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Resumo

Nas udltimas décadas, houve um interesse expressivo na dualidade entre duas
teorias distintas: uma teoria de cordas do Tipo IIB no espago AdSs x S°, e uma teo-
ria de Yang—Mills supersimétrica com N = 4 em um espago plano 4-dimensional.
No nivel de simetrias, o supergrupo de Lie PSU(2,2|4) contém as superisome-
trias da primeira teoria, enquanto serve de grupo superconforme da segunda.
Através da dualidade, é possivel comparar as fun¢des de correlagdo dessas teorias.
Olhando para o produto de operadores locais, pode-se perguntar em qual repre-
sentacdo o seu produto se transforma. E, entdo, necessério lidar com os espacos
de cohomologia do grupo de simetrias.

Nesta dissertacdo, eu apresento os primeiros passos para se levar a cabo tal
estudo. Eu comego definindo a cohomologia de um complexo de cocadeias, as
nogdes de graduacdo e filtragdo dos mesmos, e o delineamento da construgao
de uma sequéncia espectral advinda de uma filtracdo. A cohomologia de &l-
gebra de Lie é revisada, com atencdo as formula¢des de Chevalley-Eilenberg e
BRST. Em seguida, as superalgebras de Lie sdo definidas, e a abordagem BRST
é reinterpretada através de um isomorfismo entre o complexo de cocadeias de
Chevalley-FEilenberg e a dlgebra de polindmios em coordenadas fantasmas. A
cohomologia em coeficientes triviais da superalgebra de Lie linear geral gl(m|n)
é entdo calculada em detalhe no formalismo BRST por meio da sua sequéncia

espectral de Hochschild—Serre.

Palavras Chaves: Cohomologia BRST; Superalgebras de Lie; Sequéncias espectrais;
Algebras de Lie.

Areas do conhecimento: Fisica; Fisica Matematica.
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Abstract

In the last decades, there was an expressive interest on a duality between two
distinct theories: a Type IIB string theory on AdSs x S° space, and an N/ = 4
supersymmetric Yang-Mills theory in 4-dimensional flat space. On the level of
symmetries, the Lie supergroup PSU(2,2|4) contains the superisometries of the
former, while being the superconformal group of the latter. Through the duality,
one is capable of comparing correlation functions of those theories. When looking
at the product of local operators, one may ask in what representation their product
transforms. One then has to deal with the cohomology spaces of the group of
symmetries.

In this thesis, I present the first steps one might take towards that. I start by
defining the cohomology of a cochain complex, the notions of a grading and a filtra-
tion on it, and outline the construction of a spectral sequence from a filtration. The
Lie algebra cohomology is reviewed, with attention to the Chevalley—Eilenberg
and the BRST formulations. Next, Lie superalgebras are defined, and the BRST
approach is reinterpreted via an isomorphism between the Chevalley-FEilenberg
cochain complex and the algebra of polynomials in ghost coordinates. The coho-
mology in trivial coefficients of the general linear Lie superalgebra gl(m|n) is then
computed in detail in the BRST formalism through its Hochschild-Serre spectral

sequence.

Keywords: BRST cohomology; Lie superalgebras; Spectral sequences; Lie algebras.

Areas of Knowledge: Physics; Mathematical Physics.
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Chapter 1

Motivation

Anti-de Sitter space

In 1917, Willem de Sitter (1872-1934) published his solutions to Einstein’s
equations containing a cosmological constant A. The family of solutions with
A > 0 is known today as the de Sitter space, while solutions with a negative
cosmological constant, A < 0, are called anti-de Sitter space. Let AdS; 1 denote the

(d 4+ 1)-dimensional anti-de Sitter space; it can be understood as a hyperboloid,’
(X0)?* + (Xag1)* = 07X, X; = R,
embedded in (d + 2)-dimensional flat space R>? with line element
ds® = —dX§ —dXj,, + 6 dX,dX;.

AdS; 1 is the maximally symmetric space with constant negative cosmological

constant A « —%. The constant R is called the radius of AdS space. Being

embedded in R?%, the AdS;.,; space has SO(2,d) as isometry group.

In a suitable coordinate system, one can rewrite the line element for AdS; as
ds? = R? <— cosh?p d7? 4 dp? + sinh?p dQ§_1> , (1.1)

where dQ)? | is the line element of the (d — 1)-dimensional sphere g1 ¢ RY,
and (1,0,Q) € [0,27) x Ry x S9! are called global coordinates. Figure 1 shows
pictorially how AdS; ; can be visualized as a hyperboloid; each point in the
2-dimensional hyperboloid corresponds to a (d — 1)-dimensional sphere S41.
Note however that, strictly speaking, AdS space corresponds only to half the
hyperboloid, for which p > 0 (where p = 0 corresponds to the cross-section with

the smallest radius).

!Einstein summation convention will be assumed throughout the text, for all kinds of indices.
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p

Figure 1: (d + 1)-dimensional anti-de Sitter space can be visualized as a
(d + 1)-dimensional hyperboloid embedded in R*?. Each point in the 2-
dimensional hyperboloid above, parametrized by (7, p), corresponds to a
(d — 1)-dimensional sphere S%~1.

By requiring that tan 6 = sinh p, one can rewrite (1.1) as

2

ds? =
cos? 0

(— d7? + d? + sin0 deH), (1.2)

with (1,0,Q;) € [0,7) x [0,5) x $9~1. To avoid closed time-like curves — which
are easy to see in Figure 1 —, one has to unwrap 7 to R, obtaining the universal
cover of AdS; 1 (AHARONY et al., 2000). Then the topology of AdS; . is the same
as that of R x [0, %) x §9~L.

Conformal symmetries

An isometry on a (pseudo-)Riemannian manifold M is defined as a transforma-
tion M — M that preserves distances; consequently, it also preserves angles. The
isometries of the d-dimensional Minkowski spacetime are encoded in the Poincaré
group, defined as the semidirect product of the Lorentz group (containing spatial
rotations and boosts) and the translations in R4~1.

It is natural to ask if one can enlarge the Poincaré group, i.e. find a larger
Lie group that contains Poincaré’s as a subgroup. One such extension is by
including conformal transformations, i.e. transformations that preserve angles, but
not necessarily distances. An example is the scaling transformation x — sx, for

s # 0. On the line element, a conformal transformation acts as
ds? —s 2 (*) g4g2, (1.3)

for a certain function o (x) of spacetime.
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The conformal group is the minimal group containing;:
i. the Poincaré group,
ii. the scaling transformation x — sx, and

iii. the “special conformal transformations”, which are obtained as the compo-
sition of an inversion? x — x/||x||?, a translation and another inversion —

thus, something like a “translation at infinity”.

The Lie algebra of the conformal group, named the conformal algebra, is isomorphic
to the special orthogonal Lie algebra so(2,d) (AHARONY et al., 2000).

Consider the d-dimensional Minkowski spacetime, R ~1. Tts line element in
spherical coordinates reads as usual and, after a series of coordinate transforma-
tions, as shown by AHARONY et al. (2000), it is possible to rewrite it as

1

ds? =
4cos? il cos?il_

(— dr? + dy? + sin inz), (1.4)

for (t,9,Q) € R x [0,71) x 2.

Compactifying Minkowski spacetime turns it into® R x $%~1. After that, one
is allowed to assume conformal symmetry; in particular, transformation (1.3) on
(1.4) shows that the metric on Minkowski spacetime is conformally equivalent (i.e.

related by a conformal transformation) to

ds? = —dt? +dyg? +sin’yp dO3 . (1.5)

2
dayg

For § — 7 on the AdS;,; side, one has p — oo, for p asin (1.1). Thus, 0 = 7
can be understood as the boundary of AdS;, ;. Such boundary has coordinates
(1,Q) € R x $%~1, which has same topology of compactified Minkowski space-
time and, furthermore, their metrics are conformally equivalent. That is the reason
people say that the boundary of AdS;,; space is conformally equivalent to the

compactified d-dimensional Minkowski spacetime.

2For this transformation to be well-defined everywhere, one has to “compactify” Minkowski
spacetime by adding “points at infinity” (only in space, not in time).

3More precisely, consider only a spacial slice R~ of the d-dimensional Minkowski spacetime.
For some point P € $9~1, the punctured sphere S\ { P} can be stereographically projected on
the euclidean space R?~!, and such projection is a diffeomorphism. Consequently, by adding a
point P “at infinity” of R, one realizes that ¢! is diffeomorphic to R?~! U { P}. Consequently,
the compactified d-dimensional Minkowski spacetime is diffeomorphic to R x S~
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Superconformal symmetries

One might not yet be satisfied with the enlargement of the Poincaré group
by the conformal group, and may wish to push this further. One would then be
glad to learn that it is possible if one includes supersymmetries, i.e. symmetries
generated by fermionic operators that anti-commute with translations (AHARONY
et al., 2000). However, there is a catch: that only works for some dimensions (d)
and some numbers of supersymmetry operators (\).

One example is the d = 4, N' = 4 supersymmetric Yang-Mills theory (SYM,
for short). The theory consists of the gauge field A;, four Weyl fermions ¢, and
six scalar fields ¢!. From D’HOKER-FREEDMAN (2004), the action for A" = 4 SYM

theory in d dimensions reads as

P CLEE—i§Dy — (D)2 +

Ssym[A, P, ¢] = /ddx tr<—2g 3
™

2
+ gym (C?b% (1, ¥p) + CioPalgr, le]) + —géM Z[(PI/ <P]]2) :
l,]

The first term, F? = F,,F*", is the kinetic term for the gauge bosons, where I is the
curvature of A, and gy is the Yang-Mills coupling constant. The second is the
f-term, containing the instanton angle 6, associated to a topological contribution.
The third term, pPy = Pp*c*D,1,, is the fermionic kinetic term and coupling
to the gauge field (encoded in the gauge covariant derivative D)), with ¢# the
Pauli matrix 4-vector. The fourth term, (D¢)? = 6;;(Du¢!)(D*¢/), is the scalar
kinetic term and coupling to the gauge field. The fifth term, C1p,[¢’, 5] and its
conjugate, encodes the Yukawa coupling of the fermions with the scalar fields.
The sixth term, [¢, ¢]?, is the scalar potential.

A noteworthy feature of d = 4, N' = 4 SYM theory is that it preserves the
superconformal symmetry after quantization. The Poincaré and conformal sym-
metries form the conformal group SO(2,4) ~ SU(2,2) which, upon extension by
the supersymmetries, becomes the Lie supergroup PSU(2,2|4).

A supergroup is a group whose elements, which in this case are physical
symmetry transformations, are separated into different statistics: the slash in
(2,2]4) separates the usual symmetries (which can be thought of being even, as
they preserve statistics of the fields) from the A = 4 supersymmetries (which flip
statistics of the fields, thus being odd); the comma indicates the signature of the
metric (e.g. the d-dimensional Minkowski spacetime is R ~1).
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The correspondence

Originally conjectured by Maldacena in 1997, there is a duality between an
N = 4 supersymmetric Yang-Mills theory on 4-dimensional flat space (the gauge
side) and a Type IIB superstring theory on AdSs x S° space (the gravity side). Such
duality is known as the AdS/CFT correspondence (MALDACENA, 1999).

The parameters defining d = 4, N’ = 4 SYM, namely the gauge group SU(N)
and the coupling constant gy, are related to the string length /5 = Va! (where o
is the inverse string tension), the string coupling gs and the AdS radius R via

2 2 R*
Sym =78 and  gyyN = ()2

As pointed out by WITTEN (1998), in the large N limit with g2,,;N large, but
fixed, the string theory side turns out to be weakly coupled, to which supergravity
(“sugra”, for short) becomes a good approximation. That is an example of a
gauge/gravity duality. The common vocabulary is that the supergravity theory
lives in the bulk (of AdSs x S° space), while SYM theory lives at the boundary —
which is conformally Minkowski space,* as already discussed.

Given a field ¢g on the boundary, there exists (under some conditions) a unique
extension ¢ of ¢p to the bulk (i.e. AdS; ) satisfying the field equations of super-
gravity in the bulk. As an example, for a massless scalar field ¢ with restriction
¢o on the boundary, let Zsugra(¢o) be the partition function for supergravity with

boundary condition ¢y. Then the classical approximation to supergravity gives

Zsugra (¢o) ~ exp (_Isugra (¢) ) ’

where Isugra is the classical action for supergravity.

On the boundary (“bdry”, for maths expressions), ¢y couples to a conformal
field O via a coupling [, 4. y P0 O —i.e. ¢ serves as a “source” for O in the context
of generating functionals. Then, the correspondence between the CFT in the
boundary and the supergravity on the bulk is, as in WITTEN (1998),

4Strictly speaking, the boundary of AdSs x S° space is d(AdSs) x &, as the 5-dimensional
sphere > C IR® has no boundary.
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Reciprocally, a “nice enough” metric on the bulk induces a conformal structure
on the boundary (WITTEN, 1998). If Zcpr(h) denotes the partition function of the
CFT (i.e. SYM on AdS) with a conformal structure /4, the correspondence can be

understood as
ZCFT(h) = Zsugra(h)/

where Zgugra(h) is the partition function for supergravity obtained by integrating
over “nice enough” metrics that induce the conformal structure & on the boundary.
Again, in the classical approximation to supergravity, one can find a metric g that
solves the field equations and the boundary conditions, and set

Zsugra (h) ~ exp (_ Isugra(h)) .

Having gauge-invariant local operators O; (e.g. tr F2) in the gauge theory side
(i.e. SYM on the boundary), one is interested in computing correlation functions

(O1(x1) Oz(x2) - - O”(x”)>CFT

that can be translated as computations of supergravity in the bulk (i.e. on AdS)

through the correspondence.

Representation of operators

As it is discussed at the start of Chapter 3, gauge theories possess a special
kind of symmetry, the BRST symmetry, infinitesimally generated by a fermionic
nilpotent operator Q. Physical states must be in the kernel® of Q, up to trivial
contributions from its image; hence one has to consider the cohomology of Q.

If the ghost number (i.e. the power in ghost fields) of the operator V1V, is such
that the corresponding cohomology of the symmetry group G (PSU, for AdS/CFT)
is zero, then V; V3 is Q-exact. That means that there exists an operator V with one
less ghost than V; V5, such that

QV = V1 V. (1.6)

5 If S is a (full) symmetry of the theory, then it does not change physical states, namely Sy = .
Now, if s is the infinitesimal generator of S, then

Sp=e’p=>14s+--)p=¢p+sp+---,

from which one concludes that sip = 0. In mathematical terms, an object in the stabilizer of S € G
is necessarily in the kernel of s € g.
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Suppose that the operators V; and V; transform in the representations Ry and
Ry, respectively. While Q is G-invariant, and V; V, transform in the representation
R; ® Ry, it is not generally true that V transform in R; ® R, too. In fact, it can

transform in a representation R fitting in the diagram

0 A—S3 RS R®R — 0 (1.7)

in a way that the map A — R is injective, the map Q: R — Ry ® R, is surjective,
and Q(A) = 0. In that case, R is said to be an extension of Ry ® R, by A. Intuitively,
R is an extension of R; @ Ry by something Q-exact, hence being washed away
upon the action of Q on V in (1.6) (MIKHAILOV, 2025).

Motivated by the AdS/CFT correspondence, it is of interest to look for the
cohomology of the Lie supergroup PSU(2,2|4) — which serves as the super-
isometries of AdSs x §° on the (super)gravity side, and as the superconformal
group of d = 4, N = 4 supersymmetric Yang-Mills theory on the gauge side.

