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Abstract 
 
This paper presents an alternative method to measure the modulus of elasticity to traction, E, for relatively limited sample sizes. We 

constructed a measurement system with a Force sensor (FS) and a Rotation movement sensor (RMS) to obtain a relationship between 
force (F) and bending (ΔL). It was possible by calculating the strain energy and the work of a constant force to establish a relationship 
between these quantities; the constant of proportionality in this relationship depends on E, I and L. I and L are the moment of inertia of 
the uniform cross-section in relation to an oriented axis and length, respectively, of the sample for bending. An expression that could 
achieve the value of E was deduced to study samples of Y-TZP ceramics. The advantages of this system compared to traditional systems 
are its low cost and practicality in determining E.  
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1. Introduction 

Scientific research and development of new materials for 
implantology is constantly aiming at the perfection of me-
chanical performance and surface properties. Over 80% of all 
implant devices are metals [1, 2], although other types of ma-
terials are used such as polymers and ceramics. However, 
there are difficulties in the techniques used for characteriza-
tion of new materials and the study of its mechanical proper-
ties. This work was conducted to measure the modulus of 
elasticity to traction, E, in order to implement an alternative 
technique for ceramics samples, which have relatively small 
dimensions and an unknown Poisson coefficient. The methods 
and techniques for obtaining E usually include four types: 
Static (tensile, torsion, bending test); dynamic (resonant fre-
quency method); wave propagation (ultrasonic pulse-echo 
method); and nanoindentation. Each method has its own ad-
vantages and disadvantages. Among these, the most com-
monly used is pulse-echo ultrasound [3, 4]. This technique is 
nondestructive and does not alter the sample’s physical and 
chemical properties, making it of great practical interest. 
However, it can only measure E values for a single sample 
temperature and well-defined sizes. In such a case, informa-

tion on the Poisson coefficient is needed to obtain E, and sam-
ple dimensions may be critical. This does not occur with the 
torsion pendulum technique [5, 6], which also permits obtain-
ing E but has an advantage in relation to previous techniques 
because it is a dynamic measure, without interruption, using a 
temperature band between 77 and 700 K [4-7]. However, it 
must be performed in a vacuum of around 10–6 mBar [8] due 
to the high temperatures into which the sample is submitted. 
In this case, Poisson coefficient value information is needed to 
obtain E, and sample dimensions may be critical. The TZP 
ceramics, which have their minimum requirements as im-
plants for surgery described in ISO 13356, are currently the 
materials of choice by nearly all manufacturers producing 
femoral head prostheses. More than 300000 TZP hip prosthe-
ses have been installed [9]. Zirconium's remarkable behavior 
is mainly due to the toughening mechanism found in these 
materials, which is called a martensitic transformation. Zirco-
nium is a polymorphic ceramic with three, well-defined, crys-
talline allotropic shapes—monoclinic, tetragonal and cubic—
that are stable at different temperatures. In its natural state and 
at ambient temperature, zirconium exhibits monoclinic sym-
metry and is stable at a temperature of up to approximately 
1170°C. Between 1170°C and 2370°C, zirconium modifies to 
the tetragonal phase, which has a reduced volume when com-
pared to the monoclinic phase. This phase can be stabilized at 
ambient temperature depending on the size of the zirconium 
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particle and the concentration of oxide stabilizers added to its 
structure. Above 2370°C until fusion (2680 ± 15°C), zirco-
nium is in the cubic phase [10]. At high temperatures, or after 
quick cooling to temperatures near or lower than liquid nitro-
gen, a structure with orthorhombic symmetry can be observed. 
As we wanted a practical and economic solution for the type 
of sample used in this work, we decided to invest in the con-
struction of the system described below to determine the elas-
ticity modulus E. 

 
2. Materials and methods 

2.1 Materials 

The Y-TZP samples used in the elasticity module meas-
urements are described in Table 1. We initially describe the 
elastic deflection energy method and then explain how to de-
termine the biomaterials’ elasticity module with the system 
used in this study. 

