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“Tell all the truth but tell it slant -
Success in Circuit lies

Too bright to our infirm Delight
The Truth’s superb surprise

As Lightning to the Children eased
With explanation kind

The Truth must dazzle gradually
Or every man be blind”

Emily Dickinson
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Resumo

Essa tese consiste de basicamente duas partes. Primeiro, serdo revisados
conceitos basicos e fundamentais de teorias de campos e de cordas. Sera dada
uma énfase na ideia de simetria presente em teorias de campos, por exemplo
simetrias de calibre, de Poincaré e supersimetria. Sera discutido o método BRST
de quantizagdo de teorias de calibre, o formalismo de cordas bosonicas de Green-
Schwartz e também o formalismo de Pure spinor para supercordas. Tanto o caso
plano quanto curvo - AdSs x S° - serd tratado. A segunda parte da tese consiste em
estudar o formalismo BV e aplicé-lo para descrever teorias que possuem operador
BRST, como é o caso da teorias de cordas bosonica e teorias de Yang-Mills. Serdao
apresentadas descent equations que acabam aparecendo no formalismo BV e com
estas equagdes, serdo derivados algumas expressdes de operatores de vertex para
cordas bosonicas. No final, serd feita a descri¢do da supercordas no formalismo de
pure spinor utilizando o formalismo BV, no qual deduzimos expressdes de vertex

operators ndo integrados.

Palavras Chaves: Teoria de campos; Teoria de Cordas; Supercordas; Formalismo
BV;

Areas do conhecimento: Fisica; Sub-drea da Fisica; Sub-area da Fisica.



Abstract

This thesis consists basically of two parts. First, we review the most basic
and important concepts present in field theory and string theory. We give some
focus in discussing the idea of symmetries present in field theories, remarkable
gauge symmetry, Poincaré and supersymmetry. We discuss the BRST process
of quantizing gauge theories, the formalism of Green-Schwartz for describing
fermionic strings and subsequently the pure spinor superstring, both in flat and
AdSs x S background. The second part of the thesis consists in studying the
BV formalism and applying it to describe some theories which possesses BRST
operators, like bosonic string and Yang Mills. We present descent equations that
appears in the BV formalism and show how we can derive vertex operators from
it. At the end, we present a the BV description for pure spinor string, in which
case we have also derived expressions for vertex operators.

Palavras Chaves: Field theory; String theory; Superstring; BV formalism; Descent
procedure.

Areas do conhecimento: Fisica; Sub-drea da Fisica; Sub-drea da Fisica.
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Chapter 1

Introduction

Field theories is a standard and modern way to study nature. One of the main
motivations to study field theory is to try to understand quantum phenomenons,
and to do this, we use a large variety of mathematical tools and techniques.
For instance, when we try to understand the quantization of theories with gauge
symmetries, we get the difficulty to describe the quantum theory without depending
on the gauge fixing. The most powerful technique one uses to study it is the BRST
procedure [21]; In this case, we fix an arbitrary gauge and introduces ghost fields
that caries all the information we have lost from gauge fixing. At the end, the
gauge symmetry present in the classical theory is translated to the quantum theory
as the BRST symmetry.

Lots of theories is known for various descriptions of nature. String theories and
Yang-Mills theories are two of the most successful ones used to describe physics
in high energy regimes. Moreover, some interesting mathematical properties
arrives when studying field theory, and one that deserves a special status is the
concept of symmetry, studied via Noether theorem [11]. Such concept involves
the use of structures from group theory and differential geometry to give physical
significant definitions. In this sense, every symmetry can be stated as the action of
a given group on the space of fields of the theory, which leaves the dynamics of
the fields invariant, that is, the group action leaves the action functional invariant.
And for every symmetry, thanks to Noether theorem, one associates a given
conserved current and a conserved charge. In the context of the quantum theory,
the corresponding conserved charges are operators on the Hilbert space, such that
it generates such symmetry.

The study of theories with gauge symmetry is remarkable, because of its
difficulty and also the richness of such descriptions. In fact, it can describe a lot of
important phenomenons, as gravity and particle physics [27]. Therefore, the use
of different techniques to clarify the understanding of such theories can always
draws attentions and at the same time have to be performed carefully. For bosonic

string, the gauge symmetry comes from diffeomorphism of the worldsheet and
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Chapter 1. Introduction 2

Weyl invariance, which naturally gives rise a BRST charge [1]. The same logic
applies to the RNS fermionic strings [2], however for the Pure Spinor description
of superstrings [5], the BRST operator is not understood as coming from a gauge
symmetry anymore. In fact, the BRST quantization for this case is not completely
clear and have been discussed extensively in the last years, with lot of studies
concerning the use of Pure Spinor to describe a covariant quantization of fermionic
strings [5], [23], [28], [9]. Such formalism explicitly describes a BRST like operator
used to perform the quantization.

One important tool, currently used by mathematicians [24], to study QFT is
the Batalin-Vilkovisky formalism (BV). Such formalism was firstly introduced for
description of the gauge algebra of quantum theories [25]. In fact, the presence
of a BRST operator on a given Quantum Field Theory allow us to perform a BV
description on it and carry further studies without the constraint to be on-shell. For
instance, we are able to obtain the off-shell expressions for the energy momentum
tensor on bosonic string. In the BV formalism, we introduce a cotangent bundle
over the space of fields to form the so-called BV phase space which then, as in the
case of Hamiltonian description of classical mechanics [30], is a symplectic space.
The elements of the base space in this bundle are the fields we had before and the
elements of the fiber are called anti-fields.

We then have described the Bosonic String, superstrings and Yang-Mills
giving a special attention to the symmetries present there, such as Poincaré
symmetry, supersymmetry and gauge symmetry. Recently, a special focus is
given for superstring in curved background by its physical significance [8], [31]
and therefore we have also described superstrings in AdSs x S°.

These theories we have described possesses a BRST operator and therefore we
can always make its corresponding BV description. We have them described the
BV theories for strings and superstrings, as well as for the Yang-Mills, all in the
flat space. At the end, using this description we were able to study symmetries
using the so-called descent procedure [20]. This procedure allow us to first of
all study the conserved current, that comes from a given symmetry using the
BV operator, a generalized version of the BRST operator that acts on the hole BV
phase space; such conserved currents may also involves anti-fields. Secondly,
this gives us a relation between the BV cohomological complex and the De-Rham
complex, expressed in the descent equations chain. Using this procedure, we
can deform the action in order to obtain Vertex Operators in a given specific way
called B—deformation [20], [26]. Doing this, we have obtained expressions for
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some vertex operators in bosonic string and pure spinor superstring, both in flat
space.

Noticing that we have described superstring in curved AdSs x S° space and
its corresponding BRST like operator with the pure spinor description [9], we see
that its the corresponding BV description is possible to be done [26]. However,
have not done this here and explicitly, and this can be worked out in the future,

specially with the purpose to obtain vertex operators.



Chapter 2

Super-groups and Super-algebras

In this chapter, we will present the necessary background we need in order
to study superstrings. Further, we will see that superstring theories in flat and
curved backgrounds can be seen as sigma models together with topological terms

with respect to a given supergroup coset:

 SUSY(N =2)
Flat Space: S0(9,1 (2.1)
Super-AdSs x S° Space : PSU(2,2]4) (2.2)

SO(4,1) x SO(5)
SUSY (N = 2) denotes the super-Poincare algebra in 10 dimensions with 2

super-symmetric generators, which will be explained in next sections, as well as
the PSU(2,2|4) group.

2.1 Lie Groups and Lie Algebras

Lie groups plays an important role in physics. In fact, this notion is present
when we talk about symmetries, and more specifically continuous symmetries,
like rotations and translations. This is the intuitive picture of what a Lie group is.
An important property of such objects is that, somehow, the information about
the group is encoded into a vector space furnished with an algebraic structure: its
corresponding Lie algebra. The precise definition and some examples will clarify
these ideas:

Definition 2.1 (Lie Group). A Lie Group G is a smooth manifold together with a
group operation (G, o), satisfying the axioms for a group (associativity, inverse
element and identity element), such that the following maps are smooth:

«:GxG—G (2.3)
(g,h) —> goh (2.4)
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inv:G — G (2.5)
g— g ! (2.6)

This definition gives us the intuition that a Lie group is a space with smooth

properties, that is, one can run over the group elements smoothly.
Let us study some important examples of Lie groups:

Example 2.1 (General linear group). The general linear group over R, denoted
GL(n,R), is the group of all invertible n x n matrices with real entries. GL(n,C) is the
set of all invertible matrices with complex entries.

All the matrices Lie groups are subgroups of the general linear group. The

prefix S means a constraint in the determinant:

Example 2.2 (Special Linear Groups). The Special linear group - SL(n,R) or
SL(n,C) - is the set of all n x n invertible matrices with determinant one. This meets the
condition of group because if A, B € SL

det(AB) = det(A) det(B) =1 (2.7)

det(A™1) =det(A)"1 =1 (2.8)

Example 2.3 (Orthogonal groups). This is the subgroup of rotations, defined as matrices
over R that preserves inner products:

O(n) ={M € GL(n) | (Mx, My) = (x,y), Vx,y € R"} (2.9)
This meet the condition of group since if M, N € O(n):
((MN)x, (MN)y) = (M(Nx), M(Ny)) = (Nx, Ny) = (x,) (2.10)

(N"hx, N7ly) = (N(N"'x), N(N"1y)) = (x,p) (2.11)

We can define also this group as matrices whose inverse is equal to the transposed,
because:

(Ax, Ay) = (x, ATAy) = (x,y) Vx,y € R" (2.12)

The special orthogonal group is defined as

5O(n) = {M € O(n) | det(M) =1} (2.13)
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Example 2.4 (Unitary group). The unitary group is composed of all complex matrices
that preserves the hermitian inner product:

Un)={M e GL(n,C) | (Mx, My) = (x,y), Vx,y € C"} (2.14)

Again, since (Ux, Uy) = (x, UTUy) = (x,y) forall x,y € C", U(n) can be seem as
the matrices such that U™ = U~ 1.

The special unitary group:
SU(n) ={U e U(n) | det(U) =1} (2.15)

Example 2.5 (Symplectic group). The symplectic group is defined in the same spirit
as the orthogonal and unitary groups. But now, the structure that is preserved is the
symplectic structure:

Blx,y] = (x,]Jy) (2.16)

0 I
]:<—In 0) (2.17)

Therefore, the symplectic group is defined as:

with

Sp(n) = {A € GL(2n) | B[Ax, Ay] = Blx,y| Vx,y € K"} (2.18)

Wesee that A € Sp(n) ifand only if ATJA = ], because (Ax, JAy) = (x, AT]Ay) =
(x, Jy) forall x,y € R"
We can define also the so-called compact symplectic group:

USp(n) = Sp(n,C) NnU(2n) (2.19)

Let us now define what a Lie algebra is and makes the relation between Lie
algebra and Lie group.

Definition 2.2. An algebra is a pair (V, - ), with V a vector space and - a bilinear
operation:
VXV —V (2.20)

Definition 2.3. A Lie algebra is an algebra (V, [—, —]) such that, the operation
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- = [—, —] is anti-symmetric and satisfies a Jacobi identity:

[[a,b],c] +[[b,c],a] + [[c,a]l,b] =0 Vab,ceV (2.21)

The way to relate Lie Groups and Lie Algebras can be seen by a geometrical

picture:

Theorem 2.1. For every Lie group G there corresponds an associated Lie algebra g = T,G
with the commutator given by:

[X,Y]=XoY-YoX, X YEeT.G (2.22)
This relation is glued with the definition of exponential map
exp:g — G (2.23)

This map is defined in such a way that G = exp(g). Defining exp in general Lie
groups is more complicated. Let us define it on matrix groups:

exp:g — G
ooXn

X — X = —
n!

(2.24)
n=0

it is indeed possible to prove that (2.24) converges for any n x n matrix, and more
that that, every n x n invertible matrix can be written as eX for some X € Mat, «n
[15]. Therefore, for a given matrix Lie group, its connected part to identity can be
obtained from the exponential of a given set of matrices. It turns out that this set is

a matrix Lie algebra and this is one way to define the corresponding Lie algebra:

Example 2.6 (General Linear Algebra). For the Lie group GL(n) of example (2.1), we
define its corresponding Lie algebra:

gl, = {A € Mat,x, | exp(A) € GL(n)} (2.25)

By what we have discussed, we see that gl,, is the set of all matrices: gl,, = Mat, .

tr(X)

Example 2.7 (Special Linear Algebra). Using that det(eX) = e/"X), we see that the
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special linear group may be defined as traceless matrices:
det(X) = exp(tr(A)) = exp(0) =1 (2.26)

That is:
sly = {A € Matyx, | tr(A) =0} (2.27)

Example 2.8 (Orthogonal Algebra). We take an orthogonal matrix A:
(Ax, Ay) = (x, ATAy) = (x,y), x,y € R" (2.28)

Therefore, the orthogonal linear group may be defined as matrices such that A~! = AT,
Therefore take A = eX € O(n), then:

X =X (2.29)

following:
50, = {X € Mat,y | tr(X) =0 and X' = —X} (2.30)

Example 2.9 (Unitary Algebra). We saw that elements on the unitary group satisfies
~X.

Ut = U1, therefore, its corresponding Lie algebra must satisfy eX' = e

su(n) = {X € Mat,,(C) | X' = —X and tr(X) = 0} (2.31)

Example 2.10 (Symplectic Lie algebra). We see that elements of Symplectic group are

of the form A such that ATJA = |. Therefore, if A = eX, we use that —JeX] = e %] to
see the forms of the elements of Symplectic Lie algebra:

ATTA=]= AT =JA 1 = —JAT] = A7 (2.32)

Then, if A = eX, we see that it must satisfy X' ] = X, and if X is of the form:

A B
X — (c D> (2.33)

-pT BT A B
Tr _
)= ( cT —AT> a (c D) (239

reads as:
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Therefore:

A B
sp(n) = { (C —AT> € Maty,xon | A,B,C € Maty,«y, and B, C symmetric

(2.35)
And finally:
usp(n) = sp(n) Nu(2n) (2.36)

A remarkable group is the Poincaré, and it is defined as the groups of Translations

(P) and Rotations (M) in a given space-time.
Example 2.11. The Poincaré algebra in R\, denoted Poinc(d-1,1), is defined as:

d(d+1)

V=R 2~ (2.37)
[Mab, Mcd] — WMMM _ HbCMud + ﬁbdMaC _ 77aal]\/Ibc (238)
[P, Py] =0 [P, MY = 6Ppc — scpt (2.39)

d(d+1)
2,

with P-e M, a < b a basis to R

2.2 Super-algebras

The notion of super-algebra comes from the idea of graded algebraic object.
We will now define some important ones. In what follows, take (I, +) to be an

abelian group:

Definition 2.4. A [-graded vector space is a vector space V which can be decomposed
as:

V=V (2.40)
iel
Definition 2.5. A I-graded algebra (V, -) is an algebra in a given I-graded vector
space such that:
VieV; C Vi (2.41)

The next important notion is the graded module. In general, it is defined with
respect to a graded ring, but for our purpose and further constructions, we use a

graded algebra as our ring:
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Definition 2.6. A left I-graded module over a I-graded algebra is a module M

with a decomposition:

M=PM; (2.42)
icl
such that:
M; - V] C M,‘+j (2.43)

similarly, a right graded module can be defined.

Given an I-graded vector V space and an I-graded algebra A, one can construct
the following left graded module:

M=A®V (2.44)
over A. The graduation is given by:
M= P AoV (2.45)
jtk=i

For every gradded algebraic structure A = @; A;, one says that an element
p € A is homogeneous if it belongs to one of the subspaces: p € A;.

The suffix super for any algebraic structure just means that it is Z,—graded.
For instance, a super-vector space V has a decomposition V = Vj @ Vj, and if
p = dim(Vp) and g = dim(V}), one says that dim(V) = p|q. Also, it is always

useful to work with a homogeneous ordered basis, that is, a ordered basis to V:
{e, -+~ 1€ps €p+1, 7 /eerq} (2.46)
such that they are homogeneous elements of V:
el ,ep €V, and €pt1,° " ,€ptq € Vi (2.47)

For a given super algebraic structure Ag @ Ay, it's common to denote Ay as the
even or bosonic part, and A; as the odd or fermionic part.

Let us now see an interesting example:

Example 2.12 (Grassmann algebra). Consider {01, - - ,0,} a set of anti-commuting
complex elements:
{6,6}=0  Vij=1,--,n (2.48)

they are called Grassmannians and generates the Grassmann algebra A®(C"). The
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super-vector space is a complex vector space generated by a basis given by all possible
products of 0’s, that is, it'’s a (2" — 1)-dimensional vector space:

n
A*(C") = P AF(C) (2.49)
k=1
with the gradding given by:
A (C")o = P A¥CH) (2.50)
k even
A*(C"); = P AR (2.51)
k odd

From the Grassmann algebra, it’s possible to construct interesting super-
modules, as seem in equation (2.44). Take a super vector space V and define
the following super-module:

M=A(C"®V (2.52)

with odd and even parts:
Mo = (A*(C")o @ Vo) D(A(C")1 @ 1) (2.53)
My = (A*(C")o @ V1) @D(A*(C™)1 ® Vo) (2.54)

If V has dimension p|q, we call this module as MP!7. An element v € M/ is
given by:
v =vle (2.55)

withe; € V and o' € A*(C"). Taking a homogeneous basis:
g€V fora=1,---,p ep €Vh fora=1,---,q (2.56)

and splitting v’ in even an odd part: v' = v + v}, one has the odd and even
part for v:

v = (vjea + vien) + (vhea + vieq) (2.57)

= even + odd (2.58)

that is, odd and even elements of M*!7 are of the form:
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even= [ o , odd = odd (2.59)
odd even

where even and odd inside the vector represents the parity of the entry.

Now we can define an associated algebra, composed by the linear maps from
MPI to M'ls:

Hom (MP1, M"¥) = {L: MPM — M ; L(a-v+w) =a-L(v) + L(w)} (2.60)

This is an algebra, with composition as the operation, and have a natural
grading;:

Hom(MP11, M'¥)g = {L € Hom; L(even) =even, L(odd)=odd} (2.61)

Hom(MP!1, M%), = {L € Hom; L(even) = odd, L(even)=odd} (2.62)

That is, even elements of Hom are those who preserves parity, and odd
elements are those who reverse parity.

We notice that Hom can be expressed as an algebra of matrices. Let us denote
it by Mat(p|q,r|s). The even and odd matrices are, then:

ever — even odd , odd — odd even (2.63)
odd even even odd

For square super-matrices, that is, when r|s = p|g, we give a special attention,
since it will play a rule in constructing the superalgebra of psu(2,2|4) used in
string theory for curved background. In this case, we denote by Mat(p|q), a

super-module over A*(C").

