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Abstract

This study investigates the influence of inelastic electron–phonon collision time (τe-ph) on
the behavior of the resistive state of three-dimensional superconducting systems. Using the
generalized time-dependent Ginzburg–Landau formalism, we model the interplay between
vortex dynamics, energy dissipation, and thermal effects across varying values of the di-
mensionless parameter γ proportional to τe-ph and different values of the Ginzburg–Landau
parameter. The results show that larger values of γ enhance the superconducting state
by delaying the transition to the normal state, modulating critical currents, and altering
differential resistance. An exponential relationship between the upper critical current and γ

is observed, indicating prolonged resistive states as the inelastic electron–phonon collision
time becomes larger. Furthermore, the study investigates the maximum local peaks in the
differential resistance curves, revealing their exponential decay with increasing γ.

Keywords: inelastic electron–phonon collision time; resistive state; vortex–antivortex
dynamics; three-dimensional superconductor

1. Introduction
In type-II superconductors, the penetration and motion of vortices induced by mag-

netic fields or transport currents lead to a local suppression of superconductivity, resulting
in a resistive state [1–5]. The dynamics of these vortices is significantly influenced by
microscopic parameters, particularly the inelastic electron–phonon collision time (τe-ph) [6],
which directly affects the relaxation dynamics of the superconducting order parameter [7,8].
Within the generalized time-dependent Ginzburg–Landau (GTDGL) framework adopted
here, where explicit pinning centers are absent and electron–phonon scattering is taken as
the dominant relaxation channel, a shorter τe-ph indeed corresponds to faster quasiparticle
relaxation, which reduces viscous drag and thereby enhances vortex mobility. This enhanced
mobility directly influences the resistive behavior of the material in the flux–flow regime. It
must be stressed, however, that this interpretation is not universal: in the cases dominated
by strong pinning or by electron–electron scattering, faster relaxation can instead increase
damping rather than mobility.

Understanding the role of τe-ph is essential for accurately describing vortex dynamics
and developing comprehensive models of nonequilibrium phenomena in superconductors.
This relaxation scale has been commonly recognized in the broader nonequilibrium super-
conductivity literature, from studies [7,9–11] to more recent treatments [12], which discuss
its fundamental role in energy relaxation.
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The importance of inelastic electron–phonon collision time interactions in the determi-
nation of energy relaxation times has been emphasized in foundational studies. Gerasim
Eliashberg [9] highlighted the necessity of incorporating inelastic electron–phonon collision
time into theoretical models of nonequilibrium superconducting states, as these collisions
are central to dissipation mechanisms and critically shape the resistive response under
applied currents or magnetic fields. Furthermore, Michael Reizer and Andrei Sergeev [6,13]
demonstrated that in pure metals, interactions with transverse phonons significantly ac-
celerate energy relaxation, an effect potentially relevant in superconductors at relaively
low temperatures.

Theoretical studies of viscous vortex dynamics have emphasized the influence of
the inelastic electron–phonon collision time and impurity concentrations in determining
vortex mobility and energy dissipation [14,15]. Within this context, the GTDGL theory has
provided a robust framework for describing dissipative superconducting states, incorpo-
rating both thermal diffusion and intrinsic relaxation mechanisms [16,17]. More recently,
numerical simulations have reinforced these findings by showing how mesoscopic parame-
ters, such as geometry and boundary conditions, interact with thermal effects to modulate
vortex dynamics and resistive behavior in nanostructured superconducting devices [1,18].

In thin superconducting films, the kinetics of inelastic electron–phonon collision time
relaxation further illustrate the impact of τe-ph on resistive behavior. Alexey Bezuglyı̆
and Valeriy Shklovskiı̆ [19] discussed how rapidly heated electrons emit nonequilibrium
phonons that can escape to the substrate without reabsorption, affecting the thermalization
process and, consequently, the dynamics of vortices under nonequilibrium conditions.

During the past decades, significant advances in both experimental and theoretical
techniques have improved the understanding of τe-ph. Advanced spectroscopic methods,
such as time-resolved optical spectroscopy and ultrafast electron microscopy, have enabled
direct measurements of relaxation time scales in superconductors, providing detailed insights
into inelastic electron–phonon collision time interactions at ultrafast time scales [20,21].
Concurrently, the development of new superconducting materials, including quite high
critical temperature superconductors and iron-based superconductors, has expanded the
understanding of how τe-ph varies with the composition and structure of the material. Studies
have demonstrated that different crystal structures and electronic densities exhibit different
inelastic electron–phonon collision time [22,23].

Finally, the time-dependent Ginzburg–Landau theory provides a theoretical frame-
work for understanding how collective behavior emerges in superconductors near critical
temperatures. In particular, the slowdown of the order-parameter relaxation near the
critical temperature Tc is a universal feature of TDGL dynamics, independent of specific
scattering mechanisms. The inelastic electron–phonon time τe-ph sets the baseline relax-
ation timescale, but it does not cause the divergence itself; here we use the parameter
γ ∝ τe-ph just as a qualitative control of this timescale.

