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derived with the assumption that the observations are described by a multivariate first order autoregressive
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the variables are correlated. This result extends to the case that one or both variables are also autocorrelated.
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1. Introduction

In most literature on statistical process control, it is assumed that
observations are independent over time. However, in many applica-
tions the dynamics of the process induce correlation in observations
that are closely spaced in time. The autocorrelation has a serious im-
pact on the performance of conventional control charts (Kalgonda &
Kulkarni, 2004). Recently, Du and Lv (2013) proposed a control chart
based on the minimal Euclidian distance to detect mean shifts in au-
tocorrelated processes. Lin, Chou, Wang, and Liu (2012) considered
the economic design of the autoregressive moving average (ARMA)
control chart, which has been shown to be suitable for monitoring
series of autocorrelated data. Franco, Costa, and Machado (2012) con-
sidered the first-order autoregressive model, AR (1), to describe the
wandering behavior of the process mean, and they used Duncan’s
model to obtain the optimum values of the X chart parameters. Costa
and Machado (2011) also used the AR (1) model to investigate the
effect of the wandering behavior of the process mean on the perfor-
mance of the variable parameter X chart and on the performance of
the double sampling X chart.

To reduce the negative effect of autocorrelation on the statistical
performance of the Shewhart X control chart, Costa and Castagliola
(2011) proposed a sampling strategy denoted ‘s-skip’. According to
this strategy, samples are obtained by collecting one item from the
production line and then skipping s consecutive items before select-
ing the next one. Alternatively, Franco, Castagliola, Celano, and Costa
(2013) introduced the mixed sampling strategy where the samples
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are composed with units selected from the last two rational sub-
groups. A numerical analysis shows that the mixed sampling outper-
forms the skip sampling strategy for high levels of autocorrelation.
Recently, Franco, Celano, Castagliola, and Costa (2014) investigated
the economic-statistical design of the X chart with the skip sampling
strategy.

Modern manufacturing systems with advanced technology and
high production rates results in processes that are multidimensional,
cross and serially correlated. Hotelling (1947) suggested the use of
the T2 statistic for monitoring the mean vector of multivariate pro-
cesses. Seven decades later, Chen (2007) and Chen and Hsieh (2007)
considered adaptive sampling schemes to enhance the performance
of the T2 chart. Pan and Jarrett (2011) described some processes that
are both multivariate and serially correlated. According to Huang,
Bisgaard, and Xu (2014), autocorrelation increases the false-alarm
risk, while cross-correlation reduces the power of the control chart.
The combined effect of autocorrelation and cross-correlation on the
performance of the T2 chart is worth to be investigated.

In many modern processes the observations of correlated quality
characteristics gathered in rational subgroups of size n are not only
cross-correlated but also autocorrelated. In this context, and under
the assumption that the observations are given by a multivariate
first order autoregressive model, VAR (1), in this paper we obtain
the cross-covariance matrix of the sample mean vector (I'y). The
cross-covariance matrix I'y is important for the investigation of the
effect of cross-correlation and autocorrelation on the performance of
the T? chart.

The paper is organized as follows. Section 2 and Appendix A de-
scribe the VAR (1) model and the bivariate cross-covariance ma-
trix of the sample mean vector. Section 3 investigates the effects of
autocorrelation and cross-correlation on the performance of the T2
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Table 1
The inverse cross-covariance matrix values; aandb € (0, 0.5, 0.7); p € (0, 0.7).
o 0.0 0.7
a 0.0 0.0 0.2 0.0 0.5 0.0 0.7 0.0 0.0 0.2 0.0 0.5 0.0 0.7
b 0.0 0.2 0.2 0.5 0.5 0.7 0.7 0.0 0.2 0.2 0.5 0.5 0.7 0.7
n=2 011 2.00 2.00 1.60 2.00 1.00 2.00 0.60 3.92 3.80 3.14 3.24 1.96 2.73 1.18
22 2.00 1.60 1.60 1.00 1.00 0.60 0.60 3.92 3.04 3.14 1.62 1.96 0.82 1.18
612 000 0.00 0.00 0.00 0.00 0.00 0.00 -2.75 -234 -220 -142 -137 -077 -0.82
n=4 01 400 4.00 286 400 145 400 0.75 7.84 7.70 5.60 6.87 2.85 5.86 1.48
02 4.00 2.86 2.86 1.45 1.45 0.75 0.75 7.84 5.50 5.50 2.50 2.85 1.10 1.48
612 0.00 0.00 0.00 0.00 0.00 0.00 0.00 —5.49 —4.51 -3.92 —2.68 —2.00 —-1.43 -1.03
n=10 011 10.0 4.00 6.68 10.0 2.88 10.0 1.23 19.61 19.46 13.09 18.45 5.66 16.65 241
(29 10.0 6.68 6.68 2.88 2.88 1.23 1.23 19.61 12.99 13.09 5.32 5.66 2.04 241
6012 0.00 0.00 0.00 0.00 0.00 0.00 0.00 —13.73 —11.09 -9.17 —6.71 —3.96 —3.69 -1.68
bT
1
| | |
p=0.0 p>0.0
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Fig. 1. The effect of b on (011, 02,,012) and on the ARL.

chart. Section 4 presents an illustrative example. Section 5 gives the
conclusion and suggests for future research. In Appendix B, we inves-
tigate the level of the autocorrelations for which the detection power
of the T2 chart for individual observations is equal to the detection
power of the T2 chart for samples of size n.

2. Autoregressive model

Autocorrelation measures the dependence between observations
of the same quality characteristic, while cross-correlation measures
the dependence between observations of the monitored quality char-
acteristics. The multivariate autoregressive model for cross and seri-
ally correlated data has been adopted in recent studies dealing with
multivariate control charts (Huang et al., 2014; Huang, Xu, & Bisgaard,
2013; Hwarng & Wang, 2010; Pan & Jarrett, 2007).

Xe—p=0(Xi_1 — p) + & (1)

where X; ~ Np(u, I') is the (p x 1) vector of observations at time
t (p is the number of variables), u is the mean vector, &; is an
independent multivariate normal random vector with a mean vector

0=(0,..., O)/ and covariance matrix X, and @ is a (p x p) matrix of

autocorrelation parameters. A recent study dealing with the estima-
tion of the mean vector is in (Wang, Huwang, & Yu, 2015). According
to Kalgonda and Kulkarni (2004), the cross covariance matrix I' of X;
has the following property: I' = ®T® + X. After some algebra we
obtain

VecT = (I

»—®®®) 'Vec X

(2)
where ® is the Kronecker product and Vec is the operator that trans-
form a matrix into a vector by stacking its columns.

