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a b s t r a c t

Despite the current and increasingly successful fight against cancer, there are some im-
portant questions concerning the efficiency of its treatment — in particular, the design of
oncology chemotherapy protocols. Seeking efficiency, schedules based on more frequent,
low-doses of drugs, known as metronomic chemotherapy, have been proposed as an al-
ternative to the classical standard protocol of chemotherapy administration. The in silico
approach may be very useful for providing a comparative analysis of these two kinds of
protocols. In so doing, we found that metronomic schedules aremore effective in eliminat-
ing tumour cells mainly due to their chemotherapeutic action on endothelial cells and that
more frequent, low drug doses also entail outcomes in which the survival time of patient
is increased.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Cancer is considered a serious public health problem worldwide. One of the most commonly applied types of cancer
treatment, antineoplastic chemotherapy, consists of the administration of one or more cycle-nonspecific or cycle-specific
drugs whose aim is to destroy tumour cells. In general the aim of cancer therapies, including chemotherapy, is to maximize
the therapeutic effect on tumours and minimize side effects on normal cells. Despite the advances in chemotherapy in
recent decades, there lacks a better quantitative understanding of its mechanism. In order to improve and clarify how
chemotherapy works, one can use mathematical modelling, for example, to design oncologic chemotherapy protocols
(Panetta & Fister [1]). Moreover, as we claim in this paper, mathematical modelling (as well as the in silico approach) may
improve the comprehension of the antiangiogenic effect of metronomic chemotherapy.

Several methods have been employed to build mathematical models of tumour growth, such as ordinary and partial
differential equations (Gatenby [2], Byrne & Chaplain [3] and Chaplain et al. [4]), cellular automata (Moreira & Deutsch
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et al. [5]), optimization (Panetta & Fister [1]) and multi-scale modelling (Stamatakos et al. [6], Macklin et al. [7] and
Owen et al. [8]). Whatever approach is adopted, the combination of theory and data certainly provides the best results
(Komarova [9]), where experiments guide theoreticalmodels, and theoreticalmodels lead to experiment(s) (Byrne et al. [10]
andAraujo&McElwain [11]). From this viewpoint,we develop, in this study, a simplemathematicalmodel of tumour growth
under chemotherapy, which was motivated by the biological experiment reported by Browder and collaborators [12]. Our
aim is to describe and simulate the antiangiogenic character of an alternative chemotherapy protocol, with more frequent
low drug doses per cycle, usually referred to as metronomic chemotherapy (Hanahan et al. [13] and Kerbel & Kamem [14]).

Mathematical models (Hahnfeldt et al. [15] and Pinho et al. [16]) have been built to analyse a very relevant phenomenon
for tumour growth extensively studied by Folkman’s group [17]: tumour angiogenesis as well as antiangiogenic therapies
for vascular tumours. The formation of new blood vessels (from a previous vascularization) due to the proliferation,
migration and differentiation of endothelial cells that encase the blood vessels (Bikfalvi [18]) is essential for tumour growth
after it reaches a diameter of 1–2 mm (vascular stage), and then the vascular stage is triggered by an angiogenic switch
(Folkman [19]). This process induces a synthesis of several substances that stimulate the proliferation of new endothelial
cells (Bussolino et al. [20]), which are not counterbalanced by small amounts of inhibitors (O’Reilly et al. [21]).

The inhibition of tumour angiogenesis may be promoted by antiangiogenic (non-chemotherapeutic) drugs or by
the chemotherapeutic drug itself adopting, in comparison to standard protocols, more frequent, low-doses per cycle
(metronomic chemotherapy). Using such a schedule of chemotherapy, Browder et al. [12] reported the elimination (drug-
sensitive tumours) or reduction (drug-resistant tumours) of Lewis lung carcinoma in mice, which did not occurr when a
standard protocol was employed. Moreover, in some preclinical studies, metronomic chemotherapy is used to increase the
survival time for human life (Bello et al. [22] andMan et al. [23]); for those, the cumulative drug doses are higher than those
in standard schedules (keeping, however, the dose per infusion lower).

Baruchel & Stempak [24] emphasize that metronomic protocols opened a new field of research and possibilities for
patient treatment, but there are some questions related to the antiangiogenic efficiency of metronomic chemotherapy, such
as its clear definition, the definition of optimumbiological drug doses and the design of clinical trials. To corroborate Baruchel
& Stempak [24], Lien et al. [25] argue that low-dose metronomic chemotherapy can control tumour growth rate safely, but
there are inconclusive phase III trial results so drug doses and intervals of drug infusion are empirical.

Motivated by both the reported experiments usingmetronomic chemotherapy and the open questions posed by Baruchel
& Stempak [24] and Lien et al. [25] related to its antiangiogenic efficiency, we intend to ascertain which features of
that schedule are relevant to promoting a significant reduction in tumours. Our simple ordinary differential equation
model simulates the administration of a chemotherapeutic cycle-nonspecific drug on a tumour, which is considered a
homogeneous population of normal and tumour cells. Besides the competition between normal and tumour cells and
the chemotherapeutic action on both of them, the model takes into account the chemotherapeutic action on vascular
endothelial cells as well as the effect of angiogenesis on the carrying capacity of tumour cells. Our main purpose here
is to compare one standard protocol of chemotherapy (which we will call the conventional schedule from now on) with
metronomic chemotherapy, focusing on the antiangiogenic efficiency ofmetronomic chemotherapy in preventing tumoural
neovascularization. We shall also address the effect on survival time entailed by metronomic chemotherapy.

The current paper is organized as follows: in Section 2, we present the model and some restrictions on its parameter
values. In Section 3, we discuss the response of chemotherapy action according to the model; the numerical results of
administration in cycles, simulating scenarios of standard and antiangiogenic protocols, showing in the latter an increase of
both survival and log-kill reduction in tumour size. The limit case of continuous drug infusion is also discussed in Section 3
and analytically studied in the Appendix. Finally, Section 4 closes the paper with concluding remarks.

