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Resumo

Esta dissertação investiga duas abordagens complementares de folha de mundo
para a teoria das supercordas: o formalismo de Ramond–Neveu–Schwarz (RNS)
e o formalismo de espinores puros. Inicialmente, analisamos a estrutura da su-
percorda no formalismo RNS, com ênfase em sua ação, simetrias conformes e
superconformes, e nos sistemas de fantasmas bc e βγ. A construção de oper-
adores de vértice, as propriedades dos estados fundamentais e a implementação
da projeção GSO são discutidas em detalhe, juntamente com seu papel na garantia
da supersimetria no espaço-tempo. Em seguida, examinamos a prescrição para
amplitudes de espalhamento no formalismo RNS, destacando a função dos oper-
adores de mudança de picture e a relação com a anomalia da corrente de número
fantasma.

Na segunda parte, exploramos o formalismo de espinores puros, destacando
sua formulação manifestamente supersimétrica. Após apresentar a restrição do
espinor puro e a decomposição dos espinores, estudamos as propriedades con-
formes dos fantasmas de espinor puro e a construção de operadores de vértice. A
prescrição em nível árvore para amplitudes de espalhamento é analisada nesse
contexto, com ênfase em suas vantagens em relação ao formalismo RNS.

Finalmente, introduzimos uma versão modificada do formalismo de espinores
puros que surge da substituição dos campos do formalismo RNS por certos campos
do formalismo de espinores puros. Essa construção possibilita a definição de
operadores de vértice manifestamente supersimétricos e covariantes, e sugere
uma carga BRST modificada com covariância explícita sob U(5). Como exemplo
específico, o operador de vértice do glúon sem massa foi analisado. Ao estender
essa construção, tanto o glúon quanto o gluíno puderam ser descritos dentro de
uma formulação em termos de supercampos, onde os oito graus de liberdade do
gluíno foram naturalmente organizados em dois conjuntos de quatro, cada um
associado a um picture distinto. Embora a formulação não esteja completamente
detalhada nesta dissertação, os resultados obtidos indicam uma nova conexão
entre as abordagens RNS e pure spinor.

Palavras Chaves: Formalismo RNS da Supercorda; Formalismo de espinores
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puros; Teoria de Super-Yang-Mills; Amplitudes de espalhamento.

Áreas do conhecimento: Física matemática; Física das partículas elementais e
campos; Teoría das cordas; Física de altas energias.
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Abstract

This thesis investigates two complementary worldsheet approaches to super-
string theory: the Ramond–Neveu–Schwarz (RNS) formalism and the pure spinor
formalism. We first analyze the structure of the RNS superstring, focusing on
its action, conformal and superconformal symmetries, and the associated bc and
βγ ghost systems. The construction of vertex operators, the properties of the
ground states, and the implementation of the GSO projection are discussed in
detail, together with their role in ensuring spacetime supersymmetry. We then
examine the prescription for superstring scattering amplitudes, emphasizing the
function of picture changing operators and the interplay with the ghost number
current anomaly.

In the second part, we explore the pure spinor formalism, highlighting its
manifestly supersymmetric formulation. After presenting the pure spinor con-
straint and the decomposition of spinors, we study the conformal properties of
the pure spinor ghosts and the construction of vertex operators. The tree-level
prescription for scattering amplitudes is analyzed within this framework, with
particular emphasis on its advantages over the RNS approach.

Finally, we introduce a modified version of the pure spinor formalism that
comes from the replacement of the RNS fields by some pure spinor fields. This
construction enables the definition of manifestly supersymmetric and covariant
vertex operators and suggests a modified BRST charge with explicit covariance
under both U(5). As a specific example, the massless gluon vertex operator was
analyzed. By extending this construction, both the gluon and the gluino could
be described within a superfield framework, where the eight gluino degrees of
freedom were naturally arranged into two sets of four, each associated with a dif-
ferent picture. While the formulation is not fully detailed in this thesis, the results
obtained indicate a novel link between the RNS and pure spinor approaches.

Keywords: RNS Superstring; Super-Yang-Mills; Pure spinor superstring; scatter-
ing amplitudes.

Knowledge areas: Mathematical Physics; String theory; Elementary Particle
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Chapter 1

Introduction

Superstring theory has emerged over the past decades as one of the most
promising frameworks for unifying quantum mechanics and general relativity. By
postulating that the fundamental constituents of nature are not point particles but
one-dimensional extended objects, it provides a consistent ultraviolet completion
of perturbative quantum gravity and an elegant explanation of the rich spec-
trum of particles and interactions observed in high energy physics. Furthermore,
its inherent connection to supersymmetry and higher-dimensional geometries
has deepened our understanding of both mathematical structures and physical
principles underlying fundamental interactions.

A central feature of string theory is its dependence on the choice of worldsheet
description, which encodes the dynamics of strings through two-dimensional
conformal field theories. Different worldsheet formalisms not only provide com-
plementary insights into the theory but also give rise to distinct computational
tools and conceptual frameworks. Among them, the Ramond–Neveu–Schwarz
(RNS) formalism and the pure spinor formalism occupy a prominent position.

RNS Formalism and its Challenges

The RNS formalism was one of the earliest successful formulations of the
superstring. It extends the bosonic string by incorporating worldsheet fermions
and local supersymmetry, thereby producing a consistent spectrum that includes
spacetime fermions after the Gliozzi–Scherk–Olive (GSO) projection. This projec-
tion plays a fundamental role in ensuring modular invariance and eliminating
tachyonic instabilities, while simultaneously enforcing spacetime supersymme-
try. The RNS approach provides a clear geometric picture, where conformal and
superconformal symmetries of the worldsheet play a guiding role.

Despite these strengths, the RNS formalism suffers from intrinsic technical
difficulties. The presence of worldsheet supersymmetry leads to the necessity
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Chapter 1. Introduction 2

of introducing the βγ and bc ghost systems, and the construction of physical
states requires the use of vertex operators in different ghost “pictures.” Scattering
amplitudes then rely on the insertion of picture changing operators (PCOs), which
complicates computations and often obscures spacetime supersymmetry. While
numerous prescriptions exist to address these challenges, the lack of manifest
supersymmetry and the dependence on picture-changing procedures remain a
central drawback of the RNS framework.

Pure Spinor Formalism

In contrast, the pure spinor formalism, developed by Berkovits and collabora-
tors, provides a manifestly supersymmetric formulation of the superstring. The
key idea is the introduction of bosonic spinor variables λα, subject to the pure
spinor constraint λαγm

αβλβ = 0. These variables serve as ghosts for a BRST-like
operator that enforces the physical state conditions, thereby eliminating the need
for picture changing operators and allowing scattering amplitude prescriptions
that preserve spacetime supersymmetry at all stages of computation.

This approach has several remarkable advantages. It unifies the description of
superstrings in various backgrounds, streamlines the computation of loop ampli-
tudes, and has been successfully applied to both ten-dimensional super-Yang–Mills
theory and type II supergravity. Moreover, its manifest supersymmetry makes it
particularly appealing for exploring the structure of higher-loop corrections and
dualities in string theory. Nevertheless, the pure spinor formalism introduces its
own conceptual challenges, including the nontrivial geometry of the pure spinor
space, the treatment of its constrained variables, and the construction of composite
operators.

Towards a New Formalism

The RNS and pure spinor formalisms thus represent two complementary ap-
proaches: the former grounded in a traditional conformal field theory perspective
with explicit worldsheet supersymmetry, and the latter offering manifest space-
time supersymmetry at the cost of introducing constrained ghost variables. A
natural question arises: can one develop a hybrid formalism that combines the
computational simplicity of pure spinors with structural elements inherited from
the RNS ghosts?
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In the final part of this work, we outline such a construction. It emerges
from the replacement of RNS fermions by new pure spinor variables, and some
similarity transformations. We analyze their supersymmetry charges, construct
U(5) and SO(10)–covariant operators, and provide preliminary steps towards a
manifestly supersymmetric and covariant BRST operator.

Although the formulation is still under active development and is not fully
detailed here, with a complete description for the scattering amplitude prescrip-
tion of this new formalism left for future work, the preliminary results suggest a
promising new bridge between the two formalisms. In particular, this approach
may provide new perspectives on the calculation of superstring scattering am-
plitudes, potentially resolving some of the long-standing issues associated with
picture changing while retaining the advantages of manifest supersymmetry.

This dissertation is organized as follows. In Chapter 2, we introduce the main
ideas behind the RNS formalism, including its action, symmetries, and ghost
sector based on [1–3]. Chapter 3 presents the construction of vertex operators and
discusses the GSO projection, followed by the analysis of the scattering amplitude
prescription and the role of picture changing operators. In Chapter 4 takes results
from [4–6]. On this chapter we turn to the pure spinor formalism, reviewing its
action, constraints, and ghost structure, as well as the construction of vertex opera-
tors and the tree-level prescription for scattering amplitudes. Finally, Chapter 5
presents a introdution for a new variant of the pure spinor formalism, with a
specific example where we analyze the massless gluon vertex operator and ex-
tend the construction to a superfield description that simultaneously incorporates
gluon and gluino degrees of freedom. Also some hints on the construction of the
full covariant manifest supersymmetric BRST and supercharge operators is given,
taking [7] as the main reference.



Part I

Ramond-Neveu-Schwarz formalism
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Chapter 2

RNS superstring and Vertex Operators

The RNS (named after Ramond, Neveu and Schwarz) formalism establishes a
mathematical framework to study superstring theory. The main objective of such
formalism was the description of fermionic matter in the model, and also to get
rid of tachyons described by bosonic string theory.

On this work we use ηmn = diag(−1,+1, . . . ,+1) as the signature of the metric.

2.1 RNS superstring action and symmetries

We start by considering the following gauge fixed world-sheet supersymmetric
action

Smatter =
1
2

∫
d2z
(

∂Xm∂Xm − Ψm∂Ψm − Ψ̃m∂Ψ̃m

)
, (2.1)

where Xm, Ψm and Ψ̃m are D-dimensional spacetime vectors. These can be seen
as scalar or spinor fields of the two-dimensional flat worldsheet with coordinates
(z, z). The equations of motion can be easily obtained:

∂∂Xm(z, z) = 0, ∂Ψm(z, z) = 0, ∂Ψ̃m(z, z) = 0. (2.2)

Notice that from these equations we can conclude that ∂Xm(z) and Ψm(z) are
holomorphic functions, while ∂Xm(z) and Ψ̃m(z) are antiholomorphic. Due to this
distinction on holomorphic and antiholomorphic fields it is possible to describe
each of them separately.

Grassmann spacetime vectors Ψm used in the description of the RNS super-
string must also satisfy the open- or closed-string boundary conditions

2.1.1 Closed string case

If we work with cylinder coordinates, we require the periodicity condition
w ∼= w + 2π. There are two possible choices for the boundary conditions in Ψm

5



Chapter 2. RNS superstring and Vertex Operators 6

and its analogous antiholomorphic field;

Ψm(w + 2π) = exp(2πiν)Ψm(w), (2.3)

Ψ̃m(w + 2π) = exp(−2πiν̃)Ψ̃m(w). (2.4)

where ν, ν̃ = 0, 1/2 correspond to Neveu-Schwarz (NS) or Ramond (R) fields. This
will lead us to separate the Hilbert space of states into four sectors defined by
(ν, ν̃). They are denoted as NS-NS, NS-R, R-NS and R-R.

2.1.2 Open string case

By using the doubling trick1 we only have to deal with the holomorphic Ψm

field, since it is related with Ψ̃m in cylinder coordinates
(

σ1, σ2
)

as a function with

a extended range σ1 ∈ (0, 2π]

Ψm
(

σ1, σ2
)
= Ψ̃m

(
2π − σ1, σ2

)
, σ1 ∈ (π, 2π]. (2.5)

Considering the condition that the surface term must vanish at the boundaries of
σ1 ∈ (0, π] of the open string we have the following possible choices

Ψm
(

σ1 = 0
)
= exp(2πiν)Ψm

(
σ1 = 0

)
, (2.6)

Ψm
(

σ1 = π
)
= exp(2πiν′)Ψm

(
σ1 = π

)
. (2.7)

We can renormalize Ψm to get rid of the ν′ exponential factor, and we remain with
two possible choices for ν, which define the NS (ν = 0) and R (ν = 1/2) sectors.
Since the open string worldsheet has boundaries, it can be mapped to the upper
half-plane of a complex plane, with the boundary corresponding to the real axis.
This justifies restricting our attention to operator insertions and OPEs along the
real line when working in such planar coordinates.

The closed string spectrum can essentially be understood as the combination
of two open string spectra. Consequently, we will focus primarily on the open
string case in the remainder of this work.

1It basically consists on relating holomorphic fields above the real line on the radial plane, and
antiholomorphic fields that are below such line, as the complex conjugated of each other. A more
complete description can be found on [1]
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2.2 Conformal and superconformal symmetries

The system still has two kinds of residual symmetry. The first one is the
conformal symmetry generated by the energy-momentum tensor2

Tmatter(z) = −1
2
[∂Xm∂Xm − Ψm∂Ψm] , (2.8)

and also superconformal invariance, that mixes both commuting and anticommut-
ing fields:

δ [∂Xm(z)] = ϵ∂[v(z)Ψm(z)], δΨm(z) = ϵv(z)∂Xm(z), (2.9)

where v(z) is a holomorphic function. Such transformation is generated by

Gmatter(z) = −1
2

Ψm∂Xm. (2.10)

In bosonic string theory conformal transformations can also be seen as some
transformation on the complex coordinates of the worldsheet by a holomorphic
function δz = ϵv(z). The same can be done for superconformal transforma-
tions: An infinitesimal conformal transformation is parametrized by a superfield
V(z, θ) = v0(z) + θv1(z) as

δz = v0(z) +
1
2

θv1(z) = V + θδθ, (2.11)

δθ =
1
2
[v1(θ) + θ∂v0(z)] =

1
2

DV. (2.12)

It is important to mention that the composition of two superconformal transfor-
mations is a conformal transformation, as the reader can verify.