Example 2.13. Let us explicitly analyse the Mat(p|q) super-algebra over C. First of all,
consider its corresponding, vector space, that is, the set of (p + q) x (p + q) matrices of

the form:
)
M= (2.64)
C D

Where A € Mat(p x p), B € Mat(p x q), C € Mat(q x p) and D € Mat(q x q),
with the gradation given by (2.63), that is:

Mat(plq) = Vo Vg
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with:

A 0
0 B

Let us check that this is in fact a gradation, i.e., it obeys V;- V; C Vi j:

A 0 A0 AA" 0
wnens (S 0-( ) ew

B AB
Vo-Vi C Ve A0 0 = 0 (2.68)
o p)\c o) \bc o
o B\ (0o B\ (BC' 0
Vi-ViC W - 2.69
e (c 0) (c’ 0) (o CB’) 26

We may define now the supertrace and supertranspose:

Str(M) = tr(A) — tr(D) (2.70)
T _ T
M = (‘;T DCT ) (2.71)

In order to be "Lie", a superalgebra has to carry the Lie super-bracket, a

modified Lie bracket that receive the gradded structure nicely:

Definition 2.7. A Lie superalgebra is a super-vector space with a bilinear operation
(g,[—, —]), called supercommutator, satisfying:

[a,b] = —(—1)%[b, ] (2.72)

(=1)%(a, [b,c]] + (=1)™[b, [e,a)] + (=1)"[e, [a,b]] = O (2.73)

with a, b, c homogeneous.
The equation (2.73) is the generalized Jacobi identity, and can be written in a

more clearer way as:

ad,[b,c] = [adb, c] + (—1)"[b, adc] (2.74)
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In fact, equation (2.74) gives us the following ady, —invariant map:

g1 ® g1 — go (2.75)

(a,b) — [a,b]
that is, for a € go:
ad,[b, c] = [adsb, c| + [b,ad,(] Vb,c € g (2.76)
Also, we have that g; is a representation space of go:

ad : go — gl(g1) (2.77)
a—ad; g1 — ¢ (2.78)

this forms a representation of g; in go since it preserves the Lie structure of the

representation space:
ad,[b,c] = [adab, c| + [b,ad,c] (2.79)

Now we define some important matricial super-Lie algebras:

Example 2.14. Inspired on the general linear algebra, we have its corresponding Lie

superalgebra correspondent:
gl(n|m) := Mat(n|m) (2.80)
Example 2.15. As well as the special linear superalgebra:
sl(njm) = {M € gl(n|m) | Str(M) = 0} (2.81)

Both last examples have the Lie algebra bilinear map defined on the homogeneous
elements as:
[A,B] := AB — (-1)*#BA (2.82)

A fermionic: A = 1; A bosonic: A = 0.
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2.21 Extending the Poincaré algebra

We have a question in hands now: Given the Poincare Lie algebra, can we

extend it by adding an odd part?

Poinc(d —1,1) & S (2.83)

It is indeed possible and the simplest form to to it is to add a spinorial
representation S to the algebra. Doing so, we obtain the so-called Poincare
superalgebra. Let us do this first in d = 4.

The idea introduced by Golfand & Likhtman and Gervais & Sakita in 1971
[19] is to add generators of spinorial translation given by the bispinors Qu,Qx,
witha, & =1,2:

s={QuQ 0, &} (284

Such that Q, € (3,0) e Qs € (0,1):
[Qu, M;w] = (‘Tyv)aﬁQ/& (2.85)
[Q_éuMyv] = (@w)f@ﬁ' (2.86)

More explicitly, Q e Q are spinors, that is, transforms as exponential of SL(2, C):

' p ; p
i i
o o
But at the same time, Q and Q are operators that transforms under Lorentz:

P - 7
Qu — exp ( Myt ) Qpexp (—%Mww”") (2.88)

14

Y

i

Comparing both, follows that [Q, M] = 0-Q. Let us work out the other

commutation relations:

4

* [Qu Py] = [Qa, Py] = 0 — This happens because Q and Q generates the

spinorial translations.

The unique possibility would be [Q,, P"] = ¢ 05 5 QF. By Jacobi identity:
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0= [P¥, [PY, Qa]] + [Qu, [P, P"]] + [P", [Qu, P¥]] (2.89)
= —coly[P, Q) + ol [P, OF
= ¢? (0“-(7” —a”-cr”)Q
ie=0 (2.90)

® {Qt)é/ Qﬁ} =0

Again, the unique possibility is that {Q,, Qf} = k((fw,)f M,y But in this case,
the left hand side commutes with Py, but the right hand side does not, then k=0.

Q« € (3,0) and QB € (0,3), then {Qa,QB} € (3,3). Thatis, {Q“’Q—B}

transforms as a quadrivector.

Now we can state the Super-Poincaré algebra definition:

Example 2.16. The Super-Poincaré algebra in R is defined as:

v=R"" oRS (291)

[M?, M) = M — P M + P M — M (2.92)
[Py, P)) =0 [Py, M*] = 88P° — 65P" (2.93)

{Qu Qs} = 2(7;‘[313,, (2.94)

Qe Myl = ) Qs 1O Myl = () Oy (2.95)
[Qu, Pu] = [Qa, Pu] = {Qu, Qp} =0 (2.96)

With {Q., Qﬁ', P., M} the basis for V.

Properties

Consider a representation of the Super-Poincaré algebra in a given super-vector

space H. This will be a Hilbert space with vectors |a) € H. Consider an operator



Chapter 2. Super-groups and Super-algebras 17

(—)NF, acting on homogeneous elements of H, denoted |b) € H" and |f) € H!, as:

(—)NF|b) = +1b) (2.97)
()N f) = =If) (2.98)

We now define a trace operator by the following. Let {|a;) } be a basis for #, the
trace is defined as an operator:

tr: Endy(V)—=>V*QV — k (2.99)

The first arrow is just the natural identification, the second one is also very natural:
(¢ ®v) — &(v). In components, it reads:

tr(O) = Z(a]-|(’)]a]-> (2.100)

]

Since Q and Q change the statistics of the states (they are fermionic operators),
they anti-commute with (—)NF. By the cyclicity of the trace:

0= tr [~ Qp( )M Qut ()M QuQg) = tr | (-)V{Qu, Qp} | =200, tr | ()P ]
(2.101)

Follows that:
tr(—)NF =0 (2.102)
That is, for a theory that possesses supersymmetry, we have # fermion = #

bosons.

Another interesting fact is that in a given supersymmetric theory, the operator
Py, which has an interpretation of Energy, is always positive:

0 < ||Qul¢)|I* + ||QFI¢)| 2 (2.103)
= (¢|QfQu + QuQl ) = 20% (| Pul )

with |¢) an arbitrary state and Q; = Q}. Taking the trace:

4(Py) >0 (2.104)
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One can do a further generalization of the Super-Poincaré algebra to D —dimensional
space-time and N supersymmetries [14]. We do it by finding a D—dimensional
representation of Clifford algebra (see (A.1)), and introducing NV fermionic operator
QL with, I = 1,--- N. The Lie-algebra relations for the new A/ generators will be:

{Q7, Qf} = —2i6" P (2.105)

[P, Pa) = [Q4, Pa] = 0 (2.106)

[Q:»?/Myv] = (')’yv)ocﬁQg (2.107)
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2.2.2 psu(2,2|4) Lie superalgebra

Another important example of Lie algebra for superstring theory is the psu(2,2|4).
It can be defined as the so-called Cartan involution of s1(2,2|4), defined for generic

sl superalgebras by:
¢ : sl(p,qlr,s) — sl(p,qlr,s) (2.108)
M+— ¢p(M) = —HM'H™!
with:
2
H= ("1 O (2.109)
0 25
with X, , the corresponding (m, n) —metric:
1m><m 0
= 2.110
" ( 0 —1m> (110

One can define su(p, q|r,s) as elements of sl(p, q|r,s) that satisfies the reality
condition ¢(M) = M:

su(p,q|r,s) = {M € sl(p,q|r,s); (M) = M} (2.111)

M= (A B) (2.112)

explicitly, for M:

C D
such that Tr(A) = Tr(D), the reality condition reads:

" t
—XpqgA'Zpg LpgC'rs |\ _ (A B (2.113)
~%,sB'E,, —%,:D%, C D

For the case of su(2,2/4):

—YrrATY,, X, ,CTF A B
2,2+ 2,2 2,2 . _ (2.11 4)
—B'%,, -D C D
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Following the conditions:

At = —¥),AY,, (2.115)
D'=-D (2.116)
C =B, (2.117)

Follows that A € u(2,2) and D € u(4) and the grading reads:

au(2,2[4)0 = { (‘3 g) CAcu(22), Deuld), tr(A) = tr(D)} (2.118)

since one can always decompose sl(n|m) = sl(n) & sl(m) @ u(1), one has:
su(2,2|4)0 = su(2,2) ®su(4) du(l) (2.119)
ou(2,2/4); = { ( ) B) Be Mat4x4(C)} (2.120)
—B"5, 0
Z4—grading for su(2,2|4)
A Lie algebra automorphism is a linear map:
$:g—g (2.121)
such that it preserves the gradding and the Lie structure:
¢(la,b]) = [¢p(a), ¢(b)] (2.122)

¢(9i) C g (2.123)

We will see that a Lie algebra su(2,2|4) can be decomposed in 4 parts. This is

performed by applying an automorphism ¢ with 4 eigenspaces:
p(M) = i*M, k=0,1,2,3 (2.124)

and afterwards noticing that it defines a gradding ([g;, g;] C gi;)-
We will define the following automorphism:
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¢ : su(n, n|2n) — su(n, n|2n) (2.125)
A Xy, JAT] =YY (2.126)

Y B JXT]  JBTJ

where:
0 —I,
] = <In 0 ) (2.127)
¢ can also be written as follows:
— J 0 sT J 0

p(M) = (0 ]> M (o ]> (2.128)

It is simple to show that this is an endomorphism in su(n,n|2n). We use
J¥ = —XJ and the definition AT = (A*)T to show that reality condition (2.114)
follows for ¢(M) if M € su(n,n|2n):

—S(JAT)E = —2J(ANHT]Z = —J2(ANTE] = —J(2ATE)T] = JATT

— (BTt =—J(B"TT=]B"]
(XN =X = —J2(XN)T] = —J(XTE)T] = —JYT]
CEIIESS NSNMES NI ES G ES (2.129)

The last property to show that it is an automorphism is to show that it preserves
the Lie structure:

#(IM,N)) = (g O) MNP (g (;) ({) (])) (MN = NM)*T (é ?)

( ) (NST VST — MsTNST) (é (I)) (2.130)

A EL I ) lo o) )L

—¢(N)¢(M) + ¢(M)¢(N) = [¢(M), p(N)]

J 0
07

)
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Where we have used J*> = —1.

We see that this map is such that ¢* = 1, and that’s why its eigenspaces are of
the form (2.124). We have then:

su(n,n|2n) = go ® g1 S g2 D 93 (2.131)

with:
= {M € su(n,n2n) | p(M) = i*M} (2.132)

We see that this is a grading because:

ok 9] = [p(ax), p(07)] = *[or, )] (2.133)
Following:
(oK, 9j] C 9k (2.134)

Now, using spectral theorem, we can decompose the hole space su(n,n|2n)
into four parts, each one projected in corresponding eigenspace. Such projection
can be performed by:

Al .
P; —H(P A i=0,1,23 (2.135)

i#]

with A; the eigenvalues —(1,i, —1, —i) in our case. We have then:

Py = 31 (¢ +¢2+9+1) (2.136)
411 (ig>—¢* —ip+1) (2.137)
P, = i( P+ p+1) (2.138)
Py = 31 (—ig® — 9> +ip+1) (2.139)
We can now decompose:
M= (‘; ;f) =M + M® + M@ 4 MO (2.140)
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T
Mo = L (JAT+A 0 (2.141)
2 0 JBT] + B
1y T
mo L 0 XY (2.142)
2\ Y —i]XT] 0
_ AT
v _1(A-JAT 0 (2.143)
2 0 B—JBT]
—q1yT
M® =2 0 X=1Y7] (2.144)
2 \Y+iJXT] 0
We then see an important observation:
go = usp(n,n) G usp(2n) (2.145)

Remember that M(©) € u(n,1n) @ u(2n). Itis also in sp(n) because it is of the

form (2.35). To see this consider:

with a,b,c,d € Mat, «,. Follows:

_aT T
]ATHA:<Q T b+b )

c+cl —(a—dDT

In the case of our interest:

go = usp(2,2) dusp(4) = so0(4,1) ®so(5)

Therefore:

. ( PSU(2,2/4)

S0(4,1) x 50(5)) —090986

2.3 Homogeneous Spaces

This section aims to clarify relations of the kind:

(2.146)

(2.147)

(2.148)

(2.149)



Chapter 2. Super-groups and Super-algebras 24

., SO(n+1) 50(1,2)
~ SO(n) ' SO(n,1)

which enable us to understand better the relations (2.1) and (2.2), as will be

explained in section (4.3).

) AdS,q = (2.150)

Let us then introduce the notion of homogeneous space. First of all, consider a
manifold M with a left group action, i.e., a map:

>:GXM-—M (2.151)

(¢,m) — g>m
such that:

g>(hom)=(g-h)>m (2.152)
e>m=m (2.153)

Vm € M,Vg,h € G and e € G the neutral element.
We can now define what a homogeneous space is:

Definition 2.8 (Homogeneous space). A given manifold M with a left group action

by G is called homogeneous if the action is transitive:
Vx,ye M, dge€G:x=gby (2.154)

From the definition of homogeneous spaces, it’s intuitive that we can describe
them in terms of the group G acting on it. In fact, from a given point x € M, all
the other elements can be described as g > x, just varying ¢ € G. However, it may
have an ambiguity in this description, that is, we may have two different group
elements ¢ and h which describes the same element g > x = h > x. Therefore, in
order to precisely describe M in terms of G, we have to eliminate this ambiguity.
This motivates the next definition:

Definition 2.9 (Stabilizer). Let M a manifold with a G-group action and a given
point x € M. Its Stabilizer subgroup is given by:

Hy:={heG|h>x=x} (2.155)

This is indeed a subgroup since for g,h € Hy, by group action definition
gh € Hy. Also follows from the same definition that e € H,, which implies that
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Vhe€ Hy,x=ebx=h"'>(h>x)=h"lox thenh ! € H,.

When the space is homogeneous, we see that all stabilizers are isomorphic, that
is Hy = Hy for any two points x,y € M. To see this, take ¢ € G such thaty = ¢>x
(or x = g~ >y), then, for every point h € H,, we have that ghg™! € H,. In fact,
forh € Hy:

(ghg™ by =(ghpx=grx=y (2.156)
On the other hand, if i € Hy, follows that g_lh g € Hy. Therefore, the map:

H, — H, (2.157)
h—s ghg™! (2.158)

is an isomorphism: H, = ¢H.¢~ ' and H, = g~ 'Hyg.
Now, we can announce an important statement:

Theorem 2.2. Let M a homogeneous space with a G-group action. For a given point
x € M and its corresponding stabilizer H C G, we have:

G
M= (2.159)

where G/H :={[g] |m € [g] & m =hg, h € H}.

Proof. Let f : G/H — M defined by

f(g]) = g>x0 (2.160)

this map is well defined since for any m € [g], m = hg and therefore (gh) > xo =
g (h>xp) = g>x9. We see that f(G/H) = M because the group action is

transitive. Finally, it is a 1-1 map:

fllg1]) = f(1g2]) = g1>x0 = g2>xo = g7 'g2 € H (2.161)

therefore we conclude that [g1] = [g2]. O

Example 2.17. §" = SO(n+1)/SO(n).
Let us first define properly the n-sphere:

s = {TeR™ | (£F) =xf+ - +2d =1} (2162)
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and the Lorentz group:
SO(n) = {R € Mat,, | RRT =1} (2.163)
We see that SO(n + 1) acts on S":

SO(n +1)x8" —» " (2.164)

(R,x) — Rx
and then for x € S™:
(Rx,Rx) = (x, RTRx) = (x,x) =1 (2.165)

We see that this action is transitive by showing that for every x € S", IRy €
SO(n + 1) such that Rye; = x, for e = (1,0,---,0). To see this, observe that for
R € SO(n + 1), it can be written in its matrix form as:

R=|ug - up (2.166)

with U orthonormal column vectors:
(ui, uj) = 6jj (2.167)

To obtain Ry, take x and perform the Gram-Schmidt process to obtain an orthonormal
basis with x being the first element: {x,x1,- - , X }:

(x,x) =1, (x,x;) =0, (xi,xj) = 0 (2.168)

fori,j=1,---,n. Then:

Rey=|x x1 -+ x,| €SO(n+1) (2.169)



Chapter 2. Super-groups and Super-algebras 27

and Rye; = x. To see that SO(n) is the stabilizer group, take eq and:

= [1 0] (2.170)

0 ry

are all the kind of matrices that let ey invariant: rey = e1. For r to be in SO(n + 1), ry,
needs to be in SO(n). Therefore, follows that H,, = SO(n). By theorem (2.2)

_ SO(n+1)

5" =500

(2.171)

Example 2.18. AdS,.1 = SO(n,2)/S0(n,1)
Let us define the Anti De Sitter space:

AdS,. 1 = {55 ERM™2| (x,x) = 2 — B+ 34422 = —1} (2.172)
And the Lorentz group:
SO(n,p) = {R € Matyypxntp | (Rx,Rx) = (x,x) Vx € R*""?} (2.173)

where (—, —) is defined using (n, p) signature.

Follows then by the definitions that SO(m,2) acts on AdS,,11 and in order to prove
that this is a transitive action, we use a generalized version of Gram-Schmidt process.
And for a given x € AdS,, 11, obtain a basis {x,xo, - - - , Xy} such that (x;, x]-) = ¢ and
(x,x;) =0, fori,j=0,---,n, with (—,—) the metric in the n 4 2 signature. Defining:

Ry=|x x9 -+ x| €SO(2,n) (2.174)

will follows Ryey = x and

= [1 0 ] (2.175)

0 741

will be the kind of matrices which preserves e1 (rey = e1). In order to r be in SO(n,2),
Tn+1 needs to be in SO(n, 1), following:

(2.176)
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Fields and Strings

In this chapter, we give some definitions of concepts present in field theory. we
emphasise the study of the space of fields, introducing a bicomplex (d, §) which

will be useful in understanding symmetries.

3.1 Classical Field Theory

It is very straight to define what a field theory is. We can define a generic field
theory as a set of data. First of all, we need a space-time M which carries our
theory; a given space of fields 7, which defines our field content, and finally a
function L(¢, 91¢), with ¢ € F, called Lagrangian, which determines the dynamics
of the theory.

Currently, we know a bit more about the space of fields, for instance, it could be
F = Map(M, V) for trivial topologies of the bundle, where V is called target space
and is usually = R". This is for example the case of the sigma-models, however
gauge theories is an example which does not have such structure.

The space-time M is a finite dimensional pseudo-Riemannian manifold, and
therefore it possess a natural measure dy (Riemannian measure [18]). The action S

is defined as a functional:

S[¢] = /M L(¢,d1¢)d"x : F — R (3.1)

where I have written the measure in coordinates: dy = d"x. Me may then define

the n-form:

L =L(p,01¢)d"x € Q) (M x F) (3.2)

that is, an n-form on M and a zero form on F.
Let us study a pedagogical important example:

Example 3.1 (Klein-Gordon). We can describe a free scalar boson by defining the

28
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following field theory:
* Space time M = R%!;
e Target Space IR;
e Space of fields F = C*(M), with fields denoted as ¢;
* The following Lagrangian, for m > 0:

LKG = % <g1]al(l)a](l) — m24)2> (33)

Now we will study how to extract information from the Lagrangian, that is,
we will state the equation of motions:

Theorem 3.1. Suppose ¢ € F with compact support, in particular gb‘aM = 0, then:

opS[¢] == ;t [<P+tll)]) » /<q(4>,84>,824>),1/)>d”x (3.4)

where q is a unique polynomial in ¢, ;¢ with |I| < 2 with values in V*.