Building upon this theoretical and computational foundation, in our earlier stud-
ies [24,25], we explored in detail the three-dimensional (3D) dynamics of vortex–antivortex
(V–aV) structures induced by transport currents in mesoscopic type-II superconductors.
In Ref. [24], we employed the full 3D GTDGL formalism to reveal that, for sufficiently
thick superconducting films, the self-induced magnetic field generated by the transport
current leads to curved V-aV lines that merge into closed vortex loops prior to annihilation.
This entirely electrodynamic mechanism, inherently dependent on the sample thickness
and the Ginzburg–Landau parameter κ, was quantitatively characterized via a geometric
criterion based on the aspect ratio of the vortex lines. Furthermore, we proposed an indirect
experimental detection strategy based on the measurement of time-averaged magnetic
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flux at the sample boundaries, offering a practical approach for identifying these elusive
topological configurations.

In a subsequent study [25], we extended that study by coupling the GTDGL equations
to the heat diffusion equation, thereby enabling a systematic investigation of thermal
feedback effects arising from vortex dynamics. Our results demonstrated that the nucleation
and annihilation of closed V–aV pairs act as localized heat sources that significantly alter
the temperature distribution within the superconducting film. We further showed that
variations in substrate thermal coupling and sample geometry strongly influence the onset
of the resistive state, the associated hysteresis in the characteristics I–V, and the overall
stability of the superconducting phase under nonequilibrium conditions.

The present study advances this investigation program by incorporating a micro-
scopic description of quasiparticle relaxation through the explicit inclusion of inelastic
electron–phonon collision time τe-ph into the GTDGL framework. By systematically varying
the dimensionless parameter γ = 2τe-ph∆0/h̄, with ∆0 the superconducting gap and h̄ the
reduced Planck constant, we examine how inelastic electron–phonon collision time influ-
ences the dynamics of vortex loops and the evolution of the resistive state. This refinement
enables a more realistic modeling of dissipation in superconductors. Earlier studies based
on the GL formalism have clarified numerous aspects of vortex dynamics and critical cur-
rents, but those studies were mostly limited to simplified two-dimensional systems or did
not systematically explore the role of the dimensionless parameter γ. Here, we extend the
studies to fully three-dimensional geometries, showing in a qualitative way how γ governs
the critical currents (Ic1 and Ic2) and the behavior of the differential resistance within the
resistive regime. In particular, we establish that both Ic2 and the maximum differential
resistance Rmax exhibit exponential dependence on γ, providing a numerical framework
that serves as a guide for future theoretical and computational studies of resistive states.

2. Model and Methodology
In this paper, we apply the GTDGL formalism [16,26] to model vortex dynamics

and explore how the inelastic electron–phonon collision time affects the resistive state of
superconducting materials. This framework provides a robust approach to describe the
temporal evolution of both the superconducting order parameter ψ and the electromagnetic
fields, represented by the vector potential A. By incorporating these effects, we investigate
how external magnetic fields and transport currents interact with the system.

The evolution of the superconducting order parameter ψ is governed by the dimen-
sionless form of the GTDGL equation, which incorporates dissipative processes associated
with the relaxation of ψ and is given by

u√
1 + γ2|ψ|2

[
∂

∂t
+ iφ +

1
2

γ2 ∂|ψ|2
∂t

]
ψ = −(−i∇− A)2ψ + ψ(1 − T − |ψ|2), (1)

where the electromagnetic field within the superconductor is described by the dimension-
less form of Ampère’s law:

σ

(
∂A
∂t

+∇φ

)
= Js − κ2∇× h, (2)

with u denoting the relaxation constant of the superconducting order parameter, t denoting
the time, T the temperature, σ the normal-state electrical conductivity, Js the superconduc-
tivity current and h denoting the local magnetic field.

To complete the theoretical framework of the approach applied, the scalar potential φ,
which is essential to describe the electromagnetic dynamics within the superconductor has
to be determined. Calculating the scalar potential is necessary to determine the electric field
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E and ensure charge conservation in the system. We begin by considering the following
continuity equation for an electric charge:

∂ρ

∂t
+∇ · J = 0, (3)

where ρ is the electric charge density, and J = Js + Jn represents the total current density,
comprising both the superconducting current Js and the normal current Jn. The supercon-
ducting current is given by

Js = Re[ψ∗(−i∇− A)ψ], (4)

and the normal current follows Ohm’s law:

Jn = σE. (5)

In this formalism, density is expressed in units of JGL = σh̄/2eξ(0)tGL, and we use
IGL = JGLξ2(0) as the unit of total current, where ξ(0) is the superconducting coherence
length at zero temperature and tGL represents the characteristic Ginzburg–Landau time
scale, tGL = ξ2(0)/D, with D the diffusion coefficient.

The electric field E is related to the scalar and vector potentials by

E = −∂A
∂t

−∇φ. (6)

Assuming no net accumulation of charge within the superconductor (i.e., ∂ρ/∂t = 0),
the continuity equation simplifies to

∇ ·
(

Js + σ

(
−∂A

∂t
−∇φ

))
= 0. (7)

To further simplify the equation, we adopt the Coulomb gauge condition ∇ · A = 0.
This choice causes the divergence of the time derivative of the vector potential to vanish.
Rearranging terms, one obtains an equation for the scalar potential,

∇2 φ =
1
σ
∇ · Js. (8)

