe the realistic case of a compact
binary system held together by gravitational forces, where the background spacetime
curvature is important. Since our goal is to simply review fundamental aspects of GWs,
we will not pursue the systematic implementation of the post-Newtonian formalism in
general relativity, which is the appropriate framework for dealing with realistic sources
(See chapter 5 of [86]).

With these remarks in mind, we write the spacetime metric g,,,, as

Guv = M+, [H] <1 (1.2)

We assume that there is a coordinate system where the separation above holds on a
sufficiently large spacetime region. Losing general covariance is inevitable if we wish
to isolate the degrees of freedom that describe the propagation of waves. The linearized
theory as a whole is invariant under finite Poincaré transformations and local infinitesimal
local transformations. The metric perturbation £, introduced above is a Lorentz tensor.
Keep only terms linear in h, the Riemann tensor becomes

1
Ryop = é(ﬁgayhup + 0,0,hue — 050l — 0,0, Ry (1.3)

Under x# — 2'* + £, the metric perturbation transforms as h,,, — h’W = huw — 20,6,
The linearized Riemann tensor above is invariant under this transformation of /,,,. Defining
the trace-reversed metric®

1

Py = hyy — hwhs b= 1°°hag, (1.4)

one can easily show that it is always possible to choose £ such that
d,h" =0, (de Donder gauge). (1.5)

There is a residual gauge freedom defined by the set of transformations that satisfy LIE# = 0.
The linearized equation (1.1) takes the following form in de Donder gauge:

Oh,,, = —167GT,

na

O = 09,0, (1.6)

Not to be confused with the radiative graviton modes introduced later in the text.
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The vacuum field equations DBW = 0 and the condition (1.5) do not completely fix
the gauge freedom, as mentioned above. Assume a vacuum spacetime 7,,, = 0 (we are
considering the propagation of waves outside the source) and that 1, — 0 sufficiently far
away (asymptotic flatness). Then, it can be shown that one can further specialize the gauge
choice to the transverse-traceless (TT) gauge:

R =0, h=0, 0hy=0. (1.7

This gauge completely fixes the gauge freedom. Given a plane GW propagating in the i
direction in the de Donder gauge, one can project it onto the TT gauge with the help of the
symmetric and traceless “lambda projector” A;;j; (1), defined as

. 1
Aiji (D) = Py Py — §]Dz'jpkla (1.3)

where P;; = 6;; — n;n;. We are, of course, interested in the case where 7}, is non-zero
due to the presence of some source. In this situation, the full metric perturbation £,
can no longer be put in the TT gauge. The previous procedure in which pure gauge and
longitudinal degrees of freedom were removed from £, leaving only a 4’} component, can

j1%

no longer be applied. The perturbation now contains three classes of degrees of freedom:
(1) Non-physical, pure gauge degrees of freedom;
(i1) Physical, longitudinal degrees of freedom which are tied to the matter sources;

(iii) Physical, radiative degrees of freedom which describe the propagation of gravita-
tional waves.

By carefully performing a scalar-vector-tensor decomposition of (1.6), one can show that
only the TT component of &, satisfies a wave equation [48]. To quote A. Eddington, the
non-TT components propagate at the “speed of thought." The two independent compo-
nents of hiTjT thus encode the two polarization modes of a GW. Detectors based on laser
interferometry are particularly sensitive to the combination

1.
Roin; = —§h}f. (1.9)
Far away from the source, (1.6) can be solved for B;S-T as a multipolar expansion of the
fundamental solution obtained by convolving T/ with the retarded Green function of the
U operator. Exploiting the conservation equation 9, 7", one finds the following far-zone
metric in the quadrupolar approximation:’

26 .
hij (t,x) = — A ()15t = 1), (1.10)

"Notice that, in the TT gauge, there is no difference between h;; and its trace reverse.
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where r = |x| and I;; denotes the tracefree quadrupole moment of the source:
1
Ii;(t) = /d3x’ (¢, x') <x;x; . g(Sz-j|x’|2>. (1.11)
Since one can only make sense of the energy carried by a wave in a averaged sense (over a
few wavelengths), the energy flux transported by GWs is given by®
2

r s
Pow = Q(hiIhiT 1.12
gw 391G /d <h1] hzy >7 ( )

This is the rate of emitted energy per unit time through a unit sphere integrated over the
angles (0, ¢). Using (1.10), we obtain the celebrated quadrupole formula:

G
Puad = g< 1. (1.13)
We shall derive this result using the formalism of NRGR towards the end of section 1.3.4.

The two-body problem in GR. As mentioned earlier, a systematic description of a binary
system held together by gravitational forces is given by the post-Newtonian approximation
scheme. Let us now say a few words on the necessity of high-precision calculations in
perturbation theory.

Since we are dealing with a gravitationally bound state, we cannot have arbitrary orbital
velocities v for any given separation 7. Rather, these parameters are related to each other

by the virial theorem:
G
2= (1.14)
r
where m = my + my is the total mass of the binary. This is nothing but Kepler’s third law.

The orbital frequency of the source is related to the orbital velocity by

U3

= o (1.15)

Ws
The laser interferometer laboratories such as LIGO and Virgo are particularly sensitive to
the gravitational wave phase A®(t). To define it, let us consider without loss of generality
the case of a circular orbit. To be more precise, this derivation — which culminates in (1.19)
— assumes an “adiabatic inspiral,” where the binary is in quasi-circular motion at each time
t. This requires w;/w? < 1, which guarantees that the derivative of the orbital radius |R|
is small [86]. With these remarks in mind, we write

t t t
ACI)(t):/ dt’wgw(t’):2/ dt’ws(t’):%/ dt' v*. (1.16)

Conservation of energy requires that the loss of orbital energy matches the power radiated

8See [86] and [48] for more technical details on the definition of the energy carried by GWs.
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as GWs. Therefore, B
T Pow- (1.17)

In general, when considering radiation reaction onto the source, the instantaneous flux
computed from the far-zone metric does not match the flux derived from the near-zone
radiation reaction forces; they rather differ by total time derivatives called Schott terms
(See [88] for a modern textbook discussion in electrodynamics and §3.2.2 of [23] for
comments in the context of the PN approximation).

For example, the quadrupolar flux P4 derived from Einstein’ formula differs from
the Burke-Thorne flux Pgr derived from the leading radiation reaction force (2.56):

Par = Pauad + %% (i1 — I;15). (1.18)
The quantity on the right-hand side does not affect the equation of motion directly, and it
vanishes when time averaged. In the absence of time averages the Schott terms consistently
redefine the conserved charges of the near-zone at each PN order [54] [106]. The Burke-
Thorne radiation reaction force will be derived in chapter 2 using the in-in formulation of
NRGR.
Moving on, from (1.17) we obtain

AD(t) = ——— dvv?——. (1.19)

Using the machinery of NRGR we can compute P, and dE/dv in a post-Newtonian
expansion, i.e., as power series in v. The radiated power is extracted from the imaginary
part of the effective NRGR action” STROR, while d£//dv is determined from the associated

two-body Lagrangian extracted from the real part of SYROR.

1.2 Generalities on effective field theories

Before developing the basic formalism of NRGR, we now make some general remarks
on effective field theories. It is not our goal to provide a comprehensive description of
EFT techniques (See the text [28] instead). We will simply sketch the general construction
of EFTs and introduce the uninitiated reader to the “effective” way of thinking. Our
discussion is inspired by [101].

Common sense tells us that we do not need to understand quantum chromodynamics
to formulate the equation of state of an ideal gas. This miracle is only possible because
physical phenomena are organized by scales. One does not need to understand the full
dynamics of high-frequency/UV degrees of freedom to understand low-frequency/IR
physics and make meaningful predictions. This is the organizing principle of effective field
theories, which are nothing but models tailored to describe a certain subset of IR degrees

%As explained in section 2, to accurately capture radiation reaction effects one must implementat the in-in
formulation of NRGR.
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of freedom while systematically incorporating UV data in the form of unknown parameters
fixed a posteriori. 1t is not a stretch to claim that all physical theories are effective.

Using the EFT machinery, the way that the UV affects the IR is entirely described by
(i) the IR degrees of freedom, (ii) interactions local in spacetime, (iii) a set of unknown
coefficients (the Wilson coefficients) which must be determined by either comparison
with experiments or confrontation with a more fundamental theory which governs the UV
degrees of freedom. Regardless of the method used, this process of fixing the unknown
parameters is called “matching.” In NRGR, the traditional EFT approach is supplemented
by the method of regions, see section 1.3.3.

Let us sketch the general EFT procedure. Consider a quantum field theory of a scalar
field ¢ with characteristic energy scale Ey. Suppose we wish to describe physics at energies
E such that ¥ < Ey. Most systems have many different scales but we can focus on one
at a time. First, pick a cutoff A at E; (or slightly below it). Then, split the fields into
high-frequency and low-frequency parts:

¢ = oL + du, (1.20)

where ¢ and ¢y describe physics at w < A and w > A, respectively. It does not matter
how the separation of the field is done; it may be sharp or smooth, it may break some
symmetries or preserve them. Assuming that the separation has been done, we integrate
out high-frequency degrees of freedom from the path integral:

/D¢LD¢H eiSlor.du] — /D¢L eiSA[¢L]’ (1.21)

where
eSaloL] = /ID(bH etSloL.¢] (1.22)

is the Wilsonian effective action, which we will simply refer to as the “effective action”
from now on. We can expand Sy [¢y ] in terms of local operators:

SaleL] = / A’z g:0; (1.23)

The infinite sum above runs over all local operators allowed by the symmetries of the
theory. Because Sy is generated by integrating out modes with frequencies w > A, the
effective action is non-local in time on the scale 1/A.

The effective action .S, is computed by standard perturbative techniques in terms of
Feynman diagrams. This leads us to another key feature of EFTs: the power counting
scheme that controls the perturbative order at which each operator enters the effective
action.

Let us indulge ourselves in some dimensional analysis. Set i = ¢ = 1. If an operator
O; has units £%, then d, is known as its dimension. Therefore, g; has units £”~% to ensure
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a dimensionless Sy [¢r]. Use the free action to assign units to the fields: '
So=1 [aPra,00n 24
0= 5 z 0up 0" ¢. (1.24)

This implies that ¢ has units of E~'*P/2 A general operator O; constructed from M
powers of ¢ and NV derivatives has dimension

(51-:M<§—1) + N. (1.25)

Define dimensionless couplings \; = A%~ Pg;. Given that A is basically the characteristic
scale of the system, the constants \; are presumably of order 1. Now consider a process at
energy F. The i-th term of Sy [¢y ] scales as

§;—D
/dD:cgl-(’)i ~ A\ (%) . (1.26)

This leads to the following classification of operators:

* (0; < D) The operator’s contribution grows with . We thus call it a relevant term
or superrenormalizable;

* (0; = D) The operator stays constant as E' changes. It is called a marginal term or
strictly renormalizable;

* (6; > D) The operator’s contribution falls with £. We thus call it irrelevant or
non-renormalizable.

In most cases, there is a finite number of relevant and marginal terms, which implies that
the low energy physics only depends on a finite number of parameters.

Why insist on using the free action to set the dimensions of the fields? This is so
because we are assuming a weakly-coupled theory, so that S, really determines the size of
typical fluctuations (or matrix elements) of the fields. It is necessary that the coefficient
of the dominant term in the action is made dimensionless, as shown in S° above. This
can be achieved by rescaling the fields. This was used in the estimate (1.26) because we
implicitly assumed that the only dimensionful quantity is the energy scale.

The approach illustrated above is often called a “top-down’ approach to EFTs. One
begins with an action describing all degrees of freedom and integrates out high-frequency
modes to obtain an effective theory for the low-frequency modes. An alternative “bottom-
up” approach is to first write down the most general effective action compatible with the
symmetries of the problem. The Wilson coefficients of this general EFT action are a
priori unknown. We must perform a matching computation where a certain observable is
computed using the EFT and the “complete theory” which governs all degrees of freedom. '

10The free action controls the typical size of the fluctuations of the fields, assuming a weakly coupled
theory. We will emphasize this point later.

""Experimental input and/or phenomenological models can also be used for matching computations.
Indeed, this is common practice in particle physics [117].
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Then, one can match results and fix the Wilson coefficients, ensuring the predictability of
the effective theory (as long as we remain within its application bounds).

Taken as a whole, one can think of non-relativistic general relativity (NRGR), and
other similar worldline methods, as “top-down” approaches to gravitational dynamics since
we know in advance the full theory: general relativity. We reason we bother developing
worldline EFTs is because of their convenience. The separation of scales found in many
gravitational systems is exploited to produce EFTs which are easier to handle than GR,
calculation-wise.'> As we shall see in detail, one can implement NRGR in either a
“top-down” (integrating out degrees of freedom from the path integral) or “bottom-up”
(parametrizing general actions and matching) manner. Both are incredibly useful and
necessary. Matter of fact, NRGR is a tower of effective theories constructed for each scale
of the gravitational two-body problem, and both methods described above are used.

1.3 NRGR: An effective field theory for gravitational dy-
namics

Among the vastitude of field-theoretic formalisms developed in recent years to analyze
the gravitational two-body problem, the work presented in this dissertation makes use of
NRGR, an effective field theory of gravitationally bound objects which is well tailored to
describe the binary dynamics in the inspiral phase.

This initial phase of the coalescence of compact binaries is kinematically favorable to
analytical methods, as mentioned in 1.1. The EFT approach, in particular, fundamentally
relies on the separation of scales of the two-body problem. We have

(i) A radiation scale whose characteristic length scale is Ay, the wavelenght of the
GWs emitted by the binary;

(ii) An orbital scale chatacterized by r, the orbital separation between the binary con-
stituents;

(ii1) The internal scale ruled by finite size effects and set by the Schwarzschild radius
ry ~ Gm.

Under the assumption that the leading-order dynamics is purely Newtonian — so that the
virial theorem holds — the parameters above are related by

Aew > 7> . (1.27)

The scale suppresion is given by powers of v < 1, the typical velocity of the binary in the

12They also offer an avenue for harnessing the powers of modern amplitude methods. It is worth
mentioning that there is a law of “conservation of difficulty” when comparing formalisms, but that does not
stop us from developing new and productive forms describing “old” physics.



Chapter 1. The NRGR Framework 14

inspiral phase. Denoting by wy the orbital frequency of the source, we have

1 G
Aw ~ — = —t D (1.28a)
Wy v v
BN (1.28b)
r

In a specific field theory setup — soon to be introduced — the hierarchy (1.27) will be
exploited to construct effective theories adapted for describing the dynamics at each scale
of the problem. The simplicity of the EFT approach lies in the fact that each theory in the
“tower of theories” is easier to handle than general relativity in its full glory. Moreover,
the manifest power counting in v will streamline the computation of observables, ensuring
that only a finite number of Feynman diagrams contributes to each PN order.

Before separating the scales at the level of the degrees of freedom themselves, let us
first setup the stage. The bulk gravitational field is assumed to be governed by the usual
Einstein-Hilbert action (with a gauge-fixing term)"”

1
Stuic = Sen + Sgr = 2Mp, / d'z /=g (R[g] — 5wru) : (1.29)
where ['* = gaﬁfgﬂ is the contracted Christoffel symbol with respect to the full metric
9w We work in the harmonic/de Donder gauge, defined by I'* = 0. The compact objects
which constitute the binary are described by a classical point-particle action

2 2 det dav\ V2
Soplguw, 2h] = — E ma/dTa = — E ma/dt (gu,,[xa(t)] dta d_ta) . (1.30)
a=1 a=1

The full action is simply the sum of (1.29) and (1.30). The second expression above makes
manifest the coupling of the worldlines z#(¢) with the metric tensor. If we restrict ourselves
to (1.30), we are assuming that the sources have no finite extension. Notice that no extra
fields are introduced to describe the binary, and consequently, no propagators associated
with the classical compact objects appear in NRGR.

The action (1.30) only describes geodesic motion. In principle, one must also include
an infinite set of operators (as dictated by diffeomorphism invariance) which encode
finite-size effects, i.e., deviations from pure geodesic motion. This is independent of
the inclusion (or exclusion) of spin degrees of freedom, which we will not discuss in
this dissertation. When (1.30) is supplemented with such higer-dimensional operators
which capture finite-size effects, the corresponding action can be thought as the result of
completely “integrating out” the internal scale 7.

According to the power counting scheme that we will later introduce, the first two finite

31n this work we restrict our attention to general relativity. The investigation of modified gravity theories
in the context of NRGR is a well-established line of research, of course. See, for example, references [8] and
[45].
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size operators are
Spp D an/dTaR[xa] +Zéa/dra Ry [xa)iha” + - . (1.31)

The Wilson coefficients ¢, and ¢, are determined by matching a given observable with the
predictions of a dynamical model for the finite size effects. It happens that the two operators
in (1.31) are spurious; their effects can be removed by field redefinitions [60]. In terms
of the Weyl tensor C***#, the simplest non-trivial finite-size operators are Cl,asCHP,
P55 ClunapCr, and %351 )15 Clays CHP77 .

At last, since we are interested in investigating the GWs emitted by the system, we
write the full metric as a flat spacetime Minkowski metric plus a linear perturbation:

1
=D+~ (1.32)
Iu Ny Mo *

With this setup we expect to recover the results of the linearized theory presented in 1.1.1.

1.3.1 Separation of scales

Let us now discuss how the EFT approach organizes the relevant degrees of freedom.
Instead of working with the fully relativistic propagator for 4, coming from (1.29), we
decompose the metric perturbation as'*

h,uu = B,uu + H,u,u‘ (133)

The field Bw, represents the long-wavelength radiation modes which are always on-shell,
whereas H,, are the off-shell potential modes describing the longitudinal degrees of
freedom of the gravitational field. The momenta of the potential and radiation modes,
respectively, scale as
kot ~ (v/r,1/7), (1.34a)
Kby~ (v/r,v/r). (1.34b)

Therefore, the scaling rules for the derivatives of H,, and BW are

OoH ) ~ —H,, (1.35a)
T
1

OiH,y ~ —H,,. (1.35b)
T

and also B o

Ouhas ~ —ha. (1.36)

r

%“The field BW mode should not be confused the trace-reversed metric perturbation which appears
exclusively in section 1.1.1.
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It is advantageous to work with the Fourier transform of H,,, with respect to the spatial
coordinates:

H,(z) = / (gjrl; ™ Hy,,, (2°). (1.37)

This guarantees that all derivatives of both graviton modes scale the same:
8o Higap (2°) ~ ;Hkaﬁ(xo), (1.38a)
Ophas(x) ~ ;Bag. (1.38b)

The scaling of the modes themselves will be determined once we derive their associated
propagators.

The radiation modes are the only ones that can appear as asymptotic states of the
gravitational field in NRGR. An EFT which aims to describe the coupled dynamics of the
worldlines and radiation modes must “integrate out” the potential modes. Thus,

exp (1SAR [Py, 7)) = / DH,, exp(iSeulh + H] 4 iSet + iSpp) (1.39)

where the wordline-radiation effective action 1S} is introduced.’” The point-particle
enters the path integral above as a background, non-dynamical source. We also emphasize
that, since no graviton loops are requires to describe the classical dynamics of the binary
(see Lemma 2 of this chapter), there is no need to introduce ghost fields.

At this stage one must be careful with the gauge-fixing term. We need to ensure that
the effective action is invariant under diffeomorphisms of g, = 7, + i_zW /Mpy, which is
the background metric for the radiation gravitons in the EFT action above. The correct
harmonic gauge-fixing term is thus

Set[H o, Gp) = — M3 / d*z /=g g T{T, (1.40)

where the Christoffel symbol FLH) is defined with respect to the covariant derivative V,
compatible with g, i.e.,
o

1 _ 1_
) = mgﬂ” (VUH,W — §VMHPU> : (1.41)

The final NRGR effective action is obtained by integrating out the remaining external
radiation modes:

exp (IS N zh]) = / Dh, exp (1S4 (24, hy) + iSelh]), (1.42)

15This nomenclature is not standard in the NRGRﬁliterature; we use it in this dissertation to emphasize the
difference between the two effective actions iSWX [, 7#] and i SYROR [z4].
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where Se[h,,,] is the familiar

_ L _ 1 _ 1 -
Setlhu] = — Mg, / d*zT,T" T,=— (a”hw — —8uh> : (1.43)
The gauge-fixed WR effective action that enters the path integral (1.42) has the following

form:
SWR[H, hyw] + Set = Seons[2?] + SRy ] + S, Bp] 4+ -+ (1.44)

where S@)[h v 18 the quadratic action from which the propagator of the radiative modes is
derived, Sin[z, BW] is an interaction term describing the coupling of the worldlines to the
radiation, and Sons[2*] is the PN-expanded action that yields the conservative equations
of motion, which is, of course, unaffected by the integration of f_LW in (1.42). Finally, the
ellipsis in (1.44) contains all pure-graviton vertices.

The diagramatic evaluation of the path integrals (1.39) and (1.42) will be discussed in
the following sections.

1.3.2 Near-zone dynamics

Propagators. Before computing the near-zone diagrams that determine the conservative
two-body Lagrangian, we need to derive a basic set of Feynman rules. First, we consider
the graviton propagator.

Expanding the gauge-fixed Einstein-Hilbert action to quadratic order in the metric
perturbation, one finds the usual Feynman propagator:

(T{hyw(®)has(y)}) = Puvas Di(x — y)

ki (1.45)
o g
(2m) k2 + ia

where the projector
P

(Nuamvs + MusMva — Muwas) (1.46)

N | —

prapf

satisfies

o 1
Pa,@uup Bpo’ = _(nupnua + nuanup) = I]-,ul/|po'a (147)

2
and 1,,,, is the identity in the space of symmetric rank-2 tensors. While the fully-
relativistic propagator (1.45) is the correct one for both radiation and potential modes, to
keep a manifest power-counting in v we perform a “quasi-instantaneous’ expansion for
the potential mode propagator. Since these modes never go on-shell, one can write

1 I o= w?
_ , 1.48
2 KEria P ; o (14%)

The rigorous justification for the small w/|k| expansion under the integral sign, however,
requires the method of regions, in which one carefully separates the different kinematical
regions of the Feynman integral — See section 1.3.3 and reference [52]. One may wonder
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if the omission of the Feynman prescription in (1.48) leads to undesirable consequences
in the long run. As long as we limit ourselves to the computation of the conservative
two-body Lagrangian, nothing bad happens.'® Off-shell modes are innocuous to the choice
of Green’s functions. Radiation reaction contributions coming from far-zone interactions
(first treated in § 1.3.4) naturally require both potential and radiative modes, so that a
careful analysis with the in-in formalism must be done. The basic elements of the in-in
approach are presented in section 2.

Notice that the n-th term (for n # 0) of (1.48) is a v™ correction of the leading term.
When writing the Feynman rules for the potential modes we will treat all n > 0 terms as
operator insertions of the instantaneous 1/|k|? propagator. It is not difficult to see that the
vY propagator in the mixed Fourier representation is

i

(Hiqu(t1) Haap(t2)) 0 = —Pouvas @ (27)%6®) (k + q)d(t, — o). (1.49)

The remaining contributions are also easy to compute. For example, at order v? one simply
trades the factor of w? in the numerator by derivates with respect to time. This gives

) 82 6ik~(x1—x2)
<HMV(ZB1)HO¢/3(I'2)>U2 = _Z]Pm/aﬁ Md(tl — tg) /k T (150)

Thus,

2

O0t10ts

1
<Hk,u1/(tl)qu¢,8(t2)>v2 = _]P);waﬂ E (27T)35(3) (k + q)

S(ty —ty).  (1.51)

At last, we introduce the diagrammatic rules. All instantaneous graviton propagators are
depicted by a solid blue line, whereas velocity insertions are represented by a cross in the
middle of the propagator line:

?

= Puas g (27)%6®) (k + q)d(t, — ta). (1.52a)
i 34(3) 0?
—Q—e = —Puyaﬁ E (271') 0 (k + q> m (5<t1 — tz) (152b)

Finally, all radiation gravitons are depited as wavy blue lines. For example, when comput-
ing the NRGR effective action SRR [z#] the following rule will be used:

Ak i ,
e = Pos | — —ik(z=y) 1.53
a ﬁ/(27r)4k2+iae (1.53)

When drawing the Feynman diagrams that describe the coupling of radiation gravitons
with the wordlines, the external radiation modes will also be depicted by the wavy line
above even though they do not have any propagator attached.

16We are glossing over some important subleties here, to be honest. High powers of inverse momenta
coming from such propagators lead to IR divergencies [104] that can nevertheless be controlled.
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Power counting scheme. From (1.51) it is easy do deduce that potential modes scale
as r2v'/2. Since the propagator of the radiative modes scales as 1/p? ~ 72 /v?, we have

hyuw ~ v/r. The basic set of power counting rules is summarized in the table 1.1 below.

Quantity m/Mpl Hklﬂ/ hwj 80ka/ aojle
Scaling | (Lv)Y2 | 72012 | v/r | (v/r)Hyp | (v/7) I

Table 1.1: Basic power counting rules for NRGR.

From these rules one can determine the precise PN order of any NRGR diagram
involved in the computation of SYROR[x#]. For example, the Newtonian term in the point

particle action scales as

Spp D %/dtza:mavz ~mrv~ L, (1.54)
where L denotes the orbital angular momentum. For typical binaries of compact objects,
this quantity is huge! Nevertheless, as we shall see in forthcoming examples, all diagrams
contributing to SNROR[z#] scale as L times some power of v, which is a small parameter in
the inspiral phase. We thus have a well-organized perturbative expansion.

Besides the leading kinetic term, the single exchange-diagram that yields the Newtonian
potential also scales as L (see (1.62) for more details on this simple computation). The

result is, of course

R

. Gm1MQ ( 3 m )2
= ¢ [dt———=  ~ | dtd°’k—H ~ L. 1.55
/ () — xa(D) M (159)

Regarding generic NRGR diagrams, the following lemmata can be established [60].

—_——

Lemma 1. All contributions to the effective action SgﬁGR [z#] are down by powers of v
with respect to the Newtonian kinetic and potential energies.

Lemma 2. After all particle worldlines are stripped off the NRGR diagrams, graviton
loops are supressed by powers of 1/ L with respect to trees.

The lesson we extract from Lemma 1 is that all effective operators scaling with Lv",
for some positive integer n, will be treated perturbatively with respect to the leading Lv°
operators. Moreover, Lemma 2 teaches us that graviton loops can be neglected in the
classical limit.

Proof (Lemma 2). Consider a general NRGR diagram with N, graviton self-interaction
vertices, IV, insertions of the point-particle worldline, and P graviton propagators. Since
the Einstein-Hilbert action (1.29) is proportional to M3, each graviton self-interaction
vertex brings a factor of M to the diagram. Each worldline coupling brings a factor of m,
and the only other scale that can enter the power counting is the orbital distance r (besides
powers of v, which is obviously dimensionless). Recall that we are using natural units
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SNRGR

such that ¢ = h = 1, so mass has units of inverse length. Since Sg " is dimensionless, a

general connected NRGR diagram must scale as

1

P
Nm+2N,—2P, #
— | r 9=, (1.56)
MEI)

i (atgy (

for some power # of v, which we do not specify. Using the virial theorem v* ~ Gxym /T,
we can replace My, ®> ~ v?r /m. Thus, our generic diagram scales as

(mr)NmtNo=Po# o LV Py#, (1.57)

where V' = N,,, + N, is the total number of vertices in the graph and L ~ mrv is the
angular momentum. The simplest diagram one can think of is the trivial free wordline
graph with V' = 1, P = (. Building up from this diagram, we can add propagators and
vertices as we like to form more complicated diagrams. To guarantee that the resulting
graph is connected, for each new vertex we must include at least one graviton line, so that
V-P<1.

