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Abstract – In this letter we study the self-energy of a point-like charge for the electromagnetic
field in a non-minimal Lorentz symmetry breaking scenario in a (n + 1)-dimensional space time.
We consider two variations of a model where the Lorentz violation is caused by a background
vector dν that appears in a higher derivative interaction. We restrict our attention to the case
where dμ is a time-like background vector, namely d2 = dμdμ > 0, and we verify that the classical
self-energy is finite for any odd spatial dimension n and diverges for even n. We also make some
comments regarding obstacles in the quantization of the proposed model.

Copyright c© EPLA, 2018

Lorentz symmetry violations have been systematically
studied in the past years in different scenarios encompass-
ing low-energy, nuclear and high-energy physics, astro-
physics and others, thus providing a very extensive view
of possible physical effects arising from an assumed vi-
olation of Lorentz symmetry, which may indicate some
new physics at very small length scales such as the Planck
length [1]. As a result, besides a deeper understanding
of the theoretical possibilities involving the spontaneous
breaking of such an essential symmetry in our under-
standing of particle physics, also an extensive set of very
high-precision bounds on Lorentz-violating (LV) param-
eters has been obtained [2]. Most of these works have
been done in the context of the Standard Model exten-
sion (SME) [3] that incorporates in the Standard Model
the full set of gauge-invariant, renormalizable LV interac-
tions. Understanding the SME as an effective field the-
ory that is derived from some more fundamental theory
at very high energy, it becomes natural to incorporate
also non-minimal terms, i.e., those which are not renor-
malizable. As a matter of fact, a systematical study of
the non-minimal LV operators that may be added to the
SME (still maintaining gauge invariance) has begun to

gain momentum more recently [4–6]. As non-minimal
operators are expected to be suppressed by powers of the
very high-energy scale of the fundamental theory trigger-
ing the Lorentz violation, it is a general expectation that
their effects will be subleading comparing to those already
present in the minimal SME. Also, from the technical
viewpoint, the presence of additional derivatives in the
non-minimal LV terms are linked to possible issues with
unitarity, given the presence of ghost modes. However,
in certain situations, a non-minimal LV operator might
induce some effect in low-energy physics which cannot be
replicated by any minimal LV operator of the SME. There-
fore, one might entertain the hope of finding new interest-
ing phenomena related to the non-minimal LV.

In a recent work [7], some of us have exposed a relation
between non-minimal LV and axion physics, since a partic-
ular setting of LV couplings, generated by some Lorentz-
violating high-energy dynamics, could contribute to the
standard (Lorentz-invariant) axion-photon coupling. The
complete modification induced in the Maxwell electrody-
namics by the LV background considered in [7] was calcu-
lated in [8], and this result opens up the opportunity for
investigating several aspects of photon physics that may
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be affected by the particular LV couplings considered in
these works. As a first step in this direction, we explored
in [9] the effects of one of the non-minimal terms found
in [8], to wit,

dλdα∂μFνλ∂νFμα, (1)

in the classical electromagnetic interaction between
sources, such as point charges, dipoles, lines of current and
Dirac strings. Here, dμ is a constant vector parametrizing
the LV. Some new physical effects due the LV were un-
veiled, such as a spontaneous torque on an isolated electric
dipole. An extensive study of dimension-six LV operators,
of which eq. (1) can be considered as a particular case, was
recently reported in [10], where the question of causality
in such models is throughly discussed. In this letter we
present another consequence of the presence of the inter-
action (1) in classical electrodynamics, more specifically
the regularization of the self-energy of a point charge in a
certain number of spatial dimensions.