 
2.2 Deflection energy method for obtaining E 

Consider an elastic structure submitted to applied loads and 
deflected elastically. In this deflection process, the Principle of 
Energy Conservation [11] is used, expressed as 

 
EW Q E+ = D .            (1) 

 
WE is the work carried out by applied external forces, Q is 

the heat exchanged by the structure with its surrounding area, 
and ΔE is the variation of associated energies—kinetic energy 
(K) and internal energy (U)—of the structure. Considering that 
these loads are applied in a gradual and increasing manner and 
that a state of equilibrium is maintained in this process, then 
the variation of kinetic energy is zero and ΔE is only due to 
the variation in internal energy U. Eq. (1) in these conditions 
is reduced to  

 
EW U= D .            (2) 

 
The work can be considered as energy stored in the struc-

ture due to strain and stress in an infinitesimal volume element 
[11-17] and which will be represented by strain and stress 

tensors, sij and eij, respectively. The energy dU stored in this 
element when stress has reached its final value eij is  

 

0

eij

ij ijdU des= ò . (3) 

 
By integrating the entire volume V of the structure, we get 

the total internal energy U due to the deflection expressed as  
 

0

( )
eij

ij ijU de dVs= ò ò . (4) 

 
In cases where the elastic structure has a linear behavior and 

is isotropic and submitted to pure bending using Hooke’s Law 
[11], then 
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with E and G being modules of traction and torsion elasticity, 
respectively. 

For measuring E, a prismatic bar is considered with a uni-
form cross section of area A and length L, submitted to applied 
force F using a force sensor at one of the ends and with the 
other crimped onto, one pure bending, see Figs. 1(a)-(c). 

With regard to material resistance [12], it is known that the 
state of tension at one end of bar xi, given the experimental 
conditions of Fig. 1, is expressed as: 

 
2

11

Mx
I

s = -  and 12
SFM

Ib
s = . (6) 

 
I represents the moment of inertia [18, 19] of a cross section 

A in relation to axis x3 ( 2
2I x da= ò ) and MS, 1st order moment 

in relation to axis x3, 2SM x da= ò . The values of sij are zero 
for other tensions. M and F, respectively, represent the bend-
ing moment and the shearing force and they act on an arbitrary 
cross section at x1. M is a function of x1 (M = Fx1) and F, in 
this case is a constant for each of the states of static equilib-
rium. In this case, 2 0SM x da= =ò , because the centroid of 
the cross section area coincides with point O. Thus, the term 
related to 12s , of Eq. (6) is zero. Replacing these components 
of tension in Eq. (5), you get the internal energy of deflection 
in the structure for this application. 
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F LU

EI
= .              (7) 

 
The external work conducted by F is  
 

EW F L= D .               (8) 
 
Equating the Eqs. (7) and (8), you get: 
 

*
3

6 E IF L B L
L

= D = D .    (9) 

Table 1. Group name, material commercial name, manufacturer and 
composition of a Y-TZP block. 
 
Group Material Manufacturer Composition 

ZYZ In ceramics 
ZYZ 

Vita Zahnfabrik 
(Bad Säckingen,  

Switzerland) 

·ZrO2 = 91.00%,  
Zirconium dioxide 
·Y2O3 = 5.00%,  

Yttrium oxide 
·HfO2 £ 3.00%,  

Hafnium oxide 
·Al2O3+SiO2 £ 1.00%,  

Aluminum oxide + Silicium 
oxide 
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Therefore, slope * 36B E I L= is a constant in the elastic 
region and depends on the nature of the material, the geometry 
of the uniform cross-section, and the length of the sample, 
represented by E, I and L, respectively.  

For two samples of distinct natures 1 and 2, considering the 
same cross-sectional area (A1 = A2) and length (L1 = L2) with 
different geometries, their deformed volume will be equal. 
This is a condition order to be determined (E) for the unknown 
sample (E2) in relation to that known and used as reference 
(E1). The other condition is that the calibration factor due to 
the force sensor f has to be the same for each measurement. As 
the calibration factor depends on the L value, then it must be 
the same measured length (L1 = L2 = L), and consequently the 
areas of the cross-section but not necessarily the geometries 
must be the same. In this case, the values of I are generally 
different (I1 ≠ I2) and depend on the geometry of the uniform 
cross-section. The above describes the situation presented in 
this study.  

If we replace the moment of inertia values for the cross-
sectional areas 3

2 12I ba= (rectangular section) or 1I =  
4 64Dp  (circular section) and use *B  and f, we get the 

following equations for calculating E for the two situations: 
 

* 3
2

2 3

2B L fE
ba

=   or          (10) 

* 3
1

1 4

32
3

B L fE
D p

= .          (11)  

 
In this case, the value E2 can be expressed by 2E =  

* *
1 1 2 1 2E I B B I . 
If the geometries (circular or rectangular) and the dimen-

sions are the same for both samples, then the value I will be 
the same, too. To achieve E would result in the expression 

* *
2 1 2 1E E B B= . The subscripts correspond to samples 1 or 2. 

