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Abstract

We give some properties relating the recurrence relations of orthogonal polynomials associated with any two symmetric
distributions d¢(x) and de¢a(x) such that d¢a(x) = (I + kx?)d¢i(x). As applications of these properties, recurrence
relations for many interesting systems of orthogonal polynomials are obtained.
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1. Introduction

A distribution (i.e. positive measure) d¢(x), defined on (—o0,00), is known as a symmetric
distribution if d¢(x) = —d¢(—x). The monic orthogonal polynomials Q¢(x), n > 0, associated with
dé(x) satisfy (see, for example, [1])

0F () =x08(x) — 02, 0%, (x), n>=1,

with Qf(x) =1 and Qf(x) = x, where the unique coefficients ocffH are all positive.
Let d¢p,(x) and d¢,(x) be two symmetric distributions such that

dgpa(x) = (1 + kx?) d¢ (x), (1.1)

where k is real and positive. In this article we give some results about how the two sequences of
coefficients {a?!,} and {a??} are related. In particular, we prove the following result.
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Theorem 1. Associated with d¢(x) and dp,(x) there exists a sequence of positive numbers {¢,},
with £o=1 and ¢, > 1 for n = 1, such that
(6 — Dy + 1) = 4ka?),
and (n=1) (1.2)
(o = Dl + 1) = 4k,

We establish this result using certain properties of the monic polynomials E,lf' (¢), n = 0, uniquely
defined by

/ B dy() =0, 0<s<n—1, (1.3)
0

where di(¢) is a strong distribution in (0,00). A distribution di(¢), with support inside any interval
(a,b) and such that the moments fab ™ dy(t) exist for m=0,+1,+2,..., is called a strong distribution
in (a,b).

2. Strong distributions

For any strong distribution di(¢) on (0,00), the monic polynomials Ef (), n =0, satisfy the
recurrence relation

v U \BY b RV
Bn+1(t):(t—ﬁrllll+l)Bn (t)_an+ltBn—1(t)7 n 2 la

withﬁé"(t)=1 andE;ﬂ(t)=t—Bl'”, where the unique coefficients /:’,1”“, n = 0 and &,‘f;l, n =1 are all
positive. For more information on these and other related results see [4, 7, 9]. For some results on
polynomials defined by a variation of (1.3) see [6, 11].

In [9] it was given that P,(¢) is a real monic polynomial of degree n > 2 that satisfies

/ TPV dY(1) =0, 1<s<n—1,
0

if and only if P,(r) =B'(4,¢) for a 1€ R, where
B! (2,t)=B)(t) - 1B \(1). @1

Furthermore, it was shown that if dys(¢) has its support inside (a,b) C(0,00) then all the zeros of
E,'f/ (¢) lie inside (a,b) and at least n — 1 of the zeros of Ef (4,t) lie inside (a,b).

A special type of distribution, first considered in [7], is the ScS(a,b) distribution. A strong dis-
tribution di(¢) with its support inside (a,b) is called a ScS(a, b) distribution, if

dy(r) _ dy(c/r)
Vi et

where a,b and ¢ are such that a = ¢/b and 0 < \/c < b < 0o. Taking ¢ = %, we write this distri-
bution here as a ScS(B%/b,b) distribution. From [7] it follows that for any ScS(B?/b,b) distribution

t € (a,b), 2.2)
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dy(e), ,B,,+1 =pf for n = 0 and

B)(t)=rBY(Bt)(=BY, n>0. (2.3)
Now for « > 0 and § > 0, if

x(t) = \/—(\f BIVD. € (0,00), (24)
then from [8] the following results are obtained. For any 4 > 0, let
t
dy(s) = Amdd)(X(t)), (2.5)

and let » > 0 and d > 0 be such that vb=+/ad? + B+/ad. Then d¢(x) is a symmetric distribution

with support inside (—d,d) if and only if dys(¢) is a ScS(B?/b,b) distribution. Further, in this case,
BY(t)= vy Qi(x), n>0

and (2.6)

af+1=40(af+l, n? 1.