To study the effects of the auto- and cross-correlation on the
performance of the T2 chart, we consider the case of a bivariate

process (p =2)
%, (3)
Gexv

a O
oo (5 0)x

where p is the correlation of X and Y. We did not find examples in
SPC where the observations of one variable at time (i) are dependent
of the observations of the other variable at time (i-1). The assumption
of a diagonal matrix @ is very realistic.
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Table 2
The ARL values for the T? control chart, §; = §,.
(a,b) (0,0) (0.0,0.2) (0.2,0.2) (0.0,0.7) (0.7,0.7)
81 8, A ARL A ARL Py ARL A ARL A ARL
0.0 0.0 0.00 370.40 0.00 370.40 0.00 370.40 0.00 370.40 0.00 370.40
p=0.0
0.5 0.5 1.41 27.73 1.31 34.43 1.20 43.87 1.09 55.16 0.61 159.45
0.75 0.75 212 7.74 1.96 9.99 1.79 13.43 1.63 17.96 0.92 80.52
1.0 1.0 2.83 3.06 2.62 3.89 239 5.22 218 7.07 1.23 41.01
1.25 1.25 3.54 1.68 3.27 2.02 2.99 2.60 2.72 3.43 1.53 21.85
1.5 1.5 424 1.21 3.93 1.36 3.59 1.63 3.27 2.03 1.84 12.35
p=03
0.5 0.5 1.24 39.83 1.15 48.07 1.05 60.48 1.02 64.48 0.54 187.11
0.75 0.75 1.86 11.92 1.73 15.06 1.57 20.25 1.53 22.03 0.81 103.84
1.0 1.0 2.48 4.62 2.31 5.87 2.10 8.05 2.04 8.83 1.08 56.91
1.25 1.25 3.10 234 2.88 2.89 2.62 3.88 2.55 424 1.34 31.98
15 1.5 3.72 1.51 3.46 1.77 3.14 2.25 3.06 2.43 1.61 18.70
p=0.7
0.5 0.5 1.08 55.82 1.02 64.12 92 81.12 1.01 65.51 0.47 214.55
0.75 0.75 1.63 18.24 1.53 21.87 1.38 30.04 1.52 22.51 0.71 130.24
1.0 1.0 217 719 2.04 8.76 1.83 12.50 2.02 9.04 0.94 76.85
1.25 1.25 2.71 3.48 2.55 4.20 229 6.00 2.53 4.34 1.18 45.73
1.5 1.5 3.25 2.06 3.07 2.42 2.75 333 3.04 248 1.41 27.90
Table 3
The ARL values for the T2 control chart, §; or §; = 0.
(a,b) (0,0) (0.0,0.2) (0.2,02) (0.0,0.7) (0.7,0.7)
8 8, Py ARL Py ARL A ARL A ARL Py ARL
0.0 0.0 0.00 370.40 0.00 370.40 0.00 370.40 0.00 370.40 0.00 370.40
p=0.0
0.0 0.5 1.00 67.32 0.85 95.27 0.85 95.27 0.43 230.33 0.43 230.33
0.5 0.0 1.00 67.32 1.00 67.32 0.85 95.27 1.00 67.32 0.43 230.33
0.0 0.75 1.50 23.34 1.27 37.58 1.27 37.58 0.65 147.06 0.65 147.06
0.75 0.0 1.50 23.34 1.50 23.34 1.27 37.58 1.50 23.34 0.65 147.06
0.0 1.0 2.00 9.41 1.69 16.19 1.69 16.19 0.87 90.63 0.87 90.63
1.0 0.0 2.00 9.41 2.00 9.41 1.69 16.19 2.00 9.41 0.87 90.63
0.0 1.25 2.50 451 21 7.85 211 7.85 1.08 55.87 1.08 55.87
125 0.0 2.50 451 2.50 451 2.11 7.85 2.50 451 1.08 55.87
0.0 1.5 3.00 2.57 2.54 431 2.54 431 1.30 35.03 1.30 35.03
15 0.0 3.00 2.57 3.00 2.57 2.54 431 3.00 2.57 1.30 35.03
p=03
0.0 0.5 1.05 60.48 0.89 87.08 0.89 86.92 0.45 224.59 0.45 221.26
0.5 0.0 1.05 60.48 1.05 60.61 0.89 86.92 1.03 62.91 0.45 221.26
0.0 0.75 1.57 20.25 1.33 33.13 1.33 33.05 0.67 140.79 0.68 137.24
0.75 0.0 1.57 20.25 1.57 20.31 1.33 33.05 1.55 21.33 0.68 137.24
0.0 1.0 2.10 8.05 1.77 13.99 1.77 13.94 0.89 85.39 0.91 82.48
1.0 0.0 2.10 8.05 2.09 8.08 1.77 13.94 2.06 8.52 0.91 82.48
0.0 1.25 2.62 3.88 221 6.73 2.21 6.71 1.12 51.96 1.14 49.82
125 0.0 2.62 3.88 2.62 3.89 2.21 6.71 2.58 4.09 1.14 49.82
0.0 1.5 3.14 2.25 2.66 3.72 2.66 3.71 1.34 32.25 1.36 30.74
15 0.0 3.14 225 3.14 226 2.66 3.71 3.09 236 1.36 30.74
p=0.7
0.0 0.5 1.40 28.53 1.17 46.04 1.18 45.00 0.52 192.22 0.61 161.55
0.5 0.0 1.40 28.53 1.39 29.27 1.18 45.00 1.21 42.47 0.61 161.55
0.0 0.75 2.10 8.00 1.76 14.27 1.78 13.86 0.79 108.49 0.91 82.17
0.75 0.0 2.10 8.00 2.08 8.24 1.78 13.86 1.82 12.90 0.91 82.17
0.0 1.0 2.80 3.15 235 5.55 2.37 539 1.05 60.27 1.21 42.09
1.0 0.0 2.80 3.15 2.78 3.24 237 5.39 242 5.01 1.21 42.09
0.0 1.25 3.50 1.72 2.93 2.75 2.96 267 1.31 34.22 1.52 22.51
125 0.0 3.50 1.72 3.47 1.75 2.96 267 3.03 2.51 1.52 22.51
0.0 1.5 420 1.23 3.52 1.70 3.55 1.66 1.57 20.16 1.82 12.75
15 0.0 420 1.23 416 1.24 3.55 1.66 3.63 1.58 1.82 12.75
From (2) and (3) it follows: 2 n-1
=14 2 (- |:
2 2)-1,52 -1 =" n - ’
I— (Gx UXY) _ ((1 —a*)"log (1—ab) Uexy) 4) n ni3
- 2 )]~ -1 2\—1 452
Oy Oy (1-ab) 'oe,, (1-Db%) o, 2 5 et
. . = - Y z _ i\ |-
The cross covariance matrix I'y; of the sample mean vector X for { = n T+ n Z(n Lk
j=1

rational subgroups of size n is developed in Appendix A

fn iz
I's= 5
X ((21 sz) ®)

where

2 =

n

and where 0 = C12.

