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✉♠ ❞♦♠8♥✐♦ ❞❡ ❢❛'♦&❛()♦ J♥✐❝❛✳

F❛&❛ ♦ ❞❡"❡♥✈♦❧✈✐♠❡♥'♦ ❞♦ '❡①'♦ ❛❞♠✐'✐♠♦" ❝♦♥❤❡❝✐♠❡♥'♦ ❜;"✐❝♦ ❞❛ ❡"'&✉'✉&❛ ❛❧✲

❣3❜&✐❝❛✿ ❣&✉♣♦✳

◆♦ ❝❛♣8'✉❧♦ ✶ ❛♣&❡"❡♥'❛♠♦" ♥♦(O❡" "♦❜&❡ ❛ ❡"'&✉'✉&❛ ❛❧❣3❜&✐❝❛ ❆♥❡❧✳ ◆♦ ❝❛♣8'✉❧♦

✷ ♠♦"'&❛♠♦" C✉❡ '♦❞♦ ❞♦♠8♥✐♦ ❞❡ ✐❞❡❛✐" ♣&✐♥❝✐♣❛✐" ✭F■❉✮ 3 ✉♠ ❞♦♠8♥✐♦ ❞❡ ❢❛'♦&❛()♦

J♥✐❝❛✳ ◆♦ ❝❛♣8'✉❧♦ ✸ '&❛'❛♠♦" ❞❡ ❞♦♠8♥✐♦" ❞❡ ✐♥'❡❣&✐❞❛❞❡ ❡♠ C✉❡ 3 ♣♦""8✈❡❧ ❡"'❛❜❡❧❡❝❡&

✉♠ ❛❧❣♦&✐'♠♦ ❞❡ ❞✐✈✐")♦✳ ❊ ✜♥❛❧♠❡♥'❡✱ ♥♦ ❝❛♣8'✉❧♦ ✹✱ ❛♣&❡"❡♥'❛♠♦" ✉♠ ❡①❡♠♣❧♦ ♥)♦

✉"✉❛❧ ❞❡ ❞♦♠8♥✐♦ ❡✉❝❧✐❞✐❛♥♦✳

✶✼





✶ ❊"#$✉#✉$❛ ❛❧❣)❜$✐❝❛✿ ❛♥❡❧

✶✳✶ ◆♦$%❡' ❞❡ ❛♥❡❧

❉❡✜♥✐%&♦ ✶✳✶✳ ❯♠❛ #❡%♥❛ (A,+, .) ❡♠ '✉❡ A ) ✉♠ ❝♦♥❥✉♥#♦ ♥-♦ ✈❛③✐♦✱ (+) ❡ (.) 2-♦
♦♣❡%❛45❡2 ❜✐♥7%✐❛2 2♦❜%❡ A✱ ) ✉♠ ❛♥❡❧✱ '✉❛♥❞♦✿

✶✳ (A,+) ) ✉♠ ❣%✉♣♦ ❛❜❡❧✐❛♥♦❀

✷✳ @❛%❛ '✉❛✐2'✉❡% a, b, c ∈ A : a · (b · c) = (a · b) · c ✭❛22♦❝✐❛#✐✈❛ ❞❛ ♠✉❧#✐♣❧✐❝❛4-♦✮❀

✸✳ @❛%❛ '✉❛✐2'✉❡% a, b, c ∈ A✱ a · (b + c) = a · b + a · c ❡ (a + b) · c = a · c + b · c
✭❞✐2#%✐❜✉#✐✈✐❞❛❞❡ ❞❡ · ❡♠ %❡❧❛4-♦ ❛ + D ❡2'✉❡%❞❛ ❡ D ❞✐%❡✐#❛✮✳

❆✐♥❞❛✱ ❞✐③❡♠♦* +✉❡ ✉♠ ❛♥❡❧ (A,+, .) . ❝♦♠✉0❛0✐✈♦ +✉❛♥❞♦ ♣❛3❛ 0♦❞♦ a, b ∈ A 0❡♠♦*
a ·b = b ·a✳ ❊ ❞✐③❡♠♦* +✉❡ ♦ ❛♥❡❧ A 0❡♠ ✐❞❡♥0✐❞❛❞❡ ✭♦✉ ♣♦❞❡♠♦* ❞✐③❡3 ✉♥✐❞❛❞❡✮ +✉❛♥❞♦
∃ 1 ∈ A✿ a · 1 = a = 1 · a✱ ♣❛3❛ 0♦❞♦ a ∈ A✳

❆❧.♠ ❞✐**♦✱ *❡ (A,+, .) . ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡ ✶✱ ❞❡♥♦0❛♠♦* ♣♦3 U(A)✱ ♦ ❝♦♥❥✉♥0♦
❞♦* ❡❧❡♠❡♥0♦* ✐♥✈❡30;✈❡✐* ❡♠ A✱ ♦✉ *❡❥❛✱

U(A) = {a ∈ A 0❛❧ +✉❡ ∃ a−1 ∈ A, a · a−1 = 1 = a−1 · a}

❖❜,❡-✈❛%&♦ ✶✳✷✳ ◗✉❛♥❞♦ ♥❡❝❡**=3✐♦ ✭♣❛3❛ +✉❡ ✜+✉❡ ♠❛✐* ❝❧❛3♦ ♥♦ 0❡①0♦✮ ❞❡♥♦0❛3❡✲

♠♦* ❛* ♦♣❡3❛AB❡* ❞❡ ✉♠ ❛♥❡❧ ❆ ♣♦3 +A ❡ ·A✳ ❆✐♥❞❛✱ ♣❛3❛ ❛ ♥♦0❛AC♦ ♠✉❧0✐♣❧✐❝❛0✐✈❛✱
❞❡♥♦0❛3❡♠♦*✱ ♣♦3 ✈❡③❡* a · b *✐♠♣❧❡*♠❡♥0❡ ♣♦3 ab✳

❊①❡♠♣❧♦ ✶✳✸✳

✶✳ (Z,+, .) . ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ U(Z) = {−1, 1}✳

✷✳ (Q,+, .) . ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ U(Q) = Q∗ = Q− {0}✳

✸✳ (R,+, .) . ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ U(R) = R∗ = R− {0}✳

✹✳ (C,+, .) . ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ U(C) = C∗ = C− {0}✳

G❛3❛ 03❛0❛3 ❞♦ ♣3H①✐♠♦ ❡①❡♠♣❧♦ ✭❡ ❞♦ ❧❡♠❛ ✶✳✹✵✮✱ ♥♦ +✉❛❧ ❛♣3❡*❡♥0❛3❡♠♦* ❛ 3❡❧❛AC♦

♠♦❞ m ❝♦♠ m ∈ Z+✱ 3❡❝♦3❞❡♠♦* ❛ ❞❡✜♥✐AC♦ ❞❡ 3❡❧❛AC♦ ❞❡ ❡+✉✐✈❛❧J♥❝✐❛ *♦❜3❡ ✉♠

❝♦♥❥✉♥0♦ ❆✿ ✉♠❛ 3❡❧❛AC♦ ∼ ⊂ A × A . ❞❡ ❡+✉✐✈❛❧J♥❝✐❛ +✉❛♥❞♦ *❛0✐*❢❛③ ❛* *❡❣✉✐♥0❡*

♣3♦♣3✐❡❞❛❞❡*✿

✶✳ ❘❡✢❡①✐✈❛✿ ∀a ∈ A : a ∼ a✳

✶✾



✷✵ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

✷✳ ❙✐♠&'(✐❝❛✿ ∀a, b ∈ A : ,❡ a ∼ b ❡♥'/♦ b ∼ a✳

✸✳ ❚(❛♥,✐'✐✈❛✿ ∀a, b, c ∈ A : ,❡ a ∼ b ❡ b ∼ c ❡♥'/♦ a ∼ c✳

❊①❡♠♣❧♦ ✶✳✹✳ ❙❡❥❛ m ∈ Z✱ m ≥ 2✱ ❡ ❝♦♥,✐❞❡(❡ ❡♠ Z ❛ ,❡❣✉✐♥'❡ (❡❧❛:/♦✿ ∀a, b ∈ Z✱

a ∼ b⇔ m | (a− b) ✭✶✳✶✮

❖✉ ,❡❥❛✱

a ∼ b⇔ ∃ k ∈ Z : a− b = km

❱❡❥❛ @✉❡ '❛❧ (❡❧❛:/♦ & ✉♠❛ (❡❧❛:/♦ ❞❡ ❡@✉✐✈❛❧A♥❝✐❛✳ ❉❡ ❢❛'♦✿

✭✐✮ ❘❡✢❡①✐✈❛✳ G❛(❛ @✉❛❧@✉❡( a ∈ Z✱ '❡♠♦, a− a = 0✳ ❈♦♥,❡@✉❡♥'❡♠❡♥'❡✱ a− a = 0.m
▲♦❣♦✱ m | (a− a)✱ ♦✉ ,❡❥❛✱ a ∼ a✳ G♦('❛♥'♦✱ ∀a ∈ Z : a ∼ a✳

✭✐✐✮ ❙✐♠&'(✐❝❛✳ ❙❡❥❛♠ a✱ b ∈ Z '❛✐, @✉❡✿ a ∼ b✳ ❈♦♠♦ a ∼ b ,❡❣✉❡ @✉❡ ❡①✐,'❡ k ∈ Z '❛❧

@✉❡ a− b = km✳ ❆,,✐♠✱ b− a = −(−b+ a) = −(a− b) = −(km) = (−k)m✳ ❖✉

,❡❥❛✱ ❡①✐,'❡ l = −k ∈ Z '❛❧ @✉❡ b− a = lm✳ ❈♦♥,❡@✉❡♥'❡♠❡♥'❡ b ∼ a✳ G♦('❛♥'♦✱

♠♦,'(❛♠♦, @✉❡ ,❡ a ∼ b ❡♥'/♦ b ∼ a✳

✭✐✐✐✮ ❚(❛♥,✐'✐✈❛✳ ❙❡❥❛♠ a✱ b✱ c ∈ Z '❛✐, @✉❡✿ a ∼ b ❡ b ∼ c✳ ❈♦♠♦ a ∼ b ❡①✐,'❡ k ∈ Z
'❛❧ @✉❡ a − b = km ❡ ❞♦ ❢❛'♦ @✉❡ b ∼ c ❡①✐,'❡ l ∈ Z '❛❧ @✉❡ b − c = lm✳ ▲♦❣♦✱

a − c = a + ((−b) + b) − c = (a − b) + (b − c) = km + lm = (k + l)m✱ ❝♦♠

k + l ∈ Z✳ ❖✉ ,❡❥❛✱ ❡①✐,'❡ j = k + l ∈ Z '❛❧ @✉❡ a − c = jm✳ ▲♦❣♦✱ a ∼ c✳
G♦('❛♥'♦ ♠♦,'(❛♠♦, @✉❡ ,❡ a ∼ b ❡ b ∼ c ❡♥'/♦ a ∼ c✳

G❡❧♦, ✐'❡♥, ✭✐✮✱ ✭✐✐✮ ❡ ✭✐✐✐✮ ,❡❣✉❡ @✉❡ ∼ & ✉♠❛ (❡❧❛:/♦ ❞❡ ❡@✉✐✈❛❧A♥❝✐❛✳ ◆❡,'❡ ❝❛,♦

❞❡♥♦'❛♠♦, a ∼ b ♣♦( a ≡ b mod m ❡ ❧❡♠♦, ✏a ❝N♥❣(✉♦ ❛ b ♠O❞✉❧♦ m✑✳ ❆❧&♠ ❞✐,,♦✱

♦ ❝♦♥❥✉♥'♦ @✉♦❝✐❡♥'❡ ♦❜'✐❞♦ ♣♦( ❡,,❛ (❡❧❛:/♦ & ❞❡♥♦'❛❞♦ ♣♦( Zm✳ ❈♦♥,❡@✉❡♥'❡♠❡♥'❡✱

Zm = {a : a ∈ Z}✱ ❡♠ @✉❡ ❝❛❞❛ a & ❛ ❝❧❛,,❡ ❞❡ ❡@✉✐✈❛❧A♥❝✐❛ ❞❡ a ❝♦♠ ❛ (❡❧❛:/♦ ✭✶✳✶✮✳

❖❜,❡(✈❡ @✉❡ a ≡ b ♠♦❞ m ✐♠♣❧✐❝❛ ❡♠

a− b = km⇒ a = b+ km.

▼❛✐, ❛✐♥❞❛✱ ,❡ a = b+ km ❡♥'/♦ a = r + km ❝♦♠ 0 6 r < m✳ ❖✉ ,❡❥❛✱ ♣❛(❛ @✉❛❧@✉❡(

a ∈ Z '❡♠♦, a ≡ r ♠♦❞ m✱ ❝♦♠ 0 ≤ r < m✳

❆,,✐♠✱ ❛, ❝❧❛,,❡, ❞❡ ❡@✉✐✈❛❧A♥❝✐❛ ,/♦✿ 0✱1✱2✱ . . . ✱m− 1✳ ◆♦'❡ @✉❡ '♦❞❛, ❡,,❛, ❝❧❛,,❡,

,/♦ ❞✐,'✐♥'❛,✱ ♣♦✐, ,❡ s1 = s2✱ ❝♦♠ 0 ≤ s1 ✱ s2 < m✱ '❡♠♦,✿

s1 = s2 ⇔ s1 ≡ s2 ♠♦❞ m⇔ m | (s1 − s2)✳

▼❛, ❝♦♠♦ 0 < s1 − s2 < m & ✐♠♣♦,,S✈❡❧ ❞❡ ,❡ ♦❜'❡( m | (s1 − s2)✳
G♦('❛♥'♦✱

Zm = {0✱1✱2✱ . . . ✱m− 1}.
❊♠ Zm ♣♦❞❡♠♦, ❞❡✜♥✐( ❛ ,❡❣✉✐♥'❡ ♦♣❡(❛:/♦ ❜✐♥V(✐❛

+m : Zm × Zm → Zm

(a✱b) 7→ a+m b := a+ b

❱❡❥❛ @✉❡ ❡,'❛ ♦♣❡(❛:/♦ ❡,'V ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐,✿ ,❡ (a✱b) = (c✱d) '❡♠♦, a = c ❡ b = d⇒
a− c = km ❡ b− d = lm✱ ♣❛(❛ ❞❡'❡(♠✐♥❛❞♦, k✱ l ∈ Z✳

❆,,✐♠✱ (a+b)−(c+d) = (a−c)+(b−d) = km+lm = (k+l)m⇒ (a+b)−(c+d) = jm✱

❝♦♠ j = k + l ∈ Z✳ ❖✉ ,❡❥❛✱ a+ b ≡ c+ d ♠♦❞ m✱ ❧♦❣♦✿ a+ b = c+ d✳
❚❛❧ ♦♣❡(❛:/♦ ❞V ❛ Zm ✉♠❛ ❡,'(✉'✉(❛ ❞❡ ❣(✉♣♦ ♣♦✐,✿



◆♦"#❡% ❞❡ ❛♥❡❧ ✷✶

✶✳ ❆$$♦❝✐❛)✐✈❛✳ ∀a✱ b✱ c ∈ Zm✳

❙❡❣✉❡ 0✉❡ a+m(b+mc) = a+m(b+ c) = a+ (b+ c) = (a+ b) + c = (a+ b)+mc =
(a+m b) +m c✱ ❥2 0✉❡ a+ (b+ c) = (a+ b) + c ❡♠ Z✳

✷✳ ❊❧❡♠❡♥)♦ ♥❡✉)7♦✳ ❈♦♥$✐❞❡7❡ 0 ∈ Zm✳

❱❡❥❛ 0✉❡ ♣❛7❛ 0✉❛❧0✉❡7 a ∈ Zm )❡♠♦$✿ a+m0 = a+ 0 = a ❡ 0+ma = 0 + a = a✱
❥2 0✉❡ a+ 0 = a = 0 + a ❡♠ Z✳ ▲♦❣♦✱ 0 > ♦ ❡❧❡♠❡♥)♦ ❞❡ Zm✳

✸✳ ❊❧❡♠❡♥)♦ $✐♠>)7✐❝♦✳ ❙❡❥❛ a ∈ Zm✱ 0✉❛❧0✉❡7✳

❱❡❥❛ 0✉❡ ♣❛7❛ b := m− a ∈ Zm✱ )❡♠♦$ a +m b = a+ b = a+ (m− a) =
(a− a) +m = 0 +m = m = 0 ❡ b+ma = b+ a = (m− a) + a = m+ (−a+ a) =
m+ 0 = m = 0✱ ❥2 0✉❡ a+ (−a) = 0 = (−a) + a ❡♠ Z✳

✹✳ ❈♦♠✉)❛)✐✈❛✳ ❙❡❥❛♠ a✱ b ∈ Zm✳

❱❡❥❛ 0✉❡ a+m b = a+ b = b+ a = b+m a✱ ❥2 0✉❡ a+ b = b+ a ❡♠ Z✳

A♦7)❛♥)♦✱ ♣❡❧♦$ ✐)❡♥$ ✈❡7✐✜❝❛❞♦$ ❛♥)❡7✐♦7♠❡♥)❡✱ $❡❣✉❡ 0✉❡ (Zm✱+m) > ✉♠ ❣7✉♣♦ ❛❞✐)✐✈♦

❛❜❡❧✐❛♥♦✳ ❆✐♥❞❛ ❡♠ Zm ♣♦❞❡♠♦$ ❞❡✜♥✐7 ♦✉)7❛ ♦♣❡7❛DE♦ ❜✐♥27✐❛✱ ❛ $❛❜❡7✿

.m : Zm × Zm → Zm

(a✱b) 7→ a .m b := ab

❉❡ ♠♦❞♦ ❛♥2❧♦❣♦ ❛♦ ❝❛$♦ ❞❡ +m✱ $❡❣✉❡ 0✉❡ (.m) ❡$)2 ❜❡♠ ❞❡✜♥✐❞❛✳ ❱❡❥❛ ❛❣♦7❛

0✉❡✿ ∀ a✱ b✱ c ∈ Zm✱ a .m (b .m c) = a(bc) = (ab)c = ab .m c = (a .m b) .m c✱ ❥2 0✉❡

a(bc) = (ab)c ❡♠ Z✳
▲♦❣♦ ❛ ♦♣❡7❛DE♦ .m > ❛$$♦❝✐❛)✐✈❛✳

❆❧>♠ ❞✐$$♦✿ ∀a✱ b✱ c ∈ Zm✱

a .m (b+m c) = a .m (b+ c) = a(b+ c) = ab+ ac = ab+m ac = a .m b+ a .m c✱ ❥2 0✉❡

a(b+ c) = ab+ ac ❡♠ Z✳
❚❛♠❜>♠✱ (a +m b) .m c = (a+ b) .m c = (a+ b) . c = ac+ bc = ac +m bc =

a .m c+m b .m c✱ ❥2 0✉❡ (a+ b)c = ac+ bc ❡♠ Z✳
A♦7)❛♥)♦✱ ✈❛❧❡♠ ❛$ ❞✐$)7✐❜✉)✐✈❛$ H ❞✐7❡✐)❛ ❡ H ❡$0✉❡7❞❛ ♣❛7❛ ❛$ ♦♣❡7❛DI❡$ +m ❡ .m✳

❈♦♠ ✐$$♦ ♣7♦✈❛♠♦$ 0✉❡ (Zm✱+m ✱.m) > ✉♠ ❛♥❡❧✳

▼❛✐$ ❛✐♥❞❛✱ Zm > ✉♠ ❛♥❡❧ ❝♦♠✉)❛)✐✈♦ ♣♦✐$✿ ∀a✱ b ∈ Zm✱ a .m b = ab = ba = b .m c✱
❥2 0✉❡ ab = ba ❡♠ Z✳

❆❧>♠ ❞✐$$♦✱ 1 ∈ Zm > )❛❧ 0✉❡✿ ∀ a ∈ Zm✱ a .m 1 = a1 = a = 1a = 1 .m a✱ ❥2 0✉❡

a1 = a = 1a ❡♠ Z✳
❈♦♥$❡0✉❡♥)❡♠❡♥)❡✱ ♣❡❧♦ ❡①♣♦$)♦✱ ♣♦❞❡♠♦$ ❝♦♥❝❧✉✐7 ✜♥❛❧♠❡♥)❡ 0✉❡ (Zm✱ +m ✱.m) >

✉♠ ❛♥❡❧ ❝♦♠✉)❛)✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✳

❉❡✜♥✐%&♦ ✶✳✺✳ ❉✐③❡♠♦& '✉❡ ✉♠ ❛♥❡❧ (A,+, .) , ✉♠ ❝♦.♣♦ '✉❛♥❞♦✿ A , ❝♦♠✉2❛2✐✈♦

❝♦♠ ✉♥✐❞❛❞❡ ❡ U(A) = A− {0} = A∗✱ ❡♠ '✉❡ {0} .❡♣.❡&❡♥2❛ ♦ ❝♦♥❥✉♥2♦ ❢♦.♠❛❞♦ ♣❡❧♦
❡❧❡♠❡♥2♦ ♥❡✉2.♦ ❞❡ (A,+)✱ ♦✉ &❡❥❛✱ '✉❛♥❞♦✿ (A,+) ❡ (A∗, .) &7♦ ❣.✉♣♦& ❛❜❡❧✐❛♥♦& ❡
✈❛❧❡♠ ❛& ❞✐&2.✐❜✉2✐✈❛& : ❡&'✉❡.❞❛ ❡ : ❞✐.❡✐2❛✳

❊①❡♠♣❧♦ ✶✳✻✳

✶✳ (R,+, .) ❝♦♠ ❛$ ♦♣❡7❛DI❡$ ✉$✉❛✐$ > ✉♠ ❝♦7♣♦✳

✷✳ (Zp,+, .) ❡♠ 0✉❡ p > ✉♠ ♥L♠❡7♦ ♣7✐♠♦✱ > ✉♠ ❝♦7♣♦ ✜♥✐)♦✱ ❝♦♠♦ ✈❡7❡♠♦$ ♠❛✐$

❛❞✐❛♥)❡✳



✷✷ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

❉❡✜♥✐%&♦ ✶✳✼✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ (A,+, .) ❡ L ⊂ A✱ L 6= ∅✳ ❉✐③❡♠♦. /✉❡ L 0 ✉♠

.✉❜❛♥❡❧ ❞❡ A /✉❛♥❞♦✿

✶✳ L 0 .✉❜❣6✉♣♦ ❞❡ (A,+)✳ ◆♦9❛:;♦✿ L 6 (A,+)✳

✷✳ =❛6❛ 9♦❞♦. a, b ∈ L : ab ∈ L✳

❊①❡♠♣❧♦ ✶✳✽✳

✶✳ Z[i] := {a+ bi : a, b ∈ Z} # ✉♠ &✉❜❛♥❡❧ ❞❡ C ❡ ❝♦♥&❡/✉❡♥0❡♠❡♥0❡ Z[i] # ✉♠ ❛♥❡❧

❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ❛ /✉❛❧ # ✐❣✉❛❧ ❛ ✉♥✐❞❛❞❡ ❞❡ C✳

✷✳ Z[
√
−5] = {a+ ib

√
5 | a, b ∈ Z} # ✉♠ &✉❜❛♥❡❧ ❞❡ C ❡ ❝♦♥&❡/✉❡♥0❡♠❡♥0❡ Z[

√
−5]

# ✉♠ ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ❛ /✉❛❧ # ✐❣✉❛❧ ❛ ✉♥✐❞❛❞❡ ❞❡ C✳

❉❡✜♥✐%&♦ ✶✳✾✳ ❉✐③❡♠♦. /✉❡ ✉♠ ❛♥❡❧ ❝♦♠✉9❛9✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ (A,+, .) 0 ✉♠ ❞♦♠@♥✐♦

❞❡ ✐♥9❡❣6✐❞❛❞❡ /✉❛♥❞♦✿ ♣❛6❛ 9♦❞♦ a, b ∈ A : ab = 0⇒ a = 0 ♦✉ b = 0✳

❊①❡♠♣❧♦ ✶✳✶✵✳

✶✳ (Z6,+, .) # ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ♣♦6#♠ ♥7♦ # ❞♦♠8♥✐♦ ❞❡ ✐♥0❡❣6✐❞❛❞❡

♣♦✐&✿ 2 6= 0 ❡ 3 6= 0 ♠❛& 2.3 = 6 = 0 ♦✉ &❡❥❛✱ 2 ❡ 3 &7♦ ❞✐✈✐&♦6❡& ❞♦ ③❡6♦✳

✷✳ (Z,+, .)✱ (Q,+, .) &7♦ ❞♦♠8♥✐♦& ❞❡ ✐♥0❡❣6✐❞❛❞❡✱ ♣♦✐&✿ ∀a✱ b ∈ R✱ ab = 0 ⇒ a = 0
♦✉ b = 0✱ ♣❛6❛ R = Z ♦✉ R = Q✳

❉❡✜♥✐%&♦ ✶✳✶✶✳ ❙❡❥❛♠ (A,+A, .A) ❡ (B,+B, .B) ❛♥0✐.✱ /✉❛✐./✉❡6✳ ❉❡✜♥✐♠♦. ❝♦♠♦

♣6♦❞✉9♦ ❞✐6❡9♦ ❡♥96❡ A ❡ B✱ ♦ ♣6♦❞✉9♦ ❝❛69❡.✐❛♥♦ A× B ♠✉♥✐❞♦ ❞❛. ♦♣❡6❛:B❡.✿

=❛6❛ /✉❛✐./✉❡6 (a1, b1), (a2, b2) ∈ A× B✿

✶✳ (a1, b1) + (a2, b2) := (a1 +A a2, b1 +B b2)✱

✷✳ (a1, b1).(a2, b2) := (a1 .A a2, b1 .B b2)✳

❱❡❥❛ /✉❡ &❡ A ❡ B ❢♦6❡♠ ❛♥#✐& ❝♦♠✉0❛0✐✈♦& ❡♥07♦ A×B # ❝♦♠✉0❛0✐✈♦✳ ❆✐♥❞❛✱ &❡ A
❡ B 0❡♠ ✉♥✐❞❛❞❡& 1A ❡ 1B✱ 6❡&♣❡❝0✐✈❛♠❡♥0❡✱ ❡♥07♦ ♦ ❛♥❡❧ A×B 0❛♠❜#♠ 0❡♠ ✉♥✐❞❛❞❡

❛ &❛❜❡6✿ 1 := (1A, 1B)✳
❊♥06❡0❛♥0♦✱ &❡ A ❡ B &7♦ ❞♦♠8♥✐♦& ❞❡ ✐♥0❡❣6✐❞❛❞❡ ♥7♦ ♣♦❞❡♠♦& ❣❛6❛♥0✐6 /✉❡ A×B

# ❞♦♠8♥✐♦✱ ♣♦✐& &❡ (a, 0), (0, b) ∈ A× B✱ ❝♦♠ a 6= 0 ❡ b 6= 0✱ 0❡♠♦&✿

(a, 0) 6= (0, 0) ❡ (0, b) 6= (0, 0) 0❛✐& /✉❡ (a, 0).(0, b) = (a0, b0) = (0, 0).

34♦♣♦5✐%&♦ ✶✳✶✷✳ ❙❡❥❛ (A,+, .) ❛♥❡❧ ❝♦♠✉9❛9✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ /✉❛❧/✉❡6✳

A 0 ❞♦♠@♥✐♦ ❞❡ ✐♥9❡❣6✐❞❛❞❡ ⇔ ∀a, b ∈ A, a 6= 0 : ab = ac⇒ b = c✳

❉❡♠♦♥.96❛:;♦✳

(⇒) ❙✉♣♦♥❤❛ ab = ac✱ ❝♦♠ a 6= 0✳ ❱❡❥❛ /✉❡ ab = ac ⇒ ab − ac = 0 ⇒ a(b − c) = 0✱
❝♦♠♦ A # ✉♠ ❞♦♠8♥✐♦ ❞❡ ✐♥0❡❣6✐❞❛❞❡ ❡ a 6= 0 &❡❣✉❡ /✉❡✱ ♥❡❝❡&&❛6✐❛♠❡♥0❡✱ b−c = 0
❡ ❝♦♥&❡/✉❡♥0❡♠❡♥0❡ /✉❡ b = c✳

(⇐) ❙✉♣♦♥❤❛✿ ∀a, b ∈ A, ab = 0✳ ❙❡ a = 0 ❡&0B ♣6♦✈❛❞♦✳ ❙❡ a 6= 0✱ ab = 0 = a0 ⇒
ab = a0⇒ b = 0✳ ▲♦❣♦ A # ✉♠ ❞♦♠8♥✐♦ ❞❡ ✐♥0❡❣6✐❞❛❞❡✳



◆♦"#❡% ❞❡ ❛♥❡❧ ✷✸

❈♦"♦❧$"✐♦ ✶✳✶✸✳ ❚♦❞♦ ❝♦$♣♦ K & ✉♠ ❞♦♠)♥✐♦ ❞❡ ✐♥-❡❣$✐❞❛❞❡✳

❉❡♠♦♥2-$❛34♦✳

❙❡♥❞♦ K ✉♠ ❝♦*♣♦✱ -❡❣✉❡ /✉❡ ❡♠ ♣❛*1✐❝✉❧❛* 4 ✉♠ ❛♥❡❧ ❝♦♠✉1❛1✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✳

❆❧4♠ ❞✐--♦✱ ✈❡❥❛ /✉❡ -❡ a, b, c ∈ K ❝♦♠ a 6= 0✱ 1❡♠♦-✿

ab = ac⇒ a−1(ab) = a−1(ac)⇒ (a−1a)b = (a−1a)c⇒ 1b = 1c⇒ b = c.

:❡❧❛ ♣*♦♣♦-✐;<♦ ✶✳✶✷ K 4 ❞♦♠>♥✐♦ ❞❡ ✐♥1❡❣*✐❞❛❞❡✳

❚❡♦"❡♠❛ ✶✳✶✹✳ ❚♦❞♦ ❞♦♠)♥✐♦ ❞❡ ✐♥-❡❣$✐❞❛❞❡ ✜♥✐-♦ & ✉♠ ❝♦$♣♦✳

❉❡♠♦♥2-$❛34♦✳

❙❡❥❛ A ✉♠ ❞♦♠>♥✐♦ ❞❡ ✐♥1❡❣*✐❞❛❞❡ ✜♥✐1♦✳ ▲♦❣♦✱ A 4 ✉♠ ❛♥❡❧ ❝♦♠✉1❛1✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡

❡ ♣❛*❛ A -❡* ✉♠ ❝♦*♣♦ *❡-1❛ ♠♦-1*❛* /✉❡ U(A) = A∗✳ ❙❡❥❛ a ∈ A, a 6= 0✱ /✉❛❧/✉❡*✳
:*♦✈❡♠♦- /✉❡ ❡①✐-1❡ b ∈ A 1❛❧ /✉❡ ab = 1✱ ♦✉ -❡❥❛✱ b = a−1✳ ❈♦♠♦ A 4 ✜♥✐1♦✱

-✉♣♦♥❤❛ /✉❡ A 1❡♥❤❛ n ❡❧❡♠❡♥1♦-✱ ❞✐❣❛♠♦-✿ A = {a1, . . . , an} ❡ ❝♦♥-✐❞❡*❡ ♦ ❝♦♥❥✉♥1♦

J = {aa1, aa2, . . . , aan}✳
❱❡❥❛ /✉❡ ❛ ❛♣❧✐❝❛;<♦

f : A → J
ai 7→ f(ai) = aai

♣❛*❛ 1♦❞♦ i ∈ {1, . . . , n}✱ 4 ✐♥❥❡1♦*❛✱ ♣♦✐-✿ f(ai) = f(aj) ❡♥1<♦ aai = aaj ✐♠♣❧✐❝❛ /✉❡

ai = aj ✈✐-1♦ /✉❡ a 6= 0 ❡ A 4 ❞♦♠>♥✐♦ ❞❡ ✐♥1❡❣*✐❞❛❞❡ ✭✈❡❥❛ ♣*♦♣♦-✐;<♦ ✶✳✶✷✮✳

▲♦❣♦✱ Imf ❡ A 1G♠ ♦ ♠❡-♠♦ ♥H♠❡*♦ ❞❡ ❡❧❡♠❡♥1♦-✳ ❆❧4♠ ❞✐--♦✱ f 4 -♦❜*❡❥❡1♦*❛✱

♣♦✐- ♣❛*❛ /✉❛❧/✉❡* y = aai ∈ J 1❡♠♦- /✉❡ f(ai) = aai = y✱ ❝♦♠ ai ∈ A✳ :♦*1❛♥1♦✱

Imf = J ✱ ♦✉ -❡❥❛✱ A ❡ J 1G♠ ♦ ♠❡-♠♦ ♥H♠❡*♦ ❞❡ ❡❧❡♠❡♥1♦- ❡ ❝♦♠♦ J ⊆ A✱ -❡❣✉❡
/✉❡✱ ♥❡❝❡--❛*✐❛♠❡♥1❡✱ J = A✳ ❊♠ ♣❛*1✐❝✉❧❛*✱ 1 ∈ A = J ❧♦❣♦✱ 1 ∈ J ❡ ❡♥1<♦ ❡①✐-1❡

ai ∈ A 1❛❧ /✉❡ 1 = aai✳ ❖✉ -❡❥❛✱ ❡①✐-1❡ ai ∈ A 1❛❧ /✉❡ aai = 1 ❡♥1<♦ ai 4 ✐♥✈❡*-♦ ❞❡ a✳
:♦*1❛♥1♦✱ U(A) = A∗✳

▲❡♠❛ ✶✳✶✺✳ Zm & ❞♦♠)♥✐♦ ❞❡ ✐♥-❡❣$✐❞❛❞❡ 2❡✱ ❡ 2♦♠❡♥-❡ 2❡✱ m & ♣$✐♠♦✳

❉❡♠♦♥2-$❛34♦✳

(⇒) ❙✉♣♦♥❤❛ /✉❡ Zm 4 ✉♠ ❞♦♠>♥✐♦ ❞❡ ✐♥1❡❣*✐❞❛❞❡ ❡ /✉❡ m ♥<♦ 4 ♣*✐♠♦✳

❙❡ m ♥<♦ 4 ♣*✐♠♦✱ ❡①✐-1❡♠ r, s ∈ Z ❝♦♠ 1 < r, s < m 1❛✐- /✉❡ m = rs✳
❆--✐♠✱ 1❡♠♦-✿ r 6= 0 ❡ s 6= 0 ❡ r s = rs = m = 0✱ ♦✉ -❡❥❛✱ ❡①✐-1❡♠ r 6= 0 ❡

s 6= 0 ❡♠ Zm ❝♦♠ r s = 0 ♦ /✉❡ 4 ❛❜-✉*❞♦ ♣♦✐-✱ -✉♣♦♠♦- /✉❡ Zm 4 ❞♦♠>♥✐♦ ❞❡

✐♥1❡❣*✐❞❛❞❡✳ :♦*1❛♥1♦✱ m 4 ♣*✐♠♦✳

(⇐) ❏M -❛❜❡♠♦- /✉❡ Zm 4 ✉♠ ❛♥❡❧ ❝♦♠✉1❛1✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ♣❡❧♦ ❡①❡♠♣❧♦ ✶✳✹✳ ❆❧4♠

❞✐--♦✱ ✈❡❥❛ /✉❡ Zm✱ ❝♦♠ m ♣*✐♠♦✱ ♥<♦ 1❡♠ ❞✐✈✐-♦*❡- ❞❡ ③❡*♦✱ ♣♦✐-✿ ♣❛*❛ /✉❛✐-/✉❡*

a, b ∈ Zm 1❛✐- /✉❡ ab = 0✱ -❡❣✉❡ /✉❡ ab = 0✱ ♦✉ -❡❥❛✱ m | ab✳ ▲♦❣♦✱ m | a ♦✉

m | b✳ ❊♥1<♦ a = 0 ♦✉ b = 0✳
:♦*1❛♥1♦✱ Zm 4 ❞♦♠>♥✐♦ ❞❡ ✐♥1❡❣*✐❞❛❞❡✳

❈♦"♦❧$"✐♦ ✶✳✶✻✳ Zm & ❝♦$♣♦ 2❡✱ ❡ 2♦♠❡♥-❡ 2❡✱ m & ♣$✐♠♦✳



✷✹ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

❉❡♠♦♥%&'❛)*♦✳ (⇒) ❙❡ Zm $ ❝♦'♣♦ ❡♥*+♦ Zm $ ✉♠ ❞♦♠/♥✐♦ ❞❡ ✐♥*❡❣'✐❞❛❞❡ ♣❡❧♦ ❝♦'♦✲

❧5'✐♦ ✶✳✶✸ ✳ ❙❡♥❞♦ ❛99✐♠✱ ♣❡❧♦ ❧❡♠❛ ✶✳✶✺ 9❡❣✉❡ <✉❡ m $ ♣'✐♠♦✳

(⇐) ❙❡ m $ ♣'✐♠♦ ❡♥*+♦ Zm $ ✉♠ ❞♦♠/♥✐♦ ❞❡ ✐♥*❡❣'✐❞❛❞❡ ♣❡❧♦ ❧❡♠❛ ✶✳✶✺✳ ❈♦♠♦ Zm $

✜♥✐*♦✱ 9❡❣✉❡ ❞♦ *❡♦'❡♠❛ ✶✳✶✹ <✉❡ Zm $ ✉♠ ❝♦'♣♦✳

❙❡❥❛ D ✉♠ ❞♦♠/♥✐♦ ❞❡ ✐♥*❡❣'✐❞❛❞❡ <✉❛❧<✉❡'✳ ❈♦♥9✐❞❡'❡ ❡♠ D × D∗
❛ 9❡❣✉✐♥*❡

'❡❧❛@+♦

(a, b) ∼ (c, d)⇔ ad = bc. ✭✶✳✷✮

❱❡❥❛ <✉❡ *❛❧ '❡❧❛@+♦ $ ❞❡ ❡<✉✐✈❛❧E♥❝✐❛ ♣♦✐9✿

✭✐✮ ❘❡✢❡①✐✈❛✳ J❛'❛ <✉❛❧<✉❡' (a, b) ∈ D ×D∗
*❡♠♦9 ab = ba✱ ♣♦✐9 D $✱ ❡♠ ♣❛'*✐❝✉❧❛'✱

❛♥❡❧ ❝♦♠✉*❛*✐✈♦✱ ❧♦❣♦ ♣♦' ✭✶✳✷✮✿ (a, b) ∼ (a, b)✳

✭✐✐✮ ❙✐♠$*'✐❝❛✳ J❛'❛ <✉❛✐9<✉❡' (a, b), (c, d) ∈ D ×D∗
✱ 9❡ (a, b) ∼ (c, d) ❡♥*+♦

ad = bc. ✭✶✳✸✮

▼❛9 ❝♦♠♦ D $✱ ❡♠ ♣❛'*✐❝✉❧❛'✱ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦✱ ❞❡ ✭✶✳✸✮ 9❡❣✉❡ <✉❡✿

da = cb⇒ cb = da⇒ (c, d) ∼ (a, b).