Now, recall that the number of graviton loops ¢ in a graph is equal to the number of
undetermined momenta, i.e., unconstrained by momentum conservation delta functions.
This leads to { = P — (V' — 1). The reason we subtract V' — 1 (and not simply V') in this
relation is because the last vertex added does not constrain internal momenta; it simply
enforces overall momentum conservation. We conclude that a generic NRGR diagram
scales as L'~“v#, for integer £ > 0. For example, a potential exchange diagram with one

graviton loop scales as
% ~ L*. (1.58)

A similar graph with two loops scales as L~'v#, and so on. If we restore units of & for a

moment, the diagrammatic series for SYROR has the following overall structure:
7 1L h h?
exp <ﬁS§fFGR[%]) = exp l% (v# + ZU# + ﬁv# + - )] : (1.59)

Since i/ L < 1 for typical compact binary sytems, we can safely neglect graviton loops.
This finishes the proof that graviton loops are supressed by powers of 1/L with respect to
trees. H

As a final remark, we mention that the relation between classical physics and loop
diagram in quantum field theory is more subtle than what is usually expressed in textbook
references. As Holstein and Donoghue show in their seminal paper [64], when at least
two massless propagators are present in a loop diagram, its expression may contain
contributions to classical observables (e.g., exchange potentials between charged particles),
even though most standard textbook discussions seem to suggest the naive picture that “the
loop expansion is purely quantum because it is an & expansion.” Crucially, the argument
put forth in [64] requires that the loop diagrams in question involves both massless and
massive propagators. This is not the case in NRGR; we have massless particles (gravitons)
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interacting with classical sources which do not have any massive propagator attached. If
we were to replace the NRGR worldlines by massive propagators, then one can show that
the classical contribution of loop diagrams is isolated by performing a large-mass limit
[120].

In recent years, a wealth of formalisms have been developed for systematically extract-
ing classical physics from “genuine” quantum field theoretic calculations (by “genuine”
we mean that no wordline methods are employed, just quantum fields). Partial reviews of
such developments can be found in [22] [78].

Graviton-worldline vertices. The final set of rules we need to derive before turning to
the explicit computation of more complicated near-zone diagrams consists of graviton-
wordline vertices. Expanding the point particle action, the Hy, term is found to be

Z'Slfﬁ("):_ZMPl / e’ / X 010 Higu (). (1.60)

_ dt ik-x(t) pO vo LI/Q. 1.61
2me / / (16D

With this rule in hands one can easily derive the Newtonian potential. We have

Therefore,

m
_ 2M1 /dt / ik-x1(t1) ,uO ”O(Hk#l,(h)ang(tz»vO
Pl (1.62)

1My iq-
% dt iqx2(t2),,00,,60
2 Mo, / 2 /q € non

Using Pyop0 = 1/2, the formula (1.49) and the fundamental integral (A.2), one obtains
(1.55), as expected. By definition of the effective action, the single-exchange diagram
exponentiates to yield the correct path integral as defined in (1.39). As a result, there is
no need to compute diagrams with two potential mode exchanges, for example, in order
to recover the Newtonian potential. It is worth emphasizing that such exponentiation
relies on the fact that wordlines have no propagators associated to them, so that diagrams
with multiple potential exchanges are simply products of the fundamental graph (1.62).

Therefore,
1 —— N
o = —( ) (1.63)
n!

In general, as we shall see in the computation of the complete 1PN Lagrangian, the action
iSNROR[z#] is the sum of all diagrams that remain connected when all particle worldlines
are removed. Moving on with the derivation of the vertices, we consider the 00" term of
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the point-particle action:

1Sy = i da® Hyi(z)v'
(1.64)
— d ik-x(x° H il
Y-
The inferred diagrammatic rule is thus
v| —— /dxo/eik'x(zo)nyoni”vi(xo) ~ L2y, (1.65)
| My K

The Hyov? rule follows similarly. One finds

ik-x(x0) 1
v - 2MP1 /dx / " (77”‘77]”/0 vl + 5 luoov ) ~ LY?%. (1.66)

Vertices with multiple gravitons attached to the wordline are also straightforward to
derive. For instance, consider the HZ, vertex that is needed in the computation of the 1PN
Lagrangian. The relevant term of the point-particle action is

S = gy | 2 e o) Ho o), (1.67)
P1 ,q

Since there are two possible ways to assign two pairs of indices to the potential modes
above, we have

= da” / DX 10 Ta0 g0 ~ 02 (1.68)
’< 4]WPQI / k,q !

The Einstein-Infeld-Hoffmann Lagrangian. As an illustrate application of the for-
malism developed so far, we compute the complete 1PN conservative Lagrangian of the
two-body problem. The diagrams we need to evaluate at this order are presented in the
figures 1.2 and 1.3.

Figure 1.2: Single-exchange near-zone diagrams required in the computation of the
EIH Lagrangian.



Chapter 1. The NRGR Framework 23

IENERVAN

(d) (e)

Figure 1.3: The three-graviton vertex graph (d) and the seagull (e¢) diagram entering
at 1PN order. All graviton-worldline couplings are of order v° here.

Diagram (a). We start with the computation of the single-exchange diagrams of figure

1.2. For the first diagram, the application of the NRGR rules leads to the expression

20
—

mims
T AN
4MP1

/ dtl dtz / eik.xl(tl)eiq'xﬂb)<Hk00(t1)Hq00 (t2)>v2' (169)
kq

0

Substituting (1.50) and simplifying, we find

_imymey _ 0?
= dt, dt gl bxa(tz)=xa(t)] Oty — ta). 1.70
8M§1 / ! 2/ 0t10ty (= t2) ( )

To deal with the derivatives of Dirac deltas we exploit the following distributional identity,
which holds for well-behaved functions f(x) [116]:

dqr d" f(x
/dxf( 0) b — ') = (-1)" df;sl) . (1.71)
Therefore,
— Zmﬂ?;? / dt / liq- vo(t)][—ig- vy (t)] eiabe® bl
8 Mp, (1.72)

_1mamy i j 995 iq[x2(t)—x1(t)]
_Wﬁ/dtvl(t)%(t)/q?eq ST

Evaluating the remaining three-dimensional integral with (A.1) and simplifying, one
obtains

r2

(a) =i / at G”;;fm {vl-w _lev)lerva)| (1.73)

where r = |x;(t) — x2(¢)].

Diagram (b). Using the vertex (1.65) and substituting (1.49), we have

zm1m2

tkexq(t 7, X9 j 1 :
=T /dt/ . W (g () Piojo @ (2m)*6 (k + q)
P1 k,q

1M1 Mo / L, [x2 () —x%1 ()]
It ) dt(vl’Vz)/—eq 2 1]
2MP21 q q2

(1.74)
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Once again, using (A.2) we find

(b) = —4i / dt GmrlmQ (V1 va). (1.75)

Diagram (c). Without loss of generality, let us take particle 1 to be represented by the
upmost worldline in the (¢) diagram of figure 1.2. Using (1.66), we find

imym ik-x QX i, 1
(C) _ 2 /dtl dtg/ ik 1(t1)6 q 2(t2)77a07750 (nuianUIU{ + 577M077V0V%)
k,q

My (1.76)
1
X Pyvas 15 0(t — 1) (2m)%6@ (k + q).
Simplifying the integrals with the Dirac deltas,
_umym x |
= 4]\14312 /dt/ X2(t) 1(75)} (Pijool}lvi + §P0000V%>. (177)

Finally, using IP;;00 = %&j and Pyggp = %, one gets (after adding the contribution from the
mirror-image diagram under 1 <+ 2 exchange)

(©) :i/dtgGgL—TlmQ(vfnLv%). (1.78)

Diagram (d). Before computing this diagram, it is instructive to pause and ponder
on why we must consider this topology at 1PN order in the first place [56]. Let us
begin our brief dicussion by first considering static couplings to the worldlines, so that
only the hgy polarization is taken into account. To leading-order, and in the absence of
propagator insertions, the only possible source of powers of v is the three-graviton vertex.
Naively, since this vertex receives contributions from terms like hoo(aohoo)z, one expects
contributions of order v? due to the time derivatives. How come this topology contribute to
the 1PN Lagrangian?

One must remember that the graviton propagator (1'{h,, h.s}) is proportional to the
projector IP,,.3. Consequently, the hgy polarization can mix with the trace of h;; given
that (T'{hoohi;}) ~ d;;. As a result, the hgo gravitons coupled to the worldlines may
end up as either hyg or h; when the three-graviton vertex is inserted. In conclusion, the
correct vertex rule to be used in diagram (d) is not the complete three-h,, vertex, but
rather the three-point function (T{ HooHooHoo }). To derive its expression, one contracts
the complete three-h,,,, vertex with three propagators and sets all remaining free indices to
zero. The terms without time derivatives conspire to produce [60]

i 5 (k¥ +k2+k3)
/\ = _4Mpl(5<t1_t2>5(tl_t3><2ﬂ->36(3)<k1+k2+k3) 23 lk%kg kg 3 . (179)

It is not difficult to see that this vertex scales as L~'/2v2. For the sake of clarity, the explicit
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power counting of diagram (d) is

k?H3 ro1 (r2v'/2)3
d) ~ L1/2 3((11‘0 d3k 35(3) k 00) ~ L3/2 r ,r,3
(d) ~ (L77) (d%k)"0™ () 7 = o T 2 (1.80)

~ L2,

Proceeding to the actual computation, we have

1M1Ma . Ko ik3-xo (L (_i)2
d — / dt dt dt/ / ezkl X1 (tl)elkz X2 (t2)61k3 X2 (t2)
( ) 16‘]\4[:’51 e ki ko, ks A Mp,

(ki + k5 + k)
k7 k3 k3

(1.81)
X 6(t1 — tg)(S(tl — tlz)(Qﬂ')Sé(S) (kl + kg + k3)

As done previously when computing diagram (c), we take the upmost wordline to be
particle 1. We have three terms contributing to (1.81), which we write as

(d) = /k . @ ekl gilketks) () (9m)35(k; + ko + k), (1.82a)
(d)y = / k21k2 etk (t) gilletka)x2(t) (9m)35 (k) + ky + k3), (1.82b)
ki,ko ks B1 B3
(d)s = /k . @ ekt gillothks) % (1) ()36 (ky + ko + k), (1.82c)
so that PR
(d) = — 64}\45 / dt [(d)r + (d)2 + (d)3]. (1.83)

Consider the term (d), for example. The momentum-conserving delta can be used to
eliminate the integral over k; by setting ko = —k; — k3. Then,

1 1 .

The integral in parenthesis is scaleless, so it vanishes in dimensional regularization (see
also the discussion on §6.3.1 of [104]). This term and (d)3 amount to contact interactions
of the form depicted in figure 1.4. At last, (d); yields the actual value of the diagram.

~

Figure 1.4: Singular “self-energy” diagram.

Eliminating k;, one finds

_ zmlmg/ / ik2:(x2—x1)+iks: (x2—x1) (1.85)
(d) GAM, o ks K3 K2 k |
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Using (A.2) and including the mirror image graph, the answer takes the form

(d) = —i / ap Gruma(ma + ma) (1.86)

r2

Diagram (e¢). Finally, we consider the seagull diagram. Including the symmetry factor,
we have

1 Zm ; X
(e) =35 4M12 / dty / e/t o ongomo
Pl k,q

tmo ik’ -x2(t2) 1q’-x2(th) (187)
dt 220011 dty [ el
2MP1/ 2// Moo 2MPI/ 2/ Na07]80

X (Hheyu (t2) Hicop (1) ) ( Horp (t) Haer(t1))-

Inserting the propagators and simplifying, one obtains

zm1m2 etk (xa=—x1) piq:(x2—x1) __ 1
_ dt 2—X1 . 188
27 M3, / /k K e
Thus,
G2
(&) = i/dt m1m22(”;1 +ma) (1.89)
r

where the mirror image diagram was added.

Collecting all terms. We can finally write down the complete 1PN Lagrangian. But
first, we need the O(v?) correction to the kinetic term. Simply expanding the relativistic
point-particle action one easily finds that

1
Kipy = 2 Z mevi. (1.90)

Combining (1.73), (1.75), (1.78), (1.86), (1.89), and (1.90), we obtain the famous Einstein-
Infeld-Hoffmann Lagrangian:

G
LEIH = — Z mav4 m1m2 |:3(V% T Vg) — 7(V1 : V2)
(1.91)

72 212

3 (r-vl)(r-VQ)] 3 G*myma(my + my)
The derivation of the 1PN Lagrangian finishes our discussion on the near-zone dynamics
within the NRGR framework. The computations sketched here have been vigorously
developed in recent years. Notably, EFT methods were successfull in the derivation of
the complete (spinless) 4PN conservative Lagrangian [51] [49]. To do so, one must take
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into account the tail effect, a hereditary process taking place in the far-zone. These results
perfectly agree with traditional GR methods [69] [19] [39] [70] [40] [17] [18].

1.3.3 Interplay between near and far zones

Before showing how one can construct a far-zone effective action starting from near-
zone computation, let us make some general comments regarding the near-far separation
in NRGR. The following discussion is adapted from [52].

As a concrete example, consider a “tree-level” NRGR process'’ involving arbitrary
graviton-worldline vertices V' but only one graviton exchange (i.e., only one propagator).
Instead of performing the quasi-instantaneous expansion from the outset, let us retain the
full expression of the retarded propagator. For later use of dimensional regularization,
we write the contribution of this process to the effective action in d + 1 dimensions.
Therefore, in the remainder of this section the (d + 1)-dimensional Newton’s is given by
G = (32rA%)~! and momentum integrals are written as

dd+1k,
/ /27T - (1.92)

Moreover, write 2, = (t,,X4(t,)) and x, = (ty, X,(y)). Then, for the process described
before, the effective action receives a contribution of the form

. , 1
Seff = e Z /dt dtb/ e~ RV (t) e_mbm 5(k +p), (1.93)
a,b=1

where V() denotes the graviton-worldline vertex and

R(k) = (w +ia)* — k?, (1.94a)
A(k) = (w —ia)* — k2. (1.94b)
are the denominators of the retarded and advanced Green functions, respectively. The

delta function §(k + p) is assumed to be (d + 1)-dimensional as well. Next, we define the
off-shell instantaneous expansion of the momentum-space propagator by

1 1 & /w\™
_ Nk)= ——— — . 1.95
- kpra W |k\2n220<|kr) (153

The expression (1.93) includes all 1 <+ 2 interactions and all “self-interactions.” Notice that
using either R(k) and A(k) in Seg leads to the same expression, since R(—w, k) = A(w, k)
and we integrate over all momenta and time coordinates. With this setup, one can prove
the following statement.

Claim. “The integral over the momentum £ of the exact Green’s function can be recast as

7By “tree-level” we mean leading order in Gy, as opposed to contributions which carry post-Minkowskian
corrections such as the tail effect [58].
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the sum of instantaneous propagators N (k) and exact propagators multiplying multipole-
expanded sources terms

o0 ‘n
. . . 1
e hata = grivtatiloxe — gmiely n' k-xq(ta)]",  |k[ra < 1. (1.96)

n=0

where 7, = |x,|."

The proof of this result amounts to write (1.93) as

eﬁ = Z /dt dtb/ ‘/b tb |: _Wtab-l-ik-xabN(k)

byt e e 1 (1.97)
1K X, —1K - Xy
R R ml 2 (R(k) N A(k)) * Sab(k)}’

n,m>0

where t,, = t, — by, Tap = X4 — Xp|, and

(ik-x0)" (—ik-xp)" 10 1 1
- ol m!b §<R(k:)+A(k)>'

n,m>0

(1.98)

It is a simple matter to substitute S, (k) back into (1.97) and recover the original expression
for Se given by (1.93).

Then, one shows that the integral of S, (k) over the four-momentum & vanishes after
appropriately separating the kinematical regions and using dimensional regularization to
make a scaleless term disappear. Let us perform these steps in detail now.

Proof. Introduce a momentum scale « such that % < Kk < €, where () is the characteristic
far-zone frequency scale. We split spatial momenta |k| into two regions: a hard region
where |k| > « and a soft region where k| < % In the former region we are allowed to
expand the Green functions as N (k), whereas in the latter region the exponentials are
expanded as (1.96). We write

1= /kSab(k) = /k [0(k| = ) Sw(k) + (s — [k|) Sap(k)]. (1.99)
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Notice that S,;(k) is a sum of two terms. We split the four terms in (1.99) as

4 . 1/1 1
_ k —twtgp+ik- Xy | — [ T — )
I—/k€(| | —k)e [2(R+ ) N]

- [o -y Y Bl ERy

k n‘ m'
n,m>0

- it (ik-x,)" (—ik-x)" 11/ 1 1
+/k€(" [kI) {e 2 m |2\R A4

n,m>0

(1.100)

_ / 05 — |K|) e—ietatikxa .
k

The exponentials in the last line above can be expanded inside the soft-momenta integral.
Then, we combine this term with the one in the second line using the identity 6(|k| — x) +
0(k — |k|) = 1. The result is

) 4 1/1 1
T — k| — —twtgp+ik-Xgy | — [ T — )= N
oy (G ) =

—iwtgpt+ik-Xg (’kaa)n <—ZkXb)m 1 1 1
+/I€9(H—Ik!){€ D D T |3\z 1) 1o

n,m>0

1k-x,)" (—ik - xp)™
_/kz( n!)( m!>N'

n,m>0

The last integral is scaleless because it is a product of momentum monomials; it vanishes
in dimensional regularization. The first and second terms vanish identically because of
the expansion of Green functions and exponentials in the appropriate momentum regions.
This finishes the proof that 7 is zero. B

This analysis can be extended to more complicated diagrams involving hereditary
processes as well as diagrams within the in-in formulation of NRGR. The takeaway
message remains the same: both near and far-zone contributions can be neatly traced back
to Feynman diagrams with complete propagators. When studying more general graphs
with the Schwinger-Keldysh doubling of degrees of freedom, the appropriate propagator
substitution can become much more subtle; see [52] for the complete picture.

1.3.4 Top-down: from the near-zone to the far-zone

Setup. So far we have neglected the coupling of the radiation gravitons in the NRGR
effective action. This is fine as long as we are working below the PN order in which
radiation reaction starts playing a role; otherwise the conservative dynamics of the near-
zone is modified as a result of the energy loss due to GW emission. Moreover, and most
importantly, the discussion so far does not say anything about the radiated power loss by
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GWs, a key observable in this discipline.

Starting from the near-zone NRGR rules, we now discuss the top-down construction
of the far-zone effective action to lowest non-trivial PN order. Since both types of graviton
modes will appear in the diagrams from now on, we must perform a multipole expansion
of the radiation modes /_1“1, in order to preserve the manifest power counting in v.

The reason for doing so is easy to understand by considering a generic diagram in
which a potential and radiative mode interact with each other. For example, consider the
figure 1.5 below. This diagram — when included in a complete NRGR graph — contains an

Figure 1.5: An incoming (with respect to the vertex node) radiation mode with four-
momentum k meets a potential mode with momentum p. The outgoing potential
graviton has momentum p + k.

instantaneous propagator proportional to 1/(p + k). Since p ~ O(1/r) and k ~ O(v/r),
this term does not scale homogeneously with the power counting parameter v. The solution
is to expand it as a power series of |k|/|p| ~ v. This is achieved by performing a
multipole'® expansion (at the level of the action) of the radiation modes, so that

— _ - | P —
B (2°,%x) = h, (2%, X) + 020k, (2°, X) + §5x15x78i8jhw(a:0,X) + o, (1.102)

where X' = ' — X* and X is some reference point. We choose X' to be the center of
mass of the system, which is taken to coincide with the origin of the reference frame. The
introduction of Hy,,, (z°) and the expansion above are simply field redefinitions.

With this consideration in mind, the construction of the effective action in (1.39) will
proceed as follows. The goal is to compute the diagrams with one external radiation mode
and sum over all possible combinations of potential-worldline and potential-radiation
couplings consistent to a given PN order.'” To (Lv®)/? order, we have the three graphs of
figure 1.6. Notice that already at the lowest non-trivial PN order it is necessary to include

(a) (

Figure 1.6: Near-zone diagrams with one external radiation graviton needed for the
computation of the effective action to order (Lv°)/2.

graphs in which potential and radiation modes interact. The omission of the diagrams (b)

180bjects such as neutron stars can exhibit both intrinsic and induced multipoles, the latter arising from
interactions with external tidal fields. Four-dimensional black holes in general relativity do not deform under
such circumstances. See chapter 3 for a more thorough discussion on multipoles.

In general, a term of S;VHR[BW, 2] describing the coupling of n radiation modes is given by the sum of
all diagrams with n external radiative graviton legs and any number of internal potential lines.
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and (c) of figure 1.6 would lead — as we shall see — to a problematic effective action. Before
computing these diagrams with potential exchanges, let us derive the relevant worldline
couplings. As a byproduct, this procedure will naturally yield the correct result for the
diagram (a).

Lowest-order couplings: (Lv)'/? and (Lv®)'/2.  Consider the following expansion
dr v? L
—=1-— 2hg;v" + hyvte?
di 5 gz, oo+ 2hoit & i)
L (hoo + 2hev" + hijv'v?) + ! (h2y + 4hoshojv'v? + - +)
— = |v*— — U+ hijv'v — ihojv'v? + -
] MP] 00 0 7 M]:Zq 00 0:/t05
(1.103)
The associated point-particle Lagrangian is identified by substituting the expansion above
back into (1.30). Using the power counting rules of table 1.1, it is easy to see that the
O(L'*v'/?) term comes from the piece:
L ! > mgh (1.104)
1/2 = — myg . .
w1/ 2Ny 2 00

The blue term 2/0;0° yields L,s/z:

1 .
Ly = —m Zmav hoi = —~—— (Pem)’ o, (1.105)

where the center of mass momentum P, is defined as

Xcm
P.,=m d Zmava, (1.106)

and m = Za mg. This, however, is not the end of the story. As mentioned before, to

determine the complete coupling at order (Lv?)'/? one must Taylor expand the radiation
modes:
_ > 1 _
B (20, %) = 2% " SN Oy, (20, Xem), (1.107)
n=

where dz2° = x* — X! . This expansion — when applied to the point-particle Lagrangian
determined so far — will naturally yield a number of terms which enter at order (Lv°)'/?
too, as we shall now discuss. In the following we omit the argument of BW in the multipole
expansion.

Next order in v: (Lv°)'/? term. Collecting L,:/> and L,s/2, we get

L2y = —

_ 1 .
2MP1 za: mahoo — m za: mavahm (1108)
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Part of the terms contributing at O (L'/?v°/?) come from multipole expanding the radiation
gravitons in the formula above. The remaining ones come directly from (1.103). For the
sake of clarity, we reproduce this formula below and color in green the terms which enter
at the next order in v:

dr v? _ o
—=1-— h 2ho;v* + hyiv'v?
dt > T ong, oo+ 2hoi” 4 hiju'e)
. 02 . (1.109)
4 vTog P R N 72 77 i
— g v — Mpl(hoo + Qhoi?) + hijv ’U]) + Mg](hoo + 4h0ih0jv v 4. )
These terms contribute to Lyiipolar a8
L 5 1§ Ma 25, 1§ Ma 3 i (1.110)
multipolar - Vg, -z U vy, .
ftipol 4 La My @70 Ly e

where by Lyuiipolar We denote the complete multipole-expanded point-particle action to
order (Lv®)/2. At last, consider the contributions coming from the multipole expansion of
(1.108). In the center of mass frame, we write:

P 1. .-
Lyij2yyse = — Zma < + 2'0;hoo + 51’[1;‘jdidi]’lt)() +

2 Mpy

Mp] Z mqv, ho, + @ () hoi + ) )

(1.111)

The orange and blue terms above are the complete (Lv)'/? and (Lv?)'/? terms, respectively.
It follows that

Mg 1 — -
Lmultipolar - - Z 2MP1 <2Ua hOO + 2xa${l@ 8 hoo + 21‘ vj@-hoj + hz-jvavg) . (1112)

This Lagrangian cannot possibly be the complete effective action. It has two problems
which are not independent from one another:

* It is not gauge invariant under infinitesimal coordinate transformations;

o It predicts that the unphysical kg and hy; polarizations can be emitted by the binary
system.

The full result will only come after adding the results of diagrams (b) and (¢) in fig. 1.6.
Before doing so, let’s write the Feynman rules for the radiation-wordline couplings we
have just derived. The O (L'/?v'/?) rule is simply

L m I 1/2
|MA~ = 2Mpl/dthoo (Lv)™/=. (1.113)
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The O(L1/2v3/2) rule is

m - -
U*V\/\/\ = —ZMPl/dt (Ilaihoo—FQhoﬂ)l), (1114)

while the O (L'/?v%/?) rule is

- . o
02 |~m = _22]\?7} /dt (hijvlvj + éhoov2 + 22"’ 0;hy;
Pl

| _
+ §x1x]813jh00) .

(1.115)

From (1.115), it is easy to write down the expression of diagram (a). We will do this after
evaluating diagrams (b) and (c).

Diagram (b). To compute this graph we need the following worldline coupling involving
both radiation and potential modes:

rrr‘ _im /dt/eikx(t)nuonlfohoo‘ (1.116)
k

4 Mp,

The derivation of this rule is straightforward and follows the steps outlined in previous
sections. Using it one finds

mims

Pl kq

Substituting (1.49), we obtain

B 1 Gmimoy -
O =577 | U ey 60 S

To derive the corresponding contribution to the effective action one must add up the
mirror image diagram under 1 <+ 2 exchange. In the case of diagram (b), this amounts to
multiplying (1.118) by a simple factor of 2.

Diagram (c¢). The computation of (c¢) is a bit more involved because it requires a particu-
lar case of the three-graviton vertex. We quote without proof the relevant term from the
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gauge-fixed Einstein-Hilbert action:

o1 1 1
Lii2 = Khoo [ — ZH{{L H v, + ngH—k + HH 0 — éHkOOH—k}

h

. R 1
+ k?ho; {QHQOHkoz - HkOin} + k25”zj [Hﬁ H 0 —

§Hka} (1.119)
b (o pirg 3, — ke H K2 Hyy Hog + Kk Hy H

+72 w H ', — KR HH g — kij —k+§kk wH_x|.

First, consider the contribution coming from the hqy term of Lj, ;2. There are two possible

Wick contractions of the potential graviton fields, but since they both yield the same result

we will just carry out the computation with one of the possible contractions and multiply

the resulting expression by an overall factor of two. Doing so leads to

my 1Mo . -, _
;=2 X dt; dt iqxi(t1) gia’'-x2(t2)
(©)fo 2 My 2Mp, / 1 dty /’q/ e e 00

o, UV 1 v, « o, UV 1 o v 1.12
dt/kQ(— U 5+8n“n5+n“7705’30—57755”05())( 0

X (Hqoo(t1) Higu (£)) (H —xap(t) Hroo(t2))

Inserting (1.49) and simplifying the tensor structure, we obtain

—zk [x1(t)—x2(t 3 B
(Q)hey = ’gﬂ? /dt/ —hoo (1.121)
P1

The hy; contribution simply vanishes due to its tensor structure. Moving on, the evaluation
of the trace 5”h and the k'K’ h” term is similar to the hq case. Repeating the usual
calculations, one eventually gets

. 7ik-(x17X2) 3 _ 1 L L
1111Mo e i i
© =" /dt/kT <§ K?hoo + 5 K20 —kkjhij) L (1122)

The remaining integrals over d®k are standard. Using (A.1), the result is

i ms /dt ! {(3%0 + 517/_1@'3')

(C) - 8M§1 87T|X1 — X2|
_ Bij {(51']- _ <x1 — x2)i(x1 - x2)j] }

X1 — X

(1.123)
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To further simplify this expression we must use the O(v°) equations of motion:

G .
= =2 (2 — 3, (1.124a)
X1 — X3
G .
By = (1) — ). (1.124b)
X1 — Xa|

At last, we find

(@:Mim/dt

Summing up all diagrams. Collecting our results, the complete effective action becomes

3 Gm1m2
2 [x1(t) — x2(t)]

hoo(t, 0) — —Zmam B9 hg(t 0)] . (1.125)

h 1 1
LI:;SSR _ o Ex — Z <2max x) 88 h00—|—2max v E)hgj

2Mp 2 Mpy
(1.126)
g + max;aaghij) ,
where Ey 1s the Newtonian orbital energy:
1 Gm1m2
Ex = —mgv? — —= 1.127
) Za:zm T = (1127
Omitting the a label and introducing the linearized Riemann tensor
— 1 . - - —
ROin - _i(hw - &hoj - 8jh02- + al‘ajho(]), (1128)
the term inside parenthesis on (1.126), momentarily denoted by #, becomes
Q0D 1l ;3 i g T (i20) 7,
# = — a2 Rojo; — 57 x?hi; 4+ v'v? hyj + 2V 3 hyj
(1.129)

L 1 . - KX
+ 2"/177/1/’](()7']7/03' -+ 5.’1’1(1,’]((()7‘]7,0]' + (()jh/()j).