Proof. The proof is just a computation:

d d
opSlgl = SSlp+yl| =G| [ L@+mpan(e+ )y

-, Gore)+ £ gy am)]

With the condition imposed to i we see that the last term above vanishes by

stokes theorem. We found the so-called Euler-Lagrange polynomial:

9(9, 019, $70) = ga ( N ) (3.6)
L]

With this statement, we can impose that classical physical quantities obey the
principle of minimal action to state what the Equation of Motions are:



Chapter 3. Fields and Strings 30

Definition 3.1. The system of PDE’s

q(¢, 014, ¢7¢p) =0 (3.7)

is called the Euler-Lagrange equations, or Equation of Motions, for the Classical
Field Theory defined by L. As notation, we set SolEL = {¢ € F | q(¢) = 0}.

We now introduce a bicomplex, which will be very useful in our study throughout
this text:

d : de Rham on M (3.8)
6 : de Rham on F (3.9)
A =d+¢6:deRhamon M x F (3.10)

The 6 operator was formally defined when we made the variation of the action.
We may also define the maps ev, 7, p:

MxF 25V

I | (3.11)

M x F

Where p and 7 are just projections of M x F on M and F respectively, and ev is
defined as ev(p, ) := ¢(p), forp € M and ¢ € F.

The next proposition is very well know in physics but it somehow relates the
two complex:

Proposition 3.1. Consider a Field theory with Lagrangian L. Restricted to the space of
fields,

) =d A2
£ SolEL U (3 )
with: ; 5
1 ; L -
_mz:1 < 30:9)’ cp>dx1/\---/\dxi/\---/\dxn (3.13)

where dx; means the absence of the dx;.

Proof. It is a simple statement to prove. Take the variation for £, which basically
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we already computed in (3.5):

1 oL
5L = (q,8¢)d"x + ai<—, >d” (3.14)
(q,09)d"x ; 39 ¥ )4

we observe, using definition for d in coordinates d(wy,...dx" - --) = dywy,...dx" A
dx? ... we see that:

dy = Za< ) >d”x (3.15)

Following that 6L — dy = (g, d¢)d"x, and finally:
L = (6L —dy) +dy = (q,6¢)d"x + dy (3.16)

Restricted to the equation of motions, we have that 6L = dv. O

We see that v € Q"=11) (M x F). This object has some interesting properties.
For instance, it is the pre-symplectic form, that is, we take X a spacial slice on M
and:

_ /Z 5y (3.17)

is a symplectic form: closed and non-degenerate [17]. If we define the canonical
momentum for the field variables ¢ as:

| oL .
;n—— (a(P)dxl/\ SAdx; A - Adxy, (3.18)

and the symplectic form can be writen as:
w = / 5o Aot (3.19)
b

Example 3.2 (Free Scalar Field). Consider M = IR" as the space-time and the target
space V.= IR.
The lagrangean is:

L(g,9) = 187090y — Jng? (3.20)
Following the Equation of Motion:

m*¢ + §9,0;¢ = 0 (3.21)
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3.2 Symmetry in Classical Field Theory

Given a Classical Field theory and a given group G, acting on the space of
tields F, we say that G is a symmetry if:

S[¢¢] = S[p] V¢ € F, Vg e G (3.22)

The infinitesimal version of this concept is done considering the action of the
the Lie algebra Lie(G) = g. First consider the Lie homomorphism from g to the
space of vector fields on F:

g — Vect(F) (3.23)

G CF
and the symmetry condition will read as:
Le, £ = dua(Q) (3.24)

For some a(&) € Q=10 (M x F). This condition makes clearer if we integrate
and consider a manifold without boundary (M = ©):

LS:/d:/ —0 3.5
6r M“ aM(X (3:25)

The symmetry is local if supp(Lg,.¢) C supp(¢).
If we have an explicit variation for the fields A¢, the corresponding vector field
will be:

5
g = A% (3.26)

Since the Lagrangian L is a zero form on the space of fields F, the Lie derivative
in (3.24) will read as:

)
LeLlp) = 100Llp] = Ap5oLlg) (327)

Example 3.3 (Free Scalar Field). In the case of Free Scalar Field with m = 0, already
defined, we have the following symmetry:

Ap = (3.28)
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with constant €. The corresponding vector field is:

J
¢ = e% (3.29)
and therefore:
LiL =e— 5 ( 0; gbalcp) = 9;€0'p = 0 (3.30)

Let us now study a bit more about the properties of symmetries:

Theorem 3.2. Let g be a symmetry of a Classical Field Theory with Lagrangian L. Then,
the fundamental vector fields ¢ r are tangent to SolEL, that is:

éfq SolEL =0 (3.31)

Proof. First, remember the relation:

0L =dy+(q,69)d"x (3.32)

and apply it to the following:
Lg 0L = 0Lg, L = dda() = —dou(C) (3.33)
= d(Lg,v) + (Lepq,09)d"x + (q, Lg 0¢)d"x (3.34)

— 0 :=d(Lg, v +0a(8)) + (Lerq,09)d"x 4 (q, Lg 0¢)d"x =0 (3.35)

Now consider a vector field v on F such that v(¢) = ¢ € Map(M,V) has a
compact support, away from dM. Therefore, when we integrate 1,0 over M, the
first term vanishes:

o | ALey+00(@) = [ nolley+on(@) =0 (3.36)

Restricting the other terms to SolEL, we get:

Le.q,¢)d" =0 3.37

/M< S SolEL (3:37)

varying v, with the condition of compact support for 1, we have the desired result:

Lepa| =0, O
S orEL

This observation is remarkable because it establish that the symmetry of the
action is also a symmetry of the Eq. of Motions. Indeed, if g integrates to G we



Chapter 3. Fields and Strings 34

have:
¢ € SOlEL = ¢% € SolEL Vg € G (3.38)
Finally, we can write the Noether theorem:

Theorem 3.3 (Noether). Consider a Classical Field Theory with a symmetry given by g,
then:
(&) =ty +a(@) € QM x F) (3.39)

is called conserved current and satisfies the continuity equation:

' =0e 0 3.40
3(@)| . =0e O (mx F) (3.40)
Proof.
lC;5£ = LgF[, = d(X(C) (3.41)
= g dy +(q,16,00)d"x = —diz v+ (q, 1z .0¢)d"x (3.42)
Follows then:
dj(¢) = d(tezy + a(8)) = (g, 109)d"x (3.43)
and then, in SoLEL (q=0):
' = 3.44
@), ., =0 (3.44)
O

We see that this result is remarkable because we can define a conserved charge:

Q:= [(@) (3.45)

for a given space-like surface .. We see that this is constant in time:

d . .
%Q = /Zay]”(é)dz = az]-n =0 (3.46)

Theorem 3.4. Let a symmetry action on space of fields g O F, ¢ x a corresponding
fundamental vector field and Q({) the associated conserved charge. Then:

g, = —3Q(¢) (3.47)

Proof.
lgzw = /ZLCF&Y = /Z (Lé“f’)’ - 516]?’)/)
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= [ (1,7 = 8-00@) = [ (1eyr+00)) - [ 57(2)

=4 [ (&) = ~5Q(@) (3.48)
]

From this statement, we see that the conserved charge Q(¢) generates the
corresponding symmetry encoded in ¢ r:

0:F = Le, F = {Q(&), F} (3.49)

Where F is any function of the fields: F = F(¢).

3.3 Gauge Theory

Some of the most important theories used to describe nature presents a certain
type of symmetry called gauge symmetry. Examples that will extensively be
discussed here are Yang-Mills and String theory.

The idea of a gauge theory is a field theory with a symmetry in the space of field
F represented by a group action:

GOF (3.50)

such that this is a symmetry in the sense of equation (3.24), but with the additional
condition to be an internal symmetry in the space of fields, that is, two fields
related by such symmetry transformations describes the same physical quantities.

Therefore the space of physical fields can be written as:

Frhvs .= F/G (3.51)

In this case, the gauge fixing fields are just sections s in the G —principal bundle
over FPhs;

GgoOF

SEAE (3.52)

F/G = Frhys
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Explicitly, if we have a field ¢ € F, its gauge fixing field is given by:
PV = g e P (3.53)

we then see that fixing the field is the same as choosing the section s.
Besides the condition (3.24) for the gauge symmetry, we must express somehow
the condition to be "gauge", and this is done by saying that the corresponding

symmetry current vanishes:

Definition 3.2 (Gauge symmetry). Given a field theory with F the space of fields
and G a symmetry, G O F is a gauge symmetry if the current is exact:

j(€) = dp(g) (3.54)

SolEL

where j(¢) is as in (3.39) and B(&) any element in Q=29 (M x F).
Wee see that in this case, the conserved charge is null, considering no-boundary
for 2

Q= /}2 dB(xi) = 0 (3.55)

That is, the idea of gauge symmetry is that it is an ambiguity on the way to
write the fields, and therefore, being a symmetry on the space of fields, we have

that it does not produces physical charges.

Example 3.4 (Yang-Mills). Consider the space-time M, a gauge group G and the gauge
field A € QY(M, g). Yang-Mills Lagrangian reads:

Lypy =tr(daAAN*dpA) (3.56)

— tr (dA/\*dA—ZigdA/\*[A/\A] — PlANA] /\*[A/\A])

The gauge symmetry is:
SA =daA (3.57)

for A € C*(M) ® g.
And then it is simple to see that the corresponding current is:

j=dtr(AAxdA) (3.58)
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3.4 Non-linear sigma Models

One of the main purpose of this work is to discuss string theory, which is in
fact a gauge theory, but it is not described by a Yang-Mills Lagrangian. Instead, it
is what we call a non-linear sigma model. These are theories where the target space
V can be any differential manifold, more generic than a vector space. It is useful in
string theory since in gravity the target space is our space-time, which in general
are curved spaces.

We can formulate a definition of a non-linear sigma-model by the set of datas:

* Space-time (M, h) & Target space (V,g);

Both must be Riemannian manifolds, that is, they carries an inner product
on each tangent space. For (M, h):

hy : TuM @ TyM — R € T:M ® T M (3.59)

well defined inner product, which varies smoothly with along m € M. We

require also existence of inverse:
P TIMRTIM — R € TyM® TyM (3.60)
Same thing for (V, g):
9 LVRT,V —ReT, VT,V (3.61)

inner product which are smooth functionsinv € V.

e Space of Fields F = Map(M, V);

If we have a field ¢ € F:
p:M—V (3.62)

then, for each m € M, we can consider its differential:

or, we can use the well known isomorphism Hom(V, W) = V* @ W to say
that:
dm¢ € T,yM @ Ty V (3.64)
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¢ The sigma-model Lagrangian:

1
L= E<h,;1 ® Sp(m)s Amp @ dmp)dpt (3.65)

where dy is a top form on M, which I could have written as 4"z if we write in
coordinates; the bracket (—, —) just express the action of h~! ® ¢ on d¢ ® d¢.
To see that this action makes sense, notice:

' © o(my : TuM @ TuM @ Ty, V @ Ty, V — R (3.66)

and from (3.64):
A @ dyp € THM @ TM @ Ty V @ Ty V (3.67)

making sense of the expression (3.65) for L.

3.4.1 Topological terms

Consider a given field theory with the corresponding space of fields 7 =
Map(M, V). Consider a form on the target space manifold V: w € QF(V).

Topological terms can be constructed considering the following diagram, as in
(3.11):

MxF 25V
lp l” (3.68)
M x F

And if for a k—form w € QF(V):
SP = 711, (ev* (w)) (3.69)

If k = n, it turns out that this is a number and in this case, it has the nice property to
be topological invariant. In this case, it can be used in many physical applications

as an action.

Example 3.5 (Wess-Zumino terms). Consider a field ¢ € F and a a n-form on V with
n=dim(M) < dim(V) = m:
Be Q" (V) (3.70)
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and
p:M—V (3.71)
A Wess-Zumino term is:
Swz(9) = [ ¢°(B) (3.72)
In coordinates, we can express the WZ term as:
Swaz(¢) = / By A - A dph (3.73)
M
_ / €L By LA - A g I (3.74)
M

Example 3.6 (WZW term). Consider G a Lie group and . a Riemannian surface as the
space time in a given string theory (the world-sheet). Then we have the corresponding
space of fields:

F = Map(%,G) (3.75)

Ifg € F = Map(%,G), and % is a given manifold such that 9% = ¥, then one can
extend the g field:

A

$:5 -G (3.76)

such that § . =8
Consider now w? the Cartan 3 form of the group G:

W =x(g ldg Alg~ dg ngldg]) (3.77)

where «x is the killing bilinear form on g and in many cases is just the trace Tr.

The corresponding WZ term is:

Swz(9) = [ §(w) 678)

%

And follows now the WZW action [29]:

SWZW(‘P) = SJ—model(‘P) + SWZ(‘P) (3.79)

Usually, one considers the o —model as:

So—model = /\/EhWK(glayg,glayg) (3.80)
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3.5 Quantum Field Theory

We can say that a Quantum Field Theory (QFT) is a field theory carrying a
measure D¢ on the space of fields F:

(F, D) (3.81)

Since F is in general infinite dimensional and very complicated, this measure
is defined via an algorithmic way, with a set of rules inherit from the finite
dimensional case, which gives precise definition of our object, even though it
was not derived from a sigma algebra construction; for instance, it gives rise to a
precise definition of Feynman diagrams. We can also consider integration in this
space, and this is what we call a path integral. A huge part of QFT is to understand
such objects. The main quantities we want to consider in a Quantum Field Theory

are:

e Partition Function Z:

— iS[¢]
z /f D e (3.82)

* Expectation values of Observables:

An observable is a function O : F — IR, carrying some physical interpretation
(e.g. Energy, Spin,...). For each observable, we may associate a measurable
quantity for it:

(0) = /F Do O(¢) ¢ 19} (3.83)

this is what we call the expectation value of O.

3.5.1 Quantization of gauge theories

The initial difficulty to quantize a gauge theory lives in the fact that if we
naively try to perform the path integral (3.82), we will overcount physically
equivalent states related by gauge transformation. To deal with that, we need to
divide the path integral by the volume of the orbits in F, which is just the fiber on
the principal bundle in (3.52), which is just the gauge group G:

1 —s[g]
Tol(T) /chp e (3.84)
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this is what we want to compute now. To do so, we use the so-called Faddeev-
Popov determinant. The idea is to consider some generic gauge, represented by
the function:

F:F—VxM (3.85)

with V an appropriate vector space. The gauge fixing will be expressed as:
F(¢) =¢(x) (3.86)

For a fixed ¢, for example, we can put { = 0. We here assume that for each orbit:
(9] :={¢%, Vg G}, ¢cF (3.87)

only one point solves the gauge fixing equation: 3! ¢ € [¢] such that F[p] = ¢.

And perform the integral with the gauge fixing. To do this, we introduce,
somehow, a delta function on (3.84). This is done by introducing the Faddeev-
Popov determinant Arp:

1= Arplg] [ D(F(¢%) ~2) (3.88)

Dg is the Haar measure on the group G.
And we now write the path integral as:

1
Vol(G) /FDSDG” e “SWIS(F(¢%) — &) Arpl0] (3.89)

Notice now that:

1a / DE(x)e % JEOW) (3.90)

that is, it’s a constant. Introducing this factor on the path integral and integrating
in § we get:

1 (gl A [ (F(9%),F (%)
Vol(G) /;ng’e e ? Arp[¢] (3.91)

Now, observe from the definition of App[¢] that it is gauge invariant. S and D¢ is

also gauge invariant, therefore we get:
1 5[l o3k J (F9)F(9))
Voiq) - DsPge e Arplg] (3.92)

:/ D¢e*S[G’J]e*ﬁf(F((P),F((P))AFP[q;] (3.93)
]:
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Claim. It’s possible to prove that the Faddeev-popov determinant is [22]:

App[(P] = det [%gg)} (3.94)

therefore, using the integral form of the determinant:
det(M) / DDye M) (3.95)

we have: N
)
Applg] = [ DyDpe P57 (3.96)

Replacing ¢ — b and 7 — ¢, we finally get:

1
7= /; D¢DDeexp {— / LIgl + 5 (F F) + (b, "6 F) (3.97)

We got then, the effective action in the exponent. Introducing a Lagrange
multiplier field B we get:

3
Sefs = S0l¢] + (B, (F = 5B)) + (b,c"6.F) (3.98)
We may now change the constraint to F — F — a /2B to get a more clear effective
action:
Se f = 50[4)] + <B/ F> + <b, Ca5RF> (399)
=50+ Sgauge fix + Sghost (3.100)
BRST symmetry

Once we fixed the gauge, we can quantize the theory. But we have to pay
attention to a symmetry that emerges in our effective action. This symmetry
appears because all the degrees of freedom that we have fixed was transferred to
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the ghost field. The BRST symmetry reads:

5P = C*0up (3.101)
1

opct = Efgvcﬁﬁ (3.102)

opb = B (3.103)

5B =0 (3.104)

With this symmetry we denote Qp the corresponding conserved charge, that
can be used to compute the variation - §g = {Qp, —}. An important property of
this symmetry is that:

5B(<b/ P>) = Sgauge fix T Sghost (3.105)

Now, if we do a small deformation on the gauge fixing, the quantum theory
has to be invariant, that is, the amplitude for some initial state |i) propagating to
the final state | f) has to be invariant:

0= 5<Z|f> = <i|‘5(sgauge fix + Sghost)|f> = <i|5B(<br (5F>)|f> (3.106)

Therefore, in order to be a physical state:

(91{Qs, (b, 0F) }|) =0 (3.107)
for arbitrary variations 6F. Therefore, follows the physical condition for a state
#):

Qplg) =0 (3.108)

Therefore, we then can state the following claim.
Claim I. Physical States must be BRST invariant.
Another important statement is that the BRST operator is nilpotent:
6p(0p)p = 0p(c*0up) = % Fi P80 — " cPy0p0p (3.109)

1 1
= iffs‘vcﬁcmaci) - Ec”‘cﬁfZﬁM =0
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0p(dpc) = %53 [c,c] = =[¢, [c,c]] =0 (3.110)

N~

this last one follows from Jacobi identity.
The consequence of the nilpotent is that Q—exact states are physical states
because using Claim I:

Q(Ql¢)) = Q*¢) =0 (3.111)

These are called null states, because they are irrelevant for the physics spectrum,
and the reason is that it is orthogonal to all physical states. To see that, we take

|¢) a physical state and compute the inner product with a null state:

(Pl(Qle)) = ((¢lQ)l¢) =0 (3.112)

Therefore, the physical amplitudes using null states vanishes. We can then
state:

Claim II. Two physical states that differs by a null states are physically equivalent:

[¥) ~ [¥) + Ql¢) (3.113)

Using these two claims, we can now state how is the spectrum of the quantum
theory:

Hclosed
Hexact

Hophys = (3.114)
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Superstring Theory

Bosonic string theory described by Nambu-Goto action is just a generalization
of the relativistic particle S, = f ds? [4]. Therefore, instead of being an infinitesimal
line length, the bosonic String Lagrangian is just a surface area Syg = [ dA. If we
parametrize the string propagating in a D dimensional space-time by the following
coordinate functions:

Xt:X—R (4.1)

with y =1,---,D, this infinitesimal area element will be written as:

Lng = /(X X)2 = (XX = /= dethy «2)

where

It’s difficult to quantize this action because of the presence of the square root
[1]. To deal with it, we can introduce a new field g"b , a metric on the worldsheet,

and write an equivalent action as:
1
Lp= 5‘/_ 989, X"9,X,, (4.4)
or, in curved spaces with metric Gy
1
Lp =3, /=880, X" 9, X" Gy (4.5)

To see the equivalence, we use the equation of motions to ¢ and integrate it

out:
1 1
6Sp = 5 /drdm/—gég“b (hab — Egabgc‘ihcd> =0 (4.6)

1
hep = Egabnghcd (4.7)

45
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now we take the determinant in both sides and conclude that with ¢* on-shell we

have the equality:
1
Lng=V-h=3y —88“heq = Lp (4.8)
One can see that the bosonic action (4.4) is a sigma model of the form:
1 -1
5= —5- | (85" ® GxppdyX 0 4,X) dp (4.9)

with du = d?c /3 if we use coordinates.