❖✉ 9❡❥❛✱ 9❡ (a, b) ∼ (c, d) ❡♥*+♦ (c, d) ∼ (a, b)✳

✭✐✐✐✮ ❚'❛♥9✐*✐✈❛✳ J❛'❛ <✉❛✐9<✉❡' (a, b), (c, d), (e, f) ∈ D×D∗
✱ 9❡ (a, b) ∼ (c, d) ❡ (c, d) ∼

(e, f) ❡♥*+♦✿
ad = bc ✭✶✳✹✮

❡

cf = de. ✭✶✳✺✮

▼✉❧*✐♣❧✐❝❛♥❞♦ ✭✶✳✹✮ ♣♦' f ❡ ✭✶✳✺✮ ♣♦' b *❡♠♦9✿ adf = bcf ❡ cfb = deb✳ ❆99✐♠✱

adf = bcf = deb⇒ afd = ebd⇒ af = eb⇒ (a, b) ∼ (e, f)✳

J❛'❛ ❝❛❞❛ (a, b) ∈ D × D∗
❞❡♥♦*❛♠♦9 ❛ ❝❧❛99❡ ❞❡ ❡<✉✐✈❛❧E♥❝✐❛ (a, b) ♣♦'

a

b
✳ ➱

♣♦99/✈❡❧ ♠✉♥✐' ♦ ❝♦♥❥✉♥*♦ <✉♦❝✐❡♥*❡ K =
{a

b
✱a ∈ D ❡ b ∈ D∗

}

❝♦♠ ❛9 9❡❣✉✐♥*❡9

♦♣❡'❛@P❡9✿ ∀ a

b
✱

c

d
∈ K✿

a

b
+

c

d
:=

ad+ bc

bd

❡

a

b
.
c

d
:=

ac

bd
.

➱ ♣♦99/✈❡❧ ♠♦9*'❛' <✉❡ *❛✐9 ♦♣❡'❛@P❡9 ❡9*+♦ ❜❡♠ ❞❡✜♥✐❞❛9 ❡ ❛✐♥❞❛ <✉❡ (K,+, .) $ ✉♠

❝♦'♣♦✱ ♣❛'❛ ♠❛✐9 ❞❡*❛❧❤❡9 ✈❡❥❛ ❬✶❪✱ ♣5❣✐♥❛9 256− 259✳
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❉❡✜♥✐%&♦ ✶✳✶✼✳ ❚❛❧ ❝♦%♣♦ (K,+, .) ❞❡✜♥✐❞♦ ❛❝✐♠❛ - ❞❡♥♦♠✐♥❛❞♦ ❈♦%♣♦ ❞❛/ ❋%❛12❡/
❞❡ D✳

❉❡✜♥✐%&♦ ✶✳✶✽✳ ❙❡❥❛♠ (A,+, .) ❡ (B,+, .) ❛♥-✐/✱ 7✉❛✐/7✉❡%✳ ❉✐③❡♠♦/ 7✉❡ ✉♠❛ ❛♣❧✐✲
❝❛1<♦ f : A → B - ✉♠ ❤♦♠♦♠♦%✜/♠♦ ❞❡ ❛♥-✐/ 7✉❛♥❞♦✿ ∀a, b ∈ A✿

✶✳ f(a+ b) = f(a) + f(b)❀

✷✳ f(a · b) = f(a) · f(b)✳

❙❡ f - ✉♠❛ ❜✐❥❡1<♦ ❡ ❤♦♠♦♠♦%✜/♠♦✱ ❞✐③❡♠♦/ 7✉❡ f - ✉♠ ✐/♦♠♦%✜/♠♦✳ ❆❧-♠ ❞✐//♦✱ A
❡ B /<♦ ❛♥-✐/ ✐/♦♠♦%❢♦/✱ A ≃ B✱ 7✉❛♥❞♦ ❡①✐/F❡ ✉♠ ✐/♦♠♦%✜/♠♦ f ❞❡ A ❡♠ B✳

❉❡✜♥✐%&♦ ✶✳✶✾✳ ❙❡❥❛ f : A→ B ✉♠ ❤♦♠♦♠♦%✜/♠♦ ❞❡ ❛♥-✐/✱ 7✉❛❧7✉❡%✳ ❉❡✜♥✐♠♦/ ♦

♥G❝❧❡♦ ❞❡ f ✱ N(f)✱ ❝♦♠♦ /❡♥❞♦✿

N(f) := {a ∈ A : f(a) = 0}.

❚❡♦-❡♠❛ ✶✳✷✵✳ ❙❡ f : A→ B - ✉♠ ❤♦♠♦♠♦%✜/♠♦ ❞❡ ❛♥-✐/✱ ❡♥F<♦✿

f - ✐♥❥❡F♦%❛ /❡✱ ❡ /♦♠❡♥F❡ /❡✱ N(f) = {0A}✳

❉❡♠♦♥/F%❛1<♦✳

(⇒) ❙✉♣♦♥❤❛ '✉❡ f )❡❥❛ ✐♥❥❡,♦-❛✳ ❙❡ a ∈ N(f) ❡♥,/♦ f(a) = 0 = f(0)✳ ❖✉ )❡❥❛✱

f(a) = f(0)✳ 2❡❧❛ ✐♥❥❡,✐✈✐❞❛❞❡ ❞❡ f )❡❣✉❡ '✉❡ a = 0✳ 2♦-,❛♥,♦✱ N(f) = {0}✳

(⇐) ❙✉♣♦♥❤❛ '✉❡ N(f) = {0}✳ ▼♦),-❡♠♦) '✉❡ f 9 ✐♥❥❡,♦-❛✳ 2❛-❛ ,❛♥,♦ ❝♦♥)✐❞❡-❡♠♦)

x, y ∈ A ,❛✐) '✉❡ f(x) = f(y) ♦✉ ❡'✉✐✈❛❧❡♥,❡♠❡♥,❡ f(x) − f(y) = 0✳ ❙❡♥❞♦ f
✉♠ ❤♦♠♦♠♦-✜)♠♦✱ ,❡♠♦) '✉❡ f(x) − f(y) = 0 ✐♠♣❧✐❝❛ f(x − y) = 0 ❞❡ ♦♥❞❡

♣♦❞❡♠♦) ❝♦♥❝❧✉✐- '✉❡ x− y ∈ N(f) = {0}✳ ▲♦❣♦✱ x− y = 0 ♦✉ )❡❥❛✱ x = y✳

▲❡♠❛ ✶✳✷✶✳ ❙❡ f : A→ B - ❤♦♠♦♠♦%✜/♠♦ 7✉❛❧7✉❡%✱ ❞❡ ❛♥-✐/✱ ❡♥F<♦ /<♦ ✈I❧✐❞❛/✿

✶✳ f(0A) = 0B❀

✷✳ ❙❡ A F❡♠ ❡❧❡♠❡♥F♦ ✉♥✐❞❛❞❡✱ 1A✱ ❡ f - /♦❜%❡❥❡F♦%❛ ❡♥F<♦ B F❡♠ ✉♥✐❞❛❞❡ ❛ /❛❜❡%✿

1B = f(1A)❀

✸✳ f(−a) = −f(a)✱ ∀a ∈ A❀

✹✳ ❙❡ a ∈ A - ✐♥✈❡%FL✈❡❧ ❡ f - /♦❜%❡❥❡F♦%❛✱ ❡♥F<♦ f(a) ∈ B - ✐♥✈❡%FL✈❡❧ ❡ ❛✐♥❞❛

(f(a))−1 = f(a−1)✳

❉❡♠♦♥/F%❛1<♦✳

✶✳ f(0A) = 0B✱ ♣♦✐)✿
f(0A) = f(0A+0A) = f(0A)+f(0A)⇒ f(0A)−f(0A) = f(0A)+(f(0A)−f(0A))⇒
0B = f(0A)✳
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✷✳ 1A # ✉♥✐❞❛❞❡ ❞❡ A✳ *❛+❛ ❝❛❞❛ y ∈ B✱ ❝♦♠♦ f # 0♦❜+❡❥❡3♦+❛✱ ❡①✐03❡ x ∈ A 3❛❧ 6✉❡

y = f(x)✳ ❆00✐♠✿

f(1A)y = f(1A)f(x) = f(1Ax) = f(x) = y

❡

yf(1A) = f(x)f(1A) = f(x1A) = f(x) = y.

*♦+3❛♥3♦✱ f(1A) = 1B✳

✸✳ f(−a) = −f(a)✱ ❞❡ ❢❛3♦✿ f(a) + f(−a) = f(a − a) = f(0A) = 0B✳ ❆❧#♠ ❞✐00♦✿

f(−a) + f(a) = f(−a+ a) = f(0A) = 0B✳ *♦+3❛♥3♦✱ −f(a) = f(−a)✳

✹✳ a ∈ A # ✐♥✈❡+3=✈❡❧✱ ❧♦❣♦ ❡①✐03❡ a−1 ∈ A 3❛❧ 6✉❡ aa−1 = 1A = a−1a✳ ❉❛=✿

f(a) ·f(a−1) = f(a ·a−1) = f(1A) = 1B ❡ f(a−1) ·f(a) = f(a−1 ·a) = f(1A) = 1B✳
*♦+3❛♥3♦✱ f(a−1) = (f(a))−1✳

❉❡✜♥✐%&♦ ✶✳✷✷✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❡ I ⊂ A✱ I 6= ∅✳ ❉✐③❡♠♦1 2✉❡ I 3 ✉♠

✐❞❡❛❧ ❞❡ A✱ 2✉❛♥❞♦✿

✶✳ I 3 1✉❜❣9✉♣♦ ❞❡ (A,+) ✭◆♦*❛=>♦✿ I 6 A✮❀

✷✳ ∀a ∈ A, ∀x ∈ I ✿ ax ∈ I✳

❖❜-❡.✈❛%&♦ ✶✳✷✸✳ {0} ❡ A 0@♦ ✐❞❡❛✐0 ❞❡ A ❝❤❛♠❛❞♦0 ✐❞❡❛✐0 3+✐✈✐❛✐0✳ ❱❡❥❛ ❛✐♥❞❛ 6✉❡

❝♦♠♦ A # ❝♦♠✉3❛3✐✈♦❀ ∀a ∈ A✱ ∀x ∈ I : xa ∈ I✳

▲❡♠❛ ✶✳✷✹✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❙❡ ❡①✐1*❡
u ∈ U(A) *❛❧ 2✉❡ u ∈ I ❡♥*>♦ I = A✳ ❊♠ ♣❛9*✐❝✉❧❛9✱ 1❡ 1A ∈ I ❡♥*>♦ I = A✳

❉❡♠♦♥1*9❛=>♦✳

▼♦03+❡♠♦0 ♣+✐♠❡✐+❛♠❡♥3❡ 6✉❡ 0❡ 1A ∈ I ❡♥3@♦ I = A✳ ❉❡ ❢❛3♦✱

• I ⊂ A ♣❡❧❛ ❞❡✜♥✐G@♦✳

• A ⊂ I✱ ♣♦✐0✿ ∀a ∈ A✱ a = a1A ∈ I✱ ♦ 6✉❡ ✐♠♣❧✐❝❛ a ∈ I✳ *♦+3❛♥3♦✱ I = A✳

*+♦✈❡♠♦0 ❛❣♦+❛ 6✉❡ 0❡ u # ✉♠ ❡❧❡♠❡♥3♦ ✐♥✈❡+3=✈❡❧ ❞❡ A 3❛❧ 6✉❡ u ∈ I ❡♥3@♦ I = A✳
❈♦♠ ❡❢❡✐3♦✱ 0❡❥❛ u−1 ∈ A ♦ ✐♥✈❡+0♦ ❞❡ u✱ ❛00✐♠✿ 1A = u−1u ∈ I ⇒ 1A ∈ I ⇒ I = A✳

▲❡♠❛ ✶✳✷✺✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❡ a1, a2, ..., an ∈ A✱ 2✉❛✐12✉❡9✳ ❖ 1✉❜❝♦♥❥✉♥*♦

❞❡ A ❞❛❞♦ ♣♦9✿

〈a1, a2, ..., an〉 =
{

n∑

i=1

αiai
: αi ∈ A

}

3 ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❞❡♥♦♠✐♥❛❞♦ ✐❞❡❛❧ ❣❡9❛❞♦ ♣♦9 a1, a2, ..., an✳
❊♠ ♣❛9*✐❝✉❧❛9✱ ❝❤❛♠❛♠♦1 〈a〉 = {αa : α ∈ A} ❞❡ ✐❞❡❛❧ ♣9✐♥❝✐♣❛❧ ❞❡ A ❣❡9❛❞♦ ♣♦9 a✳

❉❡♠♦♥1*9❛=>♦✳
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• ❙❛❜❡♠♦( )✉❡ 〈a1, ..., an〉 ≤ (A,+)❀

• ∀a ∈ A, ∀x ∈ 〈a1, ..., an〉✿ ax = a

n∑

i=1

αiai =
n∑

i=1

(aαi)ai ∈ 〈a1, ..., an〉✳

▲❡♠❛ ✶✳✷✻✳ ❙❡ f : A→ B " ✉♠ ❤♦♠♦♠♦'✜)♠♦ ❞❡ ❛♥"✐)✱ ❝♦♠ A ❝♦♠✉0❛0✐✈♦✱ ❡♥02♦ ♦

♥3❝❧❡♦ ❞❡ f ✱ N(f)✱ " ✉♠ ✐❞❡❛❧ ❞❡ A✳

❉❡♠♦♥)0'❛72♦✳

• N(f) 6 (A,+) ♣♦✐( ∀x, y ∈ N(f) : (−x) + y ∈ N(f)✱ ❥2 )✉❡

f((−x) + y) = f(−x) + f(y) = −f(x) + f(y) = −0 + 0 = 0⇒ f((−x) + y) = 0✳

• ∀a ∈ A✱ ∀x ∈ N(f) 3❡♠♦( ax ∈ N(f)✱ ♣♦✐(✿ f(ax) = f(a)f(x) = f(a)0 = 0✱ ❧♦❣♦✱
f(ax) = 0 ❡ ❝♦♥(❡)✉❡♥3❡♠❡♥3❡ ax ∈ N(f)✳

❊①❡♠♣❧♦ ✶✳✷✼✳

❙❡❥❛♠ A = Z ❡ I = 〈n〉✳ ❱❡❥❛ )✉❡ I 9 ✐❞❡❛❧ ❞❡ A✱ ♣♦✐(✿ ∀a ∈ Z, ∀x ∈ 〈n〉✿
ax = a(kn) = (ak)n ∈ 〈n〉 = I✱ ♣❛;❛ ❛❧❣✉♠ k ∈ A✳

./♦♣♦0✐23♦ ✶✳✷✽✳ ❙❡❥❛ (A,+, .) ✉♠ ❛♥❡❧ ❝♦♠✉0❛0✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ 9✉❛❧9✉❡'✳

A " ✉♠ ❝♦'♣♦ )❡✱ ❡ )♦♠❡♥0❡ )❡✱ ♦) 3♥✐❝♦) ✐❞❡❛✐) ❞❡ A )2♦ ♦) 0'✐✈✐❛✐)✿ {0} ❡ A✳

❉❡♠♦♥)0'❛72♦✳

(⇒) ❙❡ I = {0}✱ I 9 ✉♠ ✐❞❡❛❧ 3;✐✈✐❛❧ ❞❡ A✳ ❙❡ I 6= {0} 9 ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❡①✐(3❡ x ∈ I✱
x 6= 0✳ ❉❛?✱ 0 6= x ∈ I ⊂ A✳ ❈♦♠♦ A 9 ❝♦;♣♦ ❡ x 6= 0 (❡❣✉❡ )✉❡ x ∈ U(A)✳ ▲♦❣♦✱
♣❡❧♦ ❧❡♠❛ ✶✳✷✹ 3❡♠♦( I = A✳ D♦;3❛♥3♦✱ ♦( E♥✐❝♦( ✐❞❡❛✐( ❞❡ A (F♦✿ {0} ❡ A✳

(⇐) ❈♦♠♦ A 9 ❝♦♠✉3❛3✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ;❡(3❛ ♠♦(3;❛; )✉❡ 3♦❞♦ ❡❧❡♠❡♥3♦ a ∈ A✱ a 6= 0
9 ✐♥✈❡;3?✈❡❧✳ D❛;❛ ✐((♦✱ ❝♦♥(✐❞❡;❡ ♦ ✐❞❡❛❧ 〈a〉 ⊂ A✳
D♦; ❤✐♣H3❡(❡✱ 〈a〉 = {0} ♦✉ 〈a〉 = A✱ ♠❛( a 6= 0✱ ❧♦❣♦ 〈a〉 = A✳
❉❛?✱ ❝♦♠♦ 1 ∈ A = 〈a〉 = {αa : α ∈ A} (❡❣✉❡ )✉❡ 1 = αa ♣❛;❛ ❛❧❣✉♠ α ∈ A✳
D♦;3❛♥3♦✱ a ∈ U(A)✳

▲❡♠❛ ✶✳✷✾✳ ❙❡❥❛ f : A→ B ✉♠ ❤♦♠♦♠♦'✜)♠♦ ❞❡ ❛♥"✐) ❝♦♠✉0❛0✐✈♦)✳

✶✳ ❙❡ I ⊂ A " ✉♠ ✐❞❡❛❧ ❞❡ A ❡♥02♦ f(I) " ✉♠ ✐❞❡❛❧ ❞❡ Imf ✳

✷✳ ❙❡ J " ✉♠ ✐❞❡❛❧ ❞❡ ✐♠❛❣❡♠ f ❡♥02♦ ❛ ✐♠❛❣❡♠ ✐♥✈❡')❛ f−1(J) " ✉♠ ✐❞❡❛❧ ❞❡ A✳

❉❡♠♦♥)0'❛72♦✳ ✶✳ ❙❛❜❡♠♦( )✉❡ f(I) 6 (Imf,+)✳ ❆❧9♠ ❞✐((♦✱ ♣❛;❛ )✉❛❧)✉❡; b ∈
Imf ✱ ❡①✐(3❡ a ∈ A 3❛❧ )✉❡ f(a) = b✳ D❛;❛ 3♦❞♦ y ∈ f(I) 3❡♠✲(❡ )✉❡ y = f(x)✱
x ∈ I✳ ❆((✐♠✱ by = f(a)f(x) = f(ax) ∈ f(I)✱ ♣♦✐( (❡♥❞♦ I ✉♠ ✐❞❡❛❧ ❞❡ A 3❡♠✲(❡

)✉❡ ax ∈ I✳ D♦;3❛♥3♦✱ by ∈ f(I)✳



✷✽ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

✷✳ f−1(J) 6 (A,+)✳ ❉❡ ❢❛'♦✿ ∀a1, a2 ∈ f−1(J) '❡♠✲,❡ f(a1)✱ f(a2) ∈ J ✳ ❙❡❣✉❡ 1✉❡

−f(a1) + f(a2) ∈ J ✱ ♣♦✐, J 4 ✉♠ ✐❞❡❛❧ ❞❛ ✐♠❛❣❡♠ ❞❡ f ✳ ▼❛,✱ f((−a1) + a2) =
f(−a1) + f(a2) = −f(a1) + f(a2)✳ 8♦9'❛♥'♦✱ f((−a1) + a2) ∈ J ⇒ (−a1) +
a2 ∈ f−1(J)✳ ❆❧4♠ ❞✐,,♦✱ ∀a ∈ A✱ ∀x ∈ f−1(J) : ax ∈ f−1(J)✱ ♣♦✐,✱ ❝♦♠♦

x ∈ f−1(J), f(x) ∈ J ✱ ❡ f(a) ∈ Imf ✳ ❆,,✐♠✱ f(ax) = f(a)f(x) ∈ J ⇒ f(ax) ∈
J ⇒ ax ∈ f−1(J)✳

 !♦♣♦$✐&'♦ ✶✳✸✵✳ ❙❡ I ❡ J "#♦ ✐❞❡❛✐" ❞❡ ✉♠ ❛♥❡❧ ❝♦♠✉-❛-✐✈♦ A ❡♥-#♦✿

✶✳ I ∩ J 2 ✐❞❡❛❧ ❞❡ A✳

✷✳ I + J = {x+A y : x ∈ I, y ∈ J} 2 ✉♠ ✐❞❡❛❧ ❞❡ A✳

❉❡♠♦♥"-5❛6#♦✳

✶✳ I ∩ J 6 (A,+)✿ ∀u, v ∈ I ∩ J ✱ ❡♥'>♦✱ u, v ∈ I ∩ J ⇒ u ∈ I ❡ u ∈ J ❀ v ∈ I ❡

v ∈ J ✳ ❈♦♠♦ I ❡ J ,>♦ ,✉❜❣9✉♣♦, ❝♦♠ u, v ∈ I ❡ u, v ∈ J '❡♠♦, −u + v ∈ I
❡ −u + v ∈ J ✱ ❧♦❣♦✱ −u + v ∈ I ∩ J ✳ ❆❧4♠ ❞✐,,♦✱ ∀a ∈ A✱ ∀u ∈ I ∩ J ✱ '❡♠♦,

u ∈ I ∩ J ⇒ u ∈ I ❡ u ∈ J ✳ ❈♦♠♦ I ❡ J ,>♦ ✐❞❡❛✐, ❞❡ A✱ '❡♠♦,✿ au ∈ I ❡

au ∈ J ⇒ au ∈ I ∩ J ✳

✷✳ I + J 6 (A,+)✱ ♣♦✐, ∀u, v ∈ I + J : −u+ v ∈ I + J ❥C 1✉❡ ,❡♥❞♦ u ∈ I + J ❡♥'>♦

u = x1 + y1✱ x1 ∈ I, y1 ∈ J ❡ v ∈ I + J ✱ ❧♦❣♦✱ v = x2 + y2✱ x2 ∈ I✱ y2 ∈ J ✳
❉❛D✿ (−u) + v = −(x1 + y1) + (x2 + y2) = −y1 − x1 + x2 + y2 = (−x1 + x2) +
(−y1 + y2) ∈ I + J ✳ ❆❧4♠ ❞✐,,♦✱ ∀a ∈ A, ∀u ∈ I + J : au ∈ I + J ✳ ❉❡ ❢❛'♦✿ '❡♠♦,

u = x+ y✱ x ∈ I ❡ y ∈ J ✳ ▲♦❣♦✿ au = a(x+ y) = ax+ ay ∈ I + J ✱ ♣♦✐, I ❡ J ,>♦

✐❞❡❛✐, ❞❡ A✳

❖❜$❡!✈❛&'♦ ✶✳✸✶✳

✶✳ I ∩ J 4 ♦ ♠❛✐♦9 ✐❞❡❛❧ ❝♦♥'✐❞♦ ❡♠ I ❡ ❡♠ J ✳

✷✳ ■ ✰ ❏ 4 ♦ ♠❡♥♦9 ✐❞❡❛❧ 1✉❡ ❝♦♥'4♠ I ❡ J ✳

❉❡✜♥✐&'♦ ✶✳✸✷✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❝♦♠✉-❛-✐✈♦ ❡ P ✐❞❡❛❧ ❞❡ A✱ P 6= A✳ ❉✐③❡♠♦" :✉❡

P 2 ✐❞❡❛❧ ♣5✐♠♦ :✉❛♥❞♦✿ ∀a, b ∈ A : ab ∈ P ⇒ a ∈ P ♦✉ b ∈ P ✳

❊①❡♠♣❧♦ ✶✳✸✸✳

✶✳ A = Z ✱ P = 〈p〉✱ p ♥I♠❡9♦ ♣9✐♠♦✱ A 6= P ✱ 1 /∈ P ✳

❙❡❥❛♠ ab ∈ Z '❛✐, 1✉❡ ab ∈ P = 〈p〉✳ ❈♦♠♦ ab ∈ 〈p〉 = {kp : k ∈ Z} ❡♥'>♦

ab = kp✱ ♣❛9❛ ❛❧❣✉♠ k ∈ Z✳ ❊♥'>♦✱ p | (ab) ⇒ p | a ♦✉ p | b ⇒ a = k1p ♦✉

b = k2p ⇒ a ∈ 〈p〉 ♦✉ b ∈ 〈p〉 ⇒ a ∈ P ♦✉ b ∈ P ✳ ❆,,✐♠✱ ab ∈ P ⇒ a ∈ P ♦✉

b ∈ P ✳ 8♦9'❛♥'♦✱ P 4 ♣9✐♠♦✳

✷✳ ❙❡ A 4 ✉♠ ❞♦♠D♥✐♦ ❞❡ ✐♥'❡❣9✐❞❛❞❡✱ ❡♥'>♦ P = {0} 4 ✉♠ ✐❞❡❛❧ ♣9✐♠♦✳ ❉❡ ❢❛'♦✱

∀a, b ∈ A : ab ∈ P = {0} ⇒ ab = 0 ⇒ a = 0 ♦✉ b = 0 ⇒ a ∈ P = {0} ♦✉

b ∈ P = {0}✳



◆♦"#❡% ❞❡ ❛♥❡❧ ✷✾

❉❡✜♥✐%&♦ ✶✳✸✹✳ ❙❡❥❛♠ A ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❡ M ⊂ A✱ M 6= A✱ ✐❞❡❛❧✳ ❉✐③❡♠♦2 3✉❡ M
4 ✐❞❡❛❧ ♠❛①✐♠❛❧ 3✉❛♥❞♦✿ 2❡ J ⊂ A 4 ✉♠ ✐❞❡❛❧✱ *❛❧ 3✉❡ J 6= M ❡ M $ J ⊂ A ❡♥*7♦

J = A✳

❖❜.❡/✈❛%&♦ ✶✳✸✺✳ ❙❡ A $ ❛♥❡❧ ❝♦♠✉,❛,✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ 1✱ ♣❛2❛ ♠♦3,2❛2 4✉❡ M $ ✉♠

✐❞❡❛❧ ♠❛①✐♠❛❧ 3✉♣♦♠♦3 J ⊂ A ✐❞❡❛❧✱ J 6= M ,❛❧ 4✉❡ M $ J ⊂ A ❡ ♠♦3,2❛♠♦3 4✉❡✿

1 ∈ J ✱ ❥8 4✉❡ 1 ∈ J ✱ ✐♠♣❧✐❝❛ J = A✳

❊①❡♠♣❧♦ ✶✳✸✻✳

❙❡❥❛♠ A = Z ❡ M = 〈2〉✳ ▼♦3,2❡♠♦3 4✉❡ M $ ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❞❡ A✳ ❱❡❥❛ 4✉❡✿

M = 〈2〉 ❡ M 6= A ♣♦✐3 1 /∈ M ✳ ❙✉♣♦♥❤❛ ❛❣♦2❛ J ✐❞❡❛❧ ❞❡ Z ,❛❧ 4✉❡ J 6= M ❡

M $ J ⊂ Z✳ ❊♥,?♦ ❡①✐3,❡ x ∈ J ,❛❧ 4✉❡ x /∈M ✳

❆❣♦2❛✿ x /∈ M = 〈2〉 ⇒ x ♥?♦ $ ♣❛2 ⇒ x $ A♠♣❛2 ⇒ x = 2k + 1✱ k ∈ Z✳ ❆33✐♠✱

1 = (2k + 1)− 2k ⇒ 1 ∈ J ⇒ J = A✳

❚❡♦/❡♠❛ ✶✳✸✼✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ 1✳ ❙❡ M 4 ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧

❞❡ A ❡♥*7♦ M 4 ✉♠ ✐❞❡❛❧ ♣9✐♠♦✳

❉❡♠♦♥2*9❛:7♦✳ ❙✉♣♦♥❤❛ M ✐❞❡❛❧ ♠❛①✐♠❛❧ ❡ 4✉❡ a, b ∈ A 3❡❥❛♠ ,❛✐3 4✉❡ ab ∈ M ❡

a /∈M ✳ ❈♦♠♦ a /∈M ✱ ,❡♠♦3 4✉❡ 〈a〉+M 6= M ❡ ♣♦2,❛♥,♦✱

M $ 〈a〉+M ⊂ A. ✭✶✳✻✮

❈♦♠♦ M $ ♠❛①✐♠❛❧✱ 3❡❣✉❡ ❞❡ ✭✶✳✻✮✱ 3❡❣✉❡ 4✉❡✿ 〈a〉+M = A✳ ❈♦♠♦ 1 ∈ A = 〈a〉+M ✱

3❡❣✉❡ 4✉❡ 1 = u+v✱ ❡♠ 4✉❡ u ∈ 〈a〉 ❡ v ∈M ✳ G♦❞❡♠♦3✱ ❡♥,?♦✱ ❡3❝2❡✈❡2 1 = ka+v✱ ♣❛2❛
❛❧❣✉♠ k ∈ A ❝♦♠ v ∈ M ✳ ❉❛A✱ b1 = b(ka + v) ✐♠♣❧✐❝❛ b = b(ka) + bv = k(ab) + bv =
k(ab) + bv ∈M ✳

❖✉ 3❡❥❛✱ 3❡ ab ∈M ❡ a /∈M ❡♥,?♦ b ∈M ✳ ▲♦❣♦✱ M $ ✐❞❡❛❧ ♣2✐♠♦✳

❉❡✜♥✐%&♦ ✶✳✸✽✳ ❙❡❥❛ A ❞♦♠;♥✐♦ ❞❡ ✐♥*❡❣9✐❞❛❞❡✱ 3✉❛❧3✉❡9✳ ❉✐③❡♠♦2 3✉❡ A 4 ❞♦♠;♥✐♦

❞❡ ✐❞❡❛✐2 ♣9✐♥❝✐♣❛✐2 ✭❞❡♥♦*❛❞♦ >■❉✮ 3✉❛♥❞♦ *♦❞♦ ✐❞❡❛❧ I ❞❡ A 4 ✉♠ ✐❞❡❛❧ ♣9✐♥❝✐♣❛❧✱ ✐2*♦

4✱ 3✉❛♥❞♦ ❡①✐2*❡ a ∈ A *❛❧ 3✉❡ I = 〈a〉✳

❊①❡♠♣❧♦ ✶✳✸✾✳

Z $ ✉♠ PID✳ ❏8 3❛❜❡♠♦3 4✉❡ Z $ ❞♦♠A♥✐♦ ❞❡ ✐♥,❡❣2✐❞❛❞❡✳ ▼♦3,2❡♠♦3 4✉❡ ,♦❞♦ ✐❞❡❛❧

$ ♣2✐♥❝✐♣❛❧✳ ❙❡❥❛ I ⊂ Z✱ ✐❞❡❛❧ 4✉❛❧4✉❡2✳ ❱❛♠♦3 ❞❡,❡2♠✐♥❛2 a0 ∈ Z ,❛❧ 4✉❡ I = 〈a0〉 ✳