Dropping total derivatives, the blue terms cancel upon integration by parts. By the same
procedure, the remaining green terms can be written as

.- 1 . - - . . —
2x2v78ih0j + éle’] (81']103' + (9jh0i) = (JIJUz - .Z‘ll)j)ajhgi. (1130)
Finally, introducing the Newtonian orbital angular momentum

Z Mgt o™ (1.131)
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it is not difficult to see that

h 1 .- 1 _
Liygst = — > Ey + Q" Roioj — m5—€jixLrOjhos, (1.132)
I 2Mp

where Q7 = >~ m,z.x? is the quadrupole moment of the binary. A few remarks on this
result are needed.

(i) After integrating out all the potential modes by summing up the diagrams in fig.
1.6, we have obtained an effective action in which all the dependence on the orbital
scale r appears in the multipole moments of the binary. This is a reflection of the
separation of scales. Thus,

The near-zone non-relativistic physics decouples from the far-zone radia-
tion at the level of the NRGR Lagrangian.

This feature is similar in spirit to the “near-decoupling” of the external dynamics
from the internal dynamics of self-gravitating Newtonian bodies [100].

(i) For on-shell radiation modes, the linearized Riemann tensor Rowj is traceless:

_ _ 1 1 _
Roioi = 0o <(9Hh”0 — 5aoh) — §Dh00 =0. (1.133)

Therefore, Ry;o; couples to the traceless quadrupole moment in the effective La-
grangian:

1
where Q = 6" Qy.

(i11) The orbital energy and angular momentum are conserved quantities at 2.5PN order,
and thus only the quadrupole moment can radiate. This is intimately connected with
the fact that Ey and L couple to the non-radiative graviton polarizations hoo and
hoi, respectively.

(iv) The Lagrangian (1.132) is manifestly invariant under infinitesimal coordinate trans-
formations x — x + &. This is not difficult to check. First, the O (h) Riemann tensor
is invariant, by construction. Next, the iy, term changes by a total time derivative

Exhoo — Ex(hoo 4 200&0), (1.135)
and the same happens to the ho; term:

eijkLkajBOi — eijkLkajBOi + Ez‘jkao(Lkajfi)- (1.136)

Radiated power. With the result (1.132) in hands, we can finally derive the famous Ein-
stein quadrupole formula within the framework of NRGR. But first, we need to understand
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diagramatically the effect of integrating out the remaining external radiation gravitons.
Consider once again the effective action

Seit[¥, hyw) = iS5 [h] + iScons[w4] + (iSaiss|xt, K*] + -+ ). (1.137)

where 7.Scons[1#] and i Syigs[7#, h*¥] are schematically given by

iSeonsl2t] = > (——), (1.138a)

n

i Sgiss |t B = Z ( ;(%: ) ~ LYy t1/2, (1.138b)

n
n

and 155, is the sum of all pure-graviton vertices. The ellipsis in (1.137) contains n-graviton
emission diagrams. For simplicity we’ll focus on the single emission diagrams of (1.138b).
Notice that (1.132) is contained in ©Sg;ss, Whereas the EIH Lagrangian (1.91) contributes
to @ Seons- The results of our previous discussion imply that

221 __m /dthoo, (1.1392)

S  2Mpy

;é: =0 (in the center-of-mass frame), (1.139b)

vl

i

y  2Mp

/dt [ENBOO - eijkLkﬁjﬁm - IinOin} . (1139C)

From the single-emission diagrams of 7S [x*, h*], the NRGR effective action i SYROR [z#]
is constructed by summing up all trees’” in which the only external “legs” are the world-
lines of the binary constituents. The conservative term S..,s survives the integration of

radiation gravitons untouched. For example, the first few terms of i SNKOR [x#] are

iSetr 0N [@h] D iSeons[1h] + m + SMZ (1.140)

m m m 2

20By trees we mean diagrams with no pure graviton loops.
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From left to right, the “self-energy” diagrams above scale as Lv and Lv®. Moving on to
Lv® (or 2.5PN) order, we have the following graphs:

§ SNRGR (1] f\«i - ﬁ
2 2 m 4
1
" i&z Y

Luckily, as a consequence of a general result proved in [55], we do not need to compute
most of these diagrams.

(1.141)

Lemma 3 (Galley, Tiglio). Let C*? be a conserved quantity and V°(t) an arbitrary
vertex. Then, the following diagram in NRGR vanishes:

C&ﬁ \VaCd (t)

From now on this result will be refereed to as the “GT lemma.” Its proof is presented in

appendix A. Since the mass m is conserved at 2.5PN order, it follows that the only diagram

we need to compute in :SYROR at this order is the first one in (1.141). Moreover, only the

quadrupole coupling in the Feynman rule (1.139c¢) survives. Thus,

iSar O [25] = ©Seons[25] + ;QL +O(Lo®). (1.143)

Iij IkZ

We now proceed to compute the diagram above. Using (1.139¢), we find

RV ' rid (g The (g
EQL _5(2MP1) /dtduﬂ(m ®) (1.144)

i Ikt

X <T{R0i0j (t, O)ROkOZ(t/a 0)}>

The overall 1/2 is the symmetry factor of the graph. Also, notice that the Riemann tensor
is evaluated at the spatial origin due to the multipole expansion. The computation of the
two-point function above is straightforward albeit a little tedious. Written in terms of the
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usual Feynman propagator, the result is

d4k e—iko(t—t’)
om)1 K2+ ia

l

(T s (1.0 R 001 = 5 [ 7

x | kikjkke + (K°)* (0050 + 63061 — 6ij0ke) (1.145)
+ (k)2 (845knke + Onekikj — 60kiky, — Sjnkiky — Sinkjhe — Sukjhy) |-
Exploiting the rotational invariance of the integral, we make the replacements:
W@%%mﬁ%, (1.146a)
kikjkike — %\kﬁ(@jék@ + 8irie + Giedjn). (1.146b)
Since k is an on-shell momentum we can set |k| = k°. Therefore,
7 d*k  (k%)4 kO (t—t1)

(T{ Rou;(t, 0) Roroe(t',0)}) = 20 / iR tia’

5 (1.147)
X ((Sikéjg + 5i56jk — 55115165) .

Substituting (1.147) back into (1.143) and using the fact that /;; is traceless, we find

1 g d3k
=——— [ d&tdt' I; ) IV () | ——
iy e [ norie) [ S5

149 I (1.148)
< [ PV <k0)4 efiko(tft/) _ iﬁ/ (k0)45[<k}0)2 _ ‘k|2] efiko(tft’)
po (K0)2 — [k[? ko

The derivation of this expression makes use of the Sokhostki-Plemelj formula:

lim -
a—0 r £+ 1A

1
=PV _ Find(a). (1.149)

Notice that (1.148) is a sum of two terms. The principal-value piece will yield an imaginary
contribution to the diagram whereas the second integral over the delta function produces a
real term. Let us evaluate the latter first. Using the fact the /;;(t) is a real quantity — so that
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its Fourier transform satisfies /;;(—w) = I};(w) — we obtain

___//dko/dtdt/elkot t') IU( )[U( )(ko) [(ko) ]k‘ ]
= ——//dk;o ij k;O)]W( ]{30) (ko) [ (k0‘|“k|)—|—(5< |k|)} (1.150)

oIk
- / KPP, (k)2

The principal-value integral in (1.148) can be evaluated using (A.7). Setting t' = ¢ + s and
Taylor-expanding, we find

IRE/dtdSM >I"”'(t+8>/Pv ﬁe—“&

d'n,]”Lj ko) -kOS
—/&%U ol / /ﬁVwko KRS (1.151)

1 dn It
:/dtlij(t)zmw() MY (n, 4,0).

n=0

In the second line above we also set £ — —£°. Since only the n = 5 master integral is
non-zero, we find

1 d5T9(t)
IR = yp dt 1;(t) ——=— BT (1.152)
Substituting (1.150) and (1.152) back into (1.148), one gets
;@ - 80M2 (IR+ID)
1 1+ & (1.153)

ZG i e 7
-G L -G / %P1 (1K),
k

which is the first non-trivial contribution to iSys[z¥] to 2. 5 PN order. To extract the

radiated power we must identify the graviton emission rate ~—= d dQ by means of the formula

1 > d’r
721m m SYROR [z ]zl/m dwcﬁzdwdﬁ (1.154)
0

where 7' is some characteristic time such as the binary’s period. Let’s take a step back
and try to understand the intuition behind this definition. In non-relativistic quantum
mechanics, the probability p(t) that a normalized state [1(t)) = e~ |4 (0)), with E € C,
will not decay is given by p(t) = ((t)|¢(t)) = 2™ B The quantity 2(Im E)t, which
plays the role of the effective action in this toy model can be used to extract a decay width
7 defined by p(t) = e*/7. As we shall discuss in §1.3.5, the definition (1.154) can also be
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understood in light of the optical theorem.

The preceding digression suggests that the integrand of (1.154), the graviton emission
rate, should be identified with the average number of emitted gravitons per frequency per
solid angle unit. The radiated power P is simply given by

P / h dw dQ2 T (1.155)
= wdQw . .
0 dwd$2
From (1.153) we deduce that
G G
SRR 2] = Seons|wh] — 10/duza1 5 T /|k| 1L (k) |* + O(L°), (1.156)
and the graviton emission rate is identified by writing
21G d|k\ -
I S35 = 222 a0 [ S8 P I (k)
(1.157)
:/ dw/ w5]l:ij(w)\2 .
0 |k|=w
Having identified the emission rate, the leading-order radiated power follows:
]_ G & 6 = 2
Pro T207T2/d§2/0 dos o T3 (w)
Lo [ (1.158)
=—— |/ d dtdt e 1 ()1 (¢
s | st [ I,

The powers of w in the integrant can be traded by time derivatives acting on e~

Integrating by parts, one recovers Einstein’s quadrupole formula:

1 G , N3 7 (3) G 1 (3)
Pro = ggo- [ dtdt 2mst = )P OIP(¢) = £ 7 [ AIPO1F )

G 3) (3
= €<Ii(j)]i(j)>T'

(1.159)

If the imaginary part of (1.156) is responsible for the instantaneous power loss, what is the
role of the real term? In principle, it produces a contribution to the equations of motion,
much like the conservative Lagrangian iS,,s does. However, since this term is obtained by
integrating out the radiation gravitons, it is not part of the conservative potential per se, but
rather a dissipative potential. Of course, such radiation reaction contributions are expected
when describing the dynamics of a radiating system in a consistent manner.

Unfortunately, as we shall discuss in detail in section 2, the real piece of (1.156) does
not yield the correct 2.5PN radiation reaction force as given by the well-known Burke-
Thorne formula; it produces a boundary term in the effective action. This problem can be
fixed by implementing the so-called in-in formalism.

The state-of-the-art result (derived from traditional GR methods) for the GW phasing
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in quasi-circular orbits lies at 4.5PN order [25].

1.3.5 Bottom-up: amplitudes and the matching procedure

We now turn to the bottom-up approach to NRGR, first devised by Goldberger and
Ross in [58]. This particular setup to the far-zone computations has lead to a number of
important results in PN theory; see [54] [5] [6] [7] for an incomplete list in the spinless
sector. Moreover, as mentioned in §1.1, this approach feels closer in spirit to the way that
EFTs are used in particle physics.

In the latter scenario, one typically does not have access to a more fundamental theory
from which the low-energy dynamics under investigation can be derived, rendering the
“handcrafted” computation of the effective action illustrated in §1.3.4 impossible.

Instead, we now exploit the symmetries of our system to write the most possible
effective worldline action, which takes the form of a multipole expansion. We are a
priori agnostic about the multipole moments; their precise expressions in terms of the
orbital variavels are inferred a posteriori via a matching computation. This matching
computation is done via a top-down calculation in the style of §1.3.2. Furthermore, in
contrast with the near-zone computation, we now work with the full propagators. The quasi-
instantaneous approximation of the near-zone is ill-suited to describe far-zone process in
which retardation effects are guaranteed to be important.

As before, the separation of scales of the two-body problem will be exploited to
determine the multipole moments order by order in the PN expansion.

An action for linearized gravity. Consider a self-gravitating skeletonized”' body in GR
which perturbs the background Minkowski spacetime. Write

1
v — 1/+_h' v (1160)
o Ty Mo "

where h,,, represents a linear perturbation. At this level, one can describe the coupling of
the gravitational field to the matter by the action™

Sint = / dz T (z)h (). (1.161)

2Mp,
In the equation above, 7+ () denotes the pseudo stress-energy tensor of the system. In the
case of the two-body problem, this tensor receives contributions both from the gravitational
binding energy (as a by product of integrating out potential modes) and the matter point-
particles. Since we are interested in a long-wavelength description of a radiating system,

21 By skeletonized body we mean a point particle supplemented by multipole moments which capture
finite-size structure effects.

Z2This is a straightforward generalization of the interaction Lagrangian J*(x) A, (x) extensively used in
Maxwell’s theory, where J# and A, are the current and gauge potential four-vectors, respectively [88].
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we multipole expand the h,,, (z) field:

o

1

My (%) =) o N Onh,,(t,0). (1.162)
n=0

We take the origin of the coordinate system to coincide with the location of the self-

gravitating body. Furthermore, consider a frame such that the four-velocity can be written

as upoq, = (1,0). From now on, we work in a locally-flat comoving frame {el;} such that

el = ut, (1.163a)

g = elel — dellel. (1.163b)

Notice that the frame metric is n°% = diag(1, —1, —1, —1). After substituting (1.162) into
(1.161), one makes extensive use of Young tableaux and the conservation of the pseudo

stress-energy tensor 0,7 *" = 0 to express the action in terms of symmetric tracefree (STF)
moments of 7#”. This procedure is described in detail in reference [114]. The result is

Sint = = I /dt (Mhoo aF QPZhOZ aF MX’(()ZhOO aF EijkLiajhOk)
Pl
© /q o0 (1.164)
+ / ey (E 1"0,_5E;, ., — mJLaLQBiém> :
/=2
where E, P, X*, and L' are defined by

M = /d3x7*)°, (1.165a)
P = /dngﬁi, (1.165b)
MX'= / d3x 707, (1.165c¢)
L'=— / d*x €77 .. (1.165d)

The STF tensors I” and J* are the rank-/ electric and magnetic source multipole moments,
respectively (also called mass and current moments). For example, /¥ is the usual STF
mass quadrupole and J¥/*¥ is the STF current octupole. This identification is only possible
due to the conservation of the pseudo stress-energy tensor, which is one of the ingredientes
used by the authors of [114] to derive the general formulae for I* and J (the other
ingredient being the representation theory of the rotation group). For completeness, the
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general formulae for these moments are

L _ - (20 + 1) 8p({ +p+1) 3 220700, 2p L
! ‘Z<2p>u<2e+2p+1>u{“<e+1><6+2H/dxat T }

)
= (20+ 1) { 4p H/ 5 oo ) L}
+ 1+— d>x 0P T r Py
]; P20 + 2p 4+ 1)!! (+1)(0+2) ! STF (L166)
> (2 + 1) 4 < 2p )[/ 4 il o L} '
1+ — A3z 9P 00y g0
pz; P20+ 2p+ 1)1+ 1 (+2 ! STF
- (20+ 1! 2 {/ 3 A2p+2ab, 2 bL:|
+ d°x O AT PPt ,
pz; P)N(20 4+ 2p + DI (£ 4+ 1)(¢ +2) ! STF
and
> 20 + 1) 2 , ) -
JL — ( (1+ >|:/ddxekgbaa pTOaT2p$bL 1
;ﬂ (2p)!"(2¢ + 2p 4+ 1! (+2 ! STF
(1.167)
- (2 + 1) 1 {/ 3 _kebao2p+1 2 bL—1:|
d°x PP T T Cp P e
Z N20+2p+ 1)1 +2 ! STF

p:0

The F,, and B, tensors in (1.164) are the “electric” and “magnetic” components of the
Weyl tensor:

E,ul/ = Cual/,b’uauﬁa (11683)
1 o
By = 5 €upoaC"™ jgu *uP. (1.168b)

Both tensors are traceless with respect to the full metric and transverse to the four-velocity
of the self-gravitating body: ¢*"F,, = ¢’ B, = 0, and £, u” = B,,u” = 0. Recall that
for on-shell perturbations 7, in vacuum, the Ricci tensor and Ricci scalar vanish and the
Weyl tensor coincides with the Riemann tensor. In the frame where w4, = (1,0), the
non-zero components of £, and B, are

1
Eij = Roioj = m(aoajhm + 00;ho; — 0;0;hoo — Oghij), (1.169a)
1 1
Bij =3 e Ry, = oM —— € (00'h " + 0;0"hy)). (1.169b)

In particular, the moments X*, P?, and L vanish with this choice of frame, thus simplifying
the action (1.164).

Separation of scales and the two-body problem. Consider once again the gravitational
two-body problem and the separation between potential and radiative modes. To construct
the bottom-up effective action we must first list all the symmetries we have at our disposal.
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According to (1.39), after integrating out the potential modes we are left with an
effective theory describing a single skeletonized body in a background metric

1
Guw = My + —— Ny (1.170)
Iu U Moy "

In the absence of spin degrees of freedom, the symmetries of this theory are worldline
reparametrization invariance and diffeomorphisms with respect to g,,,. The latter property
is ensured by promoting the partial derivatives 9, in (1.164) to covariant derivatives V,,
compatible with g,,,. Reparametrization invariance is made manifest by integrating the
effective Lagrangian with respect to the proper time (g, dz* dz*)*/2, or dt (goo)*/?, in our
choice of frame. The result is the following multipolar action:

_ I < /1 _
Smulti [IZ, huy] = /dt (goo)l/Q |:—M -+ Z (E IL(t)VL—Qgie_lig

2Mp,
=2 (1.171)
2/ P
_ ] J (t)VL_gBillieﬂ ,
where £, and B, are defined as
g;w = 2MP1E#V[.§]7 (11723)
B, = 2MnB,,[g]. (1.172b)

The effective action SYX[x~, h,,,] of equation (1.44) is thus given by

SUR [, huw] + Set = Seons[2] + S [hy] + Simati[24, hy]- (1.173)
Comparing this expression with the definition given in the top-bottom approach, we see
that (1.171) plays the role of Sj,[z*, BW]. In principle, Si, contains operators involving
all powers of h, and these should be added to the multipolar action just constructed. Such
terms like &;;& “ probe the finite size of the binary constituents, and their effects can be
analyzed by splitting the multipole moments into “background” and “response” terms. The
latter is associated to tidal effects, as we shall discuss in more detail in chapter 3. For
the moment, we restrict ourselves to the single-graviton action Sy [z, BW] and neglect
higher-order operators.

As it stands, the action (1.171) accounts not only for the emission of GWs but also
their propagation on the curved spacetime geometry of the binary. To make our lives easier,
we can first consider the propagation of waves in a Minkowski background and include a
posteriori non-linear effects — such as the tail effect — associated to the spacetime curvature.
Formally, the expressions for the radiated power and the waveform will not change; instead,
the difference arises in the definition of the multipole moments. When non-linearities are
“turned on” one must work with the so-called radiative multipole moments.

From (1.171) it is easy to write down the linearized action. We replace dt (ggo)'/? by
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dt and V, by 9,,, yielding

_  — 1 -
Shnear[xg, hwj] = Wpl Z/dt (E IL(t)8L72Eig,1,ig
=2 '

(1.174)
20 ~
- JL t)0r,— BZ ir |
(f—{—l)! <>L2 e—11¢
where E’iz_1i[ and Big_m are simply (1.169a) and (1.169b) multiplied by a factor of

2Mpy, respectively. Extracting the Feynman rules out of (1.174) is straightforward and
leads to an expression for the single-graviton emission amplitude i A;,, which we define
diagramatically by

=2 " Jb

iAhEi< § + § ) . (1.175)
on-shell

Let us now derive the explicit form of the amplitudes shown above. First, consider
the contribution from the electric multipoles. Working in the TT gauge and Fourier
transforming (1.174), we find”’

1 .
(E) = /dt E ]L(t)aL_QEieilie

1 » e
:/ dt@/ G_Z“VL(w)@L—?{_@? / e M Ry, i, (oK) (1.176)
s Jw w’ k x=0
1

- /wk 0o I (w)w? (=) k-2 by i (~w, k).

Thus, the amplitude for the electric multipoles is

§ i (=), *
=oan o YT Wk, K h). (1.177)
It !

The polarization tensor €, (k, h) satisfies the following properties in the TT gauge:

eu(k, h) =0, (1.178a)
§ei(k,h) =0, (1.178b)
k'eij(k,h) = 0. (1.178¢)

In addition, the reality of the graviton field h,, implies ¢, (w, k; h) = . (—w, k; h).

Z3Recall that our convention for the metric signature implies %/ = —§%.
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Moving on to the magnetic term, we have

2/ ~
(B) = / Gy 002Bi

20 ,
:/dt—(£+1)!/6_ZthL(a))aL_2

) (1.179)
Y [m o0 [ ek, )

x=0

20 e ) -
— /k (£+1)!(—z)é 2w (W) €6, ymnk"kp—2 by, (—w, k).

Therefore,

i 0 T ek ). (L180)
% |

Combining (1.177) and (1.180), we finally obtain the single-graviton emission amplitude
for all multipole moments:

' i ee —5)2 X
ZAh(w, k) = 2MPI Z ( g)' |iw2]-L(w)l{IL2 €ig,1ie (k, h)
= (1.181)

20
WJL<LU)€Z‘ _1mnk3nk’L_2 e* mi (k, h)
<€ + 1) ‘ ‘ on-shell

With i.A4), in hands the computation of the radiated power follows immediately from the
optical theorem, which says that the graviton emission rate dI' can be obtained by squaring
the on-shell amplitude:

1 &k ,
dr—;fm\/\h(\khk)l - (1.182)

The radiated power follows as
P [ar. (1.183)

Schematically, the formula (1.182) is the statement that

2
’ é =2Im <@> (1.184)
on-shell

This relation was already used, albeit implicitly, in the top-bottom approach when we split
the propagator in (1.153) into its real and imaginary parts. Notice that the perfect square
structure of Zp, the term used to extract the radiated power P, is similar to ‘Ah|2. The
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only difference is that in the top-bottom approach the amplitude i.4; was not introduced
explicitly.”* To make this connection clearer, consider the leading order formula (1.158)
and (1.183). Comparing both expressions, we infer

1 |k\3 1
k|, k

I (1)) (1.185)
The relation above can be easily checked by squaring the ¢/ = 2 amplitude

AL I)] = KT w) €5 ) (1.186)

(=2

and performing the sum over graviton polarizations. Indeed, using the standard formula

1
Z&Tij(k, h)&?;l(k, h) = 5 {(5%(5]'1 + 5@'15]k 5z](5kl + —= (6z]kkkl + (Sklk k; )
h

!kl2
| | (1.187)
_ W(dikkjkl + (Silk’jkk + (Sjk/{ik’l + §jlkikk) ‘k’4kkk kk:k'l:| ,
one finds
Z\Ah k|, k)| 16M2 [ 77 (w) T (w Zgw (k, h)el,(k, h)
i (1.188)
s
= ——[k[*|L (@)
When summing over the polarization tensors, we replaced
1
kik; — g\kﬁéﬁ, (1.189a)
1
k’ikjk’kkl — 1_5’k|4(§z]5kl + 5ik5jl + (51-15jk). (1189b)

This is justified because the quantity y, |.A5(|k], k)|? will be integrated with respect to
the spherically symmetric measure d*k. Since [;; is traceless, we drop terms proportional
to d;; and dy;. After straightforward manipulations, the simplified polarization sum rule
used to derive (1.188) takes the form

1
Z eij(k, h)ep(k, h) — 5(5z’k5ﬂ + 0ibjk). (1.190)
I

With (1.188) in hands, the verification of (1.185) becomes a matter of elementary algebra
and the derivation of P follows identically. We thus see that the bottom-up approach
correctly reproduces Einstein’s quadrupole formula, as it should.

24This is simply a matter of practicality: the emission amplitude is a quantity most useful — conceptually
speaking — in the bottom-up approach to the far-zone.
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Since we have the all-multipoles amplitude (1.181) at our disposal, computing the
flux for generic ¢ is conceptually easy, albeit technically demanding. A sketch of the
intermediates steps for the case of scalar radiation — as well as the complete formulae for
the electromagnetic and gravitational fluxes — can be found in reference [114]. We also
point out to §3.8.2 of reference [4] as an illuminating guide to this computation.

The GW flux sourced by the magnetic quadrupole and the electric octupole moments
contribute as [104]

1 -
— WTFW))P -] (1.191)

G [Cdw|l 4 . 16 g
_ el Bl ]”L] 2 —2 6] 11 2
P /0 {560 [ W) + e T (W) + 155

T T

The first term is the leading-order result, clearly. As before, powers of w can be traded by
time derivatives of the multipole moments. The all-orders formula in the time-domain is

peaS e n (1)

=2

= 40 +2) dHLgEN? (1192
+GN£:ZQ - D+ )20+ DN <( S ) >

where the (- - - ) brackets denote the time average over the period 7'.