Oxy 1 n-1 ) 1 n-1 )
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Table 4
The ARL values for the T2 control chart, §; # §5.
(a, b) (0,0) (0.0,0.2) (0.2,0.2) (0.0,0.7) (0.7,0.7)

81 8 A ARL s ARL A ARL s ARL A ARL
0.0 0.0 0.00 370.40 0.00 370.40 0.00 370.40 0.00 370.40 0.00 370.40
p=0.0
0.5 0.75 1.80 13.19 1.61 18.67 1.52 22.28 1.19 44.09 0.78 109.84
0.75 0.5 1.80 13.19 1.72 15.28 1.52 22.28 1.56 20.69 0.78 109.84
0.5 1.0 224 6.50 1.96 9.99 1.89 11.33 1.32 3341 0.97 72.02
1.0 0.5 2.24 6.50 217 717 1.89 11.33 2.05 8.72 0.97 72.02
0.5 1.25 2.69 3.56 2.34 5.62 2.28 6.14 1.47 24.53 117 46.56
1.25 0.5 2.69 3.56 2.64 3.79 2.28 6.14 2.54 430 117 46.56
0.5 1.5 3.16 222 2.73 343 2.67 3.64 1.64 17.76 137 30.26
1.5 0.5 3.16 2.22 3.12 2.31 2.67 3.64 3.03 249 1.37 30.26
0.75 1.0 2.50 4.51 2.26 6.28 211 7.85 1.73 14.97 1.08 55.87
1.0 0.75 2.50 4.51 2.37 5.38 211 7.85 2.10 7.97 1.08 55.87
0.75 1.25 292 2.79 2.59 4.02 2.46 4.73 1.85 12.12 1.26 37.85
1.25 0.75 292 2.79 2.80 3.14 2.46 4.73 2.58 4.06 1.26 37.85
0.75 1.5 3.35 1.90 2.95 2.71 2.83 3.04 1.99 9.63 1.45 25.55
1.5 0.75 3.35 1.90 3.26 2.05 2.83 3.04 3.07 241 1.45 25.55
1.0 1.25 3.20 214 291 2.81 2.71 3.50 2.27 6.14 1.39 29.22
1.25 1.0 3.20 214 3.02 2.53 2.71 3.50 2.65 3.76 1.39 29.22
1.0 1.5 3.61 1.61 3.23 2.10 3.05 2.46 2.39 5.25 1.56 20.60
1.5 1.0 3.61 1.61 3.44 1.79 3.05 2.46 3.12 2.29 1.56 20.60
1.25 1.5 3.91 1.38 3.56 1.65 3.30 1.98 2.82 3.09 1.69 16.09
1.5 1.25 3.91 1.38 3.67 1.55 3.30 1.98 3.19 217 1.69 16.09
p=03
0.5 0.75 1.61 18.95 143 27.08 1.36 31.11 1.09 55.75 0.70 132.76
0.75 0.5 1.61 18.95 1.56 20.86 1.36 31.11 1.50 23.26 0.70 132.76
0.5 1.0 2.04 8.76 1.77 14.02 1.73 15.13 1.19 4437 0.89 86.86
1.0 0.5 2.04 8.76 2.02 9.15 1.73 15.13 2.00 9.40 0.89 86.86
0.5 1.25 2.51 443 215 7.42 212 7.71 1.32 33.36 1.09 55.14
1.25 0.5 2.51 443 2.50 4.50 212 7.71 2.51 4.47 1.09 55.14
0.5 1.5 3.00 2.56 2.55 4.24 2.54 4.30 1.48 24.25 1.30 34.97
1.5 0.5 3.00 2.56 3.00 2.57 2.54 430 3.01 2.53 1.30 34.97
0.75 1.0 2.21 6.75 1.99 9.61 1.87 11.74 1.59 19.66 0.96 73.77
1.0 0.75 2.21 6.75 212 7.75 1.87 11.74 2.01 9.29 0.96 73.77
0.75 1.25 2.62 3.88 230 5.91 2.21 6.71 1.67 16.68 114 49.82
1.25 0.75 2.62 3.88 2.56 418 2.21 6.71 2.50 4,51 114 49.82
0.75 1.5 3.07 2.42 2.65 3.73 2.59 4.02 1.78 13.62 1.33 33.02
1.5 0.75 3.07 2.42 3.03 2.51 2.59 4.02 3.00 2.57 1.33 33.02
1.0 1.25 2.82 3.08 2.56 4.20 2.39 5.25 2.09 8.09 1.22 41.24
1.25 1.0 2.82 3.08 2.69 3.57 2.39 5.25 2.51 442 1.22 41.24
1.0 1.5 3.21 212 2.85 2.98 2.72 3.46 217 718 1.39 28.90
1.5 1.0 3.21 212 3.11 2.31 2.72 3.46 3.00 2.56 1.39 28.90
1.25 1.5 3.44 1.79 313 2.29 2.90 2.82 2.60 3.97 1.49 23.78
1.5 1.25 3.44 1.79 3.26 2.04 2.90 2.82 3.02 2.51 1.49 23.78
p =07
0.5 0.75 1.50 23.26 1.28 36.71 1.27 37.47 1.01 66.50 0.65 146.83
0.75 0.5 1.50 23.26 1.52 22.25 1.27 37.47 1.58 19.94 0.65 146.83
0.5 1.0 2.08 8.30 1.71 15.70 1.76 14.37 1.07 58.22 0.90 84.07
1.0 0.5 2.08 8.30 214 7.56 1.76 14.37 217 7.20 0.90 84.07
0.5 1.25 2.71 3.48 2.21 6.77 2.29 6.00 1.18 4513 1.18 45.73
1.25 0.5 2.71 3.48 2.79 3.20 2.29 6.00 2.76 3.28 1.18 45.73
0.5 1.5 337 1.88 2.75 335 2.85 2.99 1.34 32.26 1.46 2515
1.5 0.5 3.37 1.88 3.46 1.77 2.85 2.99 3.36 1.89 1.46 25.15
0.75 1.0 2.00 9.33 1.75 14.49 1.69 16.07 1.50 23.33 0.87 90.19
1.0 0.75 2.00 9.33 2.01 9.30 1.69 16.07 2.08 8.25 0.87 90.19
0.75 1.25 2.52 4.37 211 7.84 213 7.60 1.53 22.10 1.09 54.58
1.25 0.75 2.52 4.37 2.58 4.06 213 7.60 2.66 3.68 1.09 54.58
0.75 1.5 3.12 2.31 2.56 4.17 2.63 3.82 1.60 19.27 1.35 31.56
1.5 0.75 312 2.31 3.20 214 2.63 3.82 3.25 2.06 135 31.56
1.0 1.25 2.52 4.37 224 6.47 213 7.60 2.00 9.40 1.09 54.58
1.25 1.0 2.52 4.37 2.50 4.50 213 7.60 2.58 4.05 1.09 54.58
1.0 1.5 3.00 2.56 2.56 419 2.54 4.29 2.01 9.24 1.30 34.93
1.5 1.0 3.00 2.56 3.05 2.45 2.54 429 3.16 222 1.30 34.93
1.25 1.5 3.05 2.45 2.74 3.38 2.58 4.08 2.50 4.49 1.32 33.42
1.5 1.25 3.05 2.45 3.00 2.57 2.58 4.08 3.09 2.37 1.32 33.42