The conformal structure of the theory we are describing let us to define operator
product expansions (OPEs) between the operator fields. We have

Xm(z)Xn(0) ∼ −ηmn ln |z|, (2.13)

Ψm(z)Ψn(0) ∼ δmn

z
, (2.14)

and the remaining ones are non-singular expansions. It is important to emphasize

2Normal ordering of the product of operators is defined implicitly along this work. It will be
made explicit if in some calculation is required.
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that the XX OPE is defined on such way with z being on the real axis. This
restriction is sufficient because, in open superstring theory, vertex operators are
inserted at the boundary of the worldsheet, which can be mapped to the real
axis in the upper half-plane formulation, making it the only region relevant for
physical observables.

A useful tool to compute OPEs is the following prescription for the product of
normal-ordered operators:

: F(X(z)) :: G(X(w)) := e

[∫
dz′dw′(− ln |z′−w′|) δ

δXF(z
′) ·

δ
δXG(w′)

]
: F(X(z))G(X(w)) :,

(2.15)
where the integrals are over the real axis and the functional derivatives δ/δXF

and δ/δXG only evaluate terms on F(X) and G(X) respectively. An analogous
expresion can be written for any other pair of fields that contain singular terms on
their OPEs. With this we can verify get some useful relations for our work

eik1·X(z)eik2·X(0) = |z|k1·k2 : eik1·X(z)eik2·X(0) :, (2.16)

∂Xm(z)F(X(0)) ∼ −1
z

∂mF(X(0)), (2.17)

with ∂m = ∂/∂Xm.
There are some special operators O(z) that transforms under a holomorphic

change of coordinates z → f (z) as

O(z) → ( f ′(z))hO( f (z)). (2.18)

We define them as primary or tensor operators with conformal weight h. This
behavior is encoded in its operator product expansion (OPE) with the energy-
momentum tensor, given by

T(z)O(w) ∼ h O(w)

(z − w)2 +
∂O(w)

z − w
+ regular terms. (2.19)

This OPE defines the operator as primary and governs how it contributes to
correlation functions and the realization of conformal symmetry on the worldsheet.
Based on this it is possible to verify that (X, Ψ) have conformal weight (hX, hΨ) =

(0, 1/2)
For the product of two primary operators A and B with conformal weight hA
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and hB it is one can verify that

T(z)AB(w) ∼ (hA + hB)

(z − w)2 AB(w) +
1

z − w
∂[AB](w). (2.20)

Also, it is easy to see that the derivative ∂ = ∂/∂z of some tensor operator of
weight h will be primary as well, with conformal weight h + 1.

2.3 Ghost fields

Since the worldsheet metric and gravitino have been fixed to get action (2.1)
the introduction of ghost fields is required to have a quantum description of the
theory. We introduce two pairs of holomorphic ghost fields: (b, c) anticommuting
pair appears because of conformal symmetry, and the (β, γ) commuting pair deals
with superconformal transformations. The ghost contribution of the RNS action is

Sghost =
∫

d2z(b∂c + β∂γ). (2.21)

Notice that such the ghost sector of the action has conformal invariance, since
b, c, β and γ have weights (2, 0), (0,−1), (3/2, 0) and (0,−1/2) respectively.
Superconformal symmetry is also a feature of the action. The generators are given
by

Tghost = c∂b + 2(∂c)b − 1
2 γ∂β − 3

2(∂γ)β, (2.22)

Gghost = c∂β +
3
2
(∂c)β − 2bγ. (2.23)

The same can be generalized for antiholomorphic ghost fields to study the closed
string spectrum. In the open string case the antiholomorphic and holomorphic
fields are related by using the doubling trick.

The ghost fields behave in the same way as a bc and βγ conformal field theories,
with parameters λbc = 2 and λβγ = 3/2. The OPEs are defined as

c(z)b(0) = b(0)c(z) ∼ 1
z

, (2.24)

γ(z)β(0) = −β(0)γ(z) ∼ 1
z

. (2.25)

Since we are looking for a quantum description of the matter-ghost system, we
have to ensure that the theory does not have anomalies (so T must be a primary
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conformal operator). The central charge of Smatter + Sghost is 3D/2 − 15. Therefore,
to preserve conformal symmetry, we must impose D = 10 throughout this work.

2.4 Matter ground state and state operator correspon-

dence

To describe the Hilbert space of the theory we can follow a similar procedure as
in bosonic string theory. First it is possible to define the superconformal generators
in terms of a Laurent series as

T(z) = ∑
n

Ln

zn+2 , G(z) = ∑
r

Gr

zr+3/2 , (2.26)

with r ∈ Z for the R sector and r ∈ Z + 1/2 for the NS sector. The algebra becomes

[Lm, Ln] = (m − n)Lm+n +
1

12
c
(

m3 − m
)

δm+n,0, (2.27)

{Gr, Gs} = 2Lr+s +
1

12
c
(

4r3 − 1
)

δm+n,0, (2.28)

[Lm, Gr] =
m − 2r

2
Gm+r, (2.29)

and it is called the Ramond algebra for the r, s integer and the Neveu-Schwarz
algebra for the r, s half integer. Terms that contain central charge factors can be
dropped once we add the ghosts and make D = 10. Notice that (L0, L1, L−1) form
a closed SL2 algebra.

It is possible to see that in string theory, the operator L0 corresponds to the
worldsheet Hamiltonian, generating translations in worldsheet time. Its eigen-
value determines the energy levels of string states and is directly related to their
physical mass through the Virasoro constraints. This relation arises because L0

generates time translations on the worldsheet cylinder.
We define the highest weight state |h⟩ as the one that satisfies L−n |h⟩ = 0 and

G−r |h⟩ = 0 for n > 0, r ≥ 0 and L0 |h⟩ = h |h⟩. We can build a full tower of states
to define the Hilbert space by applying the raising operators L−n and G−r with
n, r > 0.

In the same way, it is possible to describe matter fields in terms of Laurent



Chapter 2. RNS superstring and Vertex Operators 11

series.

∂Xm = − i
2 ∑

n

αm
n

zn+1 , Ψm = ∑
r

Ψm
r

zr+1/2 . (2.30)

The coefficients (αm
n , Ψm

n ) will be promoted to operators. In addition, the zero mode
of Xm (which will be denoted by Xm

0 ) is required to have a non zero commutator
with the canonical momentum αm

0 ≡ Pm to have a complete description of the
operator Xm(z). It is possible to have the mode operators in terms a contour
integral of the field. For example

αm
−n = 2i

∮
z−n∂X(z), Ψm

−s =
∮

z−s−1/2Ψm(z), (2.31)

where we denote
∮

=
∮ dz

2πi
and the contour encloses the position of the local

operator, such as z = 0. Notice that for the Ramond sector the definition of the
modes is complicated to deal with, since the integral encloses sectors with branch
cuts due to the half-integer power of z.

The commutation relation of the coefficients can be obtained from the operator
product expansion of the fields, obtaining the following expressions:[

αm
p , αn

q

]
= −pηmnδp,−q, (2.32)[

αm
p , Xn

]
= −ηmnδp0, (2.33)

{Ψm
r , Ψn

s } = −ηmnδr,−s, (2.34)

and we can write the Ln and Gr modes of T(z) and G(z)as

Lm =
1
2 ∑

n∈Z

: αm−n· αn : +
1
4 ∑

r∈Z+ν

(2r − m) : ψm−r·ψr : +Aδm,0, (2.35)

Gr = ∑
n∈Z

αn·ψr−n, (2.36)

where : : in this context denotes creation-annihilation normal ordering, taking
(αm

n>0, ψm
s>0, Pm) and (αm

n<0, ψm
s<0, Xm

0 ) as lowering and raising operators respec-
tively. The normal ordering constant A takes the value 10/16 in the Ramond
sector, while it vanishes in the Neveu–Schwarz sector.

The vacuum state of the theory |vacuum⟩ is defined as a state that satisfies

αm
n |vacuum⟩ = 0, ψm

r |vacuum⟩ = 0, for n, r > 0. (2.37)
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So we can see that |vacuum⟩ is a highest weight state of Ln modes. Notice that in
the NS sector the index r can only have half-integer values, so there is no problem
with the definition of the vacuum state. However, in the R sector we can see that
ψm

0 is a well-defined operator that maps vacuum states into itself. So, the ground
state in the R sector is degenerate.

Redefining Ψm
0 = (2i)−1/2Γm with itself, the Dirac gamma matrices algebra

{Γm, Γn} = 2δmn is recovered. So |vacuum⟩ in the Ramond sector belongs to
a spacetime spinor representation of the Dirac algebra on D = 10. We can
summarize this as

NS sector vacuum: |0⟩ (scalar)

R sector vacuum: |s⟩ (10-dimensional spinor)
(2.38)

It is possible to reduce the 32-dimensional spinor representation into two Weyl
representations 16 + 16′. These two can be distinguished by their eigenvalue
under the gamma matrix Γ11 (which is the 10-dimensional analog of well known
4-dimensional Γ5 matrix. From now on we will denote it just as Γ).

By definition it is trivial that {Γ, Ψm
0 } = 0. We can generalize this by introduc-

ing an operator that anticommutes with the full ψm. First, we can obtain the mode
expansion of the Noether currents associated with Lorentz transformations for the
anticommuting part of the superfield (in both R and NS sectors).

Σmn =
i
2 ∑

r∈Z+ν

[Ψm
r , Ψn

−r] . (2.39)

This is a generalization of the zero mode Lorentz generators. Now we define the
world sheet fermion number as

F =
4

∑
a=0

Sa, (2.40)

where Sa = iδa,0Σ2a,2a+1. We can use it do define the fermion parity operator Γ as

Γ = exp(iπF) = (−1)F, (2.41)

and verify
ΓΨm = (−1)FΨm = −Ψm(−1)F = Ψm(−1)F+1, (2.42)

so the worldsheet fermion number is defined only mod2. We can see that this
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operator anticommutes then with all the fermionic components of the superfields
and commutes with its bosonic part. We can also define the parity of states in the
NS sector by using the same operator. We will set the NS vacuum state to have a
negative parity

(−1)F |0⟩NS = − |0⟩NS , (2.43)

Therefore, any product of even factors of ψm
r will have negative parity. This

sector is denoted by NS−. States that contain an odd number of anticommuting
components, such as Ψµ |0⟩NS, posses positive parity and belong to NS+. On the
other hand, the action of Γ on the R ground state is as follows

|s⟩R = Γss′ |s′⟩R , (2.44)

and in the same way, spinors with positive and negative parity will compose the
R+ and R− sectors, respectively. We will see this in more detail at the end of this
section.

It is possible to map states of the theory to a set of local operators by using the
state-operator correspondence3. We use this get operators that are related to the
ground states we described. The NS ground state is related to the identity operator
|0⟩NS ≡ |1⟩ ∼= 1. We can verify that for for n ≥ 0

αm
−n |1⟩ ∼= 2i

∮
z−m∂X(z)· 1 = 0, (2.45)

as we defined the vacuum state. The same can be verified for ψm
−s NS operators.

It is not trivial to get the operator associated to Ramond vacuum state |α⟩R. To
get it we start by doing a Wick rotation to define Ψ10 ≡ iΨ0 and we end up with a
SO(10) spacetime symmetry. We must break it by defining U(5) quantities:

ψa =
1√
2

(
Ψa + iΨa+5

)
, ψa =

1√
2

(
Ψa − iΨa+5

)
. (2.46)

where a = 1, . . . , 5. If ψa transforms under the fundamental representation of U(5)
then ψa must transform in the antifundamental representation. Since these are
fermionic fields obey a 2D CFT, they can be equivalently described in terms of
bosonic fields. This procedure is known as bosonization, which allows fermions to

3A more extended discussion about this can be found on [1, 8].
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be represented as exponentials of chiral bosons. So we can bosonize these fields as

ψa ∼= eiσa , ψa ∼= e−iσa , (2.47)

where σa are chiral scalar fields that follow the OPE σa(z)σb(0) ∼ −δab ln z. Also
we must define the energy momentum of bosons as

T = −1
2

5

∑
a=1

(∂σa)2 , (2.48)

and to verify that both theories are equivalent one can compute OPEs of the
fermionic fields and their bosonized form, and also looking for the conformal
weight of ψa and eiσ verifying that both are equal. Bosonization is helpful since
we avoid dealing with branch cuts that appear on the Ramond sector.

We can write the 32 components of the spin field S in chiral basis as

Ssa(z) ∼= exp(is· σ(z)), (2.49)

where sa → (±1/2, . . . ,±1/2), so the 32 components of S are described by the
25 possible ways of choosing eachsa. One can verify that the 32 components of S
have conformal weight h = 5/8. The Ramond sector ground state is given by

|s⟩R = S |0⟩NS
∼= S(z). (2.50)

The decomposition in terms of the parity can be easily done in this case. We obtain
two sets of 16 component chiral Sα and antichiral Sα sectors, where these can be

distinguished by looking to the coefficient F = sign

(
∏

a
sa

)
= −1 (chiral) or +1

(antichiral). Notice that F plays a similar role as the fermion number operator
defined on (2.41) as it similarly distinguishes between the two Ramond sectors
R+(for F = −1) and R−(for F = +1).
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2.5 Ghost ground state

2.5.1 bc system

To analyze vacuum states of ghost systems we can follow the same procedure.
The mode expansion for the fields

b(z) =
∞
∑

m=−∞

bn
zn+2 , c(z) =

∞
∑

m=−∞

cn
zn−1 , (2.51)

and from OPEs one can verify the commutation relations

{cm, bn} = δm,−n. (2.52)

One first guess could be to consider the ground state as |1⟩ ∼= 1 as we did for the
matter fields. Such state satisfies

bn |1⟩ = 0, n ≥ −1, (2.53)

cn |1⟩ = 0, n ≥ 2, (2.54)

but it does not get annihilated by all the positive modes of c (c1 |1⟩ ̸= 0).
On the other hand notice that the bc CFT has a similar commutation relation

as a fermionic oscillator for the zero modes b0, c0. Therefore, if we want to define
|0⟩bc as bm |0⟩bc = cm |0⟩bc = 0 for m ≥ 1 we would get a degenerate vacuum,
where we denote the states as |↑⟩ and |↓⟩. These are related by

b0 |↓⟩ = 0, c0 |↓⟩ = |↑⟩ ,
b0 |↑⟩ = |↓⟩ , c0 |↑⟩ = 0.