Power-counting the multipole moments. So far no connection was made between
(1.192) and the PN expansion. To do so, we must understand how each multipole moment
scales with v, the power counting parameter of NRGR. Naturally, this investigation also
yields the scaling of 7+,

Let m denote the typical mass scale of the binary. It suffices to consider the source
multipole moments, in which case the integrals over d3x of 7%, 7%, and 7 scale as m,
mu, and mv?, respectively. Since m,/Mp; ~ (Lv)'/?, moments of 7" scale as

1
— / Ex T2 ~ (Lo)V%*, (1.193a)
Mp

1 )
— / Bx Tt ~ (L)Y, (1.193b)
Mp

1 -
— / Bx Tzl ~ (Lo®)V2rt, (1.193c)
Mpy

With these rules, we easily determine the scaling of the leading-order flux (1.158). Notice
that

Ity = /dgxﬂox“wﬂ ~mr?, (1.194)
and 5o I}% (w) ~ mr? [v. Tt follows that

L 7
Pro~ (1.195)

r2
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The manner in which diagrams like (1.139) are combined to produce iSNRR suggests that

the next-to-leading order (NLO) flux will be suppressed by v? with respect to P . Let us
now list all multipole moments one must compute to determine the NLO flux. We write

[0 =[5 41 (1.196a)
Jid — Ji‘J‘O+JIiIJ'LO+... 7 (1.196b)

and so on, for all moments. Besides the NLO electric quadrupole, both LO magnetic
quadrupole and electric octupole contribute to Pyro. This is not difficult to verify. From
the general formula (1.166), the NLO I¥ tensor is

o= /dgx (7-]7{ - g%kl’k + ETGOMQ) [Z'Zm]]sTF ~ mriv?, (1.197)

These are all the terms of I” (for ¢ = 2) that carry an additional power of v? with respect
to I/ Tt follows that I ,(w) ~ mr3v. Therefore, I} (w) I3 o(w) ~ m2r®, which is
indeed down by a factor of v> compared to |}, (w)|?. Moving on, the leading magnetic
quadrupole moment is

STF

Ji = —/d3x (€ T% 2] o ~ mrv. (1.198)

2

Then, .J;%(w) ~ mr® and we find once again that | J% (w)|? ~ m?rS. At last, consider the

leading electric octupole

Iy = / EPx T (207 2] g ~ mr®. (1.199)
It is clear that | 17 (w)|?> ~ m2r® /v?. Since this term appears multiplying a factor of w® in
the formula (1.191), it also produces a NLO contribution to the flux. Taking into account
all three contributions. Taking into account the three contributions discussed so far and the
general result (1.191), the NLO flux takes the form

G [dw|2 ¢4 16 Y 1 ik
Prro = T/o - [g W I o(1Lo)ij + b WOl o (W) [? + 139 WPl (W)P|. (1.200)
It is not difficult to check that Pxo ~ Lv?/r?, as expected. The factor of 2 in the
electric quadrupole piece appears because there are two terms of the form I (IL0)i;
when expanding the product (/1o + Invo)ij(ILo + Inro)?.

The matching calculation. So far we have not determined the precise form of the pseudo
stress-energy tensor. To do so, one must perform the matching procedure. Following the
near-zone calculations of §1.3.2, we now evaluate 7 perturbatively for our binary system,
taking into account both contributions from the matter particles and the gravitational
binding energy.
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Separating these two contributions, we write u* = (1,v) and 7H = " + T, where
utu?
v — I v ) A
Ty, = E mam O (x —x,4(t)) (1.201)

and T}" arises from integrating out the potential modes Hy,,,. The expansion in powers of
v is straightforward for 7}/, as can be seen from the expression above.

The diagrams for the point-particle contribution are simply single-emission diagrams
like (1.115), where no potential modes interact with the wordlines (nor with the external
radiation gravitons). For example, the formula (1.110), which is not multipole-expanded,

is precisely the v? rule below:

I Q——aak i
1)2 — 4 v,
Zl :_2Mp1/dx7;’g P o2
o=l \ ———— (1.202)

1
:_2Mp1;ma/dt< hoo—i-hwv U]).

It is worth stressing that the derivation of the rule above does not require any vertices
coming from the gauge-fixed Einstein-Hilbert action; we only expanded the point-particle
stress-energy tensor to the desired PN order.

Similarly, x T by, are of the
same type as diagrams (b) and (c¢) in figure 1.6. Such graphs require vertices with both
potential and radiation modes. With these remarks in mind, we are ready to compute all
the moments in the NLO flux.

Leading J¥ and /“* moments. The leading-order moments only involve the point-
particle contribution 71" To order vY, we simply have

00(¢, x) = D mad® (x — x,(1)). (1.203a)
it x) = D mav'd® (x — x4(1)). (1.203b)

Substituting (1.203a) into (1.199), one finds

L%t Zm /d3x 0@ (x — x,4(t)) [2'2T 2" lsrr Zma hx) k] srpe (1.204)
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Finally, substituting (1.203b) into (1.198), we obtain

Jot) = ma / dPx 6 (x — x4 (8) [0 0] g
a ‘ (1.205)

Next-to-leading // moment. We now compute the four terms entering the complete
NLO expression for the electric quadrupole moment:

g g 4 . 11 . .
LN+ Lo = /d3x (7’00 + Tk — —%kxk + 4—7'00|X]2) [2"27]

= (") + (I ) + (1)) + (1))

STE (1.206)

First, consider the last two terms (I%/), and (I¥). The time derivatives acting on
T# bring additional powers of v in the power counting, so that one can simply use the
leading-order expression of the pseudo stress-energy tensor when evalutating them. For
example,

2 . .
(1)@ = Zma/d3x@ [5(3) (x — xa(t))} x|? [m’xJ}STF

- ; (1.207)
=5 ma@(‘xaﬁ[xzx]}STF)
Similarly,”
d
() = 5 Zma/dSX 3 [0 6 = xa(®) | vna® [207 ] o
(1.208)

Next, we turn to (1), and (I”/)q,. To determine these terms we must compute the combi-
nation 7% + 7% to NLO in v. As mentioned before, this sum receives contributions both
from the point-particles and the gravitational binding energy, according to the diagrams in
figure 1.6.

ZNotice that (1'7), has an overall minus sign because we have lowered one spatial index of 70%.



Chapter 1. The NRGR Framework 53

Consider the point particle contribution first. From (1.202), we read off

T(t,x) Z mav20®) (x — x,(t)), (1.209a)
= mav'v 6% (x — x,(t)) (1.209b)

Thus,
[T, x) + T%, (t,x)] Zmav (x — x4(2)) + O(v*). (1.210)

This sum contributes to the quadrupole moment as
/d3x (7’00 + T]Z ) x, xj STF = - Zmav x, mj STF + O(U4). (1.211)

Now we compute the contribution to /% coming from integrating out potential modes.
These terms come from diagrams (b) and (c) of figure 1.6, and their stress-energy counter-
parts are denoted by 7] and T}5, respectively. From (1.118), we write

ol

| = ~o /d%ﬁﬁ”ﬁw

e

2

v (1.212)

1 Gm1m2
dt h
MPI / r o

Introducing a sum Z = Z , we write this result as

b#a a,b=1
b#a

Gmamb ) Gmims
2MP1/ Z hoo = i /dt . hoo. (1.213)

a

In the equation above, |x,| = |x, — x;| = r. We then extract the following contribution
to the 00 component of the electric quadrupole:

/ Ex TR %) [hd] oy = 37 T L] (1.214)

o [Xa|
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Next, we extract T/, from (1.123). We write

—_—r ,
1 /[/ —
Y = d*e T h,,
=y [ e, -
(1.215)
i Gmgmy [ 3 - 12tz
— e ab”a hz
2MPI/ Z 2[xa| {2 2 xa)? j}
Repeating the same procedure, one finds
Bx (T o T* i, -9 Grmamy s 5 1.216
X( + 7% )H2 [xaxa}sn: - Z |50 [xaxa}STF' (1.216)
b#a @
Combining (1.207), (1.208), (1.211), (1.214) and (1.216), we finally obtain’®
K —Zm 1+ U —ZGmb [x’xj}
a |5 | aal TR
b0 (1.217)

2

43 d : :
SR TCR R FES S 4 ()

We are treating the binary system as an isolated body in the center of mass of the two-body
system. Therefore, one must write (1.217) and the other moments using the appropriate
center of mass coordinates.

Center-of-mass variables. First of all, denote r = x; — X9 and v = r. Define the
symmetric mass ratio 7 and the reduced mass p by

% mimea
=—= = o 1.218
n= . m=>» m (1.218)

To express the electric and magnetic source multipoles in terms of the center of mass
variables, we must determine M and X* as given by (1.1652a) and (1.165¢), respectively.
Recycling the previous matching computation, one easily finds

M:Zma(l—i—— ——ZGm”) (vh). (1.219)

The first two terms above come from the point-particle contribution to the energy-momentum
tensor whereas the last term comes from the integration of potential gravitons. One also

Since the combination z,x7 is already symmetric, the term [z%x ] is simply z/zJ with the trace

—36"|x4|? subtracted. Hence, the “TF” label (tracefree).

STF
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finds

1 o 1o
_ 1 1 4
_m;ma(lJr —9? Q;IXab|)Xa+O<v)
bt (1.220)

2 2X2 — G—m(Xl -+ Xg) + O(U4)

1 4 +m12 4 M2
= — | X meoX — U7X
m 1 22 2 1 2 2 27

We take this center of mass position to coincide with the origin, so that X* = 0. Using the
leading-order relations

mao my

Vlzﬁv—{—O( ) ng—EijO( ) (1.221)

the coordinates x; » can be determined by solving the following linear system to order v?:

r=X; — Xy, (1.222a)
2 Gum

0 = muxy + maXs + %(mm ) — %(x1 +x2). (1.222b)

The result is

€.
x| = [% + %(ml — my) (% — Tm)} r+ (’)(114), (1.223a)
my N v? Gm 4
Xg=|——+—(mi—mo)[ = —— || r+O(v") (1.223b)
m - m 2 r

Let w, be the orbital frequency of the circular orbit. Introduce the standard PN parameter
= (Gmw)?? ~ v (1.224)

Since we are dealing with a circular orbit, the condition r-v = 0 holds. Substituting
(1.223a) and (1.223b) back into (1.204), (1.205), (1.217), and using the 1PN equations
of motion derived from (1.91) to eliminate acceleration terms, one finds (after a lengthy
calculation):

; 1 39 o 11 .
! ]( ) : {1 - (E 42”) ] [7" TJ}STF + Ewﬁz(l B 377) [U U]}STF’ (1.225a)
JU(t) = /1 —4n [(x X v)'r7] s (1.225b)

]z’jk(t) = u\/1— 4n [rirjrk} (1.225¢)

STF"

To determined the flux Py o we must square the Fourier transform of these moments.
Parametrizing the orbit as

r(t) = (r cos(wet), rsin(wet),0), (1.226)
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we find”’
y TP 107 55
[y =00 g (20 . :
[T (w)] 2t [ < 51 + 2177> X} d(w — 2w,), (1.227a)
y 7Tn*x5
|9 (w)? = ﬁ(l —4dn)d(w — we), (1.227b)
2,6
ijk 2 _ T I'n°x B B § B
|T7%(w)] e (1 —4n) {(5(w 3we) + 55(w we) |, (1.227¢)

where T' = 276(0). Identifying the leading-order flux in terms of the X parameter as

32
Pro = el X, (1.228)

we finally obtain the famous result [23]

(1.229)

PNLoil_ 1247 35 .
N 336 12 '

+ =0
Pro

At the moment, the (energy) flux has been determined at 4.5PN order using the traditional
post-Newtonian multipolar post-Minkowskian (PN-MPM) framework [25] [24]. The state
of the art with NRGR methods is at 3PN order [9].

2"These formulae are obtained by neglecting terms of the form &(w) and §(w + &w,), for € > 0, since the
frequency w has support for positive values only.



Chapter 2

The in-in Formulation of NRGR

The formalism of NRGR presented thus far relies on the field-theoretic path integral
approach, and as such, the usual scattering boundary conditions are inherited. This
approach is dubbed “in-out.” Consequently, we are forced to use the time-symmetric
Feynman propagator to construct our theory. Our system of interest, however, undergoes a
wealth of time-asymmetric dissipative processes associated to the reaction of gravitational
radiation. As we shall see in the next section, these effects are not (yet) captured by the
effective theory.

2.1 Shortcomings of the in-out approach

The loss of energy and momentum due to gravitational wave emission alters the motion
of the binary itself. This is the meaning of “radiation reaction.” At lowest non-trivial
PN order in the effective action, one expects to find the first dissipative correction to the
two-body potential in the real part of the graph (1.153). Let’s define a function Vs such

that
/dt Viiss = Re (2 ;QL ) (2.1)

Qij Qk[
This dissipative potential also receives corrections from higher-order diagrams. For the
moment let’s focus our attention on the simple quadrupole-quadrupole graph. A closer

look at (1.153) reveals that this in-out diagram does not contribute to the equations of
motion of the binary; it produces a boundary term. After two integration by parts, we find

/ dt ‘/diss

Rather than a failure of NRGR, this feature signals a limitation of the in-out Lagrangian
formalism. To describe real-time radiation-reaction effects one must abandon the Feynman
propagator!

Besides the radiation reaction problem, it is straightforward to see that the gravitational
waveform evaluated with the Feynman propagator is non-causal. To see this we must
compute the NRGR one-point function. Introducing the TT gauge projector A;jz.(01), we

G ) G/ d .
= — (i = — — (Q;;QY). 2.2
= ey = g [ar g 0,07 2

57
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then compute the 2.5PN graph for the one-graviton emission. Schematically, this is

(hi(x)) = Aijké( ZL ) (2.3)

Qmn(t')

At this order only the quadrupole coupling in (1.139c) survives the projection onto the TT
gauge. Translating the formula above using the NRGR rules, we write'
7

(57 @) = gy A [ 4 @) R mO)NQ™ () 24

Since we are isolating the TT degrees of freedom, we can substitute R0, by $02/mn
inside the correlator. The §? derivatives then act on P*  Di(t — 7,x). After integrating

by parts, one finds

?

<iL;r]T<l‘)> = MPIAUIM / dr Df(t - T, X)ng(T). (25)

To extract the real part of this function we employ the identity (A.36), which leads to

Re [iDi{t — 7, )] = 5 [Gralt = 7 %) + Gaan(t — 7,%)] o6
— Lo 2 ) |
Therefore,
MLPI Re (AT (x)) = m Aijre / dr §[(t — 7)* = [x|*]Q¥(7).
— 2G A / dr ﬁ [6(7 — tar) + 67 — t)]O(7)  @7)
- |%AW [OF (trer) + QO (taay)].

where ¢, = t — |x| and t,qy = t+ |x|. The expression above for the waveform is manifestly
non-causal due to its dependence on the advanced time.

At the heart of this problem lies the Feynman propagator, which is a natural outcome
of the in-out Lagrangian formalism. The correct way to implement retarded boundary
conditions at the level of the action relies on the in-in formalism. But before we get to its
implementation in NRGR, let’s review some fundamental aspects of the in-out approach.

IThe time 7 is simply a dummy integration variable. Unless explicitly mentioned, it should not be
confused with the proper time.
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2.2 Review: in-out one-point functions

Let’s take one step back and ask ourselves: “How does one compute one-point functions
in the in-out path integral formalism?” The starting point is W{ji, j2, J*], the generator
of connected correlation functions:

2
eV = /HDanhW exp (iSWR[Xa, h] +i/dtja-xa —{—i/d4x J’“’hw) . (2.8)

a=1

In this path integral, Swg is the action introduced in section 1.3.1 which is obtained by
integrating out the potential modes of the gravitational field. Also, there is an implicit sum
over the label a in the argument of the exponential above. Varying W with respect to J*”
produces the one-point function

oW
S Jm (z)

<}_luu (x»in—out - (29)

0
As before, the vertical bar above means: “take the sources to zero after computing all

variations.” Similarly, one can vary W with respect to j, to derive (X,())inour- The
so-called effective action I is constructed by Legendre transforming the I/ functional:

2
[(%a(t)), J"] = Wlja, J*] =Y / At jo - (Xa)in-out- (2.10)
a=1

Previously, when writing (1.30) we had already integrated out the short scale modes by
including point-particle actions (and possible finite-size corrections) in the full action. Now
we made manifest the integration over the modes x, governing the short-scale dynamics
of the compact objects.

After obtaining the effective action I', one can derive the conservative equations of
motion of the binary from

d(ReT)

5<f<a (t)>in—out 0
This is yet another way to derive the equations of motion, which is slightly different from
the near-zone computations of section 1.3.2. From the point of view of the radiation
gravitons, the fields (X,(%))in.ou play the role of external sources (as far as the classical
limit is concerned).

We now argue that this in-out one-point function is not the true expectation value of the
position operator, and as such, it fails to evolve causally in time and it is not a real-valued
quantity.

0= @2.11)

Scalar toy-model. Consider a real massive scalar field coupled to a physical source ().
The action of this system is

SI6) = Sulol + Sole = 5 [ Al @000+ mie?) + [dlegoe. a2
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The partition function of the theory is

ZJ] = Wl = /ng exp [i/d% (%%gb@“qﬁ + %m2¢2 —|—ng>} , (2.13)

where J = J + () denotes the sum of the physical and the auxiliary sources. The time-
evolution operator in the interaction picture is given by the standard formula [97]:

Uy(t, ') = Texp {z// dtJ(az)gbI(:z:)] : (2.14)

where 7' is the time-ordering symbol. This is the usual Dyson’s formula, where the term
Jor plays the role of the interaction Hamiltonian. The partition function is simply the
expectation value of the vacuum-to-vacuum amplitude:

eiW[']] = /DQS UJ(OO7 —OO) eiS()[(b] — out<O’UJ(+OO7 _OO)|O>1H (215)

In the distant past and future we adiabatically turn off the sources so that the in-out
vacuum states correspond to the usual Minkowski vacuum which is singled out by Poincaré
symmetry. Hence the name of the formalism itself.

In more general situations (e.g., non-flat background spacetimes), the in-out vacua
need not to coincide. This is also the case in the in-in formalism, as we shall see. From
(2.15), the one-point function is found by

SWJ]
inout = = ) 2.16
Contrary to what our notation suggests, this object is not the true expectation value of the
field with respect to the |0) vacuum. To see this, we must use the formula

s . . )
57(7) Us(00, —00) = iUy(+00,t)p1(z)Us(t, —00), (2.17)

whose derivation follows directly from (2.14). The computation of (¢ () )in.ou 1S €Sy now.
First, compute the functional derivative of the partition function:

: oW [J ~ 3
ZW[J]T(EE)] - 0ut<0|UJ(OO7 t)¢IUJ(t’ _OO)|0>“1 (218)

Writing the interaction picture field in terms of its Heisenberg picture representation

A

dr(x) = Us(t, —00)du(w)Us(—o00, 1) (2.19)

and setting J = 0, we find

<¢($)>in—0ut = 0ut<0|UQ(oov _Oo)¢H($)’0>in = <Q’¢H(x)|0>m (220)
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Therefore, since (Q)| # (0| in general, the in-out one-point function is not the expectation
value of the field.

Let us now show that (¢())in.ou does not evolve causally in time. Given that the
action (2.12) is quadratic, we can compute the Gaussian path integral exactly. A direct
computation of the one-point function then yields’

(D(2))in-oue = %@) (%J-Af-J)

The acausal nature of (¢())inou then follows from the fact that A¢(z — y) is a non-causal
combination of the retarded and advanced Green functions, as indicated by the identity
(A.30).

- / dyid(e — Q).  @21)

J=0

2.3 The in-in approach

Having discussed in detail the problems of using in-out one-point functions to describe
classical radiation fields, we now systematically introduce the in-in formalism for the scalar
toy model introduced in the previous section. The fundamental object from which the
formalism is constructed is the vacuum expectation value (VEV) of the field:

<¢(x)>in—in = 1n<0’¢}-[(x) |0>in

. . (2.22)
= in(0|Uq (=00, 1) rUq(t, —00)[0)in-
Since U is unitary and ¢ is Hermitian, it follows trivially that this VEV is real. As we will
later prove, this function evolves causally in time. First, let’s determine the generating
functional that produces this VEV. The correct functional is

eiW[Jl’JZ} =] <0|UJ2+Q(—OO, OO)UJ1+Q(007 _OO>|O>7 (223)

where two auxiliary sources are introduced: .J; for the forward evolution in time and J,
for the evolution backwards in time. This way we break the time-symmetric nature of the
in-out functions, paving our way towards a description which does not need to specify
ab initio the final state of the system. After doing all computations with the duplicated
variables, one must take the physical limit in which ¢; = ¢ = ¢ and so on, for all degrees
of freedom.

Crucially, when we rewrite Dyson’s formula, the time integration must be performed
along the closed time path (CTP) contour depicted in the figure 2.1 below.’

2This compact “inner product” notation is defined by

J-Ae- T = /d4xd4yJ(x)Af(x —y)J(y).

3Recall that in the in-out approach one already integrates over a deformed contour from —oo(1 — i€) to ¢
in Dyson’s formula. This is necessary to guarantee that the interacting vacuum |{2) is projected onto the free
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—o0(1 — i) o1

) het
jr

—oo(1 + i€) $2

Figure 2.1: The “closed time path” contour used in the evaluation of the in-in path
integral. Correlations between two points located in the upmost segment are always
time-ordered, similarly to the usual in-out approach. Correlations in the lowermost
segment are anti-time-ordered, and correlations mixing points in both branches give
rise to the non-diagonal elements in the propagator matrix G5,

A simple computation with (2.23) and (2.17) shows that

5J1(£L‘) Ja=0
= 57| = OWal=00. 000 a(t.0)g(o0, ~2)]0) - 224b)

As expected, the one-point function derived from both fields coincide:

(611 (2))in = (65 (2))in = (0]6n]0). (2.25)

Theorists working on cosmological correlators [13] use a Hamiltonian formulation of the
definition (2.22). Taking into account the doubling of degrees of freedom displayed in
(2.23), they write the following “in-in master formula™:

(O )inin = (0|T e -oet1:0 A (Y76~ [ 110071 ). (2.26)

valid for arbitrary operators Q(¢). Since NRGR favors path integrals, we consider the
following partition function along the CTP contour:

Wzl — D1 Dy exp (iS1[p1] — 1S2[do] + i1 ¢p1 — iJa- do). (2.27)
CcTP

Since the actions S; and S, are the same quadratic actions, we can compute the Gaussian
partition function exactly once again. Now that we have twice as many degrees of freedom,
the most general form of the W functional is

Wy, Jo] = —ilog Z[Jy, Jo]

- % / d*zd'y [Ja(z) + Qa(@)iG*" (x,9)[Js(y) + Qs (y)],

(2.28)

where the in-in indices A and B run from 1 to 2. These indices must be summed over, as in
the usual summation convention. The physical source is taken to satisfy )1 = (J-, but we

vacuum |0) in the asymptotic past [97].
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still write the formula above with different indices to be consistent with the notation. An
important property of G4Z(z, ) is the following symmetry relation under simultaneous
exchange of the in-in indices and its arguments:

GAP(z,y) = GPA(y, x). (2.29)

Notice that GAZ(z, y) replaces the Feynman propagator now. But what are the components
of this propagator matrix? To answer this question we must use the CTP contour of
figure 2.1 and the representations (2.27) and (2.28) given above. Computing the two-point
function using these different starting points, we find:

) ) in — Y ) = G () = . o .
BR@ A |, = O @) =6 = Ta@an ), 230

0 0 in — (22 N 220 T ,
Z'(SJg(x)i(SJg(x’)Z JAZO—G (z,2") = GP(2', 1) = (T{¢2(x)pa(a")}).  (2.30b)

We see that the diagonal terms are simply the Feynman and the Dyson propagators. The
derivation of the off-diagonal terms requires a bit more care. We compute

0 0 in _1 12 / 21,1 _ ’

TR R 2|, " 3C @)+ 6@ ) = —(hi@a@), @31
0 0 in — 1 2¢../ 2 N ,

i0Jy(z) i0J1 (") 4 Taco ~ 9 [Gl (2, 2) + G* (2,2 )] = —(pa2(x)p1(2")). (2.31b)

Using (2.29), the two equations above become
G (z, ") = —(¢1(z)pa(') (2.32a)
GH(z,2") = —{(ps() 1 (2)). (2.32b)

To correctly identify these two-point functions consider the case z{, < x(. By definition,
the Feynman propagator G'!(z, z’) becomes

G (z,2') = Ay (z — ') = (¢1(x)da(a")). (2.33)

x[ <o

Now consider (2.32a) once again with the choice z;, < z;. Since ¢ always comes after ¢,
in the CTP path, this two-point function has a “backwards” time-ordering of its arguments
(remember that earlier times in time-ordered n-point functions are always read from right
to left).

Thus, G'%(z,2") is simply (minus) the negative frequency Wightman function. A
similar argument applies to G?!(z, '), leading to the identification

G%(z,2") = —A_(x — 2'), (2.34a)
GH(z,2") = A (v — ). (2.34b)
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We conclude that the components of the matrix G4 (x, z') are

A on_ [ Alz—y) —-A_(z—y)
G* (z,2") = (—A+(x 2y Mgz —vy) ) . (2.35)

From this expression we can derive the analog of (2.21) in the in-in formalism:

ow

G =555 =3

-3 / d'y [2iA(z = y)Q:(y) —iA_(z — 4)Qa(y)
— iy (v — y)QQ(Q)] :

Remember that (); and (), coincide. Using the property A, (y — ) = A_(x — y) and the
identity (A.27), we obtain

(2.36)

Ja=0

@) = [ d'yiGuule ~ Q) @37
This formula is manifestly causal since it only depends on the retarded Green function.
The Keldysh representation. The identity (A.36) shows that not all Green functions are

independent. We thus have some freedom when choosing a basis for writing the matrix
G4B(z,y). A convenient choice is the Keldysh representation, where

J_ = Jl — JQ, (2383)
1
Jp = §(J1 + Ja), (2.38b)
and similarly for all other quantities. This includes, in particular, the time 2. The choice
in this case is obvious though: one sets (z2)_ = 0 and (2¥), = 20 = ¢,, where ¢, is the
usual non-relativistic coordinate time. A simple calculation shows that
0 —1Gagy(x — y))
GYBar—y) = . ady , 2.39
0= (igule—y) Sams ) (259

where the in-in indices now refer to the {+, —} parametrization. These indices are raised
and lowered with the matrix:

0 1
cap = P = (1 0) . (2.40)

For example, it is not difficult to show that J. = J7T. In this parametrization, the in-in
one-point function is given by

ow

B 4
S 0Jt

(Du(@))in = (D41 (2))in e

(2.41)

J+=0 J+=0
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In the Keldysh representation, the physical limit consists in setting to zero all the “minus”
variables and identifying the “plus” variables with the physical degrees of freedom. This
prescription will become clear once we discuss the examples of section 2.4.

Applying the in-in formalism to NRGR. We now have all the relevant ingredients to
implement retarded boundary conditions at the level of the NRGR action. After integrating
out the potential gravitons, the in-in partition function takes the form

Wz, JHY 71 P - 7 - 7
eWleail = | Dhy, Dhy, exp (iSE (241, b)) — iSE (2. 1,))

CTP (2.42)
x exp (iSg[hy, ] — iSetlh2, ] + i J1" - by, — i 4" -h2 ) .

In this expression, S, is the usual de Donder gauge-fixing action defined in (1.29). All
the forward (labeled “1”) and backward (labeled “2”’) quantities in this formula are set to
coincide at infinity. Also, remember that SY{ is defined as the following sum:

ngR [:L";, EMV] + ng[ﬁlw] = Scons [IZ] + S [BW] + Sint [mgv BMV]’ (2.43)

where S.ons produces all conservative near-zone graphs with any number of potential
exhanges and S is the gauge-fixed quadratic term of the EH action. The term Sy is
the sum of two components: the pure graviton vertices and Sg;ss, Which produces graphs
with any number of potential exchanges and external radiatives modes attached to the
worldlines.

The perturbative computation of the W functional follows the usual approach: we
substitute the B}LE fields in the interaction term by functional derivatives and evaluate

" = exp (i:Scons [2a1] — @Seons[42])

5 5 (2.44)

X exp (iSint {95517»’5527 ST WD ZPIA,

where Z{' denotes the CTP Gaussian path integral obtained from S®[h%"]. In the Keldysh
representation, this free partition function is

i v Z . Vo,
Zg[JY] = exp (5 /d4x d*y ny(w)szBﬂ(x,y)Jfﬁ(y)) : (2.45)

where G457 (x,y) = P**FG 45(x,y). The corresponding modifications in the NRGR
Feynman rules are modest. They are summarized below:

(1) Include a factor of G%Sﬁ (x,y) connecting particle-field vertices labeled with in-in

indices A, B at spacetime points x, y/;
(i1) A vertex coupled to n gravitons is labeled with n in-in indices (one for each graviton);
(iii) In the Keldysh representation, include G;j}l 5(z,y) for each radiation graviton that
connects a vertex at y with index A to the field point z;
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(iv) Sum over all in-in indices.