2. The model

We consider a compartmentmodel formed by four nonlinear ordinary differential equations (ODE)whose compartments
are normal cells, tumour cells, vascular endothelial cells and chemotherapeutic agent. Within the modalities of
chemotherapy, we address one cycle-nonspecific drug under varying protocols: the standard protocol and the metronomic
schedule (smaller cycle time intervals T and lower dose-per-infusion than the conventional schedule) and the limit case of
continuous drug infusion (i.e., not in bolus). Some parameter values of the model are based on experimental data for human
tumours.

Although the angiogenic process inherently involves a spatial structure fully and explicitly analysed by partial differential
equations (PDE) models (Chaplain et al. [4]), we consider the valuable approach of Hahnfeldt et al. [15] (see also d’Onofrio
& Gandolfi [26,27]). In it, a diffusion-like PDE for the factors that stimulate and inhibit tumoural angiogenesis is carefully
reduced to an ODE in time thatmodels the proliferation of vascular endothelial cells. Essentially, themodelling presented by
Hahnfeldt et al. [15] and d’Onofrio & Gandolfi [26] are used here to build a simple model which extends one of our previous
models [28] by explicitly considering the compartment of endothelial cells as described in the sequel.

Tumour angiogenesis is represented in the model by the increase in carrying capacity of the tumour cells due to neo-
vascularization. Namely, as we will present later, the increasing of the carrying capacity is directly related to the number
of the vascular endothelial cells. To define the equation for vascular endothelial cells, as in Hahnfeldt et al. [15], we
essentially consider the net production of both proangiogenic and angiogenic inhibition factors (Maggelakis [29]). The action
of macrophages stimulating the release of angiogenic factors as well as the role of pericites in inhibiting the proliferation of
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endothelial cells (Levine et al. [30]) are contemplated through the angiogenic functions taken into account in the equation for
vascular endothelial cells. Besides the net production of proangiogenic and angiogenic inhibition factors, we also consider,
as in d’Onofrio & Gandolfi [26], the average effect of the proliferation of endothelial cells within the tumour and their
movement from the peritumoural region into the tumour as an additional effect. This is mainly a representation of a
spatial effect: the diffusion of the endothelial cells itself. Despite the fact that metronomic chemotherapy has already been
addressed via mathematical modelling in Hahnfeldt et al. [31] and Phipps [32], we did not find any simple ODE model that
simultaneously includes metronomic chemotherapy and angiogenesis and that still considers the normal cell compartment
and its interspecific competition with the tumour cells. As in Pinho et al. [33] and Nani & Freedman [34], we include normal
cells in themodel since these are affected by the drug and also determine themaximumdose abovewhich the drug becomes
harmful to the oncologic patient.

Denoting the number of tumour cells and normal cells by Ni (i = 1, 2), the number of vascular endothelial cells by L1 and
the dose of chemotherapeutic agent by Q , we propose the followingmodel based on general functions as in Pinho et al. [35]:

dN1

dt
= r1N1 G1(N1, L1) − C1(N1,N2, L1) − H1(N1,Q ),

dN2

dt
= r2N2 G2(N2) − C2(N1,N2, L1) − H2(N2,Q ),

dL1
dt

= A(L1) + S(N1, L1) − I(N1, L1) − H3(L1,Q ),

dQ
dt

= q(t) − W(N1,N2,Q ),

(1)

where ri, i = 1, 2, are the growth rates associated with tumour cell and normal cell populations respectively, and the
following functions:

• Gi(·) ≥ 0 represents the natural growth and its inhibition due to intraspecific competition;
• Ci(·) ≥ 0 represents the interspecific competition between tumour and normal cells;
• Hj(·) ≥ 0 (j = 1, 2, 3) is the killing action of the drug on each cell population (in particular j = 3 refers to vascular

endothelial cell population);
• S(·) ≥ 0 models the ability to induce tumour vascularization, and therefore relates to the stimulator factors, and I(·) ≥

0 with respect to inhibitor factors;
• A(·) ≥ 0 represents the proliferation of endothelial cells within the tumour and their migration from the peritumoural

region into the tumour (d’Onofrio & Gandolfi [26]);
• q(t) ≥ 0, defined in t ∈ [ 0, ∞), and W(·) ≥ 0 model, respectively, the flux of the infusion of the chemotherapeutic

drug, and the washout of the drug.

The non-autonomous dynamical system given by (1) is forced by the chemotherapeutic agent, whose administration is
described below:

(i) Drug administration in cycles
In general, the drug is administered at fixed time intervals, and thus q = q(t) is a periodic function. In this case, if the
time spent for the infusion is much smaller than the total time of patient treatment, we assume that the drug interacts
immediately with the tumour.
In standard human protocols, the period of each cycle is usually 3 weeks, followed by a rest period, in which
chemotherapy is not applied. According to Martin & Teo [36], we define the infusion rate as follows:

q(t) =


qcycle > 0, n ≤ t < n + τ ,
0, n + τ ≤ t < n + T ,

(2)

where T is the cycle time interval, n = 0, T , 2T , . . . and τ is the infusion timewith T ≫ τ (i.e., administration in ‘‘bolus’’
doses).

(ii) Continuous drug administration
In the limit case of continuous infusion, we assume small values for the infusion rate and τ → T . Therefore, the drug is
infused at a constant rate: q(t) = q > 0, ∀t ≥ 0 with q ≪ qcycle.

2.1. Expliciting the model: selected functional responses

Let us present the assumed functions for the general model (1).

(a) Cell growth functional response: Gi(·), i = 1, 2
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Although it seems that the growth of tumours does not follow a universal law (Retsky [37]), experimental results
show it behaves as sigmoid curves like the generalized logistic function (Spratt et al. [38]) and the Gompertz function
(Bajzer & Pavlovic [39] and Michelson et al. [40]). We assume the logistic function for natural growth and intraspecific
competition of tumour cells because it is more robust in fitting data for some human tumours according to Vaidya &
Alexandro Jr. [41]:

G1(N1, L1) = 1 −
N1

k1 + L1
, (3)

where k1 is the carrying capacity of the tumour in the pre-vascular stage. We call attention to the fact that the con-
tribution to the carrying capacity of tumour cells due to tumour angiogenesis is represented by L1—the number of the
vascular endothelial cells.
Analogously, we also assume the logistic function for natural growth and the intraspecific competition function for nor-
mal cells, but their carrying capacity is not affected by tumour angiogenesis, since we consider that normal cells are in
homeostasis state (Hanahan &Weinberg [42]):

G2(N2) = 1 −
N2

k2
, (4)

where k2 is the carrying capacity of the normal cells.
(b) Interspecific cellular competition: Ci(·), i = 1, 2

The functions Ci (i = 1, 2) model the negative effect on tumour and normal cells due to interspecific competition for
nutrients, as given by Gatenby [2]:

C1(N1,N2, L1) = r1
α1

k1 + L1
N1N2, (5)

C2(N1,N2, L1) = C2(N1,N2) = r2
α2

k2
N1N2, (6)

where αi is the coefficient of the competition on the population i and ri is the natural growth of population i, i = 1, 2
for tumour and normal cell populations.