(2.55)

As we will see during the computation of scattering amplitudes it required to
define |0⟩bc ≡ |↓⟩ as the main vacuum, and we denote its degenerate partner as
c0 |0⟩bc.

We require to get the operator associated with |0⟩bc. This can be obtained as
follows: Since we have (b−1)

2 = 0 it is possible to establish a relation between |1⟩
and |0⟩bc:

|1⟩ = b−1 |0⟩bc . (2.56)

This expresion is enough to fulfill the condition bn |1⟩ = 0 for n ≥ −1. By using
the bc anticommutation relation we can also write |0⟩bc = c1 |1⟩ and we can write



Chapter 2. RNS superstring and Vertex Operators 16

the operator as

|0⟩bc = c1 |1⟩ ∼=
∮

z−1c(z)· 1 = c(0). (2.57)

2.5.2 βγ system

In the βγ CFT it is complicated to get an operator for the vacuum state. We can
see two problems, First, to get (2.56) on bc system it was important to consider
that the b ghost is fermionic, so the square of its modes is zero. We can not use this
fact on β, since it is a bosonic field. In principle this issue can be solved if we work
with Dirac delta functions of the ghost fields, such that

β(z)δ(β(0)) ∼ O(z), γ(z)δ(γ(0)) ∼ O(z). (2.58)

Notice that these OPEs are easily proposed if we use the property lim
x→y

f (x)δ( f (y)) =

0. This is enough to write the vacuum state of the NS sector as δ(γ(0)) as we will
see4.

The second and more complicated problem arise when we require to deal with
the R sector, where such description is more complicated because of the branch
cuts. Because of this we can work with the same strategy we used to define the
matter spin field (2.49): Bosonization.

It will be useful to study the bosonization of the general case of a bosonic ghost
βγ system with weight λ on β and 1 − λ on γ. The energy-momentum tensor is
given by

T = −1
2
[γ∂β + β∂γ] +

(
1
2
− λ

)
∂(βγ). (2.59)

In this case we must bosonize as γ = ηeϕ and β = ∂ξe−ϕ, with ϕ(z)ϕ(0) ∼ − ln z,
and the ξη system play the role of a bc ghost system of weight h = 0 and h = 1
respectively. The conformal transformation generator is a sum from the ξη and a
linear dilaton CFT.

T = −η∂ξ − 1
2

∂ϕ∂ϕ +

(
1
2
− λ

)
∂2ϕ. (2.60)

To verify that βγ and ϕηξ systems are equivalent we can look to their conformal
weights. The conformal weight of eikϕ is h =

[
k2 + ik(1 − 2λ)

]
/2, so γ = ηeϕ has

weight h = 1 − λ and β = ∂ξe−ϕ has weight h = λ, in the same way as the βγ

4The approach of the theory in terms of δ distributions is well described on [9]
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system.
We go back to the λ = 3/2 βγ system we were describing. The mode expansion

is given by
β(z) = ∑

r∈Z+ν

βr
zn+3/2 , γ(z) = ∑

r∈Z+ν

γr
zn−1/2 ,

βr =
∮

zn+1/2β(z), γr =
∮

zn−3/2γ(z).
(2.61)

and the mode coefficients satisfy [γs, βr] = δs,−r. We define |0⟩NS,βγ and |0⟩R,βγ in
the same way we did for the previous described systems

βr |0⟩NS,βγ = 0, γr |0⟩NS,βγ = 0, r ≥ 1/2

βr |0⟩R,βγ = 0, γr |0⟩R,βγ = 0. r ≥ 1
(2.62)

On the other hand by doing the OPEs with the identity operator we can verify that

NS sector:
βr |1⟩ = 0, r ≥ −1/2,
γr |1⟩ = 0, r ≥ 3/2,

R sector:
βr |1⟩ = 0, r ≥ 0,
γr |1⟩ = 0, r ≥ 2,

(2.63)

and it is evident that |1⟩ ̸= |0⟩R/NS,βγ.
To obtain OR/NS(z) ∼= |0⟩R/NS,βγ we begin by examining the NS sector, as the

method for the Ramond sector follows in a similar manner. We are looking for
some operator that behaves as

βr≥1/2 |0⟩NS,βγ =
∮

zr+1/2β(z)ONS(0) = 0 → β(z)ONS(0) ∼ O
(

z−1
)

, (2.64)

γr≥1/2 |0⟩NS,βγ =
∮

zr−3/2γ(z)ONS(0) = 0 → γ(z)ONS(0) ∼ O(z). (2.65)

From (2.65) we see that we can would be able to choose ONS(z) = δ(γ(z)) as we
stated before. However, dealing with distributions of ghost fields is way more
complicated. So we can start the bosonization process. Notice that we can define
ONS(z) = δ(γ(z)) ∼= e−ϕ(z) because it satisfies the required OPEs

β(z)ONS(0) ∼= ∂ξ(z)e−ϕ(z)e−ϕ(0) ∼ 1
|z|∂ξ : e−ϕ(z)e−ϕ(0) :, (2.66)

γ(z)ONS(0) ∼= η(z)eϕ(z)e−ϕ(0) ∼ |z|∂η : eϕ(z)e−ϕ(0) :, (2.67)

where operator normal ordering has been written explicitly. Notice that in the
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same way we can write δ(β) = eϕ.
The procedure is analogous in the R sector, and we end up with the βγ ground

states in R/NS sectors

ONS(z) = e−ϕ(z), OR(z) = e−ϕ(z)/2. (2.68)

2.6 Vertex operators

Vertex operators play a central role in string theory, as they provide the bridge
between the worldsheet conformal field theory and spacetime physics as we
compute scattering amplitudes. The approach we will use to compute the physical
spectrum of the superstring is by BRST quantization. The BRST charge is given by

QRNS =
∮ (

cTm,g − bc∂c + γΨ· ∂X − γ2b
)

, (2.69)

where Tm,g = Tm + Tg is the sum of the energy momentum tensor of the matter
and ghost fields. It is useful to write βγ as a bosonized system

QRNS =
∮ (

cTm,g − bc∂c + ηeϕΨ· ∂X − η∂ηe2ϕb
)

, (2.70)

and

Tm,g(z) = −1
2

∂Xm∂Xm +
1
2

Ψm∂Ψm − b∂c − ∂(bc)− η∂ξ − 1
2

∂ϕ∂ϕ − ∂2ϕ. (2.71)

So physical states will be described by local vertex operators V(z) that satisfy
QRNSV = 0. Notice that any vertex operator V is equivalent to V + QRNSΩ.
In fact, this can be seen as gauge transformations of some physical state. In
open superstring theory, vertex operators are confined to the boundary of the
worldsheet, which corresponds to the real axis when using planar coordinate
representation.

Here we present some vertex operators that will be important in the remaining
of this work.
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2.6.1 Tachyon vertex operator

Take the case of the product of some matter state on the NS vacuum state
ρ(X) |1⟩ with vacuum states of the ghost fields as

|ρ⟩ = ρ(X) |0⟩NS ⊗ |0⟩bc ⊗ |0⟩NS,βγ
∼= Vρ(0) = c(0)e−ϕ(0)ρ(X(0)), (2.72)

where ρ is some bosonic primary operator that is function of X(z). Since this state
is composed by the tensor product of ground states of matter and ghost sectors
we will obtain the lowest value on the mass spectrum of the superstring.

We look for the conditions that ρ must obey to be a physical state. It is conve-
nient to write5

Q0 =
∮ (

cTm,βγ + bc∂c
)

, Q1 =
∮

ηeϕΨ· ∂X, Q2 = −
∮

η∂ηe2ϕb. (2.73)

where Tm,βγ contains only the energy momentum tensor of matter and the bosonized
βγ system. So the first term

Q0V(0) =
∮

z=0
(cTm,g − bc∂c) (z)c(0)e−ϕ(0)ρ(X(0)). (2.74)

=
∮

z=0

[
1
2z

[∂m∂mρ(X(0)) + ρ(X(0))] c∂c(0)e−ϕ(0) + regular,
]

(2.75)

where ∂m = ∂/∂Xm. Then, to have Q0V = 0 we must impose

∂m∂mρ + ρ = 0, (2.76)

m2 = −k2 = −1. (2.77)

This is the field equation for a scalar field with negative squared mass. We say
then that V describes tachyons. On the other hand Q1V and Q2V vanish since
they do not contain singular terms on their OPEs:

Q1V(0) =
∮

ηc(0)Ψm(z)
[
z : eϕ(z)e−ϕ(0) :

] [1
z

∂mρ(X(0)) + regular
]
= 0, (2.78)

Q2 = −
∮

η∂η

(
1
z
+ regular

)
z2 : e2ϕe−ϕ(0) : ρ(X(0)) = 0. (2.79)

5The separation is done by considering the following: Qi is said to have some i ghost number
that comes from the number of η factors on each term. Adding operators with different ghost
numbers is analogous to summing mathematical objects of different types, such as adding a 1-form
to a 2-form, which is ill-defined. Because of this each QiV must vanish separately.
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Tachyonic matter causes problems on the causality of the problem. As we will
see at the end of this section this kind of states can be removed by using the GSO
projection.

2.6.2 Massless bosonic vertex operator

To get states that correspond to higher values of the mass spectrum of the
superstring one can add some other matter field with some conformal weight
different than zero. This will change the field equation generated by Q0V because
of the cT term that Q0 contains. For example, the description of massless bosons
can be done by working with the following vertex operator

VA(z) = c(z)e−ϕ(z)Ψm(z)Am(X(z)). (2.80)

with Am(z) being some bosonic vector coefficient. The action of QRNS on such
operator gives the following results

Q0VA(0) =
∮

z=0

[
1
2z

∂m∂m An(0)c∂c(0)Ψn(0)e−ϕ(0) + regular
]

,

Q1VA(0) =
∮

ηc(0)z : eϕ(z)e−ϕ(0) :
(

ηmn

z
+ regular

)(
1
z

∂n Am(X(0)) + regular
)

,

=
∮

ηc(0) : eϕ(z)e−ϕ(0) :
(

1
z

∂n An(X(0)) + regular
)

,

Q2VA(0) =
∮

η∂ηz2 : e2ϕ(z)e−ϕ(0) :
(

1
z
+ regular

)
Ψm(0)Am(X(0)) = 0.

(2.81)
Thus, the physical conditions are

∂m∂m An(X) = 0, ∂m Am(X) = 0, (2.82)

and the vertex operator describes photons in Lorentz gauge, so there must be nine
independent components. Notice that not all the 10 components of Am(X) are
physical. To see this consider the operator P = ce−2ϕ∂ξΩ(X) with ∂m∂mΩ = 0.
One can verify that

QP = ce−ϕΨm∂mΩ. (2.83)

So the massless bosonic vertex operator VA is equivalent to

VA
∼= VA + QP = VA(z) = ce−ϕΨm[Am(X) + ∂mΩ(X)]. (2.84)
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Since QP is a exact state it is not considered a physical state. This can be seen
also as a gauge transformation of A as δAm = ∂mΩ, in the same way as in
electromagnetism. We end up with a set of eight degrees of freedom for Am(X)

and therefore eight different vertex operators.

2.6.3 Massless fermionic vertex operator

Let us now consider a state built from the ground states of the ghost system
and the Ramond vacuum. As previously mentioned, the Ramond vacuum |0⟩R

can be decomposed in a chiral and antichiral sectors. We will focus in the chiral
sector. The 32 × 32 components of the Γ Dirac matrices can be decomposed in
diagonal symmetric γ blocks of 16 × 16 components, such that these will act over
the chiral and antichiral operators

Γm =

(
0 (γm)αβ

(γm)αβ 0

)
. (2.85)

Consider then the following vertex operator

|u⟩ =
16

∑
α=1

u(X, α) |α⟩NS ⊗ |0⟩bc ⊗ |0⟩R,βγ
∼= Vu(0) = uα(X(0))c(0)e−ϕ(0)/2Sα(0).

(2.86)
To get the physical conditions using the BRST charge we can use the following
OPEs, that were obtained from the SO(9, 1) current operator algebra as discussed
on [3]:

Ψm(z)Sα(0) ∼
γm

αβ

z1/2 Sβ(0), (2.87)

Sα(z)Sβ(0) ∼
δα

β

z5/4 +
(γmγn)α

β

2z1/4 ΨmΨn(0), (2.88)

Sα(z)Sβ(0) ∼
γm

αβ

z3/4 Ψm(0). (2.89)
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Since e−ϕ/2 and Sα have conformal weight 3/8 and 5/8 respectively we get the
following results

Q0Vu(0) =
∮ 1

2z
∂m∂muα(X(0))c∂c(0)e−ϕ/2(0)Sα(0) + regular,

Q1Vu(0) =
∮

ηc(0)z1/2 : eϕ(z)e−ϕ(0)/2 :
(

1
z

∂muα(X(0)) + . . .
)( γm

αβ

z1/2 Sβ(0) + . . .

)

=
∮

ηc(0) : eϕ(z)e−ϕ(0)/2 :
(

1
z

Sβ(0)γm
βα∂muα(X(0)) + . . .