 
2.3 Measurement of the modulus of elasticity E 

To measure the turning angle j (rad) of the screw that 
moves table XY when it shifts from ΔL, a Rotation movement 
sensor (RMS) was used [20]. A pulley of diameter f = 28.70 ± 
0.05 mm was attached to the RMS shaft, and with the belt that 
passes through the pulley and to another pulley of the same 
diameter affixed to the shaft of the table transmission mecha-
nism, j can be registered. At the same extremity with the rota-
tion sensor, a microwave motor was adapted with a constant 
torque in order to move table XY in the two required direc-
tions, one for approximation and the other for drawing it away 
from the force sensor. At the opposite end of the rotation sen-
sor there is one piece of steel which is attached a sample. This 
sample has the other free end (see Fig. 1). At a distance L 
from this free extremity, a force sensor was positioned (FS) 
affixed to a base on a bench. Upon turning the movement 
transmission screw for table XY at an angle j (rad), the sam-
ple was shifted ΔL, evaluated by j (0.000160) m. 

Thus, pure bending was slowly applied to the sample, using 
force F at the free extremity. FS is zeroed before beginning 
the measurement, and the value of F is automatically recorded 
for each angle j with the RMS. The two sensors are connected 
at an interface and the interface to a computer; using specific 
software, the experimental points for the F(N) versus j (rad) 
greatnesses graph are obtained simultaneously in real time. It 
was possible to adjust a straight line and obtain its slope be-
cause it behaves linearly in a regime where the material be-
haves elastically. That slope is called B0 and its unit is N/rad, 
which is transformed to N/m using the relation B* = B0 

(1/0.000160) since we determined that 1 rad equates 0.000160 m. 
For these measurements, it was necessary to calibrate the 

force sensor, which has a factor f that can be obtained experi-
mentally and which depends on the fixed length L. A sample 
was chosen of commercially pure titanium (TiCp) with an 
average elasticity module of E1 = 103.4 GPa [21]. This sample 
had a circular cross-section and was used as a reference for 
obtaining E from samples of the Y-TZP. The latter samples 
had a rectangular uniform cross-section. Different L values 
were selected for the reference sample (TiCp). For each fixed 
L, using three Force (F) curves as a function of the angle (φ), 
the average value for B0 was determined. In order to determine 

 
Fig. 1. (a) System for measuring E: (1) Rotational movement sensor 
(RMS-PASCO: CI6538; [20]); (2) force sensor (FS-PASCO: CI6537); 
(3) samples: Titanium and ceramics; (4) interface (PASCO: CI7650-
750); (5) motor for moving table XY; (6) computer with specific soft-
ware; (7) key to activate motor; (b) cross-section of sample of area A; 
(c) Prismatic bar of length L. 
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f of the reference sample, Eq. (11) was used by replacing B* 

for B0 (1/0.000160), D = (3.20 ± 0.05) mm and E1 = 103.4 
GPa. Finally, with Eq. (10), with the experimental results B0, L, 
a and b for the Y-TZP samples, and using the same calibration 
factor obtained for TiCp, E (E2) was obtained. 

Twelve samples were studied for the ZYZ material group, 
and then the error associated with E was evaluated, using the 
statistical theory of errors [22] with a 95% degree of confi-
dence. From the theory of small samples in statistics, the elas-
ticity modulus E (E95%) was expressed as 95% ME E= ±  

95% 1
St

N -
, where EM is the average of N values of E from 

Table 2, and the number t95% = 1.80 (N = 12) is obtained from 
the student distribution (see attachment III of Ref. [22]), con-
sidering a 95% probability for E to belong to the estimated 
interval; S is the average squared deviation, which is ex-

pressed as 
2( )M jE E

S
N
-

= ; with N = 12 and Ej as the E 

values in the 1 to N interval. 
 

2.4 Calibration curves and the f factor 

The f calibration factor, as previously explained, was ob-
tained for the sample that served as a reference (TiCp) and 
was subsequently used to obtain E in a comparative manner 
for the Y-TZP samples. A length L1 = L2 = 5.70 mm was cho-
sen because the Y-TZP samples had a small length and f to 
measure the force could not depend on L. The samples had a 
different nature and geometry, and their deformed volumes 
had to be the same. Therefore, the cross-sectional areas of the 
Y-TZPs (A1 = ab) should be equal to that of TiCp (A2 = πD2/4). 
In fact, these areas were approximately equal, with a percent-
age deviation of 0.5%. To determine the mean values of B0 as 
a function of length L for the TiCp sample, three curves of F 
as a function of φ for each fixed L were calculated. Then, us-
ing Eq. (11) and replacing B* for B0 (1/0.000160), D = (3.20 ± 
0.05) mm, and E1 = 103.4 GPa, the f value was determined for 
each L. 