2.4 Examples

To illustrate the formalism and the in-in Feynman rules, we derive two important
results: the 2.5PN radiation reaction force and the leading waveform.

2.5PN radiation reaction force. Let’s derive the lowest-order contribution to the dissi-
pative potential defined in (2.1). For such, we recalculate (1.153) with the in-in rules. The
resulting formula is formally identical to the in-out computation:

jf;i :%<2M) [t Q) (1.0) Rl .0 Q5 (1)

= -
A Qp

(2.46)

= iSQ2

diss

Previously we found the following expression for the two-point function of the linearized
Riemann tensor (with the Feynman prescription):

D, D, / 1 /
<T{R0i0j (t, O)Rokog(t ,O)}> - % 815283/ Af(t - t ,0)
9 (2.47)
X (@-kéjg + 5i€5kj — 55”5]@4) .

The corresponding two-point function in the in-in formalism is essentially the same; simply
replace the Feynman propagator by the matrix G4Z. Then, after summing over the in-in
indices and using G4y (t — t',0) = G (t' — ¢, 0), one finds

59 — _
v diss 80MP21

/ dtdt' Q4 (1) [070; G*B(t —,0)] Qi (t)

BRETOE / dear {22'62“(0 (0707 Gree(t = ',0)] Q45 (¢) (2.48)
- %Qi_j(t) (0707 Au(t —t',0)]Q_y; (t')}.

Explicitly, the quadrupole moments are

P ., o 1
QJZ = 5( 7+ sz) = Zma (xa+xi+ - g’xa+‘2> + O(xi_), (2.49a)

V=0V —-QY = E ol 2t _a? F A, L S SR I 2.49b
Q- 1 2 m (%—xw T Ty Ty 3 Xat X ) ( )

a
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In [55] it is argued that O (xi_) terms are associated to quantum corrections to the classical
motion of the binary. In practice, this means that we’ll drop the term proportional to Ay in
(2.48). Since QY is symmetric and tracefree, the result simplifies a bit and we obtain

. O2 1 : .
is9 = m—m;ma / dt dt’ [020} Gra(t — 1, 0)] 2 _ (D)), (1) Q145(t).  (2.50)
The integral over dt’ is given by (2.51):

0% 0? 1
/de(T) 52 582 Gt — 7,0) = 0 O ). (2.51)

Proof. Going to Fourier space and integrating over 7, we find
0?2 0? .
/dT f(7) 202 Ghred(t / f(w)(iw)?(—iw)?e™ ™! /k Gre(w, k). (2.52)

Using the Fourier representation of the retarded Green function as written in (A.35c¢), the
remaining integral in d dimensions becomes Mgd) (1,w?), defined in (A.3). When d — 3,
we obtain

62 82 2 —iwt (3) 2

dr f(1) T Gre(t f (—iw)*(—iw)e ™" M (1,w?)
(2.53)

/ f —zw iwt’
which is the Fourier space expression of ——ﬂ fOU). |
Back to our calculation, the final result reads
2 1 i j 5
iSY, = ~ S > m, / dtat_ ()=l (H)QVL(#). (2.54)
P,

According to the definition (2.1), this diagram contributes to the dissipative potential as

/ dt Vs (t) = 25 / dt (Zmax xa+) Q). (t). (2.55)

The radiation-reaction force is thus given by

)
(S«TZ_ (/dt ‘/diss)

where the “physical limit” PL is obtained by setting 2, = 0 and z, = z.. The formula
above is precisely the Burke-Thorne force [122, 29].

_ 2m.G
— TeZ i QP = FFT (2.56)
"
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Leading waveform. Using the in-in effective action of NRGR (2.44), the one-point
function (2.41) from which the waveform is extracted is determined by

ow
§J* () |,

(hif(z)) = A : (2.57)

where the “0” subscript means that the sources are taken to zero after all derivatives are
computed. Since we’re interested in the TT projection of the one-point-function, the only
coupling we need comes from

>

Qoo 4MP1

82 7 A /
= [arare) o) (2.58)

Therefore, the only contribution to the S5j, action in (2.44) that we must consider is (after
integrating by parts twice and substituting the external graviton by a functional derivative):

, ; 5
Sicding / dt' QM (t') ———. 2.59
it 4MPl ) S o) (2:59)
Expanding e** and keeping the linear term, we find

0 0 ZMJ4| - (2.60)

) = e [ Q) 503 oy 200

The computation of the functional derivatives is straightforward with the rule

5J£,(x0,x)

T T — 548500, 0(2° — y°)0P (x — y). (2.61)
05 (10, y) '

Using the symmetry relation (2.29), one finds

(hye(z)) = 4]\21)1 /dt’ Gt =1, X)Promn @7 ()| (2.62)

PL

The physical limit imposes QZ{” — Q:lm At last, invoking the direct space representation
Gre(t,x) = 7= 6(t — ), the one-point function becomes

1 - 2G ..
%(hkf(x» = H ng(tret)- (263)
Therefore,
1 2G
g g (@) = T g2 dtg Q’“Z(t—| ), (2.64)

which is, of course, the leading-order waveform that yields Einstein’s quadrupole formula.



Chapter 3
Absorption Effects in NRGR

3.1 Introducing dissipation

One of the most attractive features of detecting GWs from coalescing binaries is the
prospect of investigating the internal structure of the compact objects. It is widely known
that, for example, the equation of state of a neutron star leaves an imprint in the observed
waveform [47]. These absorption effects are closely tied to the deformability properties of
compact objects, i.e., how their shape changes under the perturbation of external fields,
which include the emitted GWs themselves.

In the case of BHs, the event horizon is responsible for the absorption of gravitational
energy, which in turn changes the mass of the BH, as dictated by the no-hair theorem.
This information can be extracted by studying the response function of a compact object
(essentially the retarded Green’s function). In Fourier space, the complex response is
parametrized in terms of tidal Love numbers, which appear in the real, even-frequency
terms, and dissipation numbers appearing in the imaginary, odd-frequency terms.

The actual values of the deformability parameters are interesting in their own right.
For instance, the tidal Love numbers of a neutron star satisfy a set of (quasi)-universal
relations called “I-Love-Q” relations [126, 95]. Remarkably, the static Love numbers of
four-dimensional Schwarzschild [20] and Kerr BHs [81] vanish identically, a feature that
was shown to originate in a symmetry enhancement called “Love symmetry” [35, 66]. In
the Schwarzschild case, the non-linear static Love number vanishes too [112, 37, 72].

In this chapter, we use worldline EFT methods to investigate absorption effects between
BH horizons and external long-wavelength test fields. We closely follow [60].

3.1.1 An electrodynamical toy-model

As a warm-up for the gravitational case, in this section we study the absorption of
photons in the long wavelength limit by the horizon of a BH. The dynamical fields at our
disposal are A*(x), the gauge potential, and x#(7), the worldlines. The symmetries from
which we’ll construct an effective action for the photon-BH interactions are:

1. Diffeomorphism invariance;
2. Electromagnetic, i.e., U(1) gauge invariance;

3. Worldline reparametrization invariance.

69
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If the typical frequency of the external fields in our problem is w, then the aforementioned
long wavelength limit is simply r,w < 1. In this regime, the non-dissipative interactions
of the BH with the photons can be systematically described by an effective action SégD)
constructed with fields and symmetries just mentioned.

By including all possible operators which consistent with the allowed symmetries, we
are guaranteed to capture all finite-size effects of BH electrodynamics order by order in the

power-counting parameter ryw. The lowest-order non-trivial terms of the action Sg\le) are

SEP [k A —eQ/dx“A /dTE“E —|——/dTB“B + (). (B

The ellipsis contains all higher-dimensional operators. By “non-trivial terms” we mean
terms that cannot be absorbed into local counterterms by field redefinitions. For the
purposes of this chapter, it suffices to consider the terms explicitly written in the action
above.

The electric and magnetic fields, respectively, are defined by

E,=v"F,,, (3.2a)
1
B, = 5%50@0@5. (3.2b)

The vector v* is simply the four-velocity associated to the worldline: v* = dd—Tl’“(T). Since

we’ll only consider neutral BHs, we set () = 0. The action (3.1) can reproduce, for example,
the elastic scattering amplitudes for photons to arbitrary order in r,w. Unfortunately, it
cannot be used to reproduce BH absorption effects.

A deeper discussion on the finite-size terms in (3.1) (and their analogues in the gravi-
tational case) is presented at the end of this chapter, in section 3.3. We shall see that the
effect of integrating out short-distance degrees results into worldline effective operators
that can be matched to linear response theory operators.

In principle, one is agnostic with respect to the dynamics of the gapless degrees of
freedom ¢ responsible for dissipation. The EFT paradigm, however, allows one the use the
symmetries of the BH solution to determine the spectrum of possible composite operators
of any effective theory that incorporates £. Since we’re considering the Schwarzschild
solution and parity-conserving fields, the background symmetries dictate that the spectrum
will be organized in terms of SO(3) representations and parity eigenvalues.

The first terms of the effective action describing the interactions of the horizon with
the photons can thus be written as

Sint = eQ/dx“ A, (x) — /dTpa<7')Ea(T) - /dT ma(T)B(T), (3.3)

where E“ = e E" and B* = e B" are the electric and magnetic fields in the BH
frame. The composite operators p,(7) and m,(7) correspond to the electric and magnetic
dipole moments of the BH. Notice that the isometry group of the background, SO(3), acts
as a global symmetry in the worldline theory. The operators p,, m, are then split into



Chapter 3. Absorption Effects in NRGR 71

background and response contributions. For example,

Pa = (Pa)s + (Pa)r- (3.4

The labels S and R stand for “source” and “response”, respectively. The first term is a
background expectation value over short-distance degrees of freedom (the £’s). Since an
isolated Schwarzschild BH cannot have permanent dipole moments, we only consider the
“response’ term, which arises due to interactions with long-distance probe fields such as
FE, and B,.

There’s no first principle computation which determines the correlators of the worldline
operators such as the Feynman two-point function (T{p,(7)ps(7’)}), for example. In
the EFT, they are rather found by matching the results which come from the Feynman
rules to some known observables in the “full theory” up to a given order in the power
counting parameter. In our case, we must compare the EFT to the theory of electromagnetic
scattering in a Schwarzschild background.

To determine the effects of horizon dissipation it is sufficient to compare the low-energy
absorption cross section for polarized photons

4
Tans(w, ) = g(rfwf +0(W?) (3.5)
to the predictions of (3.3). The label A is the helicity of the incoming state. This result, first
obtained by Starobinsky [119] and Page [93], can be derived in the full theory by solving
Maxwell’s equations in a Schwarzschild background.
Lowest-order Amplitudes. To carry out the predictions of the EFT to the photon

absorption cross section — or any other observable — we must first derive the Feynman rules
for the amplitudes. We begin with the electric term of the interaction action:

SE = — /dt pa(t) € ,F""v, + non-linearities. (3.6)
In the BH frame, the four-velocity is v = (1,0, 0,0). Using e*; = §¢;, we then find

SE — / dt pj (£) FYp = — / dt p; (£)(8° A — P A”), 37)
In Fourier space, this expression becomes'

She =~ / pj(w)[iw A’ (—w, k) +ik? A°(—w, k). (3.8)
w,k

As previously explained, all external fields are subject to a multipole expansion when
deriving worldline couplings or amplitudes. If we choose the center of mass to be the
reference point for the expansion and further choose it as the origin of the frame, then no

'Remember that we’re using the mostly-minus convention for the metric. Therefore, raising or lowering
an odd number of spatial indices costs a minus sign: 07 (k'z;) = —k7.
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terms of the type e’** appear in the Feynman rules.
Dropping the A° term (it does not corresponde to a propagating radiative degree of

freedom), the associated Feynman rule is inferred to be”

= wpj(w)ei(k, h). (3.9
P;
Next, consider the magnetic term
SE = 1 dt my(t) €* e"**7v, F, 5 + non-linearities (3.10)
int — 2 a M olap . °
Using €%* = ¢J* and specializing to the BH frame, we find

Si?lt = /dt mj(t)6jkl0kAl(t, 0) = —/ mj(w)ejklikkAl(—w, k) (311)
w,k

The Feynman rule for the magnetic term is thus

=T;= = m](w)(k X E*)j. (312)

Computing o,,s. To derive the leading-order expression for the absorption cross section,
we consider the following diagram with leading multipole operator insertions:

M= (S = —/d:cO e’ [wesen(pa(2”)pp(0))
+ (k x €)4(k x &) (mq(2”)my(0))].

(3.13)

Notice that M has no real component. We now use the optical theorem to extract the
absorption cross section. Considering a 2 — 2 scattering event, we write [97]

2Im M(a — a) = 4[(p1 - p2)* — mim3] 2 5.(a — anything), (3.14)

where M(a — a) denotes the forward scattering amplitude just derived, and o is the total
cross section.
Remember that we are working in the BH frame. Since the photon is massless,

kinematics dictates that I
abs = ——— | , 3.15
Tabs = 9 Muw m M ( )
where M is the mass of the BH. The two-point functions in (3.13) are supposed to be
computed in the “ground state” |(2) of the worldline theory. Since the states on which
the operators act correspond to a classical object — the black hole — they are subject to a

non-relativistic normalization [85].

2The extra factor of 4 comes from the iS that appears in the path integral.
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As written in (3.13), our amplitude implicitly assumes the usual relativistic normaliza-
tion of states. The recipe for translating one normalization into the other is straightforward:
simply replace | - - - )~ M'/?| ... )\g. Thus,

1 20
Ows(w, h) = — [ dz® e [w?e ey (pa(x)ps(0
(o) = 5 [ da e fweienpala(0) 516
+ (k x €)a(k x &)y (mq(2”)my(0))].

We now see how the EFT determines the absorption cross section in terms of two-point
functions of worldline operators such as p, and m,,.

Fluctuation-dissipation relation. It is more convenient to work with time-ordered
correlation functions rather than the usual two-point Wightman functions (p,(2°)p,(0))
and (m,(2°)m;(0)). The relation between the two types of correlators is given by the
fluctuation-dissipation theorem:

W (w) = 2Im (z / dr eW<T{@L(7)@L’(0)}>> . w>0, (3.17)

where O is an arbitrary worldline operator with multi-index L and Wiy (w) is the positive-
frequency Wightman function that we define below. Before continuing our discussion, let’s
derive this formula following [68].

Proof. Define the positive and negative frequency Wightman functions as
WL (7 — ) = (OF(r)O¥ (), (3.18a)
W (7 — ') = (@Y () OF (7). (3.18b)
These functions satisfy the obvious symmetry
WY (7 — ) = WEE (A — 7). (3.19)
The Feynman and retarded Green functions are defined’
G (r —7') = 0(1 — T')WJLFLI (r—7)+0(7 — )WE (7 — 1), (3.20a)
GLE (r — 7'y =i0(r — 1) [WiL/(T —7) — WE (7 — )] (3.20b)

If we assume that Q' is a Hermitian operator, then the positive and negative frequency
Wightman functions are mapped into each other via complex conjugation:

(Wi (r = )] = WEH (7 — 7). (3.21)

Equivalently, one can understand the condition above as a corollary of the fact that

3Recall our conventions for the literature review.
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GEL' (1 — 7') is a real function. From (3.21) it follows that

[GE (r —7)]" = -G (7 — 1), (3.22)

where GY%' (7 — ') is the Dyson function, defined as the anti-time ordered combination
of Wightman functions. These are all the building blocks we need for establishing (3.17).
Next, we need the dispersive representation of the retarded Green function:

GLL’( ) / d_w/ [W—LI—L/ (w/) - WEL/ (w/>] .
2 w—w +1a

(3.23)

Next, we split the real and imaginary parts of GL" (w) using the Sokhotski-Plemelj
formula:

1 1
li =PV-14 ) .24
ag(r)l+ T +1a T T imd(z) (3.24)
In what follows, we introduce the function
WE () = WEE (w) — WEE (). (3.25)
From (3.23), we get
) ! ]. !
Re GV (w) + i Im GEY (w) = %ReWLL (w) — §ImWLL (w)
' p (3.26)
Re WEE (W) Im WEL (W)
— PV _ PV _
/w, w—w ! /w, w—w

Equating real and imaginary parts, one obtains

LL
ReGLY (w) = — - Tm W (w) — PV / Re )V , (3.272)
2 w—w
LL 1 LL Im WLL (w )
Im Gret ( ) 5 Re W (Cd) - PV , ﬁ (327]3)

The pair of equations above can be further simplified by exploiting the property that

GLF (1 — 7') is real, which implies [GL (w)]* = GLF(—~w). Therefore, on the real

w-axis, the functions Re GX*' (w) and Im GL'(w) are even and odd in w, respectively. The

symmetry properties of (3.25) are summarized in table 3.1. It follows that

] wr —w | L« L
Re WH (w) odd even
Im WH (w) | even odd

Table 3.1: Parity properties of the real and imaginary components of WELL (w).
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, 1 , * dw' W' Re WM (W)
LL — 1 LL PV / 2
R Gret ( ) 2 HIW ( ) w2 (w,) ) (3 Sa)
/ Lr
I GL (@) = = Re W™ () — w PV / do Tm WP~ (o) (3.28b)
2 T owr—(W)?

For Wightman functions defined in a Schwarzschild black hole, the only tensor structure
compatible with spherical symmetry is

WA (W) = wi(w) 3i7). (3.29)

With this additional assumption, one can easily prove that Wﬁy (w) is real when w € R.
To establish the fluctuation-dissipation theorem, consider

Wiﬂ (W) = / dr e WiLI(T)

~ | (3.30)
_ / dr ¢ [5(r)GEF (r) + 6(—m)G (7).

—00

By definition, the Feynman Green function is translation invariant and symmetric under

exchange of its arguments:
(T{Q"(—m)Q" (0)}) = (T{R™(0)Q" (1)}), (3.31a)
(T{Q"(MQ™ (0)}) = (T{R™(0)Q" (M}). (3.31b)

Setting 7 — —7 in the second term of (3.30) and exploiting (3.31), we find

/ /

i = [T ar e QU O + [ dre HT(Q 0 ()

N (3.32)
— 9Re < / dr ewT{@L(T)QU(O)})).
0
Alternatively, one can write
WA () = 2Im (Z / T ar eW<T{QL<T>QL’(0)}>). (333)
0

This is the most general form of the fluctuation-dissipation theorem. To derive (3.17),
however, one must further specialize to the case of classical Schwarzschild black holes.
The appropriate vaccum state in this scenario is the Boulware state, which is compatible
with the hypothesis of a purely absorptive Wightman function [68]

wy(w <0)=0. (3.34)

From this condition and (3.33), we can once again set 7 — —7 and use the properties
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(3.31) to derive

0= (o) =2t (i °° dr e (T {QHQY ) -
2w (i [ areri@i @t on).

Therefore, it is possible to extended the integration range of (3.33) to the entire real w-axis,
thus establishing (3.17). [

Having proved the fluctuation-dissipation theorem, let us return to the evaluation of
the absorption cross section (3.16). First, we specialize the general worldline operator
Q' to the electric and magnetic dipole operators p, and m,. Then, owning to the tensor
decomposition in (3.29), we define

i / dz® e (T{pa (0)py(2°)}) = 60 F(w), (3.36)

where F(w) is a function yet to be determined. By definition, notice that this function must
be even: F(w) = F(—w). Since Maxwell’s equations in a Schwarzschild background are
invariant under the duality transformation £* — —B%, B* — E“, our effective action
(3.3) must exhibit this symmetry. This requires, of course, that p, — —m, under the
duality operation.

As a result, the two-point functions (T{p,(0)ps(z°)}) and (T'{m,(0)my(z°)}) con-
tribute equally to o,,. Without loss of generality, we focus our attention on the electric
dipole operator contribution to (3.16). The inclusion of the magnetic term amounts to an
overall factor of 2 in o,,. With these considerations in mind, we find*

1 .
;Uabs(w, h) =2 X % ;/dajo ezwzow2 5a55<pa($0)pb(0)>

(3.37)
= 2w Im F(w) Z Oab Eal-
h

For each polarization state p = &1 of the photon, the absorption cross section is

Tabs p(w) = 2w Im F(w). (3.38)
Matching this result to the full theory expression [119], [93]
Am 4 o 3

Tabs p(w) = -Tiw? + O(W?), (3.39)

3

“The overall factor of 2 in the first line of (3.37) takes care of the electromagnetic duality discussed
above.
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one extracts

2
Im F(w) = §r3|w|. (3.40)

The scaling of p, with the power-counting parameter can be immediatly determined from
this expression. Since (p,(2°)py(0)) ~ GxM*w?, the rules of table 1.1 imply

1
Da ~ _I(LU7>1/2' (3.41)
P!

At last, we make a few comments on the meaning of (3.40).

(i) First, notice that the imaginary part of F(w), which describes absorption, has an odd
power of w. The elastic scattering of photons, however, can only produce a cross
section which is even in w.

(i1)) When expanding the gravitational response function in momentum space, the coeffi-
cient multiplying |w| is called the first dissipation number. The coefficient 27r /3
we just derived is the electrodynamical analog of such number.

We shall return to a thorough discussion on dissipation numbers — as well as Love
numbers — once we discuss absorption in a gravitational context. The curious reader is
encouraged to read section 3.3.

Application: Absorption of photons by a BH horizon. Having determined Im F(w),
it is now possible to recycle this information and investigate more complex phenomena
within the scope of our EFT. Working under the usual point-particle approximation, we can
compute a number of observables regarding the interaction of a BH horizon and external
electrodynamical effects.

As an example, consider the setup of a charged point-particle with mass m and charge
e orbiting a non-rotating BH [60]. It is assumed that the orbital radius is much bigger than
rs and the motion of the test-particle is non-relativistic, so that v? < 1. Following the
footsteps of NRGR, we define an effective action Se[x,] that depends on the worldlines
x, via the path integral

exp(iSurlza]) = / DhyDA,DE, exp(iS[ia: fas Ay b)), (3.42)

where &, denotes the unknown degrees of freedom responsible for dissipation on the BH
worldline. These degrees of freedom are formally enconded in operators such as p, and
m, discussed before.

The action S contains a number of terms. The bulk components consist of the Einstein-
Hilbert and Maxwell’s actions, together with appropriate gauge-fixing terms (we need
propagators, after all). In addition, one has point-particles actions for the test-particle and
the black hole, which may be supplemented by finite-size operators. At last, S contains
interaction terms encoding &,, either in the form of an explicit Lagrangian L[¢,] dependent
on the horizon microphysics, or parametrized as worldline operators such as p,, m, to be
later determined by matching to a UV theory.
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Let v* = %x“ be the four-velocity of the charged particle. Also, specialize to the
BH rest frame so that the vierbein e, coincides with a globally flat Cartesian coordinate
system. The interaction action (3.3), together with the point-particle actions for the BH
and the particle, is given by

1 1/2 1 1/2
Sint O — m/dT (1 + Mh/wv“vl’) — M/dt (1 + Mhoo)
Pl Pl (3.43)

te / drv" A, () — / dt pa () E(t) — / dt ma () B (t).

The leading-order contribution to S is extracted from the following terms:

__m 3 68 (x— w_M//S(:a)
So = 2]W])]/dT/d x 0 (x—x(7))hyv*v S dt | &°x 6 (x)hgo. (3.44)

Both interactions terms above are linear in the graviton field, and consequentely, their
contribution to the path integral (3.42) is straightforward to evaluate. Recall that the
Gaussion partition function of any free field theory has the heuristic form

ZolJ] = exp (% JiAp- J) : (3.45)

where J are auxiliary sources and A is a placeholder for the bulk propagators. To
leading-order in v, the leading term of ¢S is thus

_:anj\i?[]/dTdtUM(T)UV(T)<T{huu($(7))hoo(0>t)}> Lzoi/dt G]\fm, (3.46)

iSeff -

which is nothing but the Newtonian potential. The lowest-order term of the effective action
that captures dissipative effects of the horizon is

L S [ e @A B0
< (T{A@E' D)),

where the top horizontal line of the graph represents the point-charge worldline. The
overall 1/2 is the symmetry factor of the graph. The same diagram with insertions of
magnetic operators m, is suppresed by an additional power of v with respect to (3.47).

We have already determined the correlator (T'{p,(t)py(¢)}) from the matching calcula-
tion. Focusing on the lowest-order terms of (3.47), the remaining two-point function we
needs to compute is’

(3.47)

70,00 :
T{Ay(2°,x)E; — g, | emaipx M Y 0y Fi -
(T{Ao(z", ) Ei(0)}) &/pe s P (3.48)

Notice that we use the photon propagator in the Feynman gauge [97].
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As usual, we have performed an instantaneous approximation of the fully relativistic
propagator. The result would be the same as if we had split A,, into radiative and potential
modes and considered the instantaneous propagator of the potential modes in the diagram.
Obviously, such splitting is necessary to maintain the manifest power counting in v in the
long run. Using (3.36), one easily finds

-2
ve / dw |di(w)[2F(w) = iSe, (3.49)

o 32n2 ) 2w
where the dipole vector is defined as d;(t) = x;(t)/|x(t)|. Notice that this vector is real,
so that df (—w) = d;(w). Having determined the relevant term of the effective action, one
extracts the emission rate I' by computing

2 dr’
—ImSer = [ dw—. 3.50
T M Oeff / w dw ( )
As before, T" denotes the typical timescale of the system and the absorbed power must be
understood in a time-averaged sense. Using (3.40), one gets

Pwe  d 1 1 ,
_ e 1 (W2, 51
o =Y = Torm sl (3.51)

Integrating this expression over the range w > 0, one finally obtains the following time-
domain expression:

62

Lo

Pabs == Ers <dd>T, (352)
where (---)7 denotes a time average. Comparing this result with Larmor’s formula,
P = §(|d\2>T, we see that absorption is suppresed by a factor of v% with respect to the
emission of dipolar radiation in the non-relativistic limit.

3.2 Dissipation in NRGR

Following the example of our electrodynamical detour, we investigate dissipative
effects and the absorption of gravitational energy within the framework of NRGR. The
first non-trivial terms of the action which encode finite-size effects are the non-minimal
couplings

S = % / dr E" E,, +§ / dr B"B,,, (3.53)

where I/, and B, are the electric and magnetic components of the Weyl tensor, respec-
tively:

B = Chuappv®™”, (3.54a)

1
= iemﬁpcaﬁwvﬂvo. (3.54b)

B
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Since our compact object of interest is a Schwarzschild BH — a vacuum solution of
Einstein’s field equations — we can write any EFT operator in terms of £, and B,,.
Notice that o and 3 — our Wilson coefficients® — must scale as r2, since E,, and B, are
quadratic derivative operators and the action must be dimensionless.

As before, we introduce an action to describe the effective dynamics of the horizon
degrees of freedom responsible for dissipation and their coupling to the gravitational field.
The allowed terms are chosen based on consistency with the symmetries of our problem,
namely, worldline reparametrization invariance, general covariance, and parity invariance.
Limiting ourselves to the simplest operators involving two derivatives, we write

Sint = — / dr Q% E* — / dr QB B, (3.55)

where E* = e e’ EM and B = e e’,B". We see that the electric and magnetic
components of the Weyl tensor couple, respectively, to the electric and magnetic quadrupo-
lar operators QF, and QB,. The former are responsible for encoding the unknown dynamics
of the horizon degrees of freedom.

By matching the predictions of this theory for a given observable to the results of
black hole perturbation theory (BHPT), one is able to infer the two-point functions of
QS;B. Then, exploiting the universality of such correlators, one proceeds without loss of
predictability to compute non-trivial observables which can be probed by the EFT.