In the absence of autocorrelation (a = b = 0), I'y reduces to Wy, =
n—1X. Let l"; be the inverse of matrix I'y defined as

-1
r. :(

91]
921

012
922

)

(6)

Table 1 brings the values of 01, 05, and 61, = 0 for p € (0, 0.7),
n e (2,4, 10), and several combinations of aandb. The elements of the
main diagonal of l"; increase with the cross-correlation and with
the sample size but decrease with the autocorrelation. When the vari-
ables are independent, the off-diagonal elements of I‘; are zero, that
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Fig. 2. ARLvalues (§; =8, =1.0,a=b,n e {1,2,5}).

is, 81 = 51 = 0. In the presence of the cross-correlation, they be-
come negative.

3. The effect of the auto- and cross-correlation on the
performance of the T2 control chart

The Hotelling T2 control chart is the most referenced con-
trol scheme for detecting mean shifts in multivariate processes
(Hotelling, 1947). This chart has been used in a wide variety of ap-
plications, for example, recently Faraz, Heuchenne, Saniga, and Foster
(2013) considered the use of the T2 chart to control a delivery chain.
When the in-control mean vector g = (o1, Lo2) and the matrices
® and X are known, the monitoring statistic for Hotelling’s T control
chart is given by
T2 = (X — o) T (X — pg) (7)

The terms of the cross-covariance matrix I'y of the sample mean
vector X only depend on the elements of the two matrices, ® and
¥, see expression (5). During the in-control period, Ti2 follows a chi-
squared distribution with p degrees of freedom (Xg). Similarly to the
work of Champ, Jones-Farmer, and Rigdon (2005), the upper control
limit (UCL) of the chart is chosen to be the (1 — «)th quantile of the
chi-squared distribution to achieve a desired in-control Average Run
Length (ARL) of 1/«, i.e. UCL = x;a. After the assignable cause occur-
rence the mean vector changes from pg to ; = (411, 12) and the
distribution of the monitoring statistic T,.2 changes to a non-central
chi-squared distribution ( x (zp, K)) with non-centrality parameter A2 =

8/1‘;8, where § = (81,8,) = (%, le(;ﬂ)’ denotes the stan-
Y

dardized mean vector shift, see (Wu & Makis, 2008) and (Franco et al.,
2012) . Without loss of generalization, we consider pg; = g2 = 0.
In absence of autocorrelation, the non-centrality parameter is given
by A% = 6’\II§1 3. As S’F;S < 6,\11;8, we conclude that autocorre-
lation reduces the ability of the chart to detect an assignable cause.
According to expression (7),

T? = (X1 +81)%6011 + Xz + 82)%62 + 2(Xq + 81) (X2 +82)612 (8)

where X; and X, are the sample means of the two quality character-
istics used to control the bivariate process.

To study the effects of auto- and cross-correlation on the perfor-
mance of the T2 chart for bivariate process and we assume rational
subgroups of size n = 4. The performance of the T2 chart is mea-
sured by the average run length (ARL). When the process is in-control,
the ARL measures the rate of false alarms. A chart with a larger in-
control ARL (ARLy) has a lower false alarm rate than other charts. A
chart with a smaller out-of-control ARL has a better ability to detect
process changes than other charts. In practice, a preliminary sample
is taken to estimate the cross-covariance matrix I" and, subsequently,
the parameters a, b and p; see Eqgs. (3) and (4).

The ARL value is given by
ARL = 21 (9)

1-Pr(x3,, <UCL)

where UCL is the upper control limit of the T2 chart. Fig. 1 summa-
rizes the effect of b on (041, 652, 012) and on the ARL for a = 0 and
for a = b. Fig. 1 was built considering two uncorrelated and two cor-
related variables. In this figure, disturbances affecting either a sin-
gle variable or both of them were also considered. It is interesting
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Fig. 3. ARLvalues(6; =0,8, =1.0,a=0,b#0,ne({1,2,5}).

to notice that the ARL is not affected by the autocorrelation if only
one of the two independent variables is autocorrelated and robust to
the occurrence of assignable causes (p=0,a=0,b # 0, 5, = 0). As

p=0.7

G— OO —©—o 6 o o o——>0

oo
[60\V]

ARL
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b

Fig.4. ARLvalues (6; =1.0,8, =0.75.a=0,b#0,ne{2,5}).

A is a function of Iy, the performance of the T2 chart depends on
the adopted model. An interesting subject of research is to study the
T2 chart when the processes are described by VAR (p) models, with
p>1

To investigate the effect of the autocorrelation level on the overall
performance of the bivariate T2 charts, the ARLs in Tables 2, 3 and 4
were computed with Eq. (9). We considered uncorrelated variables,
p =0, and variables with low and high correlation, p = 0.3 or 0.7.
Tables 2 and 4 consider the cases in which the two variables are af-
fected by the assignable cause (in Table 2, §; = §,, and in Table 4, §{ #
85). Table 3 considers the cases in which only one variable is affected
by the assignable cause (§1 or §, = 0).