In [8], these results are shown only when d¢(x)=w(x)dx and dy(¢) = v(¢)ds. When these hold then
(2.5) can be written as

v(t) :A*t_]/zw(x(t)),

where 4* > 0. However, the extension given here is straightforward to obtain from [8].

3. The Sc¢S(a, b) distributions

Another special strong distribution, which was first studied in [9], is the STS(a,b) distribution.
We say that a strong distribution dys(¢) with support inside (8%/b,b) is a STS(S?/b,b) distribution if

dy(r) = —dy(B*/b), t€(B*/b,b).

As with the ScS(B?/b,b) distribution we require 0 < f < b < co. From [9] we have that for any
ScS(ﬂz/b b) distribution dy(¢), the following results hold:

If » —ﬁ,, -|—oz,,+1, then
'))n-H ﬁ2

— = , n=0,
’V'I’// B’l{/ﬁrH-l
with 5¥ = B¢ =1. For any n > 1, if A€ R and # € R are such that

G+ B+ B =By 7Y,

then

"B, (/1 B/t

=BJ(n.1),
82,0
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where E:’ (4,t) are the polynomials given by (2.1). Only when A is equal to

then
SV
Efinw_(i’ﬁz_@ _BY L) (3.1)
B, (4,0)

All the zeros of E,'f' (A»' ¢) lie inside the inerval (B%/b,b). However, only n — 1 of the zeros of
E:' (A¥2,¢) lie within (8%/b,b) and its remaining zero is equal to —p.

4, Related ScS(a,b) and ScS(a,b) distributions
Let the three strong distributions dy,(¢), dy(¢) and dy,(¢), all having their support inside (8%/b, ),
be such that

t+ﬁ

——dy (1) = dipo(?) = ——dyn(?). (4.1)

ﬂ

Then the following three statements are equivalent:

dy(¢2) is a ScS(B%/b,b) distribution,
dyso(2) is a STS(B%/b,b) distribution,
dy,(2) is a ScS(B?/b,b) distribution.

The proof of this follows from the definitions of the ScS(B?/b,b) and ScS(B?/b, b) distributions.
A study involving the right-hand equality of (4.1) has already been considered in [12] and there
it was also shown that

BY Gk =(+BBI(), n>o.
Furthermore, if £, = /7 °/B® then
8% = Bl = DVl + 1), n>1. (4.2)

Now we consider the polynomlalsB '(t), n>1. In (1.3) for dy,(¢) substituting ¢ by p?/u and
then using (2.2) and (2.3), we obtain

/ B (Bl dgr () =0, 1<s<n.
0
This result, with u replaced by ¢, added to (1.3) for dy,(¢) gives

/ B () dY() =0, 1<s<n—1.
0
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Hence, from (2.3) and (3.1), using the result preceding (2.1), gives
By, =BY(1), n>1.

This result has already been observed in [10] when

1
dyn(t) = %T—t—\/i——adt’

where a = f%/b. Since (2.1) can also be written as

oy
B4 = %Efﬂ(z) + { (1 - :j_) + é/;zﬂ}gf(t), nel,

n+1 Ay LM

by appropriate substitutions of (2.1) and the above in the recurrence relation for E,'f’ '(¢), we obtain
(see also [10])

@ =B — 1)l + 1), n=1, (4.3)

where £, = \/%‘,Z'"/En" as before. Since 7, :E,'f’ +&f+l, we have £, > 1 for n > 1.

5. The main results

First we prove Theorem 1. Choosing k = a/f, we let

dy(0) :Aliﬁdd)l(x(t))

and
t

d‘ﬁz(t)ZAzt_l_ﬁ

d¢2(x(t))a

where 4; and 4, are positive numbers and x(¢) is given by (2.4). Therefore, as in (2.5), dy(¢) is a
ScS(f?/b, b) distribution if and only if d¢(x) is a symmetric distribution with support inside (—d,d).
Similarly, dy»(¢) is a ScS(B?/b,b) distribution if and only if d¢p,(x) is a symmetric distribution with
support inside (—d,d). We recall that the relation between b and d is Vb = \/ad? + f + /ad.