In this formalism, the superconducting order parameter ψ is normalized by
ψ∞ =

√
α/β, where α and β are phenomenological constants. The vector potential A

is expressed in units of Hc2(0)ξ(0), and the local magnetic field h = ∇× A is given in
units of the upper critical field Hc2(0). All quantities in this formulation are expressed in
dimensionless form by introducing normalization scales that absorb the universal constants.
For instance, lengths are measured in units of ξ(0) fields are defined in units of Hc2(0), and
times in units of tGL. In this way, constants such as h̄, the elementary electrical charge e, the
speed of light c, and the Boltzmann constant kB do not appear explicitly in most equations,
although they remain embedded in the chosen units. The critical temperature Tc, however,
still enters explicitly in some relations, reflecting its role as the fundamental temperature
scale in the GL framework. Within this convention, the Ginzburg–Landau parameter is
defined as κ = λξ with λ denoting the penetration length. Time is expressed in terms of
the time scale tGL. The temperature T is normalized by the critical temperature Tc, and the
scalar potential φ is expressed in units of φGL = Hc2(0)D/c, where c is in Gaussian (cgs)
units. In dimensionless formulation here, c is absorbed into the normalization and acts
only as a scale factor, without affecting the final numerical results. The material parameter
γ = 2τe-ph∆0/h̄ links the inelastic electron–phonon collision time τe-ph with the super-
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conducting gap ∆0 (the superconducting energy gap at zero temperature). Furthermore,
κ = λ(0)/ξ(0) represents the scaled Ginzburg–Landau parameter, and σ is normalized by
c2/4πDκ2.

For completeness, within the Ginzburg–Landau theory, the penetration depth and the
coherence length vary with temperature as

λ(T) =
λ(0)√

1 − T/Tc
(9)

and
ξ(T) =

ξ(0)√
1 − T/Tc

, (10)

respectively.
Since both quantities (9) and (10) diverge in the vicinity of Tc in the same way, their

ratio κ = λ/ξ is approximately temperature independent close to Tc, which justifies
using κ = λ(0)/ξ(0) in the formulation applied here. Let us emphasize that the GTDGL
formalism is not restricted to a specific dimensionality: its assumptions remain valid in
both two-dimensional and three-dimensional geometries. The essential requirement is that
the system is studied sufficiently close to the critical temperature Tc, where the GL theory
provides a reliable description. Therefore, extending the model to fully three-dimensional
simulations does not introduce additional limitations, and the results obtained remain
consistent within the validity range of the theory.

By coupling the GTDGL equation with Ampère’s law, one can analyze how τe-ph

modifies the resistive behavior of the superconductor under the influence of external
currents and magnetic fields. This approach allows us to quantify the energy dissipation
that occurs due to vortex dynamics, which contributes to the resistive state. The total
energy dissipation, WT [27], is expressed as the sum of three primary contributions:

WT = WA + Wψ + Wγ, (11)

where

WA = σE2 = σ

(
−∂A

∂t
−∇φ

)2
(12)

represents the dissipation due to the induced electric field,

Wψ =
u√

1 + γ2|ψ|2

∣∣∣∣∂ψ

∂t

∣∣∣∣2 (13)

represents the dissipation associated with the relaxation of the order parameter ψ and

Wγ =
uγ2

4
√

1 + γ2|ψ|2

(
∂|ψ|2

∂t

)2

(14)

is the dissipation related to the relaxation of the superconducting electron density.
Equations (13) and (14) were generalized for gap superconductors (γ ̸= 0) in Ref. [28]

(see also [18]). In these equations, the parameter u denotes the relaxation constant of
the superconducting order parameter. From physics viewpoint, the parameter u sets the
relative timescale for the relaxation of the order parameter amplitude compared to the
characteristic electromagnetic timescales. This parameter, often referred to in the literature
as the “Schmid parameter” (see Ref. [27]), plays a central role in nonequilibrium TDGL
formulations [18,28].
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The parameter γ straightforwardly couples the relaxation of the superconducting
order parameter with τe−ph, influencing both the relaxation processes and the energy
dissipation in the system. This dissipative process is further coupled with the thermal
dynamics described by the heat diffusion equation [17]

C ∂T
∂t

= ζ∇2T + W, (15)

where C is the effective heat capacity and ζ is the thermal conductivity being set here
to C = 0.03 and ζ = 0.06. The heat generated due to vortex dynamics and relaxation
processes contributes to the overall thermal behavior of the superconductor, particularly
under varying inelastic electron–phonon collision time conditions.

In the framework used here, energy arises from two coupled channels. First, the
order parameter dynamics, governed by the GTDGL equations with finite γ, provide an
intrinsic dissipative mechanism. Second, thermal feedback is introduced through the heat
diffusion equation, where C and ζ determine how the system redistributes the locally
generated power W. From physics point of view, this signifies that in the Meissner state
the current flows without significant energy loss, whereas in the resistive regime the
nucleation and motion of vortex–antivortex pairs convert part of the injected electrical
energy into heat, raising the local temperature and modifying the superconducting response.
In the simulations, we treat C and ζ as effective constants: changing their values shifts
relaxation times quantitatively, but the qualitative dependence of Ic2 and Rmax on γ remains
unchanged. Thus, the exponential trends reported here reflect the role of γ in quasiparticle
relaxation rather than an artifact of the chosen thermal parameters.