As discussed for Lie groups in Chapter 3, the cohomology of a Lie group can
be understood through the cohomology of its Lie algebra. The Lie superalgebra of
PSU(2,2|4), which is denoted by psu(2,2|4), is defined in Chapter 4.

To understand psu(n|n), it is better first to start with the general linear Lie su-
peralgebra gl(m|n) with complex coefficients. Its elements are the transformations
of a vector space containing m bosons and n fermions (i.e. C" & C"). Thus, the
bosonic transformations in gl(m|n) are those of gl(m) @ gl(n), while the fermionic
transformations are the ones sending C™ into C" and vice-versa.

As in the usual Lie algebra case, the special linear Lie superalgebra sl(m|n) is
defined as the kernel of a supertrace map x — Str(x). For m = n, there remains
a 1-dimensional centre, generated by the identity matrix in gl(m) & gl(m); the
quotient of sl(m|m) by this centre is the definition of the projective special linear Lie
superalgebra psl(m|m) (V. KAC, 1977a). The definitions of the special unitary (su)
and the projective special unitary (psu) Lie superalgebras are a bit more complicated,
and are deferred to Chapter 4.

Due to time constraints and to better understand what has been done previ-
ously, we decided to keep this thesis as a review of spectral sequences and Lie
superalgebras, focusing on the explicit computation of the cohomology of gl(m|n)
presentend shortly in FUKS (1986).
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Structure of this thesis

This thesis is structured as follows. In Chapter 2, I present the abstract ma-
chinery of homological algebra, such as cochain complexes, cohomology groups
and spectral sequences. The reader who is familiarized with the topic might
perceive upfront the reason for each of those topics. The reader who is not familiar,
however, might struggle, and I sympathise with them — because I did too at the
start of this project; unfortunately, in the latter case I have to ask for patience and
perseverance.

In Chapter 3, the Lie algebra cohomology theory is laid out. There, the idea of
central extensions is defined, and its precise relation to cohomology is stated. The
BRST formulation is introduced via ghost coordinates, and the Lie algebra gl(n)
is discussed as example. By the end, the Hochschild—Serre spectral sequence is
shown, following up the construction started in Chapter 2, now in the context of
Lie algebras.

At the start of Chapters 2 and 3, I tried to give a historical context to the subject,
to situate the reader with topics they might have heard about. That digression
follows closely the review articles by WEIBEL (1999) and MASSEY (1999), to where
I refer the reader to find an extensive list of historical references.

Finally, in Chapter 4, I present the notion of Lie superalgebras. As one might
expect, they are related to Lie supergroups — such as PSU(2,2/4), containing the
symmetries of d = 4, N' = 4 SYM theory — in a similar fashion as Lie algebras
are to Lie groups. I do not give an explicit definition of supergroups, as they
are not directly the focus of this thesis. After the basic definitions, I show two
useful results: the first is how one can define a Lie superalgebra structure on a
super vector space out of an odd quadratic nilpotent vector field; the second is
how the cochain complex of a Lie superalgebra can be understood as the algebra
of polynomials in ghost coordinates. Those results put together give a clear
explanation of what the BRST technique means and how it works. Following that,
I work out the details of the computation of the cohomology of gl(m|n) via the
Hochschild—-Serre spectral sequence given by FUKS (1986).

Notation

As already stated, Einstein summation convention is to be understood for all
indices. Definitions shall be indicated by a colon, e.g. A := B. Equivalent notations
are indicated by the triple bar, e.g. A = B. Isomorphisms are denoted by a tilde
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above the equal sign, e.g. A = B. Writing an index outside curly brackets means

that it shall run in its index set, viz.

{ax}k = {ax | k € K}.

After the first few pages, I stop using parentheses to indicate the action of a
morphism on an object — e.g. fa = f(a) — and I indicate composition of maps by

juxtaposition wherever possible —e.g. fg = fog.



Chapter 2

An introduction to homological algebra

The history of homological algebra is a theatre piece deeply rooted in algebraic
topology and played by many mathematicians. Its prelude starts in the 1850’s with
the works of Bernhard Riemann (1826-1866) and Enrico Betti (1823-1892), who
were interested in the “connectedness numbers” of a manifold — which are related
to today’s notion of Betti number by, the dimension of its k" (co)homology space.
By the 1890’s, Henri Poincaré (1854-1912) proved his Duality Theorem — which,
in today’s language, is an equality between by and bgim(ar)—x 0f @ manifold M —
and established the simplicial homology of triangulated manifolds. According to
WEIBEL (1999), the first ever chain complex can be found in Poincaré’s work in the
context of simplices of an oriented polyhedron.

Until the 1920’s, topologists remained interested only in the Betti numbers
and torsion coefficients (introduced by Poincaré) of spaces. That changed in 1925
when Emmy Noether (1882-1935) pointed out that homology was an abelian
group, rather than just numbers or coefficients. Heinz Hopf (1894-1971) and Pavel
Alexandrov (1896-1982) inspired Walther Mayer (1887-1948) to build an algebraic
approach to complexes and homology in 1929.

Between 1925 and 1935, many mathematicians worked on building homology
theories; amongst them were Pavel Alexandrov, Solomon Lefschetz (1884-1972),
James Alexander (1888-1971), Eduard Cech (1893-1960), Andrey Kolmogorov
(1903-1987) and, possibly one of the most famous, Georges de Rham (1903-1990).

After Elie Cartan (1869-1951) introduced the notion of a cochain complex of
differential forms on a smooth manifold in 1928, he made a conjecture about the
Betti numbers of that manifold. De Rham realized in 1929 that he could solve
that conjecture using a triangulation on M and a bilinear map taking cycles of the
triangulation and closed forms. The quotient of closed k-forms by exact k-forms,
HP,, was precisely the k' cohomology of Cartan’s original complex — which is
now referred as the “de Rham cohomology”, even though de Rham did everything
in homology terms, because cohomology had not yet been invented!

In fact, cohomology was introduced in 1935 at the 15! International Topological

10
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Conference, in Moscow. Alexander (1936) and Kolmogorov (1936) presented
their independent results back-to-back. Surprisingly, both had reached the same
conclusions: the discovery of cohomology and the existence of a cup product, later
corrected by Cech and Hassler Whitney (1907-1989), in 1936 and 1938 respectively.

In 1952, Samuel Eilenberg (1913-1998) and Norman Steenrod (1910-1971) set
axioms for the treatment of homology theory and rederived the whole theory for
finite complexes, pointing out that singular homology and Cech homology satisfy
their axioms and hence they must agree on all finite complexes. The collaboration
of Henri Cartan and Eilenberg, devoted to rewrite the foundations of homology
and cohomology theories that were around, culminated in their book (H. CARTAN-
EILENBERG, 1956), where they first used the name “homological algebra”.

While serving in the French army during World War II, Jean Leray (1906-1998)
was captured by German troops and held prisoner from 1940 to 1945. Imprisoned
in Austria, he founded a university and taught a course on algebraic topology; by
the end of imprisonment, he had invented sheaves, sheaf cohomology and, most
importantly to this thesis, spectral sequences (LERAY, 1946).

Jean-Louis Koszul (1921-2018) found the algebraic properties of spectral se-
quences in 1947 using a suggestion by Henri Cartan (1904-2008) on focusing on a
filtered chain complex, and his language became standard.

Structure of this chapter

In this Chapter, I present the basics of homological algebra following mainly
the works of LIMA (2009), HATCHER (2002, 2004), H. CARTAN-EILENBERG (1956),
GELFAND-MANIN (1999), and WEIBEL (1994). The purpose of each Section shall
become clearer in Chapters 3 and 4.

In Section 2.1, the notion of chain and cochain complexes is introduced, as well
as the definitions of cohomology groups of a complex, subcomplexes and their
relative cohomology, the concept of complex morphism and, very importantly,
how the latter induces a homomorphism in cohomology.

Section 2.2 defines exact sequences as the one in (1.7) and their relation with
complexes, ending with the remarkable Theorem 1 that is used latter in this
Chapter. With a little detour, graded modules are presented in Section 2.3, and it
is shown how a complex can be seen as a differential graded module.

Finally, Section 2.4 starts with the meaning of a filtration and outlines the con-
struction of a spectral sequence out of it. The Hochschild—Serre spectral sequence

presented in Chapter 3 follows this construction and is used in Chapter 4.
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2.1 Cochain complexes

In this section and the next, I will mainly follow the books of LIMA (2009),
HATCHER (2002), and GELFAND-MANIN (1999). For all purposes, k can be taken
as an integer.

Definition 2.1. A chain complex Co = {Cy, dy }« is a sequence of abelian groups
{Ct}x and homomorphisms {dy }«,

d dg—1
Coy 2

Co: ... 11 C

such that dy o d;; = 0 for every index k. A cochain complex C* = {CF,d*}, is

also a sequence of abelian groups and homomorphismes,

Ce: L a1 Ck d Ck+1 dk+l

-, 2.1)

such that d* o d*~1 = 0 for all k.

A helpful way to visualize the requirement that d* o d*~! = 0 is shown in
Figure 2. Each group CF is represented as a gray blob, with a dot indicating its
neutral element; the reddish blobs represent the image of the differentials. All

elements in C*~1 are inevitably mapped by d* o 4“1 to the neutral element of
Cck+1.

Ck—i—l

dkfl dk

Figure 2: Pictorial representation of the requirement that d* o =1 = 0 on a
cochain complex C*®.

A common terminology is the following: elements of C* are called k-cochains,
and the homomorphisms d¥ are collectively called coboundary maps; similarly,
elements of Cy are k-chains and the homomorphisms dy are boundary maps. It is

common to simply refer to both d* and dy as the differential maps.
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For the cochain complex C* in (2.1), define the subgroups

ZF(C*) = kerd, (2.2a)
B¥(C®) := imd*; (2.2b)

the elements of Z¥(C*) are called k-cocycles of C*®, and the elements of BX(C*) are
called k-coboundaries of C*®. For the chain complex C,, simply remove the prefix
“co”, lower the indices, and change d*1to dy.1 in the definition of By (C,).

From a purely algebraic perspective, the distinction between chain and cochain
complexes is simply a question of taste: by reversing the enumeration, namely
doing Ck = C_; and d* = d_y, a chain complex is turned into a cochain complex
and vice-versa. For this reason, in this chapter I talk only about cochains complexes.
For specific constructions, however, one of them may seem more natural than the
other (HATCHER, 2002).

Since d* o d*~1 = 0, all elements in the image of 4“1 are in the kernel of d*, i.e.
im d*=1 C ker dF, as it is represented in Figure 3. Thus every k-coboundary (in the
smaller blob in light red) is a k-cocycle (in the darker, larger blob). The converse,

however, is not always true, and is what motivates the following definition.

Ck+1
dk

Figure 3: From the requirement that d* o d*~! = 0, one concludes that all
k-coboundaries are k-cocyles. The converse, however, is not generally true.

Definition 2.2. The k" cohomology group® of the cochain complex C*® is

_ZKcC) _ ker d* 2.3)

k(e .
HAC) = BK(C®)  imdk-1’

®Note that this is a group because it is defined as a quotient of subgroups of C¥, which is abelian.
However, in specific applications (e.g. de Rham complexes), cohomology groups are actually linear
spaces; but it is common nonetheless to still call them “groups”.
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whose elements are the cohomology classes
2] =z +BY(C®*) = {z+d" x| x € C*1}.

Forz,z' € Ck,itholds that [z] = [Z/] if and only if z’ — z = d*~1x for some x € C¥—1;

one then says that the cochains z and z’ are cohomologous.

A notion that must be introduced is that of a relative cohomology, which
appears when one can consider subgroups of a cochain complex that behave
“nicely” with respect to the coboundary map. In those cases, the cochains can be
taken in the quotient group, which ends up simplifying them — but empowering
one with easier calculations!

Definition 2.3. The cochain complex B® is called a cochain subcomplex of C* if,
for every k, the group B* is a subgroup of C¥, the coboundary map of C*® “restricts
well” to B® —i.e. &~ 1B¥1 C BF and dg* = d¥| .

For each index k, consider the quotient C* := C¥/BF and the quotient map
Jk: Ck — CF. There is a unique map d*: CkK — C**! making the diagram

ck @ ck+1
]kl l]k+l (2.4)

Ek —> Ek+l

d

commutative (LIMA, 2009). By definition, d(Jc) := J(dc) for every cochain c. Then
d*od*=1 =0, and C* = {CF,d"}; is a cochain complex.

Definition 2.4. The cochain complex C* is called the quotient of C* by B®; its coho-
mology is called the relative cohomology of the pair (C®, B*), denoted H(C®, B®).

Note that every cochain of B* is trivial in C*; thus, in way, cochains of C* are
simpler than those of C*. More precisely, if y is a k-cochain of B®, then it becomes
the trivial k-cochain in C'. Moreover, if a cochain in C® is of the form xy, with
y € BFand x € CF\BF, then xy is mapped by ] to the quotient class of x in c
Once again, y is regarded as the trivial cochain in Ek, and the differential d* acts
only on x, leaving y unchanged. That is why the relative cohomology H(C*®, B®) is
also referred as the cohomology of C* with coefficients in B®.
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An important result that will be used later comes from the notion of morphism

of complexes.

Definition 2.5. A cochain complex morphism f: C* — D*® is a family of homo-
morphisms { f¥: Ck¥ — DK}, that commute with the differentials, i.e.

fHlodl =dfo fk, for every k.

As it is customary in homological algebra and, more generally, in branches of
mathematics strongly rooted in category theory, one draws diagrams instead of
writing down expressions for commutations of maps. In the definition above, this

can be expressed as requiring that the square

commutes. For the rest of the text, every square in a diagram will be assumed to

be commutative unless explicitly stated.

Note that any cochain complex morphism f maps k-cocycles of C*® into k-
cocycles of D*. Indeed, if x € Z¥(C®), then

dp (f*(x)) = fH (dex) =0,

thus f¥(x) € ZK(D*). Similarly, f maps B¥(C*®) onto B¥(D*). For this reason, one
has the following important result.

Proposition 1. For each k, the cochain complex morphism f: C®* — D*® induces a
natural homomorphism,

(f)*: HYC*) — HY(D®)

2.5
2] — [f(2)),  zeZ¥C). )

Thus, f* = H*(f) = {(f*)*} is called a morphism of cohomology. It is “natural” in
the sense that, if g: B® — C* is another cochain complex morphism, then the composition
f og: B® — D* induces the morphism of cohomology (f © §)« = f« © gx.
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2.2 Exact sequences

Definition 2.6. A sequence of homomorphisms

! Ck X Ck+1 s

N Ckfl

is said to be exact in the term C* if im f*~1 = ker f¥. If it is exact in all its terms,

then it is said to be an exact sequence.
Example 2.1. Consider {C¥, f¥1; an exact sequence.

a. The homomorphism f* is injective if and only if (iff) f**1 = 0. Indeed, f* is
injective iff ker f* = {0}; if the sequence is exact, one must have im 1 =
ker f* = {0}, thus f**1 = 0. In particular, the sequence

K

0 K— L
is exact iff i is injective; in this case, I will indicate i with a hooked arrow, —.
Furthermore, that exact sequence is a complex, because im ¢x = {0} C keri

independently of the map i.

b. The map ! is surjective iff f¥ = 0. Indeed, for f¥*! to be surjective, one
must have im f*¥1 = Ck, and the exactness of the sequence yields ker f* = CF,

thus f¥ = 0. In particular, the sequence

j ¥

L M 0

is exact iff j is surjective; in that case, I will indicate j with a double-headed
arrow, —». Furthermore, such exact sequence is a complex, because imj =

M = ker 1.
c. Considering the previous remarks, one can conclude that the sequence

f

0 L M 0

is exact iff f is an isomorphism.

d. The sequence
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is called a short sequence; it is exact if i is injective, j is surjective, and im i
ker j. The prototypical example of a short exact sequence is

0 K—>L-—1sL/K 0, (2.6)

where K is a subgroup of L, i: K — L is the inclusion map, and j: L - L/K s

the quotient map.