In order to describe fermionic states in quantum gravity using string theory,
it’s possible to work with world-sheet supersymmetry (NS formalism) or with
space-time supersymmetry (GS formalism). In the last case, which will be the
focus of this text, we have a manifest supersymmetry.

4.1 Green-Shwartz Superstring in flat space

Consider the bosonic string sigma model we just studied:

1
§=-o /)2 d2oVhh*F9, X195 X" Gy (4.10)
The most natural super-symmetric generalization is [3]:

1
S1 =~ [ PoVIRILTIG,,

where:
[1* = dX* — i6ATHdeA (4.11)

which possesses N global supersymmetries:

5.04 = e

S Xt = iedTre4 (4.12)

forA=1,---,N.
Let us check this by showing the super-invariance of I1:
0TI = doXF — i6.0°THd0" = iedTHdeA — iedTHde =0 (4.13)

Therefore, follows that the action S; is supersymmetric.
This action, although, describes twice as many d.o.f. as it should. In the case
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of superparticle, this is fixed by the presence of the kappa symmetry. We can
then, therefore, recover such symmetry by adding a topological term, i.e., a term
that doesn’t depends on the metric and then doesn’t affect the energy momentum
tensor:

Sy = — / (—idxy A (9THAY — 6°THd6?) + §'THde! A 92Fyd92> (4.14)
z

This term is invariant under supersymmetries (4.12):

6eSy = % / ( — ie"P(ie'T#0,0" + ie’T"0,6%) (' T"9p6" — 6°T796°)

— i€*P0, X, (€'T19p0" — E2T#96%)
ePEIT9,010°T 0562 + e*P0'T0,6" €T, 96° (4.15)
We drop the second line because it is a total derivative:

= 95 (0, X,eT"0) (4.16)

the last term in the first line vanish because € is anti-symmetric and the derivatives
commutes.

The last line in (4.15) cancels with some of the first line terms. The remaining
terms are:

¢Sy = % / e*PE'TI0,0'0' T 950" — e*PET10,0%0°T 0,467 (4.17)

We see that each of these terms vanishes:

e*PeT"9,00T 050 = eT"00T 0" — eT"¢'dT .0 (4.18)

= 5 (er"66r,8' + ar9'6r,0 + er68'T, 6 ) (= Ay) (4.19)
1/ i . o

+ - (erréer, o’ +errg'dr, o — 2e00'T,0) (= As) (4.20)
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We see that A, drops because it’s a total derivative:
Lo rwpar o Lo arupar 4
Ay = gar(ef 001 ,0") — gag(el" 60r,,0) (4.21)

and A; = 0 because of relation (A.16) in appendix A. Follows that S; is invariant
under a supersymmetry transformation.

Now, in the action Sgg = S1 + S; we can check that we recovered kappa

symmetry, defined by:
5 X™ = i04T"6,04 (4.22)
6,07 = 21T, IT"*A (4.23)
It follows:
5, 1" = 2id6AT" 6,04 (4.24)

The first part of the action will varies as:

6.5, = _% / dza[ /=g P11"5,04T9,0% +5K(./—gg“ﬁ)HL”Hgﬂ (4.25)

where we used flat space-time Gy, = Hun.

To the other part, notice that is can be written as:
Ly = —iepI 1y (0'T,050" — 6°T,046%) + 6* terms (4.26)
We define the projector:
P — %(g“ﬁ +e*/,/3) (4.27)

And see that comparing the two variations and see that we need to impose:

5x(v/28"F) = —16/3(P " %'F2,0 + P} %*F0.,6%) (4.28)

as well as:
e — p*P Ké (4.29)
K2 = Piﬁ K‘é (4.30)

this will imply kappa symmetry [16].
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Equation of Motions are:

1
I, I = Eglxﬁgwny-ng (4.31)
T-T1P*3,65 = 0 (4.32)
r-11P9,05 = 0 (4.33)

A B9, X) — 2iP*POITa0! — 2iP + —*F@PT40%) =0  (4.34)
(8" 9p B B

4.2 Pure Spinor superstring in flat space

The Ramond-Neveu-Schwarz (RNS) formalism of superstrings possesses a
BRST operator, from which the superstring is quantized [2]. For the Pure Spinor
formalism, we also have a BRST like operator in such a way that both formalisms
are equivalent [6].

In the pure spinor superstring [5], we construct the action by adding a ghost

sector and its conjugate momentum:

S = / drtdr™ (%8+Xma_Xm + p_8+9R + P+a_9L (4.35)
%

Fw 9 AL+ w_8+AR) (4.36)

with coordinates z* = ¢ 4- 7. The equations of motions are:

9,9_X =0 (4.37)
8+0R = aerR = 8+/\R = 8+w, =0 (438)
B,GL = apr = B,AL = a,er =0 (439)

Observe that the fields 6, pr, Ar, w— only dependson o™~ aswellas 0, pr, AL, w4
only depends on .



Chapter 4. Superstring Theory 50

One introduces a BRST-like operator acting on the fields as (see Appendix B):

QXM = l(AergL + )\erQR)

2
QOLr = ALR
QALr =0 (4.40)
Quwy =dy
1 3 1
Qps = — 59 X" (ALTn) + S(ALT"00) (61T ) + 524 ALT"6L) (61T)
Qp- = 59 X"(ARTw) + S (ART"0R)(90RT0) + (- ART"6%) (6T )

It will follows:

Qd_ = —TT"T AR (4.41)

with d, the constraint that appear for the p, momentum, from GS superstring

: 2S
since p+ = —a(aﬁfﬁ)
1 m 1 m
d+ =P+ — §8+X FmQL — g(eLr a+9L)rm9L (4:42)
1 1
d_ = p- — Ea_ermQR - g(Qera_QR)rmeR (443)

which in Pure Spinor is not imposed to be zero.

And the IT" operator is just the super-translation momentum:

1
[T = 9, X"+ 201T",6; (4.44)
1

The Q operator is a BRST-like operator, and we can see it as a vector field on

the space of fields:

s 51, s 5 5
Q= AL(SQL —l—)LR(SQR + 2()\Lr 0; + ART 9R)5Xm —|—d+(5w+ +d_(5w—_ (4.46)




Chapter 4. Superstring Theory 51

1 3 1 )

+ (—§8+Xm(/\LF ) S (ALL"0,) (24 00T) + (0 ALT" eL)(eer)) .
P+

1. o 3. 1 5
+( —59-X"(ArTm) + S (ART™6R) (0-0rTm) + £ (9-ARI™OR) (ORTm) -

Let us see the condition for Q to be nilpotent:

0

2 92
——{QQ} Q9L +Q9R(59

+ sz_ L

4 QZXm 5

S + sz

(5
- 2

Basically, if we want this to vanish, all terms has to be zero. In the first line this
follows automatically, let us check it on X":

1 m 1 m

EALF AL+ EALF AL =0 (4.48)

This condition defines what a pure spinor A is, a sufficient condition for

QZXm —

nilpotence for Q, as we will conclude further:

Definition 4.1 (Pure Spinor). A pure spinor is a 10 dimensional spinor A* such
that:
AT"A =0 (4.49)

where [ form = 0, - - - ,9 are the gamma matrices in 10 dimensions (see Appendix
A).

Pure spinor condition will also imply that Q?p = 0, let us check this, suppressing
L, R indices. Notice first that 0 = d(ATA) = dATA 4+ AT'9A, which by symmetry of
I' implies dAT'A = O:

Q% = Q (-%axm()\rm) + S (AT76) (26T + %(aArme)(erm)) (4.50)

= —}Ia(Arme)(Arm) + g(AF’”A)(BOFm) - g(AT’”O)(aAFm)
%(aArmA)(erm) _ %(aArme)(Arm) (4.51)
—g(aArme)(Arm) - g(Arme)(aArm) _ E(Armae)mrm) —0
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Where we used condition (A.16) to show that, together with the pure spinor

condition:

(QAT™0)(ATy) = — (AT™6) (AT ) (4.52)
(AT"36) (AT)w) = 0

It is remarkable that pure spinor condition for A will imply a gauge symmetry

for its conjugate momentum w-:
dwy = ViTyA (4.53)

for arbitrary functions VY, m = 0,---,9. This fact is justified in the following

proposition:

Proposition 4.1. Consider a theory with variables ¢ and 7t 4 the corresponding canonical
momentum with the Lagrangian in the following form:

L = maD¢p? (4.54)

with D a differential operator. If there’s a constraint on the variables ¢ given by F™(¢) = 0,
there is a gauge symmetry on the 7 fields given by:

OF™

(57TA = Vmw

(4.55)

for Vi, arbitrary functions.

Notice that the pure spinor action (4.35) is of the form (4.54) in the proposition
with D = d4. We will also see in chapter 5 that the BV action is of this form. The

prove is very simple:

Proof. Since the constraint is F”* = 0, follows that DF" = 0. Applying the gauge
variation (4.55) to the Lagrangian and using the chain rule:

OF™

0L = dmaD?t = VmWqu‘ = V,DF" =0 (4.56)

]

This observation in the gauge symmetry for w4 will justify the last step for
nilpotence. In fact, follows, with the pure spinor condition:
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1 ) )
2 e — g m _— m _—
Q= 2{Q,Q} I TuAL o + I TAg 5 —~0 (4.57)

where ~ means the following: Q2 acts only on w., and its action is a pure

gauge expression (4.53) with V' = IT7, therefore, it is equivalent to zero.

4.2.1 Global symmetries in Pure Spinor String

The pure spinor action carries some global symmetries. In order to simplify

computations, let us consider just left variables and suppress index

Sps = / d*z (%axyéxy + p400 + w+9/\) (4.58)

(scps\ = d (6X" % dX,, + 100 +wy6A) = dy (4.59)

SolEL
Follows the symplectic form:

w = 8y = 6X" NSX, + 6p A 66 + 6w A A (4.60)

Poincaré symmetry

The Poincaré symmetry reads:

SX" = AYXF + (4.61)
1 WV g\ & 1 v
00, = ZAW/("}/ 9) P Opa = ZAyv('Y p)a (4.62)
1 1
(S)\[X = ZAVV(’Y]“/A)“ P 5(,(]“ = ZAHV(r)/wa)“ (4:63)

Let us check that this is a symmetry, analysing term by term:

1. _ i
6 <§8X”8XV> = A',(9XPOX, + 0X,0XP) =0 (4.64)

the last equality follows because it’s a contraction between symmetric and anti-

symmetric matrices.

6(pob) = = (A y"' pob + po(Auy''0)) (4.65)

] =

Ay (Y pod + py#'06) (4.66)

N
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Using ()% = —(7"") 5 we get:
Y pdf + py'a0 = ()% pPa0 + p* (") L30p = 0 (4.67)
To the other term we do exactly the same computation:
- 1 - -
S(woA) = ZAV” (Y"woA + wy'oA) =0 (4.68)
Follows than:
6Lps =0 (4.69)
and therefore the current (3.39) is such that « = 0 and therefore:
j =ty (4.70)
For Translation (T) and Rotation (R):
0 )
CT = Sxi v Gr = X[‘um (4.71)
Py =1y = 0XF, Lyv = tzpy = X[,0X,) (4.72)
For rotations in 6, A:
1 ) 1 )
= Z(~AHVO\E L Z(AHY _—
Y N 1p’y“”@ (4.74)
T2
1 ) 1 o
- = nv o - nv
tNW =17y = %w'y?“’)x (4.76)

space-time supersymmetry

We also have the following realization for supersymmetry in the case of pure

spinor:

0 XM = ~(ev"0)

N~

(4.77)
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5.0% = & (4.78)

1 1
OepPa = —E(efy“)“aX,, + g(efyl‘e)(aew)“ (4.79)
The corresponding vector field for this symmetry is:

1 5 5 1 1 5
—— Hoy —— &~ J— M — M _
G =5(er"0) s + et s + ( 5 (€7")adXy + (e 9)(897y)a> 57n (4.80)

Let us check the symmetry.

SLps = 411(6’)/“89)9)(# + }LaXﬂ(e'ﬂ‘éQ) — %ey”é@ + %(6’)”49)(89’)/;139)

=9 (}L(G’YVG)aXP,) +9d (—}L(ewe)éxy) + é(eyﬂg)(agvygg) (4.81)

Where we integrated the first term by parts twice. Let us analyse the last term:

(€7"0)(007,00) = 9 ((e7"0)(907,0)) — (€7%96)(967,0) — (€7"0)(0067,,6)

=9 ((e7"0)(907,0)) — 9 ((er"0)(07,.0)) (4.82)

— (€700)(067,,0) + (€7"90)(007,0) 4 (e7"0)(06Y,,00) (4.83)
=9 ((e7"0)(907,0)) — 9 ((er"0)(0y,.0)) (4.84)
(€7"00)(07,00) + (€7"90)(06077,0) — (€7"0)(907,,00) (4.85)

Now, use (A.16) to conclude that (e7#08) (6-,,00) + (e#90) (007y,.0) = —(e"8)(967,,90).

Therefore:

(e7"0)(007,,00) = —2(ey"6)(907,00) +9(---) + (- -) (4.86)
-+ (€70)(307,06) = %é ((e7"0)(967,0)) +2(--) (4.87)

Follows then:
SLps =0 (2171(67”9)(897”6) — %(ev”@)&Xil) = du (4.88)

We get then the a:
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‘= _21_4<€7”9)(89w9) + 411(67“ 6)0X,, (4.89)

Now, we can compute the current:

q=1zy+ua (4.90)

1 1
=— (e"‘pa + E(E’er)axy + ﬂ(e'ﬂ‘e)(ae'ﬁﬁ)) (4.91)

4.3 Superstrings in AdSs x S°

In order to describe string theory in a curved back-ground M, we will try to
write M as a coset of Lie groups and then construct a WZW model. Specifically, we
will use work in M = super-AdSs x S°. As we announced in chapter 2, equation
(2.2), this space is identified as a quotient of the supergroup PSU(2,2|4) by the two
Lorentz groups SO(1,4) x SO(5). There is some logic there, in fact the PSU(2,2|4)
contains SU(2,2) x SU(4) in its bosonic part, and as we can see in table (A), these
are the Spin groups Spin(2,4) x Spin(6), then, isomorphic to SO(2,4) x SO(6),
which are isometry groups to AdSs x S°. The groups SO(1,4) x SO(5) on the
denominator of (2.2) are, in turn, the stabilizer groups for AdSs x S°. Follows
then:

SO(2,4) x SO(6)
SO(1,4) x SO(5)

Then, adding a fermionic part to the group on the numerator, we get the
Super-AdSs x S°:

AdSs x §° =

(4.92)

SU(2,2) x SU(M) o o _ PSU(2,2]4)

SO(1,4) < SO(5) ~ S0(1,4) x SO(5) (4.93)

=: Super-AdSs x S°

As we could see in chapter 2, to construct WZW actions, we need to compute
the currents:

=g 'dg (4.94)

Our curved superspace can be parametrized using supercoordinates Z :=

X™ 0,0}, A the superspace is a supermanifold, we can define cotangent spaces
persp p g P
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on it, with basis {dZ}. We may also define orthonormal basis {J*}:

J4 = EfdzM (4.95)

4.3.1 Green-Schwartz superstring as a WZW model

We can realize superstring theory as a non-linear sigma model, as discussed in
section (3.4). As we have discussed, we can describe AdSs x S° background as a
coset of groups. The same thing happens with flat background [7], as we wrote in

equation (2.1): SUSY(N =2)
S0(9,1)

This is easy to justify also using theorem (2.2): SUSY acts on the flat super-

Flat Super-space : (4.96)

space since it possesses the super-translations; and rotations are the isometry

group.
This coset is generated by translation P, and super-translation Q;?, forA=1,2,

explained in example (2.16):

{Q7, Qf} = —2i6"% [Py (4.97)

[P, Pu] = [Qpl?/ P, =0 (4.98)

Therefore, the fields g € Map(X, M) from the world-sheet to the target space
(4.96) are of the form:

g = X" Pnt0 Q8 (4.99)
In order to compute the Maurer-Cartan form:
] =g ldg (4.100)
we nee the following relation using Baker-Campbell-Hausdorff formula:
e “de” =dA+ E[dA,A] + 5[[dA,A],A] + - (4.101)

Using A = X"'Py, + G“AQ;?, we have the:
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[dX™ Py, + 0" Qg, X" P, + 6PP QF] = —2id6*“T,6°PP Py, (4.102)

follows:

] =g 'dg = (dX"™—id6T"0) Py, 4+ d0** Qua (4.103)
In coordinates we have:
J™ = dX™ — ideI™e Jad = ge*A (4.104)

We see that ] is just IT" and the sigma model part will be just:

S, = / VIR(™, ] G (4.105)

The topological term will be constructed the Maurer-Cartan 3-form:

w3 = fapcJ*NJPATC (4.106)

with an appropriate choice for the structure constants f4pc. J™ and J*A are
vectors and spinors under SO(9, 1), so if we consider Lorentz invariant structure

constants, we will obtain a Lorentz invariant action. For it, consider as follows:
w3 = isap]" N ] (T )up A JPP (4.107)
with 511 = —s2 = 1. We get then:
ws = i(dX™ — idoT™9) A (del(rm)a,; AdO' — d6%(T) o A d92> (4.108)
- d( —idXo A (016 — 92T 02 + 9L TR A ermd92> —dB  (4.109)

We conclude that the Maurer-Cartan form is exact (w3 = dB) and therefore,

the WZ term is:
/Ag*(wg):/AdB:/AB:/B (4.110)
> > o Y

Which is just the topological term we added in order to recover the kappa
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symmetry.
Swzw = /\/ﬁh(nm,HH)Gmn + /ﬁg*(wg) = 56Gs

Green-Schwartz in curved background

(4.111)

As we saw in chapter 2, the super Lie-algebra is Z;—gradded. Therefore, one

can write the corresponding Maurer-Cartan formula as a decomposition:

] = gildg = ](0) + ](1) + ](2) + ](3)
We see that in the decomposition:
psu(2,2[4) = go D g1 D g2 D g3

we have

go = s0(4,1) @ so(5)

and therefore, in order to describe fields in the coset, we have:

] = ](1) + ](2) + ](3)

for the remaining algebra, we have:
m = g1® g ® g3 = span{Ty, Ty, T, Ta}
witha,a’ =1,--- ,5anda,a =1, ---,16.

g = exp(X°T, + X" Ty + 6T, + 6°Ty)

It is remarkable the Maurer-Cartan identity:

AJ+JAT=0

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

We will now consider the sigma model part of the WZW. We can’t allow

fermionic currents in the kinetic part because it would break kappa symmetry [8].