(c) Angiogenic-related functional response: A(·), S(·), I(·)
To model the temporal variation of vascular endothelial cells, we choose

A(L1) = σ L1, (7)
S(N1, L1) = φN1, (8)

I(N1, L1) = ωL1N1
ξ , (9)

withA(L1) assumed as a linear function of L1 as proposed by d’Onofrio & Gandolfi [26]; the parameter σ is related to the
proliferation of the endothelial cells within the tumour and their migration from the peritumoural region and therefore
does not depend on the size of the tumour.

On the other hand, the net production of proangiogenic and angiogenic inhibition factors do depend on tumour size
as stated by the functions S(N1, L1) and I(N1, L1). The function I(·) that is presented here does not allow an exponen-
tial tumour growth, exactly as discussed by d’Onofrio & Gandolfi [26]. The larger the tumour, the more poorly perfused
and chaotic the tumoural neovasculature will be (Boareto et al. [43]), because of the difficulty to reach the centre of the
tumour (where the normoxic cells are) scales as its size and because of themicrovessels inefficiently trend of decreasing
its diameter as they have to increasingly reach a more vast portion of the tumour volume. The function S(·) is a mathe-
matical consequence of the biological assumption that the angiogenesis stimulus only depends on the tumour size. Both
S(N1, L1) and I(N1, L1) functions are based on Hahnfeldt et al. [15] modelling, where for the sake of analyticity we set
ξ = 1. Moreover, φ measures the angiogenic factors released by the tumour, whereasω models the neo-vascularization
inhibition by the tumour itself.

(d) Drug functional response: W(·), Hi(·), i = 1, 2, 3
For intravenous application of the drug, temporal variation in the amount of the drug is given by first order kinetics,
and so W(N1,N2,Q ) is just a function of Q , as usually considered (Hahnfeldt et al. [15] and Lüllmann et al. [44]) in
pharmacokinetics. Therefore, it follows that

W(Q ) = λQ , (10)

where λ > 0 is the washout rate of a given cycle-nonspecific chemotherapeutic drug.
Regarding the drug effect, i.e. pharmacodynamics, we assume the classical log-kill functional response (i.e. the per-

centage of cells eliminated by the drug is always the same constant) hypothesized by Skipper et al. [45], with a saturation
of the Michaelis–Menten type for the amount of the drug. Therefore H1(·), H2(·) and H3(·) are given by

H1(N1,Q ) =
µN1Q
a + Q

, (11)
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H2(N2,Q ) =
νN2Q
b + Q

, (12)

H3(L1,Q ) =
ηL1Q
c + Q

, (13)

where a, b and c determine the saturation of the drug functional response (they are the amount of the drug for which
the respective effect is half of its maximum),µ is the treatment rate of the tumour cells, ν is themortality rate of normal
cells due to treatment and η models the intensity of the antiangiogenic effect of the chemotherapeutic drug.

Pinho et al. [35] proposed a general saturated functional response for Hj(Ni,Q ) in which saturation occurs both in
Q and Ni. Particular cases are considered in Ref. [33] (saturation only in Ni) and in Ref. [35] (saturation only in Q ). In the
present study, we follow the second simplification of the functional response, which properly describes the saturation
effect of the drug as in Aroesty et al. [46].

Finally, replacing (3)–(13) in the general model (1), we obtain the model that we will assume:

dN1

dt
= r1N1


1 −

N1

k1 + L1
−

α1N2

k1 + L1


−

µN1Q
a + Q

,

dN2

dt
= r2N2


1 −

N2

k2
−

α2N1

k2


−

νN2Q
b + Q

,

dL1
dt

= σ L1 + φN1 − ωN1L1 −
ηL1Q
c + Q

,

dQ
dt

= q(t) − λQ .

(14)

with q(t) given by (2). All parameter values in (14) are non-negative except for λ, k1 and k2, which are strictly positive. This
model extends a previous one studied by us in Ref. [28]: a limit case for which angiogenesis reaches equilibrium before the
drug takes action, andwhen there is no antiangiogenic effect of the drug at all (η = 0).We can interpret the former assertion
assuming that L1 is a population of vascular endothelial cells is in a steady state; let us denote such a constant value of cells
by L∞

1 . In such a case, we reinterpret the carrying capacity k1 as k1 = k1 + L∞

1 . Numerical simulations verify that this is the
case and they are shown in Ref. [47].

2.2. Restrictions on parameter values

Based on pharmacological and biological arguments, we make some restrictions on the following parameter values.
Regarding growth rates, the tumour grows faster than normal tissues because the tumour cells are able to delay apoptosis

(programmed cell death). If ri is given by ri = bi − di, where bi is the rate of cell division and di is the rate of cell death, then
from a biological viewpoint b1 ≈ b2 but, due to tumour cells’ delay of apoptosis, d1 < d2, implying

r1 > r2, (15)
and although there is such inequality, it is noteworthy that tumours in different bodily regions have different values for r1,
and each type of normal cell has a value of r2.