It is worthy noting that in our dimensionless formulation, both C and ζ act as normal-
ized parameters that set the relative timescale of thermal relaxation. The adopted values
were chosen for two main reasons: (i) small C accelerates thermal equilibration and reduces
the computational cost of fully 3D simulations as also discussed in Ref. [17], and (ii) in
mesoscopic superconductors these quantities should be regarded as effective parameters,
since the actual thermal response is strongly influenced by substrate coupling, interface
transparency, and geometric confinement. Although real materials exhibit temperature and
field-dependent heat capacity and conductivity, the tests we had performed confirm that
the qualitative trends reported here, such as the exponential scaling of Ic2 and Rmax with γ

remain robust against variations of C and ζ.
Figure 1 gives a schematic view of the system under investigation, which consists of

a superconducting film with dimensions lx, ly and lz. Metallic contacts are attached on
both sides of the superconductor, through which a constant current density Ja is applied.
The total current injected into or extracted from the superconductor through these contacts
is given by I = lylz Ja. The magnetic field h at the two lateral edges is generated by
the transport current according to Ampère’s law. This configuration forms a normal
metal–superconductor–normal metal (NSN) junction, placed atop a substrate.

The external current is introduced through boundary conditions applied to the scalar
potential φ. At the interfaces between the superconductor and the normal metal contacts,
we use the condition n̂ ·∇φ = −Ja, where n̂ denotes the unit normal vector to the in-
terface. This condition ensures that the current density flowing into the superconductor
matches the applied current density Ja. For all other boundaries, we apply the condition
n̂ ·∇φ = 0. At the boundaries of the order parameter and temperature fields, we impose
Dirichlet, Neumann, and Robin boundary conditions, depending on the variable consid-
ered. Specifically, Dirichlet conditions fix the field value at the boundary (for example,
ψ = 0 or T = T0, where T0 is the bath temperature), Neumann conditions fix the normal
derivative of the field (for example, ∂u/∂n = 0, corresponding to zero flux through the
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boundary), and Robin conditions impose a linear combination of both, Θu + Σ∂u/∂n = g,
where u is the field, ∂u/∂n is its derivative along the outward normal, and Θ, Σ, and g are
constants. This interpolating form allows partial leakage of the order parameter or heat flux
across the boundary. Such Robin-type conditions have been earlier applied in TDGL-based
simulations of mesoscopic superconductors; see Refs. [26,27].

Figure 1. Schematic view of a superconducting film (blue) with dimensions lx, ly and ly as indicated.
The red regions indicate metallic contacts through which a constant current density Ja is injected
(ejected) into the superconductor, similar to an normal metal–supercondictor–normal metal junction.
All these elements are placed on top of a substrate (green). A red horizontal arrow indicates the
direction of the applied current density Ja along the x̂ axis. The black vertical arrows for the magnetic
field h at the two opposite edges are intentionally drawn in opposite directions, representing the
current-induced magnetic field according to Ampère’s law. The red circular arrows indicate the
supercoducting current Js direction.

To confine the superconducting current within the superconductor, boundary condi-
tions are imposed on the order parameter ψ at the edges of the system:

n̂ · (−i∇− A)ψ =
i
b

ψ, (16)

where b is the de Gennes extrapolation length, set to b = 20 in the model here at the
superconductor/normal metal interfaces to simulate finite interface transparency, and to
b → ∞ (effectively applying Neumann boundary conditions) at all other surfaces.

At the boundaries of the 3D system, the local magnetic field h is set equal to the field
H generated by the uniform current density Ja in the superconductor. This magnetic field
satisfies the following equation:

κ2∇× H = Jax̂, (17)

where x̂ is the unit vector along the x-axis. The solution to this equation can be found
in the supplementary material to Ref. [5]. By using this boundary condition, we disre-
gard demagnetization effects at the system edges. This simplification is necessary due to
the computational complexity of solving Ampère’s law in the regions surrounding the
superconductor to account for stray magnetic fields.

The boundary conditions for the temperature T at the superconductor/normal metal
interfaces are fixed at the bath temperature T0. For the other boundaries, we apply a
condition that combines Dirichlet and Robin boundary conditions:

TOut = TIn − hα(TIn − T0), (18)

where TIn and TOut denote the temperatures just inside and outside the superconductor,
respectively, with hα = h f on the lateral surfaces (y = ±ly/2) and on the top surface
(z = lz/2) and hα = hs at the superconductor/substrate interface (z = −lz/2), where h f
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and hs are the efficiencies of heat dissipation through those surfaces. hα = 0 at an insulating
boundary and hα = 1 at perfect thermal contact with the bath.

We adjust the size of the system according to the bath temperature T0, ensuring that
the confinement remains consistent in units of ξ(T) for all temperature values. In our
simulations, the system dimensions are fixed, but in the numerical implementation they are
expressed in dimensionless form as multiples of ξ(T) = ξ(0)/

√
1 − T/Tc. This rescaling is

used only for normalization and comparison between different temperatures. Importantly,
since all calculations are performed at T < Tc, ξ(T) remains finite and the actual system size
does not diverge. As an example, for T0 = 0.84Tc, the dimensionless lengths correspond to
lx = 12ξ(T) = 30ξ(0), ly = 8ξ(T) = 20ξ(0), and lz = 1.2ξ(T) = 3ξ(0).

By implementing these boundary conditions, a comprehensive and self-consistent
simulation of the behavior of the superconducting system are ensured under various exter-
nal influences. The integration of the GTDGL equations with appropriate electromagnetic
and thermal boundary conditions enables us to model the interaction between inelastic
electron–phonon collision time, vortex motion, and heat dissipation. This methodology
provides an understanding of the behavior of superconductors, particularly in revealing
how τe-ph influences their resistive states.