Therefore:
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S, = / vas s (J21%) (4.119)

To construct the WZ term, we notice that the Maurer-Cartan form needs to
be in the Z,4 zero grading, the unique option would involve JOATD AT and
JB) A JB) A J@) and in order to be closed we have:

w3 = str []“) ATDATE — G A TG A ]<2>} (4.120)

we see that by using the Maurer-Cartan relation (4.118) that:

ws =d (Str [}m A ]<3>D —: dew, (4.121)

because:
dfV +a7@ 470 = — (](1) + 7@ 4 ](3)> A (}(1) + 7@ + ](3)) (4.122)

By preserving the grading:

dft) = — 1@ A ) (4.123)
dj® = —jW A ) (4.124)

Therefore:
d (Str []“) A ]<3>D — Str [dﬂl) A ]<3>] — Sty []<1> A d]<3>} —w;  (4.125)
The EZ term reads:

/28*((03) = /ﬁdwzz /Z wy = /Z Str [ﬂ”A ]<3>} (4.126)

Follows then the GS action on the AdSs x S° background:
Sas = / Vg Pstr (JO ) + e / ePstr |15 ] (4.127)

4.3.2 Pure spinorin AdSs x S°

We can also formulate pure spinor strings in curved background with the same
ideas we did for GS. However, since we have a ghost sector now, the coset have a
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slightly modification [9]:

. CL X CR X PSU(2,2|4)

PS A > 4.128
5 AdSs xS 50(4,1) x SO(5) (4128)
with Cg 1 being the pure spinor cones defined by the constraints:
CL : {/\L, /\L} =0 (4.129)
CR : {)\R, /\R} =0 (4130)

where {—, —} means the Lie superalgebra anticommutator of g = psu(2,2/4).

The action reads:

1 3 1
Sps = [ @z(Shhe+ il + o hi-

+ w14 Do A3 + w3 Do Ay — Noy No— (4.131)

where A3 = A; and A = Ag and:
Do+ = 9+ + [Jox, —] (4.132)

similar gauge transformations exists for w- :

S, w14 = [v21, A3 (4.133)
5u2w3— = [uz_,)tl] (4.134)

And the BRST like operator acts as [9]:

QA1 =QA2 =0 (4.135)
Qg = (AL +Ar)g (4.136)
Quiy = —J1y+, Qws— = —J5- (4.137)
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BV formalism

The Batalin-Vilkovisky formalism [25] is a generalization of BRST proceed
to quantize gauge theories with introduction of anti-fields. The idea is that this
formalism allows us to analyse the ghost sectors.

We may give some motivation for introducing anti-fields for a quantum field
theory possessing a BRST operator Q by studying Lee-Zinn-Justin identities [11],
an equivalent Ward identity involving the BRST symmetry acting on the partition

function in a theory with fields ¢ and b, ¢ ghosts:

Partition Function: Z[]] := /Dchch exp {—Seff +/]-4>-|-ﬁ-c—|— ry.b]
(5.1)

Which should be invariant under BRST transformation:

0 = dprsrZ]]] = /Dchch (J-Q + B-Qc + - Qb) e Serst /I 9+Bct-b
(5.2)
But it turns out that the BRST action on the fields may not be linear, and this
in fact happens in many cases, for instance in YM (Qc = [c,¢]). This difficult
the work of writing the Ward identities for this quantum symmetry. The trick of

Lee-Zinn-Justin was to introduce new sources K, L, F:
Sexta source = — [ (K, Q9) + (L, Q¢) + (F, Qb) (5.3)

If the sources are BRST invariant (QK = QL = QF = 0), we have that the new
source action is BRST invariant. More that that, it does not afect our quantum

theory since it is Q—exact:

Sextm source — / Q(K§b + Le+ Fb) (5-4)

62
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Doing this, the Ward identity can easily be written, with W such that Z = ¢~":

) ) )
/|:]5_K+'B(5_L+r)/5_l: WU,,B,’)’,K,L,F]:O (5.5)

The so called Lee-Zinn-Justin identities are just equivalent identities for I, the
Legendre transform of W.

Such new fields K, L, F are called the anti-fields for ¢, ¢, b respectively. The new
source action (5.3) together with S,¢s will be the Master action. Such structure

will be organized more properly and rigorously by the BV formalism.

5.1 Odd Symplectic geometry

In order to study the BV formalism, it is crucial to understand some basics of
symplectic geometry. This happens because the space of fields in this approach
will be a symplectic manifold.

Definition 5.1 (Symplectic Structures). Consider a manifold M, a 2-tensor field
w € O?(M) is a section:
w:M— N’T*M (5.6)

that is, for each point m € M, wy, := w(m) € A>T}, M.

(TuM, wp) is a symplectic vector space if the anti-symmetric bilinear map:
Wy - TyyM x TyM — R (5.7)

is non-degenerate, that is, ker(wy,) := {X € T,yuM | wm(X,Y) =0, VY} = {0}.
Such (M, w) is a symplectic manifold if (T,,M, wy,) is a symplectic vector
space for every m € M and w is a closed form:

dw =0 (5.8)

It is not hard to see that every symplectic manifold have even dimension
[17]. In fact, a simple example of symplectic vector space is given if we consider

M = R?" with:
o= ) 59
—1in

and every symplectic manifold is locally equivalent to this (R*",wp). I wont
discuss it in many detail, but this fact is illustrated in the following theorem:
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Theorem 5.1 (Darboux). Let (M, w) a 2n—dimensional symplectic manifold, and let
p € M. Then, there exists a chart (U;x1,- -+ ,Xn, Y1, -+ ,Yn) centeredinp € U C M
such that, in this coordinates:

n
w) =) dx; N\dy; (5.10)
u i3
Such charts are called Darboux charts, or Darboux coordinates.

Notice that in Darboux coordinates the symplectic structures w;, looks like
(5.9).
Important constructions of symplectic manifolds are given in the two subsequent

examples:

Example 5.1 (Cotangent Bundle). Consider a manifold M and the corresponding
cotangent bundle T*M = UpemTpM with T; M defined as the dual vector space of the
tangent spaces Ty M. Consider a chart {x,} on M, and {p"} a chart on T*M

We can construct the following symplectic manifold [17]:

(T*M, w) (5.11)
with w = —du, where w is the canonical tautological form, in (x, p) coordinates:
w = ptdx, (5.12)
That is:
w = dx, Ndp* (5.13)

Example 5.2 (Odd Cotangent Bundle). Consider M a differential manifold and the
following bundle
I[IT*M
l” (5.14)
M

With I1T* M the same space as T* M but with changed parity of the fiber. And then
we can consider (I1T*M, w) as a symplectic space with w the same as (5.13) but then it
is an odd symplectic form.

Odd Poisson brackets

Let {x} be bosonic coordinates of a system and {6} fermionic coordinates.
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Let F be a odd function, for example F = x 6 or G = 010,03. Then the
differential operation doesn’t changes if applied by left or by right:

— — —

) (5 ) 5
— — — — —
) o ) ) )
F% (x@)(se X, Fa = (x9)a (Gx)éx 6 (5.16)

With the function G, there are more cases, but to fix the idea I have done all:

o 5 5
59 (919293) 0,03, (919293)59 (929391)59 = 0,03 (5.17)
5 o 5 5
592(919293) 592( 020163) = —61603, (919293)(502 (— 919392)59 = —0103
(5.18)
> 5 ra
593 (919293) 593 (939192) = 010, , (919203)E = 010, (5.19)
Now let consider H = 665:
5 r S
591 (9102) 92, (9192)@ == (—ngl)E == —92 (520)
i i e
592(9192) 50, ——(—6201) = —01, (9192)(502 61 (5.21)

The secret is the following: when we are differentiating with respect to a
fermionic variable 6, if the function is odd (has an odd number of fermions), we
have to commute the 6; an even number of times both in the case of right or left
derivative; if the function is even (has an even number of fermions), in one side
we have to commute an even number of times but on the other side we have odd
fermions to pass through. When differentiating with respect to bosons, all is equal,
since bosons always commutes with anything.

Now I formulate the general rule: left and right derivatives are the same,
unless the function is bosonic and we are differentiating with respect to fermionic

variable:

Fop = (—1)7 (B0 ,F (5.22)

Now we are ready to formulate odd Poisson brackets:
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S S
F,G} = / dlx 0 G+ (~1)FrIGHDG O (5.23)
tF,G) = ( sph 597 =) opt ¢,
Quick notation:
— —
1) 1)
— 5* ’ A 5
o o
Now look:
6, 3G (5.24)
— (—DAFEFS G (5.25)
— (_1)A*(F+1) (F+A, )(G+A) 5 G5 E (526)
— (_1)A*(F+l)+(P+A*)(G+A)+A(G+1)G 5 5*1: (527)

To arrive in equation (5.26) I used the fact that the statistics of
Lets work the exponent ( mod 2)
A(F+1)+ (F+ A )(G+A) + A(GH+1)
=F(Ai+A)+G(A,+A)+ FG+ A+ A, + AA,
=F+G+FG+1=(F+1)(G+1)
Therefore, —F(S 3G = (— )(F“)(GH)HG ) 5 F. And finally:

5 5 5 3
— d _
{F,G}_/dxF<§¢A 5 5 5¢A>G

Odd Laplacian

) )
A= ()4 [ 52 (x) 647, (%)

& s (F +§).

(5.28)
(5.29)

(5.30)

(5.31)

(5.32)

Quick notation: (—1)4*A = §-6,. Let us deduce an important relation:

A(FG)
= (=1)*6-((6:F)G + (-1)™F(6.G)

(5.33)
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= (=1)4(6-6.F)G + (—1)fATFATAFE(5.5,G)
+ (=1)FHA)ATA 5 F5G + (—1)FAFA6F . 5,G (5.34)

Considering mod 2: A+ A, =1, AA, =0,A+1 = A,and A, +1 = A.
Now:

= (AF)G + (~1)FF(AG) + (- 1)F [(—1)<F+1>A5F.5*G + (—1)FHDAs F. 5@}

(5.35)
= (AF)G+ (—1)FF(8G) + (-)F [F(5 5. - 5. 8)G]  (536)
= (AF)G + (-1)FF(AG) + (-1){F, G} (5.37)

5.2 General BV theories

To every Field Theory, one can consider its corresponding BV formulation.
Even if the more significant application is in gauge theory, one can consider trivial
gauge transformation to write BV action to any field theory. We will here introduce
the BV theory showing the general formulation and then apply to YM and mainly
String theory.

It’s possible to define a general BV theory. Let us do it and then show some
motivations.

Definition 5.2 (Classical BV Formalism). A BV theory consists of a collection of
the following data [24]:

* a Z—gradded supermanifold F;
¢ an odd-symplectic structure w € Qz(]: );

e A function Sgy € C®(F) (the BV action) satisfying the Classical Master
Equation(CME):
{Spv, Sy} =0 (5.38)

where {—, —} is the poisson bracket generated by w.

From the CME we can define the following nillpotent operator:

Q:={Spy,—} (5.39)
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This is the BV operator and in many cases it will coincide with the usual BRST
operator. Moreover, by definition the BV operator a Hamiltonian vector field
generated by Spy:

Llow = dSpys (5.40)

This also shows that Q is compatible with the odd-symplectic structure:
LQC(J = (LQOd+dOLQ)aJ =0 (541)

A typical construction of the BV phase space happens when we have a given
space of fields F and extend it to F := IIT*F. In this case, F is naturally an
odd-symplectic manifold, as seem in the previous sections, and in the presence of
a BV action on this space, it will be a BV theory. In the next sections, we will show
how to construct such an action from a BRST system and moreover, how we can
understand the BRST operator as the de-Rham differential in the BV phase space.

Example 5.3. Consider a gauge theory with action Sy, field space F and BRST operator
Q. We construct a BV-theory by the following data:

* a Z,—gradded manifold M = I1T*F;
* canonical odd-symplectic structure:
w = 8¢ N gl € O2(M) (5.42)

for {¢?, ¢ } a Darboux basis to the odd-cotangent bundle T1T* F;

* The following Classical Master Action:
Spv = So(¢) + Q9" ¢ (5.43)

We see that in this case, the BV operator Q = {Spy, —} is just the BRST when restricted
to F. To see this, first of all notice that the BV-Poisson Bracket, the inverse of the
odd-symplectic structure will act in the basis as:

{p", 0"} = {04, ¢35} =0
{p", ¢35} = 63 (5.44)
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Therefore, acting on F, we have:
Qp” = {So(¢) + Qo9 ¢"} = Qp” (5.45)

: Q‘f —Q (5.46)

5.3 BV-BRST formalism

Let IITM be a super-tangent bundle on a n-dimensional manifold M. The
symbol I'T means that we change the parity of the elements of the fiber, therefore,
since M is bosonic, this means that all T;;, M are super-vector spaces (= RO™).
Denote (xq,- -+, X, dx1,- - - ,dx,) with x; coordinates on M (bosonic coordinates),
and dx; a notation for coordinates of the fiber (fermionic coordinates). We have
therefore dim(IITM) = n|n.

Consider now a Lie-group H and the corresponding supermanifold IITH. The
super-coordinates will be (%, dh). Consider the vector field on IITH:

d:= dh”% € Vect(IITH) (5.47)

Since we exchanged parity and dh is fermionic and & bosonic, we have that
d? = 0:
P2 —dod— dantdn=2- 2 —g (5.48)
oht ohv
Therefore, being nilpotent, it and produces some cohomology. It is in fact very
similar to the De-Rham operator. Another observation is that V p = (h,dh) €
I1TH, the d-vector can be written as d, = (dh,0).
In order to consider physical theories, let us take a given space of fields X. This
manifold can be very hard to understand, but we abstract it for now. We suppose

now that the group H we are considering acts on the space of fields:

G Hx X — X (5.49)
(h,x) — h-x (5.50)

We can join these two manifolds to form an important one: IITH x X, with
coordinates (h,dh, x) € IITM x X. We can then trivially extend the d field to the

new space:
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d = (dh,0,0) = dh”% € Vect(IITH x X) (5.51)

Furthermore, with some identification, we arrive at some important manifold,
isomorphic to h x X. (h = T.H = Lie(H)):

p = TITH <X 652

a quotient manifold IITH x X/ ~, with ~ defined as follows:

¢p, : [ITH x X —— IITH x X
(h,dh, x) — (hhyt,dhhg !, by - x) (5.53)

we identify then the points which are related by this action:
(h,dh,x) ~ (hhy',dhhg?, ho-x) Vho € H (5.54)

In that case, we can always restrict our analysis to the subspace:

IITH x X
H

112

L={pelITH x X | p = (e,dh,x)} C TH x X (5.55)

This follows because every point (h,dh, x) is equivalent to (e, dhh~1, hx) and

therefore: OT.H % X
ETXgL:HhxX (5.56)

Definition 5.3. Given a field V € Vect(IITM x X), it is called H-invariant if
Xo¢h0 = T(PhOOX,VI’l() €EH
where T¢ is the differential map

T¢: TM — TM

Remark: When H is a matricial group, the function ¢, is just a matrix
multiplication ¢y, (h) = hhy"' and therefore Tey,, = ¢y,

Proposition 5.1. The field d € Vect(IITH x X) is H-invariant

Proof. It is just a computation.
The field d = dh* 5% is just:

d:HxX — TITM x X
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(h, dh, x) —> (dh,0,0)

Therefore:

N (g, dhdg Y, ho - x) —2 (dhhg?,0,0) (5.57)

and using the above remark:

T
Ty, od = (hdh, x) — (dh,0,0) — 2+ (dhh;",0,0) (5.58)

Concluding: d o ¢y, = Ty, 0 d O

Lets take seriously the comment about doing everything on the point (1, dh, x)
and push the vector d to the space Vect( 12X ) = Vect(ITh x X)
Pushforwards are defined as:

¢:M— N (5.59)

¢.: TM — TN

(@)V(f):=V(pof) VfeC?(N) (5.60)
Given coordinates {x*} to M and {y*} to N:
d d
H_—_(yY —
(9.V) = V! 54 0 9) 55 561)
We are going to do it with the map:
¢p:Hx X — HxX (5.62)

(h,dh, x) — (1,dhh™, - x)

And denote the resulting pushed field by Q = ¢.d

Therefore:
8 0 0 d
R | 1 e
axﬂ — (¥ 4))8 =dh ahﬂ(l dhh™, h-x)" 3y (5.63)
8 0 8 8
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_ )

= d(dhh 1)“ﬁ + cﬂv;ﬁ

Denoting:
9 ,
(A N 4 PAY | _
U“_ahﬂ(h x), dh=c¢

Now, comes the subtleties:

d(dhh™Y) = dhh~' Adhh ™! (5.64)

It is also Lie-algebra valued, therefore, the wedge A has more structure, a
commutations structure:

dh = t,dh? (5.65)
dhh= ' Adhh™! = [dhh =Y Adhh 1) = %c”cb fote (5.66)

with f the structure constants:
[ta, ty] = faptc (5.67)

Backing to equation (5.63), we finish the well defined field Q:

= —c abi +c v'i = 1[c, c|*cy + (c"va(x), x*) (5.68)
c xt 2
Now let me observe the following:

ol = dh“%(h-x)” = (dh-x)! = sgpxt = Sext (5.69)

And therefore, such Q operator is just the usual BRST operator [11] with fields
x e X:
d

x o 1 d
[c,c]%cy + (Ocx, x™) = E[C' c]“w + (SCx”ﬁ (5.70)

N —

Q=

5.3.1 Integration

In order to produce physical observables, we consider generating function Z[J].
Therefore, we want to integrate functions defined on the gauge slice, which is
equivalent to integrate H-invariant functions on the hole BV-phase space (f(Z) =
f(h-Z)). This connection is give by:
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/Hhxx fle,x) ::/ f(h,dh,x)6(h —1) (5.71)

IITHxX

The integration we want to define on the BV-phase space is a path integral.
Integration on the field space X is well know:

U= e~ #5a(*) Dy (5.72)

As an example, for Yang-Mills theory:

u=DA,exp (—%% tr FPZW) (5.73)

We want to define integration on IITH and this may be somewhat involved.
But lets try to first to do something without much rigour, always keeping on mind
that path integration is something very enigmatic on the mathematical point of
view.