The first step of the matching computation is to infer the Feynman rules of (3.55). The
procedure is identical to the derivation of (1.181) and (3.9). For example, from the electric
term of Sj,, we infer the amplitude

ZL _ QR (w)E (kb)) (3.56)

- i
Q]z‘ij 2 M Pl

where €% (k, h) is the STF spin-2 polarization tensor. Similarly, one derives the magnetic
amplitude sourced by Q7.

The observable we choose to compute in the matching calculation is the (unpolarized)
absorption cross section for gravitons in the low-energy limit, i.e., to lowest non-trivial
order in ryw. Following the same steps that lead to (3.16), we obtain

. w
-~ 8M}

O abs (w )

/ da® ¢7° [0 Z gy e {QF, (2°)QE, (0))

+ (k X g)ab(k X €)cd<ng($0) lcgd(o)ﬂ»

(3.57)

where (k X &) = €4cakceap. Once again, we shall use the fluctuation-dissipation theorem
(3.17) to express the Wightman functions in terms of Feynman two-points functions. For
the latter, the spherical symmetry of the Schwarzschild solution dictates the following

The physical meaning of these terms will be explained in the end of this chapter.
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tensor structure:

i [ da e (@ )Q5 0 = 5 ((xwabd - baabhe — g(xﬁ,écd) Flw). (358
Similarly to the electromagnetic case, it suffices to explictly consider the electric term of
0abs(w). This is due to the invariance of Teukolsky equation’ under the duality operation
Ey — —DBu, Bay — Eg, which implies that both even and odd parity correlators
contribute equally to the absorption cross section. This property is somewhat non-trivial
when compared with the analogous duality of Maxwell’s equations. An argument which
justifies this symmetry in the regime we are interested here can be found in [103].

Combining (3.17), (3.57), and (3.58), we obtain the following cross section for polar-
ized gravitons (including the contribution of both parities)

3

Tabs p(W) = 2M —— Im F(w). (3.59)
Matching this result to Page’s formula [93]
Tabs p(W) = i—grfwA‘ (3.60)
we obtain, for positive w,
Im F(w) = gGE’MGM. (3.61)

Having determined Im F(w), we now proceed to tackle two non-trivial problems regarding
horizon dissipation.

Application I: Absorption of background gravitational energy by a SBH. Consider
the motion of an isolated SBH in a background vacuum spacetime whose typical curvature
scale is much larger than 7. In the interaction action (3.55) one must split the quadrupole
operator into “background” and ‘“response” contributions, as in (3.4). Since we are
interested in a SBH, which exhibits spherical symmetry, the background expectation value
of Q5P o is zero.® Tt is thus implied that the quadrupole operators coincide with their
“response” contributions from now on.

"The Teukolsky equation is the master equation governing linearized perturbations over a Kerr background
solution [108]. It plays the same role of Maxwell’s equations in our electrodynamical toy model.
81f spin is included, one parametrizes the background expectation value of ij as

E =
< Z]>S 2M

where S% is the spin tensor and Cgg2 is a Wilson coefficient determined by matching. For example, Cg2 = 1
for an isolated rotating BH [104].



Chapter 3. Absorption Effects in NRGR 82

From (3.4), the leading term of the effective action (3.42) is
; 1 = = a, cd (= a cd (=
iSerr D =3 /dT A7 (T{Qa(1)Qea(T)}) [E® (1) E(T) + B®(1)B(T)].  (3.62)

At this order we are safe to ignore gravitational fluctuations of the sources E ., By, so they
are taken as their “background” values. The power absorbed by the BH will be extracted
from the imaginary part of (3.62), and by construction, this should match the change in
mass of the BH as measured by a local observer.

Obviously, this change in mass will impact the motion of the BH itself. However, such
secondary effects shall not concern us, at least not at this order in perturbation theory. We
focus on simply determining the rate of absorbed energy to first non-trivial PN order. With
the help of (3.61) and some Fourier transforms, we find

1 [ dw b
Seff = 5 /_OO g F(w)Eab(w)E (—w), (363)
and thus
16 5 6 > dw ab ab
Im Su = e G°M Q—w[Eab(w)E (—w) + Bap(w)B*(—w)]. (3.64)
0 T

The extraction of the absorbed power Py, is straightforward. We have

o dr 1 16 o
s = dww—=—— 5M6/ dw w? [Egp(w)E®(— E < B
Pabs /0 ww - T457TG i ww? [Ew(w)E®(~w) + (E « B)]
116 5. 6 : ab
= f4—5 G°M dt [Eab<t)E (t) + (E g B)},
(3.65)
where E,, = & Eq. The result is

Pa = 28 GOMO( By B 1 By B 3.66

abs — E < ab + Dap >T' ( .66)

Notice that, since we are dealing with non-spinning BHs, we have Eb — eo uebyv“VaE’“’,
and similarly for the B tensor. Thus, the expression given above for the observable P,
is perfectly covariant, as it should be.

Application II: Binding energy loss due to absorption in an inspiraling binary. At last,
consider the description of gravitational energy absorption by a binary system. It is assumed
that the bound motion is non-relativistic and the constituents are slowly inspiralling as they
transverse the orbit. As before, we work in the point-particle limit.

To organize the relevant interaction terms to lowest non-trivial PN order, we must
discuss the scaling of various quantities. First, we need the scaling of Q%’. The argument
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is identical to the one leading to (3.41). Since w ~ v/r and (Q¥Q) ~ G°M5w?, we find

1
ab 4
~ —Lv”. (3.67)
5 Mp
Therefore, by considering only the leading potential gravitons in E;; = —ﬁmﬁﬁj Hyp, we

find that the electric term of the action (3.55) scales as

/ dr QE, E® ~ v'3/2, (3.68)

In the derivation of this result we have used GM/r ~ v?, which is nothing but the

virial theorem for a gravitationally bound system. A similar computation reveals that the
magnetic term of (3.55) also scales as v'3/2. What happens if we consider radiative modes
in F;;? A straightforward application of the power counting rules shows that this leads to
an interaction term suppressed by v°/2 with respect to (3.68).

Therefore, to leading non-trivial PN order it suffices to consider the coupling to
potential modes. What diagrams shall we compute, then? The constituents of the binary
system are assumed to be non-rotating BHs. Therefore, after separating the background
and response contributions to EY, we must take

Qs =0, (3.69)

2

where, as in (3.4), the angled brackets with the S label denote the background, “source,
expectation value (our Schwarzschild BHs). We are of course interested in the response
contribution to the quadrupole, since this is the term that yields horizon dissipation in
our setup. It must be mentioned that spinning compact objects admit a non-zero source
quadrupole. We briefly discuss this matter in section 3.3.

Having ruled out diagrams proportional to quadrupolar one-point functions with a
little help from spherical symmetry, we now consider graphs depending on the two-point
functions. In this case there are further constraints set by the parity invariance of the
effective action. For instance, a “box” diagram with one insertion of both Q¥, and Q%,
must necessarily be zero since it violates such parity invariance.

We are thus led to consider box diagrams with two insertions of either the eletric or
magnetic quadrupole. To leading-order, B;; is linear in the 0z polarizations of H,,, which
in turn, do not couple to leading-order to the 00 polarization; one must couple them to
terms of the form v; Hy;, see (1.64), for example. This naturally introduces additional
powers of v and the “magnetic box” diagram only contributes at a higher PN order.

The leading term £;; = —ﬁmaiaj Hyo however, does couple to the 00 polarizations.
As a result, two insertions of the simple (1.60) vertex are required in the “electric box”
diagram. We write

2

m - - —
— i [ dtdhdta s (T{QY()QE @)Y
Q5 Qi Pl

x (T{Hoo(t2) Eij(t1) )(T{Hoo(t2) Era(t1)}) + (1 < 2).

(3.70)
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To simplify this expression we have suppresed the spatial dependence of the H, gravitons
and the E;; tensors. The 1/8 above is a result of the (1/2)? factor coming from the two
insertions of (1.60) and the 1/2 symmetry factor of the diagram. Before proceeding we
compute the following two-point function in the instantaneous approximation:

1 d4p —inP204ipx )
(T{Hoo(x(]?X)Eij(O)H: 2MP183 /(277)46 P (—§> Poooo

(3.71)
i
= 0(x")0;0; —
167 Mp (2°) / | ]
To simplify the remaining formulae we define
¢\ (t) = 900" ! . a=1,2 (3.72)
Y C X2 (?)]
where x5 = x; — Xo. Using (3.58), a routine calculation yields
G? [d
Im SEP* = - 2_w ms \qg)(w)]QIm}'(l)(w) + (14 2)
m
(3.73)
d
=3 [ mi el ) m FOw),
a#b

Substituting (3.61), we can easily extract the graviton emission rate:
< dar 1 [ 32 w
E-box __ _ 7,6, 2 (a) 2
mSgr T = /0 dw o~ = T/o dw (4—5 GZ#G MaMMy 5 |45 (W) ) (3.74)
The flux of gravitons which is absorbed by the horizon is thus

Paps = /0 dww a = ZG7m mb< Qz(]a) ql(]a)>T. (3.75)

A more illuminating expression is obtained by recasting this formula in terms of the orbital
variables. Since qz(] )ql(]) is the same function as qu )qg), one can safely drop the (1) and
(2) labels. In what follows, we denote 7 = [x| = |x; — Xo| and v = $*. A straightforward

calculation gives

1. . v? (x-v)?
5 G = 9 [ﬁ +2 0| (3.76)
Therefore, (3.75) becomes
_ 32 v? (x-v)?

In the small » = /M regime, comparison with Einstein’s quadrupole formula applied to
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a circular binary,

32 il m1Mo

Pod = —2q?l0, p= L __Mam2 3.78

quad 5G77 v n M (my+ my)? ( )
coad?
g1ves

Pabs 8
o= <L (3.79)
quad

This result agrees with the seminal black hole perturbation theory calculations of Poisson
and Sasaki [99]. As the authors point out in their paper, black hole absorption is indeed an
extremely small effect.

The computations presented in this section within the framework of NRGR were
promptly extended to spinning black holes by Porto [103] after the publication of [60].

3.3 Love and dissipations numbers

The purpose of this section is twofold. First, we shall elaborate on the construction of
the finite-size terms in (3.1) and (3.53). We will do so by reconsidering the construction of
the effective action through the lenses of linear response theory. This will naturally lead us
to our second goal: interpret the Wilson coefficients as tidal Love numbers, which describe
how a massive self-gravitating object deforms under the interaction of long-wavelength
perturbations.

As we discussed, one has to introduce gapless degrees of freedom on the worldline
to describe absorption effects. Their influence on an isolated self-gravitating compact
object was parametrized in the form of multipole moments Q)7 (.X') which naturally split
into “background" and “response” terms. For spin-s long-wavelength probe fields (the
perturbing fields) and general multipolar order ¢, one writes the following interaction
action [68]

S == 2 / dr Q) (X, 1) EOH (a()). (3.80)
L

where E®)L is the natural generalization of (3.2a) and (3.54a). Nothing new so far. Now,
we parametrize the induced multipole moments by a linear response theory (LRT) Ansatz:

(Q1(7))imout = / A iGE (7 — 7Y By (2(7), (3.81)

where GF is the Feynman two-point function. The in-in expectation value, as we have
seen in section 2, is rather given by convolving the retarded Green function. By plugging

“When specializing (3.77) to the 7 < 1 limit, it suffices to consider the v?/7® term to recover the result
of Poisson and Sasaki.
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(3.81) back into the in-out action (3.80), we find"’

(Sint)

-1 / dr A7 (T{QL(NQu () NEXREX (7). (3.82)

in-out

The matching procedure used in our EFT so far was judiciously chosen to determine G'F*
in a small (ryw) expansion, which is usually written as'’

i [ e (T (1)Qua (0))) = 610 Fil)
= 5L1L2 (Cg + Z'Cg,w‘w‘ + Cf,w2w2 4+ .- )7

(3.83)

where the constant C' are free parameters. They are, essentially, the Wilson coefficients
appearing in (3.53). The connection will soon be made exact in an explicit example. Our
calculation in the previous sections show that, indeed, dissipative effects are captured by
odd terms in the frequency-space expansion.

Let us make some general remarks on such terms. Given the iC ,|w| term in (3.83),
we infer that the function GfLL' is not analytic around w = 0. In contrast, the retarded
Green function is analytic around w = 0, as can be seen from its dispersive representation
(3.23). In the case of a purely absorptive Schwarzschild BH, all odd terms of GrLetL/ (w) are
fixed in terms of the coefficients in (3.83). This follows from

Im GEV (w) = Re GFY (w), (3.84)
which is a consequence of (3.32) and the condition (3.34) applied to the representation
(3.28b). Similarly, all even coefficients of the retarded function are also uniquely fixed
in terms of the coefficients in (3.83); this follows from the equality between retarded and
Feynman propagators for off-shell modes, i.e., conservative effects [104] [68]. All this
leads to

GLEY (w) = 6" (Cp + iCpw + Cpppw® + -+ ), (3.85)

Lr

where the response function G

(w) is related to the in-in expectation value by

(1) inin = / dr' GE (7 — ) By (2(7)). (3.86)

The even terms (the tidal Love numbers) in (3.85) can be absorbed into local counterterms.
They simply renormalize the values of the Wilson coefficients in (3.53). The odd terms
(the dissipation numbers) cannot be absorbed into a local worldline action.

10This procedure has the same effect as “integrating out” the unknown short-distance degrees of freedom
¢ from the path integral (3.42).
"1 Assuming a Schwarzschild BH to simplify the tensor structure.
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Example. To make the connection between the C' coefficients and the Wilson coefficients
more precise, consider the simple case of a state O(r,w) response. In this case, we have

* do

o ¢ TG (w) = —iCid(r — ). (3.87)

T{Qun@u)h = [

Plugging this back into the (3.82), we find

N

(Sw)| = %Cg / dr By(r)EH(r) = O / dr By (F)EX(7),  (3.88)

in-out

where the coefficients )\, define the static Love numbers, whose dynamical generalizations
are straightforward to define in the EFT setting [96]. It is the quantity ), that reduces to
the Newtonian tidal Love numbers in the appropriate limit [34].

Even though the Wilson coefficients are universal, it must be emphasized that the matching
computation is not unique. For example, one could have obtained the coefficients o and
in (3.53) by perturbatively computing the one-point function of the metric far outside an
isolated self-gravitating body. The matching of this result is obtained by comparison with
the metric perturbation computed in black-hole perturbation theory. An illustration of such
calculation can be found in references [68] [65] [34].



Chapter 4

Dispersion Relations and Horizon Dynam-
1CS

4.1 Overview

It is a well-known fact that four-dimensional BHs in GR have zero static' tidal Love
numbers [41, 20, 76, 62]. These compact objects, however, can absorb external perturba-
tions, as investigated by Page in a seminal paper [94]. From the effective field theory point
of view, the vanishing of Love numbers is puzzling because it implies a fine-tuning of the
Wilson coefficients in the effective action [105]. Recently, this fascinanting property has
been shown to stem from a symmetry enhancement dubbed “Love symmetry.” See, for
example, the papers [65, 66, 35].

Tidal deformations and absorption effects due to linear responses to external fields
can be related to one another via dispersion relations. For example, in the worldline EFT
setup, the BH dynamics is effectively encoded in a point particle action supplemented by
higher derivative operators, whose Wilson coefficients, or rather, their real and imaginary
parts, are mapped to tidal deformability and absorption parameters, respectively. This
procedure requires the use of the well-known Schwinger-Keldysh (or in-in) formalism
[118, 73, 61, 71].

Given this framework, it is tantalizing to try to relate the real and imaginary parts of
the BH response to external fields with dispersion relations a la Kramers-Kronig. Naively,
however, the vanishing of the static tidal deformation and the presence of absorption are
incompatible with dispersion relations — or more broadly — with the fluctuation-dissipation
theorem, which, loosely speaking, forbids the existence of fluctuations without dissipation
and vice-versa.

In this chapter we explain how this issue arises and we frame it in light of the current un-
derstanding of the BH linear response function (also called the gravitational polarizability),
complementing previous EFT-based results [59, 60, 61].

Chapter structure. First, in section 4.2 we review the derivation of the Kramers-Kronig
relations within the scope of linear response theory. Then, in the beginning of section 4.3
we introduce the EFT setup and the standard Regge-Wheeler approach to gravitational
scattering. This will pave the way for the EFT computation of the BH polarizability, which
is performed by matching the numerical solution of the Regge-Wheeler equation to an
EFT computation as proposed in [60].” The detail of the EFT calculation are presented in

ISee [72] for a derivation of the vanishing of non-linear static Love numbers.
2See also [71], where the absorptive cross section is related to the quadrupole two-point function.

88
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section 4.3.2. At last, in section 4.4 we interpret our results in terms of dispersion relations
for the BH polarizability and propose a sum rule.

4.2 Kramers-Kronig relations

We now review how the dispersion relations of Kramers and Kronig arise from linear
response theory and certain causality requirements. By “dispersion relation” we mean an
integral relation between two observable quantities where the integration range is restricted
to values of the argument which are physically meaningful. In our setup, this means
positive frequencies (w > 0) in Fourier space.

After the standard theory is covered, we turn to applications in a worldline EFT inspired
by NRGR. This section is largely based on the references [30, 90, 88].

The Hilbert transform pair. Let f(z) be a complex function which is analytic in the
upper half-plane (UHP) and satisfies | f(z)| — 0 as |z| — oo in this region. Let & € R and
consider the integral

1= LZ)dz “.1)

R —«

along the contour C depicted in the figure 4.1 below. Since the integrand of [ is analytic

SR

Ss
)

+R @ +R
Figure 4.1: The contour C used in the derivation of the Hilbert transform pair. The

large semicircle with radius R is denoted S whereas the small semicircle with radius
¢ is denoted Ss.

within and on the contour, Cauchy’s theorem says that

R
0=PV de—l— ﬁdz—l— Mdz. 4.2)
_R:U_Oé S(SZ—OC SRZ—Oé

The principal value PV appears because 9 is taken to be infinitesimally small. For the
integral along the big semicircle C'r we set z = Re® and write

T 6
18 . =i [T pevag. (43)
0 Rez —

Sp 2 —Q o
Then, using the inequality

[Re” — af = (B* + o — 2Racos§)? > R — a, (4.4)
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we find
R

R —«

f(z)

SRZ—O{

dz' < /W | f(Re™®)|d6. 4.5)
0

As a result, for R suitably big, the ratio R/(R — «) tends to 1 and the remaining integral
becomes arbitrarily small. Therefore,

R
}%im PV M de = — M dz
—o0 _RT—« Z—«
f % ; (4.6)
S zZ—Q S zZ—
Now consider the second integral in the last line above. Since |z —a| = ¢ on the

infinitesimally small semicircle Cjy, the continuity of f(z) at z = « guarantees that
|f(2) — f(a)| < e, for all € > 0. This term can thus be made arbitrarily small:

()= fl0)

Ss Zz—Q

|f(z) — ()] € _
< 7{0 e < fem) = @)

|2 =

On the other hand, setting z — a = pe’® in the first term yields

dz , T .
f(a)/ = @f(a)/ d¢ = —inf(a). (4.8)
S5 & T & 0
Collecting our intermediate results, the formula (4.6) becomes
VI A ACO R 4.9)
0 T—

Writing f(z) = Re f(z) + ¢ Im f(z), we finally obtain

Re f(a) = %PV /OO Iff(z) de, (4.10a)
Im f(a) = —% PV /Oo ie%(?dx. (4.10b)

Any pair of functions (such as Re f(z) and Im f(z) shown above) satisfying (4.10) is
called a Hilbert transform pair [30].

Linear response theory. Consider an input /(¢) which generates a response R(t) such
that

R(t) = / S G ar, @.11)

1.e., the response function is a time-domain convolution of the input with a certain kernel
G(t). Let us now discuss the mathematical properties of a physically well-motivated class
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of kernels.

First, if we shift the input by an amount 7, we expect the response to be also shifted
by 7. To make the discussion concrete, take as an input the sharply-peaked function
I(t") = Iyo(t' — to). Now consider

Il(t/) = 105@/ — tg), (4123.)
[Q(t,) = [()5(15’ — t[) — 7'). (412]3)

Plugging these functions back into the integral (4.11), we find R;(t) = IyG(t,to) and also
Ry(t) = IyG(t,to + 7). Then, the equality Ry(¢ + 7) = R;(t) can only be satisfied if the
kernel is a function of ¢ — ¢'. What more can we say about GG(7) on physical grounds?

(1) Causality: “An input at t should not give rise to a response at times prior to t.”
Therefore, the response only depends on the past history of the input:

G(r)=0, 7<0. (4.13)

This is sometimes called the “primitive causality” requirement [90].

(ii) Finiteness: “G(7) cannot be singular for any finite T when considering a sharp
input.” This means that G (¢ —t,) must be finite for all positive values of its argument:

R gharp(t) = LoG(t — o) < 00, Vit > 1. (4.14)

(iii)) Bad Memory: “The remote past does not appreciably influence the present.” In
other words, real physical systems have dissipation mechanisms which eventually
“dilute” the response as time passes:

lim G(r) = 0. (4.15)

T—00

Notice that the definition of the response function as a convolution integral suggests
that computations will be easier in Fourier space:

R(t) = (G + D)(t) = /_ T G-I dt .16)

The convolution theorem then says

R(w) = G(w)I(w). (4.17)

Before enunciating the precise conditions to be imposed on G(7), let us explore the
consequences of the condition

/Oo |G(7)]dT < o0. (4.18)
0
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If the equation above holds, then a bounded Fourier transform é(w) exists for all w. Then,
the physically motivated assumptions (1), (2), and (3) can be summarized as

(i) G(1) =0 forT <0;
(ii) G(7) is bounded for all T;
(iii) |G(7)| is integrable, so G — 0 faster than 1/ as T — 0.

Notice that (ii) and (iii) together imply that G(7) is square integrable and hence G(w) is
square integrable as well. Our goal now is to extend the function G (w) into the complex
z-plane in such a way that it satisfies the conditions under which the Hilbert transform
holds. The condition (i) above implies

é(w):/owG(t)eiwtdtz/_oo 0(t)G(t)e™* dt . (4.19)

Notice that we are only integrating over half the real line now. We extend this relation to
the complex plane by defining z as

z2=Rez+ilmz =w+ i, (4.20)

so that

G(z) = Glw,w') = /OO G(t)e' =t dt . (4.21)
0

Causality requires ¢ > 0, so we restrict ourselved to the upper half-plane (v’ > 0) to
ensure that e“'* is a decaying exponential. This guarantees uniform convergence. Now
define Mg = maxy~¢ |G(¢)|. The condition (ii) implies that, for § € (0, 7), the following

estimate holds: -
|é(w)| < MG/ |€it(pC056’+ipsin9)| dt, (422)
0

where p is the absolute value of z. It follows that

~ > . M
G(w)| < MG/ L [ p— (4.23)
0 |z| sin 6
As a result, we find
|1|im IG(2)] =0, 6¢c(0,n). (4.24)
Z|—00
For 6 = 0 or § = T, the function & (w) of equation (4.19) is recovered:
G(w) = G(w,0) = / G(t)e™ dt. (4.25)
0

As argued before, since G(t) is square integrable, so is its Fourier transform G/(w, 0). Thus,

lim |G(w,0)| = 0. (4.26)

w—00
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Strictly speaking, the limit above only holds if G (w, 0) belongs to the Sobolev space (see
Lemma 2.30 of [121]), but since this space is dense in L?(R) and we’re not interested in
mathematical subtleties, the conclusion remains the same.
From these results we see that |G(z)| — 0 as |z| — oo in any direction in the UHP,
Let us now argue that G/(z) is analytic in this region. If w’ > 0, then
dr -

[e.o] dn . oo . ,
— = t) — et dt =" t"G(t) et dt . 4.27
0= [ o meta=i [ rame @27)

Once again, the decaying exponential e "t guarantees uniform convergence. It is clear
that the argument does not work if w’ = 0. How can we be sure that G’(z) is analytic on
the real axis? Let us make an extra assumption about G/ (z) and require this function to be
bounded on the real axis. So the only singularities that may appear when w’ = 0 are of the
branch point variety. In particular, notice that the branch singularities of the type 1/4/z or
log z are excluded by the boundedness requirement.

The derivation of the Hilbert transform pair can be modified to account for these
branch point singularities on the real axis. It suffices to take a small semicircular detour
around each of them [30]. As a result, the equations (4.10a) and (4.10b) remain unaltered
(recall that branches can always be chosen to avoid the upper half-plane). To eliminate
the existence of such branch singularities altogether one must assume a exponential type
fallout of G(7) as 7 — 0.

With all the previous considerations in mind, we can write the Hilbert transform pair
for the frequency-space kernel:

ReG(w) = - PV / mG©) - (4.28a)
T o W—w
Im G(w) = —~ PV / ReG®) 45 (4.28b)
T o @W—w

We thus see that the key assumption of causality (together with reasonable mathematical
assumptions) allowed us to show that the real and imaginary parts of é(w) are related to
each other for real values of the argument. To put the Hilbert transform pair relations into
the dispersive representation we exploit the fact that G(¢) is real, so its Fourier transform
satisfies G*(w) = G(—w). In terms of the real and imaginary pieces of G/(w), this reality
condition implies

Re G(w) —iIm G(w) = Re G(—w) + i Im G(—w). (4.29)

Therefore,
Re G(w) = Re G(—w), (4.30a)
Im G(w) = — Im G(—w), (4.30b)

meaning that Re G and Im G are even and odd functions of w, respectively. We now return
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to (4.10a) and split the integration range into two intervals:

0 [~ 00 [~
Reé(w)zlpv/ de+1Pv/ mG®) 4 (4.31)
T 0

— W ™

&l

Let w — — in the first integral:
. 1 O Tm G(—& 1 * Im G(@
ReG(w):—PV/ de+—Pv/ ngdw. 4.32)
0

a o WTw T

Using Im G(—@) = — Im G(@), we find

Re G(w :—PV/ Im G/(& II?G(“’) dw
w—w w+w
] (4.33)
:gPV/ @ImG®) 45
T 0 Wr—-w

The formula above involve only positive, experimentally accessible frequencies. The
same manipulations can be done with (4.10b). The resulting formulae are the famous
Kramers-Kronig dispersion relations:

ReG(w) = = PV/ WI?G 2 4w, (4.34a)
W —w
Im G(w) = =PV / i‘;(j 4 da. (4.34b)

Once-subtracted dispersion relations. It often happens that f(z) in (4.1) does not tend
to zero as |z| — oo. Realistically speaking, we may know nothing about the precise
behavior at infinity, except that the quantity remains bounded for large |z|. If this is the
case, one proceeds as follows. Let f(z) be analytic at ag € R. Define

D(z) = &) = /la0) (4.35)
zZ — O
is not singular at z = a and | D(z)| — 0 as |z| — oo. If f(z) is analytic in the UHP, so is
D(z) and we may write a dispersion relation for D(z):

. [M} _pv /_ Z g(_xl)_( f@)] g, (4.36)

o — ap T — )

But notice that

! :1{1—1}. (4.37)

(x—a)(r—ay) a—|xT—a T—a
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Consequently, the dispersion relation takes the form

o ) *  f@)
inf(a) =irf(ag) + (@ — ag) PV /_OO =) — o) dz .
>~ d >~ d '
— Flaw) PV/_OO = f(on) PV/OO =
The last two integrals vanish and we are left with
. - > f (=)
irmf(a) =inf(ag) + (a — ag) PV /_Oo = a)(z — o) dz, (4.39)

which is a modified version of (4.9). Separating f into its real and imaginary components,
we find

Re f(a) = Re f(ag) + 2= py / Imf de, (4.40a)

(r —« x—ao)

Imf(a):Imf(@o)_@pV/_w( Re f(z)

o (x —a)(z — ap)

dx . (4.40b)

These are the once-subtracted dispersion relations. How do we use them in a particular
physical problem? We must know Re f () for some oy and assume that | f(z)| is bounded
for large |z|, in addition to analiticity in the UHP, as we required when deriving the Hilbert
transform pair (4.10a) and (4.10b).