3. Results and Discussion
The discretization of the equations introduced in Section 2 is performed using the

commonly adopted link-variable method, as detailed in Ref. [29] (for further discussions,
see Ref. [30]). This approach is then implemented in Fortran 90 and executed on a Graphics
Processing Unit (GPU) to use computational acceleration. A forward-time central-space
scheme is employed for numerical integration. The spatial grid is defined with a resolution
of ∆x = ∆y = ∆z = 0.4ξ(0) when T0 = 0.75Tc, and ∆x = ∆y = ∆z = 0.5ξ(0) for
T0 = 0.84Tc.

The values of κ and γ used in the current paper were primarily selected for com-
putational reasons. Fully three-dimensional GTDGL simulations are numerically high
demanding, and moderate values of κ (0.5 and 1) as well as a restricted range of γ (10–35)
make the calculations tractable while still reflecting experimentally reasonable regimes.
Although real materials may present γ values up to O(103), such large parameters may
shrink the GL timescale and make the 3D integration prohibitively expensive. The ranges
adopted here thus provide a practical compromise that captures the essential qualitative
trends of the resistive state while keeping the numerical effort feasible.

3.1. Effect of γ on the Characteristic I–V and I–R Curves in Type II Superconductors

Figure 2 shows the characteristics current–voltage I–V (Figure 2a) and the correspond-
ing differential resistance I–R (Figure 2b) for different values of the parameter γ, spanning
10 to 35. Let us note here that γ can be one or two orders of magnitudes larger in real
materials. We limit ourselves to this range due to the quite fast increase in computational
time as γ increases. Nevertheless, it is expected that the trends discussed in what follows
are still valid at the considerably large γ limit. The temperature is fixed at T0 = 0.84Tc, and
the Ginzburg–Landau parameter is set to κ = 1, ensuring a consistent superconducting
regime throughout the simulations. Initially, a flat region is observed, corresponding to
the Meissner state, where the material exhibits zero resistance. The finite voltage seen in
this region results from normal contacts. This state persists until the first critical current Ic1,
marking the transition to the resistive state. Figure 2a highlights the shift in the onset of the
resistive state as γ increases. This effect is visible in the inset, which provides a closer look
at the voltage–current behavior near the transition. For lower γ, the resistive state emerges
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at lower currents, resulting in a lower upper critical current Ic2. In contrast, higher values
of γ delay this transition, leading to a significant increase in the critical current.

Figure 2. (a) Characteristic current–voltage curves of a superconducting material for various values
of the material-dependent parameter γ and the Ohm’s law as indicated. The inset shows a magnified
zoomed-in view of the onset of the resistive state. (b) The respective differential resistance as a
function of the applied current. The bath temperature and the Ginzburg–Landau parameter are set to
T0 = 0.84Tc and κ = 1, respectively.

The parameter γ influences the dynamics of inelastic electron–phonon collision within
the superconducting material. The larger γ corresponds to longer relaxation times after
inelastic collisions, reducing the dissipative mechanisms that contribute to resistance. As a
result, the system retains superconducting properties over a wider range of currents, post-
poning the complete suppression of superconductivity and the transition to the normal state.

Figure 2b supports this feature by showing differential resistance as a function of the
applied current. For lower γ, the differential resistance increases sharply just after the critical
current, indicating quite a rapid transition to the resistive state. The first discontinuity in
the derivative reflects the breakdown of the Meissner state as a result of vortex penetra-
tion. At higher currents, differential resistance growth becomes more gradual, suggesting
that V-aV annihilation contributes less to heating. This gradual increase aligns with the



Physics 2025, 7, 61 10 of 20

point that the larger γ enhances the material’s ability to dissipate heat while maintaining
superconductivity.

Although the initial transition from the Meissner state to the resistive state is largely
unaffected by variations in γ, the progression to the normal state is highly sensitive to this
parameter. A local maximum in the I–R curve corresponds to a dynamic vortex flow regime
with increased energy dissipation. This feature is further analyzed in Sections 3.2–3.4 as it
provides information on vortex interactions and dynamics. The ability of superconductivity
to persist at higher currents for larger γ values underscores the role of γ in shaping
superconducting behavior, highlighting the interplay between inelastic electron–phonon
collision and vortex dynamics.

The second discontinuity in the I–R curve marks the upper critical current, beyond
which the superconductivity is fully suppressed, and the material transitions to the normal
state. In summary, Figure 2 illustrates the significant impact of γ on the resistive state.
Higher γ strengthens the superconducting phase, extending the resistive state and delaying
the normal-state transition. This demonstrates the importance of γ in tuning superconduct-
ing properties, with potential implications for optimizing devices operating under quite
high currents.

Figure 3 shows the average velocity of the V-aV pairs as a function of the applied
current density for the values of γ from 10 to 30. As the parameter γ increases, the peak
velocity shifts toward higher values of current density. This behavior indicates that mate-
rials with higher γ require higher current densities to reach maximum vortex–antivortex
velocities. Furthermore, an increase in γ leads to an enhancement in the maximum velocity
of the V-aV pairs, indicating that longer inelastic electron–phonon collision time facilitates
a less dissipative and more efficient dynamic of these pairs during the resistive regime. At
the same time, the maximum differential resistance decreases with increasing γ, reflecting
reduced resistive responses.