In this spirit, we want to make natural constructions from the given objects:

(X,H, u) (5.74)

In order to construct such a natural notion of integration, consider H to be any
supermanifold of dimension m|n. Than it has bosonic and fermionic coordinates:

(xl, N s LU 0"). The operator d is a vector on the superbundle II1TH:

0 0
14 a
— Jox " i 7
d=de6 VT + dx o (5.75)
[he operator d is a nilpotent operator. To see it rewrite fermionic variables as

dx — 1, 9/08 — 17 and bosonic as d/dx — p, d0 — t and then, correspondingly

d = pp,+ 1t (5.76)

This is an odd nilpotent operator:

A% = (P pu + %) (@' py + tP1g) = I  pupu + 9 putPyg + a1 py + t*tPryang
(5.77)

= putP g — put“y . =0 (5.78)

Therefore have some cohomology, that is, the operator produce some exact
sequence of algebras. The volume form is an operator which is the solution of the
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cohomology:

doD =0
{D~D+doD’ (579)

To solve it lets restrict ourselves to a polynomial algebra P[0/0x,d/96,dx, df].
Since d = ' p,, + t*17,, we see that D has to be a polynomial of the form:

D— p(x,9)¢1 . lp”nl o™ (5.80)

5.4 Space of Fields

Consider the space-time M with dim(M) = n. It is a manifold in which our
fields are defined.
We can define a super-manifold of dimension 2n given by a slight modification
of the cotangent bundle TM:
M =1ITM (5.81)

the IT in front means that we’ve changed the parity of the fibers, that is, I1T,, M =
RO, Locally, for some open sets U C M:

U=TITU = U x RY" (5.82)
Given some charts, each point m € M can be described in coordinates by:
m = (xl, ceex™ oxl ,0x™) (5.83)

where 5x/ are coordinates in the vector fiber, that is, coordinates a vector (5x1, cee,0xM) €
T,M = RY". This is just a convenient notation and not the differential of

coordinate x/. The gradding in this vector field implies:
Ox'ox] = —bxox (5.84)

The space of functions C*®(M) is then graded. Locally it is written as:

p even

CU={feCU)|f= T] f&x)up,bxt---xt, 0<p<n} (585
i=0
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odd
CoUn ={feCU)|f= pH f() g, 6xH - 5xtr, 0 <p <m}  (5.86)
i=1

From this picture, we notice that smooth functions on IITM are just differential
forms on M.
Since dx are fermions, we use the following measure to integrate functions on
IITM:
0 0
y:dxl/\---/\dxnw---a(sxn
The unique functions we are able to integrate are then of the form F(x, 6x) =

f(x)éxt - - 6x™:

(5.87)

/P — /dxl A Adx"F(x) (5.88)

We are also able to define tensor fields on M, which are just sections on a given

vector bundle E of M:

M

For our purpose, we will consider a bundle with inverse parity:

p q
B ~ . ~ A~ ~ (5.89)
E:T&q:TM@---@TM ®@ MNIMM® - QIIT*M
The fields are defined to be sections s:
s: M — E (5.90)

such that 7 os = id.
The expressions dx are, therefore, fermionic and % bosonic. Now, let us
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introduce some important operators:

d= dx“% TH (M) — T;H(M) — Fermionic De Rham Operator  (5.91)
L THM) x TV (M) — qu—kr—l(M) — Iota Fermionic Operator (5.92)
41
(X, T) — X"'adx“T
L:THM) x TY (M) — T; ++(M) — Bosonic Lie Derivative (5.93)

(X, T) — (ixod+ (—1)Xdoix)T

Notice that this operators can also be seem as vector fields on *M....

We notice some important identities for T € T, and S € Tj

d(TS) = dTS + (=1)TPTds (5.94)
ix(TS) = ixTS + (—1) ZDT+PI T 148 (5.95)
Lx(TS) = Lx(T)S 4 (=1)XTHPITL(S) (5.96)

5.5 BV action for bosonic string

Let us investigate more properly the symmetries present in bosonic string (4.4).
It is invariant under diffeomorphisms in the worldsheet [16]:

6XF = Lo, XF (5.97)
0g = L,8 (5.98)

with v € Vect(X) a vector field on the worldsheet that represents the infinitesimal
diffeormorphism.

This condition in coordinates reads as:
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SXH = 079, X" (5.99)
5% = 79,8 — g3, 0% — 79,08 (5100
5./3 = 3,(v7\/3) (5.101)

5 = / 9,(y/3 08P X135 X, + (/=8 ©7)9,8"F XD X,
— /= 8(0"0P + 9Pv") 9, X"9p X,
+/—8(0P0")0, X' 9p X, + +/— 88 F070,0. X105 X,

+ /=80 X" (0%07)9, X, + /—88"P0: X 070,05 X,,

_ / 2, (U"r \/__gg“ﬁaaX#aﬁxy) -0 (5.102)

We also have the Weyl symmetry:
Sup > A&up (5.103)

This symmetry allows us to consider conformal structures, that is, equivalent
classes of metrics related by Weyl transformations. In two dimension, there’s a
1-1 correspondence between conformal transformations and complex structures,
which are tensor fields such that I = —1.

We can realize this by the working in coordinates:

a ¢ 1 b —c
_ /oot —
gaﬁ = (C b) > g9 = —02 _py (_C 4 ) (5104)

To see that the object I*f = ,/—g¢*F carries the information about the complex
structure, we complexify the worldsheet by define complex coordinates:

ol +io? (5.105)

= ol —io? (5.106)

z

Ny

In this coordinates the tensor density becomes:

B _ 1 (a —Db) —2ic (a+D)
= 2v/c2 —ab < (a+D) (a —b)+ 2ic (5.107)
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And finally, since we are in complex coordinates, we use € tensor to lower the

index and then follows:

T
Iofylﬁ = —0g (5.108)
And now, we see that [> = —1 and therefore it is a complex structure. The

action becomes:
s = [dz 1o, x05X = [ dz P17 0, X0,

_ / dX A 1dX (5.109)

When we use the Polyakov gauge:
8ap = Map (5.110)
the action can be written as:

5= /e“ﬁaaxaﬁx - /dX A *dX (5.111)

The Hodge star operator in two dimensions is an operator on the space Q°(Z) &
QlZ) & 0%(%):
*: OF(Z) — 0K (5.112)

for k = 0,1,2. On the Q! (X) subspace, x acts as a (1,1) tensor. Its action is defined
on the basis as:

*dx = dy, *dy = —dx (5.113)
Therefore, it can be represented as:

0
*|Q1(2) :dy®—x—dx®—y €T (%) (5.114)

We see that the operator (5.114) squares to —1, and in matrix form reads:

0 1
. 100
* gy = (_1 o) =: 1 (5.115)

Now we have figured out which fields we will use: world-sheet scalar X* and
complex structure I. Proceeding with the BRST procedure, we introduce c-ghosts
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for diffeomorphisms:
d

=" A1
c=c¢ Yy (5.116)
with o# worldsheet coordinates. The BRST operator will read:
QX = L:X (5.117)
QI = LI (5.118)
Qc = %[c, c| (5.119)

And therefore, we can construct the BV theory for the bosonic string, following
example (5.3):

Spy = / AX N IAX + (LI, TF) 4+ (L:X, X*) + %<[c, c],c*) (5.120)

5.5.1 Field content for Bosonic String

Space-time as considered in section (5.4) for the String theory is M = X,
the world-sheet, a two dimensional manifold, and then I'IT*X has coordinates
(z,2,0z,02Z) with §z6Z = —d2dz and dz? = 62> = 0.

In this case, we have that C®(IIT*X)( is composed of function of the form
f(z,2z) and f(z,2)0z6z, and C®(IIT*X); are the functions of the form f(z,Z)dz and
f(z,z)6z and the functions to be integrated are:

_d 9 Nese il =
/dz/\dz@E (z,2)0z6z = /dz/\dzf(z,z) (5.121)

Considering the space of all fields F, the idea of anti-fields emerges as we
consider the tangent bundle IIT*F. In coordinates, for

(¢, ¢") € IIT*F (5.122)

again, Il means change of parity.
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In the case of bosonic string, the field content is:

XF . TIT*Y — R — World Sheet scalar field (5.123)
3 aaa ®dzP : TIT*'Y — RZ@RY2 — Complex structure (5.124)
az : TIT*Y — R? — Diffeomorphism ghost (5.125)

We define the fields such that the coordinates X* and I "23 are bosonic fields and
¢* is fermionic. The field I = I"%% ® dzP is a fermion, since dz is a fermion.

The anti-fields are, therefore:

X; 6202 : TIT*E — R (5.126)

0
I;gﬁa—/3 ® dz" 6267 : TIT*E — R? @ R (5.127)
cidz* 6207 : TIT*Y. — R? (5.128)

Follows that X* I “B are fermions and c, is a boson. X * 0207 is a fermion since
0z0Z is bosonic; I * =1 P 8/5 ® dz* 6z6Z is bosonic since dz is a fermion and c;dz"

is a fermion.

5.5.2 Deformations of the Complex Structure

We saw that fixing Polyakov gauge for bosonic string corresponds to use *
operator as the complex structure. We now want to deform a little bit the complex

structure. To do so, let us parametrize such tensor:

a b
I[= (C d) (5.129)

satisfying the constraint I2 + 1 = 0:

240 b+ bd -1 0
R (5.130)
ac+cd bc+d 0 -1
In which as solution we have:

(5.131)
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We see that there are 2 real degrees of freedom, or 1 complex dof. m € C:

i (i\/1+mn‘1 im )

5.132
—im —iv1+mm ( )

It follows that the Bosonic String action will read as:

§m — _%/ AX ANT-dX = —31/ (0Xdz + 0Xdz) A (I%04Xdz 4 140, XdZ)
by

_ _31 / (1%9X0.X — 1%9X2,X ) dz A dz (5.133)
_ _31 / dz A dz (~2iv/ T+ mmdXaX + im(9X)? + im(3X)?) (5.134)
X

Using dz A dz = —2id?z:

S = /Z i’z (\/1 + mimdXoX — %(aX)2 - %(3){)2) (5.135)

5.5.3 Anti-field of the Complex structure: the ghost action

Notice that the field I* is a density tensor:

d
Ir=1Fdt =5 © (427 A dz?) (5.136)
—dzndz P a0 (5.137)
X zZZ azﬁ

We will see that there is an interesting form on this anti-field using a gauge fixing.

Gauge symmetry on anti-fields
We have a constraint on the complex structure: I> +1 = 0. The space of
complex structures can be though as a submanifold N C M, where:
M= {I%(0) |a,p=1,2; 0 € X} (5.138)
The submanifold N is defined as the kernel of the function F:

F-M—M
I—s 1241
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The space of complex structures is defined as:

N={IeM|FI)=0}c M

(5.139)
As explained in Proposition 4.1, a Constraint on the Space of fields results in
a gauge symmetry on the space of anti-fields, that is, a gauge symmetry on the
cotangent bundle:

OoF
I*=n —
oy Ui Vi

(5.140)
for an odd tensor density field ’7“5 (it is a density because A* is a density),
which in components read

*\ & ’Y(sFDfB
(61 )5 =15

5.141
617 ( )
We have SE
ﬁ / !
S w15+ 1807, (5.142)
ﬁ/
so that

(5.143)
We now denote I* = b, and in fact the anti-field of the complex structure will
be the usual b-field [1] of the bosonic string:

OF * *
ogb =5y =1 (IO g+ (L)% + 0, (0) T+ (0%, (5149)
with b* the perturbation of the complex structure around I(?). Consider the
space of complex structures:

C={I0) | I%()(c') = 8%6(c — ') }

(5.145)
If we want to construct the cotangent space I1T*C, we have an identification.
In coordinates:

TIT*C = {(I,b) | P+1=0; (I,b) ~ (Lb+{17,1})}

(5.146)
This identification follows from considering the canonical form a such that
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w = —da:

a = tr(bdl) — tr(bdI) + & tr(I01) = tr(bOI) (5.147)

Because I +1 = 0, follows that I + I6] = 0 = tr(6I1+161) = 2tr(I61) = 0.

The identification reads, in terms of our coordinates (I = (%) 4 ):

(Lb) ~ (Lo +{n, 19} +{n,p}) (5.148)

The antifield I* can be gauge fixed by noticing:

mz 0
{7, 10y =2i "2 ° (5.149)
0 7%
By imposing the condition b%, = 0 and b% = 0, we fix the gauge:
1(0 —b
I'=-1. 5.150
) 5150
* = T%Z a - T%xZ _ a
I"=dzNdz[[%;dz® — + dzNdZ I, dZ® — (5.151)
0z 0z
_1 —bclz<§§>i+?)d,2®i ®dz Ndz (5.152)
4 0z 0z '
In this coordinates, we have:
— = — =
o 6 o 0
— Y= [ g2 — 5.153
== / Z (511’;3 SI:P LB 51&;3) (5:159)

Which in b, m, m coordinates reads:

e e

5 6 66 > 6 0 6

—_— — f— 2 1 —_— . — —_—.,—— / —_—— — — DY

{-, }—/dz41<(S 55 33 )—1—41( >+ (5.154)

Following:
{m(z),b(w)} = 4i6*(z —w) , {m(z),b(w)} = 4i6*(z — w) (5.155)

{m(z),b(w)} =0, {m(z),b(w)} =0 (5.156)
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Ghost action S8

We want to shou how (LI, I*) looks like in b, ¢, m, 17t coordinates. It will be
called here by ghost action.

To write (LI, I*) explicitly, notice that given two (1,1) tensors, we can contract
then:

d d
A= A%dzP © 37 B =B"dz’ ® 57 (5.157)
.1 (A, B) = A%B, dzf <%) dz’ ((,9%) — “ﬁB‘fx (5.158)

S8 = (Lo, I*) = / (LD L oz A dz = / (LBl dz Adz + (Lol)2 7 adz Adz

- / dz A dz (—%(ﬁcz)gb + %(m)@}) (5.159)
Where:
(LD, = ic- (V1 + mim) 4 i(dc)m + i(9¢)m (5.160)
(LeD) = ic-9(m) 4 2i(dc)V/1 + mift + i(9¢ — dc)m (5.161)
(L)%, = —ic-9(rm) — 2i(9¢)V/1 + mimt — i(dc — 9¢)m (5.162)
(L)% = —ic-9(v/1+ mm) —i(9¢)m — i(dc) (5.163)

Then, in terms of b, ¢ and m, 1M coordinates:
S8 = —i /dz Adz (c -om + 2(9c)V/1 + mim + (9¢ — 8c)m>b (5.164)
+ (c -0m + 2(0¢) V1 + min + (dc — 50‘)11‘1) b

The parenthesis term is a fermion, than we can pass the b field to the left hand side
of this term with addition of a minus sign. We also separate the linear term in the

mandm anti-field coordinates:

_ % / dz Adz (bdc + bac) v/1+ mim (5.165)

+ 411 /dz Adz (bcam + beom + b(de — ac)m) + (Ecam + beorm + b(dc — 96‘)17‘1)
(5.166)
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Using that dz A dz = —2id?z and integrating (5.166) by parts:

58 = / &z (bdc + bac) /1 + mim + % (cdb-+cb+20ck ) m + % (c9b -+ cab +23cb )
(5.167)
Following the total action:

Sgy = S™ + 5% + (LX, X*) + %([c, o, ") (5.168)

The energy momentum tensor is the variation of the action with respect to the

metric, or in this case the complex structure:

T 058V _ {Spy, I*} (5.169)
ol
In components:
This is easily computed using relation (5.155) and (5.156): {m,b} = {m,b} = 1.
Putting m, m = 0, we got the usual energy momentum tensor [1]:
m 1 2 M 1. 2
T" = E(E)X) , " = —E(BX) (5.171)
1 < - 1/ - = = -
P C p— ol G
Ts = - (cab b+ 2acb) ) s = - (cab 1 cab + 2acb) (5.172)
and:
T=T"+T18%, T=T"+TS (5.173)

Such expressions for the energy momentum tensor are off-shell expressions,
and in fact it corresponds to the usual one [1] if we impose on-shell condition, and
in this case we just need 0b = db = 0.
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5.6 Global symmetry and descent equations

To have a global symmetry means we have a generator of such symmetry

written as

f— /Z T(z,2,¢,¢") = / T + T + - - (5.174)

,Z
with the condition:
{Spy, I} =0 (5.175)

This equation has some information. First of all, it tell us about the symmetry
on the classical action. But at first order in anti-fields, this equation tells us
about the compatibility of such symmetry with the BRST symmetry, that is, their
generators commutes.

I'* for instance is a infinitesimal generator of the global symmetry:

R 5 oTr b o
Uiy = [ (M~ Sptiage) = [T 010

Indeed, expanding the BV action in anti-fields:

Spv = So+ S\ ¢y + Sy ¢y + - - (5.177)

Where each S, only depends on fields ¢ and not anti-fields. In general, the first
order term S; is the BRST operator. At first order, equation (5.175) is:

050

/ S =0 (5.178)
This equation means that the generator I' is a symmetry generator of the action

So. In second order:

5 5

1TV QP —T" | ¢r = / ,I1=0 5.179

/(QW Qi )cpa Q) (5179)

This commutation relation tells us that the BRST and the global symmetry are
compatible. For instance, if the cohomology does not change if we apply a global
symmetry.

For instance, translation symmetry of BV-bosonic string is:

XM —s XM 4 g (5.180)
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Where a# is a constant vector. The generator of such symmetry is d/0X#, and in
terms of anti-fields:
r=a" | X (5.181)
by

{a" X —} = translation (5.182)
)

The classical part of the BV action is just the Polyakov action, therefore, the
translation symmetry in this order in anti-fields reads as:

5S 0
po
al [ L = at / duydX, =0 (5.183)

Another symmetry is the rotational one:
XF — X 4w XY (5.184)

with w an anti-symmetric matrix.

The generator is:

A

f= [ w/x'x; (5.185)
M

{ w, XFXy, —} = rotation (5.186)
)

Similarly, we have the condition on the polyakov action:

v yéSPOZ U v U v
[y xr=tt = [ Xtandx* = [ d (wuXPudx") =0 (5.187)
where we have integrated by part and we use symmetry of the operator A¢j, that

Such expressions as (5.183) and (5.187) are generalized when we go to BV-

phase space:

5 7 5 3

O O Sy °Tr=0 (5.188)
opA o 6py oA

{Spv, T} = /{SBV/ I} = / Spv
Since the equality is under an integration, we are able to write a corresponding
equation:

{Spv, T} = dj (5.189)

j is similar to the Noether current, since {Spy, I'} in zeroth order in anti-fields
is just the variation of the action with respect to the symmetry I" generated by T
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and each symmetry gives:

5S = E.L + / 9, (Lé% . (L . nwﬁ) 5xV) (5.190)

9(9upa) G
E.L. meas Euler Lagrange equations, therefore, on-shell, every symmetry is of the
form
0§ =dj (5.191)

with j being the conserved current. Therefore, equation (5.189) generalizes the
Noether theorem expressed in (5.191) above.

Now, j is also a generator of symmetry, that is:

{Spv,j} =4V (5.192)
This is called descent equations:
Qug = day (5.193)
Q1 = day (5.194)
(5.195)
Quy = duyyq (5.196)
Ko 2, doq ° .0

{0

Dé1i>d062—>0

where Q := {Spy _}. Observe that such operator can be writen as:

57 5 7

0
0= | e S SR 0

It is a fermionic operator, since Sgy is bosonic and since ¢* has the opposite parity
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R AW o o . 5 .
as ¢, < 5gF 3 4?;1 ~ 5 W) is fermionic. Indeed, if ¢ is a fermion, S BV 547 is NOW a

fermion. And if ¢ is a boson is a fermionic operator and then in both cases,

4 5¢
=N =

(S BV%) %;ﬂl is a fermionic operator. We use the same argument to conclude that
_>

5 5 . . .
(S BVW) 3gr isa fermionic operator.