The self-energy of an electrical charge is a well-known
problem in classical electrodynamics, representing one of
the early divergence problems that were faced by theoreti-
cal physics at the beginning of the twentieth century, since
the self-energy diverges linearly with the ultraviolet cut-
off. Dirac’s quantum theory of the electron improved mat-
ters, reducing the divergence to a logarithmic one, and the
problem of calculating the electron self-energy remained a
central one during the key years of the development of the
modern approach of quantum field theory and the renor-
malization program. Some historical perspective on the
early attempts to solve the self-energy problem can be
found in [11]. Podolsky [12–14] and later Lee-Wick [15,16]
discussed a generalization of electrodynamics including
higher derivatives in which no ultraviolet divergences ap-
peared, in particular in the electron self-energy. Recently,
some of us studied in detail the finiteness of the electron
self-energy in the context of the Lee-Wick electrodynam-
ics [17,18], showing that a finite result can be obtained for
an odd number of spatial dimensions only. In this letter,
we will show that a similar behavior occurs for the electro-
dynamics modified by the non-minimal LV coupling (1).

We consider first the simplest extension of the Maxwell
theory incorporating the LV term given in eq. (1),
which is defined by the following Lagrangian density in
(n + 1)-dimensional space-time:

L(1) = −1
4
FμνFμν − 1

2γ
(∂μAμ)2

+
1
2
dλdα∂μFνλ∂νFμα + JμAμ, (2)

where Aμ is the electromagnetic field coupled to an exter-
nal source Jμ, with the associated field strength Fμν =
∂μAν − ∂νAμ. Here, γ is a gauge fixing parameter, and
dλ is the background vector parametrizing the LV in our
model.

The parameter dλ has dimension of inverse of mass and
is taken to be constant and uniform in the reference frame

where the calculations are performed. Assumedly dμ is of
the order of the inverse of some very large mass related to
some fundamental theory at the Planck scale from which
the LV originates. As in [9], we restrict ourselves to the
case of dμ being a time-like background vector, namely

d2 = dμdμ = (d0)2 − d2 > 0, (3)

where d = (d1, d2, . . . , dn). For other classes of dμ vectors
we are not able to perform the necessary integrals, so our
results do not extend to those cases.

The propagator for our model, in the Feynman gauge
γ = 1, is given by

Dμν(x, y) =
∫

dn+1p

(2π)n+1

{
−ημν

p2 +
1

[1 − d2p2 + (p · d)2]

×
[
−dμdν − (p · d)2

p4 pμpν

+
(p · d)

p2 (pμdν + dμpν)

]}
e−ip·(x−y). (4)

Since the Lagrangian (2) is quadratic in the field variables
Aμ, the vacuum energy due to the presence of the external
source is given by

E =
1

2T

∫ ∫
dn+1x dn+1yJμ(x)Dμν(x, y)Jν(y), (5)

where T is the time variable, and the limit T → ∞ is
implicit [19,20].

We consider the external source J corresponding to
a point-like stationary charge q placed at position a =(
a1, a2, . . . , an

)
,

Jμ(x) = qημ0δn (x − a) , (6)

where δ is the Dirac delta function in n spatial dimen-
sions. Substituting (6) in (5), using the explicit form of
the propagator in eq. (4) and computing the integrals in
the following order: dnx, dny, dx0, dp0 and dy0, we obtain

E(1) =
q2

2

[∫
dnp

(2π)n

1
p2

− (d0)2

d2

∫
dnp

(2π)n

1(
p2 + (d·p)2

d2

)
+

( 1
d

)2

]
, (7)

where d =
√

d2.
In order to calculate the second integral in eq. (7), we

shall carry out a change in the integration variables in n
spatial dimensions, in the same way as in [21]. First we
split the vector p = (p1, p2, . . . , pn) as follows:

p = p⊥ + p‖, (8)

where the vectors p‖ and p⊥ are respectively parallel and
perpendicular to the vector d, i.e.,

p‖ = d
(

d · p
d2

)
, p⊥ = p − d

(
d · p
d2

)
. (9)
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We also define the vector u as follows:

u = p⊥ + p‖

√
1 +

d2

d2 , (10)

= p + d
(

d · p
d2

) ( |d0|
d

− 1
)

. (11)

