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Abstract
The escape of particles from the phase space produced by a two-dimensional,
nonlinear and area-preserving, discontinuous map is investigated by using both
numerical simulations and the explicit solution of the corresponding diffusion
equation. The mapping, given in action-angle variables, is parameterized by K,
which controls a transition from integrability to non-integrability. We focus on
the two dynamical regimes of the map: slow diffusion ( <K Kc) and quasilinear
diffusion ( >K Kc) regimes, separated by the critical parameter value Kc = 1.
When a hole is introduced in the action axis, we find the histogram of escape
times P nE ( ) and the survival probability of particles P nS ( ) to be scaling invariant
in both the slow and the quasilinear diffusion regimes, with scaling laws pro-
portional to the corresponding diffusion coefficients, namely, proportional to
K5 2 and K2, respectively. Our numerical simulations agree remarkably well with
the analytical results obtained from the explicit solution of the diffusion equation,
hence giving robustness to the escape formalism.

Keywords: escape formalism, diffusion, scaling

(Some figures may appear in colour only in the online journal)

1. Introduction

A scattering design composed of a dynamical system (serving as a target) which is connected
to an asymptotic region by a hole or leak has been shown to be a useful setup to probe
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dynamical properties of the target system by the use of transport or scattering quantities [1].
For classical systems the leak can be a physical hole (such as an opening in the boundary of a
billiard table) or a subset of the phase space (i.e., a threshold in one of the variables). In either
case a trajectory, with initial conditions inside the system, that reaches the hole is considered
to escape from the system4. Indeed, following an ensemble of trajectories and counting the
number of them still inside the system up to time t defines the survival probability P(t). P(t) is
known to decay exponentially for strongly chaotic systems and develops, due to stickiness,
asymptotic power-law tails in the case of mixed-chaotic dynamics [1, 2].5

Most studies of classical leaking focus on systems whose dynamics is in one of the stages of
the generic transition to chaos (also known as Kolmogorov–Arnold–Moser (KAM) scenario):
Integrable dynamics [4], mixed-chaotic dynamics [2, 3], and full chaos [5–7] (indeed, in the
latter case, the development of power-law tails in P(t) uncovers the presence of minuscule
stability islands embedded in a seemingly ergodic phase space [8].) The prototype model used to
study KAM systems is Chirikov’s standard map (CSM) [9–11]. However, there is a family of
dynamical systems for which KAM theorem is not satisfied. This family is characterized by
discontinuous maps whose corresponding dynamics exhibits unbounded diffusion [12, 13].
Among the systems whose dynamics can be described by discontinuous maps we mention the
Bunimovich stadium billiard [14, 15] (where the corresponding stadium map was constructed to
study diffusion in angular momentum), the triangular billiard [16, 17], which in turn is equivalent
to the motion of three particles on a ring with their masses connected to the angles of a triangle
[18], and the sawtooth map [19]. To the best of our knowledge, leaking from systems developing
discontinuous dynamics has not been approached yet. Therefore, in this paper we undertake this
task by considering the escape of trajectories from a generalized discontinuous map.

2. The map and its properties

The two-dimensional, nonlinear, and area preserving, discontinuous map we consider in this
paper is written in terms of action and angle variables. It is given by [12]
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where K is a parameter controlling a transition from integrability to non-integrability. Map (1)
is known to have two dynamical regimes, both diffusive, delimited by the critical value
Kc = 1 [12]. The regimes <K Kc and >K Kc are known as slow diffusion and quasilinear
diffusion regimes, respectively. As an example of the dynamics of map (1), in figure 1, we
show typical Poincaré surface of sections in both regimes. Note that map (1) is very similar to
CSM (the only difference is the presence of the sign function in the iteration relation for the
action in (1)), which also shows two regimes separated by ~K 1c [9–11, 20–23]. However,
there is a fundamental difference between both maps: For <K Kc the discontinuous map
does not show regular behavior. In fact, due to discontinuities, the KAM theorem is not
satisfied and map (1) does not develop the KAM scenario. Since for any ¹K 0 the dynamics
of map (1) is diffusive, a single trajectory can explore the entire phase space. Moreover, in the

4 In fact, the leaking problem is not restricted to a single hole in the system: by considering two or several holes the
scattering setup can also be used to measure scattering quantities, such as transmission and reflection probabilities. In
such case, the initial conditions of the corresponding trajectories may lie in the asymptotic region; i.e. outside the
dynamical target system.
5 An unexpected situation has been reported in [3] where, due to Fermi acceleration, P(t) was shown to decay as a
stretched exponential.
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slow diffusion regime the dynamics is far from being stochastic due to the sticking of
trajectories along cantori (fragments of KAM invariant tori), see e.g. figure 1(a). For >K Kc

map (1) shows diffusion similar to that of CSM.
We open the discontinuous map (1) by placing a hole on a subset of the phase space of

constant action. Moreover, since the phase space of (1) is symmetric (i.e. =I 0n ) we define
the hole as two horizontal lines at I = ±h in the Poincaré maps. As examples, in figures 1(a)
and (b) we show (as red-dashed lines, also indicated by arrows) holes with h = 0.3 and
h = 200, respectively. Therefore, we analyze the escape of trajectories from map (1) as a
function of the parameters K and h, controlling the nonlinearity of the map and the openness
of the scattering setup, respectively.