5.6.1 Descent equations for Bosonic string

Some symmetries are remarkable in Bosonic String Theory. We have already
introduced translation and rotational symmetries, and here we will explore it
more, and show all the explicit descent equations that appears in our BV approach.
Furthermore, we will explore also the BRST symmetry.

Translation symmetry

Let us write the descent equations for translation symmetry in BV-bosonic

string. The generator of such symmetry is:
{a” X —} = translation (5.198)
z

Applying the BV operator in such generator:

OX* = {Spy, X (w)} (5.199)
— = — —
S 5o
= S ) = S sy ~ e G200

In the last equality use the fact that % is bosonic.

1

—
5

= - H - By

2550 )/dX udXy + s )/ECX X, (5.201)

_ % / d6(z — w)udX, + % [ dXouds(z ) + / Lo(6(z—w)XT  (5202)

Now use the symmetry of the operator A¢j in order to identify the two first terms

above and then:

= /d&(z —w)dX, + / L:(6(z—w)) X (5.203)
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_ /d(é(z — w)1ydX,) + / Lo(6(z — 0)XE) — duydX, (w) — LX*(w)  (5.204)

in the last line we use integration by parts. Now we see that since X* is a topo
form, L.(6(z —w)X;) = —di.(6(z — w)X;) and then, when we integrate, the two

first terms vanishes. And the result follows:

The next step is:
QV = —{Spv, 1dX} + {Spv, L. X"} (5.206)

First, let us compute the first term:

—{Spv,ydX} = —{Spv, 11}dX + 1;d{Spv, X} (5.207)
= [ECIdX - le,CCX = ,CC(LIdX) (5208)
= tcdipdX — dipdX (5.209)

Now, the second term:

{SBv, lCX*} = {ng, lC}X* + lC{SBV/ X*} (5210)
1 * *
= —EL[C/C}X —tedipdX + 1.dic X (5.211)

The terms with anti-fields are:

1 1 1 1
- EL[C,C]X* —'I_ lcdch* — _Etﬁccx* — Lcﬁcx* — _Eﬁc(tcx*) - ElcﬁcX* (5.212)

_ 1 2 yr* 1 * 1 *x 1 2y
= >d (lCX ) — StedicX" + Siedic X" = d <lCX ) (5.213)

Follows:
1
QV = —{Spv, udX} + {Spv, 1 X"} =d (—lcl[dX - EL%X*) = dU  (5.214)

Systematically:
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X* Q>dV Q>

T

Q

Q

v s dU > 0
g
u—2-0
1
R = X*, V = —1dX + 1. X*, U= —idX + ELEX* (5.215)

It is remarkable that, as explained in general words, the expression for V' is the
translation current xdX = 90X — 0X, with the anti-field correction 1. X*.

Notice that the ghost number of each expression is:

gh(R) = —1 (5.216)
gh(V) =0 (5.217)
gh(R) =1 (5.218)

Observe also that R, V, U are fermions: X* is a fermion since is the anti-field of
X, which is a boson. Operators ¢; and (. are bosons since ¢ is a fermion and I, ¢
are also fermions. Following that ;. X* and L%X * are fermions; since d is fermionic,
17dX and 1c11dX are also fermions. Therefore the following formal sum has a well
defined fermionic statistics:

J=R+V+U (5.219)

From the descent equations follows:

QJ =dJ (5.220)

With Q = {Sgy, —}, which is a fermionic operator since

Rotational symmetry

The generator of rotational symmetry is:
{w””/ Xu Xy, —} = translation (5.221)
b

The infinitesimal generator of symmetry is I' = w"X, X]. We use a short
notation, I' = w(X, X*).
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Running the descent procedure:

Q (WX, X)) = Wt (QXu) X} + W X, (9X}) (5.222)
=L ("X, X;) —d (0" Xy1dX,) (5.224)

where we have used Leibniz rule for Lie derivative to write L. (X, X}) = L X, X} +
XuL:X;; and also the anti-symmetry of w and symmetry of Ay; in order to realize
that w"'dX,11dX, = 0 and then we see that:

d (w" Xy dX,) = whdXudX, + Wt X, duydX, = "’ X,didX, (5.225)
Now, using L, = 1, 0d —d o 1. we see:
Q(wh X, X)) = d (—w" XyudXy + 1w’ X, X;) (5.226)
In short notation:
Qw(X, X)) =d[—w(X,11dX) + 1cw(X, X*)] :==dV (5.227)
The next step:
QV = —Q(w(X, 1dX)) + Q(tew(X, X*)) (5.228)
The term without anti-fields is just:
— Q(w(X,1dX)) = —w((2X), ydX) — w(X, Q(11dX)) (5.229)
The very first term is just:
—w((9X),11dX) = w(1dX, 1;dX) (5.230)

The second term we have almost computed already. It is on equations (5.207),
(5.208) and (5.209). Follows:

—w(X,Q(dX)) = w(X, 1cdiydX) — w(X, dic11dX) (5.231)

Now, we use Leibniz rule and magic Cartan formula for Lie derivative to
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realize that the combination of (5.230) with (5.231) is just a Lie derivative. First,
use L, =1,0d —doi.and L.X = di. X to write:

— Q(w(X,11dX)) = w(1edX, 11dX) + w(X, 1cdipdX) — w(X, dicdX)  (5.232)
= w(L:X, 11dX) + w(X, Le1pdX) (5.233)
Now the Leibniz rule gives us:
= Lew (X, 11dX) = 1edw(X, 11dX) — dicw(X, 11dX) (5.234)
The term with anti-fields are:

Q(rew (X, X*)) = {Spv, 1cw(X, X*)} = {Spv, tc}w(X, X*) + 1c{Spv, w(X, X*)}
(5.235)

1 " %
= —511eg@(X, X*) + 1e{Spv, (X, X*)} (5.236)

The second term we already know how to compute, and it is (.dV, as we can

see by equation (5.227). Follows now:

- %Lgcca](X, XY+ rediew(X, X*) — tedw (X, 17dX) (5.237)
1 a1 o 1 *
= —Elgccw(X,X ) — Etcﬁcw(X,X ) — Etcﬁcw(X,X ) —tdw (X, 11dX) (5.238)
1 1
= —EEC (tew (X, X*)) — Ezcﬁcw(X, X*) —1dw(X, 11dX) (5.239)

In the second line it was used the fact that w(X, X*) is a top form and then
Lew (X, X*) =diew(X, X*). In the third line, we use Leibniz rule for Lie derivatives.

QV = —Q(w(X, 1dX)) + Q(tew(X, X*)) (5.240)
— Lo (X, 5dX) — tedeo(X, ydX) — %LC (rew (X, X)) — %Lcﬁcw(X, X*) (5.241)

= d( —ew(X, l[dX)) — % (1cLe+ Lete) w(X, X) (5.242)

In the second term we have:

Lo+ Lete = —tedie + @d — dt% +1.di. = @d — dl% (5.243)
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then:

1 1
= 5 l1eLe + Lete)w (X, X*) = —E(l%d —di®)w(X, X*) (5.244)
::%d@amx;x*) (5.245)
The last line follows from the fact that w(X, X*) is a top form.
Follows:
QV =d (—lcw(X, 1dX) + %LEW(X, X*)) =:dU (5.246)
Systematically:
x* 2, qv <,

<
(o)

é
(9}

QU
o — O

R = w(X, X" (5.247)
V=—w(X,1dX) + 1w (X, X*) (5.248)
U= —rw(X,dX)+ %t%w(X, X¥) (5.249)

In the same way; it is possible to define a formal sum of such operators:

J=R+V+U (5.250)

such that 9 =dJ.

BRST symmetry

Consider now the BRST symmetry. We will use the descent procedure to show

the BRST current. We know from standard bosonic string that:

1
jersT = cT* + Ech + gazc (5.251)

Our result is similar to it. Consider the generator of BRST symmetry:

1
= LXIX+ LIy P+ Slescle (5.252)
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We see that OX = L. X, QI = L.] and Oc = %[C, c|. Therefore, if Q2% =0, follows:

Qq = —LcXMOX) — LAGQI P+ 5 [ ]*Qc: (5.253)

We already know how the anti-field X* transforms under Q operator:
QX* = —dl[dX - ,C[X (5254)

Let us see what happens with the anti-field I*:

Q1 (w / Spv (517 T (Z)I*ﬁ( )_SBVcSI"‘:(w) (5.255)
The classical part will be:
51 S 1
(Sev)o T 2 /Z 22609, X179, X0 — 57 = 579, X0, X(w)  (5.256)

If we contract QI# with another tensor, as we have in equation (5.253), we

get:
(LD)'5QLP = %s”ﬁaaX(ﬁcl)“ﬁaaX = %dxwdx (5.257)

The part with anti-fields will be:

%

5
LDV —— 5.258
J ey 5T (w) (5258)

First observe that:

—— [awr) = [ o) = [car+ [ e (5.259)

and then:

1) 0 B
*J _ *\ 0 _ *
/(L',CI)PGI7 575, () — /I'E(ﬁcl )+ 5T, (w) = — (L") (w) (5.260)

From these computations follows:

M H

: (5.261)
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— (L], QI") = —%XmﬁcldX (Lo, LeI7) (5.263)

We relate the part without anti-fields by the relation:

L (%Xm[dX) = %dLCXLIdX — %dXLECIdX + %dXL[d,CCX (5.264)

— dL X1 dX — %Xm X (5.265)

where the last line follows from the symmetry of the bilinear operation Asj:
WAL =1nALw (5.266)

this follows from —\/§g"‘ﬁ = 1“7675 .

C (LeX, QX7) + (L], Q) = —d(LXL1X) + Lo (%dXﬁp() b (LeX, LX) + (Lo, L)
(5.267)

We can combine the expressions without anti-fields:
Follows:

(LcX,QX*) + (LI, QIF) = —%d(ﬁCXL 1 X 4 dXietdX) + (Lo X, LX) + (L], L)
(5.269)

Now:

* 1 * 1 * 1 *
[c,c], Qc*) = E(L[C,C]X,X )+ E(ﬁ[ac]l,l )+ §<£[c,c]C/C ) (5.270)

N =

{

Due to the identity Lx y| = LxLy + LyLx for fermionic vector fields X, Y, we
have the following;:
‘C[C,C] — 2£C£C (5.271)



Chapter 5. BV formalism 97

And then:
1 . .
§<£[C,C}X/X ) = (LcLeX, X¥) (5.272)
1 . .
7 (Ll I') = (LeLeX, XT) (5.273)
1 *
5{Lieqec’) =0 (5.274)
Another thing:
(L X, LX) = LALX, X™) — (L LX, XT) (5.275)
(LI, L.T7Y = LALA, Ty — (L LT (5.276)

C(LeX, LX) 4 (LoD, LI*) + (Lec, Loc®) = LC<<£CX, XY 4 (L, 1*)) (5.277)

=d —% (@XL1eX 4+ LXLiX) 4+ 1(LeX, X*) +1c(Le], I*>} (5.278)

5.7 Vertex operators via Beta deformation

Vertex Operators can be seem as deformation of the action with preserving
Master Equation condition [20], physically it means that the vertex operator is
diffeomorphism invariant, or, in other words, BRST invariant. One way to do such

deformation is via Beta deformation method. This procedure consists of inserting

a product of J’s:
sBV+s/B(jAj) (5.279)
Where B is an anti-symmetric bilinear operation. The master equation reads:
{SBV+e/B(jAj),SBV+e/B(jAj)} (5.280)
= {ng,SBV}+2€{SBV,/B(j/\j)} +O(82) (5.281)

= 2¢ {SBV, / B(J A j)} +0(?) =0 (5.282)
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Therefore, at first order in ¢, the master equation gives rise to:

/{SBV,B(JAJ)}:Q/B(J/\J)ZO (5.283)
and this condition is satisfied since:

Q/B(j/\j) :/B(QJAJ)—/B(.Y/\QJ) :/B(dj/\J)—/B(J/\dJ)
(5.284)
:/d[B(jAj)] —0 (5.285)

The perturbation of the action B(J A J), as it satisfies the master equation,
is a vertex operator. This expression caries some information: it has zero, one
and two forms. The zero form and two form part are respectively the so called

unintegrated and integrated vertex operator:

[87.9) = (5.286)
= /Z B(V,V)+B(R,U) + B(U,R) — Integrated Vertex Operator  (5.287)
+ - B(V,U)+ B(U,V) — Intermediate Vertex Operator (5.288)
+ B(U,U) — Unintegrated Vertex Operator (5.289)

5.7.1 Translation-Translation Vertex Operator

Using the expressions from descent procedure from translation symmetry in
bosonic string, we have explicit expressions for the Vertex Operators.

Due to the anti-symmetry of B and the fact that each term R,V and U are
fermionic, we have B(U,R) = B(R,U) and B(U, V) = B(V,U), and then:

V= / B(V,V)+2B(R,U) — Integrated Vertex Operator (5.290)
b

+ 2B(V,U) — Intermediate Vertex Operator (5.291)
Line

+ B(U,U) — Unintegrated Vertex Operator (5.292)

The Integrated Vertex operator reads:

1
V= E/ B(V, V) +2B(R,U) (5.293)
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and then:
B(V,V) = B(—dX + 1 X*, —11dX 4+ 1. X™) (5.294)

= B(11dX, 1;dX) — B(11dX, 1cX*) — B(1: X", 17dX) + B(1: X", 1. X™) (5.295)
= B(11dX, 1;dX) — 2B(11dX, 1cX™) 4+ B(1: X", 1. X™) (5.296)

the last line follows from the fact that each terms inside B are fermionic and B is

anti-symmetric.

1
2B(R,U) = —2B (X*, 1ct1dX) + 2B (X*,E@X*) (5.297)
— 2B (X*,111dX) + B (X*,th*) (5.298)

Now we use the following equalities:
0 = 1(X*11dX) = 1 X 11dX + X¥101dX (5.299)

0 = 1o(X¥1cX*) = 1 X" 1} 4+ X*2X* (5.300)

the first equality in both lines follows from the fact that the expression in parenthesis

is a three form in a two dimensional space. Follows now:

— 2B(X*, 1c11dX) = 2B(1c X", 11dX) = 2B(1dX, 1. X™) (5.301)
B(X*,2X*) = —B(1cX*, 1. X*) (5.302)
and then:
2B(R,U) = 2B(11dX, 1. X*) — B(1c X", 1.X™) (5.303)
Following;:

B(V,V)+2B(R,U) = B(1/dX,1;dX)) = B(dX,dX) = 2B,,,0X"0X"dzdz (5.304)
The integrated vertex is:
Vi = / B, 0X"3X"dzdz (5.305)

The unintegrated vertex is:

1 1 1
B(U,U) = B (1c1;dX, 1c1;dX) + 2B <tct[dX,§l%X*> +B <§L%X*, Etzx*) (5.306)
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1
= B (1et7dX, 1c7dX) + B (lchx, @X*) + 1B (@X*,LEX*) (5.307)

Using the fact 2 = 0 because c is a two dimensional fermion, we obtain:

0 = te(1ydX, 2X*) = 1o07dX, 2X* — 1;dX, BX* = 1007dX, 2X* (5.308)
0 = (L X*2X*) = 2XF2X* — 1. X*, 2X* = 2X*i2X* (5.309)

Following;:
B(U,U) = B (1ct1dX, 1c11dX) (5.310)

The unintegrated vertex reads:
V = c0X'c0X" By (5.311)
The intermediate vertex is:

2B(V,U) = B (—lex 1o XF, — 1o dX + %z?X*) (5.312)

= B (1;dX, tet7dX) — %B (mx, éx*) — B (1eX*, 1e17dX) + %B (lCX*,t%X*>
= B (11dX, 1c11dX) (5.313)

In particular, this expressions to integrated and unintegrated vertex operators
for bosonic string reproduces the usual massless vertex [1], without anti-fields

corrections.

5.7.2 Rotation-Translation Vertex Operators

Now, we use J’s from different origins

From translation symmetry:

Rr = X* (5.314)

Vi = —ydX + 1.X* (5.315)
1

Ur = —te1dX 4+ =2X* (5.316)

2
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And from rotation symmetry:
Rr = w(X, X*) (5.317)
VR = —w(X, 11dX) + 1w (X, X¥) (5.318)
1
Ug = —tew (X, 1ydX) + EL%UJ(X, X*) (5.319)
And then:
Jr=Rr+Vr+Ur, Jr = Rr + Vr + Ug (5.320)
And the deformation of the action will be:
Sgv + eB(Jt, JR) (5.321)
The Integrated Vertex Operator reads:
| B(Vr, V&) + B(Rr, Ug) + B(Ur, R) (5.322)
Expanding each term, we have:
B(Vr,VR) = B(—1dX + 1. X*, —w(X, 11dX) + 1w (X, X*)) (5.323)
= B(1dX, w(X,11dX)) — B(11dX, e (X, X*))
— B(1c X", w(X,11dX)) + B(tc X", tcw (X, X*) (5.324)
B(Rr,UR) = B (X*,lcw(X,lldX) + %ﬁw(x, x*)) (5.325)
* 1 * 2 *
= —B (X", 1c0(X,1dX)) + 5B (X Pw(X, X )) (5.326)
B(Ur,Rg) =B (—chdX + %tEX*,w(X, X*)) (5.327)
1
= —B (tudX, w(X, X")) + 3B (zgx*,w(x, X*)> (5.328)

Let us write the term in first order in anti-fields:

— B(11dX, 1cw (X, X*)) — B (1c17dX, w(X, X*))
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— B(1: X", w(X,11dX)) — B (X", 1ew (X, 11dX)) (5.329)

Now, observe that B(1jdX, w(X,X*)) and B (X*, w(X,;dX)) are zero since
these are three forms on a bi-dimensional space. Contracting both expressions
with (. we have:

0=1B(11dX,w(X, X)) = B(1jdX, 1cw(X, X)) + B(ictpdX, w(X, X*))  (5.330)

0 =B (X", w(X,11dX)) = B(1c.X*, w(X,11dX) + B(X*, 1cw(X, 1;dX)  (5.331)

And therefore we conclude that expression (5.329) is zero.