With the previous definitions, we can write

p‖ =
d(d · u)

d2
d

|d0| , p⊥ = u − d(d · u)
d2 , (12)

which implies

p = u +
(d · u)d

d2

(
d

|d0| − 1
)

, (13)

and

u2 = p2 +
(d · p)2

d2 . (14)

The Jacobian of the transformation from p to u can be
obtained from eq. (13), resulting in

det
[
∂p
∂u

]
=

1√
1 + d2

d2

=
d

|d0| . (15)

With this change of variables, we obtain

E(1) =
q2

2

[∫
dnp

(2π)n

1
p2

− |d0|
d

∫
dnu

(2π)n

1

u2 +
( 1

d

)2

]
. (16)

Both integrals in (16) are performed along the same
n-dimensional space. To avoid misunderstandings, we
rewrite them in the k variable, instead of u and p, as
follows:

E(1) =
q2

2

∫
dnk

(2π)n

[
1
k2 − |d0|

d

1

k2 +
( 1

d

)2

]
, (17)

=
q2

2

[(
1 − |d0|

d

) ∫
dnk

(2π)n

1
k2 + 1

d2

+
1
d2

∫
dnk

(2π)n

1
k2 (

k2 + 1
d2

)
]

. (18)

Integrating in n-dimensional spherical coordinates, using
that the integral in the solid angle of k gives 2πn/2/Γ(n/2),
we arrive at

E(1) =
q2

(4π)n/2Γ(n/2)

[(
1 − |d0|

d

) ∫ ∞

0
dk

kn−1

k2 + 1
d2

+
1
d2

∫ ∞

0
dk

kn−3

k2 + 1
d2

]
, (19)

with Γ standing for the Euler Gamma function. The
remaining integral can be performed by means of the
formula

∫ ∞

0
dr

rβ

(r2 + C2)α
=

Γ
(

1+β
2

)
Γ
(
α − (1+β)

2

)
2(C2)α−(1+β)/2Γ(α)

, (20)

leading to

E(1) =
q2

2n+1πn/2dn−2

[(
1 − |d0|

d

)
Γ

(
1 − n

2

)

+
Γ

(
n
2 − 1

)
Γ

(
2 − n

2

)
Γ

(
n
2

)
]
. (21)

This expression can be further simplified by using the basic
properties of the Gamma function leading to

E(1) = − q2

2n+1πn/2

|d0|
dn−1 Γ

(
1 − n

2

)
. (22)

It is interesting to notice that the self-energy of a point
charge in this theory is finite for odd n and diverges for
even n. For instance, we have the following results for
n = 1, 3, 5, 7:

E(1)(n = 1) = −q2

4
|d0|, (23)

E(1)(n = 3) =
q2

8π

|d0|
d2 , (24)

E(1)(n = 5) = − q2

48π2

|d0|
d4 , (25)

E(1)(n = 7) =
q2

480π3

|d0|
d6 , (26)

while for n = 2, 4, 6 we have

E(1)(n = 2) =
q2

8π

|d0|
d2

[
2

n − 2
+ γ

]
, (27)

E(1)(n = 4) = − q2

32π2

|d0|
d3

[
2

n − 4
+ γ − 1

]
, (28)

E(1)(n = 6) =
q2

128π3

|d0|
d6

[
1

n − 6
+

γ

2
− 3

4

]
, (29)

γ = 0.5772156649 being the Euler constant.
The result obtained so far can be generalized for a

slightly different model, in which the same LV vector dμ

appears also in a minimal LV operator. More concretely,
we consider the model defined by

L(2) = −1
4
FμνFμν − 1

2γ
(∂μAμ)2 − 1

2
μ2dμdνFμλF νλ

+
1
2
dλdα∂μFνλ∂νFμα + JμAμ, (30)

where μ is a mass scale that is introduced by dimensional
reasons. For consistency with experimental observations,
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μ can be considered as arbitrary, but not too large in or-
der to keep the dimensionless combination μ2dμdν small.
As in the previous case, we shall consider only the case
where d2 > 0. Clearly, in the limit μ → 0, the La-
grangian (30) reduces to (2) at the classical level, so in
this sense this model can be seen as a generalization of the
first one.