Furthermore, for a suitable choice of 4, and 4,, we also obtain that the ScS(f%/b,b) distributions
dy(¢) and di,(¢) satisfy (4.1) if and only if the symmetric distributions d¢(x) and d¢,(x) satisfy
(1.1). Hence, with the use of (2.6) we obtain from (4.2) and (4.3) the result (1.2). This completes
the proof of Theorem 1. O

Now we see how (1.2) can be used to obtain information on the sequence {a? 21} given {a? Lt
and vice versa. First we have from (1.2)

b +1 _ oll
fn—H +1 (Xd)z ’

n=1. (5.1)
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Given a;ﬂl, n = 1, we also obtain from (1.2) the continued fraction
PR T
" 24 (b — 1)
Akl Akl 4kog'  Akoy .
2 4+ 2 4+ 2 4+ 2 7T
This can also be written as
bl _, kal!,  kad ke kg
2 1 + 1 +-+ 1+ 17 77
Hence, from the theory of continued fractions, see for example [5, p. 71], that
tL+1 B
_2._. = bgll) N nz= 0,
where
b = b0 + kgl B0, 2, (5.2)

with 5" =1 and b{" = 1. From (5.1) then the following result is obtained.

Theorem 2. When (1.1) holds then
(0 p0)

¢ n+2 ¢
anil — M) an-fl—b n 2 1’
by bn+1

where b, n > 0 are given by (5.2).
Now, given oz,‘f’jl, n = 1, we obtain from (1.2)
bt + 1 kal
2 1+ (412
T ka? 4+ 1

——, nzl

-l 4+ 14+ -1+ 2

However, since £, — 1 = 2kcx§5 "wefind 4, +1= 2,uf,5 2/,ug’ ', where y(‘f = [ d¢(x). Hence,

i +1 _ koal2, kot kad?  pdi/u s
2 -1 4+ 144+ -14+4 1 > 77
It is easily verified that
/,H_] + 1 b(2)
__2~ = b_(;—)_’ n > 1’

n+l1
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where
B2 =bP + ka?2 b0, n=1, (5.3)

with 5y’ =1 and »® = pd' /ul?. Hence, the following result is established.

Theorem 3. When (1.1) holds then

agn biag)z
b
and
(2) 1.(2)
) b

_ n+2 ¢2
(erI—Z TV OCn+27 n Z 19
b" bn+l

where the b, n > 0, are given by (5.3).

6. Some special cases

In this section we consider some examples of pairs of symmetric distributions that satisfy the
relation (1.1).

Example 1. Let d =1 and let

4 _ 1 4 g 14 kx? 4
¢1(x)—\/—r—-_—; X, ¢2(x)_ﬁ X,

where k£ > 0. Since ;' = % and OCf_Ll = i, n = 2, using the theory of difference equations we obtain

from (5.2) that
=1 b=

\

2

Hence, we can write

"3} 1 Kn—lKn+2

a _ -
T4 KKy

where K, = {1 + V1 +k}" + {1 — V1 +k}", n > 0. This result has also been obtained in [8].
Though we have proved the above result for £ > 0, we believe that it holds for all k > — 1. It
certainly holds for £ = —1 and k = 0. When &k = 0, we must take K, = 2.

/19

Example 2. Let d =1 and suppose that
doi(x) =v1—x2dx, de,(x)=( + kx*)V1 — x2dx,
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where £ > 0. It is known that oc,‘fjrl =3, n > 1. Hence, from (5.2) it follows that
joo L [1eviERY™ 1 f1-vIER)T
VI +k 2 VItk 2 T
Thus, we can write
1L,_,L
¢2 _ _Zn 1442 1
an+1 4 LnLn-H ’ -

where L, = {1 + 1+ &} — {1 — /1 + k}**!, n > 0. We believe that this result also holds for
any k= — 1.

Example 3. For d =1 and & > 0, let
41(x) dx, dfa() =
X)= X, =
: (1 +kx?)v/1 —x2 2 Vv1—x?