• ❙❡ I = {0} ❡♥,?♦ I = 〈0〉✳

• I 6= {0} ❡①✐3,❡ ✉♠ b ∈ I✱ b 6= 0 ✭b > 0 ♦✉ b < 0✮✳

❈♦♥3✐❞❡2❡ ♦ ❝♦♥❥✉♥,♦✿ S = {x ∈ I : x > 0}✳ ❙❡❣✉❡ 4✉❡ S 6= ∅ ♣♦✐3 b ∈ S ♦✉ (−b) ∈ S ❡

S $ ❧✐♠✐,❛❞♦ ✐♥❢❡2✐♦2♠❡♥,❡ ♣♦2 0 ∈ Z✳ ▲♦❣♦✱ ♥❡3,❛3 ❝♦♥❞✐NO❡3✱ ♣❡❧♦ G2✐♥❝A♣✐♦ ❞♦ ▼❡♥♦2

■♥,❡✐2♦

✶

3❡❣✉❡ 4✉❡ S ,❡♠ ❡❧❡♠❡♥,♦ ♠✐♥✐♠❛❧✱ ❞✐❣❛♠♦3 a0 ∈ S✱ ❧♦❣♦ a0 ∈ I ❡ a0 > 0✳
❆✜2♠❛N?♦✿ I = 〈a0〉✳ ❉❡ ❢❛,♦✱

✶✳ 〈a0〉 ⊂ I✿
∀x ∈ 〈a0〉 ⇒ x = ka0 ❡ ❝♦♠♦ a0 ∈ I✱ ❡♥,?♦ x ∈ I✱ ♣♦✐3 I $ ✉♠ ✐❞❡❛❧✳

✶

 !✐♥❝%♣✐♦ ❞♦ ▼❡♥♦! ■♥,❡✐!♦✿ ✏❙❡❥❛ S 6= ∅ ✉♠ 4✉❜❝♦♥❥✉♥,♦ ❞♦ ❝♦♥❥✉♥,♦ ❞♦4 ♥6♠❡!♦4 ✐♥,❡✐!♦4✱ Z✳ ❙❡
S ❛❞♠✐,❡ ❛❧❣✉♠❛ ❝♦,❛ ✐♥❢❡!✐♦! ❡♠ Z ❡♥,<♦ S ♣♦44✉✐ ❡❧❡♠❡♥,♦ ♠%♥✐♠♦✱ ♦✉ 4❡❥❛✱ ❡①✐4,❡ a0 ∈ S ,❛❧ >✉❡

a0 ≤ s, ∀ s ∈ S✑✳
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✷✳ I ⊂ 〈a0〉✿ %❡❥❛ x ∈ I✱ *✉❛❧*✉❡-✱ ♣❡❧♦ ❛❧❣♦-12♠♦ ❞❛ ❞✐✈✐%7♦ ❡♠ Z✱ 2❡♠♦% *✉❡ ❡①✐%2❡♠

q, r ∈ Z, 0 6 r < a0 2❛✐% *✉❡ x = a0q + r ⇒ r = x − a0q ∈ I✱ ♣♦✐% I 9 ✐❞❡❛❧ ❡

x, a0 ∈ I✱ ❡ ❛✐♥❞❛ 0 6 r < a0✳ ❙❡ r ∈ I ❡ r > 0 ❡♥27♦ r ∈ S✱ ❝♦♠ r < a0✱ ♦ *✉❡

9 ❛❜%✉-❞♦ ♣♦✐% a0 9 ♦ ❡❧❡♠❡♥2♦ ♠✐♥✐♠❛❧ ❞❡ S✳ ▲♦❣♦✱ ♥❡❝❡%%❛-✐❛♠❡♥2❡✿ r = 0 ❡

x = a0q + r = a0q + 0 = a0q ∈ 〈a0〉✳

?♦- ✭✶✮ ❡ ✭✷✮ 2❡♠♦% I = 〈a0〉✳

❖ ♦❜❥❡2✐✈♦ ❛❣♦-❛ 9 ❞❡✜♥✐- ❛♥❡❧ *✉♦❝✐❡♥2❡ ❡ ♣❛-❛ ✐%%♦ ♣-❡❝✐%❛♠♦% ❡%2❛❜❡❧❡❝❡- ♣-✐♠❡✐✲

-❛♠❡♥2❡ ❛ %❡❣✉✐♥2❡ -❡❧❛F7♦ ❞❡ ❡*✉✐✈❛❧G♥❝✐❛✳

▲❡♠❛ ✶✳✹✵✳ ❙❡ A " ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❡ I ⊂ A ✉♠ ✐❞❡❛❧ ❡♥*.♦ ❛ /❡❣✉✐♥*❡ 1❡❧❛2.♦

(∼)✿ ∀a, b ∈ A
a ∼ b⇔ a− b ∈ I

" ✉♠❛ 1❡❧❛2.♦ ❞❡ ❡4✉✐✈❛❧5♥❝✐❛✳

❉❡♠♦♥/*1❛2.♦✳ ❱❡❥❛ *✉❡✱

✶✳ ❘❡✢❡①✐✈❛✿ ∀a ∈ A : a− a = 0 ∈ I ⇒ a− a ∈ I ⇔ a ∼ a✳

✷✳ ❙✐♠92-✐❝❛✿ ∀a, b ∈ A
a ∼ b⇒ a− b ∈ I ⇒ −(a− b) ∈ I ⇒ b− a ∈ I ⇒ b ∼ a✳

✸✳ ❚-❛♥%✐2✐✈❛✿ ∀a, b, c ∈ A
a ∼ b ❡ b ∼ c ⇒ a − b ∈ I ❡ b − c ∈ I✱ ❉❛1✿ a − c = a + (−b + b) − c =
(a− b) + (b− c) ∈ I ❡✱ ♣♦-2❛♥2♦ a ∼ c✳

?♦-2❛♥2♦✱ (∼) 9 -❡❧❛F7♦ ❞❡ ❡*✉✐✈❛❧G♥❝✐❛✳

❖❜*❡+✈❛-.♦ ✶✳✹✶✳ ❈❛❞❛ ❝❧❛%%❡ ❞❡ ❡*✉✐✈❛❧G♥❝✐❛ a 9 2❛❧ *✉❡✿ a := {b ∈ A : b ∼ a} =
{b ∈ A : b − a ∈ I} = {b ∈ A : b − a = r, r ∈ I} = {b ∈ A : b = a + r, r ∈ I} = a + I

❡ ♦❜2❡♠♦% ♦ ❝♦♥❥✉♥2♦ *✉♦❝✐❡♥2❡

A

∼❂ {a, a ∈ A} ❂ {a + I, a ∈ A}✱ *✉❡ %❡-O ❞❡♥♦2❛❞♦

♣♦-

A

I
✳

0+♦♣♦*✐-.♦ ✶✳✹✷✳ ❙❡❥❛♠ (A,+, .) ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ *❡1♥❛

(
A

I
,+, ·

)

❡♠ 4✉❡ (+) ❡ ( · ) /.♦ ♦♣❡1❛2;❡/✿

∀a+ I✱ b+ I ∈ A

I
✱

(+) : (a+ I) + (b+ I) ✿❂ (a+A b) + I
( · ) : (a+ I) · (b+ I) ✿❂ (a ·A b) + I
" ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦✱ ❞❡♥♦♠✐♥❛❞♦ ❛♥❡❧ 4✉♦❝✐❡♥*❡ ❞❡ A ♣♦1 I✳

❉❡♠♦♥/*1❛2.♦✳

(+)✿ ❚❡♠♦% (A,+) ❣-✉♣♦ ❛❜❡❧✐❛♥♦ ❡ I 6 (A,+)✱ ❧♦❣♦ I 9 %✉❜❣-✉♣♦ ♥♦-♠❛❧ ❞❡ A✳

❊♥27♦

(
A

I
,+

)

9 ❣-✉♣♦ ❛❜❡❧✐❛♥♦✱ ❡♠ ♣❛-2✐❝✉❧❛-✱ (+) ❡%2O ❜❡♠ ❞❡✜♥✐❞❛✳ ▼♦%2-❡♠♦%

*✉❡ ( · ) ❡%2O ❜❡♠ ❞❡✜♥✐❞❛✿ ∀(a+ I), (b+ I), (c+ I), (d+ I) ∈ A

I
2❛✐% *✉❡✿
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(a+ I, b+ I) = (c+ I, d+ I)⇒ a+ I = c+ I ❡ b+ I = d+ I✳

❆❣♦'❛✱ ♠♦+,'❡♠♦+ -✉❡✿ (a+ I).(b+ I) = (c+ I).(d+ I)✱ ♦✉ +❡❥❛✱ (ab)+ I = (cd)+ I✱
❡-✉✐✈❛❧❡♥,❡♠❡♥,❡ (ab − cd) ∈ I✳ ◗✉❡'❡♠♦+ ♠♦+,'❛' ❡♥,6♦ -✉❡ (ab − cd) ∈ I✳ ❚❡✲

♠♦+✿ a + I = c + I ❡ b + I = d + I ⇒ (a − c) ∈ I ❡ (b − d) ∈ I✱ b(a − c) ∈ I ❡

c(b− d) ∈ I ⇒ b(a− c) + c(b− d) ∈ I ⇒ (ba− bc+ cb− cd) ∈ I ⇒ (ab− cd) ∈ I✳

❱❡'✐✜-✉❡♠♦+ ❛+ ♣'♦♣'✐❡❞❛❞❡+❀ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛+ ✉+❛♠♦+ ❢♦',❡♠❡♥,❡ ♦ ❢❛,♦ ❞❡ -✉❡

(A,+, .) @ ✉♠ ❛♥❡❧ ❝♦♠✉,❛,✐✈♦ ❡ I @ ✉♠ ✐❞❡❛❧ ❞❡ A ✿

✶✳ ❆++♦❝✐❛,✐✈❛✿ ∀(a+ I), (b+ I), (c+ I) ∈ A

I
✱

((a+I)(b+I))(c+I) = (ab+I)(c+I) = (ab)c+I = a(bc)+I = (a+I)(bc+I) =
(a+ I)((b+ I)(c+ I))✳

✷✳ ❈♦♠✉,❛,✐✈❛✿ ∀(a+ I), (b+ I), (c+ I) ∈ A

I
✱

(a+ I)(b+ I) = ab+ I = ba+ I = (b+ I)(a+ I)✳

✸✳ ❉✐+,'✐❜✉,✐✈❛✿ ∀(a+ I), (b+ I), (c+ I) ∈ A

I
✱

• [(a+ I)+(b+ I)](c+ I) = [(a+ b)+ I](c+ I) = (a+ b)c+ I = (ac+ bc)+ I =
(ac+ I) + (bc+ I) = (a+ I)(c+ I) + (b+ I)(c+ I)✳

• (a+ I)[(b+ I)+(c+ I)] = (a+ I)[(b+ c)+ I] = a(b+ c)+ I = (ab+ac)+ I =
(ab+ I) + (ac+ I) = (a+ I)(b+ I) + (a+ I)(c+ I)✳

E♦',❛♥,♦✱

(
A

I
,+, .

)

@ ✉♠ ❛♥❡❧ ❝♦♠✉,❛,✐✈♦✳

❊①❡♠♣❧♦ ✶✳✹✸✳ ❙❡❥❛♠ A ❛♥❡❧ ❝♦♠✉,❛,✐✈♦ ❡ I ⊂ A ✐❞❡❛❧✱ -✉❛❧-✉❡'✳

f : A → A

I
a 7→ f(a) := a+ I

@ ✉♠ ❤♦♠♦♠♦'✜+♠♦ ❞❡ ❛♥@✐+ ♣♦✐+✿

✶✳ f(a+ b) = (a+ b) + I = (a+ I) + (b+ I) = f(a) + f(b)❀

✷✳ f(ab) = (ab) + I = (a+ I)(b+ I) = f(a)f(b)✳

❚❛❧ ❤♦♠♦♠♦'✜+♠♦ f @ ❝❤❛♠❛❞♦ ❤♦♠♦♠♦'✜+♠♦ ❝❛♥H♥✐❝♦ ♦✉ ♥❛,✉'❛❧✳

❖❜-❡.✈❛12♦ ✶✳✹✹✳ ❱❡❥❛ -✉❡ +❡ A @ ❝♦♠✉,❛,✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ 1A ❡ I ⊂ A ✐❞❡❛❧✱ ❡♥,6♦

A

I
@ ❛♥❡❧ ❝♦♠✉,❛,✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ❛ +❛❜❡' 1 = 1A + I✳

❉❡ ❢❛,♦✱

∀a ∈ A

I
✱ (a+ I)1 = (a+ I)(1A + I) = a1A + I = a+ I✳
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❚❡♦#❡♠❛ ✶✳✹✺✳ ✭✶

♦

❚❡♦%❡♠❛ ❞♦ ■*♦♠♦%✜*♠♦ ❞❡ ❆♥.✐*✮ ❙❡❥❛♠ A✱ B ❛♥.✐* ❝♦♠✉6❛6✐✈♦*✱

8✉❛✐*8✉❡%✳

❙❡ f : A→ B . ✉♠ ❤♦♠♦♠♦%✜*♠♦ ❞❡ ❛♥.✐*✱ ❡♥6;♦

A

N(f)
≃ Imf ✳

❉❡♠♦♥*6%❛=;♦✳ ❉❡✜♥❛ ❛ '❡❣✉✐♥+❡ ❛♣❧✐❝❛/0♦✿

δ :
A

N
→ Imf

a+N 7→ δ(a+N) := f(a)✱ ❝♦♠ N := N(f)

❆✜6♠❛/0♦✿ δ 7 ✉♠ ✐'♦♠♦6✜'♠♦✳

✶✳ δ ❡'+: ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐'✿ '❡ a + N = b + N ❡♥+0♦ a − b ∈ N = N(f)✱ ❧♦❣♦
f(a − b) = 0 ❡ ❡♥+0♦✱ ❝♦♠♦ f 7 ✉♠ ❤♦♠♦♠♦6✜'♠♦✱ f(a) − f(b) = 0✱ ❛''✐♠

f(a) = f(b)✱ ♦✉ '❡❥❛✱ δ(a+N) = δ(b+N)✳

✷✳ δ 7 ❤♦♠♦♠♦6✜'♠♦ ❞❡ ❛♥7✐'✳

• δ((a + N) + (b + N)) = δ((a + b) + N) = f(a + b) = f(a) + f(b) = δ(a +
N) + δ(b+N)✳

• δ((a+N)(b+N)) = δ(ab+N) = f(ab) = f(a)f(b) = (a+N)(b+N)✳

✸✳ δ 7 ✐♥❥❡+♦6❛✳

▼♦'+6❡♠♦' @✉❡ N(δ) = {0A + I}✳ A❛6❛ +❛♥+♦ '❡❥❛ a + N ∈ N(δ)✱ @✉❛❧@✉❡6✳

❉✐''♦ ✐♠♣❧✐❝❛ @✉❡ δ(a + N) = 0B ❡ ❡♥+0♦✱ ♣❡❧❛ ❞❡✜♥✐/0♦ ❞❡ δ✱ f(a) = 0B✱ ❧♦❣♦
a ∈ N(f) = N ❡ ❝♦♥'❡@✉❡♥+❡♠❡♥+❡ a+N = 0A+N ✳ A♦6+❛♥+♦ N(δ) = {0A+N}✳

✹✳ δ 7 '♦❜6❡❥❡+♦6❛✳

❙❡❥❛ b ∈ Imf ✱ @✉❛❧@✉❡6✳ ❈♦♠♦ b ∈ Imf ✱ ❡①✐'+❡ a0 ∈ A  ❛❧ #✉❡ f(a0) = b✳

❚♦♠❛♥❞♦ ❛ ❝❧❛--❡ a0 + N ∈ A

N
 ❡♠✲-❡✿ δ(a0 + N) = f(a0) = b✳ 0♦1 ❛♥ ♦✱ δ 3

-♦❜1❡❥❡ ♦1❛✳

❚❡♦#❡♠❛ ✶✳✹✻✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ /✉❛❧/✉❡0✳ ❯♠ ✐❞❡❛❧ I ⊂ A

3 ♣0✐♠♦ 5❡✱ ❡ 5♦♠❡♥*❡ 5❡✱ ♦ ❛♥❡❧ /✉♦❝✐❡♥*❡

A

I
3 ✉♠ ❞♦♠6♥✐♦ ❞❡ ✐♥*❡❣0✐❞❛❞❡✳

❉❡♠♦♥5*0❛9:♦✳

✭⇒✮ ❙✉♣♦♥❤❛ I ⊂ A ♣1✐♠♦ ❡ ♠♦- 1❡♠♦- #✉❡

A

I
3 ✉♠ ❞♦♠:♥✐♦ ❞❡ ✐♥ ❡❣1✐❞❛❞❡✳ ❈♦♠♦ A

3 ❝♦♠✉ ❛ ✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ -❛❜❡♠♦- #✉❡

A

I
3 ❛♥❡❧ ❝♦♠✉ ❛ ✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✳ ❘❡- ❛

♠♦- 1❛1 #✉❡

A

I
♥?♦  ❡♠ ❞✐✈✐-♦1❡- ❞♦ ③❡1♦✳ 0❛1❛  ❛♥ ♦✱ -❡❥❛♠ (a + I)(b + I) =

0A

I

= I ⇒ ab + I = 0 + I ⇒ ab ∈ I ⇒ a ∈ I ♦✉ b ∈ I ♣♦✐- I 3 ✉♠ ✐❞❡❛❧ ♣1✐♠♦✳

❊♥ ?♦ a + I = I ♦✉ b + I = I ⇒ a + I = 0A

I

♦✉ b + I = 0A

I

✳ 0♦1 ❛♥ ♦✱

A

I
3

❞♦♠:♥✐♦ ❞❡ ✐♥ ❡❣1✐❞❛❞❡✳
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✭⇐✮ ❙✉♣♦♥❤❛

A

I
( ❞♦♠+♥✐♦ ❞❡ ✐♥.❡❣0✐❞❛❞❡ ❡ ♣0♦✈❡♠♦2 3✉❡ I ( ✐❞❡❛❧ ♣0✐♠♦✳ ❙✉♣♦♥❤❛✱

∀a, b ∈ A : ab ∈ I✳ ❊♥.8♦✱ ab + I = I ⇒ (a + I)(b + I) = I = 0A

I

✱ ❝♦♠♦

A

I
(

❞♦♠+♥✐♦ ❞❡ ✐♥.❡❣0✐❞❛❞❡✱ 2❡❣✉❡ 3✉❡ (a+ I) = I ♦✉ (b+ I) = I✱ ❝♦♥2❡3✉❡♥.❡♠❡♥.❡✱

a ∈ I ♦✉ b ∈ I✳ :♦0.❛♥.♦✱ I ( ✉♠ ✐❞❡❛❧ ♣0✐♠♦✳

❚❡♦%❡♠❛ ✶✳✹✼✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ /✉❛❧/✉❡0✳ ❯♠ ✐❞❡❛❧ I ⊂ A

3 ♠❛①✐♠❛❧ 5❡✱ ❡ 5♦♠❡♥*❡ 5❡✱ ♦ ❛♥❡❧ /✉♦❝✐❡♥*❡

A

I
3 ✉♠ ❝♦0♣♦✳

❉❡♠♦♥5*0❛89♦✳

✭⇒✮ ❙✉♣♦♥❤❛ 3✉❡ I 2❡❥❛ ♠❛①✐♠❛❧✳ ▼♦2.0❡♠♦2 3✉❡

A

I
( ❝♦0♣♦✳ ❚❡♠♦2 3✉❡

A

I
( ✉♠

❛♥❡❧ ❝♦♠✉.❛.✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ♣♦✐2 A ( ❝♦♠✉.❛.✐✈♦ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳

▼♦2.0❡♠♦2 3✉❡ .♦❞♦ ❡❧❡♠❡♥.♦ (a+ I) 6= 0A

I

= I .❡♠ ✐♥✈❡02♦✳

❙✉♣♦♥❤❛ ♣♦0 ❛❜2✉0❞♦ 3✉❡✿ (a+ I) ∈ A

I
✱ ❝♦♠ a+ I 6= 0A

I

✱ ♥8♦ .❡♠ ✐♥✈❡02♦✳

❉❡2.❛ ❢♦0♠❛✱ 2❡❣✉❡ 3✉❡✿

1 + I /∈ 〈a+ I〉 =
{

(b+ I)(a+ I) : (b+ I) ∈ A

I

}

♣♦✐2 2❡✿ 1 + I ∈ 〈a + I〉 ⇒ ∃(b + I) ∈ A

I
.❛❧ 3✉❡ (b + I)(a + I) = 1 + I = 1A

I

✱ ♦

3✉❡ ( ❛❜2✉0❞♦✳

❆22✐♠✱ {0} 6= 〈a+ I〉 6= A

I
✱ ♦✉✱

{0A

I

} $ 〈a+ I〉 $ A

I
. ✭✶✳✼✮

❆22✐♠✱ 2❡ f : A→ A

I
( ❤♦♠♦♠♦0✜2♠♦ ♥❛.✉0❛❧ ❞❡ ✭✶✳✼✮ 2❡❣✉❡ 3✉❡✿

f−1({0A

I

}) $ f−1(〈a + I〉) $ f−1
(
A

I

)

⇒ I $ f−1(〈a + I〉) $ A✱ ♦✉ 2❡❥❛✱

J = f−1(〈a + I〉) ( ✉♠ ✐❞❡❛❧ ❞❡ A .❛❧ 3✉❡ I $ J $ A ♦ 3✉❡ ( ❛❜2✉0❞♦ ♣♦✐2 I (

♠❛①✐♠❛❧✳

:♦0.❛♥.♦✱ ∀(a+ I) ∈ A

I
✱ a+ I 6= 0A

I

✱ ( ✐♥✈❡0.+✈❡❧✳

✭⇐✮ ❙✉♣♦♥❤❛ 3✉❡

A

I
( ❝♦0♣♦✳

:0♦✈❡♠♦2 3✉❡ ■ ( ♠❛①✐♠❛❧✳ :❛0❛ .❛♥.♦ 2✉♣♦♥❤❛ 3✉❡ J ( ✉♠ ✐❞❡❛❧ ❞❡ A .❛❧ 3✉❡✿

I $ J ⊂ A ✭✶✳✽✮

▲♦❣♦✱ 2❡♥❞♦ f : A→ A

I
♦ ❤♦♠♦♠♦0✜2♠♦ ♥❛.✉0❛❧✱ ♦❜.❡♠♦2 ❞❡ ✭✶✳✽✮✿

f(I) $ f(J) ⊂ f(A)⇒ {0A

I

} $ f(J) ⊂ A

I
✳
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❊♥$%♦✱ ❝♦♠♦

A

I
* ❝♦+♣♦ ❡ f(J) * ❞✐❢❡+❡♥$❡ ❞♦ ❡❧❡♠❡♥$♦ ♥❡✉$+♦ * ✐❞❡❛❧ ❞❡

A

I
✱ 4❡❣✉❡

❞❛ ♣+♦♣♦4✐6%♦ ✶✳✷✽ ;✉❡ ♦ ✐❞❡❛❧ f(J) * ✐❣✉❛❧

A

I
✐44♦ ✐♠♣❧✐❝❛ ❡♥$%♦ ;✉❡ J * ✐❣✉❛❧ ❛

A✳

❊①❡♠♣❧♦ ✶✳✹✽✳

<❡❧♦ ❝♦+♦❧=+✐♦ ✶✳✶✻ 4❛❜❡♠♦4 ;✉❡ Zp✱ p ♣+✐♠♦✱ * ❝♦+♣♦✳ <♦+ ♦✉$+♦ ❧❛❞♦ Zp =
Z
〈p〉 ♣♦✐4

Z
〈p〉 = {a + 〈p〉 : a ∈ Z} ❡ a + 〈p〉 = {b ∈ Z : a − b ∈ 〈p〉} = {b ∈ Z : p | (a − b)} = b✱

❝♦♠ b ♦ +❡4$♦ ❞❛ ❞✐✈✐4%♦ ❞❡ a ♣♦+ p✱ $❛❧ ;✉❡ 0 6 b < 0 ♦✉ 4❡❥❛✱

Z
〈p〉 ❂ {0, 1, . . . , (p− 1)}

❂ Zp✳ ▲♦❣♦✱ ♣❡❧♦ $❡♦+❡♠❛ ✶✳✹✼✱ 4❡ p ♣+✐♠♦✱

Z
〈p〉 * ❝♦+♣♦ ❡ 〈p〉 ⊂ Z * ✐❞❡❛❧ ♠❛①✐♠❛❧✳

❉❡✜♥✐/0♦ ✶✳✹✾✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❡ m ∈ Z✱ ∀a ∈ A✳ ❉❡✜♥✐♠♦. ♠/❧0✐♣❧♦. ❞❡ a✱ m.a✱
❞❛ .❡❣✉✐♥0❡ ♠❛♥❡✐4❛✿







m = 0 : 0 · a := 0A
m > 0 : m · a := (m− 1)a+ a
m < 0 : m · a := −((−m) · a)

.

<♦❞❡✲4❡ ♠♦4$+❛+ ;✉❡✿ ∀a ∈ A✱ ∀m✱ n ∈ Z✿

✶✳ (mn) · a = m · (n · a)❀

✷✳ (m+ n) · a = m · a+A n · a❀

✸✳ (−m) · a = −m · a = m · (−a)❀

✹✳ (mn) · 1A = (m · 1A) ·A (n · 1A)✳

❉❡✜♥✐/0♦ ✶✳✺✵✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❈♦♥.✐❞❡4❡ ♦ .❡❣✉✐♥0❡ .✉❜❝♦♥❥✉♥0♦ ❞❡ Z∗+✿

S = {n ∈ Z∗+ : na = 0A, ∀a ∈ A} ⊂ Z∗+.

❚❡♠♦. ❞✉❛. ♣♦..✐❜✐❧✐❞❛❞❡.✿

• S = ∅ ✿ ♥❡.0❡ ❝❛.♦ ❞✐③❡♠♦. ;✉❡ A 0❡♠ ❝❛4❛❝0❡4<.0✐❝❛ ③❡4♦✱ ♦✉ .❡❥❛✱ C(A) = 0✳

• S 6= ∅✿ ✈❡❥❛ ;✉❡ S > ❧✐♠✐0❛❞♦ ✐♥❢❡4✐♦4♠❡♥0❡ ♣❡❧♦ 0 ∈ Z✱ ❛..✐♠ ♣❡❧♦ @4✐♥❝<♣✐♦ ❞♦

▼❡♥♦4 ■♥0❡✐4♦✱ S 0❡♠ ✉♠ ❡❧❡♠❡♥0♦ ♠✐♥✐♠❛❧✱ ❞✐❣❛♠♦. d ∈ S✳
◆❡..❡ ❝❛.♦ ❞✐③❡♠♦. ;✉❡ A 0❡♠ ❝❛4❛❝0❡4<.0✐❝❛ d✱ ♦✉ .❡❥❛✱ C(A) = d✳

❊①❡♠♣❧♦ ✶✳✺✶✳

✶✳ Zn $❡♠ ❝❛+❛❝$❡+I4$✐❝❛ n ♣♦✐4✿ na = 0✱ ∀a ∈ Zn✱ ❥= ;✉❡

na = a+ . . .+ a
︸ ︷︷ ︸

n−parcelas

= na = 0



❆♥❡❧ ❞❡ ♣♦❧✐♥(♠✐♦* ✸✺

✷✳ Z $❡♠ ❝❛)❛❝$❡)*+$✐❝❛ ③❡)♦✱ ♣♦✐+ ∀a ∈ Z∗✿ na = 0⇔ n = 0✳

▲❡♠❛ ✶✳✺✷✳ ❆ ❝❛#❛❝$❡#&'$✐❝❛ ❞❡ ✉♠ ❞♦♠&♥✐♦ ❞❡ ✐♥$❡❣#✐❞❛❞❡✱ A✱ 0 ③❡#♦ ♦✉ 0 ✉♠ ♥2♠❡#♦

♣#✐♠♦✳

❉❡♠♦♥'$#❛67♦✳ ❙✉♣♦♥❤❛ 6✉❡ C(A) = d 6= 0 ♦♥❞❡ d 8 ✉♠ ♥9♠❡)♦ ✐♥$❡✐)♦ ♥:♦ ♣)✐♠♦✳

▲♦❣♦✱ d = rs✱ 1 < r, s < d✳ ❆++✐♠✱ ♣❛)❛ 1A ∈ A $❡♠♦+✿ 0A = d1A = (rs)1A =
(r1A)(s1A) = 0A ⇒ r1A = 0A ♦✉ s1A = 0A ❡ 0 < r, s < d✱ ♦ 6✉❡ 8 ❛❜+✉)❞♦ ♣♦✐+ d 8

♠❡♥♦) ✐♥$❡✐)♦ ❝♦♠ ❡+$❛ ♣)♦♣)✐❡❞❛❞❡✳

?♦)$❛♥$♦✱ d 8 ♣)✐♠♦✳

✶✳✷ ❆♥❡❧ ❞❡ ♣♦❧✐♥+♠✐♦-

◆❡+$❛ +❡A:♦ ❞❡✜♥✐♠♦+ ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥D♠✐♦+ ❡ )❡+✉❧$❛❞♦+ ♥❡❝❡++E)✐♦+ ♣❛)❛ ♦ ❞❡+❡♥✲

✈♦❧✈✐♠❡♥$♦ ❞♦+ ❞❡♠❛✐+ ❝❛♣*$✉❧♦+✳

❉❡✜♥✐,-♦ ✶✳✺✸✳ ❈♦♥'✐❞❡#❡ R ✉♠ ❛♥❡❧✳ ❯♠ ♣♦❧✐♥;♠✐♦ f(X) ❝♦♠ ❝♦❡✜❝✐❡♥$❡' ❡♠ R✱
❡ ✈❛#✐>✈❡❧ ✐♥❞❡$❡#♠✐♥❛❞❛ X✱ 0 ✉♠❛ '♦♠❛ ❢♦#♠❛❧ ✐♥✜♥✐$❛

∞∑

i=0

aiX
i = a0 + a1X + . . .+ anX

n + . . . ✭✶✳✾✮

❡♠ @✉❡ ai ∈ R ❡ ai = 0 ♣❛#❛ ✉♠❛ @✉❛♥$✐❞❛❞❡ ✜♥✐$❛ ❞❡ ✈❛❧♦#❡' ❞❡ i✳ ❈❛❞❛ ai 0 ❝❤❛♠❛❞♦
❝♦❡✜❝✐❡♥$❡ ❞❡ f(X)✳

❉❡✜♥✐,-♦ ✶✳✺✹✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ f(X) ✉♠ ♣♦❧✐♥;♠✐♦ ❝♦♠ ❝♦❡✜❝✐❡♥$❡' ❡♠ R✳
❈❤❛♠❛♠♦' ❞❡ ❣#❛✉ ❞❡ f ✱ ∂f ✱ ❛♦ &♥❞✐❝❡ n $❛❧ @✉❡ an 6= 0 ❡ aj = 0 ♣❛#❛ $♦❞♦ j > n✳ ❙❡✱
♣❛#❛ $♦❞♦ i{1, . . . , n}✱ ai = 0 ♦ ❣#❛✉ ❞❡ f(X) ♥7♦ ❡'$> ❞❡✜♥✐❞♦✳

❖❜3❡4✈❛,-♦ ✶✳✺✺✳ ◆♦ 6✉❡ +❡❣✉❡✱ +❡ ∂f = n ♣♦❞❡♠♦+ ❞❡♥♦$❛) f(X) ♣♦) a0 + a1X +

. . . + anX
n =

n∑

i=0

aiX
i
✱ ✐+$♦ 8✱ f(X) =

n∑

i=0

aiX
i
✱ ❥E 6✉❡ ❝♦♠♦ ai = 0✱ ♣❛)❛ $♦❞♦ i > n✱

i{1, . . . , n}✱ ♣♦❞❡♠♦+ ♦♠✐$✐) ❛ ♣❛)❝❡❧❛

∞∑

i=n+1

aiX
i
❞❡ ✭✶✳✾✮✳

❆❧8♠ ❞✐++♦✱ +❡ R 8 ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡ 1 6= 0✱ ❡+❝)❡✈❡)❡♠♦+ ♦ $❡)♠♦ 1Xk
❡♠ ✭✶✳✾✮

❝♦♠♦ Xk
✳

❊①❡♠♣❧♦ ✶✳✺✻✳ ❊♠ Z✱ ❡+❝)❡✈❡♠♦+ ♦ ♣♦❧✐♥D♠✐♦ 2 + 1X ❝♦♠♦ 2 +X✳ ❆++✐♠✱ 0, 2, X✱ ❡

2 +X2
+:♦ ♣♦❧✐♥D♠✐♦+ ❝♦♠ ❝♦❡✜❝✐❡♥$❡+ ❡♠ Z✳

❖❜3❡4✈❛,-♦ ✶✳✺✼✳ ❈❛❞❛ ❡❧❡♠❡♥$♦ ❞❡ R 8 ✉♠ ♣♦❧✐♥D♠✐♦✱ ♦ 6✉❛❧ ❝❤❛♠❛♠♦+✿ ♣♦❧✐♥D♠✐♦

❝♦♥+$❛♥$❡✱ ✐+$♦ 8✱ ∀a ∈ R, f(X) = a✱ 8 ✉♠ ♣♦❧✐♥D♠✐♦ ❝♦♥+$❛♥$❡✳

❊♠ ♣❛)$✐❝✉❧❛)✱ 6✉❛♥❞♦ f(X) = 0✱ ❝❤❛♠❛♠♦+ f(X) ❞❡ ♣♦❧✐♥D♠✐♦ ♥✉❧♦✳ ❱❡❥❛ 6✉❡ $♦❞♦

♣♦❧✐♥D♠✐♦ ❝♦♥+$❛♥$❡ ❡ ♥:♦ ♥✉❧♦ $❡♠ ❣)❛✉ ✐❣✉❛❧ ❛ ③❡)♦✳

❆ +❡❣✉✐) ❞❡✜♥✐♠♦+ ❞✉❛+ ♦♣❡)❛AP❡+ ❜✐♥E)✐❛+ ♣❛)❛ ♦ ❝♦♥❥✉♥$♦ ❞♦+ ♣♦❧✐♥D♠✐♦+ ❝♦♠

❝♦❡✜❝✐❡♥$❡+ ❡♠ ✉♠ ❛♥❡❧ R✳ ❆ ♣❛)$✐) ❞❡ ❛❣♦)❛ ❞❡♥♦$❛♠♦+ $❛❧ ❝♦♥❥✉♥$♦ ♣♦) R[X]✳ ?❛)❛
❛ ❛❞✐A:♦ ❡♠ R[X] ❝♦♥+✐❞❡)❡ f(X), g(X) ∈ R[X] ❞❛❞♦+ ♣♦)

f(X) = a0 + a1X + . . .+ anX
n + . . .