)
,

Q2Vu(0) = −
∮

η∂η(z)× z : e2ϕ(z)e−ϕ(0)/2 : uα(X(0))
(

1
z
+ . . .

)
Sα(0) = 0,

(2.90)
and the QVu = 0 constraint becomes

∂m∂muα(X) = 0, γm
αβ∂muβ(X) = 0, (2.91)

Therefore uβ describes a chiral fermionic massless state. By using Dirac constraint
theory it has been proved that for a massless chiral operator that satisfies these
constraints eight degrees of freedom can be gauged away, and we remain with
eight physical degrees of freedom. This can be found on [4]. An analogous
procedure can be made for the antichiral Ramond sector by using an antichiral
spinor uα with the chiral part of the spin field Sα.

2.6.4 Massive vertex operators

The description of higher mass states can be done if we keep adding conformal
tensors to the vertex operators that we already described, but it becomes more
complicated. In fact, the next state on the mass spectrum is composed by 128
physical states (after the GSO projection, that is explained on the next section).
These operators will not be relevant for this thesis, but a more complete explanation
on this is given on [10].

2.7 GSO Projection and supersymmetry

The current description we have done for superstring theory is not complete,
since we have tachonic states in the mass spectrum. The way to get rid of this
issue is by taking the so-called GSO (Gliozzi, Scherk and Olive) projection.

We have seen that the NS sector of the spectrum can be separated in two based
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on its worldsheet fermion number operator. In the same way we can separate the
R sector in a chiral and antichiral states. There is a way to sum up this selection
rule by using the following OPEs

∂ϕ(z)eqϕ(0) ∼ −q
z

eqϕ(0), i∂σa(z)eis·σ(0) ∼ sa

z
eis·σ(0). (2.92)

We define the GSO operator as

QGSO =
∮ ( 5

∑
i=1

i∂σa − ∂ϕ

)
. (2.93)

Notice that a vertex operator V = ceqϕ exp(is· σ) is an eigenoperator of QGSO, with
eigenvalue qGSO = ∑5

i=1si + q. We can evaluate some cases. The easiest case is the
tachyon V = ce−ϕρ(X), that has qGSO = −1.

To evaluate the massless boson first we have go to Euclidean space and then
decompose the inner product in terms of U(5) components . Consider a product
of euclidean vectors Am and Bm, whose U(5) components are (aa, aa) and (ba, ba).
The inner product AmBm can be written as

AmBm = aaba + aaba, (2.94)

where the U(5) components are given as on [11]:

aa =
1√
2
(Am + iAm+5), (2.95)

aa =
1√
2
(Am − iAm+5). (2.96)

Then, the massless boson vertex operator can be decomposed as

VA = ce−ϕ
[

aaeiσa + aae−iσa
]

(2.97)

where the ψ fields have been bosonized. The first term has qGSO = 0, while the
second has qGSO = −2.

We move on to the massless fermionic vertex operators. In chiral basis Sα

contains an even number of −1/2 on its exponential. So for the chiral vertex
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operator we have three possible cases

Vu chiral


∝ ce−ϕ/2 exp

[
i
2

(
σ1 + σ2 + σ3 + σ4 + σ5)] , qGSO = 2,

∝ ce−ϕ/2 exp
[

i
2

(
−σ1 − σ2 + σ3 + σ4 + σ5)]+ 9 perm., qGSO = 0,

∝ ce−ϕ/2 exp
[

i
2

(
−σ1 − σ2 − σ3 − σ4 + σ5)]+ 4 perm. qGSO = −2,

(2.98)
and in for the antichiral vertex operator we use Sα, that has an odd number of
−1/2 on the exponential

Vu antichiral


∝ ce−ϕ/2 exp

[
i
2

(
−σ1 + σ2 + σ3 + σ4 + σ5)] , qGSO = 1,

∝ ce−ϕ/2 exp
[

i
2

(
−σ1 − σ2 − σ3 + σ4 + σ5)]+ 9 perm. qGSO = −1,

∝ ce−ϕ/2 exp
[

i
2

(
−σ1 − σ2 − σ3 − σ4 − σ5)]+ 4 perm. qGSO = −3.

(2.99)
Once we have seen this examples we can establish the GSO selection rule: Physical
states are described by local vertex operators that have even eigenvalues of QGSO.
With this in mind the tachyon and the antichiral part of the Ramond sector are not
considered as physical states anymore.

One interesting consequence that GSO projection has is that it leads to a super-
symmetric spectrum. As an example we can take the massless states. Both the
bosonic and fermionic vertex operators end with eight of degrees of freedom. The
same can be verified for massive states, as described on [10].



Chapter 3

RNS Scattering Amplitude Prescription

Scattering amplitudes provide a direct link between the worldsheet formulation
of string theory and observable physical processes in spacetime. They encode the
probabilities for various string states to interact and evolve, and their computation
reveals the rich structure of string interactions, including the emergence of gravity
and gauge symmetries at low energies.

In this section, we outline the general framework for computing string scatter-
ing amplitudes, focusing on the role of vertex operators, worldsheet correlators,
and integration over moduli space.

3.1 Bosonic string prescription

To be familiarized with some concepts we can start describing the scattering
amplitude for open bosonic strings. To do so all we have to do is make β = γ =

Ψm = 0, getting the following action for the open string.

S =
1
2

∫
d2z(∂X· ∂X + b∂c). (3.1)

The central charge of the CFT is zero if we consider a D = 26 spacetime. In bosonic
string theory there is no GSO projection, so we still have tachyonic states, but
these will be useful in our calculations as examples. Also, we will be focused on
doing the calculations only at tree level.

3.1.1 Conformal Killing vectors and c ghosts

Bosonic string theory was initially described in terms of some worldsheet, with
coordinates σA and metric gAB, with A, B = 1, 2. The metric degrees of freedom
can be gauged completely since the theory is invariant under diffeomorphisms
σ′A

(
σA
)

and Weyl transformations g′AB(σ) = e2ω(σ)g′AB(σ). We used this fact in
a convenient way to fix gAB → δAB.

25
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This is not the only choice we could have done. For example, consider the
case where we fix the metric as gAB → ĝAB. The results obtained by using this
as the gauge-fixing condition should be the same as ones obtained from the flat
worldsheet. For a quantum description of a gauge theory one can use the Faddeev-
Popov procedure, where we require to add ghost fields. In terms of a gauged
metric ĝAB(σ) the bosonic string action becomes

S =
1
2

∫
d2σĝ1/2

[
ĝAB∂AX· ∂BX + bAB

(
∇̂AcB + ∇̂BcA − ĝAB∇̂CcC

)]
. (3.2)

where ∇̂ denotes the covariant derivative associated to the metric ĝAB and bAB is
symmetric-traceless. To get (3.1) all we have to do is to choose ĝAB = δAB and go
to complex coordinates, labeling bzz ≡ b and cz ≡ c.1

Something that we can remember from general relativity is that there are
transformations on the coordinates that do not change the metric. These are called
isometries. A good example of this can be seen in a flat Minkowski spacetime. The
metric does not change under global translations or Lorentz transformations. We
would expect then that the string worldsheet still have some symmetries that are
not completely fixed by the choice of metric.

Our string description also has some remaining symmetry we did not discussed
yet. The fixed metric ĝ can be transformed by a local factor ew(σ) ĝ and Eq. (3.2)
remains invariant. We can then relax our isometry condition by letting the metric
to be unchanged up to a local function. The set of transformations that fulfill this
condition is called conformal Killing group. To find the equation that describes
this group elements consider an infinitesimal diffeomorphism and δσ = v(σ) a
small local rescalling factor ω(σ) such that it leaves the gauge fixed metric ĝAB

invariant up to a local rescaling

δdiff ĝAB + δscale ĝAB = ∇̂AvB + ∇̂BvA + ω(σ)ĝAB = 0. (3.3)

By taking the trace of the equation we can get ω(σ) = −∇̂CcC. Replacing it back
in the same equation, obtain the conformal Killing equation.

∇̂AvB + ∇̂BvA − ĝAB∇̂CvC = 0. (3.4)

1The order of the indexes on bzz and cz is the reason of why (b, c) have conformal weight
(2,−1). The position of these indexes is convenient since the action will be invariant under Weyl
transformations of the gauge fixed metric as we will see.
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Notice that this is the same equation that the cA ghost follow. In fact, for each
conformal Killing equation we have there will be a cA ghost associated to it. This
will be relevant for our discussion about amplitudes.

3.1.2 Moduli space and Riemann-Roch theorem

Sometimes the worldsheet metric cannot be completely gauge-fixed due to
global properties. For example, a massless particle moving along a closed space-
time path is described by the reparameterization-invariant action

S =
∫

dτ gττ −1/2ẊmẊm, (3.5)

with e = (gττ )1/2 (the einbein), transforming as e′(τ′) = (∂τ/∂τ′)e(τ). We set the
range of τ ∈ [0, 1], and also we can locally fix e = 1, but the coordinate change

τ′(τ) =
∫ τ

0
e(τ) dτ, (3.6)

implies τ′(1) ̸= 0, leaving a global modulus l ≡ τ′(1) that cannot be gauged
away. There are two ways to solve this problem: Fix e′(τ′) = l, with the interval
τ′ ∈ [0, 1) (parameter dependent metric) and add all the contributions for different
values of l for the path integral, or fix e′(τ′) = 1, but changing the interval of
τ′ ∈ [0, l).

In string theory context an analogous problem occurs when dealing, for ex-
ample, with a toroidal topology of the worldsheet. On [8] it can be seen that the

metric of it is also parameter dependent as ds2 =
(

dσ1 + τdσ2
)2

, with τ a complex
parameter that lies the region |τ| ⩾ 1 and −1/2 ⩽ Re τ ⩽ 1/2, or we can have a

flat metric ds2 =
(

dσ1
)2

+
(

dσ2
)2

, but with a identification relation dependent

on the moduli as
(

σ1, σ2
)
∼=
(

σ1 + 2π (m + n Re τ) , σ2 + 2πn Im τ
)

.
When we compute the path integral of the theory for a fixed moduli dependent

metric we are changing the path integral as∫
[dXdg]e−S[X,g] . . . →

∫
M

dµτ
∫
[dXdbdc]e−S[X,b,c,ĝ(τ)] . . .

∣∣∣
ĝ(τ)

. (3.7)

τ is known as Teichmüller Parameter or metric modulus, and the range of integration
M is known as Moduli space, with dimension µ. Notice that we should be able
to perform reparameterizations τ′ = τ′(τ) in the moduli space leaving the path
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integral unchanged. This will require the insertion of some factor to cancel the
det(∂τ′/∂τ) that arises from the integral over τ. This can be done by adding the

factor ∏
µ
k=1

∫
dµkb defined as

∏
µ
k=1

∫
dµkb =

∫
d2σĝ1/2bABµAB

k ≡
∫

d2σĝ1/2bAB
∂ĝAB

∂τk , (3.8)

where µkAB = ∂kgAB is known as Beltrami differential. Then, det(∂τ′/∂τ)∏
µ
k=1Bk

is invariant under general transformations in the moduli space.
The problem we have to deal with now is that the vertex operators we discussed

before were described in the conformal (or flat) gauge metric, so it is not convenient
to leave the moduli dependence on the metric. Instead it is possible to fix the metric
and leave the moduli on the coordinate by considering patches (that are Riemman
surfaces) that cover the manifold, such that on the overlap the coordinates are
related as zm = zm (zn, τ), with zm, zn being complex coordinates in the m or
n patch that covers the manifold. In such way the Beltrami differential factor
becomes [1]

∫
dµkb = ∑

(mn)

∫
Cmn

[
dzm

2πi
∂zm

∂tk

∣∣∣
zn fixed

b(zm)−
dzm

2πi
∂zm

∂tk

∣∣∣
zn fixed

b̃(zm)

]
, (3.9)

where Cmn paths that are inside the overlap of two patches. It can be a closed
path or it can end in a triple overlap of patches. b̃ is the antiholomorphic b ghost.
The second part of the equation by using the doubling trick for paths crossing the
boundaries of the worldsheet. The sum over (mn) is over all the pairs of patches
that cover the complete manifold. Another advantage that this approach has is that
is that the insertion of N punctures on the worldsheet boundary define additional
Teichmüller parameter, and the total number of moduli (from the topology of the
manifold and its punctures) is given by

m = µ − (k − n) = n − 3χ. (3.10)

This is necessary because since vertex operators used to compute scattering ampli-
tudes are set on the boundaries they define punctures, and these can reduce the
number of conformal Killing vectors in the manifold, and therefore the moduli
increases.



Chapter 3. RNS Scattering Amplitude Prescription 29

3.1.3 Bosonic scattering amplitude prescription.

With the concepts we described we are able to state the prescription to calculate
the S-matrix for some string theory process. If we have a scattering process that
involves a total number N of initial and final physical states given by vertex
operators Vi we define the scattering amplitude as

S = ∑
all χ

∫
F

dN−3χτ

〈
N−3χ

∏
k=1

∫
dµkb(z)

N

∏
i=1

Vi

〉
. (3.11)

There are some factors related with the coupling constants that we omit for this
work. Also, for the tree level amplitude we have a disc topology (χ = 1), and the
equation reduces to

Stree =
∫

F
dN−3τ

〈
N−3

∏
k=1

∫
dµkb(z)

N

∏
i=1

Vi

〉
. (3.12)

We can use a four point scattering amplitude. In such case we are left with
one moduli. Consider then two patches with coordinates z and z′. In the z
plane the position of the vertex operator is zv, and we define the z′ coordinates
such that z′v = 0. Then, we have the transition functions in the overlap of the
patches as z = z′ + zv, and the moduli is given by zv. In the open string case
we use zv = zv to define the position of the vertex operator. We have then
(∂z′/∂zv)

∣∣
zn
= (∂z′/∂zv)

∣∣
zn
= 1. Replacing on the Beltrami factor we end up with

∫
dµ b(z) =

1
2πi

∫
C
(−dzmbzmzm + dzmbzmzm). (3.13)

We can use the doubling trick to reduce the expresion to
∮

C
b(z) = b−1, where

the contour integral encloses the position of a vertex operator (namely z1). Since
a bosonic vertex operator has the form V = c(X, ∂X, . . . ) we can evaluate the
contour integral and we get

S(1, . . . , 4) =
〈[∫

dz1U(z1)

]
V(z2)V(z3)V(z4)

〉
. (3.14)

For this reason U is called integrated vertex operator. Another interpretation
for this result is by looking to the three conformal Killing vectors that the disk
has. These can be used to fix the position of three vertex operators (that are not
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integrated), and since the location of the remaining one is not fixed we must
integrate along the points of the boundary.