In relation to the angiogenic process, from Eq. (14) we have
φ ≫ σ (16)

because we expect that the proliferation due to stimulator factors is more significant than the effect of adjacent endothelial
cells and their migration from the peritumoural region into the tumour. Moreover, the inhibition rate becomes comparable
to the proangiogenic rate onlywhen L1 is relatively large such thatω L1 ≈ φ. For such a reason, we assume that the following
inequality holds:

ω max{L1} / φ. (17)
Finally, for the treatment to make sense, the chemotherapeutic drug must show greater efficiency in killing tumour cells

than normal cells. For example, according to Buick [48], the drug effect in lymphomas is up to 104 times higher than in bone
marrow cells, where we have

µ ≫ ν. (18)
Besides, it is important to guarantee that, in the special case of non-treated scenario the tumour is not eliminated, as in

Pinho et al. [33] and Nani & Freedman [34]. However, here it is allowed that system (14), with Q (t) ≡ 0 for any time t ,
may reach the coexistence equilibrium between normal and tumour cells. The four equilibria Ei(N̂1, N̂2, L̂1), i = 1, 2, 3, 4,
of system (14) with Q (t) ≡ 0 are given by
• E1(0, 0, 0)—Extinction of normal, endothelial and tumour cells;
• E2(0, k2, 0)—Extinction of tumour cells (spontaneous cure);
• E3(N1, 0, L1)—Extinction of normal cells in the presence of tumour cells and endothelial vascular cells;
• E4(N∗

1 ,N∗

2 , L∗

1)—Coexistence of cells.
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Fig. 1. Tumour evolution in absence of therapies (numerical integration of system (14) with Q (t) ≡ 0). Initial condition: N1(0) = 108 tumour cells (red
solid line),N2(0) = 1012 normal cells (blue dashed line) and L1(0) = 107 vascular endothelial cells (green dashed line). Parameters values are from Table 1.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

It is easy to show that the non-biological equilibrium E1(0, 0, 0) and disease free equilibrium E2(0, k2, 0) are locally
unstable for σ > 0 and any non-negative values of the other parameters (except for k1 > 0 and k2 > 0). If we assume
σ = 0, we have to impose that

k1 > α1k2 (19)

in order to guarantee the unstable character of E2(0, k2, 0) (this condition is obeyed in the numerical simulations). It is easy
to prove that, without treatment, the system may evolve to E4(N∗

1 ,N∗

2 , L∗

1) in the positive cone, if

α1α2 < 1 and
σ

ω
< N∗

1 <
k2
α2

. (20)

Also,

N∗

1 =
k1 + L∗

1 − α1k2
1 − α1α2

, (21)

N∗

2 = k2 − α2N∗

1 , (22)

L∗

1 =
φ

ω −
σ
N∗
1

. (23)

Eqs. (21) and (22) indicate that, being on the equilibrium state, the increasing of the tumour (N1) only occurs by the
augmentation of vascularization (L1). This is completely expected, but ourmodelmaterializes such a biological phenomenon
into a mathematical idea.

To conclude this sectionwe present a numerical simulationwhen no therapy is applied, where the numerical integration
of the system (14) is obtained by using Runge–Kutta 4th order method. We access the ‘‘angiogenic switch’’ phenomenon
reported by Folkman [19], where the augmentation of vascular endothelial growth factor essentially triggers the tumoural
angiogenesis. The curves for N1 and L1 versus time in Fig. 1 reveal such a phenomenon by means of a time lag between
tumour cells and endothelial cells growth. By a disbalance between the neovasculature stimulus and inhibition, the former
is more pronounced than the latter, thus the tumoural angiogenesis is triggered. The number of normal cells remains at
the same amount as in the beginning of the dynamics, because of its homeostasis initial state. All the previous inequalities
related to parameters restrictions hold in the results of Fig. 1. The parameter values for such a non-treated case are listed in
Table 1.

3. Results and discussion

In this section, we analyse the model (14) taking into account the administration in cycles of a chemotherapeutic drug
by using an in silico approach to reach the main point of our paper: understanding the antiangiogenic effect of metronomic
chemotherapy. After calibrating the model in a scenario of absence of therapies (Fig. 1) we simulate a standard protocol of
chemotherapy andmany types ofmetronomic protocols. Finally, we discuss the limit case of continuous drug administration
based on some analytical results and simulations.
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Table 1
Parameters related to the tumour, normal and endothelial cells for model (14).

Parameter Value Unity Reference/Comments

r1 10−2 day−1 Spratt et al. [38]
r2 10−3 day−1 See (15)
k1 108 cell Spratt et al. [38], Kerbel [49]a

k2 1012 cell Weinberg [50], Schaebel [51]b

α1 9 × 10−5 – See (19)
α2 9 × 10−2 – –
σ 10−3 day−1 σ ∼ r2
φ 1 day−1 See (16)
ω 10−11 cell−1 day−1 See (17)
a Per Spratt et al. [38] a 6 mm-diameter tumour has 1.13 × 108 cells, and Kerbel [49] affirms that an

avascular tumour has a diameter less than or equal to 2 mm.
b The carrying capacity of normal cells k2 can also be estimated considering that 109 cells equals 1g [52]

and that a human adult has about 1013 cells [53,51].

Table 2
Parameters related to the chemotherapeutic action for model (14).

Parameter Value Unity Reference/Comment

ν 8 × 10−2 day−1 ν > r2
µ 8 day−1 See (18)
λ 4.16 day−1 [54]a

a 2 × 103 mg Assumed valueb

b 5 × 106 mg Assumed valueb

c 2 × 103 mg c ∼ a
a The value of λ is calculated from equation dQ/dt (see (14) with q(t) ≡ 0) considering that

cyclophosphamide has an elimination half-life t1/2 of 4 h [54], where λ = ln 2/t1/2 .
b We assume values of the same magnitude for the cell–cell and cell–drug interactions.

3.1. Comparative analysis between conventional and metronomic chemotherapy

Assuming the administration in cycles given by (2), in order to access the antiangiogenic effect of chemotherapy, we
simulate different schedules, varying the intensity of the dose per infusion qcycle and the cycle time interval T . The known
discontinuities in q(t)were circumvented by themere inclusion of an if-statement in the Runge–Kutta code. Also, Q (0)was
set equal to 0 in all simulations. In Table 2 we summarize the parameters related to chemotherapeutic action.