>

Take three complexes B®, C* and D*® and let f: B®* — C®* and g: C* — D*

be complex morphisms. Consider the sequence of complexes and morphisms

f

0 B*

which can be diagrammatically put in a mesh,

0 —— Bk1 L Cck-1 L D1 50
dB dC dD
0 Be — 1 k8 ,pk___

0 — Bk+1 _J Ck—l—l L Dk+1 50

For simplicity, I will omit the indices of f, g and 4.

ce -2, pe 0, Q.

7)

Definition 2.7. The sequence of complexes and morphisms (2.7) is said to be an

exact triple (or simply a short exact sequence) if, for each k, the short sequence

0 gk L

is exact.

ck 3, pk 0 (2.8)

The exacteness of the short sequence (2.8) implies that it is a cochain complex,

thus g¥ o f* = 0. For it to be an exact sequence, f* must be injective, ¢¥ must be

surjective, and im f¥ = ker ¢* (recall Example 2.1.d.).
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The next theorem will be fundamental in the construction of spectral sequences
in the following sections. Its proof is rather long and does not add value to the
main goal of this thesis; but, for completion, it is shown in Chapter A.

Theorem 1 (Eilenberg, Steenrod). Let (2.7) be a short exact sequence. For each k, there
exists a homomorphism 6*: H*(D®*) — H**1(B*®) such that the cohomology sequence

. s Hk(Bo) ; Hk(co) 8 Hk(Do) o Hk+1(Bo) .
is exact.

One says that the map 6: H(D®) — H(B®) is the connecting homomorphism,

and it can schematically be written as

§: [yl — [f'dcg ] 2.9)

Consider a cochain complex C*, a cochain subcomplex B®, and the quotient Ce,
as in Definition 2.4. For each k, the short sequence

is exact (recall Example 2.1.d.), hence

0 B* ' s o ) e 0

is an exact triple. Theorem 1 then guarantees that it induces the long exact sequence
in cohomology

- — Hk(BO) ; Hk(C°) ]ﬁ Hk(C',B°) _9 HkJrl(B') N
(2.10)
Up to cohomology classes, the connecting homomorphism is given by i —ldc j -1,

A natural question is: what if one considers a cochain subcomplex of B*?
Or, more generally, what if one considers a nested sequence of subcomplexes
C*2>2B}2By2---2 B; D ---? That is the motivation to introduce the notion
of a filtration in Section 2.4. But, before that, let me introduce another concept that

shall play a part later too.
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2.3 Graded modules

An important notion, both to the study of spectral sequences later this chapter
and to the definition of superalgebras in Chapter 4, is that of a grading. Instead of
considering abelian groups, consider modules.” For this section, I will follow the
definitions and statements in the book of H. CARTAN-EILENBERG (1956).

Definition 2.8. Let I be an abelian group. An I-grading on a module A is a family
of submodules of A labelled by I, {A;};, whose direct sum is equal to A, i.e.

A=A
i€l

Elements of A; are called homogeneous of degree i; the degree of a homogeneous
element a € A shall be denoted by deg(a); whenever deg(a) is written, it is
assumed that 2 is homogeneous.

Let B be a submodule of A such that B = ; B;, where B; = BN A;. The
quotient A/ B has an induced I-grading defined by

(A/B); = A;/B;. (2.11)

Definition 2.9. A linear map f: A — B, between two I-graded modules A and B,
is called an I-homomorphism if it preserves the I-grading, i.e. for each i € I, there
is j € I such that f(A;) C B;. An I-homomorphism is of degree k if f(A;) C B«
foreveryi € I.

Example 2.2. Let A = @, A; be an I-graded module. Then, the associative
algebra End(A), which contains strictly all the I-endomorphisms of A, is equipped
with the induced I-grading End(A) = @;c; End;(A), where

End;(A) = {f € End(A) | f(A}) C Aiyj}

is the subspace of all I-homomorphisms of degree i. >

7A vector space has an underlying field which defines the product by a scalar; a module is
analogous, but one has a ring instead of a field. Loosely speaking, a ring is like a field, but one
does not ask for the existence of multiplicative inverses. Therefore every field is a ring, and every
vector space is a module. For all purposes, one can consider only vector spaces, as those are the
ones to be used in Chapter 3.
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Consider a cochain complex C* where each abelian group C* is in fact a module.

Then it is immediate to see that

C=@pc* (2.12)

kez
is a Z-graded module. If one defines a map d: C — C to be such that it acts
as the k' coboundary operator d* on each homogeneous component C*, then
one concludes that the homomorphism d is nilpotent of degree 1. A module like
(2.12) equipped with a nilpotent homomorphism of degree 1 is sometimes called a
differential graded module. Cocycles and coboundaries can then be referred as

d-closed and d-exact elements of C, respectively.

2.4 Spectral sequence of a filtered complex

Going back to the idea presented at the very end of Section 2.2, one shall
consider a nested sequence of subcomplexes or, more generally, subspaces. For
this section, I follow mostly the definitions of HATCHER (2002, 2004).

Definition 2.10. Consider a space X. A (decreasing) filtration of X is a family of
subspaces { FFX C X}, such that FP*1X C FPX for every p € Z and X = U, FFX.

For the purpose of this thesis, one should consider X to be a differential graded
module like (2.12), and p to range only on Ny; for convenience, let FT*C := 0.
Explicitly,

C=FCDFCD.---DFCDFICD... DF"™C:=0. (2.13)

Furthermore, one should require that the differential d preserves the filtration on
C in the sense that
d(FFC) C FFC, for all p. (2.14)

A complex as in (2.12), with a filtration like above, is called a filtered complex.
Each of the filtering subspaces FPC inherits a grading from (2.12), namely

FPC = P Frck;
k

elements of FPCF are homogeneous of degree k and are in the pt filtration stage
of the filtered complex C.
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Now I proceed with the construction of a spectral sequence for a decreasing
filtration of C. Consider, for each p, the short exact sequence
i ]

0 —— FPFIC . FPC FPC/FPHIC —— (;

the map i is the inclusion, and j is the quotient map.
Let —
F
pAa ._ .

E = iy (2.15)
note that, while the differential d: C — C preserves the filtration, it increases the
Z-grading of C, thus d: FFCP™1 — FPCPTi*1. As done in (2.4), there is a unique
map

. gPA __, ppAtl
making commutative the diagram

Frertd L R
dl ldo (2.16)

FrCPHatl s ERTMA,
]

Such map d induced on the quotient is nilpotent, as seen at the end of Section 2.1.

Being dj nilpotent, it makes sense to consider its cohomology. Let

k_
ker dop’ P

k*p
Ep’ =
1 . —1,k—

p 4 p
m dO

— H(FPC, FPT1C) (2.17)

be the relative cohomology of the pair (FPC, FP*1C). According to Theorem 1, the
above short exact sequence induces a long exact sequence in cohomology, which
shall be depicted as

. —— HK(FPFIC)

Jo

HY(FPC) —L s EPRP 5 g priic)

Jr

HY(FPC) ——— -
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Note that the domains of i* above — namely the spaces H*(FF+1C) and
H*1(FPF1C), which pictorially are the “upper edges” of the ladder — will appear

in the analogous long exact sequence induced by the short exact sequence
0 —— Fre2c L preic Ly, preic/pri2c —— o,

but now as “lower edges” (i.e. as codomains of the i* map). Thus, one can “sewn”
both long exact sequences together and keep doing it so, building an infinite mesh.
Below, one can see the two aforementioned long exact sequences in black, with

the remaining parts of the mesh completed in gray:

N Hk(Fp+2c) E}’+27\ p=2 4, Hk+1(Fr+ %C) EHW\ p—2 _
i* i*

N Hk(Pp+1c) EP+1k p—1 Hk+1(1:p+2c) Ep+2/< p-1 _
i* i*

. HYFPC) AN EPRP O R pericy L pretker
i* i*

. HF(FP-10) 7, Ei’*]r/(*l’+1 0L gR(prC) L Epk pH1

(2.18)

Look closely at the H*+1(FP*1C) spot, viz.

Hk+l (Fp+2c)

Ep,k ' \ : Ef—’_l,k_p

Hk+l (Ferl C)

Jr

Hk+1 (ch)’.
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in this patch, the j* o i* map (in red, going north-to-east) and the i* o0 § map (in
blue, going west-to-south) are zero, because they each come from a long exact
sequence. However, the ¢ and the j* maps above come from different sequences,
thus one might be interested in their composition, viz.

dy = 0b: EP — EUA (2.19)

If one draws the next patch of the mesh of spaces, one will see that
diody=j"0(6oj*)od=0,

because the (4 o j*) part is inside a long exact sequence, hence it is zero. Therefore,
this map d; is nilpotent, allowing one to define E; as its cohomology, i.e.

kerd f’q

EPT = —1_
2 . r—14
imd]

(2.20)

Going back to the mesh (2.18), consider now the patch

H*1(FPH2C) I Ef+2,k—P—1

Z*J/ \ —
+1,k

Ef'kip L Hk+1(Fp+1c)

sk

ifa € kerd? kP EV k=p (on the lower left corner of the patch above), it means by
definition that j*(da) = 0. Consequently, by exactness of the red path above,

ba € ker j* = imi* C HFY(FPHIQ).

Let b € H*1(FP+2C) be such that i*b = da, and act on b with j*, obtaining an
element of Ef +2kopl (on the top left corner of the patch above).
If [a] € Eg’k_p is the cohomology class of a with respect to d1, define a map

. b4 p+2,49-1

[a] — [j*b], where i*b = da.
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Syntactically, it means that
d=[o (j* (") 18) o [17, (221)

where [] or [-] 7! indicates that one has to take the cohomology class (with respect
to d1) or one of its representatives, respectively. The map (2.21) is well-defined as
it does not depend on the representatives taken in each class (HATCHER, 2004).

Furthermore, d; is also nilpotent, because
dyody = [o (j* (i) 7" (6°) ()7 8) 0[]

and the red term J o j* is zero, since it lives inside a long exact sequence. Hence,

one can define
ker dg’q

Eg,q = im dg—Z,zHl'

For this Eg’q spaces, things now get a bit more abstract and complicated to
represent, since an element of E}? is a cohomology class (with respect to d,) of
cohomology classes (with respect to di) — because kerdy’ C EJ'7 is already a
cohomology of df 1. With a grain of salt, one can still consider the mesh (2.18), but
keeping track of the several quotients made along the way.

In that spirit, look at the patch

Hk+1 (Fp+3c) L Ef+3'k_p_2

Z‘*

HML(FP+2C) — Ef”’k_p_l
j*

l'*

Ef'k_p A Hk+l (Fp+1c)

and consider a cocycle a € ker dg’k_p C Eg -k (on the bottom left corner, up to
quotients). By definition of d», one has j* (i*)~! a = 0. Thus, from the exactness
of the red path, one has

(i*) "1 da € ker j* = imi* C HFHL(FPT3Q).
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Let b € H*1(FP3C) be such that i*b = (i*)~! da — or, more precisely, be such
that i* i*b (going down twice) equals da — and define

. ¢PAa p+3.4-2
d3. E3 — E3

[a] — [j*b], where *i*b = da.

Syntactically,
dy = [0 (j* ()71 () 10) o [17Y, e2)
which again is nilpotent because d3 o d3 contains a term 6 o j* = 0 inside the same

long exact sequence.

This can be done iteratively. The space E}"! will be the cohomology space of
the differential d,_1 at the (p, q) spot — i.e. the kernel of the differential that starts
at E'!,, quotiented by the image of the differential that takes to E!'7,. The next

differential (d,) will be defined analogously: with respect to the mesh (2.18), start

at E7"1, move to the right with 6, move (r — 1) times upwards with (i*) !, and
move again to the right with j*. Thus, it is a map
d,: EP7 — Pt (2.23)
which can be written syntactically as
dy =[]0 (j* () ()L o) o [ (2.24)
(r—l}rtimes

This is roughly the construction of the spectral sequence from a filtration of C.

Each
E, =PE
p4
is called the " page (or 7" sheet, as in a book) of the spectral sequence. This
procedure shall be used later in Chapter 4 for the calculation of the cohomology of
Lie superalgebras, starting with the Hochschild—-Serre spectral sequence presented
in Chapter 3.

A useful way of visualizing a spectral sequence is the following. For each
r € N, consider a pictorial representation of the r'' page on the lattice Z?, with
EP1 at the spot (p, ) on the lattice.
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For the purposes of this thesis, p and g shall each be taken only in INy, forming a
first quadrant lattice — i.e. every spot outside the sublattice N¢? C Z? corresponds
to the trivial module. Below one can find the lattice with the first few differentials

whose domain in EQ’Z.

2 E0,2 H] El,Z EZ,Z E3,2

Y

It is not hard to see that, for sufficiently large 7, some d?"? will be trivially zero —
either because they start or end outside of the first quadrant. For example, consider
the second differential, d, : Eg’q — Eg 2471 At the spots with g = 0, the map dp
is trivial, because Ej} 271 is trivial. Consequently, the kernel of dg’o is the whole
space E p ’O, thus Eé’ o= Eg’o. This will be so for every following differential.

More generally,

r>max{p,q+1} =  ET=EM >~...=E}

Therefore, one can see EX as the stabilization of the spot (p, q) after a large enough
number of iterations. The differential d,: EX"~! — EI°, which is the last (at
least in the general scenario) non-trivial differential acting on the spot (0,7 — 1), is
called transgression.

As stated before, this construction corresponds to a spectral sequence. For
completion, I present next the formal definition of that concept by adapting the
definition in WEIBEL (1994). One will quickly realize that the above steps indeed

lead to a spectral sequence.
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Definition 2.11. A cohomological spectral sequence E (in an abelian category A),
starting with E;, consists of the following data:

i. A family {E[""}, ;. of abelian groups defined for all integers p, g and r > a;

ii. Homomorphisms b, P — EP A4 that are differentials, meaning
that d, o d, = 0 — hence the “lines of slope —(r — 1) /r” in the lattice E;*

form cochain complexes;

pA4

iii. Isomorphisms between E;";

and the cohomology of E;* at the spot (p,q),
viz.
AR LA
im df rq+r—1

For the construction previously presented, the isomorphisms in iii. are actually
equalities. In addition, there are the following notions of convergence of spectral
sequences. One shall note that the case in hand will be that of a bounded and regular
spectral sequence.

Definition 2.12. Let E be a spectral sequence.
a. Let the total degree of the space E}"' be p + g.

b. The spectral sequence is said to be bounded if, for each 7, there are only finitely
many spaces of total degree n.

c. The (bounded) spectral sequence is said to converge to H® if there is a finite
(decreasing) filtration H* = FIH* D F*+*1HK D ... D FPHF D ... D P~ 1HF D
FsH* = 0 such that

ERT =~ FPHPH [PPHIEPH,

d. The spectral sequence E is said to abut to EZ’ if, for every p and g, there exists
ro = r0(p,q) such that E/7 = Eféq for every r > ro. Then EL7 == Efo’q is the
limiting term at (p, q).

e. The spectral sequence E is regular or it degenerates at r if the differentials
AP are trivial for every r > rg.