It is important to mention that the choice we did for a patch that enclose only
one vertex operator was purely for convenience. Actually, we could have chosen
any other patch (namely, one that contains two vertex operator) and we should
get the same result, by using an appropriate Teichmüller parameter.

To do the computation of the expectation value it is required to integrate over
zero modes of the fields. The following results are useful to do the computations
at tree level 〈

∏p
i=1 eiki·X(zi)

〉
= δ

(
∑

p
i=1ki

) p

∏
i<j

|zij|ki·kj , (3.15)

〈
∂Xµ(z)∏p

i=1 eiki·X(zi)
〉
=

p

∑
i=1

−i
z − zi

〈
∏p

i=1 eiki·X(zi)
〉

, (3.16)

and for the ghost terms we have

〈
∏p+3

i=1 c(zi)∏p
i=1 b(z′j)

〉
=

(zp+1 − zp+2)(zp+1 − zp+3)(zp+2 − zp+3)

(z1 − z′1) . . . (zp − z′p)
+ perm.

(3.17)
Observe that the number of c ghosts exceeds the number of b ghosts by three, as
mentioned earlier. The correlator of these three additional c ghosts produces the
numerator in Eq. (3.17).

3.1.4 Relation with the ghost number current anomaly

There is another way to give the correct description of the b and c ghost
insertions in the amplitude prescription. The ghost action has another conserved
quantity under variations δb = −iϵb, δc = iϵc. Such quantity is called ghost
number current

jbc(z) = −b(z)c(z). (3.18)

Notice that the operator Qbc = −
∮

b(z)c(z) has eigenfunctions b (with eigenvalue
qbc = −1) and c (with qbc = +1). We see that each function constructed with
nb factors of b and nc of c has a determined number qbc = nc − nb, called ghost
charge. Integrated and unintegrated vertex operators have ghost charge 0 and +1
respectively.

Ghost current is not a tensor. In fact, it has an anomaly. This can be seen if we
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compute the OPE with T(z)

T(z)jbc(0) ∼
C
z3 +

1
z2 jbc(0) +

1
z

∂jbc(0), (3.19)

where C is known as background charge. In the bc ghost system Cbc = −3. The
anomaly is present in a curved worldsheet as a continuity equation [12]:

∇A jA =
1
4

Cĝ1/2R̂, (3.20)

with R̂ the Ricci scalar of the worldsheet. We can say then that for a non-flat
metric the geometry of the space time contributes to the ghost charge. By doing
an integral over the full worldsheet, using the divergence theorem in the left-hand
side and the Gauss-Bonnet theorem on the right side we end with

nc − nb = Cχ, (3.21)

with χ the Euler characteristic of the worldsheet. Notice that we get a similar result
as in the number of moduli for n open string vertex operators m = n − 3χ. In fact,
both results are related: Friedan, Martinec and Shenker prove that the expectation
value of an operator is zero, unless the background charge is canceled [3]. This
is accomplished by inserting −3χ additional b-ghost fields, associated with the
Beltrami differentials and the integration over moduli space, compared to the
number of c-ghost insertions, which originate from the unintegrated vertex opera-
tors. Notice that at tree level amplitude the number of b minus c ghost insertions
is equal to the background charge Cbc = −3 [3].

3.2 RNS Superstring prescription

3.2.1 Picture Changing Operators

We go back to the RNS supestring case. The approach for this case is analogous,
but we have to promote the worldsheet patches from being Riemman surfaces
to become super Riemman surfaces, that have even and odd Grassmann parity.
In the same way, it is possible to get odd and even moduli that are related to the
gauge-fixed metric and gravitino worldsheet field.

Even moduli will behave in the same way we considered in bosonic string
theory, where they required the insertion of b ghosts to get a number of integrated



Chapter 3. RNS Scattering Amplitude Prescription 32

vertex operators. For odd moduli dependence the approach is similar with small
differences: We will require to insert some δ(β) functions on the path integral and
integrate over the odd moduli, but we can see that they can be easily integrated
since they are described by Berezin integrals. As a result we end up with the
insertion of something called Picture changing operators (PCOs) given by2

{QRNS, ξ} =
∮ (

cTm,g − bc∂c + ηeϕΨ· ∂X − η∂ηe2ϕb
)
(z)ξ(0), (3.22)

where the path integral encloses the worldsheet location of ξ. To see the action
of these operators consider the action of these on the bosonic massless vertex
operator, considering that ξ and V are located on the same point.

{QRNS, ξV} =
∮ (

ηeϕΨ· ∂X − η∂ηe2ϕb
)
(z)
[
ξce−ϕΨm Am(X(0))

]
(0)

= ηeϕΨm Am(X) + ic [i∂Xm Am(X)− iΨmΨn∂m An(X)] . (3.23)

Notice that the action of V over Q0 does not generate any singular term since ξ

has conformal weight zero. This applies for any vertex operator.
The local operator obtained is BRST closed if ∂m Am = 0, and thus it can be

interpreted as a vertex operator for the same massless bosonic state. At first
glance, one might think that this operator is BRST exact because it takes the
form {QRNS, ξV}. However, this is not correct due to the presence of the ξ field.
Although we bosonize the βγ ghost system in terms of the bosonic field ϕ, and
fermionic fields η and ∂ξ, the field ξ itself is not included in the standard bosonized
Fock space. As a result, ξ introduces an additional zero mode that is not accounted
for in the physical state space. Therefore, insertions of ξ in scattering amplitudes
are not physically meaningful on their own and should be treated carefully. This
means that the operator {QRNS, ξV}, while BRST exact in a formal sense, does not
imply that V is trivial in cohomology, since ξV lies outside the standard Hilbert
space. Thus, picture changing produces a physically equivalent vertex operator,
not a BRST-trivial one.

To establish the difference between two operators related by PCOs we define
the picture operator as

P =
∮

∂ϕ + ξη. (3.24)

So we can label different picture changed vertex operators in terms of its eigen-

2A more complete description of the geometrical approach of PCOs see [13]
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value under the action of P. For example, ξce−ϕΨm Am(X) is on picture zero,
uα(X)ce−ϕ/2Sα is on picture −1/2, etc We can see then that PCOs raise the picture
number on 1.

In the same way as in the bosonic case with Beltrami differentials and b ghost
insertions, the number of PCOs inserted on the expresion depends on the topology
of the worldsheet as

nPCO = nB +
nF

2
− 2χ, (3.25)

where nB and nF are the number of bosonic and fermionic open string vertex
operators inserted on the boundary of the worldsheet. The number of PCOs can
also be obtained from the βγ ghost current anomaly, in the same way as in the
bosonic string prescription [3].

3.2.2 RNS superstring scattering amplitude prescription.

We define the RNS scattering amplitude with integrated odd moduli as

S = ∑
all χ

∫
F

dN−3χτ

〈
N−3χ

∏
k=1

∫
dµkb(z)

N

∏
i=1

Vi(zi)
nPCO

∏
j=1

{QRNS, ξ(yj)}
〉

. (3.26)

Note that the picture changing operators are not inserted at the same positions
as the vertex operators. Nevertheless, it can be shown that evaluating the PCOs
directly on top of the vertex insertions yields results that are equivalent, up to
BRST exact terms, to those obtained when the PCOs are placed at separate, generic
locations.

In the same way as we did in the bosonic string case here we present some
important expectation values to do the calculation of scattering amplitudes

⟨ψµ1(z1)ψ
µ2(z2) · · ·ψµ2n(z2n)⟩ = ∑

pairings
(±) ∏

pairs (i,j)

ηµiµj

zi − zj
, (3.27)

where the (±) sign appears because of the order of contraction of the Grassmann
fields. Also, for the βγ ghost system it is useful to have the expectation value of
the chiral bosons and ηξ ghost system〈

n

∏
j=1

eqjϕ(zj)

〉
= δ

(
n

∑
j=1

qj + 2

)
n

∏
k<l

z−qkql
kl , (3.28)
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〈
p

∏
i=1

η(zi)
p

∏
j=1

ξ(z′j)

〉
= ∑

σ∈Sp

(−1)sgn(σ)
p

∏
i=1

1
zi − z′

σ(i)
, (3.29)

with Sp being the permutation group of p elements. sgn(σ) appears because of
the fermionic antisymmetry when reordering.

An important fact is that since the description os the bosonized version of the
RNS superstring theory does not containt ξ(z) explicitely (but instead ∂ξ(z)) then
it is required to add an additional ξ(z) in the path integral to have a nonvanishing
result. The position of this operator is irrelevant since we only care about the zero
mode of ξ(z), which is a constant. Then one proposes that

⟨ξ(z)⟩ = 1. (3.30)

This fact is another reason of why we can add PCOs on the scattering amplitude
prescription without changing the final result [3].

3.3 Spacetime Supersymmetry

We have stated before that once we consider GSO projection on the RNS super-
string spectrum the theory is spacetime supersymmetric, even if such symmetry is
not manifest. We would be then interested on obtain the 16 spacetime supersym-
metry charges and the algebra they follow.

First, we can start by looking to some operator that interchange bosonic and
fermionic vertex operators. This can be achieved by considering

qα =
∮

e−ϕ/2Sα. (3.31)

Consider the following examples: A picture −1/2 massless fermionic vertex
operator transforms as

ϵαqαVF
−1/2 =

∮
e−ϕ/2ϵαSα(z)uβ(X)c(0)e−ϕ(0)/2Sβ(0),

= ϵα
∮

z−1/4 : e−ϕ(z)/2e−ϕ(0)/2 : uβ(X)c(0)

(
γm

αβ

z3/4 Ψm(0) + . . .

)
,

= ϵαγm
αβuβ(X)c(0)e−ϕ(0)Ψm(0), (3.32)

that is the −1 picture massless boson vertex operator with Am = ϵαγm
αβuβ(X).
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As a second example we take

ϵαqαVB
0 =

∮
e−ϕ/2ϵαSα(z)

[
ηeϕΨm Am + c [−∂Xm Am + ΨmΨn∂m An]

]
(0)

= ∂m An(X(0))ϵβ(γmn)
α
βc(0)e−ϕ(0)/2Sα(0), (3.33)

with (γmn)
β
α = 2−1(γ[m)ασ(γn])

σβ. We end up with a −1/2 fermionic vertex op-
erator with uα = ∂m An(X)ϵβ(γmn)

α
β. Indeed, qα let us exchange between bosonic

and fermionic operators and also in the opposite way. The fact that the theory is
supersymmetric has some consequences in scattering amplitudes. For example,
the contribution from tadpole diagrams is zero, and also there is a direct relation
between the two point scattering amplitude of two bosons and two fermions [3].

We can calculate {qα, qβ}:

{
qα, qβ

}
=
∮ dz

2πi
dw
2πi

e−ϕ(z)/2e−ϕ(w)/2Sα(z)Sβ(w)

=
∮ dz

2πi
dw
2πi

(z − w)−1/4
[
e−ϕ(w) +O(w)

] 1
(z − w)3/4 γ

αβ
m Ψm(w)

= γ
αβ
m

∮ dw
2πi

e−ϕ(w)Ψm(w), (3.34)

so we can see that this is not the γmαβ
∮

∂Xm we expected to get, but it is related to
it by picture changing. To see this consider we can work with the supersymmetry
charge in +1/2 picture:

q+α =
∮ dz

2πi

{
QBRST, ξ(z)e−ϕ(z)/2Sα(z)

}
=
∮ dz

2πi

∮ dw
2πi

[
ηeϕΨm∂Xm − bη∂ηe2ϕ

]
(w)ξ(z)e−ϕ(z)/2Sα(z)

=
∮ dz

2πi

∮ dw
2πi

1
w − z

eϕ/2∂Xmγm
αβSβ(w) +

1
w − z

bηe3/2ϕSα(w)

=
∮ dz

2πi
eϕ/2∂Xmγm

αβSβ + bηe3/2ϕSα(z), (3.35)

so we have that{
q+α , q−β

}
=
∮ dw

2πi

∮ dz
2πi

[
eϕ/2∂X · (γS)α + bηe3/2ϕSα

]
(w) e−ϕ(z)/2Sβ(z)

= γm
αβ

∮ dz
2πi

∂Xm(z). (3.36)

So we recover the spacetime supersymmetry algebra. However, this algebra has
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some problems. For example, the number of supercharges is duplicated, since
we have the set of 32 terms {q+α , q−α }. One may think that these might describe
some N = 2 D = 10 SUSY algebra, but this is wrong since we have just verified
that

{
q−α , q−β

}
̸= 0. The discussion about this issue can be found on [3]. Another

problem that has this approach is that the use of PCOs makes that the SUSY algebra
close only on-shell, since off-shell states are not independent of the position of
PCOs.
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Chapter 4

Pure spinor scattering amplitude

So far, we have successfully described the physical spectrum of the superstring
using the RNS formalism. However, additional ingredients, such as the GSO
projection, are required to ensure that the resulting spectrum is supersymmetric.
Despite its utility, the RNS formalism lacks manifest spacetime supersymmetry
and covariance, which poses significant challenges, particularly in the computation
of higher-loop scattering amplitudes.