✸✻ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

❡

g(X) = b0 + b1X + . . .+ bnX
n + . . . .

❉❡✜♥✐♠♦) ❛ ❛❞✐,-♦ ❞❡ f(X) ❡ g(X)✱ ♣♦0

f(X) + g(X) := c0 + c1X + . . .+ cnX
n + . . .

❡♠ 1✉❡

cn = an + bn.

❊♥1✉❛♥4♦ 1✉❡ ❛ ♠✉❧4✐♣❧✐❝❛,-♦ ❞❡ f(X) ❡ g(X) 7 ❞❡✜♥✐❞❛ ♣♦0

f(X)g(X) := d0 + d1X + . . .+ dnX
n + . . .

❡♠ 1✉❡

dn =
n∑

i=0

aibn−i.

❈♦♠ 4❛✐) ♦♣❡0❛,9❡) (R[X],+, ·) 7 ✉♠ ❛♥❡❧✳ ❆❧7♠ ❞✐))♦✱ )❡ R 7 ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡

1R 6= 0R ❡♥4-♦ R[X] 7 ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡ ❡♠ 1✉❡ 4❛❧ ✉♥✐❞❛❞❡ 7 ♦ ♣♦❧✐♥<♠✐♦ ❝♦♥)4❛♥4❡

✐❣✉❛❧ ❛ 1✳ ❆✐♥❞❛ )❡ R 7 ✉♠ ❛♥❡❧ ❝♦♠✉4❛4✐✈♦ ❡♥4-♦ R[X] 7 ✉♠ ❛♥❡❧ ❝♦♠✉4❛4✐✈♦✳ ▼❛✐)

❛✐♥❞❛✱ )❡ R 7 ✉♠ ❞♦♠@♥✐♦ ❞❡ ✐♥4❡❣0✐❞❛❞❡✱ R[X] 4❛♠❜7♠ 7 ✉♠ ❞♦♠@♥✐♦ ❞❡ ✐♥4❡❣0✐❞❛❞❡✳

❊♠ ♣❛04✐❝✉❧❛0✱ )❡ R 7 ✉♠ ❝♦0♣♦ ♥-♦ ♣♦❞❡♠♦) ❣❛0❛♥4✐0 1✉❡ R[X] 7 ✉♠ ❝♦0♣♦✱ ❥C 1✉❡ ♥❡)4❡

❝❛)♦ ♦) D♥✐❝♦) ❡❧❡♠❡♥4♦) ✐♥✈❡04@✈❡✐) ❞❡ R[X] )-♦ ♦) ♣♦❧✐♥<♠✐♦) ❝♦♥)4❛♥4❡) ♥-♦ ♥✉❧♦)✱

♦✉ )❡❥❛✱ U(R[X]) = {f(X) ∈ R[X] : f(X) 7 ✉♠ ♣♦❧✐♥<♠✐♦ ❝♦♥)4❛♥4❡ ♥-♦ ♥✉❧♦}✱
❝♦♥)❡1✉❡♥4❡♠❡♥4❡ U(R[X]) 6= R[X] − {0} ✳ ❊♥40❡4❛♥4♦ ✈❡0❡♠♦) ♥♦ 4❡♦0❡♠❛ ✶✳✼✶ 1✉❡

)❡ R 7 ✉♠ ❝♦0♣♦ ❡♥4-♦ R[X] 7 ✉♠ ❉♦♠@♥✐♦ ❞❡ ■❞❡❛✐) H0✐♥❝✐♣❛✐) ✭H■❉✮✳ H❛0❛ ♠❛✐)

❞❡4❛❧❤❡) ✈✐❞❡ ♣✳ ✷✵✵✱ ❚❡♦0❡♠❛ ✷✳✷✷ ❡♠ ❬✷❪✳

❊①❡♠♣❧♦ ✶✳✺✽✳ ❊♠ Z2[X] 4❡♠♦)

(X + 1)2 = (X + 1)(X + 1) = X2 + (1 + 1)X + 1 = X2 + 1.

❊♥1✉❛♥4♦ 1✉❡✿

(X + 1) + (X + 1) = (1 + 1)X + (1 + 1) = 0X + 0 = 0.

❉❡✜♥✐/0♦ ✶✳✺✾✳ ❙❡ R " ✉♠ ❛♥❡❧ ❡ X ❡ Y ()♦ ✈❛,✐.✈❡✐( ✐♥❞❡0❡,♠✐♥❛❞❛(✱ ♣♦❞❡♠♦( ❢♦,✲

♠❛, ♦ ❛♥❡❧ (R[X])[Y ]✱ ✐(0♦ "✱ ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥5♠✐♦( ❡♠ Y ❝✉❥♦( ❝♦❡✜❝✐❡♥0❡( ♣❡,0❡♥❝❡♠

❛ R[X]✳
❉❡♥♦0❛♠♦( (R[X])[Y ] = R[X, Y ]✳ ❉❡ ♠♦❞♦ ✐♥❞✉0✐✈♦ ♣♦❞❡♠♦( ❞❡✜♥✐, ♦ ❛♥❡❧ R[X1, . . . , Xn]
❞❡ ♣♦❧✐♥5♠✐♦( ❝♦♠ n ✈❛,✐.✈❡✐( ✐♥❞❡0❡,♠✐♥❛❞❛( Xi ❝♦♠ ❝♦❡✜❝✐❡♥0❡( ❡♠ R✳

❚❡♦3❡♠❛ ✶✳✻✵✳ ❙❡❥❛♠ F ✉♠ ❝♦,♣♦ ❡ α ;✉❛❧;✉❡, ❡❧❡♠❡♥0♦ ❞❡ F ✳
❆ ❛♣❧✐❛❝❛=)♦ φα : F [X]→ F ❞❡✜♥✐❞❛ ♣♦,

φα(f(X)) = φα(a0 + a1X + . . .+ anX
n) := a0 + a1α + . . .+ anα

n

♣❛,❛ ;✉❛❧;✉❡, f(X) ∈ F [X] " ✉♠ ❤♦♠♦♠♦,✜(♠♦ ❞❡ F [X] ❡♠ F ✳

❆❧"♠ ❞✐((♦✱ φα(a) = a ♣❛,❛ a ∈ F ✳

❖ ❤♦♠♦♠♦,✜(♠♦ φα " ❝❤❛♠❛❞♦ ❞❡ ❤♦♠♦♠♦,✜(♠♦ ❞❡ ✈❛❧♦,❛=)♦ ❡♠ α✳



❆♥❡❧ ❞❡ ♣♦❧✐♥(♠✐♦* ✸✼

❉❡♠♦♥%&'❛)*♦✳ ❆ ❛♣❧✐❝❛()♦ φα ❡,-. ❜❡♠ ❞❡✜♥✐❞❛✱ ✐,-♦ 5✱ ✐♥❞❡♣❡♥❞❡♥-❡ ❞❛ 6❡♣6❡,❡♥-❛()♦

❞❡ f(X) ∈ F [X] ❝♦♠♦ ✉♠❛ ,♦♠❛ ✜♥✐-❛

a0 + a1X + . . .+ anX
n,

✉♠❛ ✈❡③ :✉❡ -❛❧ ,♦♠❛ ✜♥✐-❛ 6❡♣6❡,❡♥-❛♥❞♦ f(X) ♣♦❞❡ ,❡6 ❛❧-❡6❛❞❛ ,♦♠❡♥-❡ ♣❡❧❛ ✐♥,❡6()♦

♦✉ ❡①❝❧✉,)♦ ❞♦, -❡6♠♦, 0xi
✱ ♦ :✉❡ ♥)♦ ❛❢❡-❛ ♦ ✈❛❧♦6 ❞❡ φα(f(X))✳

❆❣♦6❛ ,❡ f(X) = a0 + a1X + . . . + anX
n
✱ g(X) = b0 + b1X + . . . + bmX

m
❡ h(X) :=

f(X) + g(X) = c0 + c1X + . . .+ crX
r
✱ ❡♥-)♦

φα(f(X) + g(X)) = φα(h(X)) = c0 + c1α + . . .+ crα
r,

❡♥:✉❛♥-♦ :✉❡

φα(f(X)) + φα(g(X)) = (a0 + a1α + . . .+ anα
n) + (b0 + b1α + . . .+ bmα

m).

❈♦♠♦ ♣♦6 ❞❡✜♥✐()♦ ❞❡ ❛❞✐()♦ ♣♦❧✐♥♦♠✐❛❧ -❡♠♦, ci = ai + bi✱ ✈❡♠♦, :✉❡

φα(f(X) + g(X)) = φα(f(X)) + φα(g(X)) ✭✶✳✶✵✮

D❛6❛ ❛ ♠✉❧-✐♣❧✐❝❛()♦✱ -❡♠♦,

f(X)g(X) = d0 + d1X + . . .+ dsX
s,

❧♦❣♦

φα(f(X)g(X)) = d0 + d1α + . . .+ dsα
s,

❡♥:✉❛♥-♦ :✉❡

[φα(f(X))][φα(g(X))] = (a0 + a1α + . . .+ αnα
n)(b0 + b1α + . . .+ bmα

m).

❏. :✉❡ ♣♦6 ❞❡✜♥✐()♦ ❞❡ ♠✉❧-✐♣❧✐❝❛()♦ ♣♦❧✐♥♦♠✐❛❧ 5 ❞❛❞❛ dj =

j
∑

i=0

aibj−i ✈❡♠♦, :✉❡

φα(f(X)(g(X)) = [φα(f(X))][φα(g(X))]. ✭✶✳✶✶✮

D♦6 ✭✶✳✶✵✮ ❡ ✭✶✳✶✶✮ ,❡❣✉❡ :✉❡ φα 5 ✉♠ ❤♦♠♦♠♦6✜,♠♦✳ ❆ ♣6G♣6✐❛ ❞❡✜♥✐()♦ ❞❡ φα

❛♣❧✐❝❛❞❛ ❛ ✉♠ ♣♦❧✐♥H♠✐♦ ❝♦♥,-❛♥-❡ a ∈ R[X]✱ ❡♠ :✉❡ a ∈ R✱ ❞. φα(a) = a✳

❊✱ ♣♦6 ❞❡✜♥✐()♦ ❞❡ φα✱ -❡♠♦, φα(X) = φα(1X) = 1α = α✳

❊①❡♠♣❧♦ ✶✳✻✶✳ ❙❡❥❛ F ❂ Q✳ D❡❧♦ -❡♦6❡♠❛ ✶✳✻✵✱ -❡♠♦, :✉❡ ♦ ❤♦♠♦♠♦6✜,♠♦ ❞❡

✈❛❧♦6❛()♦ φ0 : Q[X]→ R 5 ❞❛❞♦ ♣♦6

φ0(a0 + a1X + . . .+ anX
n) = a0 + a10 + . . .+ an0

n = a0.

❊①❡♠♣❧♦ ✶✳✻✷✳ ❙❡❥❛ F ❂ Q✳ D❡❧♦ -❡♦6❡♠❛ ✶✳✻✵✱ -❡♠♦, :✉❡ ♦ ❤♦♠♦♠♦6✜,♠♦ ❞❡

✈❛❧♦6❛()♦ φ2 : Q[X]→ R 5 ❞❛❞♦ ♣♦6

φ2(a0 + a1X + . . .+ anX
n) = a0 + a12 + . . .+ an2

n.

❖❜,❡6✈❡ :✉❡

φ2(X
2 +X − 6) = 22 + 2− 6 = 0.

❆,,✐♠✱ (X2 +X − 6) ❡,-. ♥♦ ♥O❝❧❡♦ ❞❡ φ2 ✳



✸✽ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

❉❡✜♥✐%&♦ ✶✳✻✸✳ ❙❡❥❛♠ F ✉♠ ❝♦(♣♦ ❡ α ✉♠ ❡❧❡♠❡♥,♦ ❞❡ F ✱ f(X) = a0 + a1X +
. . .+ anX

n ∈ F [X]✱ ❡ φα : F [X]→ F ♦ ❤♦♠♦♠♦(✜1♠♦ ❞❡ ✈❛❧♦(❛34♦ ❞♦ ,❡♦(❡♠❛ ✶✳✻✵✳

❉❡♥♦,❛♠♦1

f(α) := φα(f(X)) = a0 + a1α + . . .+ anα
n.

❙❡ f(α) = 0 ❞✐③❡♠♦1 <✉❡ α = ✉♠ ③❡(♦ ❞❡ f(X)✳

❉❡✜♥✐%&♦ ✶✳✻✹✳ ❙❡❥❛ F ✉♠ ❝♦(♣♦✳ ❉✐③❡♠♦1 <✉❡ f(X) ∈ F [X]✱ ♣♦❧✐♥>♠✐♦ ♥4♦ ♥✉❧♦✱

1❡ ❢❛,♦(❛ ❡♠ F [X] <✉❛♥❞♦ ❡①✐1,❡♠ ♣♦❧✐♥>♠✐♦1 g(X)✱ h(X) ∈ F [X]✱ ,❛✐1 <✉❡ f(X) =
g(X)h(X)✳ ❆✐♥❞❛ g(X) ❡ h(X) 14♦ ❝❤❛♠❛❞♦1 ❢❛,♦(❡1 ❞❡ f(X)✳

❖❜/❡0✈❛%&♦ ✶✳✻✺✳ ❙✉♣♦♥❤❛ )✉❡ f(X) ∈ F [X] +❡ ❢❛-♦.❛ ❡♠ f(X) = g(X)h(X) ❝♦♠

g(X) ✱ h(X) ∈ F [X] ❡ +❡❥❛ α ∈ F ✳ ❱❡❥❛ )✉❡

f(α) = φα(f(X)) = φα(g(X)h(X)) = φα(g(X))φα(h(X)) = g(α)h(α).

❆++✐♠✱ α ∈ F 7 -❛❧ )✉❡ f(α) = 0 +❡✱ ❡ +♦♠❡♥-❡ +❡✱ g(α) = 0 ♦✉ h(α) = 0✱ ❥9 )✉❡

g(α)✱ h(α) ∈ F ❡ F 7✱ ❡♠ ♣❛.-✐❝✉❧❛.✱ ✉♠ ❞♦♠;♥✐♦ ❞❡ ✐♥-❡❣.✐❞❛❞❡✳

❆ +❡❣✉✐. ❛♣.❡+❡♥-❛♠♦+ ✉♠❛ ❢❡..❛♠❡♥-❛ ✐♠♣♦.-❛♥-❡ ❛♦ ❧♦♥❣♦ ❞❡+-❡ -.❛❜❛❧❤♦✳

❚❡♦0❡♠❛ ✶✳✻✻✳ ✭❆❧❣♦(✐,♠♦ ❞❛ ❞✐✈✐14♦ ♣❛(❛ F [X]✮
❙❡ f(X) = anX

n + an−1X
n−1 + . . .+ a0 ❡ g(X) = bmX

m + bm−1X
m−1 + . . .+ b0

14♦ ❡❧❡♠❡♥,♦1 ❞❡ F [X]✱ ❝♦♠ an ❡ bm✱ ♥4♦ ♥✉❧♦1✱ ❡❧❡♠❡♥,♦1 ❞✐❢❡(❡♥,❡1 ❞❡ ③❡(♦ ❡♠

F ❡ m > 0 ❡♥,4♦ ❡①✐1,❡♠✱ ❡ 14♦ E♥✐❝♦1✱ ♣♦❧✐♥>♠✐♦1 q(X) ❡ r(X) ∈ F [X] ,❛✐1 <✉❡

f(X) = g(X)q(X)+ r(X)✱ ❡♠ <✉❡ r(X) = 0 ♦✉ ♦ ❣(❛✉ ❞❡ r(X) = ♠❡♥♦( <✉❡ ♦ ❣(❛✉ ❞❡

g(X)✳ ❉❡♥♦♠✐♥❛♠♦1 q(X) ❞❡ <✉♦❝✐❡♥,❡ ❡ r(X) ♦ (❡1,♦ ❞❛ ❞✐✈✐14♦ ❞❡ f(X) ♣♦( g(X)✳

❉❡♠♦♥1,(❛34♦✳ ❈♦♥+✐❞❡.❡ ♦ ❝♦♥❥✉♥-♦ S = {f(X) − g(X)s(X) | s(X) ∈ F [X]}✳ ❙❡

0 ∈ S ❡♥-?♦ ❡①✐+-❡ ✉♠ s(X) ∈ F [X] -❛❧ )✉❡ f(X) − g(X)s(X) = 0✳ ▲♦❣♦✱ f(X) =
g(X)s(X)✳ ❆++✐♠✱ -♦♠❛♥❞♦ q(X) = s(X) ❡ r(X) = 0✱ -❡♠♦+ ♣.♦✈❛❞♦ ♦ -❡♦.❡♠❛✳

❈❛+♦ ❝♦♥-.9.✐♦✱ ✐+-♦ 7✱ +❡ 0 /∈ S +❡❥❛ r(X) ❡❧❡♠❡♥-♦ ❞❡ ❣.❛✉ ♠;♥✐♠♦ ❡♠ S✱ )✉❡ ❡①✐+-❡

♣❡❧♦ C.✐♥❝;♣✐♦ ❞♦ ▼❡♥♦. ■♥-❡✐.♦✳ ❆++✐♠✱

f(X) = g(X)q(X) + r(X)

♣❛.❛ ❛❧❣✉♠ q(X) ∈ F [X]✳ ❘❡+-❛✲♥♦+ ♠♦+-.❛. )✉❡ ♦ ❣.❛✉ ❞❡ r(X) 7 ♠❡♥♦. )✉❡ m = ∂g✳
C❛.❛ -❛♥-♦✱ +✉♣♦♥❤❛ )✉❡

r(X) = ctX
t + ct−1X

t−1 + . . .+ c0,

❝♦♠ ct ∈ F ❡ ct 6= 0✳ ❙❡ t ≥ m✱ ❡♥-?♦

f(X)− q(X)g(X)−
(

ct
bm

)

X t−mg(X) = r(X)−
(

ct
bm

)

X t−mg(X). ✭✶✳✶✷✮

❱❡❥❛ )✉❡✿ r(X)−
(

ct
bm

)

X t−mg(X) = r(X)− (ctx
t+ -❡.♠♦+ ❞❡ ❣.❛✉ ♠❡♥♦.✮✱ )✉❡ 7 ✉♠

♣♦❧✐♥M♠✐♦ ❞❡ ❣.❛✉ ♠❡♥♦. )✉❡ t = ∂r(X)✳ ◆♦ ❡♥-❛♥-♦✱ ♦ ♣♦❧✐♥M♠✐♦ ❡♠ ✶✳✶✷ ♣♦❞❡ +❡.

❡+❝.✐-♦ ♥❛ ❢♦.♠❛

f(X)− g(X)[q(X) +

(
ct
bm

)

X t−m] ✭✶✳✶✸✮



❆♥❡❧ ❞❡ ♣♦❧✐♥(♠✐♦* ✸✾

❧♦❣♦ ✭✶✳✶✸✮ ) ✉♠ ❡❧❡♠❡♥.♦ ❡♠ S✱ ❝♦♥$%❛❞✐③❡♥❞♦ ♦ ❢❛$♦ ❞❡ ,✉❡ r(X) ❢♦✐ .❡❧❡❝✐♦♥❛❞♦ ♣❛%❛

$❡% ❣%❛✉ ♠3♥✐♠♦ ❡♠ S✳

❈♦♠ ✐..♦✱ ♦ ❣%❛✉ ❞❡ r(X) 6 ♥❡❝❡..❛%✐❛♠❡♥$❡ ♠❡♥♦% ,✉❡ ♦ ❣%❛✉ m ❞❡ g(X)✳
7❛%❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ,✉♦❝✐❡♥$❡ ❡ ❞♦ %❡.$♦ ❞❡ $❛❧ ❞✐✈✐.9♦✱ .✉♣♦♥❤❛

f(X) = g(X)q1(X) + r1(X) ✭✶✳✶✹✮

❡

f(X) = g(X)q2(X) + r2(X). ✭✶✳✶✺✮

❙✉❜$%❛✐♥❞♦ ✭✶✳✶✺✮ ❞❡ ✭✶✳✶✹✮ ♦❜$❡♠♦.✿ g(X)q1(X) + r1(X)− g(X)q2(X)− r2(X) =
0⇒ g(X)q1(X)− g(X)q2(X) = r2(X)− r1(X)⇒

g(X)[q1(X)− q2(X)] = r2(X)− r1(X). ✭✶✳✶✻✮

❈♦♠♦ r2(X)− r1(X) = 0 ♦✉ ♦ ❣%❛✉ ❞❡ (r2(X)− r1(X)) 6 ♠❡♥♦% ,✉❡ ♦ ❣%❛✉ ❞❡ g(X)✱
✭✶✳✶✻✮ .D ♣♦❞❡ ❛❝♦♥$❡❝❡% .❡ q1(X) − q2(X) = 0✱ ♦✉ .❡❥❛✱ .❡ q1(X) = q2(X)✳ ❈♦♠ ✐..♦✱

❞❡✈❡♠♦. $❡% r2(X)− r1(X) = 0✱ ❡ ❡♥$9♦ r1(X) = r2(X)✳

❊①❡♠♣❧♦ ✶✳✻✼✳ ❈♦♥.✐❞❡%❡♠♦. ♦. .❡❣✉✐♥$❡. ♣♦❧✐♥F♠✐♦. ❡♠ Z5[X]✱ f(X) = X4−3X3+
2X2 + 4X − 1 ❡ g(X) = X2 − 2X + 3✳ ❱❡❥❛ ,✉❡ ❞✐✈✐❞✐♥❞♦ f(X) ♣♦% g(X)✱ ♦❜$❡♠♦.✿

q(X) = X2 −X − 3 ❡ r(X) = X + 3✳

❈♦,♦❧-,✐♦ ✶✳✻✽✳ ❯♠ ❡❧❡♠❡♥%♦ a ∈ F ' ✉♠ ③❡*♦ ❞❡ f(X) ∈ F [X] ,❡✱ ❡ ,♦♠❡♥%❡ ,❡✱
X − a ' ✉♠ ❢❛%♦* ❞❡ f(X) ∈ F [X]✳

❉❡♠♦♥,%*❛23♦✳ (⇒) ❙✉♣♦♥❤❛ ,✉❡ ♣❛%❛ a ∈ F $❡♠♦. f(a) = 0✳ 7❡❧♦ $❡♦%❡♠❛ ✶✳✻✻

❞✐✈✐❞✐♥❞♦ f(X) ♣♦% (X − a)✱ ❡①✐.$❡♠ q(X)✱ r(X) ∈ F [X] $❛✐. ,✉❡

f(X) = (X − a)q(X) + r(X),

❡♠ ,✉❡ r(X) = 0 ♦✉ ♦ ❣%❛✉ ❞❡ r(X) 6 ♠❡♥♦% ,✉❡ 1 = ∂(X − a)✳
❆..✐♠ ♥❡❝❡..❛%✐❛♠❡♥$❡ r(X) = c ♣❛%❛ ❛❧❣✉♠ c ∈ F ✱ ❧♦❣♦✿

f(X) = (X − a)q(X) + c.

❆♣❧✐❝❛♥❞♦ ♦ ❤♦♠♦♠♦%✜.♠♦ ❞❡ ✈❛❧♦%❛K9♦ φa : F [X]→ F $❡♠♦.

0 = f(a) = 0q(a) + c,

❝♦♥.❡,✉❡♥$❡♠❡♥$❡ c = 0✳ ▲♦❣♦ f(X) = (X − a)q(X)✱ ♦✉ .❡❥❛✱ X − a 6 ✉♠ ❢❛$♦%

❞❡ f(X)✳

(⇐) ❙❡ X − a 6 ✉♠ ❢❛$♦% ❞❡ f(X) ∈ F [X]✱ ♦♥❞❡ a ∈ F ✱ $❡♠♦. f(X) = (X − a)q(X)
♣❛%❛ ❛❧❣✉♠ q(X) ∈ F [X]❀ ❛♣❧✐❝❛♥❞♦ ♦ ❤♦♠♦♠♦%✜.♠♦ ❞❡ ✈❛❧♦%❛K9♦ $❡♠♦. f(a) =
0q(a) = 0✳



✹✵ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

❊①❡♠♣❧♦ ✶✳✻✾✳ ❊♠ Z5[X]✱ ♥♦'❡ )✉❡ 1 + ✉♠ ③❡-♦ ❞❡

f(X) = X4 + 3X3 + 2X + 4 ∈ Z5[X].

♣♦✐1 f(1) = 0✳ ❆11✐♠✱ ♣❡❧♦ ❝♦-♦❧6-✐♦ ✶✳✻✽✱ ♣♦❞❡♠♦1 ❢❛'♦-❛- X4 + 3X3 + 2X + 4 ❝♦♠♦

(X − 1)q(X) ❡♠ Z5[X]✳
❆11✐♠✱ X4 + 3X3 + 2X + 4 = (X − 1)(X3 + 4X2 + 4X + 1) ❡♠ Z5[X]✳ ▼❛1 1 '❛♠❜+♠

+ ✉♠ ③❡-♦ ❞❡ X3 + 4X2 + 4X + 1 ❡ ♣♦❞❡♠♦1 ❞✐✈✐❞✐- ❡1'❡ ♣♦❧✐♥?♠✐♦ ♣♦- X − 1 ❡ ♦❜'❡-

(X2 + 4)✳ ▼❛1 1 '❛♠❜+♠ + ③❡-♦ ❞❡ (X2 + 4) ❡ ♣♦❞❡♠♦1 ❞✐✈✐❞✐- ♥♦✈❛♠❡♥'❡ ♣♦- X − 1
❡ ♦❜'❡- X + 1✳
❆11✐♠✱ X4 + 3X3 + 2X + 4 = (X − 1)3(X + 1) ❡♠ Z5[X]✳

❉❡✜♥✐/0♦ ✶✳✼✵✳ ❯♠ ♣♦❧✐♥'♠✐♦ ♥(♦ ❝♦♥*+❛♥+❡ f(X) ∈ F [X] . ✐//❡❞✉+2✈❡❧ *♦❜/❡ F ✭♦✉

✉♠ ♣♦❧✐♥'♠✐♦ ✐//❡❞✉+2✈❡❧ ❡♠ F [X]✮ *❡ f(X) ♥(♦ ♣♦❞❡ *❡/ ❡①♣/❡**♦ ❝♦♠♦ ✉♠ ♣/♦❞✉+♦

g(X)h(X)✱ ❞❡ ❞♦✐* ♣♦❧✐♥'♠✐♦* g(X) ❡ h(X) ∈ F [X]✱ ❛♠❜♦* ❞❡ ♠❡♥♦/ ❣/❛✉ :✉❡ ♦ ❣/❛✉
❞❡ f(X)✳ ❙❡ f(X) ∈ F [X] . ✉♠ ♣♦❧✐♥'♠✐♦ ♥(♦ ❝♦♥*+❛♥+❡ :✉❡ ♥(♦ . ✐//❡❞✉+2✈❡❧ *♦❜/❡

F ✱ ❡♥+(♦ ❞✐③❡♠♦* :✉❡ f(X) . /❡❞✉+2✈❡❧ *♦❜/❡ F ✳

❚❡♦4❡♠❛ ✶✳✼✶✳ ❙❡ F . ✉♠ ❝♦/♣♦✱ ❡♥+(♦ ❡♠ F [X] . ✉♠ >■❉✳

❉❡♠♦♥*+/❛A(♦✳ @-❡❝✐1❛♠♦1 ♠♦1'-❛- )✉❡ '♦❞♦ ✐❞❡❛❧ N ❞❡ F [X] + ✉♠ ✐❞❡❛❧ ♣-✐♥❝✐♣❛❧✱

♦✉ 1❡❥❛✱ )✉❡ ❡①✐1'❡ g(X) ∈ F [X] '❛❧ )✉❡ N = 〈g(X)〉✳ ❙❡❥❛ N ✉♠ ✐❞❡❛❧ ❞❡ F [X]✳ ❙❡

N = {0}✱ ❡♥'D♦ N = 〈0〉✳ ❙✉♣♦♥❤❛ )✉❡ N 6= {0} ❡ 1❡❥❛ g(X) 6= 0 ❡ g(X) ∈ N ❞❡

❣-❛✉ ♠G♥✐♠♦✱ )✉❡ ❡①✐1'❡ ♣❡❧♦ @-✐♥❝G♣✐♦ ❞♦ ▼❡♥♦- ■♥'❡✐-♦✳ ❙❡ ♦ ❣-❛✉ ❞❡ g(X) + ✵✱ ❡♥'D♦
g(X) ∈ F ✱ ❡ g(X) ∈ U(F [X])✳ ▲♦❣♦ N = 〈1〉 = F [X]✱ ♥❡11❛ ✐❣✉❛❧❞❛❞❡ ✉1❛ ♦ ❧❡♠❛ ✶✳✷✹

❡♥'D♦ N + ♣-✐♥❝✐♣❛❧✳ ❙❡ ∂g(X) > 1✱ 1❡❥❛ f(X) )✉❛❧)✉❡- ❡❧❡♠❡♥'♦ ❞❡ N ✳ ❊♥'D♦✱ ♣❡❧♦

'❡♦-❡♠❛ ✶✳✻✻✱ ❡①✐1'❡♠ q(X) ❡ r(X) ∈ F [X] '❛✐1 )✉❡ f(X) = g(X)q(X) + r(X)✱ ♦♥❞❡
r(X) = 0 ♦✉ ∂r < ∂g✳

❆❣♦-❛ f(X) ∈ N ❡ g(X) ∈ N ✐♠♣❧✐❝❛♠ )✉❡ f(X) − g(X)q(X) ∈ N ♣♦- ❞❡✜♥✐LD♦

❞❡ ✐❞❡❛❧✳ ❈♦♠♦ g(X) + ✉♠ ❡❧❡♠❡♥'♦ ♥D♦ ♥✉❧♦ ❞❡ ❣-❛✉ ♠G♥✐♠♦ ❡♠ N ✱ ♥❡❝❡11❛-✐❛♠❡♥'❡

r(X) = 0✳ ❆11✐♠ f(X) = g(X)q(X) ∈ 〈g(X)〉✳ @♦-'❛♥'♦ N ⊂ 〈g(X)〉✳ ❆✐♥❞❛✱ ❝♦♠♦

g(X) ∈ N '❡♠♦1 〈g(X)〉 ⊂ N ✳ @♦-'❛♥'♦✱ N = 〈g(X)〉✳

❚❡♦4❡♠❛ ✶✳✼✷✳ ❙❡❥❛ F ✉♠ ❝♦/♣♦✱ ✉♠ ✐❞❡❛❧ 〈p(X)〉 6= 0 ❞❡ F [X] . ✐❞❡❛❧ ♠❛①✐♠❛❧ *❡✱ ❡
*♦♠❡♥+❡ *❡✱ p(X) . ✐//❡❞✉+2✈❡❧ *♦❜/❡ F ✳

❉❡♠♦♥*+/❛A(♦✳ (⇒) ❙✉♣♦♥❤❛ )✉❡ 〈p(X)〉 6= 0 1❡❥❛ ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❞❡ F [X]✳ ❊♥'D♦
〈p(X)〉 6= F [X]✱ ❧♦❣♦ p(X) /∈ F ✳

❆❣♦-❛ 1❡❥❛ p(X) = f(X)g(X) ✉♠❛ ❢❛'♦-❛LD♦ ❞❡ p(X) ❡♠ F [X]✳ ❈♦♠♦ 〈p(X)〉
+ ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ ♣❡❧♦ '❡♦-❡♠❛ ✶✳✸✼ ❡✱ ♣♦-'❛♥'♦✱ '❛♠❜+♠ ✉♠ ✐❞❡❛❧ ♣-✐♠♦✱

(f(X)g(X)) ∈ 〈p(X)〉 ✐♠♣❧✐❝❛ )✉❡ f(X) ∈ 〈p(X)〉 ♦✉ g(X) ∈ 〈p(X)〉❀ ✐1'♦ +✱

f(X) ♦✉ g(X) '❡♠ p(X) ❝♦♠♦ ✉♠ ❢❛'♦-✳ ▼❛1 ❡♥'D♦ ♥D♦ ♣♦❞❡♠♦1 '❡- ♦1 ❣-❛✉1 ❞❡

❛♠❜♦1 f(X) ❡ g(X) ❡1'-✐'❛♠❡♥'❡ ♠❡♥♦-❡1 )✉❡ ♦ ❣-❛✉ ❞❡ p(X)✳ ■11♦ ♠♦1'-❛ )✉❡

p(X) + ✐--❡❞✉'G✈❡❧ 1♦❜-❡ F ✱ ♣❡❧❛ ❞❡✜♥✐LD♦✳



❆♥❡❧ ❞❡ ♣♦❧✐♥(♠✐♦* ✹✶

(⇐) ❙❡ p(X) $ ✐&&❡❞✉)*✈❡❧ -♦❜&❡ F ✱ -✉♣♦♥❤❛ 5✉❡ N -❡❥❛ ✉♠ ✐❞❡❛❧ )❛❧ 5✉❡ 〈p(X)〉 ⊆
N ⊆ F [X]✳ ❆❣♦&❛ N $ ✉♠ ✐❞❡❛❧ ♣&✐♥❝✐♣❛❧ ♣❡❧♦ )❡♦&❡♠❛ ✶✳✼✶✱ ❡♥)=♦ N = 〈g(X)〉
♣❛&❛ ❛❧❣✉♠ g(X) ∈ N ✳ ▲♦❣♦ -❡ p(X) ∈ N ❡♥)=♦ p(X) = g(X)q(X) ♣❛&❛ ❛❧❣✉♠

q(X) ∈ F [X]✳ ▼❛- p(X) $ ✐&&❡❞✉)*✈❡❧✱ ♦ 5✉❡ ✐♠♣❧✐❝❛ 5✉❡ g(X) ♦✉ q(X) $ ❞❡

❣&❛✉ 0✳ ❙❡ g(X) $ ❞❡ ❣&❛✉ 0✱ ✐-)♦ $✱ ✉♠❛ ❝♦♥-)❛♥)❡ ❞✐❢❡&❡♥)❡ ❞❡ ③❡&♦ ❡♠ F ✱ ❡♥)=♦

g(X) $ ✉♠❛ ✉♥✐❞❛❞❡ ❡♠ F [X]✱ ❝♦♥-❡5✉❡♥)❡♠❡♥)❡ N = 〈g(X)〉 = F [X]✳ ❙❡ q(X)
$ ❞❡ ❣&❛✉ 0✱ ❡♥)=♦ q(X) = c✱ ♦♥❞❡ c ∈ F ❡ g(X) = (1�c)p(X) ∈ 〈p(X)〉✱ ❡♥)=♦
N = 〈p(X)〉✳ ❆--✐♠ 〈p(X)〉 ⊂ N ⊂ F [X] $ ✐♠♣♦--*✈❡❧✱ ❡♥)=♦ 〈p(X)〉 $ ✐❞❡❛❧