Chapter 3

Cohomology of Lie algebras

After the first acts on the history of homological algebra, in 1929 Georges de
Rham solved Elie Cartan’s conjecture — that the Betti number by of a smooth
manifold M is the maximum number of closed k-forms w; € QOF(M) such that no
linear combination w = ) ; A;w; is exact — and constructed what is now known as
the de Rham cohomology.

In 1935, Lev Pontryagin (1908-1988) calculated the Betti numbers for classical
Lie groups; also in 1935, Richard Brauer (1901-1977) computed the ring structure
of homology for Lie groups using the theory introduced by de Rham.

Eilenberg and Saunders Mac Lane (1909-2005), Hopf, Beno Eckmann (1917-
2008), and Hans Freudenthal (1905-1990) — with their publications in 1943, 1944,
1945 and 1946, respectively — contributed to the discovery of group homology
and cohomology, restricted to groups which were fundamental groups of familiar
topological spaces. The last one, by Freudenthal, was possibly smuggled out of
the Netherlands in 1944 (WEIBEL, 1999).

Roger Lyndon (1917-1988), in his thesis in 1948, discovered a way of calculating
the cohomology of a group when knowing about a normal subgroup (which, in
the Lie algebra scenario, means knowing of an ideal). Jean-Pierre Serre (b. 1926)
noticed two years later, in 1950, that Lyndon’s technique was that of a spectral
sequence, completing the work with Gerhard Hochschild (1915-2010) in 1953.

In 1930, Elie Cartan proved that every connected Lie group is diffeomorphic to
the product of a compact Lie group and an Eucliden space IR, which restricted the
study of Lie group cohomology to compact Lie groups — and that was solved in
1935 by Pontryagin and Brauer. Elie Cartan and de Rham noted that the de Rham
(co)homology of a group G could be computed using left-invariant differential
forms, which in turn clarified that the Lie algebra g of a Lie group G is enough to
define the cohomology of G.

Claude Chevalley (1909-1984) and Samuel Eilenberg used that to define the
cohomology of any Lie algebra independently of associated Lie groups in 1948.

28
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They showed that the algebra of left-invariant differential forms on a Lie group is
isomorphic to the dual algebra CE(g) of the exterior algebra A(g).

Translating the de Rham differential into this language, they defined a dif-
ferential dcg turning CE(g) into a differential graded algebra. Wanting to study
the cohomology of homogeneous spaces G/H of G, Chevalley and Eilenberg
defined the cohomology with respect to a representation p of g on a vector space
V, concluding that central extensions of g by V are in 1-to-1 correspondence with
elements of the 2"4 cohomology group, Hi(g, V).

In 1936, J. H. C. Whitehead (1904-1960) published his lemmas about inner
representations and the famous result that, for a simple representation of g on
V # K, then H(g, V) = 0 for all § — rendering interesting only the cohomology
groups of g which have trivial coefficients.

In 1955, Henri Cartan published notes of his algebraic topology seminar held
in 1948/1949 in which he covered Jean Leray’s theory of sheaves and spectral
sequences. That material was later used by Hochschild and Serre to redo Lyndon’s
spectral sequence in the context of Lie algebras — creating what is now known as

the Hochschild-Serre spectral sequence, discussed in Section 3.4.

BRST quantization

Ghosts arise in quantum field theory as a way to keep a local description of
quantum gauge theories in terms of elementary processes, involving free propa-
gators and local vertices, and also ensuring that the theory remains unitary and
independent of gauge choice (HENNEAUX-TEITELBOIM, 1992). Ludvig Faddeev
(1934-2017) and Viktor Popov (1937-1994) showed in 1967 that the ghosts appear
as an artifact when integrating over equivalence classes of gauge field histories,
introducing what is known as the Faddeev-Popov procedure.

Carlo Becchi (b. 1939), Alain Rouet (b. 1942) and Raymond Stora (1930-2015),
in a series of works starting in 1974, and Igor Tyutin (b. 1940), in his preprint from
1975, introduced what is now known as the BRST symmetry, leading the ghost
tields to a more important role. Such symmetry mixes physical and ghost fields,
making it necessary to consider all those fields as part of a single object.

The idea of the BRST symmetry is to consider a fermionic rigid symmetry
(fermionic because it flips statistics, rigid because it acts in the same way every-
where, as opposed to local gauge symmetries). The infinitesimal generator Q of

this symmetry is nilpotent, i.e. Q%> = 0, leading one to consider its cohomology.
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The original gauge invariance is restored by going to cohomology, i.e.
HY(Q) = {gauge invariant functions}.

More generally, physical states are Q-closed, modulo Q-exact states (recall foot-
note 5).

Any gauge symmetry by a Lie group G allows for the construction of a nilpotent
operator such as Q. This leads to simplifications, such as one does not need to
reduce the phase space for the theory. The useful relation to this thesis is that the
generator of the BRST symmetry matches the Chevalley-Eilenberg differential
in some sense (to be clarified in Chapter 4), hence it can be used to compute the
Chevalley-Eilenberg cohomology of g.

Structure of this chapter

This chapter is devoted to define Lie algebra cohomology, through cochains
in Section 3.1, differential forms a la Chevalley-Eilenberg in Section 3.1.2, and
polynomials a la BRST in Section 3.2. The meaning of lower order cohomology
groups are given, especially the relation with central extensions in Section 3.1.1,
which motivate this thesis from (1.7). The Lie algebra gl(n) is discussed as an
example, laying out the results which are used later in Chapter 4. The Hochschild-

Serre spectral sequence is presented at the end, in Section 3.4.

3.1 Definitions

Henceforward, let g be a finite-dimensional Lie algebra, and p: g — End(V)
be a representation of g on the (finite-dimensional) vector space V. The field K
over which g and V are defined shall be taken to have characteristic zero.

Definition 3.1. A V-valued k-cochain w of g is a skew-symmetric k-linear map
w:gF — V. (3.1)

The space® of all V-valued k-cochains of g will be denoted by

Ck(g, V) = Hom (A (g), V).

8Which is an abelian group under point-wise addition
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Define the operator
d*: (g, V) — C*(g, V)

acting on a V-valued k-cochain w € C*(g, V) as

k+1
(dkw)(xll" xk+1 Z( 1 lJrl (xll---/;c\i/'--/xk-f—l) +
k+1 (3.2)
+ Z H‘]a] xl/x]] xl/---/fi/”'/fj/"'/xk+1)/
i,j=1
i]<j

where x1,..., X1 € g, and - indicates the removal of that entry. This is a well-
defined map (AZCARRAGA-IZQUIERDO, 1995).

The nilpotency of d (i.e. @1 o d* = 0) implies that

Co(g, V) —1 Cl(g, V) —%= --- —L5 C¥(g, V) —L CFl(g, V) — - -

is a cochain complex. The k' cohomology space of this cochain complex is denoted
by H’g( g, V), making explicit the dependence on the representation p. If V is the
field K over which g is defined (and p trivial), one then writes H*(g) = Hg (9, K).

Example 3.1 (0" cohomology group). The 0-cochains are, by definition, constant
mappings from g to V, thus C%(g, V) = V and a 0-cochain is a vector v € V. If it is

a 0-cocycle (i.e. an element in the kernel of d°), then
0 = (d%)(x) = p(x) v, Vx € g,
i.e. v is an invariant element of V under the action of p. Thus
HB( g, V) = {invariants in V under p}.

In particular, H(g) = K. >

Example 3.2 (15' cohomology group). From the previous example, a 1-cochain w

is a 1-coboundary if there exists a 0-cochain v such that d%v = w, i.e.

w(x)=p(x)o, Vx € g.
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Now, a 1-cochain w is a 1-cocycle if

0= (d'w)(x1,x2) = p(x1) w(x2) — p(x2) w(x1) — w([x1, x2]), Vx1,x2 € g.

In particular, consider V = K and p = 0. Then w is a coboundary if w = 0, while
the cocycle condition above becomes w ([x, x']) = 0 for all x, x" € g. Consequently,
1-cocycles are linear mappings vanishing on [g, g, therefore

H'(g) = (g/[s.9])".

If g is semisimple, then [g, g] = g, which implies that H!(g) = 0. >

As claimed in Chapter 1, the 2"¢ cohomology group of a Lie algebra encodes
information about its central extensions. This is a rather long discussion, which
deviates from the main purpose of this thesis; thus I shall present only the defi-
nition of a central extension and state the main result, referring the reader to the
book of AZCARRAGA-IZQUIERDO (1995) for more details.

3.1.1 Central extensions

Definition 3.2. Let g and § be Lie algebras, and let a be an abelian Lie algebra. One

says that § is a central extension of g by a if there is an exact sequence

g —— 0. (3.3)

Comparing (3.3) with the prototypical short exact sequence (2.6), one sees that
a = i(a) is an ideal of §, and that g = §/a. The trivializing map

is such that 77 o T = idy. Obviously it is not unique: in each equivalence class % + a,
one can pick another representative &' and set T(¥ + a) = &/, aslong as ¥ — ¥’ € a.
Starting with a Lie algebra g, suppose one knows a pair (§, a) making (3.3) an

exact sequence. One can define a representation p of g on a by requiring that

p(x)y=[t(x)y], Vxegyca
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This is well-defined because two different choices of T(x) = 7~ !(x) € § differ by

an element of a, which was assumed to be abelian.

Definition 3.3. Two central extensions § and §’ of g by a are equivalent if there

exists a Lie algebra isomorphism f such that the diagram below is commutative:

7

0 ——a«a

—> 0.

f

S o

7T
g
7

/

o

Equivalent extensions necessarily lead to the same representation p.

Theorem 2 (Chevalley, Eilenberg). Given representation p of the Lie algebra g on a,
the classes of equivalent central extensions § of g by the abelian algebra a are in 1-to-1
correspondence with the elements of the 2" cohomology group Hg( g,a).

3.1.2 The Chevalley-Eilenberg formulation

Let g be a real Lie algebra. If G is a connected Lie group of which g is the Lie
algebra, then g can be understood as the tangent space at the neutral element of G,
i.e. g = T,G. Consequently, a real-valued k-cochain of g can be understood as the
image of a differential k-form on G, i.e. as w(e). The Lie algebra element x; € gin
(3.2) is the value at e € G of a vector field X; defined on G.

Extending the values of w to the rest of G by requiring that

one obtains that w is a left-invariant differential form (AZCARRAGA-IZQUIERDO,
1995). Above, (Lg-1)* is the pullback of the left multiplication map by ¢ tongG,
viz. Lo-1:a— ¢~ 'a. The reason why one wants a left-invariant differential form

is that its differential becomes

k+1 o - .
dw(Xy,..., Xes1) = ), (D)o ([X, X, X1, Xy, Xy oo X)),

i,j=1

i]<]'

for X, ..., X1 left-invariant vector fields on G. The above expression matches
the definition of dw in (3.2).
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The discussion can be summarized as: the exterior derivative acting on left-
invariant k-forms on G is the same as the differential operator dk acting on K-
valued k-cochains of g (AZCARRAGA-IZQUIERDO, 1995).

In the formulation by Chevalley and Eilenberg, cochains of g can be defined
intrinsically, without depending on its associated Lie group. Thus, they are ele-
ments of AF(g*), and the Chevalley-Eilenberg cochain complex of a Lie algebra
g with trivial coefficients is

CE*(g) = A*(g"), (3.4)

or yet

A(g") —"= Alg") —T= - = AM(gT) T AR () T
If one denotes by HéE (g) the k" cohomology of the Chevalley-FEilenberg com-
plex (3.4), one has:

Theorem 3. Let g be the Lie algebra of a Lie group G. Then, the k'™ cohomology space of
g with the trivial representation, H (g, 1K), is isomorphic to the k! Chevalley~Eilenberg
cohomology space, HE; (g).

For V-valued cochains, one simply has CE*(g, V) := Hom(A*(g), V).

A careful reader might have noticed by now that, by discussing Lie algebra
cohomology, I am running on a tangent about the original motivation described in
Chapter 1; namely, that of the cohomology of a Lie (super)group — particularly,
that of PSU(2,2(4).

Although already mentioned at the historical digression at the beginning of
this Chapter, this is a good point to explain in more detail the relation between Lie
group and Lie algebra cohomologies. Firstly, one should consider the following
theorem (CHEVALLEY-EILENBERG, 1948).

Theorem 4 (Chevalley, Eilenberg). Let G be a compact and connected Lie group. Then
every de Rham cohomology class of differential forms on G contains precisely one bi-
invariant (i.e. both left- and right-invariant) form. The bi-invariant forms span a ring
isomorphic to the cohomology ring Hyqr(G).

The immediate consequence of this Theorem is that the de Rham cohomology
of a compact and connected Lie group G is isomorphic to the Chevalley-Eilenberg
cohomology of its Lie algebra g.
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Theorem 4 is nevertheless not applicable to the case in hand, as the Lie algebra
gl(n) — which shall be generalized to the super- case in Chapter 4 — is not
compact. There is still hope because of the following (NLAB AUTHORS, 2025; VAN
EST, 1953), as it contains the cases of interest.

Theorem 5 (van Est). Let G be a contractible topological space, and g its Lie algebra.
Then the Lie group cohomology of G coincides with the Lie algebra cohomology of g.

3.2 The BRST formulation

In this section, I present the BRST formulation to Lie algebra cohomology,
which is of course related to the previous definitions, and originates in the con-
text of quantization of gauge theories by Becchi, Rouet, Stora, and Tyutin. This

approach resurfaces later in Chapter 4 in the context of Lie superalgebras.

As already discussed in the Chevalley-FEilenberg formulation, a scalar-valued
k-cochain on the Lie algebra g can be seen as a left-invariant differential k-form on
the associated Lie group G. Choosing local coordinates {g'}; on G (as a manifold),
one can write

w = w; dg'' Adg A--- Adg'.

11i2"'ik
Each dq' is a section of the cotangent bundle T*G, whose fibres look like g* at each
point. Thus, if {e; = 9/9q'|}; is the coordinate basis of g = T,G, and {c'}; is the
dual basis of g*, one can write
W = Wi, CUAC2 A ALK,
One often drops out the wedge products and require that ¢’ are anti-commuting
objects,” viz.
cicj = —cjc, Vi,je{l,...,n}. (3.5)

As elements of g*, each ¢’ is a linear functional of g. Even more, they are the
coordinate functions with respect to the basis{e¢; };, thus the k-cochain

_ i, . Ak
WBRST = Wi jy...i, € '€ c (3.6)

can be understood as a k™ order polynomial in g, with the anti-commutation (3.5)

inherited from the wedge product.

9Sometimes called (Faddeev-Popov) ghosts, but that terminology shall be saved for Chapter 4.
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More generally, assume one starts with n anti-commuting variables like (3.5),
and let V be the vector space spanned by them. Let p be a representation of g on
V. On the space of functions on V, define the operator

, 9
| k i
Q:=—cp(e) — jjc'c 3k (3.7)

where fl]; are the structure constants of g with respect to the basis {¢;};. The
operator Q, which is nilpotent (AZCARRAGA-IZQUIERDO, 1995), is called the
BRST differential of g. The cochains on which Q acts are defined as in (3.6),

where
Wiyigeniy, = W (4, iy - - -, €5,)
are totally anti-symmetric coefficients.
As one might expect, the following holds (AZCARRAGA-IZQUIERDO, 1995).