In the next section, we approach the problem of leaking of trajectories from the phase space
of discontinuous dynamics as follows: first, we analytically solve the diffusion equation con-
cerning the escape formalism [8]. Our numerical and analytical results are in good agreement in
both dynamical regimes, <K Kc and >K K ,c where the obtained diffusion coefficients coin-
cide with the ones reported in previous papers [12, 14, 19]. This agreement confirms the
robustness of the escape formalism, here applied to discontinuous dynamical systems, that could
be extended to many other systems. Then, we focus on two scattering functions, the survival
probability and the frequency of particle escape, that we numerically compute as a function of
the discrete time n and also use to validate the scalings found for the diffusion coefficient.

3. Results and discussion

3.1. Diffusion coefficient

In many scenarios, one is not interested in the individual behaviour of an initial condition or
particle but in the average properties of the system by considering ensembles of initial

Figure 1. Poincaré surfaces of section for the discontinuous map of equation (1) with
(a) K = 0.01 (slow diffusion regime) and (b) K = 10 (quasilinear diffusion regime). A
single initial condition with θ0 = 3 and I0 = 0.01 was iterated 3 × 104 times. Red
dashed lines and arrows indicate the position of holes in the action axis at = I h with
(a) h = 0.3 and (b) h = 200.
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conditions [8]. This is the main reason to apply statistical techniques to describe dynamical
phenomena [24]. When considering a leaking into a physical system, i.e., a hole, or even a
barrier [25, 26], one can define the probability of an ensemble of initial conditions to survive
this leaking as ρ(I, t); where I represents the action variable and t is the time. So we can write
the particle flux as

r= - j I t D I t, , , 2( ) ( ) ( )

where D is the diffusion coefficient. In addition, the conservation of particles leads to

r¶
¶

= -
I t
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,
, . 3
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Thus, by combining equations (2) and (3) we obtain the diffusion equation
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Since we want to apply this diffusion equation to our mapping, the time should be measured
as the iteration number n.

To solve equation (4), we use the method of separation of variables and write
r = XI n I T n, .( ) ( ) ( ) Then, equation (4) takes the form ¢ X = XT n I D I T n ,( ) ( ) ( ) ( ) which can
be written as
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where γ is a constant which, indeed, is the decay rate of the survival probability; see next
subsection.

The solution of equation (5) for the variable n is the exponential function

= g-T n C e , 6n
1( ) ( )

where C1 is a constant. Now, from the part of equation (5) related to the action we write
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Equation (7) is an ordinary second order differential equation with constant coefficients, so its
solutions are given in terms of sines and cosines. By incorporating the boundary conditions
r  =h n, 0( ) into equation (7) and considering only odd solutions, we end up with the
condition h p=I l 2, where = ¼l 1, 3, 5, . Since h g= D,2 we obtain

g p=D h l4 .2 2 2( ) ( ) Therefore, a solution for ρ(I, n), given as a sum of terms in l reads [27]
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Since l appears quadratic in the exponential function of equation (8), the first term in the sum
is the leading one. This term provides the first order estimation of the diffusion coefficient:

g
p

=D
h4

. 9
2

2
( )

Notice that the derivation for the diffusion coefficient made above is very general and the
discontinuous map parameter K, see equation (1), enters into equation (9) through γ.
Therefore, we still have to discover the dependence of D on K. To this end we numerically
evaluate D for several values of K, in the slow diffusion and the quasilinear diffusion regimes
of our map, and look for the corresponding power-law behaviors. That is, for a given K we
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consider an ensemble of 106 initial conditions (with I0 = 0.01 K and q p d p dÎ - +, ,0 [ ]
where δ = 0.0001) and numerically construct ρ(I, n); then, we extract the corresponding value
of γ by the fitting of ρ(I, n) with equation (8) and evaluate D from equation (9).