♠❛①✐♠❛❧✳

❚❡♦#❡♠❛ ✶✳✼✸✳ ❙❡❥❛ p(X) ✉♠ ♣♦❧✐♥+♠✐♦ ✐,,❡❞✉./✈❡❧ ❡♠ F [X]✳ ❙❡ p(X) ❞✐✈✐❞❡ r(X)s(X)✱
❝♦♠ r(X)✱ s(X) ∈ F [X]✱ ❡♥.4♦ p(X) | r(X) ♦✉ p(X) | s(X)✳

❉❡♠♦♥6.,❛74♦✳ C&✐♠❡✐&♦ ✈❡❥❛ 5✉❡ ❝♦♠♦ p(X) $ ✐&&❡❞✉)*✈❡❧ )❡♠♦-✱ ♣❡❧♦ )❡♦&❡♠❛ ✶✳✼✷

5✉❡ 〈p(X)〉 $ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❡ ❝♦♥-❡5✉❡♥)❡♠❡♥)❡ ♣♦& ✶✳✸✼ $ ✉♠ ✐❞❡❛❧ ♣&✐♠♦✳ ❆--✐♠✱ -❡

p(X) | r(X)s(X) ❡♥)=♦ r(X)s(X) ∈ 〈p(X)〉✱ ♠❛- 〈p(X)〉 $ ✐❞❡❛❧ ♣&✐♠♦ ❧♦❣♦ r(X) ∈
〈p(X)〉 ♦✉ s(X) ∈ 〈p(X)〉✱ ♦✉ -❡❥❛✱ p(X) | r(X) ♦✉ p(X) | s(X)✳

❈♦#♦❧,#✐♦ ✶✳✼✹✳ ❙❡ p(X) 8 ✐,,❡❞✉./✈❡❧ ❡♠ F [X] ❡ p(X) ❞✐✈✐❞❡ ♦ ♣,♦❞✉.♦ r1(X) . . . rn(X)✱
❝♦♠ ri(X) ∈ F [X]✱ ∀i ∈ {1, . . . , n}✱ ❡♥.4♦ p(X) ❞✐✈✐❞❡ ri(X) ♣❛,❛ ❛❧❣✉♠ i ∈ {1, . . . , n}✳

❉❡♠♦♥6.,❛74♦✳ ❙❡❣✉❡ ❞♦ )❡♦&❡♠❛ ✶✳✼✸ ❡ ❞♦ C&✐♥❝*♣✐♦ ❞❡ ■♥❞✉G=♦ ▼❛)❡♠H)✐❝❛✳

❚❡♦#❡♠❛ ✶✳✼✺✳ ❙❡ F 8 ✉♠ ❝♦,♣♦ ❡♥.4♦ .♦❞♦ ♣♦❧✐♥+♠✐♦ ♥4♦ ❝♦♥6.❛♥.❡ f(X) ∈ F [X]
♣♦❞❡ 6❡, ❢❛.♦,❛❞♦ ❡♠ F [X] ❡♠ ✉♠ ♣,♦❞✉.♦ ❞❡ ♣♦❧✐♥+♠✐♦6 ✐,,❡❞✉./✈❡✐6 ❞❡ ♠❛♥❡✐,❛ ;♥✐❝❛

❛ ♠❡♥♦6 ❞❛ ♦,❞❡♠ ♥♦ ,❡❢❡,✐❞♦ ♣,♦❞✉.♦ ❡ ♣♦, ❝♦♥6.❛♥.❡6 ♥4♦✲♥✉❧❛6 ❡♠ F ✳

❉❡♠♦♥6.,❛74♦✳ ❙❡❥❛ f(X) ✉♠ ♣♦❧✐♥I♠✐♦ ♥=♦✲❝♦♥-)❛♥)❡✳ ❙❡ f(X) ♥=♦ $ ✐&&❡❞✉)*✈❡❧✱

❡♥)=♦ f(X) = g(X)h(X)✱ ❝♦♠ ♦ ❣&❛✉ ❞❡ g(X) ❡ ♦ ❣&❛✉ ❞❡ h(X) ❛♠❜♦- ♠❡♥♦&❡- 5✉❡ ♦

❣&❛✉ ❞❡ f(X)✳ ❙❡ g(X) ❡ h(X) -=♦ ❛♠❜♦- ✐&&❡❞✉)*✈❡✐-✱ ♦ &❡-✉❧)❛❞♦ ❡-)H ♣&♦✈❛❞♦✳

❈❛-♦ ❝♦♥)&H&✐♦✱ ♣❡❧♦ ♠❡♥♦- ✉♠ ❞❡--❡- -❡ ❢❛)♦&❛ ❡♠ ♣♦❧✐♥I♠✐♦- ❞❡ ❣&❛✉ ♠❡♥♦&✳ ❈♦♥)✐✲

♥✉❛♥❞♦ ❡--❡ ♣&♦❝❡--♦✱ ❝❤❡❣❛♠♦- ❛ ✉♠❛ ❢❛)♦&❛G=♦

f(X) = p1(X)p2(X) . . . pr(X),

❡♠ 5✉❡ ❝❛❞❛ pi(X) $ ✐&&❡❞✉)*✈❡❧ ♣❛&❛ i = 1, 2, . . . , r✳
❘❡-)❛✲♥♦- ♠♦-)&❛& ❛ ✉♥✐❝✐❞❛❞❡ ❛ ♠❡♥♦- ❞❡ ♦&❞❡♠ ❞❡ ♣&♦❞✉)♦ ❡ ❝♦♥-)❛♥)❡- ♥=♦ ♥✉❧❛-

❡♠ F ✳ ❙✉♣♦♥❤❛ 5✉❡

p1(X)p2(X) . . . pr(X) = f(X) = q1(X)q2(X) . . . qs(X)

-❡❥❛♠ ❞✉❛- ❢❛)♦&❛GM❡- ❞❡ f(X) ❡♠ ♣♦❧✐♥I♠✐♦- ✐&&❡❞✉)*✈❡✐-✳

C❡❧♦ ❝♦&♦❧H&✐♦ ✶✳✼✹ p1(X) ❞✐✈✐❞❡ ❛❧❣✉♠ qj(X)✱ -❡♠ ♣❡&❞❛ ❞❡ ❣❡♥❡&❛❧✐❞❛❞❡ ♣♦❞❡♠♦-



✹✷ ❊!"#✉"✉#❛ ❛❧❣(❜#✐❝❛✿ ❛♥❡❧

"✉♣♦& '✉❡ p1(X) ❞✐✈✐❞❡ q1(X)✳
❙❡ q1(X) . ✐&&❡❞✉/0✈❡❧✱ ❡♥/4♦

q1(X) = u1p1(X),

❝♦♠ u1 ∈ F − {0} ❡✱ ♣♦&/❛♥/♦✱ u1 ∈ U(F [X])✳
❆""✐♠ "✉❜"/✐/✉✐♥❞♦ q1(X) ♣♦& u1p1(X) ♦❜/❡♠♦"

p1(X)p2(X) . . . pr(X) = u1p1(X)q2(X) . . . qs(X)⇒ p2(X) . . . pr(X) = u1q2(X) . . . qs(X).

:♦& ✉♠ ❛&❣✉♠❡♥/♦ "❡♠❡❧❤❛♥/❡✱ "❡✱ ❞✐❣❛♠♦" q2(X) = u2p2(X)✱ ❡♥/4♦

p3(X) . . . pr(X) = u1u2q3(X) . . . qs(X).

❈♦♥/✐♥✉❛♥❞♦ ❡""❡ ♣&♦❝❡""♦ ♦❜/❡♠♦"✿

1 = u1u2 . . . urqr+1(X) . . . qs(X). ✭✶✳✶✼✮

▼❛" ✭✶✳✶✼✮ "D ❢❛③ "❡♥/✐❞♦ "❡ 1 = u1u2 . . . ur✳

❆""✐♠✱ ♦" ❢❛/♦&❡" ✐&&❡❞✉/0✈❡✐" pi(X) ❡ qj(X) "4♦ ♦" ♠❡"♠♦"✱ ❡①❝❡/♦ ♣♦""✐✈❡❧♠❡♥/❡ ♣♦&

♦&❞❡♠ ❞❡ ❢❛/♦&❡" ❡ ❡❧❡♠❡♥/♦" ❡♠ U(F [X])✳



✷ ❉♦♠$♥✐♦ ❞❡ ❢❛+♦,❛-.♦ /♥✐❝❛

❱✐♠♦$ ♥♦ ❈❛♣)*✉❧♦ ✶ ❛ ❞❡✜♥✐12♦ ❞❡ ❞♦♠)♥✐♦ ❞❡ ✐♥*❡❣4✐❞❛❞❡ ❜❡♠ ❝♦♠♦ ❛❧❣✉♥$ 4❡✲

$✉❧*❛❞♦$✱ ❛ $❡❣✉✐4 *4❛*❛♠♦$ ❞❡ ✉♠ ❞♦♠)♥✐♦ ❞❡ ✐♥*❡❣4✐❞❛❞❡ ❝♦♠ ❝❛4❛❝*❡4)$*✐❝❛$ ♠❛✐$

♣❡❝✉❧✐❛4❡$✱ ❛ $❛❜❡4✿ ❛♣4❡$❡♥*❛♠♦$ ❞❡✜♥✐1:❡$ ❡ 4❡$✉❧*❛❞♦$ $♦❜4❡ ❞♦♠)♥✐♦ ❞❡ ❢❛*♦4❛12♦

<♥✐❝❛✱ ♠❛✐$ ❡$♣❡❝✐✜❝❛♠❡♥*❡✱ ♠♦$*4❛4❡♠♦$ =✉❡ *♦❞♦ ❞♦♠)♥✐♦ ❞❡ ✐❞❡❛✐$ ♣4✐♥❝✐♣❛✐$ ✭?■❉✮

C ✉♠ ❞♦♠)♥✐♦ ❞❡ ❢❛*♦4❛12♦ <♥✐❝❛ ✭❯❋❉✮✳ ❆❧C♠ ❞✐$$♦✱ ♠♦$*4❛4❡♠♦$ =✉❡ $❡ ❉ C ✉♠

❞♦♠)♥✐♦ ❞❡ ❢❛*♦4❛12♦ <♥✐❝❛ ❡♥*2♦ ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥H♠✐♦$ D[X] *❛♠❜C♠ C ✉♠ ❞♦♠)♥✐♦ ❞❡

❢❛*♦4❛12♦ <♥✐❝❛✳

❉❡✜♥✐%&♦ ✷✳✶✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ a, b ∈ R✱ /✉❛✐0/✉❡1✳ ❙❡

❡①✐0*❡ c ∈ R *❛❧ /✉❡ b ❂ ac✱ ❡♥*5♦ a ❞✐✈✐❞❡ b ✭♦✉ a 7 ✉♠ ❢❛*♦1 ❞❡ b✮✱ ❞❡♥♦*❛❞♦ ♣♦1 a | b✳
❈❛0♦ ❝♦♥*1<1✐♦✱ ❞✐③❡♠♦0 /✉❡ a ♥5♦ ❞✐✈✐❞❡ b✿ a ∤ b✳

❉❡✜♥✐%&♦ ✷✳✷✳ ❯♠ ❡❧❡♠❡♥*♦ u ❞❡ ✉♠ ❛♥❡❧ R ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ 7 ✉♠❛ ✉♥✐❞❛❞❡

❞❡ R 0❡ u ❞✐✈✐❞❡ 1✱ ✐0*♦ 7✱ 0❡ u *❡♠ ✉♠ ✐♥✈❡10♦ ♠✉❧*✐♣❧✐❝❛*✐✈♦ ❡♠ R✱ ♦✉ ❛✐♥❞❛✱ u ∈ U(R)✳
❉✐③❡♠♦0 /✉❡ ❞♦✐0 ❡❧❡♠❡♥*♦0 a ❡ b 05♦ ❛00♦❝✐❛❞♦0 ❡♠ R 0❡ a = bu✱ ❡♠ /✉❡ u ∈ U(R)✳

❖❜-❡.✈❛%&♦ ✷✳✸✳ ❊♠ ♣❛4*✐❝✉❧❛4✱ $❡ a ❡ b $2♦ ❛$$♦❝✐❛❞♦$ *❡♠♦$ =✉❡ a | b ❡ b | a✳

❊①❡♠♣❧♦ ✷✳✹✳ ❙❛❜❡♠♦$ =✉❡ ❛$ <♥✐❝❛$ ✉♥✐❞❛❞❡$ ❡♠ Z $2♦ 1 ❡ −1✳ ❆$$✐♠✱ ♦$ <♥✐❝♦$
❛$$♦❝✐❛❞♦$ ❞❡ a ❡♠ Z $2♦ a ❡ −a✳

❉❡✜♥✐%&♦ ✷✳✺✳ ❙❡❥❛ D ✉♠ ❞♦♠A♥✐♦ ❞❡ ✐♥*❡❣1✐❞❛❞❡✱ /✉❛❧/✉❡1✳

❉✐③❡♠♦0 /✉❡ p ∈ D 7 ✐11❡❞✉*A✈❡❧ /✉❛♥❞♦ ❡♠ /✉❛❧/✉❡1 ❢❛*♦1❛C5♦ p = ab ❡♠ D✱ *❡♠♦0 a
♦✉ b ❡♠ U(D)✳

❉❡✜♥✐%&♦ ✷✳✻✳ ❯♠ ❞♦♠A♥✐♦ ❞❡ ✐♥*❡❣1✐❞❛❞❡ D 7 ✉♠ ❞♦♠A♥✐♦ ❞❡ ❢❛*♦1❛C5♦ D♥✐❝❛✭UFD✮

0❡ ❛0 0❡❣✉✐♥*❡0 ❝♦♥❞✐CE❡0 ❢♦1❡♠ 0❛*✐0❢❡✐*❛0✿

✶✳ ❚♦❞♦ ❡❧❡♠❡♥*♦ ❞❡ D /✉❡ 7 ❞✐❢❡1❡♥*❡ ❞♦ ❡❧❡♠❡♥*♦ ♥✉❧♦ ❡ ♥5♦ 7 ✉♠❛ ✉♥✐❞❛❞❡ ♣♦❞❡

0❡1 ❢❛*♦1❛❞♦ ❡♠ ✉♠ ♣1♦❞✉*♦ ❞❡ ✉♠ ♥D♠❡1♦ ✜♥✐*♦ ❞❡ ❡❧❡♠❡♥*♦0 ✐11❡❞✉*A✈❡✐0 ❡♠

D✳

✷✳ ❙❡ p1 . . . pr ❡ q1 . . . qs 05♦ ❞✉❛0 ❢❛*♦1❛CE❡0 ❞♦ ♠❡0♠♦ ❡❧❡♠❡♥*♦ ❞❡ D ❡ 05♦ ❡❧❡♠❡♥✲

*♦0 ✐11❡❞✉*A✈❡✐0✱ ❡♥*5♦ r = s ❡ ♦0 q′js ♣♦❞❡♠ 0❡1 1❡❡♥✉♠❡1❛❞♦0 ❞❡ ♠♦❞♦ /✉❡ pi ❡
qi 0❡❥❛♠ ❛00♦❝✐❛❞♦0✳

❊①❡♠♣❧♦ ✷✳✼✳

❙❡❥❛♠ D = Z ❡ a = −15 ∈ Z✳
❈♦♥$✐❞❡4❡♠♦$ ❛$ ❢❛*♦4❛1:❡$ ❡♠ ❡❧❡♠❡♥*♦$ ✐44❡❞✉*)✈❡✐$ ❡♠ Z✿

• −15 = p1 · p2 = −3 · 5

✹✸



✹✹ ❉♦♠#♥✐♦ ❞❡ ❢❛*♦+❛,-♦ .♥✐❝❛

• −15 = q1 · q2 = −5 · 3

!♦❞❡♠♦& '❡❡♥✉♠❡'❛' ♣♦' q2 = −5 ❡ q1 = 3✳ ❉❛.✱

• p1 = −3 0 ❛&&♦❝✐❛❞♦ ❛ q1 = 3 ✱ ♣♦✐& −3 = −1 · 3✱ −1 ∈ U(Z)❀

• q2 = −5 0 ❛&&♦❝✐❛❞♦ ❛ p2 = 5✱ ♣♦✐& 5 = (−1) · (−5)✱ −1 ∈ U(Z)✳

❖ ♦❜❥❡7✐✈♦ ❛❣♦'❛ 0 ♠♦&7'❛' :✉❡ 7♦❞♦ !■❉ 0 ✉♠ ❯❋❉✳ !❛'❛ 7❛♥7♦ ♣'❡❝✐&❛♠♦& ❞♦&

&❡❣✉✐♥7❡& '❡&✉❧7❛❞♦&✳

❉❡✜♥✐%&♦ ✷✳✽✳ ❙❡ {Ai : i ∈ I} " ✉♠❛ ❝♦❧❡)*♦ ❞❡ ❝♦♥❥✉♥.♦/ ❡♥.*♦ ❛ ✉♥✐*♦

⋃

i∈I

Ai ❞♦/

❝♦♥❥✉♥.♦/ Ai " ♦ ❝♦♥❥✉♥.♦ ❞❡ .♦❞♦/ x .❛✐/ 1✉❡ x ∈ Ai ♣❛3❛ ♣❡❧♦ ♠❡♥♦/ ✉♠ i ∈ I✳

▲❡♠❛ ✷✳✾✳ ❙❡ R " ✉♠ ❛♥❡❧ ❝♦♠✉.❛.✐✈♦ ❡ N1 ⊆ N2 ⊆ ... " ✉♠❛ ❝❛❞❡✐❛ ❛/❝❡♥❞❡♥.❡ ❞❡

✐❞❡❛✐/ Ni ❡♠ R✱ ❡♥.*♦ N =
⋃

i

Ni " ✉♠ ✐❞❡❛❧ ❞❡ R✳

❉❡♠♦♥/.3❛)*♦✳ ❙❡❥❛♠ a, b ∈ N ✱ :✉❛✐&:✉❡'✳ ❆&&✐♠✱ ❡①✐&7❡♠ ✐❞❡❛✐& Ni ❡ Nj ♥❛ ❝❛❞❡✐❛✱

❝♦♠ a ∈ Ni ❡ b ∈ Nj✳ ❆❣♦'❛✱ Ni ⊆ Nj ♦✉ Nj ⊆ Ni✱ ✈❛♠♦& &✉♣♦' :✉❡ Ni ⊆ Nj✱ ❡♥7B♦

❛♠❜♦& a ❡ b ♣❡'7❡♥❝❡♠ ❛ Nj✳ ■&&♦ ✐♠♣❧✐❝❛ :✉❡ a ± b✱ ab ∈ Nj ⊆ N ✱ ♦✉ &❡❥❛✱ a ± b✱
ab ∈ N ✳ ❚♦♠❛♥❞♦ a = 0✱ ✈❡♠♦& :✉❡ b ∈ N ✐♠♣❧✐❝❛ −b ∈ N ✱ ❡ 0 ∈ N ❞❡&❞❡ 0 ∈ Ni, ∀i✳
❆&&✐♠✱ N 0 ✉♠ &✉❜❛♥❡❧ ❞❡ R✳ !❛'❛ a ∈ N ❡ d ∈ R✱ 7❡♠♦& a ∈ Ni✱ ♣❛'❛ ❛❧❣✉♠ Ni✳

❉❡&&❛ ❢♦'♠❛✱ ❝♦♠♦ Ni 0 ✉♠ ✐❞❡❛❧✿ da ∈ Ni ⊆ N ✳ ▲♦❣♦✱ da ∈ N ✳ !♦'7❛♥7♦✱ N 0 ✉♠

✐❞❡❛❧ ❞❡ R✳

▲❡♠❛ ✷✳✶✵✳ ❙❡❥❛ D " ✉♠ 8■❉✳ ❙❡ N1 ⊆ N2 ⊆ . . . " ✉♠❛ ❝❛❞❡✐❛ ❛/❝❡♥❞❡♥.❡ ❞❡ ✐❞❡❛✐/

Ni✱ ❡♥.*♦ ❡①✐/.❡ ✉♠ ♥;♠❡3♦ ✐♥.❡✐3♦ ♣♦/✐.✐✈♦ r .❛❧ 1✉❡ Nr = Ns ♣❛3❛ .♦❞♦ s ≥ r✳

❊&7❛ ♣'♦♣'✐❡❞❛❞❡ 0 ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝♦♥❞✐IB♦ ❞❛ ❝❛❞❡✐❛ ❛&❝❡♥❞❡♥7❡ ✭❆❈❈✮✳

❉❡♠♦♥/.3❛)*♦✳ !❡❧♦ ❧❡♠❛ ✷✳✾ ✱ &❛❜❡♠♦& :✉❡ N =
⋃

i

Ni 0 ✉♠ ✐❞❡❛❧ ❞❡ D ❡ ❝♦♠♦ ✉♠

✐❞❡❛❧ ❡♠ D✱ :✉❡ 0 ✉♠ !■❉✱ N = 〈c〉 ♣❛'❛ ❛❧❣✉♠ c ∈ D✳ ❯♠❛ ✈❡③ :✉❡ N =
⋃

i

Ni &❡❣✉❡

:✉❡ c ∈ Nr✱ ♣❛'❛ ❛❧❣✉♠ r ∈ Z+
✱ ❛&&✐♠ s ≥ r✱ 7❡♠♦&✿

〈c〉 ⊆ Nr ⊆ Ns ⊆ N = 〈c〉.

❉❡ ❢❛7♦ Nr = Ns ♣❛'❛ s ≥ r✳

❖❜3❡4✈❛%&♦ ✷✳✶✶✳ !❛'❛ :✉❛✐&:✉❡' ❡❧❡♠❡♥7♦& a ❡ b ❞❡ ✉♠ ❞♦♠.♥✐♦ ❞❡ ✐♥7❡❣'✐❞❛❞❡ D✱

7❡♠✲&❡✿

• 〈a〉 ⊆ 〈b〉 &❡✱ ❡ &♦♠❡♥7❡ &❡✱ b | a❀

• 〈a〉 = 〈b〉 &❡✱ ❡ &♦♠❡♥7❡ &❡✱ a ❡ b &B♦ ❛&&♦❝✐❛❞♦& ❡♠ D✳
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❉❡ ❢❛&♦✿ ♣❛*❛ ❛ ♣*✐♠❡✐*❛ ♣*♦♣*✐❡❞❛❞❡✱ ♥♦&❡ 0✉❡ 〈a〉 ⊆ 〈b〉 2❡✱ ❡ 2♦♠❡♥&❡ 2❡✱ a ∈ 〈b〉✱ 0✉❡
3 ✈5❧✐❞♦ 2❡✱ ❡ 2♦♠❡♥&❡ 2❡✱ a = bd ♣❛*❛ ❛❧❣✉♠ d ∈ D✱ ♦✉ 2❡❥❛✱ 2❡✱ ❡ 2♦♠❡♥&❡ 2❡✱ b | a✳
❯2❛♥❞♦ ❡2&❛ ♣*✐♠❡✐*❛ ♣*♦♣*✐❡❞❛❞❡✱ ✈❡♠♦2 0✉❡ 〈a〉 = 〈b〉 2❡✱ ❡ 2♦♠❡♥&❡ 2❡ a = bc ❡ b = ad
♣❛*❛ ❞❡&❡*♠✐♥❛❞♦2 c, d ∈ D✳

❉✐22♦ 2❡❣✉❡ 0✉❡ a = adc ❡ ❝♦♥2❡0✉❡♥&❡♠❡♥&❡✱ ❝♦♠♦ D 3 ❞♦♠<♥✐♦ ❞❡ ✐♥&❡❣*✐❞❛❞❡ ✱ 2❡❣✉❡

❞❛ ♣*♦♣♦2✐=>♦ ✶✳✶✷✱ 0✉❡ 1 = dc✳
❆22✐♠✱ d ❡ c ∈ U(D)✱ ❡ a ❡ b 2>♦ ❛22♦❝✐❛❞♦2✳

❆❣♦*❛ ♣♦❞❡♠♦2 ♣*♦✈❛* ❛ ❝♦♥❞✐=>♦ ✶ ❞❛ ❞❡✜♥✐=>♦ ✷✳✻ ♣❛*❛ 0✉❡ ✉♠ D■❉ 2❡❥❛ ✉♠

❯❋❉✳

❚❡♦#❡♠❛ ✷✳✶✷✳ ❙❡❥❛ D ✉♠ &■❉✱ *✉❛❧*✉❡,✳ ❚♦❞♦ ❡❧❡♠❡♥2♦ *✉❡ ♥3♦ 4 ♦ ❡❧❡♠❡♥2♦ ♥❡✉2,♦

❡ ♥3♦ 4 ✉♠❛ ✉♥✐❞❛❞❡ ❡♠ D 4 ✉♠ ♣,♦❞✉2♦ ❞❡ ❡❧❡♠❡♥2♦7 ✐,,❡❞✉28✈❡✐7 ❡♠ D✳

❉❡♠♦♥72,❛:3♦✳ ❙❡❥❛ a ∈ D✱ 0✉❛❧0✉❡*✱ &❛❧ 0✉❡ a 6= 0 ❡ a /∈ U(D)✳
D*✐♠❡✐*♦ ♠♦2&*❛♠♦2 0✉❡ a &❡♠ ♣❡❧♦ ♠❡♥♦2 ✉♠ ❢❛&♦* ✐**❡❞✉&<✈❡❧✳

❙❡ a 3 ✉♠ ✐**❡❞✉&<✈❡❧✱ ♥>♦ ❤5 ♦ 0✉❡ 2❡* ❢❡✐&♦✳

❙❡ a ♥>♦ 3 ✐**❡❞✉&<✈❡❧✱ ❡♥&>♦ a = a1b1✱ ♦♥❞❡ a1 ❡ b1 /∈ U(D)✳
❆❣♦*❛✱ 〈a〉 ⊂ 〈a1〉✱ ♣♦✐2 a = a1b1✳ ❙❡ 〈a〉 = 〈a1〉✱ ❡♥&>♦ a ❡ a1 2❡*✐❛♠ ❡❧❡♠❡♥&♦2

❛22♦❝✐❛❞♦2 ❡ b1 ∈ U(D)✱ ♦ 0✉❡ 3 ❛❜2✉*❞♦ ♣❡❧❛ ❝♦♥2&*✉=>♦ ❞❡ b1✳
❈♦♥&✐♥✉❛♥❞♦ ❡2&❡ ♣*♦❝❡❞✐♠❡♥&♦ ❡♥&>♦✱ ❝♦♠❡=❛♥❞♦ ❛❣♦*❛ ❝♦♠ a1✱ ❝❤❡❣❛♠♦2 ❛ ✉♠❛

❝❛❞❡✐❛ ❞❡ ✐❞❡❛✐2 ❡2&*✐&❛♠❡♥&❡ ❛2❝❡♥❞❡♥&❡✿

〈a〉 ⊂ 〈a1〉 ⊂ 〈a2〉 ⊂ . . . .

D❡❧❛ ❆❈❈ ♥♦ ❧❡♠❛ ✷✳✶✵ ❡22❛ ❝❛❞❡✐❛ &❡*♠✐♥❛ ❡♠ ❛❧❣✉♠ 〈ar〉 ❡ ar ♥❡❝❡22❛*✐❛♠❡♥&❡ 3

✐**❡❞✉&<✈❡❧✳ D♦*&❛♥&♦✱ a &❡♠ ✉♠ ❢❛&♦* ✐**❡❞✉&<✈❡❧ ar✱ ❥5 0✉❡ 〈a〉 ⊂ 〈ar〉✱ ❝♦♠ ar ✐**❡❞✉✲

&<✈❡❧✳

❈♦♠ ♦ 0✉❡ ❛❝❛❜❛♠♦2 ❞❡ ♣*♦✈❛*✱ ♣❛*❛ ✉♠ ❡❧❡♠❡♥&♦ a 0✉❡ ♥>♦ 3 ♥❡♠ 0 ♥❡♠ ✉♠❛ ✉♥✐❞❛❞❡

❡♠ D✱ ♦✉ a 3 ✐**❡❞✉&<✈❡❧ ♦✉ a = p1c1 ❝♦♠ p1 ✐**❡❞✉&<✈❡❧ ❡ c1 /∈ U(D)✳
D♦* ✉♠ ❛*❣✉♠❡♥&♦ ❛♥5❧♦❣♦ ♣♦❞❡♠♦2 ❝♦♥❝❧✉✐* 0✉❡ 〈a〉 ⊂ 〈c1〉✳ ❙❡ c1 ♥>♦ 3 ✐**❡❞✉&<✈❡❧✱

❡♥&>♦ c1 = p2c2 ♣❛*❛ ✉♠ ✐**❡❞✉&<✈❡❧ p2 ❝♦♠ c2 /∈ U(D)✳
❈♦♥&✐♥✉❛♥❞♦✱ ❝♦♥2&*✉<♠♦2 ✉♠❛ ❝❛❞❡✐❛ ❞❡ ✐❞❡❛✐2 ❡2&*✐&❛♠❡♥&❡ ❛2❝❡♥❞❡♥&❡✿

〈a〉 ⊂ 〈c1〉 ⊂ 〈c2〉 ⊂ . . . .