Figure 3. Average velocity of vortex–antivortex (V–aV) pairs as a function of the current density Ja

for γ = 20. The temperature is fixed at T0 = 0.84Tc and the Ginzburg–Landau parameter is set to
κ = 1. See text for details.

3.2. Exponential Dependence of the Upper Critical Current on γ in Type II Superconductors

Figure 4 shows the dependence of the upper critical current Ic2 on the parameter γ,
with simulation data and an exponential fit function. The fitted function indicates that Ic2
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increases exponentially as γ grows. This behavior reflects the progressive enhancement of
the resistive state with increasing γ.

Figure 4. The upper critical current as a function of the γ parameter. The fit indicates a gradual
exponential increase in the critical current. The fit is performed with a coefficient of determination
R2 = 0.99734. A thermal bath temperature of T0 = 0.84Tc and a Ginzburg–Landau parameter of
κ = 1 are used.

The observed exponential growth suggests that the resistive state in the supercon-
ductor persists longer for higher values of γ. This behavior may be attributed to greater
energy dissipation, driven by the interaction between the V–aV pairs and the thermal reser-
voir. As γ increases, the V–aV pairs remain in the system for longer periods before being
reabsorbed, extending the resistive state duration. This is consistent with the theoretical
framework discussed in Section 3.1 above, reinforcing the role of γ as a key parameter
in the nonequilibrium dynamics of superconductors. More broadly, τe-ph has long been
recognized as a fundamental scale in nonequilibrium superconductivity, from seminal
investigations [7,10,11,31] to more recent considerations in nanoscale systems [12]. Our
results provide a qualitative illustration of this framework within the GTDGL model and
under metallic-contact boundary conditions.

The fit is performed with a coefficient of determination R2 = 0.99734, indicating a
an exceptionally strong agreement between the model and the data for κ = 1. Within the
accessible range of γ values explored here, the data show an approximately exponential
increase of Ic2. However, this behavior to be not extrapolated indefinitely. Ic2 is bounded
by the maximum sustainable supercurrent density imposed by the boundary conditions at
the metallic contacts, beyond which the exponential trend must saturate. In the simulations
performed, the saturation emerges because the applied current Ja injected through the
contacts cannot be fully converted into supercurrent Js: the excess flows as normal current
Jn, so that Js never exceeds its local stability limit. In the simulations, the growth reflects
reduced dissipation for larger γ as the order parameter relaxes more slowly, together
with residual superconductivity quite near the sample edges due to boundary conditions.
Let us emphasize that the exponential dependence is robust in the simulated interval but
must eventually level off for considerably large γ, consistent with the constraints.

The parameter γ is associated with the relaxation time governing the dynamics of
the V–aV pair. As γ increases, the frequency of vortex–antivortex annihilation decreases,



Physics 2025, 7, 61 12 of 20

allowing more effective heat absorption by the thermal reservoir. This prolongs the resistive
state, highlighting the influence of γ on the transition between the superconducting and
resistive regimes. As γ modulates the relaxation processes, it effectively controls the rate
at which dissipative effects manifest in the system. These results highlight the balance
between vortex dynamics and thermal interactions, providing an understanding of the
mechanisms that govern resistive states in type-II superconductors.

3.3. Dependence of Maximum Differential Resistance and Critical Current Density on γ in
Type II Superconductors

A detailed analysis of the Rmax values and the applied current density as functions
of the parameter γ is presented in Figure 5. Figure 5a shows the relationship between
Rmax and γ. The data exhibit an exponential decay, quite well described by the exponent
fitfunction. The coefficient of determination R2 = 0.99993 indicates an exceptionally good
agreement between the model and the data. This behavior suggests that Rmax decreases
as γ increases, consistent with reduced nonequilibrium dissipation within the GTDGL
framework. Since γ ∝ τe-ph, larger γ corresponds to slower electron–phonon energy
relaxation; in GTDGL, γ chiefly controls the relaxation of the order-parameter amplitude.
Thus, the exponential decay of Rmax reflects the less efficient generation of resistive peaks
by order-parameter oscillations and vortex motion, rather than improved cooling.

As γ increases, the system transitions more smoothly to the resistive state, indicating
that higher values of γ mitigate the abrupt onset of dissipation. This behavior highlights
the role of γ in controlling the transition dynamics of the superconducting state.

Figure 5b demonstrates the linear γ-dependence between the applied critical current
density Ja/JGL, for the corresponding Rmax, and γ. The fit is performed with R2 = 0.99925,
highlighting the robustness of the linear model. The linear growth obtained suggests that
as γ increases, the system requires a higher applied current to reach the normal state.
This behavior reflects the delayed formation of V–aV pairs, which requires higher current
densities to initiate and sustain dissipation.

Now let us address Figure 6. First, let us decompose the total current I injected
(ejected) through the metallic contacts into components:

Īs = Is −
I
2

, (19)

Īn = In −
I
2

, (20)

where Is and In are, respectively, the time-averaged values of the superconducting and
normal currents through the central plane at x = 0.