Figure 2 shows the behaviour of the diffusion coefficient as a function of K. The power-
law behaviour

µD K 10z ( )

can clearly be observed, however, with an inflection point at the critical value Kc = 1. Indeed,
power-law fittings to the data provide »z 5 2 for <K Kc and »z 2 for >K K .c We stress
that the power-law dependencies of the diffusion coefficient on the parameter K we obtained
here are in perfect agreement with the ones reported in [12] from the numerical computation
of = ¥D I nlimn n

2 for the discontinuous mapping of equation (1). In addition, in [12], the
dependence D∝K2 for >K Kc was analytically supported in terms of the random phase
approximation [11]. The anomalous behavior µD K5 2 for <K K ,c found in our map (1) but
also in other discontinuous maps (e.g., the sawtooth map [19] and the stadium map [14]), was
understood as an effect of the sticking of trajectories along cantori [12, 15]. Moreover, in [19]
a theoretical interpretation of the exponent »z 5 2 was given by the use of a Markov model
of transport based on the partition of the phase space into resonances.

3.2. Survival probability

One of the most popular quantities used in studies of leaking is the survival probability P n .S ( )
Fortunately, once we have the expression for r I n,( ) in equation (8) we can compute P nS ( ) by
integrating ρ(I, n) over I in the range [0, h]. Moreover, by noticing that the leading term in
equation (8) corresponds to l = 1 we can write

Figure 2. Diffusion coefficient D, computed from equation (9), as a function of K.
Dashed lines are the best fits of the data with the power-law function µD Kz with
=z 2.455 6( ) for <K 1 and =z 1.996 2( ) for K 1. = h 1 and h = ±1000 were

used for <K 1 and K 1, respectively. The dotted vertical line separates the slow
diffusion regime ( <K 1) from the quasilinear diffusion regime ( K 1).
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where we have set p=A h21 in order to recover the initial condition =P 0 1.S ( )
Note that equation (11) predicts the exponential decay of the survival probability. Then,

in order to verify this prediction we numerically compute the survival probability as

å=
=

P n
M

N n
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. 12
j
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S
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For each combination of parameters, K and h, we consider an ensemble of M = 106

trajectories all having the initial action I0 = 0 and initial random phases θ0 uniformly
distributed in the interval (0,π/2) (with this choice of θ0 we avoid the period-one fixed points
of the map at I = 0 and q p p p p= 0, 2, , 3 2, 2[ ]). Each initial condition is evolved in time
according to map (1). N nS ( ) in (12) is the number of trajectories that, at time n, have not
escaped yet from the discontinuous map. Thus, in figure 3, we present P nS ( ) for several
combinations of K and h. From this figure we observe that P nS ( ) shows a perfect exponential
decay even for <K 1, where the non-ergodicity of the phase space, see figure 1(a), is
assumed to be produced by the sticking of trajectories along cantori.

Figure 3. Survival probability P nS ( ) as a function of n for several combinations of K
and h (symbols). Here, h increases from left to right. Dashed lines are fittings of the
data with the exponentially-decaying function m- nexp .( ) Each curve was constructed
by the use of =M 106 trajectories.
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It is relevant to stress that due to the presence of the diffusion coefficient D in the
expression for the survival probability, see equation (11), the scalings µD K5 2 and D∝K2

found for our discontinuous map in the slow diffusion and quasilinear diffusion regimes,
respectively, could be confirmed using plots of P n .S ( ) Indeed, we verify this hypothesis by a
scaling analysis in figure 4. There, we plot the survival probability curves shown in figure 3
but now as a function of nK h5 2 2 (blue full symbols) and nK h2 2 (black hollow symbols)
for <K 1 and K 1, respectively. We observe that the curves P nS ( ) fall one on top of two
slightly different universal curves: one for <K 1 and another for K 1. In fact, these
universal curves can be well-fitted by the bare exponential function m= -P x xexp( ) ( ) where
=x nK h5 2 2 [ =x nK h2 2] when <K 1 [ K 1] with m » 0.4 [m » 0.5] (the fitting curves

are not shown to avoid the saturation of figure 4).

3.3. Frequency of escape

A well-known quantity, closely related to the survival probability, is the frequency of escape
P n .E ( ) To construct P nE ( ) we consider an ensemble of =M 106 trajectories having as initial
conditions I0 = 0 and q0 a random phase. Each initial condition is evolved in time according
to map (1). If, along the orbit, the action surpasses the hole, we determine that the trajectory
has escaped from the discontinuous map and a new initial condition is selected. By counting
the total number of trajectories that have escaped up to (the discrete) time n, we construct the
histogram for the frequency of escape P n .E ( ) We noted that P nE ( ) increases as a function of n
until it reaches a maximum at an iteration number n .P Then it decreases and approaches zero
asymptotically for  ¥n . However, since to observe the complete increase and decrease of
P nE ( ) exponentially large iteration times are needed, we construct P nlnE ( ) instead. Then, in
figures 5(a) and (b), we present P nlnE ( ) for <K 1 and K 1, respectively, for several
combinations of K and h.