❊2&❛ ❝❛❞❡✐❛ ♥❡❝❡22❛*✐❛♠❡♥&❡ &❡*♠✐♥❛ ❡♠ ❛❧❣✉♠ cr = qr 0✉❡ 3 ✉♠ ✐**❡❞✉&<✈❡❧✳

❈♦♥2❡0✉❡♥&❡♠❡♥&❡ a = p1p2 . . . prqr ♣❡❧♦ ❧❡♠❛ ✷✳✶✵✳

▲❡♠❛ ✷✳✶✸✳ ❯♠ ✐❞❡❛❧ 〈p〉 ❡♠ ✉♠ &■❉ 4 ♠❛①✐♠❛❧ 7❡✱ ❡ 7♦♠❡♥2❡ 7❡✱ p 4 ✉♠ ❡❧❡♠❡♥2♦

✐,,❡❞✉28✈❡❧✳

❉❡♠♦♥72,❛:3♦✳ ✭⇒✮ ❙❡❥❛♠ D ✉♠ D■❉ ❡ 〈p〉 ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❞❡ D✳

❙✉♣♦♥❤❛ 0✉❡ p = ab ❡♠ D✱ ❧♦❣♦ 〈p〉 ⊆ 〈a〉✳
❙❡ 〈a〉 = 〈p〉✱ ❡♥&>♦ a ❡ p 2❡*✐❛♠ ❛22♦❝✐❛❞♦2 ❡ ❝♦♥2❡0✉❡♥&❡♠❡♥&❡ b ❞❡✈❡ 2❡* ✉♠❛

✉♥✐❞❛❞❡ ❞❡ D✳

❙❡ 〈a〉 6= 〈p〉✱ ❡♥&>♦ ♥❡❝❡22❛*✐❛♠❡♥&❡ 〈a〉 = 〈1〉 = D✱ ❥5 0✉❡ 〈p〉 3 ✐❞❡❛❧ ♠❛①✐♠❛❧✳

▼❛2 ❡♥&>♦ a ❡ 1 2>♦ ❡❧❡♠❡♥&♦2 ❛22♦❝✐❛❞♦2✱ ❛22✐♠ a ∈ U(D)✳
D♦*&❛♥&♦ ♠♦2&*❛♠♦2 0✉❡ 2❡ p = ab ❡♥&>♦ a ♦✉ b ❞❡✈❡ 2❡* ✉♠❛ ✉♥✐❞❛❞❡✳ D♦*&❛♥&♦✱

p 3 ✉♠ ✐**❡❞✉&<✈❡❧ ❞❡ D✳
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✭⇐✮ ❙✉♣♦♥❤❛ )✉❡ p +❡❥❛ ✉♠ ❡❧❡♠❡♥/♦ ✐11❡❞✉/3✈❡❧ ❡♠ D✳

6❛1❛ ♠♦+/1❛1 )✉❡ 〈p〉 7 ✐❞❡❛❧ ♠❛①✐♠❛❧✱ +✉♣♦♥❤❛ )✉❡ I = 〈a〉 +❡❥❛ ✐❞❡❛❧ ❞❡ D /❛❧

)✉❡

〈p〉 $ 〈a〉 ⊆ D. ✭✷✳✶✮

▼♦+/1❡♠♦+ )✉❡ 〈a〉 = 〈p〉✳ ❉❡ ❢❛/♦✱ ❝♦♠♦ 〈p〉 ⊂ 〈a〉 /❡♠♦+ p = ab✳ ▼❛+ p 7

✐11❡❞✉/3✈❡❧ ❧♦❣♦ a ∈ U(D) ♦✉ b ∈ U(D)✳
❙❡ a ∈ U(D) ❡♥/C♦ 〈a〉 = 〈1〉 = D✳

❙❡ a /∈ U(D) ❡♥/C♦ b ∈ U(D)✱ ♦✉ +❡❥❛✱ ❡①✐+/❡ u ∈ D /❛❧ )✉❡ bu = 1✳
❆++✐♠✱ pu = abu = a ❡ +❡❣✉❡ 〈a〉 ⊆ 〈p〉✳ ❈♦♥+❡)✉❡♥/❡♠❡♥/❡ 〈a〉 = 〈p〉 ♦ )✉❡ 7

❛❜+✉1❞♦ ♣♦1 ✭✷✳✶✮✳

▲♦❣♦✱ ♥❡❝❡++❛1✐❛♠❡♥/❡ a ∈ U(D) ❡ 〈a〉 = D✱ ♣1♦✈❛♥❞♦ )✉❡ 〈p〉 7 ✐❞❡❛❧ ♠❛①✐♠❛❧✳

▲❡♠❛ ✷✳✶✹✳ ❊♠ ✉♠ #■❉✱ '❡ ✉♠ ❡❧❡♠❡♥+♦ p - ✐//❡❞✉+1✈❡❧ ❡ +❛❧ 4✉❡ p | ab✱ ❡♥+5♦ p | a
♦✉ p | b✳

❉❡♠♦♥'+/❛75♦✳ ❙❡❥❛ D ✉♠ 6■❉ )✉❛❧)✉❡1 ❡ +✉♣♦♥❤❛ )✉❡ ♣❛1❛ ✉♠ ❡❧❡♠❡♥/♦ ✐11❡❞✉/3✈❡❧

p ❡♠ D /❡♠♦+ p | ab✳ ▲♦❣♦✱ (ab) ∈ 〈p〉✳ ❈♦♠♦ /♦❞♦ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❡♠ D 7 ✉♠ ✐❞❡❛❧

♣1✐♠♦ ♣❡❧♦ /❡♦1❡♠❛ ✶✳✸✼✱ (ab) ∈ 〈p〉 ✐♠♣❧✐❝❛ )✉❡ a ∈ 〈p〉 ♦✉ b ∈ 〈p〉✱ 1❡+✉❧/❛♥❞♦ p | a ♦✉

p | b✳

❈♦,♦❧.,✐♦ ✷✳✶✺✳ ❙❡ p - ✉♠ ❡❧❡♠❡♥+♦ ✐//❡❞✉+1✈❡❧ ❡♠ ✉♠ #■❉ ❡ p ❞✐✈✐❞❡ ♦ ♣/♦❞✉+♦

a1a2 . . . an✱ ♣❛/❛ ai ∈ D✱ ❡♥+5♦ p | ai ♣❛/❛ ♣❡❧♦ ♠❡♥♦' ✉♠ 1♥❞✐❝❡ i ∈ {1, . . . , n}✳

❉❡♠♦♥'+/❛75♦✳ ❆ ♣1♦✈❛ ❞❡+/❡ ❝♦1♦❧K1✐♦ +❡❣✉❡ ♣❡❧♦ 61✐♥❝3♣✐♦ ❞❡ ■♥❞✉LC♦ ❋✐♥✐/❛ ❡ ❞♦

❧❡♠❛ ✷✳✶✹

❉❡✜♥✐45♦ ✷✳✶✻✳ ❯♠ ❡❧❡♠❡♥+♦ ♥5♦ ♥✉❧♦ p ❞❡ ✉♠ ❞♦♠1♥✐♦ ❞❡ ✐♥+❡❣/✐❞❛❞❡ D - ♣/✐♠♦

'❡✱ ♣❛/❛ 4✉❛✐'4✉❡/ a✱ b ∈ D +❛❧ 4✉❡✱ p | ab ❡♥+5♦ p | a ♦✉ p | b✳

❚❡♦,❡♠❛ ✷✳✶✼✳ ❚♦❞♦ #■❉ - ✉♠ ❯❋❉✳

❉❡♠♦♥'+/❛75♦✳ ❖ ❚❡♦1❡♠❛ ✷✳✶✷ ❛✜1♠❛ )✉❡ +❡ D 7 ✉♠ 6■❉✱ ❡♥/C♦ ❝❛❞❛ a ∈ D✱ ♦♥❞❡ a
♥C♦ 7 ♦ ❡❧❡♠❡♥/♦ ♥❡✉/1♦ ❡ ♥C♦ 7 ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ D✱ /❡♠ ✉♠❛ ❢❛/♦1❛LC♦✱ ❞✐❣❛♠♦+✱

a = p1p2 . . . pr✱ ❝♦♠ ❝❛❞❛ pi ❡❧❡♠❡♥/♦ ✐11❡❞✉/3✈❡❧ ❡♠ D✳

❘❡+/❛✲♥♦+ ♠♦+/1❛1 ❛ ✉♥✐❝✐❞❛❞❡ ❛ ♠❡♥♦+ ❞❡ ✉♠ ❛11❛♥❥♦ ♥♦+ 3♥❞✐❝❡+✳

6❛1❛ /❛♥/♦✱ +✉♣♦♥❤❛ )✉❡

a = q1q2 . . . qs

+❡❥❛ ♦✉/1❛ ❢❛/♦1❛LC♦ ❡♠ ❡❧❡♠❡♥/♦+ ✐11❡❞✉/3✈❡✐+✳

❆++✐♠✱ /❡♠♦+ )✉❡ p1 | (q1q2 . . . qs) ♦ )✉❡ ✐♠♣❧✐❝❛ p1 | qj ♣❛1❛ ❛❧❣✉♠ j✱ ♣❡❧♦ ❝♦1♦❧K1✐♦

✷✳✶✺✳

❆❧/❡1❛♥❞♦ ❛ ♦1❞❡♠ ❞♦+ q′js +❡ ♥❡❝❡++K1✐♦✱ ♣♦❞❡♠♦+ ❛++✉♠✐1 )✉❡ j = 1 ❧♦❣♦ p1 | q1✳
❉❡++❛ ❢♦1♠❛ q1 = p1u1✱ ❡ ❝♦♠♦ p1 7 ✉♠ ✐11❡❞✉/3✈❡❧ +❡❣✉❡ )✉❡ u1 7 ✉♠❛ ✉♥✐❞❛❞❡✱ ♦✉

+❡❥❛✱ p1 ❡ q1 +C♦ ❛++♦❝✐❛❞♦+✳

❚❡♠♦+ ❡♥/C♦✱

p1p2 . . . pr = p1u1q2 . . . qs.

❈♦♠♦ D 7 ❞♦♠3♥✐♦ ❞❡ ✐♥/❡❣1✐❞❛❞❡ +❡❣✉❡ ♣❡❧❛ ♣1♦♣♦+✐LC♦ ✶✳✶✷ /❡♠♦+ )✉❡

p2 . . . pr = u1q2 . . . qs.



❉♦♠#♥✐♦ ❞❡ ❢❛*♦+❛,-♦ .♥✐❝❛ ✹✼

❈♦♥%✐♥✉❛♥❞♦ ❡++❡ ♣-♦❝❡++♦✱ ❝♦♠❡1❛♥❞♦ ❛❣♦-❛ ❝♦♠ p2✱ ♦❜%❡♠♦+✿

1 = u1u2 . . . urqr+1 . . . qs.

❈♦♠♦ ♦ qj 5 ✐--❡❞✉%6✈❡❧✱ ♥❡❝❡++❛-✐❛♠❡♥%❡ r = s✳

❈♦"♦❧$"✐♦ ✷✳✶✽✳ ❙❡ F " ❝♦%♣♦ ❡♥()♦ F [X] " ✉♠ ❯❋❉✳

❉❡♠♦♥0(%❛2)♦✳ ❙❡ F 5 ✉♠ ❝♦-♣♦ +❛❜❡♠♦+ ♣❡❧♦ %❡♦-❡♠❛ ✶✳✼✶ <✉❡ F [X] 5 =■❉✳ ❊ ♣❡❧♦

%❡♦-❡♠❛ ✷✳✶✼ %♦❞♦ =■❉ 5 ❯❋❉✱ ♣♦-%❛♥%♦ F ❝♦-♣♦ ✐♠♣❧✐❝❛ F [X] ❯❋❉✳

❈♦"♦❧$"✐♦ ✷✳✶✾✳ ❖ ❞♦♠5♥✐♦ ❞❡ ✐♥(❡❣%✐❞❛❞❡ Z  ✉♠ ❯❋❉✳

❉❡♠♦♥*+,❛./♦✳ ❈♦♠♦ Z # $■❉✱ (❡❣✉❡ ♣❡❧♦ .❡♦/❡♠❛ ✷✳✶✼ 5✉❡ # ❯❋❉✳

❖❜"❡$✈❛'(♦ ✷✳✷✵✳ ❱❡/❡♠♦( ♠❛✐( ❛❞✐❛♥.❡ ♥♦ ❡①❡♠♣❧♦ ✷✳✸✹ 5✉❡ ♥❡♠ .♦❞♦ ❯❋❉ # ✉♠

$■❉✱ ♦✉ (❡❥❛✱ ❛ ❛✜/♠❛AB♦ /❡❝D♣/♦❝❛ ❞♦ .❡♦/❡♠❛ ✷✳✶✼ # ❢❛❧(❛✳

❆ ♣❛/.✐/ ❞❡ ❛❣♦/❛ ❡(.❛♠♦( ✐♥.❡/❡((❛❞♦( ❡♠ ❞❡♠♦♥(./❛/ 5✉❡ (❡ F # ✉♠ ❯❋❉ ❡♥.B♦

♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥G♠✐♦( F [X] .❛♠❜#♠ # ✉♠ ❯❋❉✳ $❛/❛ .❛♥.♦ ♣/❡❝✐(❛♠♦( ❞❛ (❡❣✉✐♥.❡

❞❡✜♥✐AB♦✳

❉❡✜♥✐'(♦ ✷✳✷✶✳ ❙❡❥❛♠ D ✉♠ ❯❋❉ ❡ a1, a2, ..., an ❡❧❡♠❡♥+♦* ♥/♦ ♥✉❧♦* ❞❡ D✳ ❯♠

❡❧❡♠❡♥+♦ d ❞❡ D  ✉♠ ♠4①✐♠♦ ❞✐✈✐*♦, ❝♦♠✉♠ ✭♠❞❝✮ ❞❡ +♦❞♦* ♦* ai *❡ d | ai ♣❛,❛

i = 1, ..., n ❡ <✉❛❧<✉❡, ♦✉+,♦ d′ ∈ D <✉❡ ❞✐✈✐❞❛ ai +❛♠❜ ♠ ❞✐✈✐❞❡ d✳

❖❜"❡$✈❛'(♦ ✷✳✷✷✳ ❈❤❛♠❛♠♦( d ✧✉♠✧♠K①✐♠♦ ❞✐✈✐(♦/ ❝♦♠✉♠ ❡♠ ✈❡③ ❞❡ ✧♦✧♠K①✐♠♦

❞✐✈✐(♦/ ❝♦♠✉♠ ♣♦/5✉❡ ♠K①✐♠♦( ❞✐✈✐(♦/❡( ❝♦♠✉♥( (B♦ ❞❡✜♥✐❞♦( ❛ ♠❡♥♦( ❞❡ ✉♥✐❞❛❞❡(✳

❉❡ ❢❛.♦✱ (✉♣♦♥❤❛ 5✉❡ d ❡ d′ (❡❥❛♠ ❞♦✐( ♠K①✐♠♦( ❞✐✈✐(♦/❡( ❝♦♠✉♥( ❞❡ ai, . . . , an✳
▲♦❣♦✱ d | d′ ❡ d′ | d ♣❡❧❛ ❞❡✜♥✐AB♦✳
❆((✐♠ d = q′d′ ❡ d′ = qd ♣❛/❛ ❞❡.❡/♠✐♥❛❞♦( q, q′ ∈ D✳ ▲♦❣♦

1d = q′qd⇒ q′q = 1⇒ qq′ ∈ U(D).

❊①❡♠♣❧♦ ✷✳✷✸✳ ❱❛♠♦( ❡♥❝♦♥./❛/ ✉♠ ♠K①✐♠♦ ❞✐✈✐(♦/ ❝♦♠✉♠ ❡♥./❡ 420✱ −168 ❡ 252
♥♦ ❯❋❉ Z✳

❋❛.♦/❛♥❞♦✱ ♦❜.❡♠♦(

420 = 22.3.5.7,−168 = 23.(−3).7 ❡ 252 = 22.32.7.

❊(❝♦❧❤❡♠♦( ✉♠ ❞❡((❡( ./P( ♥Q♠❡/♦(✱ ❞✐❣❛♠♦( 420✱ ❡ ♣/♦❝✉/❛♠♦( ❛ ♠❛✐♦/ ♣♦.P♥❝✐❛ ❞❡
❝❛❞❛ ✉♠ ❞❡ (❡✉( ❢❛.♦/❡( ✐//❡❞✉.D✈❡✐( ✭❛ ♠❡♥♦( ❞❡ ❛((♦❝✐❛❞♦(✮ 5✉❡ ❞✐✈✐❞❡ .♦❞♦( ♦( ♥Q♠❡✲

/♦(✱ 420,−168 ❡ 252 ❡♠ ♥♦((♦ ❝❛(♦✳ ❚♦♠❛♠♦( ❝♦♠♦ ♠❞❝ ♦ ♣/♦❞✉.♦ ❞❡((❛( ♣♦.P♥❝✐❛(✱

♠❛✐( ❛❧.❛(✱ ❞❡ ✐//❡❞✉.D✈❡✐(✳ $❛/❛ ♥♦((♦ ❡①❡♠♣❧♦✱ ❡((❛( ♣♦.P♥❝✐❛( ❞❡ ❢❛.♦/❡( ✐//❡❞✉.D✈❡✐(

❞❡ 420 (B♦ 22, 31, 50 ❡ 71✱ ❞❡ ♠♦❞♦ 5✉❡ .♦♠❛♠♦( ❝♦♠♦ ♠K①✐♠♦ ❞✐✈✐(♦/ ❝♦♠✉♠ d = ♠❞❝

(420,−168, 252) = 4.3.1.7 = 84✳ ❱❡❥❛ .❛♠❜#♠ 5✉❡ ♠❞❝ (420,−168, 252) = −84 ✐((♦
♣♦/5✉❡ 1 ❡ −1 (B♦ ❛( Q♥✐❝❛( ✉♥✐❞❛❞❡(✳

❉❡✜♥✐'(♦ ✷✳✷✹✳ ❙❡❥❛ D ✉♠ ❯❋❉✳ ❯♠ ♣♦❧✐♥>♠✐♦ ♥/♦ ❝♦♥*+❛♥+❡ f(X) = a0+a1X+. . .+
anX

n
❡♠ D[X]  ♣,✐♠✐+✐✈♦ *❡ 1  ✉♠ ♠4①✐♠♦ ❞✐✈✐*♦, ❝♦♠✉♠ ❞♦* ai ♣❛,❛ i ∈ 0, 1, ..., n✱

✐*+♦  ✱ ♠❞❝ (a0, a1, . . . , an) = 1✳



✹✽ ❉♦♠#♥✐♦ ❞❡ ❢❛*♦+❛,-♦ .♥✐❝❛

❊①❡♠♣❧♦ ✷✳✷✺✳ ❊♠ Z[X]✱ 4X2 + 3X + 2 % ♣'✐♠✐)✐✈♦ ♣♦✐, ♠❞❝ (4, 3, 2) = 1✱ ♠❛,

4X2 + 6X + 2 ♥1♦✱ ❥3 4✉❡ ♠❞❝ (4, 6, 2) = 2 /∈ U(Z)✳

❖❜,❡'✈❡ 4✉❡ )♦❞♦ ♣♦❧✐♥;♠✐♦ ✐''❡❞✉)<✈❡❧ ♥1♦✲❝♦♥,)❛♥)❡ ❡♠ D[X] % ♥❡❝❡,,❛'✐❛♠❡♥)❡

✉♠ ♣♦❧✐♥;♠✐♦ ♣'✐♠✐)✐✈♦✳

▲❡♠❛ ✷✳✷✻✳ ❙❡ D " ✉♠ ❯❋❉✱ ❡♥*+♦ ♣❛/❛ ❝❛❞❛ ♣♦❧✐♥4♠✐♦ ♥+♦ ❝♦♥5*❛♥*❡ f(X) ∈ D[X]
*❡♠♦5 f(X) = (c)g(X)✱ ♦♥❞❡ c ∈ D✱ g(X) ∈ D[X] " ♣/✐♠✐*✐✈♦✳ ❖ ❡❧❡♠❡♥*♦ c " 9♥✐❝♦
❛ ♠❡♥♦5 ❞❡ ✉♠ ❢❛*♦/ ✉♥✐❞❛❞❡ ❡♠ D ❡ " ❝❤❛♠❛❞♦ ❝♦♥*❡9❞♦ ❞❡ f(X)✳ ❚❛♠❜"♠ g(X) "
9♥✐❝♦ ❛ ♠❡♥♦5 ❞❡ ✉♠ ❢❛*♦/ ✉♥✐❞❛❞❡ ❡♠ D✳

❉❡♠♦♥5*/❛>+♦✳ ❙❡❥❛ f(X) ∈ D[X] ❞❛❞♦✱ ♦♥❞❡ f(X) % ✉♠ ♣♦❧✐♥;♠✐♦ ♥1♦✲❝♦♥,)❛♥)❡

❝♦♠ ♦, ❝♦❡✜❝✐❡♥)❡, a0, a1, . . . , an✳ ❙❡❥❛ c = ♠❞❝ (a0, a1, . . . , an)✳ ❊♥)1♦ ♣❛'❛ ❝❛❞❛

i ∈ 1, . . . , n )❡♠♦, ai = cqi ♣❛'❛ ❛❧❣✉♠ qi ∈ D✳

A❡❧❛ ❧❡✐ ❞✐,)'✐❜✉)✐✈❛✱ )❡♠♦,✿ f(X) = a0+a1X+. . .+anX
n = cq0+cq1X+. . .+cqnX

n =
(c)g(X)✱ ♦♥❞❡ ♥❡♥❤✉♠ ✐''❡❞✉)<✈❡❧ ❡♠ D ❞✐✈✐❞❡ )♦❞♦, ♦, ❝♦❡✜❝✐❡♥)❡, q0, q1, ..., qn ❞❡

g(X)✱ ♦✉ ,❡❥❛✱ ♠❞❝ (q0, q1, . . . , qn) = 1✳ ❆,,✐♠✱ g(X) % ✉♠ ♣♦❧✐♥;♠✐♦ ♣'✐♠✐)✐✈♦✳

A'♦✈❡♠♦, ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ c : ,❡ f(X) = (d)h(X) ♣❛'❛ d ∈ D✱ h(X) ∈ D[X]✱ ❝♦♠ h(X)
♣'✐♠✐)✐✈♦✱ ❡♥)1♦ ❝❛❞❛ ❢❛)♦' ✐''❡❞✉)<✈❡❧ ❞❡ c ❞❡✈❡ ❞✐✈✐❞✐' d ❡ ✈✐❝❡✲✈❡',❛✳

❈♦♥,✐❞❡'❛♥❞♦ (c)g(X) = (d)h(X) ❡ ❝❛♥❝❡❧❛♥❞♦ ♦, ❢❛)♦'❡, ✐''❡❞✉)<✈❡✐, ❞❡ c ❡♠ d✱ ♦❜)❡✲
♠♦, (u)g(X) = (v)h(X) ❝♦♠ u ∈ U(D)✳ ▼❛, ❡♥)1♦ v ❞❡✈❡ ,❡' ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ D ♦✉

♣♦❞❡'<❛♠♦, ❝❛♥❝❡❧❛' ❢❛)♦'❡, ✐''❡❞✉)<✈❡✐, ❞❡ v ❡♠ u✳ A♦')❛♥)♦✱ u ❡ v ∈ U(D)✱ ❧♦❣♦✱ c %

H♥✐❝♦ ❛ ♠❡♥♦, ❞❡ ✉♠ ❢❛)♦' ✉♥✐❞❛❞❡✳ ❆❧%♠ ❞✐,,♦✱ ❛ ♣❛')✐' ❞❡ f(X) = (c)g(X)✱ ✈❡♠♦,

4✉❡ ♦ ♣♦❧✐♥;♠✐♦ ♣'✐♠✐)✐✈♦ g(X) )❛♠❜%♠ % H♥✐❝♦ ❛ ♠❡♥♦, ❞❡ ✉♠ ❢❛)♦' ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✷✳✷✼✳ ❊♠ Z[X], 4X2 + 6X − 8 = (2)(2X2 + 3X − 4)✱ ♦♥❞❡ 2X3 + 3X − 4 %

♣'✐♠✐)✐✈♦✳

▲❡♠❛ ✷✳✷✽✳ ✭▲❡♠❛ ❞❡ ●❛✉55✮ ❙❡ D " ✉♠ ❯❋❉✱ ❡♥*+♦ ✉♠ ♣/♦❞✉*♦ ❞❡ ❞♦✐5 ♣♦❧✐♥4♠✐♦5

♣/✐♠✐*✐✈♦5 ❡♠ D[X] " ❛✐♥❞❛ ♣/✐♠✐*✐✈♦✳

❉❡♠♦♥5*/❛>+♦✳ ❈♦♥,✐❞❡'❡ f(X) = a0+a1X+ ...+anX
n
❡ g(X) = b0+b1X+ ...+bmX

m

♣'✐♠✐)✐✈♦, ❡♠ D[X]✱ ❡ ,❡❥❛ h(X) = f(X)g(X)✳
❙❡❥❛ p ✉♠ ✐''❡❞✉)<✈❡❧ ❡♠ D✳ ❊♥)1♦ p ♥1♦ ❞✐✈✐❞❡ )♦❞♦, ai ❡ p ♥1♦ ❞✐✈✐❞❡ )♦❞♦, bj✱ ♣♦✐,
f(X) ❡ g(X) ,1♦ ♣'✐♠✐)✐✈♦,✱ ❧♦❣♦✱ ♠❞❝ (a0, . . . , an) = 1 = ♠❞❝ (b0, . . . , bm)✳
❙❡❥❛ ar ♦ ♣'✐♠❡✐'♦ ❝♦❡✜❝✐❡♥)❡ ❞❡ f(x) ♥1♦ ❞✐✈✐,<✈❡❧ ♣♦' p❀ ✐,)♦ %✱ p | ai ♣❛'❛ i < r✱ ♠❛,

p ∤ ar✳ ❉❛ ♠❡,♠❛ ❢♦'♠❛✱ ❝♦♥,✐❞❡'❡ p | bj✱ ♣❛'❛ j < s✱ ♠❛, p ∤ bs✳
❖ ❝♦❡✜❝✐❡♥)❡ ❞❡ Xr+s

❡♠ h(X) = f(X)g(X) %

cr+s = (a0br+s + . . .+ ar−1bs+1) + arbs + (ar+1bs−1 + . . .+ ar+sb0).

❆❣♦'❛ ❝♦♠♦ p | ai✱ ♣❛'❛ i < r✱ ,❡❣✉❡ 4✉❡ p | (a0br+s + . . . + ar−1bs+1) ❡ )❛♠❜%♠ ❝♦♠♦

p | bj✱ ♣❛'❛ j < s✱ )❡♠♦, p | (ar+1bs−1 + . . .+ ar+sb0) ✳
▼❛, p ♥1♦ ❞✐✈✐❞❡ ar ♦✉ bs✱ ❧♦❣♦ p ♥1♦ ❞✐✈✐❞❡ arbs ❡✱ ❝♦♥,❡4✉❡♥)❡♠❡♥)❡✱ p ♥1♦ ❞✐✈✐❞❡ cr+s✳

■,)♦ ♠♦,)'❛ 4✉❡ ❞❛❞♦ ✉♠ ✐''❡❞✉)<✈❡❧ p ∈ D✱ ❡①✐,)❡ ❛❧❣✉♠ ❝♦❡✜❝✐❡♥)❡ ❞❡ f(X)g(X) =
h(X) ♥1♦ ❞✐✈✐,<✈❡❧ ♣♦' p✳ A♦')❛♥)♦ h(X) % ♣'✐♠✐)✐✈♦✳

❈♦0♦❧10✐♦ ✷✳✷✾✳ ❙❡ D " ✉♠ ❯❋❉✱ ❡♥*+♦ ✉♠ ♣/♦❞✉*♦ ✜♥✐*♦ ❞❡ ♣♦❧✐♥4♠✐♦5 ♣/✐♠✐*✐✈♦5

❡♠ D[X] " ❛✐♥❞❛ ♣/✐♠✐*✐✈♦✳

❉❡♠♦♥5*/❛>+♦✳ ❊,)❡ ❝♦'♦❧3'✐♦ ,❡❣✉❡ ❞♦ ❧❡♠❛ ✷✳✷✽ ❡ ♣❡❧♦ A'✐♥❝<♣✐♦ ❞❡ ■♥❞✉N1♦ ❋✐♥✐)❛✳
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▲❡♠❛ ✷✳✸✵✳ ❙❡❥❛♠ D ✉♠ ❯❋❉ ❡ F ✉♠ ❝♦+♣♦ ❞❡ ❢+❛/0❡1 ❞❡ D✳ ❙❡ f(X) 3 ✉♠ ♣♦❧✐♥7♠✐♦

✐++❡❞✉89✈❡❧ ❡ ♥;♦ ❝♦♥18❛♥8❡✱ ❡♠ D[X]✱ ❡♥8;♦ f(X) 3 8❛♠❜3♠ ♣♦❧✐♥7♠✐♦ ✐++❡❞✉89✈❡❧ ❡♠

F [X]✳ ❆❧3♠ ❞✐11♦✱ 1❡ f(X) 3 ♣+✐♠✐8✐✈♦ ❡♠ D[X] ❡ ✐++❡❞✉89✈❡❧ ❡♠ F [X]✱ ❡♥8;♦ f(X) 3
✐++❡❞✉89✈❡❧ ❡♠ D[X]✳

❉❡♠♦♥18+❛/;♦✳ ❙✉♣♦♥❤❛ )✉❡ ✉♠ ♣♦❧✐♥.♠✐♦ ♥/♦ ❝♦♥12❛♥2❡ f(X) ∈ D[X] 1❡ ❢❛2♦4❛ ❡♠

♣♦❧✐♥.♠✐♦1 ❞❡ ♠❡♥♦4 ❣4❛✉ ❡♠ F [X]✱ ✐12♦ 8✱ f(X) = r(X)s(X) ♣❛4❛ r(X), s(X) ∈ F [X]
❡ ∂r < ∂f ❡ ∂s < ∂f ✳ ❆11✐♠✱ ❝♦♠♦ F 8 ♦ ❝♦4♣♦ ❞❛1 ❢4❛;<❡1 ❞❡ D✱ ❝❛❞❛ ❝♦❡✜❝✐❡♥2❡ ❡♠

r(X) ❡ s(X) 8 ❞❛ ❢♦4♠❛

a

b
♣❛4❛ ❞❡2❡4♠✐♥❛❞♦1 a ∈ D ❡ b ∈ D∗

✳

❉✐❣❛♠♦1 )✉❡ r(X) =
an
bn

Xn +
an−1
bn−1

Xn−1 + . . .+
a1
b1
X +

a0
b0

❡

s(X) =
pl
ql
X l +

pl−1
ql−1

X l−1 + . . .+
p1
q1
X +

p0
q0
,

❧♦❣♦✱

r(X) =
1

bnbn−1 . . . b1b0
(an(bn−1 . . . b1b0)X

n + an−1(bnbn−2 . . . b1b0)X
n−1 + . . .

+a1(bn . . . b2b0)X + a0(b1 . . . b2b1)⇒ bnbn−1 . . . b1b0 r(X) = an(bn−1 . . . b1b0)X
n+

an−1(bnbn−2 . . . b1b0)X
n−1 + . . .+ a1(bn . . . b2b0)X + a0(b1 . . . b2b1) := r1(X).

❉♦ ♠❡1♠♦ ♠♦❞♦✿

ql(ql−1 . . . q1q0)s(X) = pl(ql−1 . . . q1q0)X
l + pl−1(qnql−2 . . . q1q0)X

l−1 + . . .

+p1(q1 . . . q2q0)X + p0(ql . . . q2q1) := s1(X).

❆11✐♠✱

f(X) = r(X)s(X)⇒ (bn . . . b1b0)(ql . . . q1q0)s(X) = r1(X)s1(X)⇒ df(X) = r1(X)s1(X)

❡♠ )✉❡ r1(X) ❡ s1(X) ♣❡42❡♥❝❡♠ ❛ D[X] ❡ d ∈ D ❡ d = bn . . . b1b0ql . . . q1q0 ∈ D✱ ♠❛✐1

❛✐♥❞❛ ∂r1 = ∂r ❡ ∂s1 = ∂s✱ 4❡1♣❡❝2✐✈❛♠❡♥2❡✳

A❡❧♦ ❧❡♠❛ ✷✳✷✻✱ f(X) = (c)g(X), r1(X) = (c1)r2(X)✱ ❡ s1(X) = (c2)s2(X) ♣❛4❛

♣♦❧✐♥.♠✐♦1 ♣4✐♠✐2✐✈♦1 g(X), r2(X) ❡ s2(X) ❡♠ D[X]✱ ❡ c, c1, c2 ∈ D✳ ▲♦❣♦✱ (dc)g(X) =
(c1c2)r2(X)s2(X)✱ ❡ ♣❡❧♦ ❧❡♠❛ ✷✳✷✽✱ r2(X)s2(X) 8 ♣4✐♠✐2✐✈♦✳ A❡❧❛ ♣❛42❡ ❞❛ ✉♥✐✲

❝✐❞❛❞❡ ❞♦ ❧❡♠❛ ✷✳✷✻ 1❡❣✉❡ )✉❡ c1c2 = dcu✱ ♣❛4❛ u ∈ U(D)✳ ❖✉ 1❡❥❛✱ ❝♦♠ ✐11♦

(dc)g(X) = (dcu)r2(X)s2(X)✱ ❛11✐♠ f(X) = (c)g(X) = (cu)r2(X)s2(X)✳ ▼♦124❛✲

♠♦1 )✉❡ 1❡ f(x) ❢❛2♦4❛ ♥/♦ 24✐✈✐❛❧♠❡♥2❡ ❡♠ F [X]✱ ❡♥2/♦ f(X) ❢❛2♦4❛ ♥/♦ 24✐✈✐❛❧♠❡♥2❡

❡♠ ♣♦❧✐♥.♠✐♦1 ❞❡ ♠❡1♠♦1 ❣4❛✉1 ❡♠ D[X]✳ A♦42❛♥2♦✱ 1❡ f(X) ∈ D[X] 8 ✐44❡❞✉2J✲

✈❡❧ ❡♠ D[X]✱ ♥❡❝❡11❛4✐❛♠❡♥2❡ 8 ✐44❡❞✉2J✈❡❧ ❡♠ F [X]✳ ❯♠ ♣♦❧✐♥.♠✐♦ ♥/♦ ❝♦♥12❛♥2❡

f(X) ∈ D[X] )✉❡ 8 ♣4✐♠✐2✐✈♦ ❡♠ D[X] ❡ ✐44❡❞✉2J✈❡❧ ❡♠ F [X] 8 2❛♠❜8♠ ✐44❡❞✉2J✈❡❧ ❡♠

D[X]✱ ❥M )✉❡ D[X] ⊆ F [X]✳
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❈♦"♦❧$"✐♦ ✷✳✸✶✳ ❙❡ D " ✉♠ ❯❋❉ ❡ F " ✉♠ ❝♦*♣♦ ❞❛. ❢*❛01❡. ❞❡ D✱ ❡♥45♦ ✉♠ ♣♦❧✐♥8♠✐♦

♥5♦ ❝♦♥.4❛♥4❡ f(X) ∈ D[X]✱ .❡ ❢❛4♦*❛ ❡♠ ✉♠ ♣*♦❞✉4♦ ❞❡ ❞♦✐. ♣♦❧✐♥8♠✐♦. r(X) ❡ s(X)
4❛✐. 9✉❡ ∂r < ∂f ❡ ∂s < ∂f ❡♠ F [X] .❡✱ ❡ .♦♠❡♥4❡ .❡✱ f(X) 4❡♠ ✉♠❛ ❢❛4♦*❛05♦ ❡♠

♣♦❧✐♥8♠✐♦. ❞❡ ♠❡.♠♦. ❣*❛✉. ❡♠ r(X) ❡ s(X) ❡♠ D[X]✳

❉❡♠♦♥.4*❛05♦✳ (⇒) ❙❡❣✉❡ ❞❛ ❞❡♠♦♥+,-❛./♦ ❞♦ ❧❡♠❛ ✷✳✸✵✳

(⇐) ❱❛❧❡ ❥6 7✉❡ D[X] ⊆ F [X]✳

❊+,❛♠♦+ ❛❣♦-❛ ♣-❡♣❛-❛❞♦+ ♣❛-❛ ♣-♦✈❛- ♥♦++♦ ♣-✐♥❝✐♣❛❧ ,❡♦-❡♠❛✳

❚❡♦"❡♠❛ ✷✳✸✷✳ ❙❡ D " ✉♠ ❯❋❉✱ ❡♥45♦ D[X] " ✉♠ ❯❋❉✳

❉❡♠♦♥.4*❛05♦✳ ❙❡❥❛ f(X) ∈ D[X]✱ ❡♠ 7✉❡ f(X) > ✉♠ ♣♦❧✐♥?♠✐♦ ♥/♦ ♥✉❧♦ ❡ f(X) /∈
U(D[X])✳ ❙❡ f(X) > ❞❡ ❣-❛✉ ✵✱ ❥6 ♦❜,❡♠♦+ ❛ ❞❡❝♦♠♣♦+✐./♦ ❡♠ ❡❧❡♠❡♥,♦+ ✐--❡❞✉,A✈❡✐+✱

❥6 7✉❡ D > ✉♠ ❯❋❉✳

❙✉♣♦♥❤❛ 7✉❡ ∂f(X) > 0 ❡ +❡❥❛ f(X) = g1(X)g2(X) . . . gr(X) ✉♠❛ ❢❛,♦-❛./♦ ❞❡

f(X) ❡♠ D[X] ❡♠ 7✉❡ r > ♦ ♠❛✐♦- ♥G♠❡-♦ ♣♦++A✈❡❧ ❞❡ ❢❛,♦-❡+ ❞❡ ❣-❛✉+ ♣♦+✐,✐✈♦+✱

(∂gi > 0✱ ∀ i ∈ {1, . . . , r})✳ ❆❣♦-❛ ❝❛❞❛ ❢❛,♦- ❡ ❝❛❞❛ gi(X) ❝♦♠♦ gi(X) = cihi(X) ♦♥❞❡
ci > ♦ ❝♦♥,❡G❞♦ ❞❡ gi(X) ❡ hi(X) > ✉♠ ♣♦❧✐♥?♠✐♦ ♣-✐♠✐,✐✈♦ ❝✉❥❛ ❡①✐+,J♥❝✐❛ > ❣❛-❛♥,✐❞❛