In the absence of autocorrelation (a =b=0) or in the pres-
ence of two variables with the same level of autocorrelation (a =
b +#0), higher dependence between the two variables improves
the performance of the T2 chart in signaling shifts in only one
variable (67 # 0; =0 or 6;=0; §, # 0). For instance, in
Table 3, if (a, b, §;, §3) =(0,0,0,1.0) and the variables are uncor-
related (p = 0), the T2 chart requires, on average, 9.41 samples to
signal. This number decreases to 3.15 when the variables are highly
correlated (p = 0.7). When the assignable cause shifts both variables
the ARLs increase with p. For instance, in Table 2, if (a, b, &7, 63) =
(0.7,0.7,1.0, 1.0) and the variables are uncorrelated (p = 0), the T2
chart requires, on average, 41.01 samples to signal. This number in-
creases to 76.85 when the variables are highly correlated (p = 0.7).

If only one variable is autocorrelated and only one variable is af-
fected by the assignable cause (a # 0; b=0or a=0; b # 0 and
81 #0; 8, =0o0r &y =0; 8, # 0): a) higher dependence between the
two variables improves the T2 chart’s performance. For instance, in
Table 3, if (a, b, 81, 8,) = (0, 0.2, 1.0, 0) and the two variables are
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Table 5
The values of (a*, b*) for which 2 (1) = A%(n).
n 2 3 5 10 20
a*
a=>b 0.5 0.579 0.654 0.737 0.803
P b
0.0 0501 0.58 0.655 0737  0.803
81=0,a=0 0.3 0.491 0.571 0.648 0.733 0.801
0.5 0.469 0.553 0.635 0.725 0.793
0.7 0.426 0.515 0.606 0.709 0.786

uncorrelated (p = 0), the T? chart requires, on average, 9.41 samples
to signal. This number decreases to 3.24 when the variables are highly
correlated (p = 0.7). b) the ARLs are always higher when the vari-
able affected by the assignable cause is the autocorrelated one. For
instance, in Table 3, if p = 0.3 and (a, b, 61, §7) = (0, 0.2, 0, 1.0) the
T2 chart requires, on average, 13.99 samples to signal. This number
decreases to 8.08 when (a, b, 61, §,)=(0,0.2, 1.0, 0).

The performance of the T2 chart depends on the inverse of the
cross covariance matrix of the sample mean vector. Its parameters
61, and 6,, increase with the size of the sample, but 61, decreases
with a, and 6,, decreases with b. Table 5 shows several combinations
of p, a, b, and n for which l}l =¥ 1. in these cases, the detection
power of theT? chart based on individual observations is equal to the
detection power of the T2 chart based on rational subgroups of size n,
see Appendix B for details. Figs. 2 and 3 show for low and high cross-
correlated variables, p = {0.3, 0.7}, the range of b values for which

161

the T2 chart for individual observations is superior to the T? chart for
rational subgroups of size two (or five). In Fig. 2, §; = §, = 1.0, and
a=b;inFig.3,8; =0, §, = 1.0, and a = 0. Fig. 4 shows a case where
the ARL is nearly independent of b.

To investigate the effect of the sample size on the performance
of the T2 chart, Tables 6, 7 and 8 present the ARL values for n € {1,
2, 5}, p € {0.0, 0.3, 0.7} and 96 combinations of (a, b, §1, 8;). When
the two autocorrelated variables have the same high level of auto-
correlation (a = b = 0.7), the bivariate T2 chart for individual obser-
vations performs better than the bivariate T2 chart for rational sub-
groups of size two, or even five. When the observations of only one
of the two variables are autocorrelated (a =0, b=0.5 or a=0.5,
b = 0), there are combinations of (p, §1, §,) for which the bivari-
ate T2 chart for individual observations performs better than the
bivariate T2 chart for rational subgroups of size two (see the ARLs
in bold).

4. An illustrative example

The inner diameter (X) and the thickness (Y) of carbon fiber tubes
are monitored during the drilling process. With the process in con-
trol, a preliminary sample was collected and the two quality charac-
teristics were measured, see Table 9. This example was introduced by
Santos Fernandez (2012).

A study based on this database allowed to conclude that the two
variables satisfactorily fits to a VAR (1) model. The adequacy of the
model was tested using the goodness-of-fit Portmanteau test, for de-