Theorem 6. The BRST differential acts on BRST k-cochains as

1 %
Qwprst = k+—1(d W)BRST/

therefore d and Q generate the same Lie algebra cohomology.

Note that, for a trivial action p, one has

k gk i
Qc —_z']'CC]-

This shows that Q is (minus) the adjoint of the Lie bracket on g. More precisely,

the Lie bracket is a bilinear map y: g X g — g that acts on basis elements as

P‘(eirej) = [eifej] = fi];' C-

There exists a bilinear map pu*: g* — g* x g*, the adjoint (transpose, dual) map of
1, satisfying

Conxy)), =W @), (), YuyesVieg,

where (-, -)y is the natural pairing of a vector space V with its dual V*. Its not
hard to see that Q = —pu*.
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3.3 The cohomology of gl(n)

In this section, I want to briefly show the calculation of the cohomology of the
Lie algebra that appears in the next chapter. For that, recall that gl(n) is the Lie

algebra containing all n x n matrices over C.

Let B := {e;/}; j be the canonical basis of gl(n), where ¢;/ is the matrix with 0s
everywhere except at the (i,j) entry, which is 1; more precisely,

lei/ 1" = 6y 01"

It is not difficult to see that the product of two matrix elements is non-zero only
if the inner indices match, i.e.

€ij €k£ = 5kj eig. (3.8)

The Lie bracket of gl(n) is the commutator [x,y] := xy — yx; hence, the structure

constants of gl(n) with respect to the canonical basis B are

(i,0) _ 5
Fijye = %"

Consequently, the BRST differential for the trivial representation of gl(n) be-

comes 3
]
= —cid —,

where ¢/ j are the anti-commuting variables (3.5). In matrix form, one can write

Qc = —c. (3.9)

From FUKS (1986), one has the following result.

Theorem 7. The cohomology of gl(n) is the exterior algebra in n generators of odd degrees
1,3,...,2n — 1. The generators are the cohomology classes of the cochains

Pok—1: (X1, .., Xop—1) — Z sgn(o) tr(xa(l) Xg(2) " xa(2k71))/
oS

where Sy is the group of permutations of k elements.
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Beware that Theorem 7 does not mean that the only non-trivial cohomology
spaces are those in odd degrees. E.g., the cohomology of gl(2) is

112

H*(gl(2)) (3.10)

0, else,

{C, itk e {0,1,3,4},

because the 41" cohomology space is spanned by the cohomology class of ¢1 A ¢s.
The cochain ¢y acting on the basis elements ¢;/ € gl(n) yields

Ox (el.lh,. .. reikjk) — Z sgn(o) 5(‘;5{21))5:;(1:2) . .5U(fk—1)50(j/<>.

er ) (i3) olix) o)’

thus, its associated BRST cochain is the polynomial @, = 2k tr(c¥), where c* is the

the kth power of the matrix whose (i, /)1 entry is the anti-commuting variable ¢’
p ] y & j

dual to the basis element e;/.

3.4 The Hochschild-Serre spectral sequence

In this section, I want to introduce a useful tool in the computation of Lie
algebra cohomology: the Hochschild-Serre spectral sequence. Rather than proving
its existence, convergence etc., I shall enunciate it and digress a little, following
FUKs (1986) and WEIBEL (1994).

Theorem 8 (Hochschild, Serre). Let g be a Lie algebra, b be a Lie subalgebra of g, and
V' a vector space. Then, there exists a spectral sequence {E,,d,}, with the following
properties:

i. Its first page is E"" = H7(b; CP(g,b; V)) —i.e. the g™ cohomology space of b with
coefficients in the group of V-valued p-cochains of g relative to b;

ii. Its second page has E;’O = HP(g,h;V);
iii. If b is an ideal of g, then E5'" = HP (g/b; H1(b; V));

iv. It converges to HP (g, V), i.e.
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As one can expect from what was presented in Section 2.4, the Hochschild-
Serre spectral sequence arises from a filtration in the cochains of g, and is based on

the short exact sequence

0 b g g/h — 0.

The filtration is the following:

FPCPJFq(g’ V) = {(U S CPJFE](g, V) w(glr- . -/8P+q) = 0/ \v/glr--'/gq—l-l S b}/

i.e. it strictly contains the (p + g)-cochains that vanish whenever (g + 1) of the

entries are in . In Chevalley—Eilenberg terms, one can write

q

FPerti(g) = @ (AP (a/0)") A (ATF1Y)); (3.11)

k=0

of course, a cochain in that space yields zero when acting on (g + 1) elements of b.

In the BRST formulation, elements of h* and (g/h)* become anti-commuting
variables, and the cochain w becomes a polynomial in those variables. Thus,
in the BRST case, an element of FFCP™1 is a polynomial with at most q “ghost”

coordinates on h or, equivalently, with at least p “ghost” coordinates on g/b.

The filtration (3.11) preserves the differential (3.2). It is not difficult to see that
it also is a decreasing filtration. Indeed, by simply rearranging indices, one has

FPHiCrH(g zé(/\ﬁk (a/0)") A (ATF ("))

k=1
consequently, by splitting the direct sum on the k = 0 term, the space FPCP*1

reads as

q

Frertal) = (a7(a/o)") n (A107) @ (A7 (a/0)) o (AT7407).

(»‘

Fp+1cp+q

Thus, obviously
FPYicP+a C FPCPTI,  Vp,q.

For completion, note that FCP = C? and FFH1CP = 0.
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Additionally, the 0" page of the spectral sequence coming from the filtration
(3.11) is, according to (2.15) and the remark above,

= ey (10) 1 (w67)

As it will become clearer with the example of Lie superalgebras, the differential
dg on the 0" page is simply the restriction of the BRST differential to cochains of b.
Consequently, it is reasonable to see that the 15 page should look like

Ep? = (AP(g,h)") @ HI(h) = HT(1; AP (g,b)"),

as stated by Theorem 8. For a detailed and rigorous proof of Theorem 8, I refer the
reader to the book by FUKS (1986).



Chapter 4

Lie superalgebras

Dealing with strong interaction processes, Jean-Loup Gervais (1936-2020) and
Bunji Sakita (1930-2002) wrote down in 1971 the action of a theory with a surpris-
ing feature: under appropriate conditions, it had a symmetry interchanging the
bosonic and fermionic fields, which is nowadays called supersymmetry (WEINBERG,
2000). Before that, in 1966, Hironari Miyazawa (1927-2023) had already proposed
a version of supersymmetry in the context of hadronic physics.

In 1974, Julius Wess (1934-2007) and Bruno Zumino (1923-2014) built quantum
field theories in 4 dimensions including supersymmetry. However, a few years
earlier in 1971, Yuri Gol'fand (1922-1994) and Evgeny Likhtman (b. 1946) had
already published papers in the Soviet Union extending the Poincaré algebra with
supersymmetries and constructing a 4-dimensional supersymmetric field theory.

On the mathematics side, Felix Berezin (1931-1980) pioneered the supermath-
ematics, studying superspaces, supergroups etc., and many of his works were
edited by Alexandr Kirillov (b. 1936) and published posthumously in 1987 un-
der Berezin’s name. In 1977, Victor Ka¢ (b. 1943) published his classification of

complex Lie superalgebras, which is one of the main references for this Chapter.

Structure of this chapter

Section 4.1 lays out the basic terminology and definitions of linear superspace,
flipped statistics space and Lie superalgebra. In Section 4.2, it is shown how a Lie
superalgebra structure on a linear superspace defines an odd quadratic nilpotent
vector field on the flipped statistics space; in Section 4.3, it is shown that the coho-
mology of such vector field is equivalent to the Chevalley-FEilenberg cohomology,
revisiting the BRST approach presented in Section 3.2. In Section 4.4, the com-
putation of the cohomology of Lie superalgebras is done following FUKS (1986),
focusing on gl(m|n). Lastly, in Section 4.5, the definitions of sl(m|n), psl(m|m),

su(m|n) and psu(m|m) are given, as well as future directions to this project.

41
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4.1 Definitions

For this section, I follow BEREZIN-G. KATS (1970) and V. KAC (1977a,b). Recall
the discussion presented in Section 2.3 about graded modules; a superspace is a

particular example, as seen below.

Definition 4.1. A linear superspace (or super vector space) is a Zy-graded vector
space; similarly, a superalgebra is a Z,-graded algebra. The Z,-degree is called
statistics (or sometimes parity); elements of Vj are called bosonic (or evern), whilst

those of V; are called fermionic (or odd).

An immediate and concrete example is that any vector space V (without
grading) can be regarded as a linear superspace by taking Vy = V and V; to be
trivial. Similarly for an algebra.

Example 4.1. Following up on Example 2.2, for a superspace V = Vy @ Vj, one
has the endomorphism superalgebra End(V) = Endy(V) & End;(V), where

Endy(V) = End(V)) & End(V), (4.1a)
End;(V) = Hom(Vp, V1) @ Hom(V1, V), (4.1b)

i.e. Endg (V') contains the endomorphisms preserving the statistics (sending bosons
to bosons, and fermions to fermions), and End; (V') contains the endomorphisms

flipping the statistics (sending bosons to fermions, and vice-versa). >

Definition 4.2. Let V be a linear superspace. The flipped statistics superspace
(or parity reversed superspace) I1V is a linear superspace where (ITV)y = V4 and
(TTV); = Vh — i.e. bosons in V are fermions in IV, and vice-versa. Elements of
IIV may be called ghosts due to the flipped statistics with respect to V.

Direct and semidirect products of superalgebras are defined in the usual way;
the tensor product, however, is a bit more involved. Let A and B be superalgebras;
their tensor product C = A ® B is the superalgebra whose space is the usual
tensor product of the spaces of A and B, with the induced Z,-grading,

deg-(a®b) := deg,(a) + degy(b), a€ AbEB, (4.2)
and the product defined by

(1 ® bl)(az X bz) = (_1)(dega2)(degb1) a1a; ® biby, a; € A, b e B. (4.3)
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Associativity of superalgebras is defined similiarly as for ordinary algebras.
For an associative superalgebra A, the graded Leibniz rule holds:

[a,bc] = [a,b] ¢ + (—1)(de8)(degb) 15 (], Va,b,c € A. (4.4)

Definition 4.3. A Lie superalgebra is a linear superspace g = go © g1 with a binary
operation [ -, -], called the Lie superbracket, satisfying, for all a,b,c € A,

a,b] = —(—1)de8(@)degW)[p g) (graded anti-commutativity), (4.5)
[a,[b,c]] = [[a,b],c] + (—1)ds@deet)[p [a,c]] (graded Jacobi identity). (4.6)

Firstly, note that gy alone has to be an ordinary Lie algebra. Indeed, the graded
anti-commutativity (4.5) defines an anti-symmetric bilinear map on go (which turns
out to be the usual Lie bracket), and the graded Jacobi identity (4.6) restricted to
go yields the ordinary identity

[a,[b,c]] + [, [a,b]] + [b,[c,a]] =0.
On the other hand, the restriction of the Lie superbracket of g to g; is a symmetric

bilinear map.

Example 4.2. If A is an associative superalgebra, then the supercommutator
[a,b] = ab — (—1)(deg)(degb) p, 4.7)

turns A into a Lie superalgebra. Restricted to g;, the supercommutator yields
[a,b] = ab + ba, Va,b € g4,

thus being an anti-commutator on g1. This justifies the name “fermionic” to homoge-
neous elements of degree 1, since fermions have to be dealt with anti-commutators

in quantum field theory. >

Example 4.3. As from Example 4.2, the endomorphism superalgebra End (V)
becomes a Lie superalgebra when equipped with the supercommutator. For the
linear superspace V with Vy = K" and V; = K", one writes gl(m|n) := End(V);
it is called the general linear Lie superalgebra. >

Standard algebraic notions are defined analogously to ordinary algebras, e.g.

subsuperalgebras, associativity, commutativity, simplicity, and nilpotency.
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Structure constants

Given a Lie superalgebra g, pick a homogeneous basis B = {e4 } 4. Let a capital
Latin index (A, B,C, ...) stand for a general element of the basis; a small Latin
index (a,b,c,...) shall be used to indicate bosonic elements of I3, while a small
Greek index (&, B, 7, . . .) shall be used to represent fermionic elements of B.

Define the structure constants f- of g with respect to the basis 1 by

les, ec] = fhcea- (4.8)

Since the superbracket preserves the parity, one knows that ¢, ¢, and e, eg are
bosonic, and ¢, ¢, is fermionic. Thus, the only nonzero structure constants are

of the form f;, «fﬁ and f"‘ﬁ. More compactly, if A = deg(e4), the only nonzero

a
structure constants f4- are those for which

A+B+C=0 mod 2. (4.9)
From the graded anti-commutativity (4.5), one realises that

£S5 = —(~1)"BfS,, (4.10)

while one can rewrite the graded Jacobi identity (4.6) as
fhcfoe — féefip — (1P fbefie = 0. (4.11)

Example 4.4. Consider the general linear Lie superalgebra gl(m|n). A general

X = (; Z) 4.12)

a € gl(m), b € gl(n), « € Hom(C",C™), B € Hom(C",C").

element of it has the form

with

Let me pick a basis that resembles the canonical basis of gl(m + n) in the following
way. Consider that lower Latin indices i, j, ... rangein {1,...,m}, and capital Latin
indices I, J,... range in {1,...,n}. Take {e;/};;j and {e;/}; to be the canonical
bases of gl(m) and gl(n), respectively; let {¢;/};; and {&;/}; be the canonical
bases of Hom(C",C™) and Hom(C™,C"), respectively.
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In this way, it is possible to write

a= aij e/ € gl(m),
b="0'ye/ €gl(n),
N = (xi] 81'I S Hom(C”,Cm),
B = ,31]~ e/ € Hom(C™;C");
hence a'; and b’} are the coordinates on gl(m|n)o, whereas a'; and p!; are the

coordinates on gl(m|n);. Following the previous convention, write A = (i, ) and
A = (I,]) for bosons, while A = (i,]) and A = (I, ) for fermions.

As in (3.8), once again
eijekf = (5kj 8,‘5.

Using the supercommutator (4.7), one has
lei),ex’] =6 e =5 eid,
thus
@) _ s
Fajon = -

Similarly, apart from graded anti-symmetrization (4.10), one can find that the

non-zero structure constants of gl(m|n) with respect to the canonical basis B are

GO D) L) GD s
Fanwe = Fukan = fumen = fwan = % (2.132)
02 ) RS | SR |

funwn = fixwy = fixwn = foxown = % (4.13b)

The structure constants are symmetric with respect to capitalized /uncapitalized

indices, since both ¢;/ and e;/ are bosons on their own right etc. >

4.2 An odd quadratic nilpotent vector field

The goal of this section is to prove the following proposition, inspired by
ALEXANDROV et al. (1997).

Proposition 2. Let L be a linear superspace, and let I1L be its parity reversed linear
superspace. Then, any odd quadratic nilpotent vector field on I1L defines a Lie superalgebra
structure on L, and vice-versa.
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Proof. Let B := {e4} be a basis of L. For a general element & = e, € L, its co-
ordinates CA can be seen as coordinate functions on L which, in turn, are elements
of the dual superspace L* — whose homogeneous subspaces are (L*)s = (Ls)* for
s € Zy. Hence B* := {4} 4 is the dual basis of B, and

deg(¢”) = deg(ea) = A.