An oncologic protocol established for breast cancer treatment is FEC100 [55] (fluorouracil, epirubicin and
cyclophosphamide) and requires, among other drugs, the intravenous application of cyclophosphamide in bolus at a dose
of 500 mg/m2 of the body surface of the patient every 21 days. We adopt this oncologic protocol, but considering just
cyclophosphamide in the treatment. This is because synergistic and antagonistic drug–drug interactions are not easy to
model (they can also depend on the drugs used).

From a formula given by Mosteller [56], we estimate that the body surface of a patient with a weight of 70 kg and height
1.70 m is 1.8 m2, thus establishing a dose of 900 mg per cycle. In fact, the administration time of cyclophosphamide is
much less than 3 h. However, we assume that this dose is infused over 3 h because we assume that the drug interacts
immediately with the tumour and also because cyclophosphamide’s peak plasma concentration occurs approximately 3 h
after infusion [54]. An infusion of 3 h (1/8 day) implies an infusion rate of 8 × 900 = 7200 mg/day. This corresponds to a
standard protocol which, for our purpose, will be called the conventional schedule. From (2), we define such a regimen by

q(t) =


7200, l ≤ t < l +

1
8
,

0, l +
1
8

≤ t < l + 21,
(24)

where l = 0, 21, 42, 63 (ninf = 4 infusions), with q(t ≥ 84) ≡ 0.
We stress that, for metronomic chemotherapy, the values of qcycle and T are reduced in relation to the conventional

schedule (which means that the doses per cycle are lower and the drug is administered more frequently). To highlight the
differences, we present Table 3.

In order to compare the effect of the conventional schedule and metronomic chemotherapy on tumoural reduction, and
remembering that the total dose is given by D = qcycle ninf τ , we set up the two case studies described below.

Note: the number of normal cells was omitted in the results since the treatment had almost no effect on it in all cases
(lower cytotoxic level of drug) due to the lower value of ν in comparison to µ; in other words, the order of magnitude
remained at 1012 normal cells during the whole treatment in all cases.
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Table 3
Parameters related to chemotherapy administration in cycles for model (14); chemotherapeutic drug:
cyclophosphamide.

Parameter Conventional Metronomic

Drug infusion rate (qcycle) 7200 mg/day q < 7200 mg/day
Cycle time interval (T ) 21 days T < 21 days
Number of infusions (ninf) 4 ninf > 4
Drug infusion time (τ ) 1/8 day = 3 h 1/8 day = 3 h
Total drug dose (D = qcycle ninf τ) Dc = 3600 mg D ≥ 3600 mg
Antiangiogenic effect on endothelial cells (η) η > 0 day−1 η > 0 day−1

Fig. 2. Number of tumour cells for periodic chemotherapy treatment for non-null chemotherapeutic action on vascular endothelial cells (η ≠ 0).
Conventional (red thickest solid line) and metronomic schedules (the three thinnest dashed lines, correspond to ninf = 16, 12 and 8) until 80 days (the
last day of infusion is the 63rd). Initial condition: N1(0) = 2 × 1010 , N2(0) = 1012 , L1(0) = 102 , Q (0) = 0; the parameter values are those presented
in Tables 1–3, with η = 500 day −1 . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

3.1.1. CASE STUDY I—computing the antiangiogenic effect
CASE STUDY I summary: we set both total dose D at Dc = 3600 mg and the total time of treatment (63 or 42 days,

depending on the case) but make qcycle, T and ninf schedule-specific. For either 42 or 63 days we simulate three metronomic
schedules with ninf equal to 8, 12 or 16 infusions. Let us clarify that Figs. 2 and 3 are related to the schedule of 63 days
whereas Table 4 is relative to the 42-day-schedules.

As we can see in Fig. 2, the lower and the more frequent the dose, the greater the tumoural reduction will be. For the
same tumoural curves, the lowest value of tumour cells reached during each respective protocol is:

• Conventional schedule: 7.5 × 108 tumour cells;
• Metronomic chemotherapy:

– ninf = 8 and T = 9 days: 4.4 × 108 tumour cells;
– ninf = 12 and T = 63/11 ≈ 5.72 days: 3.7 × 108 tumour cells;
– ninf = 16 and T = 63/15 = 4.2 days: 2.8 × 108 tumour cells.

Therefore, fixing the total dose (i.e. with the same total amount of drug), we have shown that the shorter the interval
between doses is, the greater the tumoural reduction will be. However, how exactly this effect is related to endothelial
cells? In order to answer this question, we deactivate the effect of the chemotherapeutic drug on endothelial cells by setting
η = 0. In so doing, we can separate the effect of cycle time interval reduction on the tumour from the antiangiogenic effect
on endothelial cells. Intuitively, one would expect that the smaller cycle time interval T the smaller the tumour will become
(because the tumour would have less time to regrow between infusions). Surprisingly, however, without the antiangiogenic
effect (η = 0), a smaller cycle time interval T does not imply a smaller tumour: as we show in Table 4, if T = 6 days,
the lowest value is 1.1 × 109 tumour cells, which is the same if T = 42/11 ≈ 3.81 days. This is mainly an indication
of the essential role that the antiangiogenic chemotherapy effect can play; such an effect is essential to lead to a greater
tumoural reduction: when η = 500 day−1, the number of tumour cells is still lower, as wemake evident in Table 4. Inspired
by experimental tumour data of drug-sensitive Lewis lung carcinoma in mice (Browder et al. [12]), we have simulated the
model assuming a value of η (η = 500 day−1) for which the conventional schedule does not have an antiangiogenic effect
strong enough to reduce the tumour to values smaller than a clinically detectable tumour size (109 cells). Using such a
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Table 4
Analysis of the cycle time interval T excluding from the antiangiogenic chemotherapeutic effect itself. Total
treatment time: 42 days; total dose: D = 3600 mg.

ninf T (days) η (day−1) Minimum of tumour cells

8 6 0 1.1 × 109

500 3.8 × 108

12 3.81 0 1.1 × 109

500 3.2 × 108

16 2.8 0 0.9 × 109

500 2.5 × 108

Fig. 3. Number of vascular endothelial cells for a conventional schedule (red thickest solid line) and for metronomic chemotherapy schedule with ninf = 8
(green thinnest dashed line). The L1 curve corresponds to the same simulation presented in Fig. 2 (in which we plot N1 curves). The schedules for ninf = 12
and ninf = 16 were omitted for a better visualization. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

value for the antiangiogenic effect, however, enables our metronomic schedules to get smaller non-clinically detectable
tumours.