If the properties of f(z) for large |z| are not optimal (e.g., the ratio | f(z)/z| tends to a
non-zero constant), then one can introduce more subtraction points «;, as, and so on. In
this situation, instead of integrating G'(w') /(w — ') along the contour 4.1, one considers
the function .

% ) . (4.41)
i (' — ) T, (& — wa)

The same analysis then leads to a pair of k-subtracted dispersion relations.

Reconstruction of the response function. Given the Hilbert transform relations (4.34),
one can also reconstruct the complete response function GG(w) as an integral over its
imaginary component. To accomplish this, we use the Sokhotski-Plemelj formula:

. 1
lim -
e—0 x + 1€

=PV 1 Fimd(x). (4.42)
x

The identity above holds in the sense of distributions. Choosing the —ze sign, we write

Re G(w) = 1 /OO mGE) /OO iIm G(@)8(0 — w) d@ . (4.43)

T ) oo W— W — 1€ o



Chapter 4. Dispersion Relations and Horizon Dynamics 96

Thus,

G(w) = Re G(w) + iTm G(w) = = / T Lali@) oo (4.44)

T ) oo W —w — 1€

A curious feature of this formula is that, in order to investigate G/(w) for small w (the
typical scenario in EFTs tailored to linear response calculations), one must know Im é(w)
for large values of w. Besides, one typically cannot say much about the precise behaviour
of |G(2)| as |z| — oo, except that it remains bounded.

This is when the subtracted dispersion relations become most useful. These modified
relations give more weight to the response function evaluated at a “subtracted” point
wo € R, while also requiring more mild conditions on the behavior of the response at
infinity. Once again, using (4.42), we can write

Re G(w) — Re G(w) T iTm Cun) = / . Im G() do. (445

W — wo T Joo (0 —w —i€)(@ — wp)
If Im G (wo) vanishes and Re G/(wy) is known, then

d . (4.46)

ReG(w) —ReG(wy) 1 /OO Im G(@)

W — wo T Jo (0 —w —i€)(w — wp)

It is worth mentioning once more the assumptions involved in the derivation of this
expression. First, as a complex function of z, |G(z)| must remain bounded as |z| — oo.
Second, G(z) must be analytic in the UHP and at z = wy € R.

4.3 An EFT for the horizon

Having discussed the basic elements of linear response theory and the derivation of
the Kramers-Kronig dispersion relations, we now introduce our EFT setup for studying
long-wavelength tidal deformations of BHs. In the following, we denote the rank-2 STF
projector as

, 1 2 .
5LL = itz = 5 (511]1512J2 4 §hd2giadn 5511125]1J2>. (4.47)

EFT setup. Consider an effective worldline theory for a spinless BH. We want to model
the effects of a dynamically induced multipole. The starting point is a multipolar action
for a Schwarzschild BH of mass M endowed with unknown internal degrees of freedom
collectively denoted by X which are responsible, for instance, for dissipation and quasi-
normal mode excitations.

We make the following minimal assumptions regarding these degrees of freedom: (i)
their dynamics is ruled by a local but otherwise generic Lagrangian £[X], and (ii) they
determine the induced multipoles. In this work we focus on the electric quadrupole @);;[X],
which couples linearly to the traceless, electric part of the Riemann tensor F;; via the
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worldline action [59, 33]
1 ..
Sworldline D) /dT (—M + ,C[X] + §Q” [X]EZ] + - ) , (448)

where the ellipsis contains higher order electric multipoles and magnetic multipoles. The
action above reproduces the monopole and quadrupole part of the standard multipolar
action of a compact body. Following the idea proposed in [60, 61], one can write the
effective action obtained by “integrating out” the X’s, which can be heuristically written as

Sep = —M / dr + / dr / dt i (T — t)EY () E¥ (1), (4.49)
0

where it has been assumed that the induced quadrupole response to the external field is
causal and linear: .

Qi;(t) = / dt' xiju(t — ) EM(t'), (4.50)
and where we have introduced the time-dependent polarizability tensor x;; (t), whose
tensor structure X = 3 (605 + 0udjr — 20,50, ) X can be factorized, as required by
spherical symmetry. Moving to Fourier space and Taylor expanding the electric, quadrupo-
lar polarizability, one can write:

S~ /‘;—: [Xo — i1 Mw — Xo(Mw)? + -] |Ey(w)?, (4.51)
where the coefficients Y,, are real numbers. Strictly speaking, this effective action needs
to be recast in the in-in formalism, as it will be discussed later. The small parameter of
expansion here is Mw, so this is an expansion in derivatives of the external gravitational
field. For example, x( in (4.51) is the only term for an instantaneous static response
— defining the standard static tidal Love number — while the coefficients x,>; are its
dynamical generalizations.” We remark that dynamical Love numbers present EFT running,
as discussed, for instance, in [67], and the two-loop beta function for all scalar tidal
operators exhibit a universal conservative contribution arising from the post-Minkowskian
expansion.

Coefficients with even (Y2,) and odd (Y2,+1) indices encode tidal and dissipative
properties of the BH, respectively. As mentioned before, one must employ the in-in
formalism [ 118, 73], otherwise terms involving odd powers of w would be total derivative
terms. For simplicity, we have written a schematic in-out action in (4.51). In turn,
absorption effects can also be addressed via on-shell scattering amplitudes, see for instance
reference [11].

Lightning-fast review of the GR description. The scattering of gravitational waves in a
Schwarzschild background is a classical problem in GR, whose solution within the scope
of the black-hole perturbation theory methods of Teukolsky and Press has been subject

3See also the discussion at the end of chapter 3 for more context.
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to many seminal studies. See, for example, [94, 63]. We summarize a small part of these
findings in this section.
By decomposing the GW perturbation

hap = Z > R (1) [T6,(0, )] 5 €7 (4.52)

a=1 ¢m

using the fensorial spherical harmonics 7}, , one obtains a Schrodinger-like equation for
the scalar radial function R (r):

d2
s+ V) () =0, 453

where r, = r + 2M log (55 — 1), and V,(r) is an (-dependent potential. For axial
perturbations — governed by the famous Regge-Wheeler equation — the potential® the
explicit form [110]

(4.54)

2

VRV (1 B 2M> [am ) GM}

r r 73

For the the polar perturbation (Zerilli) the form of the potential is quantitatively different,
but in both cases cases V' (r) ~ 1/r? for large r.

The scattering/absorption process can be described in GR with the Regge-Wheeler and
Zerilli equations, see, for example, chapter 12 of the standard textbook [87]. We consider
the scattering of an incoming plane GW with wave vector k = wz by the central potential
generated by the Schwarzschild black hole into an outgoing spherical wave with the same
polarization. To simplify the computation, we consider as in [36] a Cartesian component,
for which one can apply the standard formula for plane-wave expansion, and obtain the
elastic, absortive and total scattering cross sections o, in terms of the real inelasticity
parameter 7, (0 < 7, < 1) and a real phase shift ,:

_ ™ ;
— = Z 11 — ne?®2)?, (4.55a)
=2 TN (1 4.55b
o == (1—m), (4.55b)
Oy = O + 04, (4.55¢)

where o, , are respectively the elastic, absorption and total cross sections. The solutions
to (4.53) in the free case (M = 0) come in two classes: pure left-moving R,,(r) and
right-moving R, (r) modes. Apart from an overall normalization factor, their asymptotic

4Under parity transformations, which in polar coordinates can be writtenas r — r,0 — 7—0, ¢ — ¢+,
seven out of the ten tensor harmonics pick a factor (—1)! and are said to be polar; the three others pick a
factor (—1)!** and are said to be axial, or odd.
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forms can be parameterized as [43]

- 1|B T — 2M
() = = ewpemm, (4.562)
roleT 4+ Ay(w) e, T — 00
. 1 —WT % A’ T % - 2M
Ry = L A Adw) e (4.56b)
7| Be(w) e, T — 00

The fact that B, is the same coefficient in both the left-moving and the right-moving mode
is a simple consequence of the constancy of the Wronskian:

7 dRue(r)  dRu(r)

e(T) ar- O R.(r) = constant in r, (4.57)

which also requires

— B* —

Ag=—-=L A, 4.58

¢ B, (4.58)

Moreover, probability conservation enforces |A|? + | B,|2> = 1 (Notice that | A,| = | A,]).
From our numerical solutions of the Regge-Wheeler equation (4.53) we obtain R, from
which A,(w) and B,;(w) have been extracted. Their relation to o., can be obtained by
expanding the incident plane wave and then following the standard textbook procedure,
which gives

T YRE
Ormze=— ) 1+ AP, (4.59a)

T 2
Or-na=— D |B:f". (4.59b)

Our numerical results for (w?/57) o3, as a function of Mw are reported in figure 4.2,
where the limits Mw — 0 and Mw > 1 are also shown. The Mw — 0 limit of o, can be
read from [94]:

o, = ——— MSw*. (4.60)
Comparing this formula with (4.55b) gives

128
Ny~ 1— ﬁ(Mw)ﬁ, Mw < 1. (4.61)

Also, we obtain |B| ~ }—g (Mw)? from (4.59) for Mw < 1, which agrees with the value

than can be deduced from equations (12) and (13) of [14]. The perturbative analytic result
for the scattering phase in the Regge-Wheeler equation is [99, 15]

S _ <log(4Mw) g — g) M+ T M+ O(ML), (462
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which together with (4.61) gives

5 5
Ojy = 80T M? (log(4Mw) + 7% — g) {log(éle) +%E — 3
107 (4.63)
+ 51 (2Mw) + O(IMuP) |,

where g denotes the Euler-Mascheroni constant. For Mw > 1 one has 7, — 0, leading
to Ay — 0, By — 1, and 0}, — 57 /w?.

Elastic Absortive

——= UMw)? | e e, -]
— lo-w limit 107! 4
102 4 — 0/(5M21)
1073 4
\ -5 ]
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101! 4

0e/(51M?)
0aw?/(5m)

=== hi-w limit
10713 | —— 256/225(Mw)®
o,w?/(5m)
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Figure 4.2: Normalized elastic (left) and absorption (right) cross sections and their
asymptotic values. The Mw — 0 limit of o, is given in (4.63), whereas %03,422 —

255 (Mw)S. For Mw >> 1, one has o{3% — °%.

Introducing the EFT two-point function. While the scattering of radiation by longitu-
dinal gravitational modes does not give rise to absorption but is responsible for the leading
order elastic scattering, following [60] the leading order absorption process can be related
to the Feynman two-point function:

G w) = [ 5 (@t QY ), (4.64)

where L, I’ are collective indices, used here for the spin-2 representation of the rotation
group. Now we consider the coupling of &, to the source quadrupole, as discussed in detail
in section 3.2. Following the standards methods explained in the previous chapter, we fix
the imaginary part of the Feynman two-point function (in the low-frequency limit) as

~ g 16
Im GF¥ (w) = 64 EM%}\, (4.65)
This is the same result as (3.61). The Feynman two-point function is related to the advanced
and retarded Green functions via
1

Gf = §<Gadv + Gret) - %<A+ + A*) = Gret - Z’A*’ (466)
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where ALY () are the standard Wightman functions:

AL (1) = (QF(H)QY (1)), (4.67a)

AL (1) = (QM(H)QY (1)) = ALE(#, 1), (4.67b)

From now on we exploit the rotational symmetry of the Schwarzschild background to
impose ALY (¢, 1) = 6% AL(t,t'), so that

AL (w) = A_(—w). (4.68)

Further assuming that (), is an Hermitian operator (();, = QTL), one has

38w = [ e en@uoalen = ( e-w—t’)<QL/<t'>@L<t>>)*, (4.69)

so that . . . .
A (w) = [AF(-w)]" = [AT ()] = 6" AL (w), (4.70)

in agreement with equation (3.24) of [57] and the assumption of spherical symmetry.

4.3.1 The gravitational Wightman function

Following the approach of [61], we now compute (perturbatively) the semiclassical
graviton two-point function with EFT methods and compare it with the results coming
from quantum field theory over a Schwarzschild background, the “full theory.”

The presence of the BH modifies the Wightman function of the bulk field G5k (2, '),
and these corrections can be computed perturbatively within the in-in formalism. The
result, accurate to leading-order interactions with the BH, is’

Gfr(a,2") = (W ()™ ("))
5LL’

- 4.71)
+ / e [B(—w) A () + (@) A- ()],

where by (h%(x)h* (2'))y we denote the two-point function in Minkowski spacetime,
i.e., without the BH contribution. The object A, above is the frequency-space Wightman
function of the worldline operator O(7), as we will properly define in the following section.
The second term in (4.71) is evaluated at the spatial coincidence limit x| = |x|'.

This bulk two-point function is traditionally computed in the full theory with different
boundary conditions, the most famous ones being the Boulware (B), the Unruh (U), and
the Hartle-Hawking (HH) states. From the perspective of quantum field theory over
curved spacetimes, such conditions reflect the non-uniqueness of the vacua when Poincaré
symmetry is absent (See the appendix B for more context). The states mentioned above

3Crucially, we obtain a result that differs from the one reported in eq. (2.21) of [61]: the sign in front of
their 6 function should be changed to obtain our result. This small modification has important consequences
for the matching procedure, as we shall discuss.
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correspond, respectively, to the “no radiation,” the “only outgoing radiation,” and the
“thermal bath” boundary conditions.

Adapting the classical result of [31], the explicit form of our bulk field two-point
function can be matched. But first, we discuss the derivation of (4.71).

4.3.2 in-in computations

Without loss of generality, we consider in the full theory a scalar two-point function
(U]|p(x)p(z")|¥), where |¥) is some known and fixed initial state. For the purposes
of the in-in calculation on the EFT side, it suffices to consider the scalar case since the
tensor structure of (4.71) is entirely contained in 6** (assuming a non-spinning BH). The
computation the follows thus assumes a linear coupling (at the level of the action) between
a scalar, perturbing long-wavelength field ¢ to a monopole worldline operator O(7).

The quantity we must match in the EFT is the in-in correlator:

Gerr(z, 7)) = (in|d(x)d(2")|in) = (). 4.72)

We will focus on the case in which the full theory is either in the Boulware (|B)), the
Unruh (|U)), or the Hartle-Hawking (|H)) states. The full theory result at  — oo suggests
that initial |in) state in the EFT ought to be described by a density matrix of the form:

P = |0X0] ® gy, (4.73)

where |0) is the usual, Poincaré invariant, free field vacuum, and pgy is some density
matrix acting on the Hilbert space of “BH states.” It is assumed that the scalar field is
minimally coupled to the static gravitational field of the point source at the origin (the BH).
In addition, the scalar ¢ couples to the source via the worldline interation in Sgy. Then, to
leading non-trivial order in the power counting, the in-in formalism produces

Gerr(w,2') = Ay (x — )

+ /dT dT/ D2“(x,x(7)) <@a(7—)@b(7'/)> le(IL’/,I(T/)), (474)

The second term, whose associated graph is diagram (a) of figure 4.3, can be understood
as a dressing of the flat-spacetime Wightman function as a consequence of the insertion of
worldline operatos Q, (7).

In the correlator expression above, z(7) = (7, 0) is the worldline of the BH at rest at
the origin of the coordinate system. Notice that this path has no spatial part. The object
D (z, 2') is the Schwinger-Keldish propagator matrix of the free scalar field:

—iD¢(x — ') —Wy(z' — x)) 4.75)

ab n_
D*(x,x") = (—Wg(x—$/) —iDg(x — ')
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Figure 4.3: Corrections to the Wightman function in the EFT. Diagram (a) is LO,
whereas (b) and (c) are NLO in the power counting parameter. The operators O, ()
depicted above are our O, (7). Adapted from [61].

where

Di(x —a') = (O|T{6(x)¢(x")}/0) = [Da(x — 2")]* (4.762)
Wo(z — ") = (0]p(x)¢(2")]0) . (4.76b)

The function Wy(x — 2’) is the flat spacetime positive-frequency Wightman function
Wolx —2') = A (z—2') = A_(2' —z). 4.77)

The matrix of EFT two-point functions is

Gur.) = o) = (o 21 TR e
where the components are denoted as
De(r — 7') = (T{O(7)O(")}), (4.79a)
Dy( — 7') = (T{O(1)O(")}). (4.79b)
and
Wo(r—7)=W_(v' = 7) = (O(7)0(7)) , (4.80)

where T is the anti-time ordering symbol. The in-in correlator (¢?), = (in|p(x)¢(z')|in)
we wish to compute is

(). = Wolz — ')+ / dr d7' D2 (2, 2(7))Guy(r, 7\ D2 (2 (7). (481)

We denote the second term of the EFT two-point function at spatial coincidence by AGj,.
We write it as

AG;, = /deT' D?** (2, 2(7))Gap(, 7V D (2, 2(7")). (4.82)

Notice that D' is written as D'®(x, z(7')) at spatial coincidence. Since z(7) = (7, 0) has
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no spatial component, we may unambiguously write (at spatial coincidence):
r—z(r)=(t —7,%) (4.83a)
r—z(r)=({t'—7,%) (4.83b)
The quantity (4.82) is a sum of four terms:
AGy, = (I) + (IT) 4 (III) + (IV), (4.84)
where
I =+ / dr dr’' Wo(z — 2(7))De(r — 7") Ds(x — (7)) (4.85a)
(II) = + / drdr’' Wy(z — z(7))W_(1 — )Wy (z(7") — z) (4.85b)
(ITI) = — /dT d7’' Dy(x — x(7))Wo (7 — 7")De(x — 2(7")) (4.85¢)
(IV) = + / dr d7’ Dy(x — 2(7))Dy(7 — 7" \Wo(z(7') — ). (4.85d)

Computing (II) and (III). First, we denote the frequency space Wightman function of

the O operator by
W (r—7")= /e‘iw(T_TI)AJF(w).

Using the formula (A.26), we calculate:
4m2r2 o

1 > d , /
(II) = —/ d A (—w) sin?(wr)e @),
0

Expanding sin?(wr) and dropping the rapidly oscillating term, one obtains

_ 2 e—iw(t—t/) w W
W) = s [ = 0wn ()

We now turn our attention to (III). First, notice that

ijw|r]* —i|w]|r
e e
D:—D*:__ —iwt — wwt

! (D [ /we 47”“} /we Arr

(4.86)

(4.87)

(4.88)

(4.89)

where the representation (A.31) was used. Thus, substituting w — —w in the formula

above yields

—i|w|r

pum g = [t

Amr

(4.90)
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The computation of (III) then leads to

1 ; !
(IIT) = e /w e WAL (). (4.91)

Computing (I) and (IV). We first consider (I). Substituting the relevant two-point
functions, we find

_ ysin(wr) o ellelr
drd zw(t T) 2D o tw(t'—1")
/ T 7'/ Sy e(T T>/we -

_ W/e““(t e sin(wr)f(w)De(w)

(4.92)

Expanding €™ sin(wr) and dropping rapidly oscillating terms in the r — oo limit, we

find:
2 —iw(t—tl) 1 . . e 2
(I) = i) e 5 sin(2wr) + i sin”(wr) | 0(w)De(w)
™ w
. (4.93)
1 iwo(t—t
= ) / e (W) Dr(w).
Therefore,
i ol
O="am / eT00(w)Dr(w). (4.94)
At last we compute (IV). Using (4.90) one finds
,z|w|r 0o - L sin(
IV /dT dr’ / —iw(t—T) ]D)d(T o 7_l)/ d_w e—ZUJ(T —t)SlD(UJT)
0 2m 27r
(4.95)

W /w O(w)e ) [;sin@wr) —isinz(wr)] Dy(w)

As before, expanding e~ sin(@wr) and dropping rapidly oscillating terms in the 7 — oo

limit yields

= ——i e~ =g (4 w
V) =~ /w 0(w)Dy(w). (4.96)

We now combine all the terms.

—iw(t—t' 2 —tw(t—t'
AGi, = (dmr ) /e AL (w) + (47TT)2/6 0w AL (—w)

(4.97)

_ ! e~ =)0 (w) [Dy(w a(w
o | 0 i) + Dy
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It is not difficult to see that
Di(w) + Da(w) = —i[As (@) + A-(@)] = —i[Ar @)+ Ay(~w)].  (498)
Therefore,
Grrr(z, 2") = Wo(z — )

+ (47rlr)2 /eiw(tt’){AJr(W) — 0(w) [Ay (w) — A (—w)] }. (4.99)

We must match the formula above to the corresponding Wightman functions at spatial
coincidence when the background vacuum state is either |B), |U) or [H).

At last, it can be verified that the large distance limit of the equal time commutator
[hr(t,rir), hp/ (¢, r'Qi')] vanishes, for both the EFT formula (4.71) and the result of the full
theory with the three different boundary conditions (4.103), (4.113), and (4.117).

4.3.3 Matching the EFT calculations

To ease the matching, it is convenient to choose spatial points with same angular
variables: x = rn, x’ = r'f1. This allows one to use the coincidence limit of the addition
theorem for tensorial spherical harmonics [92, 89],

20+1
cvciy S (Ti (0, OLlTh (0,001 = =5 =0"]el, (4.100)

m

where €/, is the polarization tensor.

Boulware. In the Boulware state, we have

ere, (W ()R (', x))g = |e? / o ) DA
l

=%

X [Rld(?") wE(T ) + Rwé@”)ng(T/)] .

Expanding this result using the asymptotic forms (for » — o0) of the fundamental solutions
to the Regge-Wheeler equation

(4.101)

N 1 [ By(w) eier —2M
we(r) = = E.(w) “_ " (4.102a)
Tl e 4+ Ap(w) e, — oo
. 1 —zwr* A’ W N 2M
Roo(r) == T Adw)et, (4.102b)
r | By(w) e ™, r — 00
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we find

L L ® o e wt=t)
erer i (t 3R (E, X ))p = e ’ 1672w r! Z<2£+ 1)
¢ (4.103)
« |:’B£|2€iw(r*—ri) + (e—iwr* + 12—1@ eiwr*) (eiwr; + g;e_iwr;)} ‘

To facilitate the physical interpretation of this expression, let us compare it with the
corresponding two-point function in Minkowkski spacetime (A.26) expanded in the same
limit:

* L L'y 1 ‘€|2 * dw —iw(t—t")
erel (WP, x)WY (' XDy~ = | ———e > (20+1)
0

rr! 1672w Z (4.104)
% [e—iwr . (_1)€€iwr] [eiwr’ . (_1)66—iwr’} )

Simple algebraic manipulations take (4.103) to

eres, (W (t,ri), Y (' ri))g ~ ep€s, (RE(t, ri), hE (¢, rit) )y

n E /OO dw p—iw(t—t") Z (20 4 1) Py(cos ) (4.105)
2 2 .
r 0 167T P

X [|Be)? + |Ag + (=1))* — 2(1 + (=1)*Re 4],
where fast-oscillating exponential terms like e**("+7) were suppresed in the large r, 1’
limit with 7 = 7. The last line of (4.105) vanishes as a consequence of | A,|% + | B|? = 1.
Using the symmetry relation (4.68), the matching of (4.105) onto (4.71) leads to
Ai(w) o O(w). This means that the Wightman function A, (w) has no support over
negative frequencies. Even though the same conclusion was reached by the authors of [61],
our EFT result is slightly different, which leads to a different matching calculation as well.
In [61], the following expansion is used:

D@0+ )| Ry(w]r)? ~ 40?7 o0, (4.106)
=0

which cannot possibly take into account the EFT terms that correspond to deviations
from the flat Minkowkski background, i.e. LA, dependent terms; see (4. l()2) In particular,
contributions involving A, (w) (the A, function of [61]) are not captured.® As a consistency
check of our results, we verify that the radial flux of radiation also disappears, as expected

%Using (4.106), the aforementioned authors find that the matching onto the Boulware state gives a
non-vanishing contribution to the bulk two-point function with BH interactions, which implies (to leading
order in Mw and with r = 7’ — 00):

’ , 1 oM 2 jo%s) . )
Gpr (,2') = (" ()" (@) + <r> / dww e 01,
4 0
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for the Boulware state:
) ) 1 .
(in|T"(2)[in) = B I}gl;,(ar@t/ + 0;0,) Gerr(z, 2')

B 1
16722

=0.

/ e O [0(—w) AL (W) + 0W)A_(w)] @107

Unruh. Next, we consider the matching onto the Unruh state. As before, the starting
point is the full theory result:

*  dw

eret, (Wt r)hE (¢ ')y = 1 /

—00

whose 7, 7" — oo limit gives

% duw e—iw(t—t/)

> (20+1)
J4

|B€|2 iw(re—rl) /
X Hme * +9(w)l/{wg(r,7’) ,

(hp(t,x)hp (', x"))y =~ 5LL//

2 /
e 16w 1

(4.109)
where the function U,,.(r, r’) is defined as
Upe(r, ') = [ — (—1)fer] [er — (—1)fe"]
A+ (=D P —2[1 4 (=1)* Re 4] (4.110)

+ [ﬁ; —|— (_1)£j| e—iW(T-‘r'f’) + [}_15 + (_1)K:| eiW(T-‘rT/).

Specializing this result to the » = 7’ — oo limit, we find (after suppresing fast-oscillating
exponentials):

eres, (RE(t, r) R (¢ rid))y = epes, (RE(t, r) R (¢, rid) )y

’6|2 * dw 71wt t') - 2@
+F oo 1672w © ; 1

X B + 0| A+ (—D)f? —2[1 + (=1)*Re 4] }.

1 — 6—87er
@.111)
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Notably, the 1/72 piece of (4.111) can be written as

Bl | Bel?
e v [O(w) — 0(—w)] = i 7 SE(@), (4.112)

where sgn is the sign function. Our final expression is thus

erer (Wt ra)RY (' ri))y = eper (WE(t, r)hE (', 1) )y
| B,|? (4.113)

e [ dw .
| | iw(t—t") 2+ 1 (
+ ? 1672w € Z( + ) e8TM|w| _ 1 sgn w)'
00 7

Matching this expression to the perturbative EFT calculation (4.71), one finds

5 | B

A_ 0) = 4.114
5 B2

Ap(w<0) = 5| (4.114b)

2r|w] e8mMlel — 17

which is consistent with both the spherical symmetry and Hermiticity conditions expressed
in (4.68) and (4.70), respectively. For the energy-momentum tensor, we obtain

w? 4w

= o [0@)A- (@) + 0(—w) A4 ()] =

tr 2

which is consistent which a net positive flux of particles escaping to r — <.

Hartle-Hawking. When the BH is in equilibirum with a thermal bath of temperature
8 = 4nr, = 8tG M, the relevant two-point function is

oo (42w

% [e—iw(t—t’) Rme(T)RctEm(r,> +€iw(t—t’) Rw@m(T)RWZm(T/)

e (W (t, rn)RY (' r'n))y = ]6\2/ dw Z(2€+ 1)
¢

Lo e R
= b /_ Z 16d7:w 6_1:;_” ZZ:(% +1)
X Hﬁ [|Be|? 4 Ui (r,7")].
Matching this result to the Minkowksi spacetime thermal two-point function
(o (b riyho (F, ra))f, = Qb [T e @ 4.117)

o o7 ] — p—87Mw’
27 J_ o 2m 1 — e OmMw
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one obtains
O(—w)Ay(w) +0(w)A_(w) =0, (4.118)

which is the same result of the Boulware case. Analogously, the flux at infinity derived
from the energy-momentum tensor disappears, leaving behind the flat spacetime thermal
contribution only. This is consistent with the results presented in table I of [31].