From figures 5(a) and (b), it is clear the value of nP strongly depends on both K and h.
Indeed, as can be seen in these figures, the histograms P nlnE ( ) are displaced monotonically to

Figure 4. Scaled survival probability curves P nS ( ) as a function of nK h5 2 2 (blue full
symbols) and nK h2 2 (black hollow symbols) for <K 1 and K 1, respectively. Here
we used the data curves from figure 3.
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the right (to the left) when h (K) increases (decreases) for fixed K (h) in, both, the slow
diffusion and the quasilinear diffusion regimes. Thus, we propose the following scaling
hypotheses for nP:

µ a an K h , 13P 1 2 ( )

where a aand1 2 are scaling exponents. Therefore, in figure 6, we plot nP versus K for several
fixed values of h where the power-law behaviour µ an KP 1 is clearly observed. However, it is
relevant to stress that the scaling exponent α1 depends on whether <K K1 or 1. In fact,
we concluded that a a» - < » -K K5 2 for 1 while 2 for1 1 1 (see the power-law
fittings in figure 6). On the other hand by plotting now nP versus h for fixed K (not shown
here) we found that a »2 2 in both regimes (slow diffusion and quasilinear diffusion).
Therefore, in figures 5(c) and (d) we plot P nlnE ( ) after the scalings

 < n nK h K n nK h Kwhen 1 and for 15 2 2 2 2 , respectively, observing a

Figure 5. Histograms for the frequency of particle escape P nlnE ( ) when (a) <K 1 and
(b) K 1 for several combinations of K and h. Scaled histograms P nlnE ( ) as a
function of (c) nK h5 2 2 and (d) nK h .2 2 Each histogram was constructed by the use of
M = 106 trajectories.
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remarkable overlap of the histograms into an universal curve. Moreover, we observe a small
difference between the scaled histograms in the slow diffusion and the quasilinear diffusion
regimes: The scaled values of nP are slightly different; i.e., » »n K h n K h2.4 andP

5 2 2
P

2 2

1.9, respectively.
Finally, given that P nE ( ) can be computed as the negative of the derivative of the survival

probability with respect to n, it is possible to support the scaling (13) by our results for P nS ( )
of the previous subsection as follows: using equation (11) we write

p p
= - = -

⎛
⎝⎜

⎞
⎠⎟P n

dP n

dn

D

h

D

h
n

4
exp

4
. 14E

S
2

2

2

2
( ) ( ) ( )

Then, we make the change of variable n lnn, which leads to =P n nP nlnE E( ) ( ). Now, by
defining np as the value of n for which =dP n dnln 0E ( ) , i.e. the maxima of P nlnE ( ), we end
up with p=n h D4p

2 2 . This provides µ µ -n h n Dandp
2

p
1 (that is α1 = −z; compare

equations (10) and (13)), as numerically found above.

4. Conclusions

In this work, using an escape formalism, we have studied the behaviour of orbits in the phase
space of a two-dimensional, nonlinear and area preserving, discontinuous mapping. The
discontinuous map, parameterized by the control parameter K , presents two dynamical
regimes (both diffusive) delimited by the critical value Kc = 1. Once a hole was defined in the
phase space we concentrated on the diffusion coefficient D, the survival probability of par-
ticles P nS ( ), and the histogram of escape times P nlnE ( ).

Due to the absence of the KAM scenario for this mapping, stickiness is not observed in
the dynamics leading to the clean exponential decay of the survival probability in both the
slow diffusion ( <K Kc) and the quasilinear diffusion ( >K Kc) regimes. Also, we demon-
strated that P n P nln andE S( ) ( ) are scale invariant with scaling laws proportional to the

Figure 6. nP (iteration time corresponding to the maximum of P nlnE ( )) as a function of
K for =h 0.2, 1, 5, 100, 200 and 500; from left to right. Dashed lines are the best fits
of the data with the power-law function aµ » - - -an K with 2.6, 2.47, 2.5,P 11

- -1.98, 1.99, and -1.97 (from left to right). The dotted vertical line separates the
slow diffusion regime ( <K 1) from the quasilinear diffusion regime ( K 1).
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diffusion coefficients of the corresponding dynamical regimes, namely, µD K for5 2

< µ >K K D K K Kand forc c
2 . We stress that the power-law dependencies of the diffu-

sion coefficient on the parameter K that we found from the solution of the diffusion equation
are in perfect agreement with previous studies on this map and other discontinuous maps
[12, 14, 19].

The escape formalism used here can be extended to other dynamical systems described
by discrete and discontinuous mappings.
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