Comparing the evolution of vascular endothelial cells for the conventional schedule and a metronomic one in which
we set ninf = 8, it is very clear that increasing the frequency of low doses enhances the antiangiogenic effect of the
chemotherapeutic drug (Fig. 3).

According to this case study, fixing the dose per cycle and the cytotoxic action of chemotherapeutic drug on tumour
cells, it is important that the antineoplastic drug – which is not antiangiogenic but can promote this additional effect when
one uses more frequent, low doses – acts efficiently on endothelial cells. That importance lies in the additional tumoural
reduction arising from such an action. Moreover, we observe that if there is no antiangiogenic effect, decreasing the time
interval T between drug infusions may not lead to smaller tumours, as is clearly shown in Table 4.

Before we move on to CASE STUDY II, we make here a brief comment about the deviation from metronomic scheduling,
i.e., is there any advantage in varying the time interval T during treatment? Consider a sequence of cycles for which the
time interval between doses is gradually reduced, maintaining the total dose as well as the total treatment time. Numerical
simulations (not shown) do not reveal any relevant advantage in tumour reduction at the end of treatment in relation to a
fixed period T .

3.1.2. CASE STUDY II—Antiangiogenic protocols and human survival time
CASE STUDY II summary: we compare a conventional schedule and a metronomic one, both with total doses Dc and

2Dc performing a total of four protocols. Our goal here is to investigate the differences between them with respect to the
argument that metronomic chemotherapy increases human survival time. In particular, two out of our four protocols are
based on Browder et al. [12], where the authors define the total dose of an antiangiogenic schedule as being twice that used
in a standard one (or in our terminology, the conventional schedule at dose Dc and the metronomic one in which the dose
is 2Dc).

In Fig. 4 we display the time evolution curves of tumour cells for the four situations in CASE STUDY II, whose main
information is summarized in Table 5. Note that, unlike the conventional schedule at dose Dc, for the other three cases,
the number of tumour cells is reduced from an order of magnitude of 1010 cells to less than 109 cells, that is, they become
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Fig. 4. Number of tumour cells for conventional schedule with dose Dc = 3600 mg and 2Dc = 7200 mg (red thickest solid lines), metronomic
chemotherapy with dose Dc = 3600 mg and 2Dc = 7200 mg (magenta thinnest dashed lines). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 5. The same curves of Fig. 4, but for t = 1800 days. Parameter values are presented in Tables 1–3, with η = 500 day−1 .

clinically undetectable tumours. By the same simulation, but for a longer time of 1600 days, in Fig. 5, it is possible to analyse
the survival time assuming that the patient does not undergo any other treatment after the schedule itself. By survival time
we mean the time interval in which the tumour reaches 1011 cells that corresponds to tumoural mass of 100 g.1 In Table 5,
we point out in numbers such a comparison among the schedules. We can clearly see the impact of the metronomic effect
on the patient’s survival time: it results in≈100more days of life if the dose is Dc and in an additional survival time of≈220
more days if the drug dose is 2Dc.

Therefore, according to Figs. 4 and 5, both facts are relevant for increasing the patient’s survival time as was pointed
out by Bello et al. [22] and Man et al. [23]. Of course, it is not surprising that increasing the total drug dose, assuming the
chemotherapeutic drug effect is almost non-cytotoxic on normal cells, the time survival of the patient also increases, even in
the conventional schedule. Themain point here is that the antiangiogenicmetronomic schedules lead to a smallerminimum
tumour size (below 108 cells in Fig. 4 and Table 5). That is a good outcome because other treatments may be applied in order
to avoid tumour regrowth as it is shown in Fig. 5.

1 In fact a breast tumour greater than 5 cm (≈100 g or with 1011 cells) can be life-harmful according to the American Joint Committee on Cancer Staging
System for Breast Cancer [57].
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Table 5
Analysis of patient’s survival time after early ceasing chemotherapy.

Total dose (mg) Schedule Minimum of tumour cells Survival time (days)

3600 (Dc) Conventional 7.4 × 108 780
3600 (Dc) Metronomic 2.8 × 108 880
7200 (2Dc) Conventional 8.7 × 107 1000
7200 (2Dc) Metronomic 1.3 × 107 1220

3.2. The limit case of continuous drug administration

Although our focus is on the periodic schedule, motivated by the cases where the drug is administered continuously, we
analyse the limit case for which τ → T and q(t) = q for any t ≥ 0, taking advantage of the process to obtain some analytical
results as well. Of course, in real cases, the dose is applied until a certain time tend, i.e. for a finite value of n, leading to a
Heaviside function. For our analysis, we assume a very small dose per cycle infusing for a very long time and reaching the
same total dose for the Heaviside infusion.

In this case, for some ranges of parameter values, system (14) may evolve to a cure state where there are no tumour cells.
Sincewehave observed in theprevious section that themost relevant parameter isη, the killing action of a chemotherapeutic
drug on endothelial cells, we set a threshold value of a η and a dose per infusion of q for reaching the cure state in the
continuous model.

We consider chemotherapy as a forcing action on the cells in order to analyse their response to the treatment. Its time
evolution, for a fixed infusion q, is given by:

Q (t) =
q
λ
[1 − exp(−λ t)] . (25)

Our aim is to investigate, for a fixed value of q, the effect of parameter η related to the efficiency of the chemotherapeutic
drug in killing the endothelial cells which affects the carrying capacity of tumour cells. Thus, we proceed with stability
analysis for constant treatment. When q(t) = q > 0, system (14) becomes autonomous and it has four equilibrium points:

• P1(0, 0, 0, q/λ)—Elimination of normal and tumour cells due to high dose;
• P2(0,N2, 0, q/λ)—Curing disease through continuous chemotherapy;
• P3(N1, 0,L1, q/λ)—Elimination of normal cells by treatment in the presence of tumour cells and vascular endothelial

cells;
• P4(N1, N2, L1, q/λ)—Coexistence between normal and tumour cells in the presence of vascular endothelial cells.