Let B := {c”} 4 be the ghost version of B*, i.e. the basis of (ITL)* = TI(L*).
As such, each ¢4 is a coordinate function on ITL. Then

deg(c?) =A+1 mod 2.
Define the quadratic vector field

d
Q = ghc CBCCE)C_A € Vect(IIL), (4.14)
where gg‘c are constant coefficients. For Q to be an odd vector field, it has to be an
element of End; (T1L), which is equivalent to demanding that deg(c?) + deg(c?) +
deg(c®) =1 (mod 2), or yet
A+B+C=0; (4.15)

in other words, the only non-zero g4 have to be the ones satisfying (4.15).

As a result, one can rewrite Q as
Q= (¢% "+ ¢ c“cP i-|—<"‘-|— "‘)cﬁcbi (4.16)
= | gt. Sup 9ca 8bp T 8Bb 9ca” .

where ¢* are fermionic ghosts, and c* are bosonic ghosts. By splitting g into its
symmetric and anti-symmetric parts (with respect to the lower indices), one can
consider only the anti-symmetric part of g7 . and the symmetric parts of g§ 8 and
gi‘ﬁ. Henceforth, one may assume without loss of generality that

8be = —8cbr 8y = &ypr 8bp = Spb- (4.17)

For any (super)manifold M, there is a natural definition of Lie (super)bracket
on Vect(M) (VARADARAJAN, 2004). Explicitly, for homogeneous U, V € Vect(M),
one has

U, V] = (uA 94 VB — (—1)des(l)deg(V) 1A aAuB) 3p. (4.18)
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Given an element ¢ € L, with coordinates §A, define the constant vector field
1z =494 € Vect(I1L), (4.19)

with 94 = 9/9c4. The Lie superbracket of 1z with Q is

0 - _
16, Q) = (6"04Q% + Q*242™) 95 = &% (ghp + (-1 AIPIgE ) P a

= & (gho — (—1)AP(=1)"Dgh ) P 3.

For 1 € L, one can go further and compute

0
(1, Q) ty) = (e Q47" = 1191, Q1" ) 2
= (=1 (gho — (~D*P (=1 Pgh ) 2.

Thus, for &, n € L, define an element { € L whose coordinates in the basis {e4 } 4

are
¢P = = (=1 &P (ghp — (DA ()4 Pgh ). (4.20)
One has, then, a bilinear map L x L — L, denoted by square brackets [, -],
sending the pair (¢, 77) to {. Furthermore, define

fip = =(=D* (ghp - (VP (-1 Pgp, )

so that
;" =g = fipc™n®. (4.21)

It remains to see if {5 are the structure constants of a Lie superalgebra.

Starting with the graded anti-commutation (4.5), one sees that

as wanted — where one has to recall that D + D = 0 (mod 2).
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Before moving on to the graded Jacobi identity, note that the only non-zero f4-
are those satisfying (4.15). Using the symmetries (4.17), one concludes that

fgc = _ch’ f,g'y = g?%’y' féxﬁ = _ggﬁ'

by recalling that, if ¢* is a fermionic ghost, then ¢? is a boson, thus @ = deg(¢?) = 0

— thus & = 1. This shows that one can reduce the expression of f to'’

fie=—(-1)Pghc — ghe = —(-1)Pfh-. (4.22)

Henceforth, one can write the quadratic odd vector field Q as

5 d
Q - _(_1)B BAC CBCC aC_A (423)

Now, to check that the coefficients f- satisfy the graded Jacobi identity, one
has to impose that Q is nilpotent. Particularly, take the function ¢ = c* (i.e. ¢
extracts the A™ coordinate of each point ¢ € T1L); then

Q%! = (—1)Eff cfe ap ((=1)P fole cBe€)

= ()" fB (£ — (“D i) e,

N

-~

2f
thus
QA = 2efpp cEct B, where efrp = (—1)F B fAs.
The nilpotency of Q dictates that the above function must be zero everywhere
(i.e. at all points of IIL); in particular,
0=3x0= eéFBcEcFCB + e?BEchBcE + €§EFCBCECF

_ <€§FB+(—1)(E+1)(B+F)€?BE+ (_1)(B+1)(E+F)€£EF> cEcFcB.

10The same conclusion arises if one sees that
A_ A B.C_ B+1)(C+1), A C.B _ A .C.B
Qc” =gpccc —(—1)( I )gBCC ¢ =8cpcC,

where the second equality holds due to cBcC = (—1)(B+D(CH1)CcB while the third equality is
simply a relabelling of indices from the first equality. From that, one concludes that it is possible to
assume, without loss of generality, that g8 = —(—1)B¢(—1)5"C¢4 .. This, in turn, implies that
(4.20) becomes (4.22).
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Being zero everywhere, the term in parenthesis must vanish. This amounts to

(—DF fBefp + (—) EVE (1) Bl £ + (1) B ER ()P £y
(~OF (fBefbs — FRafto — (0 fhafbe)

0

which is the condition (4.11) on structure constants induced by the graded Jacobi
identity.

Therefore, the odd quadratic nilpotent vector field Q € Vect(IIL) in (4.23)
induces a Lie superbracket on L, since (4.21) can be rewritten as

fhe 8 ea =7 =1[&n] =4 [es, ec],

from which one defines the Lie superbracket on the basis B = {e4} 4 of L as

leg,ec] = féqc €A

It is trivial to see that everything done above is reversible, i.e. the Lie superal-

gebra structure on L defines an odd quadratic nilpotent vector field on IIL.  [J

Obviously, one can prove Proposition 2 in a coordinate-free way. Let me do
that for completion.

Proof (bis). Start by defining a bilinear map
u:LxL—sL (4.24)

such that
ey = [tz QL

Note that the RHS above is a constant vector field on I'IL. Indeed, since lg and
1y are constant vector fields, and Q is a quadratic vector field, the above has to
be constant (one can convince oneself by looking at the coordinatized version
presented earlier). Being a constant vector field, there must exist { € L for which
the RHS equals to ;. This shows that y is well-defined. The proof of Proposition 2

is done by showing that y is a Lie superbracket on L.

For the graded anti-commutativity (4.5), one must show that

?

(&) = —(—1)desd)detn) () &), (4.25)
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Using the properties (4.5) and (4.6) of the Lie superbracket on Vect(I1L) one gets

(4.6)

e = [l QL] = i, [Q 1] — (—1)1des) e[ [, M

(4.6)
= (1) Qs i 1, Q]

2 (<1)(des @ (desy) (_q)(degic) @esley QD [, O, 1e];
the crossed Lie superbracket vanishes because each entry is a constant vector field.

Since Q is an odd vector field on I'lL, its degree is 1; furthermore, the degree of
i, as a vector field on TIL, is deg(&) + 1 — due to the flipping statistics. Then

= (—1)+(degc)(deg)

bu(en) bu(n.e)s

which proves that (4.25) is true.

Let {; :== u(g;,n;) fori € {1,2,3}. The graded Jacobi identity (4.6) reads as

?

(1, 152, 3)) — w21, 82), Ga) = (—1)\9eBEVMBE) 4y (7) 1u(77,23));  (4.26)

apart from the sign factor, each term corresponds to the respective vector field:

(G (ads)) = :[tglf QJ, [l1g,, Q. 12, } , (4.27a)
b(w(1,02).85) = _H[lgl’ Q]' l@z}/ Q}/ l§3]/ (4.27b)
(@) = [l Q [l Q]| (4.27¢)

Making A = [i7,,Q], B = [i7,, Q] and C = 1, one can use the graded Jacobi
identity (4.6) on Vect(I1L) to rewrite (4.27a) as

Li(u(lals) = [Hlél’ Q], [lgz, QH, l§3] + (_1)(deg§1)(deg€2) [[lézr Q]’ Hléll Q]’[€3H )

Thus, the LHS of (4.26) corresponds to the vector field

b)) ~ g = (DB g Q) ([, Qg ]| +

+ [(Htqu]f [i7,,Q]] — H[lgl,Q],lgz],Q]),Lga)};

the first line of the RHS above is the desired result (compare it with (4.27c)); hence
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one has to show that the second line of the RHS above vanishes.
Indeed, it can be simplified with the graded Jacobi identity (4.6) by choosing
A = [i7,,Q], B =17, and C = Q, which yields

() 0495822 1 [, Q0T g )

the fact that the crossed term is zero can be seen by noticing that, for any (su-
per)vector field V, one has

[V.Ql, Q} (- 1)V [Q,[v,Q)] + [V, [Q-alf’

(4.6)

= +(-1)desV) (1)l QA [y, 0, Q] = —[[V, Q] Q].

Consequently, (4.26) is true. This shows that y is a Lie superbracket on L. O

It is worth mentioning that the differential Q used in this Section is precisely
the BRST differential, now in the context of Lie superalgebras. What was done
in Section 3.2 becomes much more transparent under this light: an ordinary Lie
algebra, as previously discussed, is a Lie superalgebra with trivial fermionic part;
consequently, the odd quadratic nilpotent differential on I'lg only has fermionic

ghosts — which are precisely the anti-commuting variables defined in (3.5).

Having Example 4.4 in mind, the Lie superalgebra structure on gl(m|n) —
encoded in the structure constants (4.13) — defines an odd quadratic nilpotent
vector field on ITgl(m|n) which, with respect to the canonical basis, takes the form

Q= (—alktlk]' + leKﬁK]) 3 + <—bIKbK] + ,Blktkk]> abI +
)

3 3 (4.28)

ik i 1K I I_pK

+ <—alk[X ]+0(1Kb ]) on -+ <’B kﬂ i b Kﬁ ]>WI]

In matrix form, one can write
Qa = —a® +ap, (4.29a)
Qb = —b* + Ba, (4.29b)
Qua = —an + ab, (4.29¢)

QB = —bB + pa. (4.29d)
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4.3 The algebra of polynomials of ghosts

Given a Lie superalgebra g of finite dimension, define its Chevalley—Eilenberg
algebra CE(g) as in (3.4), i.e. as the exterior superalgebra of the dual of g,

CE*(g) = A*(g"), (4.30)
equipped with a differential that is the dual of the Lie superbracket, i.e.
d=1[,]"1¢g"—g"Ng", (4.31)

extended to A®(g*) by the graded Leibniz rule (4.4). Note that CE(g) is (Ng x Z;)-
graded. The Ny-grading is cohomological in A®(-), while the Z,-grading is the
one of g* inherited from g.

A k-cocycle on g with coefficients in the underlying field K is an element of
CE(g), of degree (k,0), in the kernel of d. The Lie superalgebra cohomology of g
with trivial coefficients is the cohomology of its Chevalley—Eilenberg algebra, i.e.

H*(g) = H*(g;K) := H*(CE(g)).

The goal of this section is to show the following (ALEXANDROV et al., 1997).

Proposition 3. The algebra of polynomials on Ilg with the odd quadratic nilpotent vector
field Q is isomorphic to the Chevalley—Eilenberg complex of g with differential (4.31).

Proof. As from Definition 4.2, the flipped statistics space Ilg is the one whose even
part is g; and whose odd part is go. That is to say there exists an isomorphism
y: Ilg — g, of fermionic statistics, such that both

Po: (Ig)o — g1,
ll]1: (Hg)l — 90,

are isomorphisms of linear spaces.

Let {e4} 4 be a homogeneous basis of g, and {4} 4 be its dual basis on g*. The
linear functionals c:,‘A : g — K are the coordinate functions on g, thus they are the
generators of the algebra of polynomials of g. Define ¢ = ¢(&4); clearly {c?} 4 is
a homogeneous basis of the algebra of polynomials of I1g, which shall be denoted
Pol®(I1g). It is also (INg x Z;)-graded, with the Z;-grading inherited from ITg,
and the INy-grading being the power of each monomial.
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Consider a (INg x Z;)-homomorphism ¥: A®*(g*) — Pol®(Ilg) that acts as
the identity on A%(g*) = KK, and acts as ¢ on Al(g*), i.e.

¥(x?) = A
To define ¥ on the rest of A®(g*), one has to recall that its product obeys
EANEE = —(—1)ABEBn g, (4.32)

indeed, following the Latin/Greek index convention of Example 4.4,

¢t e(@o="(00)" = EAE=-"NeY
& Pe(@)n=(n) = CAF=+nrEy
&€ (go)" 8" (m)” =  ONE =N

However, the product of monomials in I'lg obeys

CACB — (_1)(A+1)(B+1) CBCA (433)

4

or, explicitly,

¢, ¢’ € (Tlg)g = g1 = ¢t = —cbet,

Cﬂl/ C’B c (Hg)l >~ 90 — C“C'B — —}—C,BC{X,.
c® € (Ilg)o, c* € (I1g); — cc® = +cc”.

As one can see, there is a flipped sign in the fermion-boson case, which should

somehow be accommodated by ¥. For that reason, define ¥ to act on A?(g*) as

O(EANEP) = (—1)A AP, (4.34)
Then,
o(e8 12 120 (-yfetes
(4.33) (—1)B(—1)A+DB+DAB — _(_1)AB(_1)A A B

=¥ (~ (-1 1),

which shows that ¥ preserves the graded products of the algebras.
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As discussed at the start, ¥ sends the generators of one algebra into the genera-
tors of the other, thus it is bijective; it is clearly linear and preserves the product,
therefore it is an isomorphism of algebras.

Aditionally, one has to check that the nilpotent operators in each superalgebra
are preserved by ¥, i.e. that the diagram below commutes:

CE*(g) —%— CE*(g)

Pol* (ITg) — Pol*1(Ig).
On the basis {¢4} 4 of g*, the differential (4.31) acts as
= f ]?C CB A ‘: C/
where fé“c are the structure constants on g. Then, according to (4.23),

Y(dgh) = fi-d(EBAEC) = (—1)BfhcBeC.

On the other hand,

Q@(&%) = Qc?t = (—1)Bff B

Both d and ¥ are extended to A®(g*) by the graded Leibniz rule (4.4), therefore
Yod=QoV. O

This concludes that ¥ is an isomorphism between the Chevalley—Eilenberg
cochain complex CE®(g) and the complex of polynomials Pol®(I1g) equipped with
the odd nilpotent vector field Q. Therefore, their cohomology is the same:

H*(CE(g)) = H*(Pol(Ilg)). (4.35)

4.4 Cohomology of Lie superalgebras

Finally, one faces the challenge of explicitly calculating cohomologies of Lie
superalgebras. Regarding the Hochschild-Serre spectral sequence presented in

Section 2.4, the spectral sequence of a Lie superalgebra will also be Z,-graded
(Fuks, 1986).
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Note, however, that for any Lie superalgebra g = go © g1, one can pick the
subalgebra h = go of g, and realising that g/h = g;. This is the most used case
when dealing with the Hochschild—-Serre spectral sequence for Lie superalgebras.

Thus, one knows that there exists a spectral sequence with

EPT = H(g0;S"(31%)),
EY" = HP(g1; H(g0)).

Hereafter, fix!!
C = Pol(I1g)

and introduce the filtration of Section 3.4 on it, viz.
FPC:= CNOP((I1g)o), (4.36)

i.e. the subspace FFC is spanned by all the monomials with at least p bosonic
ghosts. For example, if v is a coordinate function on (Ilg)o, then 7y is an element
of FOC, F1C and F2C, but not an element of any FPC for p > 2.