Now, let us observe the second order in anti-fields term:

1 1
B(1eX", 1w (X, X*)) + 5B (X*,ng(x, X*)) + 5B (th*,w(X, X*)) (5.332)

1 1

= SB(1eX", 1w (X, X")) + 5B (X*,lzw(x, X*)) (5.333)
1 * * 1 27 *

+ 5B(X" 1ew(X, X7)) + 5B (lCX ,w(X, X )) (5.334)

As before, we can argue that (5.333) and (5.334) are both zero. Notice that
B(X*,1cw(X, X*)) = B(1cX*, w(X, X*)) = 0because these are three forms. Contracting
both with ¢:

0 = 1B(X*, 1w (X, X*)) = B(1cX*, tew (X, X*)) + B(X*, 2w (X, X*))  (5.335)
0 = 1eB(1X*, w(X, X*)) = B(2X*,w(X, X)) + B(1e X", e (X, X)) (5.336)

Follows that the term with second order in anti-fields (5.332) is zero and the
Integrated Vertex Operator for Rotation-Translation is:

Vit = / B(udX, w(X, ;dX)) (5.337)

Now, let us write the unintegrated vertex:

B(Ur, UR) = B(tetpdX, 1w (X, 17d X)) (5.338)

1 1 1
— 5 B(ietidX, 2w(X, X*)) — EB(L%X*,LC(U(X,L[EIX)) + ZB(L%X*,l%aJ(X, X*))
(5.339)
The second line in this expression is zero because all the terms has three c-
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ghosts and it is a fermion in 2D. Follows the vertex operator:

Vrr = B(ictidX, 1cw(X, 11d X)) (5.340)

5.8 BV action for Yang-Mills

From Faddeev-Popov procedure, as discussed in chapter 3, section (3.5.1), we
get b, c ghosts and a new effective action:

[— _}ldAA A xd A + B AL + b (—HDAb) P (5.341)

where the BRST transformations of the field A and ghost c is:

QA =dyc or QA = Dy’c’ (5.342)
Qc = ! c,C or Qc? = 1 abe b e (5.343)
2 28

Wheredy = d —igA and therefore, F := d4A = dA —ig[A A A]. In coordinates,
da = Dy’ = 6™, — igt" A}, and Fjj, = 9y, A7) + gf " AL AY.
For the non-minimal sector, the Topological-Quartet is just as usual:
Qc" = B"
QB =0

The action on the BV-phase space is given by:

Suy = [ ~34aA AxdaA+(QA,A%) +(Qc,c") +(Qbb) + (OB, B) (534

5.8.1 Poincare symmetry in Pure Yang-Mills

The translation symmetry for the Yang-Mills reads as 6 A = LzA, with ¢
the direction of the translation. In the BV-phase space, we will have to add a
translation for the c-ghost 5§c = Lyic, then, the generator for the total translation
is:

g =tr(LsANA") +tr(Lec Ac¥) (5.345)

Let us apply the Q = {Spy, —} operator to the generator:
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Qg = {SBV/g} = {SBV/ ﬁg_A A A*} + {SBV/ L’gc N C*} (5.346)

Two important computations are QA* and Qc*:

QA* = ‘Si’jl" —daxdgA—[c A A% (5.347)
Qc* = SCOBV = %<§[c,c],c )+ %@lAc,A ) (5.348)

= [o,c*] +dA* +[ANAY] = [c,c*] + d4 A"

Let us compute the two terms separately and then blue it together. In the
following we will use the properties:

[AB,C] = A[B,C] + [B,C]A (5.349)
tr[A,B] =0 (5.350)

e Computing the A A A* part:

Qltr(L:ANAT)] =tr(QLA)NA" +tr L;AN QAT

=trLedpac NA" +tr LeANdpxF+tr LzAN [c, A7) (5.351)
=tr Ledc NA™ +tr Le[c, A|NA* +tr LeANdax F+tr L; AN [c, A®]  (5.352)
=trLedc N A" +tr[Lec, AN A" +tr[e, LLANAY] +tr LANdgxF - (5.353)

=trLedc NA" +tr[Lec, A|NA" +tr LeANd g x F (5.354)

* Computing the dzc A c* part:

1
Qtr(dgcc”) = St Lele,c] ¢ +trLecc,c*| +tr Lec dgA”
= trlc, Lec | +tr Lec dA™ +tr Lec [AN AT
=trLec dA" +tr Lec [AN AT] (5.355)

Combining (5.354) and (5.355), we have:

Qg = d(tr(ﬁgc A*)) +tr(LeANdy*F) (5.356)

Let us work out the second term:
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LeANdaxF=d(LeANKF) —dLiANKE + LeA N [ANKF]

The last two terms can bee seem as:

(5.357)

— LedANKF—[L:ANA|AKF = —LeF A+F = —%L’g(P/\*F) - d( - LC(P/\*F))

The final result is:

Q((SgA N A"+ dgc c*) =dtr (ﬁgA A*F — 1z(F AN%F) + Lz A*>

For the next steps, we need:

QF = QdA + Q[ANA] =d[c, A] + [dc N A] + [[A, c] A A]
= [C,dAA] = [C,F]

Follows:

Q(tgP A *F) = 1g[c, F] AN%F 4 1F N [c, %F]

= tg]c, F A xF]

Q(EC;A A *P) = Ledc NxF + LA, c]) NxF + LzA N [c,xF]
=dLszc NxF + [A, L] ANXF

Q(ﬁgc A*) = %ﬁg[c,c] A"+ Lec[c, A"+ Lecdp x F
= Lgcd* F+ Lzc [ANXF]

Summing over:

Otr (EgA A*F —1zF AN%F + Legc A*) =dtr (Egc *F)

More one step:

(5.358)

(5.359)

(5.360)

(5.361)

(5.362)

(5.363)

(5.364)
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Q(ﬁgc *F) = %L’g[c,c] x F+ Lzc [c,xF] = [c, Lzc x F] (5.365)
That is:
Otr (ﬁgc *P) —0 (5.366)
We then obtain the descent equations for Pure Yang-Mills:
{/ g, —} = translation (5.367)
)
Where:
g=tr(LANA"+ Loc ") (5.368)
{Spv, g} =dV (5.369)
{Spy,V} =dUu (5.370)
{Spy, U} =0 (5.371)
g 2, av -2 0
1
v—2.au—20
I
u—=+w-2,0
V=tr <£¢A A*F — 1zF N*F + Lezc A*> (5.372)
U=tr (ﬁgc * P) (5.373)
W=0 (5.374)

Fixing some problems

Let us modify the current j = V by adding and subtracting 1z[A A A] A xF:
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tr (lgdA AKF 4 1z[ANAJ ANXF — 15(F AXF) — 1z[AN A] AxF +dig A ANxF + Lec A*)
(5.375)
= tr (1F ARF = 1(F AXF) —datg A A+F + Lec A”)

The last line follow because:
F[ANA] =2[1zANA] (5.376)
Where the gauge invariant quantity is the Energy-Momentum tensor T €
O*(M)
x1gT = tr (1F AF = 1g(F A F) ) (5.377)

The bi-complex does not change.
Comparing with the energy-momentum tensor in usual literature [11]:

5.9 Superstring BV formulation

We saw by definition that BV formalism have direct applications to gauge
theories that presents some BRST operator. Although the pure spinor superstring
does not presents a BRST operator coming from a gauge symmetry, pure spinor
have a BRST-like operator, that is, a fermionic operator Q that leaves the action
invariant QS = 0 and is nillpotent (Q? = 0). Therefore, we may construct a BV

theory for the pure spinor case.

1
SBV = / dTerTi <58+Xma_Xm + p_8+9R + P+a_9L + w_|_a_)LL + w_a+AR>
X
1

1 X
+ (—§a+xm(/\er) + (/\erQL)(a+9er) + (a+Aer9L)(9er)) pPi

Q| = O =

3
8
3 -
g(ARF QR) (a_eer) +

1
. (—Ea_xm(Aer) N <a_Aer9R><9er>) b
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Now, we are able to work out some descent equations for the superstring
theory. For the purpose of simplicity, we will restrict to the left sector. Let us write
this sector explicitly:

Spy = / drtdt™ %a+XmaXm +p40-0r +wi0_Ap + ALQ?: + l(ALF’”GL)X;;
%

2
+ p+w — §a+Xm(9LF w+) — g(@LF a_|_9L)(9erw+) (5380)
1 m * 3 m * 1 m *
= 50+ X" (ALTmpY) + g(ALT"01)(0+01Tmp} ) + G (9+ALT™01) (0T mp?)

First of all consider the translation symmetry on X:

{/ X*, —} = translation (5.381)
)
It will follows:

{SBV/ Xm} =0d4 (B_X + E(Herw_'_) + E(Aerp+)) =:dV (5.382)

Now, let us take the next step of the procedure:

1

(Spv, VY =3 (}I(ALreL)) _a (Z(ALFGL)) o dw (5.383)

Therefore, we have the descent procedure for the translation symmetry:

Q

g ., av » 0
|
v—2.aw 250
d
Ix 2ow—250

with:
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g=X" (5.384)
1 ey, L %
Vi = %X + 5 % (0Tww?) + 5 % (ALTwp?) (5.385)
1
Wi = 7(ALT6L) (5.386)

We see that V is the translation current xdX plus an anti-field correction.

Now, let us work with the super-rotations:

super-rotation: h = Amn(l“m”)“ﬁeﬁez + Amn(r’””)“ﬁpﬁpz
= Npn(07T""01) + Amn(PirmnP+) (5.387)

ghost super-rotation: k = /\W(l’m”)”‘ﬁ)\/3 Ay + Amn(rm”)“ﬁwﬁwi
= Nn(ATT™AL) 4 Apun (0, T w ) (5.388)

The total super-translation current will be j = h + k.

super-rotation = { / ], —} (5.389)

Let us see what are the anti-field correction to the current:

{Spv,j} = 9+ <P+T"m9L + AT w, + é(GLTmen(?L)(QLpri) (5.390)

+

| W

1
(/\LFPQL)(QernFPPi) + g(GLFppi)(GLFPFm”/\L)> =:dV

The expression to V is, as expected, the total current (4.74) + (4.76) with an

additional anti-field correction. Now, for the next step we obtain:

{SBv,V} = 8+ <%()\LFPQL)(9LIW”F9L)) —ad_ (%(ALFPGL)(GLFWMPQL)) =:dW
(5.391)
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And then we have the hole complex chain:
h—=sdv —250
dT dT
v—=saw <50
d
W —20
with:
h= (67T"™"01) + (P T™ py) + (A[T™AL) + (Wi T w ) (5.392)
1
Vo = *p+ ™0 + xw T AL + g* (OLTPT™0L)(OLT pwy )
3 1
tg* (ALTp0) (6™ TPpY ) + g* (OrTpp? ) (OLTPT™ A L) (5.393)
1
Wer = g()‘LrpeL)(Gernng) (5~394)
For the supersymmetry we use the same logic, the result is:
f 2,4V —250
1
v—=2saw 250
d
w—-0
with:
1 m * ¥k 1 m % 1 m m %
f= E(el” 0)X,, +€*0; — §8+Xm(el" pi) + g(el" 6r) (06T pi (5.395)

1 wy 1 «
Visusy = q + g(eFmHL)(HLl"mw+) + g(eFmGL)(QLFmp+)
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+ = (ALTwbL) (eT™p) (5.39)

x| —

1
Wsusy = g(ermeL) (/\ereL) (5397)

with g the supersymmetric current (4.91) and € a spinor parameter.

We can then perform B-deformation Sgy +— Spy + [ B(J AJ), with ] is just
the sum of the descent equation expressions and B anti-symmetric matrix. For
the integrated vertex operator we obtain anti-field corrections. Let us do some
deformations, but first of all write the BV action as:

Spv = So(¢) + 51(¢)" by, + S2 (@)™ Py + - -- (5.398)

The first term in anti-field is just the BRST operator, and we denote it by
SI" = Q™; the second order term is a Poisson structure [32], and we denote it by
57" = IT™", which does not appears initially on our BV action for pure spinor. If
we do a translation-translation deformation, thatis, ] = ¢ + V; + W, it gives a
perturbation on the BRST operator:

1 Y
5Q — Zan(AereL)m
1 mna 5 1 mna 5
+ §B +Xm(9LFn)am + EB +Xm(/\LFn)aM (5.399)
and a Poisson structure appears:
1 5 6 1 5 6
IT=-B"™ (6. T Tn)pg——= + =B"(ALT In)p——a—=
) 1 (QL m)zx(GL n)’B&Uﬁ_ (Swi + ) ( L m)oc(eL n)ﬁ(spi (5wi
1 )
4 op% sph

For the correction of the classical action Sp we obtain the Dilaton vertex operator
f Bun0X™0X", as in the case of the bosonic string.

If we do B-deformation as Ji, L A JiR + Jsr,L A Jsr,R + Jsusy,L /\ Jsusy,r and take the
unintegrated part (W; 1 A Wy g + Wey, 1, A Wer g + Wausy, A Weusy,r), we reproduce
the vertex operators for the pure spinor superstring [23]:

V = (AL A Ag) ek X (5.401)

with, introducing polarization e, and momentum k;:
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A= Sen(AT"0) + €T (AI"0) + oKy (ATH0)(01770) + - (5402



Chapter 6

Conclusion

This dissertation was intended to review the most basic and fundamental
concepts of field theory and string theory, from which case we was able to study
symmetries more properly. We presented the very basic concepts present in field
theories and the BRST procedure was an important part on this presentation. This
explanation was important because the BRST structure provides the possibility to
write a BV theory from the initial field theory. This method was done for Bosonic
String, pure Yang-Mills theory and Pure-spinor superstring. We then was able to
deform the BV action we constructed for the case of string theories, and doing
this we were able to define vertex operators. For the case of Bosonic string, we
obtain the usual massless vertex operator already present on the literature; for
the case of pure spinor we observe, besides the massless vertex, the presence of
a perturbation on the BRST-like operator, as well as the emergence of a Poisson
structure (e.g. 5.400).

We also have reviewed some constructions about string theory in curved
AdSs x S° background. We explained how to understand this space as a coset of
super-groups and constructed the action for GS and Pure Spinor superstring in
this background.
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Appendix A
Spin groups

Definition A.1 (Spin Group Spin(n)). The so-called Spin group, represented as
Spin(n), is a group such that there exists a Lie group homomorphism:

p: Spin(n) — SO(n) (A1)

that is a double cover, a 2-1 map:

ker(p) :=={X € Spin(n) | p(X) =id} =Z;, (A.2)
n Spin
1 ~ O(1)
2 >~ U(1)
3 = SU(2)
4 =SU(2) x SU(2)
6 = SU(4)

1,3 ~ SL(2,C)
2,4 ~ SU(2,2)

Table A.1: Some Spin(n) groups

We see in this table some isomorphisms from Spin(n) to some well-known
groups. In special, we have that Spin(6) = SU(4), Spin(2,4) = SU(2,2) and
Spin(1,3) = SL(2,C).

p:SU4) — SO(6) (A.3)
A.1 Spinors in higher dimensions
A spinor in an object that obeys the following rule under lorentz transformation:

Yo — P =2 g (A4)
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That is equivalent to say that we have ¥/ as a representation of Lorentz algebra
andu =1,---,D, D is for example the dimension of space-time in string theory
(D=10 or 26), dimension of world-sheet (D=2) or compactified space time (D=4).
Well, then, X satisfies the commutation relation of lorentz Lie algebra. But this is a

special representation, it is related to another structure, the cliford algebra:

SH = [T, TV] (A.5)

where {T'*, TV} = 2y"". In that case, it is simple to check that X satiesfies the
lorentz algebra and therefore a spinor is defined essentially as a representation of
the cliford algebra, since it’s necessary by definition and sufficient to define the I’
matrices.
A non-trivial finite dimensional representation of the Clifford algebra necessarily
has even dimension. Indeed, if u # v, I*I'V = —I''T'*. By ciclicity of determinant
and det(AB) = det(A) det(B) follows det(T#T") = det(—T'T#*) = det(—1I) det(T*T") =
(—1)k det(T*T") where k is the dimension of the representation and is clearly even.
Write the I' operators as creation and annihilation operators:

b = % (ri + rd“—i) (A.6)

. . d
withi=1,---,37.

Follows that the Clifford algebra relation bl.i reduces to the algebra of harmonic
fermionic oscillators:

{6705} =0, {b b7} =6 (A7)

We now can define a representation such that there exists an state { with:

b[2) =0 (A8)

From this state we can construct 2P/2 another ones:

[s) = Is1s2 -+ sk) = (b ) V(b )22 ()2 (A.9)

where k = % and s = (so, 51, ,S¢) with s, = i%
Some representations of I' algebra:

e D=2
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= (_01 é) It = ((1) ;) (A.10)

o D=2k+2
~1 0 0
B _ _0... D—
T+ =y @(0 1) (0 7”) u=0--,D-3 (All)
0 —i 0 1
mlopee( ' =L ® (A.12)
i 0 10

¥ is the representation when D = 2k.

It happens that these representations are not irreducible. There is an invariant
subspace under the corresponding spin group. To see this, we define the chirality
operator:

T :=all...T% (A.13)

This operator have the following properties:
2, =1 (A.14)
and it’s simple to see that:
T = [b%ﬂbg] - (b, by ] (A.15)

and so, states with even numbers of ” are eigenstates with eigenvalue +1 and with
odd number of 4’ are eigenstates with eigenvalue —1. Therefore, this defines the
chirality of the states as positive or negative.

Animportant property that is true for gamma matrices in 3, 4, 6 and 10 dimensions

is:

nnmrz(ﬁrzﬂs) =0 (A.16)
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Pure Spinor BSRT like Operator

On the original paper [5], the BRST like operator is defined as:
Q= f 1,
with action and OPE’s:

= / P2 (%ax"z‘axn + padf® + wﬁ)\"‘)

mn

A (2)x" (w) ~ — 1 n|z — w|?
(2" () ~ sz —wl
50{

pe(2)0P(w) ~ s
(2)p (1) ~ = T

where (X, 0, p,w, A) are the fundamental fields and:

1" :=ox™ + %61"”89

1 1

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

This defines the theory properly, and we can compute how BRST operator acts

on each field. However, to compute how it acts on w, we need to fix some gauge

and afterwards compute the appropriate OPE (equation 2.11 in [5]). As a matter

of representation, we put Qw = d in chapter 4, and in fact, it is nilpotent acting on

w up to a gauge transformation.

It will follows the pure spinor condition for nilpotence:

Q* = %dz%dw/\“/\ﬁd“(z)dﬁ(w) = /()\’Ym/\)nm —0
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From this definitions, it is immediate to see that Q80 = A, QA =0, QX = %/\F 6.

Let us do properly how is the BRST transformation of momentum p:
Qpu(w) = § dz APdg(2)pa(w)

= § (hp— Jowaru6) - §6r"30)(AT00) ) @pu(e)

= 0" (Ao — £ (OT"00) (AT ) — & (T"96)o(AT6)

Q| =

1 m 1 m 1 m
— 5 (00T™)o(ALy) — £ (6T")a(IAT16) — 2 (0T ) (AT 10)

1
= O (AT + %(aArme)(erm)a

— (0T (AT0) — S(OT"0) (AT )a + £ (AT20) (0",
Using (A.16) follows:

(Tm8)a(T™00) g — (I'100)4(I™0) g = —(6T,00) Z’ﬁ

2 Qpa = —%axm()tfm)a + g(/\lﬂmﬂ)(é)el"m)oé + %(erm),x(a)\rme)

Let us also compute Qd,:

0d, = O (p“ _ %me(FmH),x _ %(ermae)(rmew

= — SO (AT e+ 2 (ATw8) (96T ) + £ (IAT,16) (6T

- }Ia(Arme)(rme)m - %axm()\rm)a

— L Ara0) (T,00), +

: (0797 (T ) — %(ermae)(rm;\)a

= —0x"(AT' ) u — = (OT™30) (T )y )y = —IT" (AT )

N = 0|

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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