Let us consider the details for the cure state P2(0,N2, 0, q/λ):

N2 =
k2 (r2bλ + q(r2 − ν))

r2 (bλ + q)
. (26)

From a biological point of view, we haveN2 > 0, which occurs if

0 < q < qthreshold with ν > r2, (27)

where

qthreshold =
r2bλ

ν − r2
, (28)

corresponds to the rate of infusion of the drug required to cure.
The stability study of P1(0, 0, 0, q/λ) and P2(0,N2, 0, q/λ) is given in the Appendix. In this analysis, we show that

condition (27) guarantees the unstable character of P1(0, 0, 0, q/λ). The cure state P2(0,N2, 0, q/λ) is locally stable when
conditions (A.12) and (A.22), in the Appendix, hold:

(i) Condition (A.12), obtained in theAppendix and rewritten below, sets up a lower bound for the intensity of antiangiogenic
effect of a chemotherapeutic drug, modelled by the parameter η:

ηthreshold = σ


1 +

cλ
q


, (29)

below that, there is no cure for the disease. There is a transcritical bifurcation in the bifurcation diagram, assuming η to
be a control parameter, since P2 changes from unstable to stable equilibrium. Therefore, above ηthreshold, the tumour is
eliminated.
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Fig. 6. Total chemotherapy dose D as a function of the infusion rate q. The optimized minimum dose is obtained at q ≈ 75.7 mg/day and for which the
time elapsed until cure is about 313 days. Parameter values are presented in Tables 1 and 2, with η = 500 day−1 . In order to get such a curve, tumoural
elimination was conveniently defined here as a ‘‘tumour’’ with less than one cell. Initial condition: N1(0) = 2 × 1010 , N2(0) = 1 × 1012 , L1(0) = 1 × 102

and Q (0) = 0.

(ii) Condition (A.22), obtained in the Appendix and rewritten here as

α1 > Λ5/Λ4 (30)

where

Λ4 = −r1k2(aλ + q)

r2(bλ + q) − νq


,

Λ5 = −r2k1(bλ + q)

r1(aλ + q) − µq


,

sets up an inequality expressed in terms of the infusion rate q, which is, from a clinical perspective, a parameter that
can be controlled.

In summary, the critical parameters q and η, given, respectively by (28) and (29) correspond to the upper and lower
values for the cure state; condition (A.21) is also necessary to guarantee the local stable character of the cure state.

Besides the steady state itself, we estimate the length of time to reach the cure state tcure by continuous drug
administration, assuming the values of parameters in Tables 1 and 2, η = 500 day−1 (as in the metronomic schedules).
For this purpose, the constant infusion rate parameter qwas chosen by an optimization process because it can be controlled
clinically. Namely, it is the value for which the total dose D = q tcure is minimum but still eliminates the tumour. It is
important to note that tcure is a function of q and then D is nonlinear in q. For the chosen parameters, the total dose D is
shown as a function of q in Fig. 6, fromwhere one can see thatD reaches itsminimumbetween 50 and 100 or, more precisely
at q ≈ 75.7 mg/day. Adopting this value for q, we finally estimate that the time to reach the tumoural elimination (cure
state) is ≈ 313 days. The larger the drug infusion rate q, the shorter the time tcure will be. If considering q ≈ 75.7 mg/day
the cure state can be reached with the smallest possible amount of chemotherapy.

4. Concluding remarks

In following with our main objective – to investigate the net antiangiogenic effect of metronomic chemotherapy in the
vascular stage from themathematical modelling point of view – in the current paper, through a simplemathematical model,
we present how the antiangiogenic effect ofmetronomic chemotherapy takes place.We adopt amean field approach, which
lacks of spatial heterogeneity and the specifying details of endothelial cells interaction with the vessels and other cells in
the neighbourhood of basal lamina (see Levine et al. [30]). Hopefully, however, we have quantified the antiangiogenic effect
of metronomic chemotherapy by means of a computational approach.

According to our results, more frequent low doses of metronomic chemotherapy enhance tumoural reduction if the
chemotherapeutic drug actually promotes an antiangiogenic effect on endothelial cells (η ≠ 0). Although there is a huge
discussion about the efficiency of metronomic schedules in reducing the tumour, as far as we know, no one has been able
to describe how this could happen. Here, we address this issue, first computing the antiangiogenic effect on endothelial
cells and then exhibiting a counter-example for which decreasing the cycle time interval between drug infusions does not
imply a smaller tumour when the antiangiogenic effect does not exist. Accordingly, we point out some questions: ‘How can
we take advantage of more frequent low-doses of metronomic chemotherapy?’ If such a protocol is used, our investigation
corroborates that the chemotherapeutic effect on endothelial cells entails an additional tumoural reduction.
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Analysing conventional and metronomic chemotherapy schedules with (η ≠ 0) and without (η = 0) an antiangiogenic
effect on endothelial cells comparatively, and the continuous administration as a limit case of administration in cycles with
the focus on the cure state, we can summarize our conclusions with the following items:
(a) Without any time delay in the equations, the model presented here describes the time lag between tumour cells and

endothelial cells associated with ‘‘angiogenic switch’’ as reported by Folkman [17]. Moreover, our model indicates that
the increasing of the tumour only occurs by the augmentation of vascularization.

(b) The killing action of chemotherapeutic drug on vascular endothelial cells (controlled by parameter η in our model)
is more relevant to the reduction of a tumour than the metronomic schedule of chemotherapy. However, applying a
metronomic schedule for a chemical efficient in killing endothelial cells enhances the antiangiogenic effect, leading to a
more effective tumour reduction.

(c) Increasing the total dose (for an almost non-cytotoxic chemotherapeutic drug effect on normal cells) is a better strategy
for increasing the survival of a patient (after the total treatment time) for conventional or metronomic schedules.
However, for metronomic schedules, at the end of treatment, larger doses are more effective for tumoural reduction.

(d) In the limit case of continuous drug administration, there are critical values for dose per infusion and chemotherapeutic
action on endothelial cells that guarantee the elimination of cancer cells. Additionally, by a numerical example, we
provide an estimate for the infusion rate which implies the smallest possible amount of chemotherapy, or total dose
capable of eliminating the tumour. An infusion rate below such an optimal value implies more time to reach the cure,
and then entails an increasing of the total dose. On the other hand, a higher infusion rate than the optimal eliminates
the tumour more quickly, but higher doses. Using the optimal dose value, we present the time elapsed to reach the cure
in the situation of continuous drug administration.