Figure 6 shows the symmetrized current components Īs and Īn , normalized by the
characteristic current IGL. These centered components represent the deviations of the
superconducting and normal currents from an equal partitioning of the total current.
The yellow indicate the straight lines ±I/2, and are shown for reference to highlight the
symmetric nature of the redistribution. As expected from the construction, Īs + Īn = 0
(Is + In = 1), and their respective curves are exceptionally antisymmetric with respect to
the horizontal axis. As can be seen, the plot reveals a nontrivial current redistribution
mechanism characterized by a sharp transition in Īs and Īn, indicating a sudden change in
the transport regime.
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Figure 5. (a) The maximum differential resistance immediately after the onset of the resistive state
as shown in Figure 2b. The fit is performed with a coefficient of determination R2 = 0.99993.
(b) The corresponding value of the applied current density as a function of γ. The fit is performed
with a coefficient of determination R2 = 0.99925. The thermal bath temperature is set to T0 = 0.84Tc

and the Ginzburg–Landau parameter to κ = 1.

The two points highlighted in Figure 6 indicate the inflection points of both Īs,n curves.
Reference [5], which assumes that the properties of the system are invariant along the
z-direction, argues that the inflection points are closely related to the maximum value of
the differential resistance. The present results therefore indicate that this behavior is not
dependent on dimensionality.

Next, to better understand Figure 6, we plot in Figure 7 the derivatives of the super-
conducting and normal current components with respect to the applied current, dĪs,n/dI,
which quantify the sensitivity of each current channel to variations in I. The subtraction of
0.5 centers the derivatives around zero, facilitating the comparison of deviations from an
ideal equal-sharing scenario, that is, dĪs,n/dI = 0 (dIs,n/dI = 0.5), when the system does
share the current equally. The inflection points (colored dots) signal on critical regions
where the system undergoes abrupt changes in current distribution. These features are
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closely tied to the underlying vortex dynamics that govern the nonuniform behavior of the
superconducting state.

Figure 6. The total superconducting Is and normal In currents through the central plane at x = 0,
considering T0 = 0.84Tc, κ = 1 and γ = 30. The straight lines emphasize the symmetric nature of the
redistribution of the currents. The dots indicate the inflection points of the Īs,n curves.

Figure 7. The two derivatives dĪs,n/dI as functions of I (the lines), highlighting the inflection points
(the dots). (a–d) Snapshots of the space and time evolution of the modulus of the superconducting
order parameter in the z = 0 plane, illustrating the nucleation and annihilation of V–aV pairs
correlated with the current redistribution.

To illustrate these dynamics, four snapshots of the modulus of the superconducting
order parameter in the z = 0 plane are shown in Figure 7a–d. These frames capture the
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evolution of a vortex–antivortex pair, from its nucleation at the sample boundaries to its
annihilation at the center. This space and time evolution behavior is closely correlated with
the inflection regions observed in both the Is,n curves and their derivatives. The annihila-
tion of vortex structures leads to abrupt rearrangements in the current flow, offering an
interpretation of the observed symmetry and structure in the centered current components.
From this point on, the vortex street becomes larger until the superconductivity is destroyed
in the pads.

3.4. Comparative Analyses of Resistance Current Density for Different Values of κ

To investigate the behavior of local maxima in the I–R curve, the same procedure was
applied for κ = 0.5, superconductor. The characteristics I–V (Figure 8a) and I–R (Figure 8b)
exhibit behavior similar to that observed for κ = 1 (Figure 2), except an adjacent peak near
the maxima as identified for k = 0.5 case.

Figure 8. Characteristic current–voltage (a) and resistance curves (b) of a superconducting material for
various values of the material-dependent constant γ and the Ohm’s law as indicated. T0 = 0.75Tc and
κ = 0.5 are used. Note that, despite the bulk value κ = 0.5 placing the material in the type-I regime,
the confined geometry induces type-II–like behavior. In this case, the I–R response (b) develops a
secondary peak near the main maximum, a feature not observed for κ = 1 (Figure 2b).
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Figure 9 examines the maximum resistance and applied current density as functions
of γ for κ = 0.5. Figure 9a demonstartes the exponential decay of the maximum resistance
following the onset of the resistive state. The fit resuts in R2 = 0.99993. This decay indicates
a decrease in the resistive response as γ increases, reflecting a systematic reduction in Rmax.

Figure 9b demonstrates the linear relationship between the applied current density
Ja/JGL and γ. The linear fit is performed with R2 = 0.99821, demonstrating exceptionally
good agreement with the data. The linear growth in the applied current density aligns
closely with the behavior observed for κ = 1; see Figure 5b. The results indicate that the
role of γ in controlling the resistive response is robust across different values of κ.

Figure 9. Same as Figure 5, but for T0 = 0.75Tc and κ = 0.5. The fits are performed with coefficients
of determination R2 = 0.99993 (a) and R2 = 0.99821 (b).

Within the accessible parameter range, the data exhibit an approximately exponential
increase of Ic2 with γ, reflecting the suppression of dissipation as the order parameter
relaxes more slowly. This not to be interpreted as a universal law: in real superconductors,
Ic2 is ultimately bounded by the local superconducting transport limits determined by
the contact geometry and boundary conditions, so the exponential trend must eventually
saturate. The simulations performed do not access this saturation regime because realistic
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values of γ (up to O(103) in some materials) are computationally prohibitive in fully
three-dimensional geometries. Thus, the exponential dependence reported here should
be regarded as a numerical trend that clarifies the qualitative influence of γ, rather than a
direct prediction of experimental results.