The filtration (4.36) is decreasing, with FOC = C and F*®C = 0. Furthermore,
the odd quadratic nilpotent vector field (4.23) preserves the filtration, as it either
keeps the number of bosonic ghosts, as in Qc* in (4.16), or increases it, as in Qc”.

Let the 0 page of the spectral sequence be as in (2.15), viz.

£PCP+a

Eprq — .
0 Ertlcr+q’

the elements of E(r)z,q are the (p + q)-cochains with exactly p bosonic ghosts. The d
map makes the diagram (2.16) commutative, with the differential d replaced by Q.

For a more concrete calculation, set g = gl(m|n) over the field C. The goal of
the rest of this section is to explain the following theorem.

Theorem 9 (Fuks). If m > n, then the natural inclusion
gl(m) — gl(m|n)y C gl(m|n)

induces an isomorphism in cohomology with trivial coefficients.

Recall (2.12), which established the relation between a cochain complex and a graded module.
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The proof of Theorem 9 found in FUKS (1986) is done using the Hochschild-
Serre spectral sequence adapted to Lie superalgebras. In this thesis, I shall redo
the proof by constructing the Hochschild-Serre spectral sequence from scratch

and using the BRST approach to cohomology, by means of Propositions 2 and 3.

The decomposition (4.12) has two fermionic and two bosonic ghosts, viz.

(a,b) € gl(m|n)o = gl(m) © gl(n),
(B, ) € gl(m|n); = Hom(C™,C") ® Hom(C",C™),

respectively. To compute the cohomology of g, one has to consider cochains —
or, by Proposition 3, ghost polynomials — that are index-free; thus, one needs to
take traces of matrices.!? Note that, independently of the dimensions, the bosonic
ghosts « and f have to always come in pairs, e.g. tr(ap), tr(Bax), tr(abpB) etc.

4.4.1 The general linear Lie superalgebra gl(2|2)

Let me start with a simple example: set g = gl(2|2). This is the first interesting
example, as the decompositions of gl(1|1) and gl(2|1) can be misleading, as they
contain 1 x 1 matrices. A general element of gl(2|2) has the form (4.12), with a, b,

« and B are all 2 x 2 matrices.

The 0" page Since a is a 2 x 2 matrix, there are 4 fermionic ghosts aij. Conse-
quently, polynomials with 5 or more a-ghosts vanish trivially, because they contain
at least one pair of the same ghost. Following the notation of FUKS (1986), the

generators of the g = 0 column are the fermionic ghosts
@] = tr(a), @] = tr(b), ¢h = tr(a®), ¢y = tr(b%). (4.37)

Being fermionic, one cannot repeat any of them in a monomial. Thus the non-zero

terms in the Ej) ¥ column of the Hochschild-Serre spectral sequence of gl(2|2) are'®
EY=¢,
EY0 = (tr(a), tr(D)) ~ C?,
EY = (tr(a) tr(b)) >~ (!,

12A quick explanation for wanting index-free polynomials is that the cohomology should be
independent of a choice of basis, and the trace is basis-independent.
13The angle brackets (...) mean linear span over C (implicitly assumed over C).
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EY = (tr(a®), tr(b?)) >~ C?,
Ey’ = (tr(a®) tr(a), tr(b%) tr(b), tr(a®) tr(b), tr(b%) tr(a) ) = C*,
EyY = (tr(a®) tr(a) tr(b), tr(b) tr(a) tr(b) ) >~ (2,
ESY = (tr(a®) tr(b%)) ~ !,
EZY = (tr(a®) tr(b%) tr(a), tr(a®) tr(D%) tr (b)) >~ (2,
ESY = (tr(a®) tr(b3) tr(a) tr(b)) ~ L,

To have an index-free monomial with bosonic ghosts « and p, one has to put
them in pairs to be able to take a trace. Thus, the columns with p odd are filled

with trivial spaces. In the p = 0 row, the first non-trivial spaces are
E)°=C,  Ey?=(tr(ap)),  Eg* = (tr(ap)? [tr(ap)]?),

There are, however, finitely many generators for the Eg’q row — one for each
non-trivial space up to £ := min{m, n}. One possible explanation can be found in
FUKS (1986) by realizing that the ring of invariant polynomials of g; = (Ilg)o is
generated by those polynomials. Another way of convincing oneself is by virtue
of the Cayley—Hamilton theorem, presented below.

The Cayley-Hamilton theorem For a matrix N € gl(n), define its characteristic
polynomial as
N (x) :== det(Ix — N),

where [ is the identity matrix. The Cayley—-Hamilton theorem states that N annihi-
lates its own characteristic polynomial 7ry. For n = 2, one has

i (x) = 22 — tr(N) x + %([tr(N)]Z —u(N?),

thus
7y (N) = N2 — tr(N) N + %([tr(N)]z —a(N)) 1 0;

multiplying by N and taking the trace, one has
3y _ 3 2y _ 1 3
tr(N°) = ztr(N) tr(N°) — E[tr(N)] ,

therefore the trace of N can be written in terms of tr(N) and tr(N?). This can be

done inductively for each power greater than n.
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Applying that to tr(ap) or tr(fa) — depending whether m < norn < m,
respectively —, one sees that higher powers can be decomposed by the Cayley-
Hamilton theorem. Therefore, if ¢ := min{m, n}, the generators of the Eg’q row of

the Hochschild-Serre spectral sequence of gl(m|n) are

m=tr(ap) €E?,  m=t(p)’ ekt ..., =t(ap) € B
(4.38)

The 1% page Other spaces at the 0! page are more complicated. For example,
the space Ey” contains both tr(a) tr(ap) and tr(b) tr(af) — which can be seen as
elements of the tensor product of Ey° and E)* —, but it also contains tr(Bac).

The map on the 0" page is induced by the quotient map FFCF*1 — E},
which keeps only terms with exactly p bosonic ghosts. Thus, looking at (4.29), one
concludes that dy acting on 1% order monomials is

doa = —a%,  dob=—b?,  dox=Qu,  dof = Qp. (4.39)

Note that every polynomial in the 4 = 0 column is in the kernel of d, because
dp increases the number of a (or b) by 1, and the trace of an even power of a (or b)
vanishes. Therefore,
EPO = EPO

Similarly, note that
dotr(aB) = tr((dotx)ﬁ - oc(doﬁ)) = tr(—anp +apa) = 0;
the analogue happens to all other elements of the row p = 0, thus
E)T = B,
Now take tr(aaB) € Eé’z mentioned before. It is not the kernel of dy, because
do tr(Ban) = tr((doﬁ)azx + B(doa)a — ,Ba(dooc)> = tr(Ba’n).

More generally, all these mixed polynomials —i.e. that are not in Eg’o ® Eg’q C Eg,q
— are not in the kernel of dy. Therefore,

g ~ 10, ,0
EMM~E " ®E). (4.40)
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As mentioned above, FUKS (1986) shows that Eg’o is the ring of invariant
cochains in g;; the space E), on the other hand, is precisely the ' cohomology
of go. This is easy to see, since dj acting on fermionic ghosts is precisely the BRST

differential of gg = gl(m) @ gl(n), as one can see by comparing (3.9) and (4.39).

Note that one does not need to know what happens to all possible elements
in the 1% page, but only with the generators in (4.37) and (4.38) — as all other
cochains/polynomials are products of generators, and the differentials obey the
graded Leibniz rule.

The 2™ page Back to (2.19), the differential on the 1% page is of degree (1,0).
Since the 1% page is filled with Os in the columns with odd p, every differential d;

is trivial — either starting or ending at a trivial space. Consequently
ENT >~ E. (4.41)

Pictorially, the dimensions of each space at the 2" are displayed below; the
spaces where the generators lie are depicted in red.

ql\

8/ 1 0 1 0 2
712 0 2 0 4
6|1 0 1 0 2
512 0 2 0 4

41 4 0 4 0 8
3|2 0 2 0 4
211 0 1 0 2
112 0 2 0 4
ol1 0o 1 0 2 ---
Elo 1 2 3 4 p

The 3" page The differential on the 2" page is defined as j*(i*) !¢, where i* and
j* are the maps induced in cohomology by the inclusion map i: FP+1CF — FrCk
and the quotient map j: FPCF — Eg’k_p , respectively. The map ¢ is the connecting

homomorphism from Theorem 1, which is syntactically given by

5: [yl — [T Qj Myl
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Take ¢} = tr(a) € Eg’l = E8’1.14 A cochain j~ !¢/ is one in F°C! such that, when
quotiented by F1C!, yields ¢]. Since any choice is good (because ¢ is well-defined),
one can take ¢ itself. Then

Q¢} = Qtr(a) = tr(—a2 +aB) =tr(af) =m € F'c? c °c2.

Next, i ~1#; is an element of F'C? which becomes 7; upon inclusion in F!C?; that
element can be taken to be precisely 171. Hence, §[¢}] = [171] € H'(F'C?). Finally,
applying (i*)~! and j*, one obtains the same thing (up to quotients of quotients
etc.). Therefore

dph =11 (4.42)

The result (4.42) is an example of the “transgression” that FUKS (1986) talks
about. The exact same thing happens to ¢} = tr(b) € Eg’l. Consequently, one has

tr(a) — tr(b) € ker dg’l,
which in turn yields
EY' = (tr(a) — tr(b)).

Since d; is the transgressive differential at the spot (0,1), one concludes that

E%l = C. (4.43)

For ¢}, = tr(a®) € E)?, a very similar argument can be used by ignoring the
i~ and j~! maps (due to the well-definedness of the connecting homomorphism).
Then

Q) = tr(aBa?) € F2C* c FC4,

consequently
69y = [tr(apa®)] € H(F'CY).

Now, when acting with j* on d¢5, recall that j* is the map induced in cohomology
by the surjection j: FIC* — F1C*/F?C* — i.e., the map that “kills” all terms with

l4Recall that higher pages are the result of taking cohomologies of the previous ones. While
tr(a) is a cochain in FOC!, it is a representative of an equivalence class in Eg’l (equivalence up to
contributions of higher orders in the bosonic ghosts), which then becomes a cohomology class in

E(lj’l, which again becomes a cohomology class in Eg'l. To avoid these bunch of “cohomology class

Oth

of” and an overdense notation, let me make the identifications of higher pages with the 0™ one.
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2 or more bosonic ghosts. Hence,
dagy =" 05 = 0. (4.44)
The same thing will happen to ¢} = tr(b?), therefore

EY® =kerd)® = (tr(a®), tr(b?)). (4.45)

It remains to see what happens to the bosonic generators (4.38) under d,. A seen
in (4.42), the generators ¢/, ¢ € E;° transgressed to 7y, therefore 17; € imd,”°.
Eg’z = 0; after that, the spot (0,2) stabilizes, since all other
incoming and outgoing differentials will be trivial. Therefore

This means that

E%? = 0. (4.46)

Lastly, the generator 77, = tr(af)? € Eg’o is mapped to 0 by Q, but it is not in
the image of d2’1, thus
Ey0 = (tr(ap)?). (4.47)

Knowing that d; acts on the generators as (4.42), (4.44) and dy: 1, — 0, one
can deduce the image under d; of any other polynomial. E.g.

Eg? > tr(b)tr(a) — tr(ap) (tr(a) — tr(b)),
E* 5 tr(a) tr(a®) v tr(apB) tr(a?),
Eg' > tr(a) tr(ap) — [tr(aﬁ)]

E® 3 tr(a®) tr(ap) —

Note, for example, that the space Eg’z, which is spanned by the cohomology class of
tr(b) tr(a), is not in the kernel of d,; hence Ey* = 0. Consequently, the generators
of the 3™ page are

¢y = tr(a), 9y = tr(b°) (4.48)
1 = tr(aB)?, X1 = @1 — ¢ = tr(a) — tr(b). (4.48b)

Schematically, the dimensions of the spaces in the 3" page are shown in the

following diagram, again with generators in red.
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ql\

8/ 0 0 0 0 O
7|1 0 0 0 1
6|1 0 0 0 1
510 0 0 0 O
42 0 0 0 2
3]2 0 0 0 2
20 0 0 0 O
11 0 0 0 1
o1 0 0 0 1 --
EEl0 1 2 3 4 p

The 4" page From (2.22), the differential on the 3™ page is of the type
dy: EyT — EY 3472 Since p and p + 3 have different parity, all d3 differentials

are trivial — either by starting or ending at a trivial space. Therefore
=N (4.49)

The 5% page For the generators ¢}, ¢ € E2’3, the differential dy is transgressive,
sending them down to E;*. To show that both ¢} and ¢} transgress to 17, = tr(x8)?
is tricky. FUKS (1986) invokes Weyl algebras, while I try a more brute approach.

The differential on the 4™ page is j* (i*)~1(i*) ~1(i*) ™' 6. Back to Section 2.4, it
means going up the red dashed path
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The cohomology classes of tr(a®) and tr(b?®) start at the bottom left, at E2’3 (recall
one needs to take several quotients of E; to get to E4). As seen before,

Str(a®)] = [tr(a®aB)],

and tr(a’ap) € F2C C F!C. One needs to find a cohomology class in H*(F*C)
which, after descending thrice by i*, reaches the cohomology class of tr(axf) in
H*(F'C). The claim is that the class of tr(af)? € F4C is a valid choice.

Note that Q tr(aB)? = Qtr(a?aB) = 0, thus these polynomials are cohomolo-
gous in FIC. Furthermore, as one already knows, Ei’o is a 1-dimensional space
spanned by the cohomology class of tr(xf)? — therefore, it can be the only non-
trivial choice for the (i*)~1(i*)~1(i*)~! path.

Hence

dy: @3, @5 — 12,

and tr(a®) — tr(b®) € kerdy, while 77, € imdy. This implies that

EX = E2° = (tr(a®) — tr(b7)),
EX = EX =0

5th

Consequently, the generators of the 5" page are

=91 - tr(a) —tr(b),
X2 = ¢ — g7 = tr(a’) — ().

The co'h page Since the generators of the 5! page already went through trans-
gression, they are no longer affected by higher differentials. Thus one can conclude
that the non-trivial spaces at the co'" page are

EY) =C,
Ezl ~C,
E¥=C,
Ex'=C,

where the E%* space is generated by the polynomial x1 2.
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Finally, one obtains that the cohomology of gl(2|2) is

C, ifk € {0,1,3,4};

H*(g1(2]2)) = {

0, else.

This is isomorphic to the cohomology of gl(2), as seen from (3.10).

4.4.2 The general linear Lie superalgebra gl(m|n)

After going through the example for gl(2]2), it is quite easy to extend the
technique to the general case of gl(m|n). The 0t page will have all index-free
polynomials on the ghosts of gl(m|n), on which the differential dy acts as in
(4.39). Once again, d restricted to the column Eg’q acts as the BRST differential on
gl(m|n)o, yielding

Ey! = H(gl(m) @ gi(n)),

which has generators

¢y € H'(gl(m)) C E¥, ..., @), € H™ Y(gl(m)) C E}*""!,  (4.50a)
oi € H'(gl(n)) c EYY, ..., ¢l eH" (gl(n)) CEY*".  (450b)

Likewise, the row Eg’o will be non-trivial only for even p; if £ := min{m, n}, the
Cayley-Hamilton theorem implies that such row is generated by the polynomials

m = tr(ap) € E5°, e, e = tr(ap)’ € Eég’o. (4.51)

The only polynomials in the kernel of dj are, again, those obtained by products
and sums of the generators in (4.50) and (4.51). Consequently, as before,

4 ~ PO 0,
EVM~E o E (4.52)

Everything works out mutatis mutandis. The fermionic ghost generators (4.50)
and the bosonic ghost generators (4.51) are in the kernels of all higher differentials

dr, but never in their image — except for the transgressive differentials

0,2k—1 2k,0
dyy. Enf — E5, fork € {1,...,/0},

which send both ¢} and ¢}/ to 7.
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For k > min{m, n}, however, only the fermionic generators of gl(max{m,n})
are left on the E?"’ column. Nevertheless, there is nothing at the row EP 0 to which
¢}, can transgress — since all of them have been used in the transgressions of the
generators of gl(min{m,n}).