Finally, we point out that many other questions related to metronomic chemotherapy may be raised based on our
approach, expanding our model, for instance, to consider the effect of frequent, low doses when the chemotherapeutic
drug is combined with an antiangiogenic drug that acts only on endothelial cells [12,16].
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Appendix. Stability analysis: continuous infusion model

We present the stability analysis of the treatment model for continuous chemotherapy (system (14) for q(t) = q > 0).
We have the Jacobian matrix J(N1,N2, L1,Q ) of system (14) given by

J(N1,N2, L1,Q ) =

j11 j12 j13 j14
j21 j22 0 j24
j31 0 j33 j34
0 0 0 −λ

 , (A.1)

where

j11 =
r1(k1 − 2N1 − α1N2)

k1 + L1
−

µQ
a + Q

, j22 =
r2(k2 − 2N2 − α2N1)

k2
−

νQ
b + Q

,

j12 = −
r1N1α1

k1 + L1
, j21 = −

r2N2α2

k2
, j13 =

r1N1 (N1 + α1N2)

(k1 + L1)2
,

j14 = −
µN1

a + Q
+

µN1Q
(a + Q )2

, j24 = −
νN2

b + Q
+

νN2Q
(b + Q )2

,

j34 = −
ηL1

c + Q
+

ηL1Q
(c + Q )2

, j31 = φ − ωL1, j33 = σ − ωN1 −
ηQ

c + Q
.

Evaluated in P1 (0, 0, 0, q/λ), the Jacobian matrix is given by

J (0, 0, 0, q/λ) =



r1aλ + q(r1 − µ)

aλ + q
0 0 0

0
r2bλ + q(r2 − ν)

bλ + q
0 0

0 0
σ cλ + q(σ − η)

cλ + q
0

0 0 0 −λ


, (A.2)
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and the eigenvalues are

Ω1 =
r1aλ + q(r1 − µ)

aλ + q
, (A.3)

Ω2 =
r2bλ + q(r2 − ν)

bλ + q
, (A.4)

Ω3 =
σ cλ + q(σ − η)

cλ + q
, (A.5)

Ω4 = −λ. (A.6)

Biologically, the equilibrium point P1(0, 0, 0, q/λ) has to be unstable. As λ > 0, then Ω4 < 0. Condition (27) is such that
Ω2 > 0, so it guarantees the unstable character of P1(0, 0, 0, q/λ).

Let us now see under what conditions the equilibrium point P2(0,N2, 0, q/λ) (cure via treatment) is stable. Evaluated in
P2(0,N2, 0, q/λ), the Jacobian matrix becomes

J

0,N2, 0, q/λ


=



p11 0 0 0

−
r2N2α2

k2
p22 0 −

ν N2λ
2b

(bλ + q)2

φ 0
σ cλ + q(σ − η)

cλ + q
0

0 0 0 −λ

 , (A.7)

where

p11 =

r1(aλ + q)(k1 − α1N2) − µqk1


/ [k1(aλ + q)]

and

p22 =

r2(bλ + q)(k2 − 2N2) − νqk2


/ [k2(bλ + q)] .

SubstitutingN2 = [k2(r2bλ + q(r2 − ν))] / [r2(bλ + q)] in p11 and p22, we obtain the eigenvalues of J(0,N2, 0, q/λ), which
are denoted by θi (i = 1, 2, 3, 4), given by

θ1 =
r1aλ + q(r1 − µ)

aλ + q
−

α1r1 [k2(r2bλ + q(r2 − ν))]
k1r2(bλ + q)

, (A.8)

θ2 = −
[r2bλ + q(r2 − ν)]

bλ + q
, (A.9)

θ3 =
σ cλ + q(σ − η)

cλ + q
, (A.10)

θ4 = −λ. (A.11)

Therefore θ2 = −Ω2, θ3 = Ω3 and θ4 = Ω4. For the stability conditions of P2(0,N2, 0, q/λ), we have θ4 < 0; if the inequality
(27) is satisfied, θ2 < 0. The eigenvalue θ3 is negative if

η >
σ(cλ + q)

q
, (A.12)

i.e., there is a lower bound for the intensity of the antiangiogenic effect below which there is no cure for the disease. This
value is given by (A.12).

The eigenvalue θ1 may be re-written as

θ1 =
Λ1q2 + Λ2 q + Λ3

k1 r2(aλ + q)(bλ + q)
, (A.13)

where

Λ1 = r2 k1 (r1 − µ) + α1 k2 r1 (ν − r2), (A.14)
Λ2 = (a + b) [r1 r2 λ (k1 − α1k2)] + λ (r1 a ν α1 k2 − r2 bµ k1), (A.15)

Λ3 = r1 r2 a b λ2(k1 − α1k2). (A.16)
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For the equilibrium P2(0,N2, 0, q/λ) to be locally asymptotically stable, condition (27) must be satisfied and θ3 has to be
negative. Thus, using (A.13), we have

Λ1q2 + Λ2q + Λ3

k1r2(aλ + q)(bλ + q)
< 0 =⇒ Λ1q2 + Λ2q + Λ3 < 0. (A.17)

Substituting (A.14)–(A.16) in (A.17), we have

Λ4α1 − Λ5 < 0, (A.18)

where

Λ4 = −r1k2(aλ + q)

r2(bλ + q) − νq


, (A.19)

Λ5 = −r2k1(bλ + q)

r1(aλ + q) − µq


, (A.20)

resulting

Λ4α1 < Λ5. (A.21)

From (27), we have Λ4 < 0 and we get

α1 >
Λ5

Λ4
. (A.22)

If Λ5 > 0, then Λ5/Λ4 < 0 and inequality (A.22) always holds, since α1 ≥ 0. On the other hand, if Λ5 < 0, then
Λ5/Λ4 > 0 and inequality (A.22) must be satisfied for P2(0,N2, 0, q/λ) to be stable.
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