Table 6

The ARL values for the T2 control chart, p = 0.0.
n=1 n=2
(a,b) (0.0,0.0) (0.0,0.5) (0.5,0.0) (0.3,0.3) (0.5,0.5) (0.7,0.7)
81 8o s ARL s ARL A ARL A ARL A ARL A ARL
0.0 0.0 0.0 370.4 0.0 370.4 0.0 3704 0.0 370.40 0.0 3704 0.0 370.40
0.0 0.5 0.50 202.24 0.50 202.24 0.71 129.80 0.59 167.08 0.50 202.24 0.39 250.86
0.0 1.0 1.00 67.32 1.00 67.32 1.41 27.73 1.18 45.02 1.00 67.32 0.77 111.64
0.0 1.5 1.50 2334 1.50 23.34 212 7.74 1.77 13.87 1.50 23.34 1.16 4715
0.5 0.0 0.50 202.24 0.71 129.80 0.50 202.24 0.59 167.08 0.50 202.24 0.39 250.86
0.5 0.5 0.71 129.80 0.87 90.90 0.87 90.90 0.84 97.11 0.71 129.80 0.55 183.34
0.5 1.0 1.12 51.88 1.22 41.18 1.50 23.34 1.32 33.47 1.12 51.88 0.87 90.90
0.5 1.5 1.58 19.91 1.66 17.19 218 7.08 1.87 11.70 1.58 19.91 1.22 41.18
1.0 0.0 1.00 67.32 1.41 27.73 1.00 67.32 118 45.02 1.00 67.32 0.77 111.64
1.0 0.5 1.12 51.88 1.50 23.34 1.22 41.18 1.32 33.47 1.12 51.88 0.87 90.90
1.0 1.0 1.41 27.73 1.73 14.99 1.73 14.99 1.67 16.71 141 27.73 1.10 54.51
1.0 1.5 1.80 13.19 2.06 8.51 235 5.56 213 7.60 1.80 13.19 1.40 28.75
1.5 0.0 1.50 23.34 212 7.74 1.50 23.34 1.77 13.87 1.50 23.34 1.16 4715
15 0.5 1.58 19.91 218 7.08 1.66 17.19 1.87 11.70 1.58 19.91 1.22 41.18
15 1.0 1.80 13.19 235 5.56 2.06 8.51 213 7.60 1.80 13.19 1.40 28.75
1.5 1.5 212 7.74 2.60 3.98 2.60 3.98 2.51 4.45 212 7.74 1.64 17.69
n=1 n=>5
(ab) (0.0,0.0) (0.0,0.5) (0.5,0.0) (0.3,0.3) (0.5,0.5) (0.7,0.7)
§1 8> A ARL A ARL A ARL A ARL A ARL A ARL
0.0 0.0 0.0 370.4 0.0 370.4 0.0 370.4 0.0 370.40 0.0 370.4 0.0 370.40
0.0 0.5 0.50 202.24 0.65 147.52 112 51.88 0.84 96.43 0.65 147.52 0.46 221.08
0.0 1.0 1.00 67.32 1.30 35.24 2.24 6.50 1.68 16.52 1.30 35.24 0.91 82.32
0.0 1.5 1.50 2334 1.95 10.27 3.35 1.90 2.52 4.40 1.95 10.27 1.37 30.66
0.5 0.0 0.50 202.24 112 51.88 0.65 147.52 0.84 96.43 0.65 147.52 0.46 221.08
0.5 0.5 0.71 129.80 1.29 35.65 1.29 35.65 1.19 4459 0.92 80.88 0.64 149.32
0.5 1.0 1.12 51.88 1.71 15.52 2.33 5.69 1.88 11.56 145 25.71 1.02 64.74
0.5 1.5 1.58 19.91 2.25 6.41 3.42 1.82 2.66 3.72 2.05 8.63 144 26.37
1.0 0.0 1.00 67.32 2.24 6.50 1.30 35.24 1.68 16.52 1.30 35.24 0.91 82.32
1.0 0.5 1.12 51.88 233 5.69 1.71 15.52 1.88 11.56 1.45 25.71 1.02 64.74
1.0 1.0 1.41 27.73 2.59 4.05 2.59 4.05 2.38 5.33 1.84 12.44 1.29 36.08
1.0 1.5 1.80 13.19 297 2.66 3.60 1.62 3.03 2.50 234 5.59 1.64 17.77
15 0.0 1.50 2334 3.35 1.90 1.95 10.27 2.52 4.40 1.95 10.27 137 30.66
15 0.5 1.58 19.91 3.42 1.82 2.25 6.41 2.66 3.72 2.05 8.63 144 26.37
15 1.0 1.80 13.19 3.60 1.62 2.97 2.66 3.03 2.50 2.34 5.59 1.64 17.77
15 1.5 212 7.74 3.88 1.39 3.88 1.39 3.56 1.65 2.75 3.32 193 10.56
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Table 7
The ARL values for the T? control chart, p = 0.3.
n=1 n=2
(a,b) (0.0,0.0) (0.0,0.5) (0.5,0.0) (0.3,0.3) (0.5,0.5) (0.7,0.7)
81 8, X ARL A ARL A ARL A ARL A ARL A ARL
0.0 0.0 0.0 370.4 0.0 370.4 0.0 370.4 0.0 370.40 0.0 370.4 0.0 370.40
0.0 0.5 0.52 192.53 0.52 194.74 0.73 12243 0.62 157.11 0.52 192.53 0.41 24252
0.0 1.0 1.05 60.48 1.04 61.99 1.47 24.94 1.24 39.83 1.05 60.48 0.81 102.65
0.0 15 1.57 20.25 1.56 20.92 2.20 6.86 1.86 11.92 1.57 20.25 1.22 41.78
0.5 0.0 0.52 192.53 0.73 12243 0.52 194.74 0.62 157.11 0.52 192.53 0.41 24252
0.5 0.5 0.62 157.11 0.78 110.83 0.78 110.83 0.73 12231 0.62 157.11 0.48 210.35
05 1.0 1.02 64.15 1.10 53.96 1.42 27.40 1.21 42.60 1.02 64.15 0.79 107.50
05 15 1.50 23.30 1.53 21.83 212 7.73 1.78 13.84 1.50 23.30 1.16 47.08
1.0 0.0 1.05 60.48 147 24.94 1.04 61.99 124 39.83 1.05 60.48 0.81 102.65
1.0 0.5 1.02 64.15 1.42 27.40 1.10 53.96 1.21 42.60 1.02 64.15 0.79 107.50
1.0 1.0 1.24 39.83 1.56 20.92 1.56 20.92 1.47 24.90 1.24 39.83 0.96 73.49
1.0 15 1.61 18.95 1.83 12.50 2.17 7.19 1.90 11.10 1.61 18.95 124 39.46
15 0.0 1.57 20.25 2.20 6.86 1.56 20.92 1.86 11.92 1.57 20.25 1.22 41.78
15 0.5 1.50 23.30 212 7.73 1.53 21.83 1.78 13.84 1.50 23.30 1.16 47.08
15 1.0 1.61 18.95 217 7.19 1.83 12.50 1.90 11.10 1.61 18.95 1.24 39.46
15 15 1.86 11.92 2.33 5.65 2.33 5.65 2.20 6.85 1.86 11.92 1.44 26.25
n=1 n=>5
(a,b) (0.0,0.0) (0.0,05) (0.5,0.0) (0.3,0.3) (0.5,0.5) (0.7,0.7)
8 8, x ARL Py ARL A ARL A ARL A ARL A ARL
0.0 0.0 0.0 370.4 0.0 370.4 0.0 370.4 0.0 370.40 0.0 370.40 0.0 370.40
0.0 0.5 0.52 192.53 0.68 138.95 1.16 46.84 0.88 88.02 0.68 137.69 0.48 211.75
0.0 1.0 1.05 60.48 135 31.46 2.33 5.68 1.76 14.23 136 3093 0.95 74.60
0.0 15 1.57 20.25 2.03 8.97 3.49 1.72 2.64 3.78 2.04 8.79 1.43 26.79
05 0.0 0.52 192.53 1.16 46.84 0.68 138.95 0.88 88.02 0.68 137.69 0.48 211.75
05 0.5 0.62 157.11 1.17 46.20 1.17 46.20 1.04 61.37 0.81 104.25 0.56 177.01
0.5 1.0 1.02 6415 1.52 22.56 2.24 6.50 1.72 15.44 133 33.22 0.93 78.75
0.5 15 1.50 23.30 2.04 8.87 3.37 1.88 2.52 439 1.95 10.25 137 30.60
1.0 0.0 1.05 60.48 2.33 5.68 135 31.46 1.76 14.23 1.36 30.93 0.95 74.60
1.0 0.5 1.02 64.15 2.24 6.50 1.52 22.56 1.72 15.44 1.33 33.22 0.93 78.75
1.0 1.0 124 39.83 2.34 5.58 2.34 5.58 2.08 8.22 1.61 18.83 1.13 50.66
1.0 15 1.61 18.95 2.62 3.86 3.37 1.87 2.70 3.53 2.09 8.18 1.46 2515
15 0.0 1.57 20.25 3.49 1.72 2.03 8.97 2.64 3.78 2.04 8.79 143 26.79
15 0.5 1.50 23.30 3.37 1.88 2.04 8.87 2.52 439 1.95 10.25 1.37 30.60
15 1.0 1.61 18.95 3.37 1.87 2.62 3.86 2.70 3.53 2.09 8.18 1.46 2515
15 15 1.86 11.92 3.51 1.70 3.51 1.70 3.12 2.29 2.42 5.04 1.69 16.10
tails see (Liitkepohl, 2005). The database was also used to estimate 0.3809 0.2879
the in-control mean vector, the cross covariance matrix I" and the au- =102879 04542
tocorrelation matrix, see (Montgomery, 2009) for details
s 2
P &y Cxy _ 0.2145 0.1612
Lo = (fLox, floy) = (10.44,30.00) X fyx f)} 0.1612  0.2529
~ 6X2 G, 0.4962 0.3741 ) A ] )
r={. | = The cross-covariance matrix I'y was estimated for rational sub-
(o G 0.3741 0.5888 . . - -
Xy Y groups of size five (n = 5). Finally, the in-control mean vector fi, and
OX;,X; 1 0 the inverse of the cross-covariance matrix I'y are used to compute
Py (a 0 62 0.4820 0 the statistic Tl.z, i=1,2,... for Hotelling’s T2 chart
“\o b))~ v,y N .