4.4 A gravitational sum rule

We now relate the real and imaginary parts of the polarizability function, i.e., the
retarded two-point function of the quadrupole EFT operator, denoted by DX¥(w) in
Fourier space. The polarizability function is defined in terms of the Wightman functions
A analogously to its flat spacetime counterpart Dy (w); see (A.22¢). Since DX (7 — 7/)
is real:

DEY (w) = [DEX (—w)]", (4.119)

ret ret

we can combine the dispersive representation (A.34), the identity

lim
e—0 1 — 1€

_pvl — +imd(z), (4.120)

the spherical symmetry relation (4.68), and the reality condition (4.70) to deduce’

* dw A(w') — A(—w')

Re DL (w) = 5LL'PV/ : (4.121a)
oo 2T w—w
Im DEF (w) = o [A(w) — A(~w)] (4.121b)
ret - 2 9 .

These formulae are in agreement with equations (3.36) and (3.37) of reference [57].
Using the analyticity property of ]D>ret and assuming that D, (w) — 0 as w — oo in
the UHP, the usual Kramers-Kronig relations follow:

! LL
Re DL (w) = —PV / A I Dry” () (4.122a)
W —w
, d DL (w
m DL () = ' ReDig (W) (4.122b)
w —w

Using (4.65) and (4.66) one has

ReDEY (w) = ReDEY (w), (4.123a)

ret
16

6
MO+ A(-w)| . (4123b)

ret

Im DX (w) = Im DEY (w) 4 625 A(—w) ~ 627 l

where the low-Mw limit of DF* (w) was substituted. The vanishing of the static response

"In the equations that follow we denote A (w) = A (w).
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Dyet(0) = 0 leads to a sum rule [115] that can be rewritten as

/ RO —wA(—w)} —0. (4.124)

On one hand, in the Boulware and Hartle-Hawking vacuum states — where A (w) o 6(w) —
the sum rule above requires that A(w > 0) cannot be always positive. This is problematic
because the absorption cross section oy is such that o, < A(w). On the other hand, in
the Unruh vacuum the sum rule (4.124) can be fulfilled non-trivially since A(—w) # 0;
see (4.114).

Standard lore says that retarded and advanced Green functions constructed from the
commutator of Wightman functions only encode classical information, and thus, being
c-numbers and not quantum operators, they cannot have vacuum-dependent expectation
values. Indeed, the “quantum” part of the Feynman two-point function is proportional to a
symmetric combination of Wightman functions; see (4.660). Anyway, the classical Green
function depends on the choice of boundary condition, which in turn is dictated by the
choice of the underlying vacuum state.®

Our conclusions culminating in (4.124) are only in apparent contradiction with the
standard lore mentioned above, as we shall now explain in more detail.

Discussion. We have analyzed the apparent puzzle of reconciling the vanishing static
tidal deformability of a BH and the Kramers-Kronig dispersion relations, which follow
from general causality considerations within linear response theory. In particular, we find
that in the Unruh vacuum state, which corresponds to a black hole emitting Hawking
radiation, is compatible with a quadrupole two-point function with support on negative
frequencies, as required by the outgoing net flux of radiation to infinity

It must be noticed, however, that by taking into account terms beyond the lowest order
coupling to the quadrupole two point functions, one should include the tail process. As
pointed out by [42], the tail effect, i.e., the scattering of radiation off the static curvature
induced by the BH, alters the response function by multiplying it by a complex number,
which can have the effect of mixing its real and imaginary parts, and thus changing the
holomorphicity property of the retarded function as a result of the branch cut introduced
by the logarithmic tail.

Matter of fact, the EFT derivation presented in this work cannot capture a possible
analytic continuations, since these are oblivious to the imaginary part of retarded Green
function (or the absorption cross section).

This is well-known from quantum scattering amplitudes methods; there are terms that
can be reproduced by unitary cuts (which are in turm associated with discontinuities along
branch cuts), but there are also contact terms that do not contribute to those cuts. For
instance, the derivation of the Feynman propagator in quantum field theory by means of
Cauchy’s theorem requires a contour which contains (in principle) contributions from arcs
at infinity in the UHP, resulting in possible polynomial subtraction terms [129]. This is also

8See [128] and [127] for similar results for the electromagnetic field in Minkowski and Schwarzschild
spacetime.
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known from Britto-Cachazo-Feng-Witten-type recursion relations, in which the shifted
amplitude, as a function of the shift parameter z, can be written in terms of a pole term and
a purely polynomial piece — the constant term from this piece is what we call the residue
of the pole at z = oo, the boundary term.

The discussion above implies that the real part of the retarded Green function could in
principle contain an undetermined real polynomial piece F'(w) [35] that should be added
to the right hand side of (4.123a), and which can be written in terms of a polynomial in w.
This polynomial piece corresponds to the Love numbers [35]. Now at w — 0, due to the
vanishing of static Love numbers for Schwarzschild BHs, the aforementioned sum rule
(4.124) would gain a constant term outside the integral sign.

The physical interpretation of this sum rule may be better understood by taking into
account late-time tail effects as one can rewrite the dispersion-integral representation of the
retarded Green function in such a way that a connection between the near and wave zones is
manifest [42]. At low frequencies the scattering is dominated by the leading instantaneous
contribution associated with tidal effects. However, also at low frequencies, the overlap
between potential and radiation modes produces tail contributions, so physically the
modified sum rule should be interpreted in terms of an overlap between the tidal response
and tail effects.



Chapter 5

Conclusion

In this work we have reviewed the fundamental aspects of NRGR and some of its
applications. Equipped with this knowledge, we tackled the problem of investigating
Kramers-Kronig dispersion relations to the BH response function in a worldline EFT
approach motivated by NRGR.

In chapter | we review the linearized theory of GWs and introduced a worldline EFT
to describe the dynamics of classical compact objects and gravity. As an illustrative
example of the NRGR machinery, we derive the 1PN conservative Lagrangian step by step.
Then, we discuss the top-bottom approach, where matching calculations and gravitational
amplitudes are first introduced. In this approach, we sketch the derivation of the NLO
energy flux. Next, in chapter 2 we extended the traditional in-out framework of NRGR
to its in-in counterpart. This allowed us to correctly extract the 2.5PN radiation reaction
force and derive a causal waveform at such order.

After discussing these foundational topics, in chapter 3 we turn to applications of
the worldline EFT methods to dissipative and absorptive dynamics. We first explore an
electrodynamical toy model, showing how one can compute the electromagnetic energy
absorbed by a BH horizon. At last, the absorption of gravitons is considered, culminating
in a calculation of the energy dissipated by the horizon in a binary BH system. The
frequency-space expansion of the BH response function is introduced and Love numbers
are defined.

At last, in chapter 4 we considered the central question investigated in [124]; the
conciliation of Kramers-Kronig relations with the vanishing of the static tidal Love numbers.
The quadrupole two-point function defined in the EFT is matched to standard formulae
in quantum field theory over a Schwarzschild background. In the Unruh vacuum state,
we found a EFT Wightman function with support on negative frequencies, as expected.
A sum rule for the frequency-space Wightman function is proposed. On account of tail
effects — which must be considered in higher-order calculations — one must be careful in
distinguishing the tidal response from tails. This suggests that our sum rule ought to be
modified in such scenario.

Recently, the universality of late-time power law tails was addressed in [113]. The
authors’ analysis include a calculation of the branch cut contribution to the BH response.
It is tempting to wonder whether or not such data can be incorporated explicitly into our
sum rule. This question and others are left to future work.
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Appendix A

Useful integrals and identities

A.1 Master integrals

The basic three-dimensional integral which is extensively used in the near-zone com-
putations of section 1.3.2 is

Kk 1 T8
kX — Gog — = 1, Al
[ = (o o) (A1

By contracting both side of this formula with 4,;, we also obtain

1 4 1
—e = . A2
Kk K2 47|x]| (A-2)
Next, consider the d-dimensional “tadpole” integral:
d?k 1 I'(n—9%) a
M (n,0?) = / = 20 (—w?)E (A.3)
V)= [ omi e = (anirp
Proof. Writing the integrand as
]. ]_ & —1 2 k2
= et e d A4
T T, e .
and integrating over d3k, we find
1 0 2 r (TL - gl) d
M(d) n’WQ _ / en—d/Q—lemw dr = 2 _w2 5 A5
) = G J, (47?)%F(n)( ) (A>)
This establishes (A.3). [

We now derive the master formula of Galley and Tiglio [55]. This result is used twice
in chapter 1: first, to derive the 2.5PN effective action in the in-out formulation of NRGR;
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second, in the proof of the “GT lemma” given in (1.142).

dD lk Snezk s 0
n , D, q / dS/ 271‘ D1 0 (ko)—_k2(k? )pkil te kiq

in—D+3 D (A.6)
= see (%) i, n! (n=p+q+D-3)
201870 (252 (g + D! '
When D = 4, the expression above simplifies to
M) "t 1 A7
2 (WZ%Q)—M i1 g (n=p+q+1). (A7)
Proof. The master integral vanishes when ¢ is odd. When ¢ is even, we can write
1 dar 10 2 d"
ds s"e*"s = — /d s — 22 (k°). A8
/ o in d(koyn | ©°° v aggoy ) (A-8)
Integrating by parts n times, we then find
dP-1k k:o Pl - Ky, d™
My = (— PV dko e S(kY
2= " | Gy PV | 0 S a4
(A.9)
n_d" (kO)P/ - k o ki, d”
=1 —
(k)" 0P (P =1 A |y
Exploiting the spherical symmetry of the integrand, we can replace
k k;, —> [k ) = (4 d;,_,0;, + all pairs) (A.10)
71 1q (q+1>" 11l 2112 1qg—1 p . .

Then,

M r_& /dQ / A e e |k’D T (A1)
27 g+ DAk 27TD1 -1 sy e

Next, consider the integral over |k|. We first compute its “Euclidean version” before
performing a Wick rotation to the expression given above. Let IF be defined as

e (k)
= [ and (k)2 7 KE

A standard computation using Schwinger’s parametrization and Euler’s reflection formula

yields
D—2+
F = —W(kO)D_?’Jrq sec (—W( Q)) ) (A.13)

D—2+q

(A.12)

2 2
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The integral over d|k| that appears in (A.11), which we denote by IM, is expressed in terms
of IF as M = —TF(—ik?). It follows that

iy iy it

)(_Z.)D73+q dar (kO)p+q+D73 . (A.14)

(-
(g4 D (2 D17 (251) cos <_”<D—22+q)) d (k%) K0=0

MQZ

Since ¢ must be an even number, we write ¢ = 2N, for natural N, and simplify the
equation above using the identity

cos (% + @) = (=) tcos[r(N —1)] =i 2cos[r(N —1)].  (A.15)

Then, one finds

51’ " yn—D+3 wD —3)
MQ _ 1 q l 5ecC ( 2 ) (p + q + D 3) (kO)erquDfon . (A16)

(q+ D oD-175° (221) (p+ g+ D =3 —n)! 00

This expression vanishes when n # p + ¢ + D — 3. Otherwise, one recovers (A.6). W

Having established (A.6), we can finally prove the GT lemma. Using the NRGR rules,
the diagram in (1.142) becomes

ii::i — [ dtdt i, Dilt ~ . 0)V (1)
Ve (t

o o—ikO(t—t") (A.17)
P dt dt’ VP (¢
=0 [0 [ O

= —iCPPop,0 (ZV7 +I57),

where 717 and Z}° are defined as

—zkzo(t ')
v = /dtdt /Pv/ ’k‘zvf"’(t’), (A.18a)
kO

i a— / dt dr / e*i’fO(t*t’)a[(/{;O)Z KV (A.18b)
k, k0
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Setting ¢’ = ¢ + s, the integral (A.18a) becomes

e—ikos
07 = PV [ Sy
! /dtds/ /ko k02—|k|2v (t+s)
1 dnvpa g zko
/dtz /ds/PV/kO kP (A.19)

n pa
/dtzldv MY (n, 0,0).

Only the n = 1 term is non-zero. As in (1.151), we set £ — —k? in the second line above.
It follows that

7 = ﬁ / dt VP (t). (A.20)

This is a surface term, so we drop it. Moving on, we compute

1y —ir [ar [ e ms(o0p - ) [ar e v
k,k0
= —irV*7(0) / 6(k?)
k

=0.

(A.21)

This finishes the proof of the GT lemma.

A.2 Green functions

In our literature review (chapters 1 to 3), we use the conventions of the seminal
reference [55], which coincide with those used in [59, 60, 68]. In this way, the reader
that wishes to read our review to become familiar with the subject may directly compare
intermediate steps of key calculations with the exposition of the well-stablished aforemen-
tioned papers. Our chapter 4 is an expanded version of the original work presented in the
preprint [124]. As such, in chapter 4 — and chapter 4 only — we adopt the conventions of
[124].

Chapter 4 - Original work. As mentioned above, throughout chapter 4 — the bulk work
of this dissertation — we adopt:

Gi(z) = —i[0(2°) A (2) + 0_(2°)A_(x)], (A.22a)
Ga(z) = —i[04 (") A_(z) + 6_(2") AL ()], (A.22b)
Gra(z) = —i04 (2°) [Ay (z) — A_(2)], (A.22¢)
Gaav(2) = +i0_(2°) [A s (z) — A_(2)], (A.22d)
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where Gy and G4 stand for “Feynman” and “Dyson”, respectively. These two functions are
related to one another by complex conjugation: G (z) = G4(z). Besides these, we also
define the Hadamard function as the symmetric combination

Ap(z) = Ay (z) + A_(2). (A.23)

In the equations above, A denotes the positive and negative frequency flat-space Wight-
man functions, which are defined by

Af(x—2)=A_(2' —2) = / 0(w) 218 (w? — |K|?) e (t=t)+ik (x')
o (A.24)
= / AJr(CU) e*iw(tft/)+ik'(X7X/).
w,k

The Feynman, Dyson, and Hadamard functions are symmetric under z — —z, whereas
Gret(7) = Gaay(—1). (A.25)
It is not difficult to show that A, can also be written as

Fdw ) sin(wlx — x'|)

A —1') = — _—. A.26
+z =) /0 o € 27|x — X/| ( )

This particular representation is used in chapter 4 of this dissertation. The formulas (A.222)
— (A.22d) imply that not all functions are independent. Rather, they satisfy

Gi(z) = %[Gm(x) + Guv(z)] — = An(z). (A.27)

As mentioned before, these are the conventions employed in the preprint [124] that consti-
tutes the basis for chapter 4, the core of this dissertation. We derive a number of important
identities satisfied by the Wightman functions and the Green functions constructed from
them. First, using the integral representation of the step function

O(dt) — - / c (A.28)
BRENACERTY '

one can show that (writing r = |x/):

eiwt—i—ikx 1

Gre(t,x) = /w’k i@l ke i 5(t—r), (A.29a)
eiwt+ik~x 1

Gadv(ta)() = /;k (w — ia)2 — ’k|2 = _47T7’ (S(t + T') (A.29b)

The Feynman Green function also admits an integral representation similar to (A.29). Once
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again, using (A.24) and (A.28), we find

e—iwt+k-x
Gf(t,X) = /k m (A30)

Using (A.29), (A.26), and the “all-functions identity” (A.27), the following alternative
representation can also be derived:

] i|w|r
Gi(t,x) = — / et E (A.31)

Finally, we derive the so-called “dispersive representation” of the retarded Green function.
Using (A.22¢) and (A.28), we write

rettx /

Let w' — w” — w now. After combining common terms and doing a simple relabeling of
the integration variables, we obtain

Gret(t7 X) _ / [A-i-(w ) _ A— (w )] e—iwt—i-ik-x = / Gret(w> e—iwt—i-ik-x' (A33)
w,w' k w,k

w—w + 1€

/ - [A+( ) —i(w'+w)t o A_(w)e—i(w/-l-w)t] ' (A32)
k w! 1€

Therefore,

w—w + 1€

Gra(w) = / [A+() — A_(W)] (A34)

This representation will play a key role in chapter 4, where we establish the gravitational
sum rule for Schwarzschild black holes.

Chapters 1 to 3 - Literature review. In the paper [55]which introduces the in-in formula-
tion of NRGR, the authors employ the following conventions:

Gi(x) = 04 (2°) Ay () + 0-(2°) A (2), (A.35a)
Ga(w) = 04 (2°)A(z ) (xO)A+<x> (A.35b)
Gra() = +ib4 (z°) [AL A_(z)], (A.35¢)
Gaav(z) = —i0_(z°)[AL A_(z)]. (A.35d)

Once again, the Hadamard function is defined as (A.23). With this choice, one obtains

Gi(z) = —% [Grae(®@) + Guan(@)] + %Ah@;). (A36)
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The dictionary for translating the conventions of [55] and [124] is

(Gf)OurchapteM — _Z-(Gf>0ur lit. review (A.37a)
(G t)Ourchapter4 — —(G t)Ourlit. review (A.37b)
(Gadv)Our chapter4 __ _(GadV)Our lit. review' (A.37¢)

The Wightman and Hadamard functions are unchanged. The conventions of [55] are
identical to [68], which is an important reference for chapter 3. As far as the definition
of the Feynman function is concerced, the choice above matches the one used in [60], a
seminal reference on dissipative effects in NRGR.



Appendix B

Scalar fields in a Schwarzschild background

In this appendix we present a self-contained summary of key ideas in quantum field
theory over curved spacetimes, providing broader context to the use of Candelas’ [31]
results in the matching calculation of chapter 4. In particular, we focus on the quantization
of a free massless scalar field in a Schwarzschild background, with special attention to the
issue of boundary conditions and the choice of a vacuum state.

As in the usual quantization procedure in Minkowski space, we must first investigate the
classical solutions to the free equations of motion and properly define a vacuum state. Only
then one can speak of a Fock space and all the subsequent field-theoretic constructions.
The Poincaré symmetry of Minkowski space renders the choice of a vacuum state almost
trivial. In this case, there exists a globally defined Killing vector which allows one to
define a “positive frequency mode function” associated to the Fourier expansion of our
field, and most importantly, all inertial observers agree with this definition. The vacuum
state |0) is defined as the state which is annihilated by the operator multiplying the positive
frequency mode. The state |0) obtained this way is unique.

This procedure is far less obvious in the absence of Poincaré symmetry. However, if
our spacetime satisfies certain technical requirements (to be mentioned later), a choice of
vacuum state is also straightforward, albeit not unique anymore; it will depend on the choice
of boundary conditions we are interested in ascribing to the system. For concreteness,
consider the action of a massless scalar field ¢(x) minimally coupled to a background
metric g,

5= [ 4 v=9"(9,0)(V.0). (B.1)

As usual, g = det g,,,. We take the metric to be the Schwarzschild solution, whose line
element in the conventional (¢, 7, 6, ¢) coordinate chart reads’

oM oM\
ds® = (1 — —) de? — (1 — —) dr? — r?(d6? + sin? 6 dp?). (B.2)

r T
For practical reasons, it will be useful to define the functions A(r) and B(r):

1 2M
=1-—--.
B(r) r

(B.3)

"'We denote the azimuthal angle by ¢ to avoid any potential confusion with the scalar field ¢.
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From (B.1) one finds the following classical equation of motion:

He = 0, (B.4)
where the d’ Alembertian operator is

1

V=4
After suitably defining an inner product on the space of test functions, one can define a
complete set of solutions to (B.4). But before defining this inner product and investigating
the mode expansion of ¢, we must review a number of properties of the Schwarzschild
solution. In particular, it will be important to review its maximal analytical extension (see
§18.1 of [46] for the precise definition and a thorough discussion).

The construction of the Kruskal manifold which defines the maximal extension of the
Schwarzschild solution begins with the coordinate patch (u, v, 6, ¢), where

O=¢"V,V, = 0, (v/—99"0,). (B.5)

—4M UM (B.6a)
4M /M (B.6b)

U

]
Il

In the equations above, u and v are the lightcone coordinates

u=t—r,, (B.7a)
v =t r,, (B.7b)
where 7, is the tortoise coordinate defined by r, = r + 2M log |r/2M — 1|. The future

(H™) and past () horizons are defined by the null curves @ = 0 and © = 0, respectively.
The line element takes the form

2M
ds? = T €_T/2M dudv — r2(d02 + sin® dQOQ) (B.8)

In the exterior region r > 2M we can also define the coordinates (u, v, 6, ¢) such that

1 r 1/2 t
— ()= (- _ r/4M v
AMu = 2(1} w) <2M 1) e cosh (4M) : (B.9a)
1 r 1/2 t
AMv = = (v _:<——1> TAMginh [ — ) . B.
v 2(v—i—u) i e sinh - (B.9b)

Then, one obtains the famous Kruskal solution

) 32M3
B T

ds e (dv? — du?) — r?(d6® + sin® 0 dp?). (B.10)

The penrose diagram associated to the Kruskal manifold is presented in figure (B.1).
Noticeably, one sees that the maximally extended Schwarzschild solution has four distinct
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Future singularity r =0
it ‘-‘" it

I

Past singularity r =0

Figure B.1: The conformal Penrose diagram of the Kruskal solution. Since the
coordinates (6, ) are suppressed, both past and future singularities » = 0 are depicted
as lines instead of single points. The surfaces .#* are the future and past null infinities,
whereas i* are the future and past timelike infinities. At last, ¥ is spacelike infinity.
Adapted from [46].

regions, labeled from I to I'V. The regions I and III are the usual exterior (r > 2M) and
interior (r < 2M) regions associated to the black hole. The regions II and IV are “reversed
copies” of the asymptotically flat universe formed by I and III.

Understanding this analytical extension is crucial to the quantization procedure; physi-
cally inequivalent choices for the vacuum state are closely related to the different choices
of coordinate patches one can make in the Schwarzschild geometry. We shall return to this
point later.

We now define an inner product on the space of solutions to (B.4). Let X be a spacelike
hypersurface of the spacetime manifold M.” The volume element on ¥ is dX# = n” dX,
where n* is a future-directed unit vector orthogonal to >.. Then, for any two solutions f
and g of (B.4) with compact support, one defines [21]

(fa g)KG = Z/dz'u vV —gs [g*(auf) - (8119*)]6}7 (B.11)

where ¢y, denotes the induced metric on Y, naturally. A key property of this inner product
is that it is independent of X.. The proof of this result is simple and follows directly from a
generalization of Gauss’ theorem (see §21.2.1 of [87]). It is not difficult to show that, for
any test functions f, g, h and complex numbers «, (3, this inner product satisfies

(f, 9ka = (9 ke, (B.12a)
(f*,9")ka = — (9, f)ka, (B.12b)

(f,ag + Bh)ke = a(f, 9)ka + B(f; h)ka, (B.12¢)
(af + By, h)ka = a*(f, h)ka + B*(g9, k- (B.12d)

ZFor technical reasons, it is assumed that M is a globally hyperbolic spacetime and ¥ is a Cauchy surface.
See chapter 4 of [125] for further mathematical details.
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We now investigate the solutions to (B.4). Since the Schwarzschild solution exhibits
spherical symmetry, we write the following Ansarz:

/ 0o
DN wm(t, 7)Y (), (B.13)

m=—~{ =0

S| =

o(t,r,0,0) =

where Yy, are the spin-0 spherical harmonics and the unit vector 11 is a placeholder for the
dependence on th angles (6, ). Inserting (B.13) back into (B.4), one finds a differential
equation for wug,, (t,r):

A(r)0, [A(r) Oy uwem (t, )] — Ofwem (t, 1) — Va(r)ugm (¢,7) = 0, (B.14)

where the central potential V;(r) is defined as

((+1 2M
Vi(r) EA(T){ <T2 ) 4 A ] (B.15)
Switching to the tortoise coordinate 7, a simple computation reveals that the Fourier

transform @, (w, r) satisfies a one-dimensional Schrodinger equation:

2
{—d— + ‘/g<7’):| fom (W, T) = W ligm (w, T). (B.16)

2
dr?

The equation (B.16) is the famous spin-0 Regge-Wheeler (RW) equation. One possible
(non-normalized) basis for the solution space of (B.4) is the set
Wl (%) = BE(r)Yem(0,0) e, (B.17)

where @ = (<—, —) is an abstract index which distinguishes modes incoming from .# ~ and
outgoing from H ", respectively. It is clear that R2,(r) plays the same role as the function
% Upm (w, ), 1.€., Up to an exponential factor, it also solves the spin-0 RW equation.

It must be stressed that the use of the word “mode” in the last paragraph is not a stylistic
choice. One defines mode functions as those which are orthonormal with respect to the
inner product (B.11), meaning that’

(ur,ug)kg = 01, (B.18a)
(ur,u’)ka = 0. (B.18b)
In the equations above, we used capital latin indices to represent the labels a and (wfm)

previously used in (B.17). In the remainder of this appendix, it is assumed that the basis
(B.17) satisfies (B.18).

The role of Killing vectors. The link between mode functions and Killing vectors is
best understood by making a quick detour through the simplest possible scenario: a

3Notice that, as an immediate consequence of (B.12b), the condition (B.18a) implies (u}, u%)kg = —01J.
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scalar field ngS in Minkowski spacetime. This paragraph is based on reference [53]. Let
k() = Age ke = A, etx—wit) pe g basis of solutions to the massless Klein-Gordon
equation in Fourier space. Here, A}, is a set of constants and wy, satisfies w? = k?. Let
wy, be positive in what follows. The quantities ¢y are the mode functions from which the
usual field expansion of ngS is performed:

~

o= /(&k@k + ko). (B.19)
K

It is not difficult to show that (., pq) > 0 with respect to the Klein-Gordon inner product
(B.11) (specialized to the Minkowski spacetime). Thus, ¢y are said to be of positive
frequency modes. Since we choose wy, > 0, the positive-frequency condition can be
expressed as

i@tgok = WPk, Wk > 0. (B20)

Notice that 20, is the globally defined Killing vector of Minkowski spacetime associated to
time-translation isometries. It is straightforward to show that (B.20) is a Lorentz-invariant
statement. If one cannot define a Killing vector over the entire spacetime manifold, the
separation of positive/negative frequency modes ceases to be unique.

Let us now return to the Schwarzschild solution. When studying the scattering of a
scalar field in this background, the functions R2,(r) admit asymptotic solutions similar to
those employed in potential barrier problems in non-relativistic quantum mechanics. Since
this particular setup will be relevant for the discussions on chapter 4, where the reader can
find the explict form of such asymptotic solutions. We now expand the field g@(:):) as

$0) = LX) + [uEan @) (L))
B (B.21)

< dw .
“S Y [ (@it + )

a ¢m

where “h.c” stands for hermitian conjugation. The (non-zero) commutation relations
between the annihilation b2, = and creation (bT )@ operators are

wlm wlm

[Aiem, (ZA)L,K/m,)a/] = (5aa/6gg/(5mm/(5(w - w’). (B22)
The vacuum state |0), defined by the condition b2, |0), = 0 is called the Boulware
vacuum. The mode functions u2,, = are positive frequency with respect to the J; Killing
vector, where ¢ is the standard Schwarzschild coordinate time. Other choices are possible.

Using the Kruskal null coordinates (U, V') on the past and future horizons, respectively,
one can show that d;; and Jy are Killing vectors on such horizons. By construction, this
pair of coordinates is regular on the entire Schwarzschild manifold. Basis modes can be
constructed following using the standard method and the vaccum state |0),; annihilated by
the resulting annihilation operator is called the Hartle-Hawking vacuum.

Alternatively, we can take incoming (a2 =<) modes to be positive frequency with
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respect to J; and outgoing modes (a2 =—) to be negative frequency with respect to Jy;
this set of mode functions oscillates infinitely fast on the past horizon H_. The vaccum
states which follows from the quantization procedure is dubbed the Unruh vacuum.
Explicit formulae for the field expansion in both the Hartle-Hawking and Unruh vacua
can be found in the seminal reference [123]. Wightman functions are determined in [31].
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