The results suggest a smooth evolution in superconducting properties, as κ varies
from 0.5 to 1. The linear growth observed in the current density and the exponential
decay of the resistance maxima indicate that the system’s response to increasing γ is
consistent across both κ values used. Although κ = 0.5 would correspond to a bulk
type-I superconductor (which does not sustain stable vortices), our confined 3D geometry
modifies the effective magnetic screening. In thin samples with thickness d ≪ λ, ξ, the
relevant penetration depth becomes Λ = λ2/d so that the effective GL parameter reads
κeff = Λ/ξ. This effective parameter can exceed 1/

√
2 even when the bulk κ is below

the type-I/II threshold. As a consequence, vortex-like excitations and dissipative features
typical of type-II superconductivity emerge, explaining why the resistive responses in
Figures 8 and 9 (κ = 0.5) closely resemble those of Figures 2–7 (κ = 1). This crossover effect
has also been demonstrated in Ref. [30]. Although the case with κ = 0.5 would correspond
to a bulk type-I superconductor, the confined 3D geometry alters the screening properties
in such a way that the effective Ginzburg–Landau parameter κeff can drive the system into
a regime with type-II-like signatures. This explains why the I–V and I–R characteristics
obtained for κ = 0.5 (Figure 8, T0 = 0.75Tc) share qualitative similarities with those for
κ = 1 (Figure 2, T0 = 0.84Tc). However, these regimes are not equivalent: for κ = 0.5,
the I–R curve shows an additional secondary peak near the principal maximum, which is
absent when κ = 1. Moreover, the fitting parameters extracted from the exponential decay
of Rmax(γ) and from the linear increase in the current density at the I–R maximum exhibit
systematic differences between the two values of κ. For instance, the slope of the linear
relation is slightly higher for κ = 0.5, and the intercept is also shifted compared to κ = 1.
These quantitative distinctions demonstrate that the resemblance of the curves originates
from the mesoscopic crossover governed by κeff, while maintaining measurable differences
that separate the weak type-II case from the confined type-I system.

Notice that, for larger values of γ, the differential resistance exhibits an adjacent maxi-
mum, a feature that is not observed in 2D superconductors. The simulations we performed
indicate that these peaks arise from dynamical regimes where vortex–antivortex motion
and oscillations of the order parameter are strongly excited before the complete transition
to the normal state. Similar features have been discussed in the literature in connection with
vortex–antivortex dynamics, phase–slip centers, and condensate instabilities [2–4]. While
the precise microscopic mechanism underlying these peaks may vary, their systematic
decay with increasing γ observed here highlights their robustness as a manifestation of
vortex-driven dissipation.

4. Conclusions
In conclusion, this study investigated the influence of the inelastic electron–phonon

collision time (τe-ph) on the resistive state of 3D superconducting materials. By analyzing
the behavior of the I–V and I–R characteristic curves for different values of the material-
dependent parameter γ, we demonstrated that the resistive state is strongly affected by
variations in τe-ph. Specifically, longer inelastic electron–phonon collision time results in
enhanced superconducting stability, i.e., within the simulations we performed: (i) higher
Ic1 and Ic2 over the explored γ range, (ii) suppression of vortex-induced dissipation,
evidenced by the decay of Rmax, and (iii) an extended metastable resistive regime prior
to the normal transition, delaying the transition to the normal state and significantly
modifying the vortex dynamics.
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Furthermore, the results obtained here show that the correlation between Rmax and
the inflection points of the I–V characteristics highlights the interplay between the super-
conducting and resistive states. As γ increases, the resistive state expands, contributing
to the overall stability of the superconducting phase. Further investigation into resonance
phenomena and V–aV pair dynamics may offer deeper insight into the mechanisms driving
the transition between superconducting regimes. A complementary Figure S1 and an
animation illustrating vortex–antivortex dynamics for different γ values are provided in
the Supplementary Material, offering additional qualitative support to these discussions.

Finally, beyond the methodological aspects, the present results also carry implica-
tions for the design of superconducting devices. The simulations performed within the
GTDGL framework show that longer quasiparticle relaxation times (then, larger γs) delay
the current-induced transition to the normal state and suppress dissipative peaks in the
differential resistance. These features point to enhanced robustness of the superconducting
state under dynamic operating conditions. Although our study made here remains phe-
nomenological and not tailored to a specific material, the trends identified here provide
qualitative guidelines that may inform strategies for improving the stability of supercon-
ducting devices, while more microscopic or experimental studies would be needed to
establish direct quantitative predictions.

In addition, the comparison between κ = 1 and κ = 0.5 emphasizes that mesoscopic
confinement can drive a bulk type-I material into an effective type-II–like regime. This
crossover explains the qualitative resemblance between their I–V/I–R curves, while quan-
titative differences, such as the emergence of a secondary peak in the I–R response and
distinct fitting parameters, reveal measurable shifts in the dissipative dynamics. These find-
ings reinforce the robustness of the resistive state and underline the relevance of effective
κeff when assessing the stability of confined superconductors.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
mdpi.com/article/10.3390/physics7040061/s1, Figure S1: Superconducting order parameter along
the transversal x = 0 plane for several values of the constant γ, which is related to the inelastic
electron-collision time (see left column of panels (a) to (e)). In the same plane, the right column of
the panels, the corresponding temperature distributions are plotted. Figures (a) to (e) correspond
to the values γ = 10, γ = 15, γ = 20, γ = 25, and γ = 30, respectively. The maximum value of the
order parameter represents a state of more robust superconductivity, while |ψ| = 0 indicates that
the superconductivity is completely destroyed. Video S1: Dynamics of Vortex–Antivortex Pair and
Temperature Profile for γ = 30.
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