652
Y

where 6x. x. , (6., ,) is the covariance of the X (Y) observations that
are one time period apart.

The Egs. (3), (4) and (5) are used to obtain the estimated correla-
tion, covariance matrix, and the cross covariance matrix T’y

R (1-abh)é
P = xv = 0.6921
\/[(1 —a)52][(1 - B)62]
s _ (agx a> _(a-as2 (1-abs,
6., Oa (1-abyg, (1-b»52

2 = _ —5.70\ [ x; — 10.44
7 =®&-1044 - 30'00)( 7.59 ) (yi - 30.00)
Fig. 5 brings the T2 chart with the T2 values of Table 10, and an
upper control limit of 11.83 (ARLy = 370.4). The samples values were
simulated with an assignable cause that shifts the process mean vec-
tor from fiy = (10.44,30.00) to fi; = (10.75,30.67) that is, §; = 0.5
and 8, = 1.0. The T2 chart requires, on average, 29.25 samples to
signal. This number reduces to 5.81 when the variables are non-
autocorrelated.

-5.70

5. Conclusions

In this article we evaluated the performance of the bivariate
Hotelling’s T2 chart for rational subgroups with observations that are
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Table 8
The ARL values for the T? control chart, p = 0.7.
n=1 n=2
(a,b) (0.0,0.0) (0.0,0.5) (0.5,0.0) (0.3,0.3) (0.5,0.5) (0.7,0.7)
81 8 A ARL Py ARL Py ARL A ARL A ARL Py ARL
00 00 00 370.4 0.0 370.4 0.0 370.4 0.0 37040 0.0 370.4 0.0 370.40
00 05 070 131.83  0.64 151.65  0.90 8420  0.83 98.93 070 131.83 054 185.41
00 10 140 2853 127 37.17 1.80 1326 1.66 1724 140 28.53 1.08 55.82
00 15 210 800 191 1095 270 353 249 460 210 800 163 18.24
05 00 070 131.83  0.90 8420  0.64 151.65  0.83 98.93 070 131.83 054 185.41
05 05 054 185.41 0.71 12852 071 12852  0.64 14993 054 185.41 0.42 236.29
05 10 104 61.81 1.01 6639  1.49 2368 123 40.83  1.04 61.81 0.80 104.42
05 15 1.69 1632 1.53 2217 2.36 544  2.00 948  1.69 1632 131 34.67
1.0 00 140 28.53 1.80 1326 1.27 37.17 1.66 1724 140 2853  1.08 55.82
10 05 1.04 61.81 1.49 2368  1.01 6639 1.3 4083  1.04 61.81 0.80 104.42
1.0 10 1.08 5582 142 2723 142 2723 128 3636  1.08 5582 084 96.35
10 15 150 2326  1.62 1839 216 7.31 1.78 13.82 1.0 2326  1.16 47.02
15 00 210 8.00 270 353 191 1095 249 460 210 800 163 18.24
15 05 1.69 1632 2.36 544 153 2217 2.00 948  1.69 1632 131 34.67
15 10 150 2326 216 7.31 1.62 1839  1.78 13.82 150 2326 116 47.02
15 15 163 1824 213 758 213 758 193 1066  1.63 1824  1.26 38.18
n=1 n=>5
(a,b) (0.0,0.0) (0.0,0.5) (0.5,0.0) (0.3,0.3) (0.5,0.5) (0.7,0.7)
5 8 A ARL Py ARL Py ARL A ARL Py ARL Py ARL
00 00 00 370.4 0.0 370.4 0.0 370.4 0.0 37040 0.0 370.4 0.0 370.40
00 05 070 131.83  0.86 9228 148 2428 118 4574 091 82.54  0.64 151.40
00 10 140 2853 172 1536 2.96 267 235 550  1.82 12.84 127 37.05
00 15 210 800 258 408 444 1.15 3.53 1.69 273 342 191 10.91
0.5 0.0 0.70 131.83 1.48 24.28 0.86 92.28 118 45.74 0.91 82.54 0.64 151.40
05 05 054 185.41 1.12 5126 112 5126 091 82.18 0.70 130.68  0.49 204.87
05 10 1.04 61.81 1.35 3193 248 461 1.74 1466 135 3175 095 76.10
05 15 169 1632 1.96 1008  3.93 136 2.83 305 219 698  1.53 21.80
10 00 140 2853 296 267 172 1536 235 550  1.82 1284 127 37.05
10 05 1.04 61.81 248 461 1.35 3193 174 1466 135 3175 095 76.10
10 10 1.08 5582 225 6.40 225 6.40  1.82 1275 141 2807  0.99 69.28
10 15 150 2326 233 5.71 3.56 165 252 438 195 1023 1.37 30.56
15 00 210 800 444 1.15 2.58 408 353 1.69 273 342 191 10.91
15 05 1.69 1632  3.93 136 1.96 1008  2.83 3.05 219 698 153 21.80
1.5 1.0 1.50 23.26 3.56 1.65 233 5.71 2.52 438 1.95 10.23 137 30.56
15 15 163 1824  3.37 188 337 188 273 340 211 786 148 24.25
Table 9 T2 chart
Preliminary sample.
Observation X Y &
1 942 2845
2 1078 29.80
3 10.40 31.57
4 1043 30.72 2 A
5 1030  29.91
6 955 2921
7 1085  30.03
8 1021 29.68 o
9 1058 30.05 E2
10 953 2921
299 10.53 30.13
300 1137 30.66 0
not only cross-correlated but also autocorrelated. The autocorrela-
tion has a strong and negative impact on the performance of the T2 °