An alternative approach is provided by the Green-Schwarz formalism, which
formulates the superstring with manifest spacetime supersymmetry by employing
spacetime fields such as (Xm, θα). While this description is more natural from the
perspective of target-space supersymmetry, it encounters substantial difficulties
upon quantization. In particular, reproducing the RNS results requires fixing a
specific gauge, which in turn breaks manifest spacetime covariance [14].

The pure spinor formalism addresses these limitations by preserving both
spacetime supersymmetry and covariance at the quantum level. In this chapter,
we will explore how the pure spinor approach successfully overcomes the obstacles
encountered in previous formulations.

4.1 Action and pure spinor condition

The action that this description works with is one that includes matter space-
time vector fields Xm and also spacetime chiral spinor matter fields θα, and its
antiholomorphic part. Also we consider the momentum terms associated to it

Smatter =
∫

d2z
(

1
2

∂Xm∂Xm + pα∂θα + p̃α∂θ̃α

)
. (4.1)

The chirality of the antiholomorphic fields ( p̃, θ̃) will determine if the described
theory is type IIA or IIB. However, we are only interested on the open string case,
where θ and θ̃ are related by using the doubling trick formula, and therefore we
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require that both have the same chirality. The action describes a CFT, with an
holomorphic energy momentum tensor given by

T(z) = −1
2

∂X· ∂X − pα∂θα. (4.2)

We can verify that (X, p, θ) have conformal weight (0, 1, 0) respectively. The OPEs
for X will be the same as in the RNS formalism, and pθ behave as a bc ghost system
with λ = 1, so it follows an OPE

pα(z)θβ(0) ∼ δ
β
α

z
. (4.3)

The action is invariant under supersymmetry transformations

δXm = −1
2 ϵγmθ, δθα = ϵα, δpα = 1

2 ∂Xm (γmϵ)α − 1
8(ϵγmθ) (γm∂θ)α , (4.4)

with the conserved charge

qα =
∮ [

pα +
1
2
(γmθ)α ∂Xm +

1
24

(γmθ)α (θγm∂θ)

]
, (4.5)

so SUSY transformations are generated as δO = ϵα{qα, O}. The algebra of the
supersymmetry generators is ruled by the super-Poincaré algebra [4],

{qα, qβ} = γm
αβ

∮
∂Xm, (4.6)

where we require to use the Fierz identity γm
α(βγmρσ) = 0. So notice that in under

this formalism it is not required to use PCOs on qα to obtain it.
The problem that this action has up to this point is that the central charge of the

energy momentum is c = −22, so it does not vanish. There are also some problems
that the current algebra of the theory has different singularities compared with the
ones obtained on the RNS formalism [6]. Both issues can be solved by the addition
of some extra fields, as we see below.

4.2 Ghost sector and pure spinor condition

The energy momentum tensor (4.2) can be written as

T = −1
2

ΠmΠm − dα∂θα. (4.7)
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with

Πm = ∂Xm + 1
2 (θγm∂θ) , dα = pα − 1

2(γmθ)α

(
∂Xm + 1

4 (θγm∂θ)
)

. (4.8)

that can be seen as supersymmetric generalizations of ∂Xm and pα. One can notice
that the conformal transformation generator is the same as in the Green-Schwarz
formalism (T = −1

2 ΠmΠm) if we make dα = 0. This constraint is added to the
formalism by imposing the BRST charge

QPS =
∮

λαdα, (4.9)

with λα a bosonic spacetime chiral spinor. Then, the physical states on this for-
malism are given by vertex operator V such that QPSV = 0, and the gauge
transformations are δV = QPSΩ. Notice that the BRST charge is not nilpotent
unless we impose

λγmλ = 0, (4.10)

so λα is d = 10 chiral pure spacetime spinor. It is possible to prove that it has 11
independent complex degrees of freedom.

Since λα is a boson with the opposite statistics we can see it as a ghost field, so
λα and its conjugated momentum can be introduced on the action as

Sghost = −
∫

d2z wα∂λα. (4.11)

So both λ and w are holomorphic. Notice that it also has an additional symmetry
under transformations δwα = Em (γmλ)α, δλα = 0. This is useful, since we can
gauge fix 5 components of wα.

4.2.1 U(5) decomposition of chiral and antichiral spinors.

To do a correct counting of the degrees of freedom for λα and wα it is convenient
to write this SO(10) objects in terms of U(5) variables. We have seen that a SO(10)
vector Am can be decomposed in the (anti)fundamental representations of U(5) as
(aa)aa:

aa = 1√
2

(
Aa + iAa+5) , aa =

1√
2

(
Aa − iAa+5) . (4.12)

This helped us to describe RNS (anti)chiral spin fields Sα and Sα in terms of the
U(5) components of

(
ψa ∼= eiσa , ψa ∼= e−iσa

)
, in chiral basis as S = exp

[
± i

2 ∑5
a=1 σa

]
.
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Chiral terms of S can be decomposed as

Sα →
(
s+, sab, sa) , (4.13)

with

s+ = exp
[

i
2(−σ1 − σ2 − σ3 − σ4 − σ5)

]
, (4.14)

sab = exp
[

i
2(−σ1 − σ2 − σ3 + σ4 + σ5)

]
+ 9 permutations, (4.15)

sa = exp
[

i
2(−σ1 + σ2 + σ3 + σ4 + σ5)

]
+ 5 permutations. (4.16)

Then we can identify that
(
S+, Sab, Sa) are on the trivial, antifundamental antisym-

metric, and fundamental representation of U(5) [4]. The same can be done for an
antichiral spinor Sα, getting

(
S+, Sab, Sa

)
on the trivial, fundamental antisymmet-

ric, and antifundamental representation of U(5), by exchanging + ↔ − signature
on the exponents.

A Lorentz scalar can be written in terms of the product of a chiral and antichiral
spinor wαλα. This is decomposed in U(5) terms as

wαλα = w+λ+ +
1
2

wabλab + waλa. (4.17)

Going back to the pure spinor condition λγmλ = 0 we can rewrite it in terms
of U(5) variables. In U(5) notation we get two equations λγaλ = λγaλ = 0.
Expanding spinor indexes in terms of its U(5) components we get [5]

λ+λa + 1
8 ϵabcdeλbcλde = 0, λbλab = 0. (4.18)

From the first equation we can get λa = −
(
1/8λ+

)
ϵabcdeλbcλde, and therefore

only eleven out of sixteen components remain independent. The second equation
is automatically satisfied by this result.

In the same way, the antichiral bosonic spinor wα can be left with only 11
degrees of freedom, since wa can be gauged to zero by considering the gauge
transformation δwα = Em (γmλ)α. To see this we can write δwa in terms of U(5)
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components, taking Em = ϵa ⊕ ϵa1

δwa = Em (γmλ)a = ϵaλ+ + ϵaλab. (4.19)

So we can choose Em such that ϵa = 0 and ϵa = −wa/λ+. This w → w′ transfor-
mation fixes w′

a = 0:

w′
a = wa + δwa = wa −

(
wa/λ+

)
λ+ = 0. (4.20)

4.2.2 Conformal properties of the pure spinor ghosts

In wa gauge we remain with the following action of completely independent
variables

Sghost =
∫

d2z
(
−w+∂λ+ − 1

2
wab∂λab

)
, (4.21)

from them we get the following OPEs

w+(z)λ+(0) ∼ 1
z , wab(z)λcd(0) ∼

δ
[a
c δ

b]
d

z , (4.22)

and we can identify these with a set of βγ ghosts if we identify β → −w terms
and γ → λ terms. Considering that the conformal weights are x for w terms and
1 − x for λ terms we write the energy momentum tensor of the system as

T(z) = −∂wαλα + x∂ (wαλα)

= −(∂w+)λ
+ − 1

2

(
∂wab

)
λab + x∂

(
w+λ+ +

1
2

wabλab

)
. (4.23)

This can be seen eleven βγ ghosts CFTs. Each one contributes with a central
charge c = 3(2x − 1)2 − 1. So the total contribution is cPS = 33(2x − 1)2 − 11. For
the case of x = 1 we end up with cPS = 22, that let us cancel the ghost charge of
the matter sector.

Also, the addition of ghost operators that transform as spinors under SO(10)
modifies the current algebra of the system by adding a non trivial contribution to
the Lorentz current. With this addition the matter+ghost action follow the same

1We use this notation to indicate that some SO(10) vector Em is decomposed in terms of U(5)
variables in ϵa = 2−1/2

(
Ea + iEa+5

)
and ϵa = 2−1/2

(
Ea − iEa+5

)
. Recall that capital letters

are used to denote vectors transforming under SO(10), while lowercase letters indicate their
corresponding components under the U(5) decomposition.
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current algebra as the RNS prescrption [5].

4.3 Vertex operators in pure spinor formalism

Based on the RNS superstring prescription we will consider that the a physical
state is described by a +1 ghost number unintegrated vertex operator V that
satisfies QV = 0, and it is gauge equivalent to V + QΩ.

The simplest operator we can build is the following

V(z, θ) = λα(z)Aα(X, θ), (4.24)

which obeys the following condition

QV = 0 → λαλβDβ Aα(X, θ) = 0, (4.25)

with Dα = ∂
∂θα +

1
2 (γ

mθ)α
∂

∂Xm being the fermionic covariant derivative. We can
use the bispinor Fierz decomposition λαλβ = (1/3480)γαβ

mnpqrλγmnpqrλ to write
the field equation as [15]:

γ
αβ
mnpqrDα Aβ(X, θ) = 0, (4.26)

so Aα follows the linearized version of the equation of motion for the spinor pre
potential of super-Yang-Mills. The gauge transformation of the vertex operator is
given by

δV = QΩ(x, θ) = λαDαΩ(x, θ), (4.27)

that implies the usual super-Yang-Mills gauge transformation δAα = DαΩ. The
vertex operator describes massless states. Since it contains a non zero ghost charge
it is considered as a unintegrated vertex operator. It is also required to have a
integrated vertex operator for the same state to do scattering amplitude calcula-
tions. The problem one has is the lack of b ghost, since it helped us to transform a
unintegrated operator on its integrated version on the RNS prescription.

To solve this issue notice that if we choose the Teichmüller parameter as the
position of the RNS vertex operator on the worldsheet. Then, its integrated form
is given by

U(zi) =
∮

dzb(z)V(zi). (4.28)

Now consider the action of the RNS BRST charge operator on U. Since the action
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of QRNS on b is given by QRNSb(z) = T(z) and also QRNSV(z) = 0 we get

QRNSU(zi) =
∮

dzQRNSb(z)V(zi) =
∮

dzT(z)V(zi),

→ QRNSU(zi) = ∂V(zi). (4.29)

So we can take this relation to define integrated vertex operators in pure spinor
formalism, since it does not depend on the b ghost. It is possible to verify that

U(z, θ) = ∂θα Aα(z, θ) + Πm Am(z, θ) + dαWα(z, θ) +
1
2

NmnFmn(z, θ), (4.30)

satisfies (4.29), with Am being the vector super-Yang-Mills prepotential, and
(Wα, Fmn) are the super-Yang-Mills spinor and tensor field strength in the lin-
earized theory. The relation between these fields is given by

Am(X, θ) =
1
8

γnαβDα Aβ(X, θ), (4.31)

Wβ(X, θ) =
1

10
γmαβ[Dα Am(X, θ)− ∂m Aα(X, θ)], (4.32)

Fmn(X, θ) = ∂m An(X, θ)− ∂m An(X, θ) =
1
8
(γmn)α

βDβWα(X, θ), (4.33)

and the gauge transformations for these superfields are given by

δAα(X, θ) = DαΛ(X, θ), δAm(X, θ) = ∂αΛ(X, θ),
δuα(X, θ) = 0, δFmn(X, θ) = 0.

(4.34)

Since θα has Grassmann odd parity it is possible to decompose these superfields
as power series of θ. The components of them are related to the gluon, gluino and
field strength fields (Am(X), uα(X), Fmn(X)) respectively. Some relevant terms of
such series is given by2

Aα(X, θ) = 1
2 (θγm)α Am(X) + 1

3 (θγmu(X)) (γmθ)α − 1
32 (γpθ)α (θγmnpθ) Fmn(X) +O

(
θ4
)

,

Am(X, θ) = Am(X) + θγmu(X)− 1
8 θγmnpθFnp(X)− 1

12 (θγmnpθ) (θγp∂nu(X)) +O
(

θ4
)

,

Wα(X, θ) = uα(X) + 1
4 (γ

mnθ)α Fmn(X)− 1
4 (γ

mnθ)α (θγn∂mu(X)) +O
(
θ3) ,

Fmn(X, θ) = Fmn(X)− (θγ[m∂n]u(X)) + 1
8 (θγpq[mθ)∂n]F

pq(X) +O
(
θ3) . (4.35)

The higher order coefficients of the θ expansion can be written in terms of the

2The θ expansion of the superfields is done working on the Harnad-Shnider gauge θα Aα(X, θ) =
0 [15].
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derivatives of (Am(X), uα(X), Fmn(X)).