Again choosing the Feynman gauge γ = 1, and following
similar steps employed previously to deal with dμ appear-
ing in the non-minimal coupling, we can arrive at the fol-
lowing expression for the self-energy of a steady point-like
charge:

E(2) =
q2

2

∫
dnp

(2π)n
D̃00

(2)(p
0 = 0,p)

=
q2

2
1 − μ2d2

1 + μ2d2

∫
dnp

(2π)n

1
p2 − μ2(d · p)2

− q2

2
(d0)2

1 + μ2d2

×
∫

dnp
(2π)n

1
d2p2 + (d · p)2 + (1 + μ2d2)

,

(31)

where D̃μν
(2)(p) is the Fourier transform of the propagator

corresponding to the Lagrangian (30). It is instructive to
compare this expression with eq. (16), noticing that the
effect of the quadratic piece involving dμ contributes with
the 1 ± μ2d2 factors and the new term μ2(d · p)2 in the
propagator.

We deal with this new factors and arrive at the final
result with the help of an additional change of variables.
For the first integral in (31), we perform the change of
integration variable given by

p → k = p + d
(d · p)

d2

[√
1 − μ2d2 − 1

]
, (32)

such that
k2 = p2 − μ2(d · p)2, (33)

and also ∣∣∣∣∂p
∂k

∣∣∣∣ =
1√

1 − μ2d2
. (34)

For the second integral in (31), we use (10). Collecting
terms, and performing some simple manipulations, we can
show that the self-energy (31) is given by

E(2) =
q2

2
1

1 + μ2d2

×
[√

1 − μ2d2
∫

dnk
(2π)n

(
1
k2 − 1

k2 + 1+μ2d2

d2

)

+
(√

1 − μ2d2 − |d0|
d

) ∫
dnk

(2π)n

1

k2 + 1+μ2d2

d2

]
.

(35)

Integrating out in the solid angle, using eq. (20) and
performing some simple manipulations, we obtain the
self-energy

E(2) = − q2

2n+1πn/2

|d0|
dn−1 (1 + μ2d2)n/2−2Γ

(
1 − n

2

)
. (36)

Again, for even n the self-energy is divergent, while it is
finite for odd n. As expected, in the limit μ → 0, the
energy (36) goes to the result presented in eq. (22).

A similar pattern was found in the Lee-Wick electro-
dynamics [17,18], in which a Lorentz-invariant, higher-
derivative modification is introduced in QED to tame its
divergences. We see that the LV parameter dμ also acts as
a regulator for the self-energy of a point-like charge, which
in our case turns out to be finite, yet dependent on the
particular reference frame used to describe the measure-
ment experiment, as it is customary in Lorentz-violating
theories.

The Lagrangian in eq. (2) was also considered to de-
scribe the electromagnetic interaction between different
kinds of classical sources in [9]. We remark, however, that
if this model is considered at the quantum level, with the
Maxwell field coupling to other quantum fields, such that
radiative corrections can appear, the presence of the LV
coupling in eq. (1) alone does not guarantee finiteness at
the quantum level. Actually, the problem of radiative cor-
rections in a LV model is a highly non-trivial one, that
has been discussed extensively in the last years. There
are models in which specific LV interactions generate fi-
nite, well-defined corrections at one loop [22–24], however,
in general, these corrections can be divergent (thus requir-
ing some renormalization mechanism), and even ambigu-
ous [25]. In fact, the basic LV coupling considered by us
in this paper, given in eq. (1), was generated as a radia-
tive correction arising from a fermion loop in a specific LV
model: we refer the reader to refs. [7,8] for an extensive
discussion of these quantum corrections.