In this way, all the bosonic ghost generators 7, for k < ¢ = min{m, n}, will
eventually be in the image of a differential, whence being washed away for late
enough pages. The fermionic ghost generators ¢, and ¢}/ both transgress into 1,
yielding

EO2k—1 =~ E%{zfl—l ~ ker d%{zkfl
= (¢, — @),  fork <min{m,n}.

In turn, for k > max{m, n}, the fermionic ghost generators transgress to zero, as

there is nothing left at the row E%,’E’O, hence

02k—1 ~v £0,2k—1 ~ 0,2k—1
E = By = kerdy

= (¢}), for k > max{m,n}.

Therefore, the oot page of the Hochschild-Serre spectral sequence for the pair
(gl(m|n), gl(m|n)o) has

Egg,Zk_l >~ C, fork € {1,...,max{m,n}},
which implies that
H*(gl(m|n)) = H*(gl(max{m,n})). (4.53)

The symbol = above deserves a remark. The cohomology of the Lie superalgebra
gl(m|n) inherits a Z,-grading, while the cohomology of gl(m) is ungraded. Never-
theless, all the non-trivial spaces of the former are fermionic, thus one can ignore

its Z,-grading and understand the isomorphism above in the natural way.

This concludes the proof of (the first part of) Theorem 9, as wanted, using the
BRST approach to cohomology. Note that I did not use Theorem 8 to adapt the
Hochschild—-Serre spectral sequence, but rather I constructed it from scratch using
the associated filtration (4.36).
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4.5 Final remarks

After having understood the use of the Hochschild-Serre spectral sequence in
the context of Lie superalgebras, the next step of this project would be to compute
the cohomology of the special linear Lie superalgebra, sl(m|m). Although FUKS
(1986) claims its cohomology is isomorphic to that of sl(m) when m > n, we

believe that such computation has to be done more carefully.

While the special linear Lie algebra sl(m) is defined as the kernel of the trace,
the analogous happens with Lie superalgebras, by replacing the usual trace by the
supertrace

Str(X) := tr(a) — tr(b), X € gl(m|n)

using the decomposition (4.12). As pointed out by V. KAC (1977b), the bilinear
map (X,Y) — Str(XY) is consistent, invariant and supersymmetric!®. Then one
defines the special linear Lie superalgebra s((m|n) as the Lie subsuperalgebra of

gl(m|n) strictly containing all the supertraceless matrices.

From the previous sections, one knows that x1 = ¢} — ¢/ is the generator of
the 1%t cohomology space of gl(m|n). In polynomial terms, one has that x; € ES"
is precisely the cohomology class of tr(a) — tr(b) = Str(X). Consequently, the
cohomology of sl(m|n) will not have x; among its generators.

Note that, when m = n, the special linear Lie superalgebra sl(m|m) contains

I, O
=" € gl(m|m);
0 Iy

that is because Str(I) = tr(I,) — tr(I,) = 0. Consequently, s[(m|m) has a central

the identity matrix

ideal i := (I) spanned by the identity matrix I. Define the projective special linear

Lie superalgebra as the quotient
psl(m|m) = sl(m|m)/i.

The next natural step is to compute its cohomology using the Hochschild—Serre

spectral sequence, to understand its structure and its central extensions.

Let f: g x g — C be a bilinear map. f is consistent if f(X,Y) = 0 for X € goand Y € g;.
f is invariant if f(X,[Y,Z]) = f([X,Y],Z) for all X,Y,Z € g. And, most importantly, f is
supersymmetric if f(X,Y) = (—1)9e8(X)deg(Y) £(y, X).
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Nonetheless, the correspondence discussed in Chapter 1 between a theory of
supergravity on AdSs x S and the N = 4 supersymmetric Yang-Mills theory on
d-dimensional Minkowski spacetime talks about the projective special unitary Lie
superalgebra psu(2,2[4).

To explicitly define it, one should first consider the special unitary Lie superal-
gebra sl(m, p|n, q), whose homogeneous spaces are (V. KAC, 1977a)

su(m, pn,q), = {X € sl(mln), | S;1 xts,, = —iSX}, (4.54)

where s € Z, is the supergrading of the Lie superalgebra, X' = XT is the transpose

(Hp 0 0 )

0 —Inyp

S, = e glim|\n).

pa o | e
0 —Iig

For comparison, consider the usual special unitary Lie algebra, defined as

conjugate of X, and

su(n) == {X €sl(n)| X" = —X};

comparing it with (4.54), it is similar to the bosonic part of su(m|n) = su(m,0|n,0),
only with the substitution of sl(m) to sl(m|n)g = sl(m) @ sl(n).

As for the usual Lie algebra case, su(m, p|n,q) is a Lie superalgebra over the
real numbers. That is important to remark because, when m = n, the identity
matrix [ is not an element of su(m, p|m, q), but il (the imaginary unit times the
identity matrix) is. Consequently, the Lie superalgebra su(m, p|m, q) also has a

central ideal, this time

i == (il)R.
That yields to the definition of the projective special unitary Lie superalgebra
psu(m, p|m,q) = su(m, p|m,q)/i'.

Under the light of the AdS/CFT correspondence, it is of interest to consider
the case when m = 4, p = 2 and g = 0, obtaining psu(2,2|4) = psu(2,2|4,0). For
simplicity and for clarity, take the case (1,1]2); the elements of s[(2]2) and the
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matrix S; o respectively look like

X = e and S19 = 10 , where I := 10
B b ’ 0 I 0 -1

and tr(a) — tr(b) = 0. Thus an element of su(1,1|2) in the above decomposition is
such that

at = —TaT, B = iochT,

bt = —b, tr(a) = tr(b).

The generalization to psu(2,2[4) is immediate.

After understanding the cohomology of ps((m|m), this project shall move closer
to its original motivation in physics by studying the cohomologies of su(2,2|4)
and psu(2,2/4). From that, one can better understand the central extensions of
psu(2,2|4) through its 2" cohomology group, which gives direct information
about representation of products of local operators in the computation of correla-
tion functions (MIKHAILOV, 2025).



Acta est fabula plaudite

— Augustus Caesar, apud Suetonius
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Appendix A

The long exact sequence in cohomology

from an exact triple

The goal of this Appendix is to prove Theorem 1. I present two proofs, one
using the Snake Lemma, and the other by brute force using “diagram chasing”.

A.1 Via Snake Lemma

Consider the homomorphism f: L' — L between two abelian groups. As
one knows, its kernel is the subgroup of the domain L’ defined by the elements
mapped by f to the neutral element of the codomain L. One can also define the
cokernel of f as the quotient space coker f := L/im f.

Then, let me enunciate the following result (WEIBEL, 1994).

Snake Lemma. Consider the diagram

L M N’ 0
bl w
0 L — M N.

If the rows are exact, then there exists an exact sequence

ker f ——— kerg —— kerh j
)

[—> coker f —— cokerg —— cokerh,

where 6 is (schematically) defined by the formula

Slyl=1[i""gj'y], yekerh

76
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This is a famous Lemma in homological algebra, whose name is a playful
reference to the shape of the connecting homomorphism § — which is drawn in
that way because each column of the original diagram (A.1) is extended as

ker f « L L coker f.

The proof for the Snake Lemma is by diagram chasing, which is done directly
for Theorem 1 in the next section of this Appendix. Under the light of the Snake

Lemma, Theorem 1 is a consequence of considering the diagram

B*/imd¥! —— CF/imdS! —— DF/imdls !t —— 0

[ [ [

0 — > kerds! — & kerd! — & kerd<L
B C D

where d* is the unique homomorphism such that
ok = Pt o gk,

for J the quotient map. This means that d*[xX] = [@¥xX] for all x* € Ck. Thus
xk € ker d if and only if [x*] € ker dF; therefore

ker dk

_. gk
mae1

kerd* =
Similarly, the cokernel of d* is H**1. The Snake Lemma then guarantees that

kerﬁllf3 —_ kerﬁ’é — kerﬁ’lg 75

L coker d¥ —— coker H’(‘: —— cokerdk,
is an exact sequence. From the previous observations, one has

H*(B*) ——— H¥(C*) ——— H*(D*)
(5k

L HK1(B*) —— HFY(C®) —— HMY(D*).
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A.2 Via diagram chasing

In this section, I sketch the proof of Theorem 1 by diagram chasing, following
LIMA (2009). Trying to simplify things, I will use w, x and y for cochains of B®, C*
and D*, respectively; the superscript on each cochain shall represent its Z-grading

on the corresponding differential graded group.

Definition of 5¥. Considering the exact triple

f

0 B* - c* —%5 D* 0,

let y* € D¥ be a cocycle and pick x¥ € CF such that ¢¥x¥ = y¥ — which is possible
because g* must be surjective for the triple to be exact (Example 2.1.d.). Being y* a
cocycle, it is an element of ker d%; thus

gk
Ck s Dk
_ qk k+1 gk .k

0= d& y* = a5 (¢"x") = ¢ dkx because di&l ldllc)

Cck+1 s Dk+1

k+1 ’

8

Now, d’éx is an element of ker g1 = im f**1, thus there must exist some cochain
w1 € B! such that dkxk = ka w1, Such w**1 is unique, because f**1 is

injective. Obviously, d5x* is in ker dkH, thus

d]é-i‘l fk+1wk+1 = 0.
Such maps, namely f**1 and d]grl, fit into the following commuting diagram:

g1 S k41
— s C

k+1 k+1
dB+ J/ ldc+

Bk+2 fk+2 s Ck+2_

The element wk*!, starting in the upper-left corner, goes to the lower-right corner

through d&! o f¥+1 and reaches 0 € Ck*2. Since f¥*2 is injective, it must be that

d’}g—l—lwk—l-l k+1

= 0,i.e. wk*!is a cocycle of BF1.
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Finally, for each k define a homomorphism

5k: Hk(DO) —)Hk+1(B.)

[y — [,

From this construction, it is reasonable to write symbolically
" = [(FN) e (87T

or simply
=1 of*1 odc og*1 o [-]*1,
where [-] or [] 7! represent taking the cohomology class or a representative of it,

respectively. Even though f~! and ¢~! are not univocally defined, the cohomology
classes are well-defined by the formula, as it is shown next. O

Well-definedness of 5*. Now, one has to show that the choices of representative y*
in the homology class [y¥] € H*(D*) and cochain x* such that y* = gkx* do not
affect the value of [w*+1] € H1(B*).

The most general choice in the cohomology class [y¥] would be a cochain of the
form §* = y* + d’glyk’l, for some y*~1 € D¥"1. Again, g*~! is surjective, thus
there exists x*~1 € Ck~! such that =1 = ¢5~1x*¥~1 hence

G = Yk TRl = g g (k1
N

7

where the second equality comes from d’gl ogh 1 =gFo d'é_l.

The most general choice of cochain ¥ € CF such that ¥ = ¢*# would be
= ok gkl Ryt
for some w* € B¥, which would yield

gk = ghyk gk g k=1 4 gk — kgl gh—Tyk—1

thus ¢#F = v* + d'glyk’l — which is, again, the most general form of an element

in the cohomology class [y].
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Now,
0
d]é.fk — d]éxk _i_glédjfé(r;ckfl + d]éfkwk — d’éxk +fk+1d]§wk;

recall that w**! was picked in B¥*! to be such that dkx* = fFH1lwkt1 thus
dh gk = prlyhel | pel gk — gkl (wk+1 + d’éwk).
With these new choices, one would have
K[k + a5 15 = [k 4 dhak] = [wh ] = sy,
hence the image of ¥ does not change with different choices of representatives. L[]
6% is a homomorphism. From &*[yX] = [(f*1)~1dk(g¥)~1y¥], one sees that o* is

defined in terms of homomorphisms, thus it inherits that nature from f, g, dc and
the quotients. [

The sequence in cohomology (below) is exact.

ey () /ey (89 k! e ok k+1/ e
- —— H*(B*) —— H*(C*) —— HY(D®*) —— H*"'(B*) —— ---

For that, one has to show three similar (but independent) things:

x The kernel of 6* equals the image of (¢*)*. Firstly, take [y¥] = (¢¥)*[x"] in the image
of (gF)*. From Proposition 1, one has [y*] = [¢*x*] with dfx* = 0, thus

()" ¥ = 81y = [(F4) k] =0

thus im(g¥)* C ker &*.

For the reversed inclusion, take [y¥] € kerd*, i.e. 65[yf] = [w**1] = 0; then
w1 = dkwk for some wk € BF. Let x¥ € CF be such that gkxk = y*. Then,
from the construction of §*, one knows that df.xk = fFH gkl = frl ghgpk —
dk frwk; thus db (x* — f*wk) = 0. Hence #* := x* — f*wk is a cocycle in C* with
gk — gkk _ ok fkyk — ok ik thys

(8)*[#] = [¢""] = [v"],

therefore ker 6¥ C im(g)*.
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x The kernel of (f*1)* equals the image of 5*. Note that (f**1)* 0 6¥ = 0. In-
deed, for any cohomology class [y¥] € H*(D*), one has 6¥[y] = [wk*!], where
Wl € kerdi™ and fA 1wt = dEak and gFxF = ¥, by the construction of 6F.

Consequently,
(fk-H)* 5k[]/k] — (fk+1)*[wk+1] — [fk+1wk+1] — [d](‘:xk] —0¢c Hk—H(C’),

hence im 6F C ker(f*1)*.

Now, if [w*t1] € ker(fF1)*, ie. 0 = (F*1)*[wkH1] = [f* 1w *1] for a certain
cocycle w1l € Zk1(B®), then fF+ 1wl = dkxk with x* € Ck. Take y* = gkxk;
then 6 [y¥] = [w!*1], which implies that ker(f*+1)* C im &*.

x The kernel of (¢*)* equals the image of (f¥)*. Since (¢F)* o (f¥)* = (¢* o fF)* =0
(recall Proposition 1), it is immediate to conclude that im(f*)* C ker(g*)*.
Now, take [x¥] € ker(g¥)* C H¥(C*); then 0 = (¢")*[x"] = [¢*x*] € H¥(D®),
which means there is y*~! € D¥! such that g"x* = d¥1y¥~1. Since g is surjec-
tive, there is x*~1 € C*~1 such that g*~1x*~1 = y/~1. Thus,

k

g xk — dl}c)—lyk—l — dlch—l k-1, k=1 _ gk dlé_lxk_l,

g X

hence g*(x* — d'glxk_l) = 0. By exactness of the original cochain complex,
there must be w* € BF such that x¥ — A< 1xk=1 = fkwk. Since [xk] € H¥(C®)
means that x* € ker d~, it follows that

fErtdgt = d ffrok = di(xF — d ) = 0;

since f*1 is injective, one concludes that dwk = 0, thus w* € Z¥(B*) and
(F5)*[wh] = [frak] = [xF - d’éﬁlxk_l] = [x¥], hence ker(g¥) C im(f*)*. O
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