4.4 Tree level prescription for scattering amplitudes

on pure spinor formalism

The idea to calculate the scattering amplitude in the pure spinor prescription is
the same as in the RNS case. We fix the position of three vertex operators (so they
are unintegrated), and the remaining ones are integrated over the boundary

S1...N =
∫

dz4 . . .
∫

dzN

〈
V(z1)V(z2)V(z3)

N

∏
i=4

U(zi)

〉
. (4.36)

The calculation of the path integral can lead us to get some useful expressions〈
Πm(z)

n

∏
i=1

V(zi)

〉
= −

n

∑
i=1

1
z − zi

〈
∂mV(zi)

n

∏
j=1,j ̸=i

V(zj)

〉
, (4.37)〈

dα(z)
n

∏
i=1

V(zi)

〉
= −

n

∑
i=1

1
z − zi

〈
DαV(zi)

n

∏
j=1,j ̸=i

V(zj)

〉
, (4.38)〈

Npq(z)
n

∏
i=1

λαiVαj(zi)

〉
=

1
2

n

∑
i=1

1
z − zi

〈
(λγpq)αi Vαi(zi)

n

∏
j=1,j ̸=i

V(zi)

〉
. (4.39)

It is also required to have the prescription to integrate the zero modes of λα. The
prescription is as follows

⟨(λγmθ) (λγnθ) (λγpθ) (θγabcθ)⟩ = 24δ
mnp
abc , (4.40)

where δ
mnp
abc is the generalized Kronecker delta

δ
mnp
abc = δm

a δn
b δ

p
c + δm

b δn
c δ

p
a + δm

c δn
a δ

p
b − δm

a δn
c δ

p
b − δm

b δn
a δ

p
c − δm

c δn
b δ

p
a . (4.41)

This is equivalent to define the ⟨λ3θ5⟩ normalization, given on [4].
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Chapter 5

Relating RNS and Pure Spinor Variables

A central goal in connecting the Ramond–Neveu–Schwarz (RNS) and pure
spinor formalisms is to understand how worldsheet degrees of freedom associated
with spacetime fermions can be reformulated in a manifestly supersymmetric
framework. In the RNS formalism, spacetime fermions arise from the quantization
of the worldsheet fields ψm, which transform as vectors under SO(10). In contrast,
the pure spinor approach introduces fermionic coordinates θα together with their
conjugate momenta pα, which transform as spinors of SO(10) and naturally en-
code spacetime supersymmetry. The relation between these formalism has been
studied on [11] and [16]. Bridging these two descriptions is a crucial step toward
establishing a framework that unifies features of both formalisms.

In this chapter we propose a systematic procedure to relate the RNS ψm fields
to the pure spinor formalism variables (pα, θα) by decomposing them into their
U(5) components in a similar way as on [11]. In particular, we introduce the pa

and θa fields, which serve as building blocks for supersymmetric operators within
this new framework.

Once this identification is established, we proceed to construct the supersymme-
try charges in terms of the new variables, verifying their algebra and consistency
with the expected spacetime supersymmetry transformations. We then use the
U(5) decomposition to define covariant vertex operators, providing the necessary
ingredients for computing scattering amplitudes in this extended setting.

Finally, we analyze the energy-momentum tensor T and the BRST charge qα

within this formalism. We first obtain an SO(10) covariant expression for T, and
give some insights towards an SO(10) covariant construction of qα and QBRST.

5.1 Introduction of pa and θa fields

It has been found a relation between the Ramond ground state and the space-
time chiral coordinates θα (with α = 1, . . . , 16) of the spacetime supersymmetric
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description of a string (Green-Schwarz formalism) as follows: θα can also be de-
composed in terms of its U(5) components

(
θ+, θab, θa) and we use σa and ϕ to

build θa [3]:
θa ∼= eϕ/2Sa, (5.1)

where Sa are components of S described by (2.49) that contain one + sign and four
− sign on its exponential. We can write it as

θa ∼= eϕ/2 exp

(
iσa −

i
2

5

∑
a=1

saσa

)
. (5.2)

We define the conjugate momentum to these variables as

pa ∼= e−ϕ/2Sa = e−ϕ/2 exp

(
−iσa +

i
2

5

∑
a=1

saσa

)
, (5.3)

where Sa contains one − sign and four + sign on its exponential. The OPE between
these variables follow

pa(z)θb(0) ∼ δb
a
z

. (5.4)

It is possible to rewrite the BRST charge by using this set of fields. We have on
RNS

QBRST =
∮

γΨm∂Xm − bγ2 + cTm,βγ + bc∂c, (5.5)

Tm,βγ = −1
2

∂Xm∂Xm +
1
2

Ψm∂Ψm − β∂γ − 1
2

∂(βγ), (5.6)

where Tm,βγ is the energy-momentum tensor of the XmΨm matter and βγ ghost
fields. Bosonizing the βγ and fermionic matter fields

QBRST =
∮

ηeϕeiσa ∂xa + ηeϕe−iσa ∂xa − bη∂ηe2ϕ + cT′ − bc∂c, (5.7)

where we have decomposed the inner products in terms of U(5) components and
we defined T′ as the energy momentum tensor in terms of the new fermionic
matter fields, as is described later. We can replace (ψa, ψa) → (θa, pa), and it is
convenient to define the chiral boson

ϕ̃ =
3
2

ϕ − i
2

5

∑
a=1

σa. (5.8)
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In terms of this we can rewrite the BRST charge. For example, the second term

eϕe−iσa = e3ϕ/2e−ϕ/2 exp

(
− i

2

5

∑
a=1

σa

)
exp

(
i
2

5

∑
a=1

σa

)
e−iσa = eϕ̃ pa, (5.9)

In the same way we can work on the first term, but it requires some work

eϕeiσa = e3ϕe−2ϕ exp

(
−i

5

∑
a=1

σa

)
exp

(
i

5

∑
a=1

σa

)
eiσa = e2ϕ̃e−2ϕ exp

(
i

5

∑
a=1

σa

)
eiσa .

(5.10)
To see how to reduce this expresion take the particular case a = 1. We have then

eϕeiσ1 = e3ϕ exp

(
i

5

∑
a=1

σa

)
exp

(
−i

5

∑
a=1

σa

)
e−2ϕeiσ1 = e2ϕ̃eiσ1+i ∑5

a=1 saσa e−2ϕ.

(5.11)
On the other hand consider the following term

e2ϕ̃
(

p4
)1

≡ e2ϕ̃ 1
24

ϵ1bcde pa pb pc pd

= e2ϕ̃ p2p3p4p5 = e2ϕ̃e−iσ2−iσ3−iσ4−iσ5+2i ∑5
a=1 saσa e−2ϕ

= e2ϕ̃eiσ1−iσ1−iσ2−iσ3−iσ4−iσ5+2i ∑5
a=1 saσa e−2ϕ

= e2ϕ̃eiσ1+i ∑5
a=1 saσa e−2ϕ = eϕeiσ1 , (5.12)

where we considered that pa anticommute with themselves. In the same way it is
possible to prove that

e2ϕ = e3ϕ̃ p5 ≡ 1
120

e3ϕ̃ϵabcde pa pb pc pd pe. (5.13)

So we reduce (5.7) to

QBRST =
∮

ηe2ϕ̃
(

p4
)a

∂xa + ηeϕ̃ pa∂xa − bη∂ηe3ϕ̃ p5 + cT′ − bc∂c, (5.14)

Now we have to deal with T′m,βγ. It is possible to do the same kind of procedure,
but instead we work on the following: The full expresion of T (including the bc
CFT contribution) on RNS formalism is given by

T = −1
2

∂Xm∂Xm +
1
2

Ψm∂Ψm − b∂c − ∂(bc)− b∂c − 1
2

γ∂β − 3
2

β∂γ, (5.15)
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and it has central charge zero. The expresion for T′ terms of θa and pa and U(5)
elements must be like

T′ = −∂xa∂xa − pa∂θa − b∂c − ∂(bc) + bosonic ghost contribution, (5.16)

where the bosonic ghost contribution that comes from β and γ must be modified.
We can see that this process do not affect the bc terms since they are not related
to pa or θa as βγ are once they are bosonized. Considering that the new terms
come from a β̃γ̃ system of weight hβ̃ = x and hγ̃ = 1 − x the central charge of the
system is1

c = 3(2x − 1)2 − 27, (5.17)

so to have c = 0 we can choose x = 2. So the complete expresion of T′ is

T′ = −∂xa∂xa − pa∂θa − b∂c − ∂(bc)− β̃∂γ̃ − ∂(β̃γ̃). (5.18)

To prove that T (ψa, ψa, β, γ) = T′ (pa, θa, β̃, γ̃
)

we can bosonize β̃γ̃ system as

β̃ = ∂ξe−ϕ̃, γ̃ = ηeϕ̃, (5.19)

where η, ξ are the same fields used to bosonize βγ, and ϕ̃ is described as on
Eq. (5.8). Notice that

(
eϕ̃, e−ϕ

)
have conformal weight (−2, 1), so the conformal

weight of the fields and its bosonized version agree. To finish the proof we require
that the OPEs between (β̃, γ̃) and (pa, θa) on their bosonized form do not have
singular terms. The steps to demonstrate this require some simple calculations,
and will be omitted. Notice that both T′ and QBRST are manifestly U(5) invariant.

It is convenient to redefine the fields b → −b and c → −c such that we end up
with only positive terms of Q as

QBRST =
∮

ηe2ϕ̃
(

p4
)a

∂xa + ηeϕ̃ pa∂xa + bη∂ηe3ϕ̃ p5 + cT + bc∂c, (5.20)

T = ∂xa∂xa + pa∂θa + b∂c + ∂(bc) + β̃∂γ̃ + ∂(β̃γ̃). (5.21)

Since the bc OPE does not change under this redefinition the system is equivalent.
Also notice that T is the negative of the usual energy momentum tensor.

1This can be easily computed since the pθ system behaves as a bc CFT with (p, θ) having
conformal weight (1, 0).
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5.2 Supersymmetry charges

On the theory described by
(
θa, pa, β̃, γ̃

)
we can write six out of the sixteen

supersymmetry charges as

qa =
∮ dz

2πi
pa, q+ =

∮ dz
2πi

θa∂xa + bηeϕ̃. (5.22)

that follow the relation {qa, qb} = 0, {q+, qa} =
∮

pa, {q+, q+} = 0. Notice that
the BRST charge defined on terms on the new variables (Eq. 5.20) is invariant under
the transformations generated by these operators. To get the remaining supersym-
metry charges the addition of non-minimal variables pure spinor formalism is
required.

5.3 U(5) covariant vertex operators

It is possible to rewrite RNS vertex operators in terms of the new matter fields.
As an example we work on the picture −1 gluon vertex operator:

V = ce−ϕΨmam(X). (5.23)

Under the U(5) decomposition and changing variables (ψa, ψa) → (pa, θa) in the
same way we did before we get

V = ce−ϕ̃θaaa(x) + ce−2ϕ̃
(

θ4
)

a
aa(x). (5.24)

Notice that both e−ϕ̃ and e−2ϕ̃ have conformal weight h = 1. We can generalize
this in terms of superfields as

V = ce−ϕ̃ A(x, θ) + ce−2ϕ̃ A∗(x, θ), (5.25)

and the physical states condition QV = 0 will generate the equations of motion
for the fields. To do the calculation it is convenient to separate Q in three terms,
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in the same way as done on [3]:

Q0 =
∮ dz

2πi
cT + bc∂c, (5.26)

Q1 =
∮ dz

2πi
ηeϕ̃ pa∂xa + ηe2ϕ̃

(
p4
)a

∂xa, (5.27)

Q2 =
∮ dz

2πi
η∂ηbe3ϕ̃ p5. (5.28)

So QV = 0 implies

Q0V = 0 →

∂a∂a A(x, θ) = 0,

∂a∂a A∗(x, θ) = 0,
(5.29)

Q1V = 0 →


∂

∂θa ∂a A(x, θ) +

[(
∂
∂θ

)4
]a

∂a A∗(x, θ) = 0,[(
∂
∂θ

)2
]abc

∂c A(x, θ) =

[(
∂
∂θ

)3
]ab

A(x, θ) = 0,
(5.30)

and Q2V vanishes identically. As a result we can expand the fields as

A(x, θ) = ρ+(x) + θaaa(x) +
1
2

θaθbξab(x), (5.31)

A∗(x, θ) = · · ·+ 1
2

(
θ3
)

ab
ρab(x) +

(
θ4
)

a
aa(x) +

(
θ5
)

ξ+(x), (5.32)

where · · · are terms that are not relevant in our calculations. In fact, these can be
gauge fixed to zero. Notice that the constraints imply

ϵabcde∂cξde = 0, ∂aξ+ + ∂bξab = 0, (5.33)

which are massless Dirac equations for a chiral spinor ξα in U(5) notation for
ξa = 0. (See Appendix A). These constraints leave us with 4 on-shell independent
components. To verify this we write the constraint equations in momentum space,
and we go to a reference system where the U(5) momentum is described by

Pa → (m, 0, 0, 0,−m), Pa → (m, 0, 0, 0, m). (5.34)
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In such frame the constraint equations imply[
ϵab1de + ϵab5de

]
ξde = 0 → ξij = 0, (5.35)

ξ+ = ξ15, ξi1 = ξi5, (5.36)

with i, j = 2, 3, 4. Therefore we end up with a group of four non vanishing
independent components

(
ξ+, ξ21, ξ31, ξ41

)
. Because the terms involving ξa are

absent, there are fewer non-vanishing on-shell components than the expected
eight, as predicted by the RNS and Green-Schwarz formulations. It is possible to
complete the gluino components by using with ρ terms as follows.

To see what is described by ρ+ and ρab notice that these terms are in the −3/2
picture, while terms that contain ξ are in the −1/2 picture. It is convenient to
perform a picture raising transformations on ρ terms. Consider

V−3/2 = ce−ϕ̃ρ+(x) +
1
2

ce−2ϕ̃
(

θ3
)

ab
ρab(x), (5.37)

and we obtain

V−1/2 = {Q, ξV−3/2(0)} = ce−ϕ̃ A + cB, (5.38)

A =
1
4

ϵabcdeθ
aθb∂cρde, B = pa

(
∂aρ+ − ∂bρab

)
. (5.39)

This vertex operator also describe fermionic state defined by a chiral spinor υα

that in U(5) notation has the following components

υ →
(
υ+, υab, υa) = (0,

1
2

ϵabcde∂
cρde, ∂aρ+ − ∂bρab

)
, (5.40)

and these components already satisfy U(5) Dirac equations. The addition of these
variables to our system lead us to have the composite vertex operator in the form

v →
(
υ+, υab, υa) = (ξ+, ξab +

1
2

ϵabcde∂
cρde, ∂aρ+ − ∂bρab

)
, (5.41)

and we can describe the 8 on-shell components of the gluino vertex operator.
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5.4 Towards SO(10) covariant expressions of qα and

QBRST

Notice that the current description we have is not manifestly spacetime super-
symmetric. The procedure leading to this description is presented in [7]. In this
section, we provide complementary insights by reproducing part of the calcula-
tions and highlighting the key steps of the method.