chart, especially when more frequents and/or larger shifts occur on
the mean of the variable with the higher level of autocorrelation. It
is also worth to note that, depending on the level of the autocorrela-
tions the T2 chart based on individual observations signals faster than
the T2 chart based on rational subgroups. For example, when the ob-
servations of two variables have the same level of autocorrelation and
they are moderate or high (a = b > 0.5), the bivariate T2 chart for in-
dividual observations performs better than the bivariate T2 chart for
rational subgroups of size two. Regarding to the correlation, if the de-

sample size n=5
Fig. 5. The Hotelling T2 control chart for the drilling process data.
pendence among X observations and among Y observations are the

same (or close), that is, a = b, T? chart has a better overall perfor-
mance when the variables X and Y are highly correlated.
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Table 10
The sample means and the T? values for the drilling process data.
Sample X; Vi T?
1 11.82 31.50 10.52
2 10.85 29.98 1.60
3 10.84 30.47 0.96
4 9.79 30.04 4.08
5 10.52 30.79 416
6 10.73 30.56 1.27
7 10.77 30.46 0.84
8 10.59 31.03 6.57
9 10.37 29.65 0.66
10 10.76 30.30 0.49
26 11.52 31.64 10.72
27 9.94 30.08 2.70
28 11.44 31.93 15.29

The authors are currently investigating the use of the skip sam-
pling strategy proposed by Costa and Castagliola (2011) and the mixed
sampling strategy proposed by Franco et al. (2013) to reduce the neg-
ative effect of the autocorrelations on the statistical performance of
the T2 control chart.
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Appendix A. Determining the cross-covariance matrix I'; of the
sample mean vector X

If n units of the sample are collected close together in time, and
the length of the sampling interval h is large enough to eliminate any
dependence between samples, the vector with the observations of
the jth unit is described by a first-order autoregressive model:

j
Xj=) &g j=1.2.....n (A1)
i=1

where &; ~ Np(u; L) with X = (a;j)x; aj =1ifi=j; aj=pifi#
jand ® = diag(a; b).

According to the multivariate first-order autoregressive model:
Var (X;) = (@7 HL(@ ) + (I HE(PI2) +--. + 2 (A2)

where T' = ®I'd’ + X. The cross-covariance matrix of the sample
mean vector (FY) is given by

Ty = Var[w] (A3)
From A.1, A.2 and A.3, it follows that:
1

I+P+P* 4+ + " HII+ P+ P24 + P 1) ¢
x|+ T+P+P2+ - + P")TU+ P+ P2+ .-+ P"2) 4
b (4 D)+ D) + X
(A4)

After some manipulation

_(¢n 2
Tx= <§21 sz) (A.5)
where ¢y = %X [1+ 2 ¥ (- Hai]: ¢ = F11+ 2 Y0 (n- )
bil; fip =21+ X0 (- al + L X (= PP G = Lo
2 o2

[op O
2 _ X 2 ey . _ Uy
Ox = 1242 % = 12120 Oxy = T=ab

Appendix B. The values of a* and b* that makes A2(1) = A2(n)

The detection power of the control chart is function of A%(n),
the non-centrality parameter of the chi-square distribution; conse-
quently, if A2(1) =A2(n) the detection power of the T2 chart for in-
dividual observations is equal to the detection power of T2 chart for
samples of size n.

When a =b, the two elements of the main diagonal of ma-
trix I'y are equal; consequently, 61y =65, and A2(n) = (82 +§83)
O11 + 2818,01,. For individual observations, A2(1) = (82 +82)(1 —
p2) "1 =2818,0(1 - p2)~! and forn > 2,

A2 (n) = [(8F +83) — 2p8:18.0*(1 - @®)]

-1
n-1

x 1 (1=pH)|n+2) (n-jd (B.1)
j=1

The value of a* that makes A2(1) = A2(n) is the a-value, restrict
to {a € R: 0 <a< 1)}, that makes n®(a—1)3(a+1) = —n+2a+
a’n — 2a™1. Table 5 provides the values of a* for n € {2,3,5,10,20}.
The value of a* is independent of 1, §, and p.

When a = 0 and b #0,12(n) = 826041 + 6205, + 2818261, and the
general expressions of 61, 85, and 0, are very complex. For individ-
ual observations, A2(1) = (82 +82)(1 — p2)~1 = 2818,0(1 — p?)71,
and for n > 2 with 8; = 0, A%(n) reduces to

A2(n) = n*85(b— 1)*(b+ 1)[b*(n®p* — n® + 2np* + p?)
_ B (n2p? — n? 4 2np% — 20) + P2 p? — 2573 p2
_ 2bﬂ+2p2 + b2n+3p2 _ 2bn+1n + 2bn+2n + n2p2
—n2 4 2b"np? - 2b"+3n,02]_1 (B.2)

Table 5 also provides the values of b* that make A2(1) = A2(n) for
(81 = 0, a = 0). The value of b* is independent of 5, but dependent
on p.Whena=hb > a* orwhena=3§; =0and b > b*, the T chart for
individual observations performs better than the T2 chart for samples
of size n.
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