Another well-known issue concerning higher-derivative
theories has to do with the presence of classical instabil-
ities and/or ghost states, related to the presence of addi-
tional poles in the propagator. These problems have been
extensively discussed, for example, in connection with the
Lee-Wick electrodynamics [15,16], see, for example, [26,27]
and references therein. Even with the ongoing discussion
on how to treat these issues from the theoretical point of
view, a Lee-Wick extension of the Standard Model was
proposed [28,29] and a study of several phenomenological
aspects ensued. Regarding non-minimal LV models, ques-
tions of stability and unitarity are also non-trivial, and
have been discussed in different contexts [30–36]. There
is no known general prescription to discern which non-
minimal LV models can still have a consistent quantum
formulation, free of instabilities and unitary: each spe-
cific model has to be studied individually. On general
grounds, however, these additional poles are expected to
appear at very high mass scales, so from the point of view
of effective field theories, suitable for phenomenological
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considerations in low energy (relative to the scale where
Lorentz violation is generated, which assumedly is near
the Planck scale), they might be ignored [4–6].

Concerning our specific model, the propagator in eq. (4)
exhibits, besides the usual pole at p2 = 0, additional poles
at the zeros of the function Ψ(p) = 1 − d2p2 + (p · d)2.
More explicitly, we are interested in the solutions in the
complex pμ plane for the equation

Ψ(p) = d2(p0)2−2(p·d)d0p0+1+d2p2+(p·d)2 = 0. (37)

Taking into account that d2 = (d0)
2−d2 > 0, one might be

tempted to choose the preferred frame in which dμ = (d,0)
to simplify the calculations, but then one would find the
condition 1 + d2

0p
2 = 0, independent of p0, which cannot

define a consistent dynamics. Disregarding this particular
choice as anomalous, we set d0 = η|d| with η > 1, in which
case d0/|d| = η and d2/d2 = η2 − 1 = ε > 0. Then, we
can solve the condition Ψ(p) for p0 as a function of p and
dμ, obtaining two solutions,

p±
0 = (p · d̂)η ± [ε(p · d̂)2 − εp2 − 1/|d|2]1/2, (38)

where d̂ = d/|d|. These are two additional poles in the
propagator, appearing as a consequence of the LV term
in eq. (1), and they represent instabilities in the theory:
assuming |d| ∼ 1/M , where M is a very high mass scale
related to the origin of the Lorentz violation (a natural
assumption is M ∼ MPlanck), and also that |p| � M , we
can write

p±
0 ≈ (p · d̂)η ± iM. (39)

This pole, corresponding to an imaginary energy, clearly
signals an instability in the theory.

One might verify that relaxing the condition |p| � M
does not solve this issue; also, the same general picture
arises in the generalized model shown in eq. (30). As a
result, the definition of a consistent quantum theory start-
ing from the classical model considered in this letter de-
pends on whether these unphysical poles can somehow be
removed from the theory, as in the Lee-Wick electrody-
namics [26,27] or Standard Model [28,29], or in the LV
models considered in [36], and this is a question that de-
serves further investigation.

In summary, the emergence of additional poles for
propagators in LV scenarios in theories with higher-order
derivatives, which may jeopardize unitarity and/or stabil-
ity, is a common problem and can be a way to determine
restrictions that must be imposed in theories of this kind
in order to quantize them [37]. The presence of problem-
atic poles can also be used to distinguish between theories
that are feasible to be quantized and theories that must
be taken just in the classical context, or considered as ef-
fective theories valid up so some scale, smaller than the
characteristic scale of these additional poles [4–6].

Our main objective was to exhibit another instance
where higher-derivative terms, in this case arising from
a Lorentz violation, can act as physical regulators for the

classical self-energy of a point-like charge. Differently from
the Lee-Wick electrodynamics considered in [17,18], it is
expected that, in a Lorentz-violating model, the value of
the self-energy can depend on the reference frame where it
is measured. A general result for a moving charge with re-
spect to the background field is a much more complicated
problem that deserves to be further investigated.
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