 
3. Experimental results 

The results in Fig. 2 show the TiCp calibration curve with 
the B0 mean values and the f factors for each L. Of note is that 
f and B0 depend on L. Fig. 3 shows the results of a typical 
curve of F versus φ for L = 5.70 mm for TiCp. Fig. 3 also 
shows the experimental results for the slope of the typical 
curves of F versus φ for TiCp, which was the reference sam-
ple and the length used to determine the value of E for the Y-
TZPs. The calibration factor f = 16.89 was calculated using Eq. 
(11) as explained in Subsec. 2.4; it was also obtained from Fig. 
2. Fig. 4 shows a typical result from one of 12 Y-TZP samples, 
specifically the 3A ZYZ, with L = 5.70 mm. Finally, with Eq. 
(10), with the experimental results B0, L, a and b for the Y-
TZP samples, and using the same calibration factor f = 16.89 
for TiCp, E (E2) was obtained. In this case, the value E2 can be 

determined directly by * *
2 1 1 2 1 2E E I B B I= . All other Y-TZP 

results can be seen on Table 2. Fig. 5 shows the E values for 
each of the studied samples and in relation to the group ZYZ. 

 
 
Fig. 2. Calibration curve for the TiCp sample, diameter D = 3.20 ± 
0.05 mm, uniform circular section. The calibration factor in Eq. (10), f
= 16.89, was used to obtain E of the Y-TZPs samples with length L = 
5.70 ± 0.05 mm. 

 

 
 
Fig. 3. Typical force curve, F(N), applied by FS as a function of angu-
lar position, φ (rad), measured by an RMS. Sample of TiCp: D = 3.20 
mm; L = 5.70 mm and E1 = 103.4 GPa. 

 

 
 
Fig. 4. Typical force curve, F(N), applied by FS as a function of angu-
lar position, φ (rad), measured by an RMS. Sample of Y-TZP (3A 
ZYZ): a = 2.00 ± 0.05 mm; b = 4.00 ± 0.05 mm and L = 5.70 mm.  
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Table 2 provides values that are more specific, whereas Fig. 
5 presents the E values with the respective experimental errors 
for the 12 samples studied for the ZYZ group. The errors for 
each of these samples were evaluated using a first-order ap-
proximation of the propagation of uncertainties equation [23]. 
The value E95% = 168 ± 11 GPa was obtained using the statis-
tical theory for small samples, as explained in Subsec. 2.3. 

  
4. Conclusion 

The measurement system presented is an alternative method 
for obtaining the modulus of elasticity to traction of materials. 
We applied this system to Y-TZP samples, which have rela-
tively small dimensions and which can be used in other types 
of materials. Results of the ZYZ group of samples, with a 
statistical confidence level of 95%, presented an E value equal 
to 168 ± 11 GPa. The measurement technique employed uses 
the internal energy of deflection and pure bending. Results 
corresponded to the expected values as samples similar to pure 
zirconium have a modulus of elasticity value of E = 203 ± 14 
GPa, obtained using the ultrasound pulse-echo technique. 
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Nomenclature------------------------------------------------------------------------ 

F     : Force 
ΔL    : Bending 
L     : Length of prismatic bar 
a     : Width ceramic sample 
b     : Thickness of ceramic sample 
A : Uniform cross-section 
D     : Diameter of sample TiCp 
f     : Diameter of pulley 
j     : Angular position 
V     : Volume 
TiCp   : Sample of commercially pure titanium 
Y-TZP : Sample of ceramic 
N     : Number of samples 
sij     : Strain tensor 
eij     : Stress tensor 
E, Ej : Modulus of elasticity to traction 
E1, E2 : Modulus E of samples 1 and 2 (TiCp and Y-TZP, re-

spectively) 
EM : Average of N values of Ej 
E95% : Modulus E of sample Y-TZP, estimated with 95% prob-

ability for E to belong to the estimated interval 
S : Average squared deviation 
t95% : Factor from Student distribution, with 95% probability 

for E to belong to the estimated interval 
B0 : Values related to the average of three slopes in N/rad 
B* : Values related to B0 in N/m 
f     : Calibration factor 
G : Modulus of elasticity to torsion 
I : Moment of inertia of cross-section 
I1, I2   : Moment of inertia of area to sample 1 and 2 (Ti Cp and 

Y-TZP), respectively 
MS : First-order moment in relation to axis 
M : Bending moment 
WE : Work carried out by applied external forces 
Q : Heat exchanged by the structure 
U : Internal energy 
K : Kinetic energy 
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