Here, instead of using Theorem 3 we shall consider a different approach. Since oc,‘f =3 122,
we obtain from (1.2)

dx.

Ak k
ly—1= nil = , n=2.
24 U —1) 2+ Um—-1) "

This leads to the convergent periodic continued fraction

_k kK
242424

the limit of which is —1 + /1 + k. Hence,
L+ 1=14+vV1+k n=2
Since 41 — 1 =2k/(£, + 1), it also follows that £, + 1 =2+/1 + k. Thus, from (5.1),

b1 _ 1 O(¢"- v1+k
C1+VIFE D 20+V1+k)

by —

This result has already been obtained in [3] for all £ > —

Example 4. With d =1 and & > 0 let

v1—x?

as kz)dx dgr(x)=+v1 —x2dx.

doi(x) =
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Here, since afjl = %, n = 1, we obtain from (1.2) that £, +1=1+4++/1+%k, n > 1. Hence, from
5.1)

o — 1

220+ V1+k)
and

ol = o on=2

This result follows from [2] for all £ = — 1. For information on the results of the last two examples,
see also [1, p. 205].

Example 5. Let d =1 and that for £k > 0 and & > 0, let

1_ 2 1_ 2
dr(¥) = = dy, d(x) = - = dx.
(1 + kx?)(1 + kyx?) (1 + kx?)
From the previous example we note that af? = {2(1 + /1 + &)}~ and a2 = ¥, n=2. Thus, we
obtain from (1.2) that /,+ 1 =1+ +/1 + &, n = 2. Furthermore, also from (1.2)
/1= 2k
‘ A+VI+h(1+VI+ k)
and hence,
/ +1_2[\/1+k+\/1+k1]
: (+vV1+k)
Consequently, from (5.1)
4 1 o (V1 +k+vV1+k)

T VI +viTR) P T+ it +VIth)

and

Example 6. Here, with d =1, £ > 0 and k; > 0 we take

V1 —x2 (1 + kx?)
dbi(x)= Y dx, d = T" /1 dx
Since of' = {2(1 + T+ k)}~" and o}, = L, n > 2, we obtain from Theorem 2 that
2 2(1 + \/l—j'_—k]) b(21) n+1 4 b;l)b(l) > = &
Here, from (5.2)

n+1
1+ vI+k) V1 "

and o
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where

o= Vitk+VT+k o= Vi+k—V1+k
T VIFRA+VTIFR) VI EA+VT+R)

Example 7. For d =1, k > 0 and 4 > 0 let
1 I
by (x) = dx, dy(x)= dx.
) = e T AT P = T

Using the results of Example 3, we obtain from (1.2) that £, + 1 =1+ +1+k, n >3,

p +1_2(1+\/1+k\/W)
S 1+V/1+hk
and
1
/l+1:2\/1+k(\/ +k+V1+k)

1+V1+kV1+k

Thus, the use of (5.1) gives

1
o
o' = ,

2 T 1+ VI+ RV K

o VItV FR(WVT+k+VT+k)

B T A+ VAR + VTR + VIt kT 1 k)

oo +VI+kvT+k)
Y200+ VIR +VIFR)

and

¢ _

|
an—H_Z’ }124

Example 8. Finally, for d=1, k >0 and &k, > 0 let
1 (1 + kx?)
doi(x) = dx, d¢y(x)=
$1(x) (1 + kx?)y1 — 22 $2(x) (A + k)1 -2
Then from Theorem 2

9 1 B e Y1tk B
P VTHREY T 20+ VT k) BV

dx.

and

(1) p(1)
2 1 bn—lbn+2

Oy =
T 200,
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Here, from (5.2) it follows that

Z 2,

" {1+\/1+k}"_1 {1—\/1 k}"—l
bn = f —Cy f , R

where

c_\/1+k+\/1+k1 c_\/1+k—\/1+k,
A+ VIFR) T U411 k)

In all four of the above examples we believe that the results hold for £ > — 1 and &, > — 1.
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