♣❡❧♦ ❧❡♠❛ ✷✳✷✻✳ ❈❛❞❛ ✉♠ ❞♦+ hi(X) > ✐--❡❞✉,A✈❡❧✱ ♣♦-7✉❡ +❡ ❡❧❡ ♣✉❞❡++❡ +❡- ❢❛,♦-❛❞♦✱

♥❡♥❤✉♠ ❞♦+ ❢❛,♦-❡+ ♣♦❞❡-✐❛ ♣❡-,❡♥❝❡- ❛ D✱ ❧♦❣♦ ,♦❞♦+ ,❡-✐❛♠ ❣-❛✉ ♣♦+✐,✐✈♦ ❡ ✐♠♣❧✐❝❛-✐❛

♥✉♠❛ ❢❛,♦-❛./♦ ❝♦--❡+♣♦♥❞❡♥,❡ ❞❡ gi(X)✱ ❝♦♥,-❛❞✐③❡♥❞♦ ❛ ❡+❝♦❧❤❛ ❞❡ r✱ ❥6 7✉❡ ,❡-A❛♠♦+

✉♠❛ ❢❛,♦-❛./♦ ❞❡ f(X) ❝♦♠ ♠❛✐+ ❞❡ r ❢❛,♦-❡+ ❞❡ ❣-❛✉ ♣♦+✐,✐✈♦✳ ❆++✐♠✱ ,❡♠♦+

f(X) = c1h1(X)c2h2(X) . . . crhr(X)

♦♥❞❡ hi(X) +/♦ ✐--❡❞✉,A✈❡✐+ ❡♠ D[X]✳
❙❡ ❢❛,♦-❛♠♦+ ❛❣♦-❛ ❝❛❞❛ ci ❡♠ ✐--❡❞✉,A✈❡✐+ ❡♠ D✱ ♦❜,❡♠♦+ ✉♠❛ ❢❛,♦-✐③❛./♦ ❞❡ f(X)

❡♠ ✉♠ ♣-♦❞✉,♦ ❞❡ ✐--❡❞✉,A✈❡✐+ ❡♠ D[X]✳
❙♦❜-❡ ❛ ✉♥✐❝✐❞❛❞❡✱ ✈❡❥❛ 7✉❡ +❡ ❛ ❢❛,♦-❛./♦ ❞❡ f(X) ∈ D[X]✱ ♦♥❞❡ f(X) ,❡♠ ❣-❛✉

0✱ > G♥✐❝❛✱ ✉♠❛ ✈❡③ 7✉❡ D > ✉♠ ❯❋❉✳ ❙❡ f(X) ,❡♠ ❣-❛✉ ♠❛✐♦- 7✉❡ 0✱ ♣♦❞❡♠♦+ ✈❡-

7✉❛❧7✉❡- ❢❛,♦-❛./♦ ❞❡ f(X) ❡♠ ✐--❡❞✉,A✈❡✐+ ❡♠ D[X]✱ ❝♦♠♦ ✉♠❛ ❢❛,♦-❛./♦ ❡♠ F [X]
❡♠ ✉♥✐❞❛❞❡+ ✭✐+,♦ >✱ ♦+ ❢❛,♦-❡+ ❡♠ D✮ ❡ ♣♦❧✐♥?♠✐♦+ ✐--❡❞✉,A✈❡✐+ ❡♠ F [X] ♣❡❧♦ ❧❡♠❛ ✷✳✸✵✳

P❡❧♦ ,❡♦-❡♠❛ ✶✳✼✺✱ ❡++❡+ ♣♦❧✐♥?♠✐♦+ +/♦ G♥✐❝♦+✱ ❡①❝❡,♦ ♣♦- ♣♦++A✈❡✐+ ❢❛,♦-❡+ ❝♦♥+,❛♥,❡+

❡♠ F ✳ ▼❛+ ✈✐+,♦ ❝♦♠♦ ✉♠ ✐--❡❞✉,A✈❡❧ ❡♠ D[X]✱ ❝❛❞❛ ♣♦❧✐♥?♠✐♦ ❞❡ ❣-❛✉ ♠❛✐♦- 7✉❡ ③❡-♦

7✉❡ ❛♣❛-❡❝❡ ♥❛ ❢❛,♦-❛./♦ ❞❡ f(X) ❡♠ D[X] > ♣-✐♠✐,✐✈♦✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧❡♠❛ ✷✳✷✻✱

✐++♦ ♠♦+,-❛ 7✉❡ ❡++❡+ ♣♦❧✐♥?♠✐♦+ +/♦ G♥✐❝♦+ ❡♠ D[X] ❛ ♠❡♥♦+ ❞❡ ❢❛,♦-❡+ ✉♥✐❞❛❞❡+✱ ✐+,♦

>✱ ❛++♦❝✐❛❞♦+✳ ❖ ♣-♦❞✉,♦ ❞♦+ ✐--❡❞✉,A✈❡✐+ ❡♠ D ♥❛ ❢❛,♦-❛./♦ ❞❡ f(X) > ♦ ❝♦♥,❡G❞♦

❞❡ f(X)✱ 7✉❡ > ♥♦✈❛♠❡♥,❡ G♥✐❝♦ ❛ ♠❡♥♦+ ❞❡ ✉♥✐❞❛❞❡ ♣❡❧♦ ❧❡♠❛ ✷✳✷✻✳ P♦-,❛♥,♦✱ ,♦❞♦+

♦+ ✐--❡❞✉,A✈❡✐+ ❡♠ D[X] 7✉❡ ❛♣❛-❡❝❡♠ ♥❛ ❢❛,♦-❛./♦ +/♦ G♥✐❝♦+ ❛ ♠❡♥♦+ ❞❡ ♦-❞❡♠ ❡

❡❧❡♠❡♥,♦+ ❛++♦❝✐❛❞♦+✳

❈♦"♦❧$"✐♦ ✷✳✸✸✳ ❙❡ F " ✉♠ ❝♦*♣♦ ❡ X1, . . . , Xn .5♦ ✈❛*✐=✈❡✐. ✐♥❞❡4❡*♠✐♥❛❞❛.✱ ❡♥45♦

F [X1, . . . , Xn] " ✉♠ ❯❋❉✳

❉❡♠♦♥.4*❛05♦✳ P❡❧♦ ❝♦-♦❧6-✐♦ ✷✳✶✽✱ F [X1] > ✉♠ ❯❋❉✳ P❡❧♦ ,❡♦-❡♠❛ ✷✳✸✷✱ (F [X1])[X2] =
F [X1, X2] ,❛♠❜>♠ > ❯❋❉✳ ❈♦♥,✐♥✉❛♥❞♦ ❡++❡ ♣-♦❝❡++♦✱ ✈❡♠♦+ ♣❡❧♦ P-✐♥❝A♣✐♦ ❞❡ ■♥❞✉./♦

❋✐♥✐,❛ 7✉❡ ❛ F [X1, . . . Xn] > ✉♠ ❯❋❉✳



❉♦♠#♥✐♦ ❞❡ ❢❛*♦+❛,-♦ .♥✐❝❛ ✺✶

❊①❡♠♣❧♦ ✷✳✸✹✳ ❙❡ F $ ✉♠ ❝♦)♣♦ ❡ X ❡ Y +,♦ ✈❛)✐0✈❡✐+ ✐♥❞❡3❡)♠✐♥❛❞❛+ ❡♥3,♦ F [X, Y ]
$ ❯❋❉ ♣❡❧♦ ❝♦)♦❧0)✐♦ ✷✳✸✸✳ ❈♦♥+✐❞❡)❡ N ♦ ❝♦♥❥✉♥3♦ ❞❡ 3♦❞♦+ ♦+ ♣♦❧✐♥=♠✐♦+ ❡♠ X ❡ Y
♣❡)3❡♥❝❡♥3❡+ ❛ F [X, Y ] 3❡♥❞♦ 3❡)♠♦ ❝♦♥+3❛♥3❡ ♥✉❧♦✱ ♦✉ +❡❥❛✱ N = 〈X, Y 〉✳

❱❡❥❛ @✉❡ N $ ✉♠ ✐❞❡❛❧ ❞❡ F [X, Y ] ♣♦)$♠ ♥,♦ $ ✐❞❡❛❧ ♣)✐♥❝✐♣❛❧ ❥0 @✉❡ ♥,♦ ❤0 ♠❛✐+

❝♦♠♦ ❡❧✐♠✐♥❛) ♥❡♥❤✉♠ ❣❡)❛❞♦)✳ C♦)3❛♥3♦✱ F [X, Y ] ♥,♦ $ ✉♠ C■❉✳





✸ ❉♦♠$♥✐♦ ❡✉❝❧✐❞✐❛♥♦

◆♦ "✉❡ %❡❣✉❡ ❡%'❛♠♦% ✐♥'❡,❡%%❛❞♦% ❡♠ ',❛'❛, ❞❡ ❞♦♠.♥✐♦% ❞❡ ✐♥'❡❣,✐❞❛❞❡ ❡♠ "✉❡ /

♣♦%%.✈❡❧ ❡%'❛❜❡❧❡❝❡, ✉♠ ❛❧❣♦,✐'♠♦ ❞❛ ❞✐✈✐%5♦✱ ❛ %❛❜❡,✱ ❞♦♠.♥✐♦% ❡✉❝❧✐❞✐❛♥♦%✳ 8❛,❛ '❛♥'♦

❛ %❡❣✉✐♥'❡ ❞❡✜♥✐:5♦ / ❝,✉❝✐❛❧✳ ❚❛✐% ❞♦♠.♥✐♦% ❡✉❝❧✐❞✐❛♥♦% %5♦ ❡①❡♠♣❧♦% ✐♥'❡,❡%%❛♥'❡% ❞❡

8■❉ ❡ ❞❡ ❯❋❉ ❝♦♠♦ ✈❡,❡♠♦% ♥♦ '❡♦,❡♠❛ ✸✳✹ ❡ ♥♦ ❝♦,♦❧C,✐♦ ✸✳✺✳

❉❡✜♥✐%&♦ ✸✳✶✳ ❯♠❛ ♥♦%♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡♠ ✉♠ ❞♦♠,♥✐♦ ❞❡ ✐♥-❡❣%✐❞❛❞❡ D / ✉♠❛ ❢✉♥12♦

v 3✉❡ ❛♣❧✐❝❛ ♦5 ❡❧❡♠❡♥-♦5 ♥2♦ ♥✉❧♦5 ❞❡ D ❡♠ Z+ ❞❡ ❢♦%♠❛ 3✉❡ ❛5 5❡❣✉✐♥-❡5 ❝♦♥❞✐16❡5

5❡❥❛♠ 5❛-✐5❢❡✐-❛5✿

✶✳ ;❛%❛ 3✉❛✐53✉❡% a, b ∈ D ❝♦♠ b 6= 0✱ ❡①✐5-❡♠ q ❡ r ❡♠ D -❛✐5 3✉❡ a = bq+ r✱ ❝♦♠
r = 0 ♦✉ v(r) < v(b)✳

✷✳ ;❛%❛ 3✉❛✐53✉❡% a, b ∈ D✱ ❝♦♠ a 6= 0 ❡ b 6= 0 ✱ v(a) 6 v(ab)✳

❆♦ ♣❛% (D, v) ❞❡♥♦♠✐♥❛♠♦5 ❞♦♠,♥✐♦ ❡✉❝❧✐❞✐❛♥♦✱ ♦✉ 5❡❥❛✱ ✉♠ ❞♦♠,♥✐♦ ❞❡ ✐♥-❡❣%✐❞❛❞❡

/ ✉♠ ❞♦♠,♥✐♦ ❡✉❝❧✐❞✐❛♥♦ 5❡ ❡①✐5-✐% ✉♠❛ ♥♦%♠❛ ❡✉❝❧✐❞✐❛♥❛ v ❡♠ D✳ ❆❧/♠ ❞✐55♦ ♦

❛❧❣♦%✐-♠♦ ❞❛❞♦ ♥❛ ❝♦♥❞✐12♦ ✶ / ❝❤❛♠❛❞♦ ❛❧❣♦%✐-♠♦ ❡✉❝❧✐❞✐❛♥♦✳

❊①❡♠♣❧♦ ✸✳✷✳ ❖ ❞♦♠.♥✐♦ ❞❡ ✐♥'❡❣,✐❞❛❞❡ Z / ✉♠ ❞♦♠.♥✐♦ ❡✉❝❧✐❞✐❛♥♦✱ ♣♦✐% ❛ ❢✉♥:5♦ v
❞❡✜♥✐❞❛ ♣♦, v(n) =| n | ♣❛,❛ n 6= 0 ❡♠ Z / ✉♠❛ ♥♦,♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡♠ Z✳ ❱❡❥❛ "✉❡ ❛
❝♦♥❞✐:5♦ ✶ / ❣❛,❛♥'✐❞❛ ♣❡❧♦ ❛❧❣♦,✐'♠♦ ❞❡ ❞✐✈✐%5♦ ♣❛,❛ Z✳ ❊♥"✉❛♥'♦ "✉❡ ❛ ❝♦♥❞✐:5♦ ✷
%❡❣✉❡ ❞❛ ♣,♦♣,✐❡❞❛❞❡ | a |6| a || b |=| ab | ❡ | a |> 1✱ a 6= 0 ❡♠ Z✳

❊①❡♠♣❧♦ ✸✳✸✳ ❙❡ F / ✉♠ ❝♦,♣♦✱ ❡♥'5♦ F [X] / ✉♠ ❞♦♠.♥✐♦ ❊✉❝❧✐❞✐❛♥♦✱ ♣❛,❛ ❛ ❢✉♥:5♦

v ❞❡✜♥✐❞❛ ♣♦, v (f(X)) = ∂f ♣❛,❛ f(X) ∈ F [X]✱ ❡ f(X) 6= 0✱ / ✉♠❛ ♥♦,♠❛ ❡✉❝❧✐❞✐❛♥❛✳
❆ ❈♦♥❞✐:5♦ ✶ / ✈C❧✐❞❛ ♣❡❧♦ '❡♦,❡♠❛ ✶✳✻✻ ❡ ❛ ❈♦♥❞✐:5♦ ✷✱ %❡❣✉❡ ❥C "✉❡ ♦ ❣,❛✉ ❞♦ ♣,♦❞✉'♦

❞❛ %♦♠❛ ❞❡ ❞♦✐% ♣♦❧✐♥P♠✐♦% / ❛ %♦♠❛ ❞❡ %❡✉% ❣,❛✉%✳

❚❡♦2❡♠❛ ✸✳✹✳ ❚♦❞♦ ❞♦♠,♥✐♦ ❡✉❝❧✐❞✐❛♥♦ / ✉♠ ;■❉✳

❉❡♠♦♥5-%❛12♦✳ ❙❡❥❛D ✉♠ ❞♦♠.♥✐♦ ❡✉❝❧✐❞✐❛♥♦ ❝♦♠ ✉♠❛ ♥♦,♠❛ ❡✉❝❧✐❞✐❛♥❛ v✱ ❡ ❝♦♥%✐❞❡,❡
N ✐❞❡❛❧ ❡♠ D "✉❛❧"✉❡,✳ ◗✉❡,❡♠♦% ♠♦%',❛, "✉❡ ∃ b ∈ D '❛❧ "✉❡ N = 〈b〉✱ ♦✉ %❡❥❛✱ N /

✉♠ ✐❞❡❛❧ ♣,✐♥❝✐♣❛❧✳

❙❡ N = {0}✱ ❡♥'5♦ N = 〈0〉 ❡ N / ♣,✐♥❝✐♣❛❧✳

❙✉♣♦♥❤❛ "✉❡ N 6= {0}✱ ❧♦❣♦ ❡①✐%'❡ b 6= 0 ❡♠ N ✳
❊%❝♦❧❤❛ b '❛❧ "✉❡ v(b) / ♠.♥✐♠♦ ❡♥',❡ '♦❞♦% v(n) ♣❛,❛ n ∈ N ♦ "✉❡ / ❣❛,❛♥'✐❞♦ ♣❡❧♦

8,✐♥❝.♣✐♦ ❞♦ ▼❡♥♦, ■♥'❡✐,♦ ❛♣❧✐❝❛❞♦ ❛♦ ❝♦♥❥✉♥'♦ {v(n) : n ∈ N} ⊂ Z+✳

❈♦♥%✐❞❡,❡ a ∈ N ✱ "✉❛❧"✉❡,✱ ❡♥'5♦ ♣❡❧❛ ❈♦♥❞✐:5♦ ✶ ❞❛ ❞❡✜♥✐:5♦ ✸✳✶ ❡①✐%'❡♠ q ❡ r ❡♠
D '❛✐% "✉❡ a = bq + r✱ ❝♦♠ r = 0 ♦✉ v(r) < v(b)✳
❆❣♦,❛ r = a− bq ❡ a, b ∈ N ✱ ❞❡ ♠♦❞♦ "✉❡ r ∈ N ❥C "✉❡ N / ✉♠ ✐❞❡❛❧✳

✺✸



✺✹ ❉♦♠#♥✐♦ ❡✉❝❧✐❞✐❛♥♦

❆##✐♠✱ v(r) < v(b) ' ✐♠♣♦##*✈❡❧ ♣❡❧❛ ❡#❝♦❧❤❛ ❞❡ b✱ ❧♦❣♦ ♥❡❝❡##❛4✐❛♠❡♥5❡ r = 0 ❡ ❡♥56♦

a = bq ∈ 〈b〉✳
8♦45❛♥5♦✱ N = 〈b〉✳

❈♦"♦❧$"✐♦ ✸✳✺✳ ❚♦❞♦ ❞♦♠$♥✐♦ ❡✉❝❧✐❞✐❛♥♦ , ✉♠ ❯❋❉✳

❉❡♠♦♥123❛45♦✳ 8❡❧♦ 5❡♦4❡♠❛ ✸✳✹✱ ✉♠ ❞♦♠*♥✐♦ ❡✉❝❧✐❞✐❛♥♦ ' ✉♠ 8■❉ ❡ ♣❡❧♦ 5❡♦4❡♠❛

✷✳✶✼✱ ✉♠ 8■❉ ' ✉♠ ❯❋❉✳

❱❛♠♦# ❛❣♦4❛ ✐♥✈❡#5✐❣❛4 ❛❧❣✉♠❛# ♣4♦♣4✐❡❞❛❞❡# ❞♦# ❞♦♠*♥✐♦# ❡✉❝❧✐❞✐❛♥♦# 4❡❧❛❝✐♦♥❛❞♦#

❛ #✉❛ ❡#54✉5✉4❛ ♠✉❧5✐♣❧✐❝❛5✐✈❛✳ ❱❡4❡♠♦# C✉❡ ♣♦❞❡♠♦# ✉#❛4 ❛ ❝♦♥❞✐D6♦ ✷ ❞❡ ✉♠❛ ♥♦4♠❛

❡✉❝❧✐❞✐❛♥❛ ♣❛4❛ ❝❛4❛❝5❡4✐③❛4 ♦# ❡❧❡♠❡♥5♦# ❞❡ U(D)✳

❚❡♦"❡♠❛ ✸✳✻✳ 6❛3❛ ✉♠ ❞♦♠$♥✐♦ ❡✉❝❧✐❞✐❛♥♦ D ❝♦♠ ✉♠❛ ♥♦3♠❛ ❡✉❝❧✐❞✐❛♥❛ v✱ v(1) , ♦
✈❛❧♦3 ♠$♥✐♠♦ ❡♥23❡ 2♦❞♦1 ♦1 ✈❛❧♦3❡1 v(a) ♣❛3❛ a 6= 0 ❡ a ∈ D✳
❆✐♥❞❛✱ u ∈ U(D) 1❡✱ ❡ 1♦♠❡♥2❡ 1❡✱ v(u) = v(1)✳

❉❡♠♦♥123❛45♦✳ ✭⇒✮ 8❡❧❛ ❝♦♥❞✐D6♦ 2 #❡❣✉❡ C✉❡ ♣❛4❛ a 6= 0✿ v(1) 6 v(1a) = v(a)✳
8♦4 ♦✉54♦ ❧❛❞♦✱ #❡ u ' ✉♠❛ ✉♥✐❞❛❞❡ ❡♠ D✱ ❡♥56♦✱ v(u) 6 v(uu−1) = v(1)✳
❆##✐♠✱ v(u) = v(1) ♣❛4❛ u ∈ U(D)✳

✭⇐✮ ❙✉♣♦♥❤❛ C✉❡ u ∈ D✱ u 6= 0✱ #❡❥❛ 5❛❧ C✉❡ v(u) = v(1)✳
❊♥56♦✱ ♣❡❧❛ ❝♦♥❞✐D6♦ ✶✱ ❡①✐#5❡♠ q ❡ r ❡♠ D✱ 5❛✐# C✉❡ 1 = uq + r✱ ❝♦♠✱ r = 0 ♦✉

v(r) < v(u)✳
▼❛# ❝♦♠♦ v(u) = v(1) ' ♠*♥✐♠♦ ❡♥54❡ 5♦❞♦# ♦# v(d) ♣❛4❛ d ∈ D✱ d 6= 0✱ v(r) <
v(u) ♥6♦ ♦❝♦44❡✳

❉❛* r = 0 ❡ ❝♦♥#❡C✉❡♥5❡♠❡♥5❡ 1 = uq✱ ♦✉ #❡❥❛✱ u ∈ U(D) ✳

❊①❡♠♣❧♦ ✸✳✼✳ 8❛4❛ Z ❝♦♠ v(n) = |n|✱ ♦ ♠*♥✐♠♦ ❞❡ v(n) ∈ Z+ ❝♦♠ n ∈ Z✱ n 6= 0✱
' ✶✳ ❙❛❜❡♠♦# C✉❡ ❡ 1 ❡ −1 #6♦ ♦# M♥✐❝♦# ❡❧❡♠❡♥5♦# ❞❡ Z ❝♦♠ v(n) = 1 ❡ ❛✐♥❞❛

U(Z) = {−1, 1}✱ ♦✉ #❡❥❛✱ −1 ❡ 1 #6♦ ❡①❛5❛♠❡♥5❡ ❛# ✉♥✐❞❛❞❡# ❞❡ Z✱ ❝♦♠♣4♦✈❛♥❞♦ ❛##✐♠

❛ ❛✜4♠❛D6♦ ❞♦ 5❡♦4❡♠❛ ✸✳✻✳

❊①❡♠♣❧♦ ✸✳✽✳ 8❛4❛ F [X] ❝♦♠ v(f(X)) = ∂f(X)✱ ♣❛4❛ f(X) 6= 0✱ ♦ ✈❛❧♦4 ♠*♥✐♠♦ ❞❡

v(f(X)) ♣❛4❛ 5♦❞♦# ♦# ♥6♦ ♥✉❧♦# f(X) ∈ F [X] ' 0✳ ❖# ♣♦❧✐♥Q♠✐♦# ♥6♦ ♥✉❧♦# ❞❡ ❣4❛✉ 0
#6♦ ❡①❛5❛♠❡♥5❡ ♦# ❡❧❡♠❡♥5♦# ♥6♦ ♥✉❧♦# ❞❡ F ✱ ❡ ❡##❛# #6♦ ♣4❡❝✐#❛♠❡♥5❡ ❛# ✉♥✐❞❛❞❡# ❞❡

F [X]✱ ♦✉ #❡❥❛✱ U(F [X]) = F ∗✳

❱❡❥❛♠♦# ❛❣♦4❛ ✉♠❛ ❣❡♥❡4❛❧✐③❛D6♦ ❞♦ ❛❧❣♦4✐5♠♦ ❞❡ ❞✐✈✐#6♦ ❞❛❞♦ ♥♦ 5❡♦4❡♠❛ ✶✳✻✻✳

❚❡♦"❡♠❛ ✸✳✾✳ ✭❆❧❣♦3✐2♠♦ ❊✉❝❧✐❞✐❛♥♦✮ ❙❡❥❛ D ✉♠ ❞♦♠$♥✐♦ ❊✉❝❧✐❞✐❛♥♦ ❝♦♠ ✉♠❛ ♥♦3♠❛

❊✉❝❧✐❞✐❛♥❛ v✱ ❡ 1❡❥❛♠ a ❡ b ❡❧❡♠❡♥2♦1 ♥5♦✲♥✉❧♦1 ❞❡ D✳ ❈♦♥1✐❞❡3❡ r1 ❝♦♠♦ ♥❛ ❈♦♥❞✐45♦
✶ ❞❛ ❞❡✜♥✐45♦ ✸✳✶ ♣❛3❛ ✉♠❛ ♥♦3♠❛ ❊✉❝❧✐❞✐❛♥❛✱ ✐12♦ ,✱ a = bq1 + r1 ❡♠ F✉❡ r1 = 0 ♦✉
v(r1) < v(b)✳ ❙❡ r1 6= 0✱ 1❡❥❛ r2 2❛❧ F✉❡ b = r1q2 + r2✱ ♦♥❞❡ r2 = 0 ♦✉ v(r2) < v(r1)✳
▼❛✐1 ❣❡3❛❧♠❡♥2❡✱ ❞❡ ♠♦❞♦ ✐♥❞✉2✐✈♦✱ 1❡❥❛ ri+1✱ 2❛❧ F✉❡ ri−1 = riqi+1 + ri+1✱ ❡♠ F✉❡

ri+1 = 0 ♦✉ v(ri+1) < v(ri)✳ ◆❡12❛1 ❝♦♥❞✐4I❡1✱ r1, r2, . . . ♥❡❝❡11❛3✐❛♠❡♥2❡ 2❡3♠✐♥❛ ❝♦♠
❛❧❣✉♠ rs = 0✳ ❙❡ r1 = 0✱ ❡♥25♦ b , ✉♠ ♠J①✐♠♦ ❞✐✈✐1♦3 ❝♦♠✉♠ ❞❡ a ❡ b✳ ❙❡ r1 6= 0
❡ rs , ♦ ♣3✐♠❡✐3♦ ri = 0✱ ❡♥25♦ ✉♠ ♠J①✐♠♦ ❞✐✈✐1♦3 ❝♦♠✉♠ ❞❡ a ❡ b 1❡3J rs−1✳ ❆❧,♠
❞✐11♦✱ 1❡ d , ✉♠ ♠J①✐♠♦ ❞✐✈✐1♦3 ❝♦♠✉♠ ❞❡ a ❡ b✱ ❡♥25♦ ❡①✐12❡♠ λ ❡ µ ❡♠ D 2❛✐1 F✉❡

d = λa+ µb✳



❉♦♠#♥✐♦ ❡✉❝❧✐❞✐❛♥♦ ✺✺

❉❡♠♦♥%&'❛)*♦✳ ❈♦♠♦ v(ri) < v(ri−1) ❡ v(ri) % ✉♠ ✐♥)❡✐*♦ ♥+♦ ♥❡❣❛)✐✈♦✱ 0❡❣✉❡✲0❡ 2✉❡✱

❛♣40 ✉♠ ♥5♠❡*♦ ✜♥✐)♦ ❞❡ ♣❛00♦0✱ ❞❡✈❡♠♦0 ♦❜)❡* rs = 0✱ ♣❛*❛ ❛❧❣✉♠ s✳
❙❡ r1 = 0✱ ❡♥)+♦ a = bq1 ❡ b % ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ ❞❡ a ❡ b✳ ❙✉♣♦♥❤❛ r1 6= 0✳

❊♥)+♦✱ 0❡ d | a ❡ d | b✱ )❡♠♦0 d | (a − bq1)✱ ❝♦♥0❡2✉❡♥)❡♠❡♥)❡ d | r1✳ ◆♦ ❡♥)❛♥)♦✱ 0❡

d1 | r1 ❡ d1 | b✱ ❡♥)+♦ d1 | (bq1 + r1)✱ ❛00✐♠ d1 | a✳ B♦*)❛♥)♦✱ ♦ ❝♦♥❥✉♥)♦ ❞❡ ❞✐✈✐0♦*❡0

❝♦♠✉♥0 ❞❡ a ❡ b % ♦ ♠❡0♠♦ ❝♦♥❥✉♥)♦ 2✉❡ ♦ ❝♦♥❥✉♥)♦ ❞❡ ❞✐✈✐0♦*❡0 ❝♦♠✉♥0 ❞❡ b ❡ r1✳ B♦*
✉♠ ❛*❣✉♠❡♥)♦ ❛♥<❧♦❣♦✱ 0❡ r2 6= 0✱ ♦ ❝♦♥❥✉♥)♦ ❞❡ ❞✐✈✐0♦*❡0 ❝♦♠✉♥0 ❞❡ b ❡ r1 % ♦ ♠❡0♠♦

❝♦♥❥✉♥)♦ 2✉❡ ♦ ❝♦♥❥✉♥)♦ ❞❡ ❞✐✈✐0♦*❡0 ❝♦♠✉♥0 ❞❡ r1 ❡ r2✳ ❈♦♥)✐♥✉❛♥❞♦ ❡0)❡ ♣*♦❝❡00♦✱

✈❡♠♦0 ✜♥❛❧♠❡♥)❡ 2✉❡ ♦ ❝♦♥❥✉♥)♦ ❞❡ ❞✐✈✐0♦*❡0 ❝♦♠✉♥0 ❞❡ a ❡ b % ♦ ♠❡0♠♦ ❝♦♥❥✉♥)♦ 2✉❡

♦ ❝♦♥❥✉♥)♦ ❞❡ ❞✐✈✐0♦*❡0 ❝♦♠✉♥0 ❞❡ rs−2 ❡ rs−1✱ ❡♠ 2✉❡ rs % ♦ ♣*✐♠❡✐*♦ ri ✐❣✉❛❧ ❛ 0✳
❉❡00❛ ❢♦*♠❛✱ ✉♠ ♠❛①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ ❞❡ rs−2 ❡ rs−1 )❛♠❜%♠ % ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦*

❝♦♠✉♠ ❞❡ a ❡ b✳ ▼❛0 ❛ ❡2✉❛G+♦

rs−2 = qsrs−1 + rs = qsrs−1

♠♦0)*❛ 2✉❡ ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ ❞❡ rs−2 ❡ rs−1 % rs−2✳ ❘❡0)❛ ♠♦0)*❛* 2✉❡

♣♦❞❡♠♦0 ❡①♣*❡00❛* ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ d ❞❡ a ❡ b ❝♦♠♦ d = λa + µb✳ ◆♦ 2✉❡

✜③❡♠♦0 ❛❝✐♠❛✱ 0❡ d = b✱ ❡♥)+♦ d = 0a+1b ❡ )❡*♠✐♥❛♠♦0✳ ❙❡ d = rs−1✱ ❡♥)+♦✱ ♣♦❞❡♠♦0

❡①♣*❡00❛* ❝❛❞❛ ri ♥❛ ❢♦*♠❛ λiri−1 + µiri−2 ♣❛*❛ ❞❡)❡*♠✐♥❛❞♦0 λi, µi ∈ D✳ B❛*❛ ✐❧✉0)*❛*

✉0❛♥❞♦ ♦ ♣*✐♠❡✐*♦ ♣❛00♦✱ ❛ ♣❛*)✐* ❞❛ ❡2✉❛G+♦ rs−3 = qs−1rs−2 + rs−1 ♦❜)❡♠♦0

d = rs−1 = rs−3 − qs−1rs−2. ✭✸✳✶✮

❆❣♦*❛✱ ❡①♣*❡00❛♠♦0 rs−2 ❡♠ )❡*♠♦0 ❞❡ rs−3 ❡ rs−4 ❡ 0✉❜0)✐)✉O♠♦0 ❡♠ ✭✸✳✶✮ ♣❛*❛ ❡0❝*❡✈❡*

d ❡♠ )❡*♠♦0 ❞❡ rs−3 ❡ rs−4✳ ❊✈❡♥)✉❛❧♠❡♥)❡✱ )❡*❡♠♦0

d = λ3r2+µ3r1 = λ3(b− r1q2)+µ3r1 = λ3b+(µ3−λ3q2)r1 = λ3b+(µ3−λ3q2)(a− bq1)

♦ 2✉❡ ♣♦❞❡ 0❡* ❡0❝*✐)♦ ♥❛ ❢♦*♠❛ d = λa + µb✳ ❙❡ d′ % 2✉❛❧2✉❡* ♦✉)*♦ ♠<①✐♠♦ ❞✐✈✐0♦*

❝♦♠✉♠ ❞❡ a ❡ b✱ ❡♥)+♦ d′ = ud✱ ♣❛*❛ ❛❧❣✉♠❛ ✉♥✐❞❛❞❡ u✱ ❡♥)+♦ d′ = (λu)a+ (µu)b✳

❊①❡♠♣❧♦ ✸✳✶✵✳ ✿ ■❧✉0)*❛*❡♠♦0 ♦ ❛❧❣♦*✐)♠♦ ❡✉❝❧✐❞✐❛♥♦ ♣❛*❛ ❛ ♥♦*♠❛ ❊✉❝❧✐❞✐❛♥❛ | | ❡♠
Z✱ ❝❛❧❝✉❧❛♥❞♦ ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ ❞❡ 22.471 ❡ 3.266✳ B❛*❛ )❛♥)♦✱ ❜❛0)❛ ❛♣❧✐❝❛*

♦ ❛❧❣♦*✐)♠♦ ❞❡ ❞✐✈✐0+♦ ❞♦ )❡♦*❡♠❛ ✸✳✾ *❡♣❡)✐❞❛♠❡♥)❡✱ ♦ 5❧)✐♠♦ *❡0)♦ 2✉❡ ❛♣❛*❡❝❡ ♥+♦

♥✉❧♦ % ♦ ♠❞❝✳ ❯0❛♥❞♦ ❛ ♥♦)❛G+♦ ❞♦ )❡♦*❡♠❛ ✸✳✾✱ )❡♠♦0✿

a = 22.471
b = 3.266

22.471 = (3.266)6 + 2.875 r1 = 2.875
3.266 = (2.875)1 + 391 r2 = 391
2.875 = (391)7 + 138 r3 = 138
391 = (138)2 + 115 r4 = 115
138 = (115)1 + 23 r5 = 23
115 = (23)5 + 0 r6 = 0

❆00✐♠✱ r5 % ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ ❞❡ 22.471 ❡ 3.266✳ ❈♦♠ ❡00❡ ♣*♦❝❡❞✐♠❡♥)♦