First, we write T in terms of SO(10) variables (Xm, θα, pα). To do so we re-
quire the addition of Grassmann fields

(
θ+, θab

)
and their conjugate momentum(

p+, pab
)

to the formalism. This can be done by adding some topological terms to
the BRST charge

Q → Q +
∮

λ+p+ +
1
2

λab pab, (5.42)

with some λα spinor field that has some canonical momentum wα associated to it.
Then, we do a similarity transformation Q → e−RQeR with

R =
∮

c
(

w+∂θ+ +
1
2

wab∂θab

)
. (5.43)

Notice that we can write R =
∮

cwα∂θα if we consider wa = 0. It is possible to

make this assumption if we consider that λα is a pure spinor, and we choose wα to
be in the wa = 0 gauge2. We have then

Q′ = e−RQeR = Q + [Q, R] +
1
2
[[Q, R], R] + . . . (5.44)

The commutators can be described in terms of contour integrals as

[Q, R] =
∮

Resw→z jBRST(w)cwα∂θα(z), (5.45)

with

jBRST = ηe2ϕ̃
(

p4
)a

∂xa + ηeϕ̃ pa∂xa + bη∂ηe3ϕ̃ p5 + cT + bc∂c + λ+p+ +
1
2

λab pab.
(5.46)

2For a extended discussion about this see [4]
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The terms of the series are as follows

[Q, R] =
∮ {(

η∂ηe3ϕ̃ p5 − c∂c
)

wα∂θα + c
[

p+∂θ+ +
1
2

pab∂θab − wα∂λα

]}
,

(5.47)
[[Q, R], R] = 2

∮
c∂cwα∂θα, (5.48)

[[[Q, R], R], R] = 0. (5.49)

Therefore

Q → Q +
∮ {

η∂ηe3ϕ̃ p5wα∂θα + c
[

p+∂θ+ +
1
2

pab∂θab − wα∂λα

]}
=
∮ [

ηe2ϕ̃
(

p4
)a

∂xa + ηeϕ̃ pa∂xa + η∂ηe3ϕ̃ p5 (b + wα∂θα) + cT + bc∂c
]

, (5.50)

with T = 1
2 ∂Xm∂Xm + pα∂θα − wα∂λα + b∂c + ∂(bc) + β̃∂γ̃ + ∂(β̃γ̃) being completely

SO(10) invariant.
The similarity transformation done affects to all the operators that describe the

theory. For example, the SUSY (q+, qa) charges are transformed as qa → e−RqaeR

and q+ → e−Rq+eR. Considering

[q+, R] =
∮

ηeϕ̃wα∂θα(z), (5.51)

[[q+, R], R] = 0, (5.52)

[qa, R] =
∮

Resw→z pa(w)cwa∂θa(z) = 0. (5.53)

So we are left with

q′a =
∮

pa, q′+ =
∮

p+ + θa∂xa + ηeϕ̃ (b + wα∂θα) , (5.54)

where we also added the
∮

p+ contribution to q+. To write it in covariant way
it is required to perform another similarity transformation as in Eq. (5.44), with

R′ =
∮

θ+ (∂xaθa + γ̃ (b + wα∂θα)). As a result we get

q+ =
∮

p+, (5.55)

qa =
∮ (

pa + θ+∂xa
)

. (5.56)

Similarity transformation given by R′ also will change the form of the BRST
charge. A more complete discussion about this can be found on [7].



Chapter 5. Relating RNS and Pure Spinor Variables 56

The missing components of qα are qab. On [7] it is stated that by doing similarity
transformation involving θab terms it is possible to get such terms and we are left
with the 16 components of the supercharge qα, given by Eq. (4.5).

It is possible to write (5.50) in a fully covariant way with manifest supersym-
metry. On [7] such BRST charge is described in terms of left moving non-minimum
variables (rα, λα) and their associated momentum (sα, wα) respectively. The BRST
operator is given by

Q =
∮
[λαdα + wαrα + ηeϕ̃

(
ΠmΓm − λγmnr

4λλ
ΓmΓn + b + wα∂θα + sα∂λα

)
+ cT + bc∂c

+
λγm1 ...m5 λ

120

[
5ηe2ϕ̃Γm1 . . . Γm4 Πm5 + η∂ηe3ϕ̃Γm1 . . . Γm5

(
b + sα∂λα +

(
wα + ∂ϕ̃

λα

λλ

)
∂θα

)]
,

(5.57)

with λα being a complex pure spinor, and rα being a fermionic spinor that satisfies
λ̄γmr = 0. Πm and dα are given by Eq. (4.8) . The remaining variables that come
from (5.57) are given by

T =
1
2

∂Xm∂Xm + pα∂θα − wα∂λα + b∂c + ∂(bc) + β̃∂γ̃ + ∂(β̃γ̃)− wα∂λα + sα∂rα,

(5.58)

Γm =
1

2λλ

[
λγmd − 1

8λλ
λγmnpr (wγnpλ)

]
, with λγmw = 0. (5.59)

Since the changes done to the BRST came from similarity transformations we
expect that the cohomology of the system (and therefore the physical states) does
not change.



Conclusions and perspectives

In this thesis we have explored different approaches to the covariant quanti-
zation of the superstring, focusing on the Ramond–Neveu–Schwarz (RNS) and
pure spinor formalisms, and preparing the ground for the construction of a new
version of the pure spinor formalism. The work was organized in three main parts,
each with a different level of depth and purpose.

In the first part, we reviewed the RNS formalism, beginning with the world-
sheet action for both open and closed strings, its associated conformal and su-
perconformal symmetries, and the role of the b, c and β, γ ghost systems. We
analyzed the structure of the matter and ghost ground states, and emphasized
the operator–state correspondence, which is a key ingredient in building vertex
operators. We then described in detail the construction of vertex operators for
tachyonic, massless, and massive excitations of the string, as well as the GSO
projection that ensures the consistency of the spectrum and leads to spacetime
supersymmetry.

We also turned to scattering amplitudes in the RNS formalism. We recalled
how the path integral prescription in bosonic string theory generalizes to the
superstring, and discussed the role of conformal Killing vectors, moduli space,
and the ghost number anomaly. In particular, we reviewed the necessity of Picture
Changing Operators (PCOs) and the associated subtleties that make higher-loop
calculations in the RNS formalism technically involved. We also highlighted how
the prescription realizes spacetime supersymmetry, setting the stage for comparing
with the pure spinor approach.

The second part was devoted to the pure spinor formalism, which provides a
manifestly super-Poincaré covariant framework for superstring quantization. We
reviewed the pure spinor action, the ghost sector, and the pure spinor constraint,
including its U(5) decomposition and conformal properties. We discussed the
construction of vertex operators and the tree-level prescription for scattering
amplitudes, emphasizing how this formalism circumvents some of the difficulties
of the RNS approach.

Finally, in the third part we initiated the study of a new pure spinor formalism,
which seeks to build a bridge between the RNS fermions and the pure spinor
variables. We introduced the relation between the worldsheet fields pa and θa and

57
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the fermionic matter field Ψm that comes from the RNS formulation.
Also, as a particular case, the massless gluon vertex operator was studied. It

was found that by doing a generalization it was possible to describe both gluon
and gluino by using a descripion in terms of superfields. The eight gluino degrees
of freedom were organized into two sets of four, with each set represented in a
different picture.

We described briefly their supersymmetry charges, and presented both U(5)
covariant vertex operators and also some hints on how to construct SO(10) covari-
ant expresions of the supercharge qα and QBRST operators. About this last one, we
quoted a result presented on [7] at the end of this section, where it is formulated a
manifestly supersymmetric covariant BRST operator in this new framework by
adding to the description non-minimal variables.

It is important to emphasize that the last two sections of the third part of this
work remain incomplete in the sense that we did not study the full scattering
amplitude prescription in the new pure spinor formalism. Instead, we carried out
exploratory calculations and identified key ingredients that will be necessary for a
consistent formulation. These partial results already illustrate both the promise
and the challenges of the approach, and they open a number of directions for
future research.

As a perspective, the next steps one can work on can be on completing the
construction of the covariant BRST charge by checking to the explicit form of the
similarity transformations to get the manifestly supersymmetric covariant BRST
operator, deriving the full prescription for scattering amplitudes, and comparing
it systematically with both the standard pure spinor formalism and the RNS for-
malism. Furthermore, it will be interesting to explore whether the new formalism
simplifies multiloop amplitude calculations or provides some interesting features
when the formalism is applied in curved spacetime backgrounds.



Appendix A

Massless Dirac equation on U(5) nota-
tion

On this appendix we decribe briefly how to write the massless Dirac equation
in terms of U(5) variables. Consider the gluino vertex operator on RNS formalism
is given by

V = ce−ϕ/2uαSα. (A.1)

The BRST charge

Q =
∮

ηeϕψm∂Xm − bη∂ηe2ϕ + cTm,βγ + bc∂c, (A.2)

and the physical state condition QV = 0 will give us the equation of motion for
the gluino. As a result we get

γmβα∂muα = 0, (A.3)

which is the Dirac equation for a massless spinor field. We will do the same
procedure but using U(5) notation. We start by considering the decomposition
of (A.1) in U(5) variables as [4]:

V = ce−ϕ/2uαSα = ce−ϕ/2
[

u+S+ +
1
2

uabSab + uaSa

]
. (A.4)

So we define

V1 = ce−ϕ/2u+S+, V2 =
1
2

ce−ϕ/2uabSab, V3 = ce−ϕ/2uaSa, (A.5)

S+ = e−
i
2 ∑i σi , Sab = eiσa+iσb− i

2 ∑i σi , Sa = e−iσa+
i
2 ∑i σi . (A.6)
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The RNS BRST charge can also be written in terms of U(5) variables:

Q =
∮

ηeϕψa∂Xa + ηeϕψa∂Xa − bη∂ηe2ϕ + cTm,βγ + bc∂c. (A.7)

To obtain the equations of motion we only require to evaluate {Q1, V}, with

Q1 =
∮

ηeϕψa∂Xa + ηeϕψa∂Xa, (A.8)

since the remaining terms do not contribute on-shell. We have then

{Q1, V1} =
∮ [

ηeϕψa∂Xa + ηeϕψa∂Xa] (z)c(0)e−ϕ(0)/2u+(X)S+(0)

=
∮

z1/2 : eϕe−ϕ/2 : c(0)
[

1
z

ηψa(z)S+(0)∂au+(X) +
1
z

ηψa(z)S+(0)∂au+(X) + . . .
]

.

Considering that we bosonized ψa ∼= eiσa we get

{Q1, V1} =
∮

z1/2 : eϕe−ϕ/2 : cη
[
z−3/2 : eiσa e−

i
2 ∑i σi : ∂au+ + z−1/2 : e−iσa e−

i
2 ∑i σi : ∂au+ + . . .

]
=c(0)η : eϕ/2 : Sa∂au+(X).

We move on to the next term:

{Q1, V2} =
1
2

∮
z1/2 : eϕe−ϕ/2 : c(0)

[
1
z

ηψc(z)Sab(0)∂cuab +
1
z

ηψc(z)Sab(0)∂cuab + . . .
]

=
1
2

∮
z1/2 : eϕe−ϕ/2 : c(0)

×
[

1
z

ηeiσc(z)eiσa+iσb− i
2 ∑i σi ∂cuab +

1
z

ηe−iσc(z)eiσa+iσb− i
2 ∑i σi ∂cuab + . . .

]
=

1
2

∮
z1/2 : eϕe−ϕ/2 : c(0)

×
[

1
z

ηei ∑i δicσi(z)ei ∑i(δia+δib− 1
2 )σi ∂cuab +

1
z

ηe−i ∑i δicσi(z)ei ∑i(δia+δib− 1
2 )σi ∂cuab + . . .

]
,

→ {Q1, V2} =
1
2

∮
z−1/2 : eϕe−ϕ/2 : c(0)[ηz(δca+δcb− 1

2 ) : eiσc(z)+iσa+iσb− i
2 ∑i σi : ∂cuab

+ηz−(δca+δcb− 1
2 ) : e−iσc(z)+iσa+iσb− i

2 ∑i σi : ∂cuab + . . . ]. (A.9)

So the first term only contributes when a ̸= b ̸= c, while the second one is non
zero if c = a or c = b. So we can write

{Q1, V2} =
1
2

ηeϕ/2c(0)
[
−1

2
ϵabcdeSab∂cude + 2Sb∂auab

]
. (A.10)
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Finally, the last term

{Q1, V3} =
∮

cz1/2 : eϕe−ϕ/2 :
[

1
z

z−1/2ηS+∂bub +
1
z

ηz−1/2Sab∂aub
]

= cηeϕ/2
[
S+∂bub + Sab∂aub

]
.

So we get

{Q1, V} = ηeϕ/2cSa∂au+(X) + ηeϕ/2c
[
−1

4
ϵabcdeSab∂cude + Sb∂auab

]
+ cηeϕ/2

[
S+∂bub + Sab∂aub

]
= ηeϕ/2c

[
Sa
[
∂au+(X)− ∂buab

]
+

1
2

Sab

[
∂aub − ∂bua − 1

2
ϵabcde∂cude

]
+ S+∂bub

]
.

Each term of this equation must vanish. As a result we end with the massless
Dirac equations, that are given by

∂au+ − ∂buab = 0,

∂aub − ∂bua − 1
2

ϵabcde∂cude = 0, (A.11)

∂bub = 0.
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