❡♥❝♦♥)*❛♠♦0 ✉♠ ♠<①✐♠♦ ❞✐✈✐0♦* ❝♦♠✉♠ 0❡♠ ❢❛③❡* ✉♠❛ ❢❛)♦*❛G+♦✳ ■00♦ % ✐♠♣♦*)❛♥)❡✱

♣♦✐0✱ ♣♦* ✈❡③❡0✱ % ♠✉✐)♦ ❞✐❢O❝✐❧ ❡♥❝♦♥)*❛* ✉♠❛ ❢❛)♦*❛G+♦ ❞❡ ✉♠ ✐♥)❡✐*♦ ❡♠ ♣*✐♠♦0✳

❊①❡♠♣❧♦ ✸✳✶✶✳ ❖❜0❡*✈❡ 2✉❡ ❛ ❝♦♥❞✐G+♦ ✶ ❞♦ ❛❧❣♦*✐)♠♦ ❞❡ ❞✐✈✐0+♦ ♥❛ ❞❡✜♥✐G+♦ ❞❡ ✉♠❛

♥♦*♠❛ ❊✉❝❧✐❞✐❛♥❛ ♥+♦ ❞✐③ ♥❛❞❛ 0♦❜*❡ r 0❡* ✧♣♦0✐)✐✈♦✧✳ ❆♦ ❝❛❧❝✉❧❛* ✉♠ ♠❞❝ ❡♠ Z ♣❡❧♦

❛❧❣♦*O)♠♦ ❡✉❝❧✐❞✐❛♥♦ ♣❛*❛ | |✱ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ✸✳✶✵✱ ❝❡*)❛♠❡♥)❡ % ❞❡ ♥♦00♦ ✐♥)❡*❡00❡



✺✻ ❉♦♠#♥✐♦ ❡✉❝❧✐❞✐❛♥♦

"♦$♥❛$ ♦ |r1| ♦ ♠❡♥♦$ ♣♦**+✈❡❧ ❡♠ ❝❛❞❛ ❞✐✈✐*1♦✳ ❆**✐♠✱ $❡♣❡"✐♥❞♦ ♦ ❡①❡♠♣❧♦ ✸✳✶✵✱ *❡$✐❛

♠❛✐* ❡✜❝✐❡♥"❡ ❡*❝$❡✈❡$✿

a = 22.471
b = 3.266

22.471 = (3.266)7− 391 r1 = −391
3.266 = (391)8 + 138 r2 = 138
391 = (138)3− 23 r3 = −23
138 = (23)6 + 0 r4 = 0

;♦❞❡♠♦* ♠✉❞❛$ ♦ *✐♥❛❧ ❞♦ ri ❞❡ ♥❡❣❛"✐✈♦ ♣❛$❛ ♣♦*✐"✐✈♦ >✉❛♥❞♦ ❞❡*❡❥❛♠♦*✱ ✉♠❛ ✈❡③

>✉❡ ♦* ❞✐✈✐*♦$❡* ❞❛ r1 ❡ −r1 *1♦ ♦* ♠❡*♠♦*✳



✹ ■♥#❡✐&♦( ❣❛✉((✐❛♥♦( ❡ ◆♦&♠❛(

♠✉❧#✐♣❧✐❝❛#✐✈❛(

❋✐♥❛❧✐③❛♠♦( ❡(*❛ ❞✐((❡,*❛-.♦ ❝♦♠ ✉♠ ❡①❡♠♣❧♦ ♥.♦ ✉(✉❛❧ ❞❡ ❞♦♠3♥✐♦ ❡✉❝❧✐❞✐❛♥♦

✭❡ ♣♦,*❛♥*♦ ✉♠ ❡①❡♠♣❧♦ ♥.♦ ❝❛♥5♥✐❝♦ *❛♥*♦ ❞❡ 6■❉ 9✉❛♥*♦ ❞❡ ❯❋❉✮✱ ❝✉❥❛ ♥❛*✉,❡③❛ >

❞✐❢❡,❡♥*❡ ❞❡ Z ❡ F [X]✳ 6❛,❛ *❛♥*♦ ✐♥✐❝✐❛♠♦( ❝♦♠ ❛ ❛❜♦,❞❛❣❡♠ (♦❜,❡ ✐♥*❡✐,♦( ❣❛✉((✐❛♥♦(✳

✹✳✶ ■♥%❡✐(♦* ❣❛✉**✐❛♥♦*

❉❡✜♥✐%&♦ ✹✳✶✳ ❯♠ ✐♥$❡✐&♦ ❣❛✉++✐❛♥♦ ✭♦✉ ✐♥$❡✐&♦ ❞❡ ●❛✉++✮ 0 ✉♠ ♥1♠❡&♦ ❝♦♠♣❧❡①♦

a+ bi✱ ❡♠ 7✉❡ a, b ∈ Z✳
9❛&❛ ✉♠ ✐♥$❡✐&♦ ❣❛✉++✐❛♥♦ α = a+ bi✱ ❛ ♥♦&♠❛ N(α) ❞❡ α 0 a2 + b2✳

❉❡♥♦*❛♠♦( ♣♦, Z[i] ♦ ❝♦♥❥✉♥*♦ ❞❡ *♦❞♦( ♦( ✐♥*❡✐,♦( ❞❡ ●❛✉((✳ ❖ ❧❡♠❛ ❛ (❡❣✉✐,

❛♣,❡(❡♥*❛ ❛❧❣✉♠❛( ♣,♦♣,✐❡❞❛❞❡( ❜E(✐❝❛( ❞❛ ❢✉♥-.♦ ♥♦,♠❛ N : Z[i] → Z+ 9✉❡ (.♦

♥❡❝❡((E,✐❛( ♣❛,❛ ❛ ❞❡♠♦♥(*,❛-.♦ ❞♦ *❡♦,❡♠❛ ✹✳✹✳ ❖❜(❡,✈❡ 9✉❡ Z ⊂ Z[i] ⊂ C✳

▲❡♠❛ ✹✳✷✳ ❆+ +❡❣✉✐♥$❡+ ♣&♦♣&✐❡❞❛❞❡+ ❞❛ ❢✉♥<=♦ ♥♦&♠❛ N +=♦ ✈?❧✐❞❛+ ♣❛&❛ 7✉❛✐+7✉❡&

α, β ∈ Z[i]✿

✶✳ N(α) > 0❀

✷✳ N(α) = 0 +❡✱ ❡ +♦♠❡♥$❡ +❡✱ α = 0❀

✸✳ N(αβ) = N(α)N(β)✳

❉❡♠♦♥+$&❛<=♦✳ ❈♦♥(✐❞❡,❛♥❞♦ α = a1 + a2i ❡ β = b1 + b2i✱ *❡♠♦(✿

✶✳ N(α) := a2 + b2 ≥ 0✳ 6♦,*❛♥*♦✱ N(α) > 0✳

✷✳ (⇒) 0 = N(α) = a2 + b2 ⇒ a2 + b2 = 0✱ ❝♦♠ a✱ b ∈ Z⇒ a = 0 = b⇒ α = 0✳

(⇐) ❙❡ α = 0 ❡♥*.♦ a = 0 = b✱ ❧♦❣♦✿ N(α) = a2 + b2 = 02 + 02 = 0

✸✳ N(αβ) = N((a1 + a2i) · (b1 + b2i)) = N((a1b1 − a2b2) + i(a1b2 + b1a2)) =
= (a1b1 − a2b2)

2 + (a1b2 + b1a2)
2 =

= [(a1b1)
2 − 2(a1b1)(a2b2) + (a2b2)

2] + [(a1b2)
2 + 2(a1b2)(b1a2) + (b1a2)

2] =
= (a1b1)

2 + (a2b2)
2 + (a1b2)

2 + (b1a2)
2 = a21b

2
1 + a21b

2
2 + a22b

2
1 + a22b

2
2 =

= (a21 + a22) · (b21 + b22) = N(α)N(β)✳

✺✼



✺✽ ■♥"❡✐%♦' ❣❛✉''✐❛♥♦' ❡ ◆♦%♠❛' ♠✉❧"✐♣❧✐❝❛"✐✈❛'

▲❡♠❛ ✹✳✸✳ (Z[i],+, .)✱ ❝♦♠ ❛% ♦♣❡(❛)*❡% (+) ❡ ( · ) ✐♥❞✉③✐❞❛% ❞❡ C 0 ✉♠ ❞♦♠1♥✐♦ ❞❡

✐♥2❡❣(✐❞❛❞❡✳

❉❡♠♦♥%2(❛)6♦✳ ✿ ❱❡❥❛ '✉❡ Z[i] ) ✉♠ ❛♥❡❧ ❝♦♠✉/❛/✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✱ ♣❡❧♦ ❡①❡♠♣❧♦ ✶✳✽✳

▼♦9/:❡♠♦9 '✉❡ Z[i] ♥;♦ /❡♠ ❞✐✈✐9♦:❡9 ❞❡ ③❡:♦✿ 9❡ α, β ∈ Z[i] 9;♦ /❛✐9 '✉❡ αβ = 0 ❡♥/;♦✱

♣❡❧♦ ❧❡♠❛ ✹✳✷✱ N(α)N(β) = N(αβ) = N(0) = 0✱ ❧♦❣♦ N(α)N(β) = 0✳
❆99✐♠✱ αβ = 0 ✐♠♣❧✐❝❛ '✉❡ N(α) = 0 ♦✉ N(β) = 0✳ ❆✐♥❞❛ ♣❡❧♦ ❧❡♠❛ ✹✳✷✱ ✐99♦

✐♠♣❧✐❝❛ '✉❡ α = 0 ♦✉ β = 0✳ ❆99✐♠✱ Z[i] ♥;♦ /❡♠ ❞✐✈✐9♦:❡9 ❞❡ 0✳
A♦:/❛♥/♦ Z[i] ) ✉♠ ❞♦♠B♥✐♦ ❞❡ ✐♥/❡❣:✐❞❛❞❡✳

❚❡♦)❡♠❛ ✹✳✹✳ ❆ ❢✉♥)6♦ v ❞❛❞❛ ♣♦( v(α) = N(α)✱ ♣❛(❛ α 6= 0 ∈ Z[i]✱ 0 ✉♠❛ ♥♦(♠❛

❡✉❝❧✐❞✐❛♥❛ ❡♠ Z[i]✱ ♦✉ %❡❥❛✱ (Z[i], v) 0 ✉♠ ❞♦♠1♥✐♦ ❡✉❝❧✐❞✐❛♥♦✳

❉❡♠♦♥%2(❛)6♦✳ ❱❡:✐✜'✉❡♠♦9 ❛ ❝♦♥❞✐D;♦ 2 ❞❛ ❞❡✜♥✐D;♦ ✸✳✶✿ ♣❛:❛ β = b1 + b2i 6= 0✱ ❡♠
Z[i]✱ /❡♠♦9 N(β) = N(b1 + b2i) = b21 + b22 ≥ 1✱ ♣♦✐9 b1 ♦✉ b2 ) ♥;♦ ♥✉❧♦✳

▲♦❣♦✱ N(β) ≥ 1✱ ♣❛:❛ '✉❛❧'✉❡: β 6= 0 ❡♠ Z[i]✳
❉❡9/❛ ❢♦:♠❛✱ ♣❛:❛ α 6= 0 ❡ β 6= 0 ❡♠ Z[i]✱ /❡♠♦9 N(αβ) = N(α)N(β) > N(α)1 =

N(α)✳ ❖✉ #❡❥❛✱ N(α) 6 N(αβ)✳
()♦✈❡♠♦# ❛ ❝♦♥❞✐12♦ ✶✱ ❛ #❛❜❡)✱ ♦ ❛❧❣♦)✐7♠♦ ❞❡ ❞✐✈✐#2♦ ♣❛)❛ N ✳

❙❡❥❛♠ α, β ∈ Z[i] :✉❛✐#:✉❡)✱ ❝♦♠ α = a1 + a2i ❡ β = b1 + b2i✱ ♦♥❞❡ β 6= 0✳

❉❡✈❡♠♦# ❡♥❝♦♥7)❛) σ ❡ ρ ❡♠ Z[i] ❞❡ 7❛❧ ❢♦)♠❛ :✉❡ α = βσ + ρ✱ ❡♠ :✉❡ ρ = 0 ♦✉

N(ρ) < N(β) = b1
2 + b2

2
✳

❊♠ C✱ ❝♦♥#✐❞❡)❡

α

β
= r + si ♣❛)❛ r, s ∈ Q✳

❆✜)♠❛12♦✿ ❉❛❞♦# r✱ s ∈ Q ❡①✐#7❡♠ q1✱ q2 ∈ Z 7❛✐# :✉❡✿

|r − q1| 6
1

2
❡ |s− q2| 6

1

2
. ✭✹✳✶✮

❈♦♠ ❡❢❡✐7♦✱ ❞❛❞♦ r ∈ Q✱ ♣♦❞❡♠♦# ❛✜)♠❛) :✉❡ r ∈ [a, b]✱ ❝♦♠ a✱ b ∈ Z ❡

b− a = 1. ✭✹✳✷✮

❙✉♣♦♥❤❛ :✉❡ |r − q1| >
1

2
♣❛)❛ 7♦❞♦ q1 ∈ Z✳

❉❡##❛ ❢♦)♠❛ 7❡)H❛♠♦# b− a = (b− r) + (r− a) >
1

2
+

1

2
= 1✱ ♦ :✉❡ ❝♦♥7)❛❞✐③ ✭✹✳✷✮✳

(♦)7❛♥7♦✱ ❛ ❛✜)♠❛12♦ J ✈❡)❞❛❞❡✐)❛✳

❆♥❛❧♦❣❛♠❡♥7❡✱ ❡①✐#7❡ q2 ∈ Z 7❛❧ :✉❡ |s− q2| 6
1

2
✳

❚♦♠❡♠♦# σ = q1 + q2i ❡ ρ = α− βσ✳

❙❡ ρ = 0 ❡#7L ♣)♦✈❛❞♦✱ ❝❛#♦ ❝♦♥7)L)✐♦ ♣♦) ✭✹✳✶✮ ❡ ♣❡❧❛ ❝♦♥#7)✉12♦ ❞❡ σ✱ 7❡♠♦#✿

N

(
α

β
− σ

)

= N((r + si)− (q1 + q2i)) = N((r − q1) + (s− q2)i) =

(r − q1)
2 + (s− q2)

2 =| r − q1 |2 + | s− q2 |26
(
1

2

)2

+

(
1

2

)2

=
1

2
.

❆##✐♠✱

N(ρ) = N(α− βσ) = N

(

β

(
α

β
− σ

))

= N(β)N

(
α

β
− σ

)

6 N(β)
1

2
, ✭✹✳✸✮
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"♦$ ✭✹✳✶✮✱ +❡❣✉❡ /✉❡

N(ρ) ≤ N(β)

2
< N(β)⇒ N(ρ) < N(β).

"♦$0❛♥0♦✱ N(ρ) < N(β)✳

❊①❡♠♣❧♦ ✹✳✺✳ "♦❞❡♠♦+ ❛♣❧✐❝❛$ 0♦❞♦+ ♦+ $❡+✉❧0❛❞♦+ ❞♦ ❝❛♣90✉❧♦ ✸ +♦❜$❡ ❞♦♠9♥✐♦+ ❡✉✲

❝❧✐❞✐❛♥♦+ ❛♦ (Z[i], v)✳
❊♠ ♣❛$0✐❝✉❧❛$✱ ❝♦♠♦ N(1) = 1✱ ❛+ ✉♥✐❞❛❞❡+ ❞♦ Z[i] +>♦ ❡①❛0❛♠❡♥0❡ ♦+ ❡❧❡♠❡♥0♦+

α = a1 + a2i ❡♠ /✉❡ N(α) = a21 + a22 = 1✳
❱❡❥❛ /✉❡ ❝♦♠♦ a1 ❡ a2 +>♦ ♥B♠❡$♦+ ✐♥0❡✐$♦+✱ +❡❣✉❡ ❡♥0>♦ /✉❡ ❛+ B♥✐❝❛+ ♣♦++✐❜✐❧✐❞❛❞❡+

♣❛$❛ /✉❡ a21 + a22 = 1 +>♦✿ a1 = ±1 ❝♦♠ a2 = 0✱ ♦✉ a1 = 0 ❝♦♠ a2 = ±1✳
❆++✐♠✱ ❛+ ✉♥✐❞❛❞❡+ ❞❡ Z[i] +>♦✿

u1 = 1✱ u2 = −1✱ u3 = i ❡ u4 = −i✱ ♦✉ +❡❥❛✱ U(Z[i]) = {−1, 1,−i, i}✳

❚❛♠❜F♠ F ♣♦++9✈❡❧ ✉+❛$ ♦ ❛❧❣♦$90♠♦ ❡✉❝❧✐❞✐❛♥♦ ♣❛$❛ ❝❛❧❝✉❧❛$ ♦ ♠✳❞✳❝✳ ❞❡ ❞♦✐+

❡❧❡♠❡♥0♦+ ❞✐❢❡$❡♥0❡+ ❞❡ ③❡$♦ ❡♠ Z[i]✳
◆♦0❡ ❛✐♥❞❛✱ /✉❡ 5 F ✉♠ ✐$$❡❞✉09✈❡❧ ❡♠ Z✱ ♣♦$F♠ 5 ♥>♦ F ♠❛✐+ ✉♠ ✐$$❡❞✉09✈❡❧ ❡♠

Z[i]✱ ♣♦✐+ 5 = (1 + 2i)(1− 2i) ❡ ♥❡♠ (1 + 2i) ♥❡♠ (1− 2i) ♣❡$0❡♥❝❡♠ ❛ U(Z[i])✳

✹✳✷ ◆♦%♠❛( ♠✉❧+✐♣❧✐❝❛+✐✈❛(

◆❛ +❡K>♦ ✹✳✶ 0$❛0❛♠♦+ ❞❛ ♥♦$♠❛ ♣❛$❛ Z[i]✳ ◆❡+0❛ ♣$❡+❡♥0❡ +❡K>♦ ❛❜♦$❞❛$❡♠♦+ ♥♦$♠❛

❞❡ ♠♦❞♦ ♠❛✐+ ❣❡$❛❧✱ ❛ +❛❜❡$✱ ♥♦$♠❛ ♠✉❧0✐♣❧✐❝❛0✐✈❛ ♣❛$❛ ✉♠ ❞♦♠9♥✐♦ ❞❡ ✐♥0❡❣$✐❞❛❞❡ D✱

/✉❛❧/✉❡$✳

❉❡✜♥✐./♦ ✹✳✻✳ ❙❡❥❛ D ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡✱ /✉❛❧/✉❡-✳ ❯♠❛ ♥♦-♠❛ ♠✉❧+✐♣❧✐❝❛✲

+✐✈❛ N ❡♠ D 7 ✉♠❛ ❢✉♥9:♦ /✉❡ ❛♣❧✐❝❛ ❝❛❞❛ ❡❧❡♠❡♥+♦ ❞❡ D ❡♠ ✉♠ ♥;♠❡-♦ ✐♥+❡✐-♦ ❡♠

Z✱ ❞❡ +❛❧ ❢♦-♠❛ /✉❡ ❛< <❡❣✉✐♥+❡< ❝♦♥❞✐9=❡< <:♦ <❛+✐<❢❡✐+❛<✿

✶✳ N(α) = 0 <❡✱ ❡ <♦♠❡♥+❡ <❡✱ α = 0❀

✷✳ N(αβ) = N(α)N(β)✱ ♣❛-❛ /✉❛✐</✉❡- α, β ∈ D✳

❚❡♦2❡♠❛ ✹✳✼✳ ❙❡ D 7 ✉♠ ❞♦♠(♥✐♦ ❞❡ ✐♥+❡❣-✐❞❛❞❡ ❝♦♠ ✉♠❛ ♥♦-♠❛ ♠✉❧+✐♣❧✐❝❛+✐✈❛ N ✱

❡♥+:♦ N(1) = 1 ❡ |N(u)| = 1 ♣❛-❛ ❝❛❞❛ ❡❧❡♠❡♥+♦ u ∈ U(D)✳
❙❡✱ ❛❧7♠ ❞✐<<♦✱ +♦❞♦ α +❛❧ /✉❡ |N(α)| = 1 7 ✉♠ ❡❧❡♠❡♥+♦ ❞❡ U(D)✱ ❡♥+:♦ +♦❞♦ ❡❧❡♠❡♥+♦
ρ ❡♠ D✱ ❝♦♠ |N(ρ)| = p✱ ❝♦♠ p ∈ Z ♥;♠❡-♦ ♣-✐♠♦✱ 7 ✉♠ ✐--❡❞✉+(✈❡❧ ❞❡ D✳

❉❡♠♦♥<+-❛9:♦✳ ❙❡❥❛ D ✉♠ ❞♦♠9♥✐♦ ❞❡ ✐♥0❡❣$✐❞❛❞❡ ❝♦♠ ✉♠❛ ♥♦$♠❛ ♠✉❧0✐♣❧✐❝❛0✐✈❛ N ✳

❊♥0>♦✿ N(1) = N((1)(1)) = N(1)N(1) ♠♦+0$❛ /✉❡ N(1) = 1✳
❆❧F♠ ❞✐++♦✱ +❡ ♦ u F ✉♠❛ ✉♥✐❞❛❞❡ ❡♠ D✱ ❡♥0>♦

1 = N(1) = N(uu−1) = N(u)N(u−1)✳

❈♦♠♦ N(u) F ✉♠ ✐♥0❡✐$♦✱ ✐++♦ ✐♠♣❧✐❝❛ /✉❡ |N(u)| = 1✳
❆❣♦$❛ +✉♣♦♥❤❛ /✉❡ ❛+ ✉♥✐❞❛❞❡+ ❞❡ D +❡❥❛♠ ❡①❛0❛♠❡♥0❡ ♦+ ❡❧❡♠❡♥0♦+ ❞❡ D ❝♦♠ ♥♦$♠❛

✐❣✉❛❧ ❛ ±1 ❡ +❡❥❛ ρ ∈ D 0❛❧ /✉❡ |N(ρ)| = p✱ ♦♥❞❡ p F ✉♠ ♣$✐♠♦ ❡♠ Z✳
❊♥0>♦✱ +❡ ρ = αβ✱ 0❡♠♦+✿ p = |N(ρ)| = |N(α)N(β)|✱ ❡♥0>♦ |N(α)| = 1 ♦✉ |N(β)| = 1✳
"♦$ +✉♣♦+✐K>♦✱ ✐++♦ +✐❣♥✐✜❝❛ /✉❡ α ♦✉ β F ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ D✳ ❆++✐♠ ρ F ✉♠ ✐$$❡❞✉09✈❡❧

❞❡ D✳



✻✵ ■♥"❡✐%♦' ❣❛✉''✐❛♥♦' ❡ ◆♦%♠❛' ♠✉❧"✐♣❧✐❝❛"✐✈❛'

❊①❡♠♣❧♦ ✹✳✽✳ "❛$❛ Z[i]✱ ❛ ❢✉♥)*♦ N ❞❡✜♥✐❞❛ ♣♦$ N(a + bi) = a2 + b2 ❢♦$♥❡❝❡ ✉♠❛

♥♦$♠❛ ♠✉❧4✐♣❧✐❝❛4✐✈❛ ♥♦ 6❡♥4✐❞♦ ❞❛ ♥♦66❛ ❞❡✜♥✐)*♦✳

❱✐♠♦6 9✉❡ ❛ ❢✉♥)*♦ v ❞❛❞❛ ♣♦$ v(α) = N(α) ♣❛$❛ α ∈ Z[i]✱ ❝♦♠ α ❞✐❢❡$❡♥4❡ ❞❡ ③❡$♦✱ ;

✉♠❛ ♥♦$♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡♠ Z[i]✱ ♣♦$4❛♥4♦ ❛6 ✉♥✐❞❛❞❡6 6*♦ ♣$❡❝✐6❛♠❡♥4❡ ♦6 ❡❧❡♠❡♥4♦6 α
❞❡ Z[i] ❝♦♠ N(α) = N(1) = 1✳
❆66✐♠✱ ❛ 6❡❣✉♥❞❛ ♣❛$4❡ ❞♦ 4❡♦$❡♠❛ ✹✳✼ 6❡ ❛♣❧✐❝❛ ❛ Z[i]✳
❱✐♠♦6 ♥♦ ❡①❡♠♣❧♦ ✹✳✺ 9✉❡ 5 ♥*♦ ; ✐$$❡❞✉4B✈❡❧ ❡♠ Z[i]✱ ♣♦✐6 5 = (1− 2i)(1 + 2i)✳
❈♦♠♦ N(1 + 2i) = N(1− 2i) = 12 + 22 = 5 ❡ 5 ; ✉♠ ♣$✐♠♦ ❡♠ Z✱ ✈❡♠♦6 ♣❡❧♦ 4❡♦$❡♠❛

✹✳✼ 9✉❡ 1 + 2i ❡ 1− 2i 6*♦ ❛♠❜♦6 ✐$$❡❞✉4B✈❡✐6 ❡♠ Z[i]✳
❖✉ 6❡❥❛✱ ♦ 4❡♦$❡♠❛ ✹✳✼ ; ✉♠❛ ❢❡$$❛♠❡♥4❛ G4✐❧ ♣❛$❛ 4$❛4❛$ ❞❡ ✐$$❡❞✉4✐❜✐❧✐❞❛❞❡ ❡♠ ✉♠

❞♦♠B♥✐♦ ❞❡ ✐♥4❡❣$✐❞❛❞❡✳

❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛)*♦ ❞❡ ♥♦$♠❛ ♠✉4✐♣❧✐❝❛4✐✈❛✱ ❞❛$❡♠♦6 ❛❣♦$❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠

❞♦♠B♥✐♦ ❞❡ ✐♥4❡❣$✐❞❛❞❡ 9✉❡ ♥*♦ ; ✉♠ ❯❋❉✳

❊①❡♠♣❧♦ ✹✳✾✳ ❱❡❥❛ 9✉❡ ♣❡❧♦ ❡①❡♠♣❧♦ ✶✳✽ ✐4❡♠ ✷ 4❡♠♦6 9✉❡ Z[
√
−5] ; ✉♠ ❛♥❡❧ ❝♦♠✉✲

4❛4✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✳ "❛$❛ 6❡$ ❞♦♠B♥✐♦ ❞❡ ✐♥4❡❣$✐❞❛❞❡ ❜❛64❛ ♠♦64$❛$ 9✉❡ Z[
√
−5] ♥*♦

4❡♠ ❞✐✈✐6♦$❡6 ❞❡ ③❡$♦✳ "❛$❛ 4❛♥4♦ ❞❡✜♥✐♠♦6 ❛ ❢✉♥)*♦ N ✱ ♣♦$✿

N : Z[
√
−5] → Z+

a+ b
√
−5 7→ N(a+ b

√
−5) := a2 + 5b2

❱❡❥❛ 9✉❡ Z[
√
−5] ♥*♦ 4❡♠ ❞✐✈✐6♦$❡6 ❞❡ ③❡$♦✳

❙✉♣♦♥❤❛ 9✉❡ α✱ β ∈ Z[
√
−5] 6*♦ 4❛✐6 9✉❡✿

αβ = 0⇒ N(αβ) = N(0) = 0⇒
N(α)N(β) = N(αβ) = 0⇒

N(α)N(β) = 0⇒ N(α) = 0 ♦✉ N(β) = 0⇒
α = 0 ♦✉ β = 0✳

❱❡❥❛ 9✉❡ N ; ✉♠❛ ♥♦$♠❛ ♠✉❧4✐♣❧✐❝❛4✐✈❛ ❡♠ Z[
√
−5]✱ ♣♦✐6✿

✶✳ N(α) = 0 6❡✱ ❡ 6♦♠❡♥4❡ 6❡✱ α = a+ b
√
−5 = 0✱ ♦✉ 6❡❥❛✱

0 = N(α) = N(a+ b
√
5i)⇔ a2 + 5b2 = 0⇔ a = 0 = b⇔ α = 0.

❖✉ 6❡❥❛✱ N(α) = 0⇔ α = 0✳

✷✳ N(αβ) = N(α)N(β)✳
❈♦♥6✐❞❡$❛♥❞♦ α = a1 + a2

√
5i ❡ β = b1 + b2

√
5i✳

❉❡64❛ ❢♦$♠❛ N(αβ) = N((a1 + a2
√
5i)(b1 + b2

√
5i)) =

N((a1b1 − 5a2b2) + (a1b2 + a2b1)
√
5i) = (a1b1 − 5a2b2)

2 + 5(a1b2 + a2b1)
2 =

a21b
2
1 − 10a1b1a2b2 + 25a22b

2
2 + 5a21b

2
2 + 10a1b2a2b1 + 5a22b

2
1 =

a21b
2
1 + 5a21b

2
2 + 5a22b

2
1 + 25a22b

2
2 = N(a1 + a2

√
5i)N(b1 + b2

√
5i) = N(α)N(β)✳
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❉❡$$❛ ♠❛♥❡✐)❛✱ ♣❡❧♦ .❡♦)❡♠❛ ✹✳✼ .❡♠♦$ 2✉❡ ♦$ ❡❧❡♠❡♥.♦$ α ❞❡ Z[
√
−5] ❝❛♥❞✐❞❛.♦$

❛ ✉♥✐❞❛❞❡$ ❡♠ Z[
√
−5] $6♦ ❛2✉❡❧❡$ 2✉❡ N(α) = 1✳ ❆❣♦)❛✱ $❡ α ∈ Z[

√
−5] ❡ N(α) = 1

.❡♠♦$ a2 + 5b2 = 1 ❡ ✐$$♦ $9 : ♣♦$$;✈❡❧ $❡ b = 0 ❡ a = ±1✳
=♦).❛♥.♦✱ U(Z[

√
−5]) = {−1, 1}✱ ❥? 2✉❡ ♦$ ❝❛♥❞✐❞❛.♦$ −1, 1 $6♦ ❞❡ ❢❛.♦ ✐))❡❞✉.;✈❡✐$ ❡♠

Z[
√
−5]✳ ❖✉ $❡❥❛✱ α ∈ U(Z[

√
−5])⇔| N(α) |= 1✳

▼♦$.)❡♠♦$ ❛❣♦)❛ 2✉❡ Z[
√
−5] ♥6♦ : ✉♠ ❯❋❉✳ ❈♦♠ ❡❢❡✐.♦✱ ✈❡❥❛ 2✉❡✿

21 = 3 · 7

❡

21 = (1 + 2
√
−5) · (1− 2

√
−5).

❖❝♦))❡ 2✉❡ 3, 7, (1+2
√
−5) ❡ (1−2

√
−5) $6♦ ✐))❡❞✉.;✈❡✐$ ❡♠ Z[

√
−5]✱ ♣❡❧♦ .❡♦)❡♠❛

✹✳✼✱ ❡ ♣♦).❛♥.♦ 21 ❛❞♠✐.❡ ❞✉❛$ ❢❛.♦)❛GH❡$ ❞✐$.✐♥.❛$ ❡ ❝♦♥$❡2✉❡♥.❡♠❡♥.❡ Z[
√
−5] ♥6♦ :

❯❋❉✳

❘❡$.❛✲♥♦ ♠♦$.)❛) ❛ ✐))❡❞✉.✐❜✐❧✐❞❛❞❡ ❞♦$ ❡❧❡♠❡♥.♦$ 3, 7, 1 + 2
√
−5 ❡ 1 − 2

√
−5 ❡♠

Z[
√
−5]❀ ❢❛)❡♠♦$ ✐$.♦ ✈✐❛ ♦ .❡♦)❡♠❛ ✹✳✼✳

• ✸ ❡ ✼ $6♦ ✐))❡❞✉.;✈❡✐$ ❡♠ Z[
√
−5]✱ ♣♦✐$✿ $✉♣♦♥❤❛ 2✉❡ 3 = αβ ⇒ N(3) = N(αβ)⇒

N(α)N(β) = 9✳
❊♥.6♦ 9 = N(3) = N(α)N(β) ♠♦$.)❛ 2✉❡ ❞❡✈❡♠♦$ .❡) N(α) = 1, 3 ♦✉ 9✳ ❙❡

N(α) = 1✱ ❡♥.6♦ α : ✉♠❛ ✉♥✐❞❛❞❡✳

❙❡ α = a+ b
√
−5✱ ❡♥.6♦ N(α) = a2 + 5b2✱ ❡ ♣❛)❛ ❡$❝♦❧❤❛ ❛❧❣✉♠❛ ❞❡ ✐♥.❡✐)♦$ a ❡

b : ♣♦$$;✈❡❧ N(α) = 3✳
❙❡ N(α) = 9✱ ❡♥.6♦ N(β) = 1✱ ❡♥.6♦ β : ✉♠❛ ✉♥✐❞❛❞❡✳

❆$$✐♠✱ ❞❡ 3 = αβ✱ ♣♦❞❡♠♦$ ❝♦♥❝❧✉✐) 2✉❡ α ♦✉ β : ✉♠❛ ✉♥✐❞❛❞❡✳

=♦).❛♥.♦✱ 3 : ✐))❡❞✉.;✈❡❧ ❡♠ Z[
√
−5]✳

❯♠ ❛)❣✉♠❡♥.♦ $✐♠✐❧❛) ♠♦$.)❛ 2✉❡ 7 : .❛♠❜:♠ ✐))❡❞✉.;✈❡❧ ❡♠ Z[
√
−5]✳

• 1 + 2
√
−5 ❡ 1− 2

√
−5 $6♦ ✐))❡❞✉.;✈❡✐$ ❡♠ Z[

√
−5]✱ ❞❡ ❢❛.♦✿ ❙❡ 1 + 2

√
−5 = γδ✱

.❡♠♦$ 21 = N(1 + 2
√
−5) = N(γ)N(δ)✳

❆$$✐♠ N(γ) = 1, 3, 7, ♦✉ 21✳
❱✐♠♦$ 2✉❡ ♥6♦ ❤? ♥❡♥❤✉♠ ❡❧❡♠❡♥.♦ ❞❡ Z[

√
−5] ❞❛ ♥♦)♠❛ 3 ♦✉ 7✳

■$$♦ : N(γ) = 1✱ ❡ γ : ✉♠❛ ✉♥✐❞❛❞❡✱ ♦✉ N(γ) = 21✱ ♣♦).❛♥.♦ N(δ) = 1✱ ❡ δ :

✉♠❛ ✉♥✐❞❛❞❡✳

=♦).❛♥.♦✱ 1 + 2
√
−5 : ✉♠ ✐))❡❞✉.;✈❡❧ ❡♠ Z[

√
−5]✳

❆♥❛❧♦❣❛♠❡♥.❡✱ 1− 2
√
−5 .❛♠❜:♠ : ✉♠ ✐))❡❞✉.;✈❡❧ ❡♠ Z[

√
−5]✳
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