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Abstract. The dynamics of the AFM-atomic force microscope follows a model based in a Timoshenko cantilever beam with
a tip attached at the free end and acting with the surface of a sample. General boundary conditions arise when the tip is
either in contact or non-contact with the surface. The governing equations are given in matrix conservative form subject to
localized loads. The eigenanalysis is done with a fundamental matrix response of a damped second-order matrix differential
equation. Forced responses are found by using a Galerkin approximation of the matrix impulse response. Simulations results
with harmonic and pulse forcing show the filtering character and the effects of the tip-sample interaction at the end of the

beam.

Keywords: Atomic force microscopy, Timoshenko beam, impulse matrix response, forced responses, Galerkin method
PACS: 68.37.Ps, 46.70.De, *43.20.Tb, 02.70.Dh, 02.70.Hm, 42.30.Lr, 78.67.Sc

INTRODUCTION

Atomic force microscopy (AFM) is a scanning probe mi-
croscopy (SPM) technique [1] to obtain images of sur-
face topography at the atomic scale, in a noninvasive
manner, from a wide variety of samples on a scale from
angstroms to 100 microns. A typical AFM consists of
a micro-cantilever with a sharp tip, a sample position-
ing system, a detection system and a control system
(Fig. 1). In terms of the cantilever state of motion dur-
ing measurement, the two basic types of AFM modes
are: static mode (contact, friction or lateral force) and dy-
namic mode (noncontact, tapping or semi-contact, acous-
tic, piezo, electrostatic,etc) [2].

With the versatility of use of the AFM, such as
nanomachining or as a platform for chemical and bio-
logical sensors in connection with and surface and ther-
mal effects, the effects of transverse shear deformation
and rotary inertia on the frequency are significant [3].
With smaller values of the ratio of the probe length to
its thickness, the Timoshenko beam theory is able to pre-
dict the frequencies of flexural vibrations of the higher
modes with higher stiffness for the AFM cantilevers [4].
In this paper, the AFM is mathematically modeled as a
Timoshenko microcantilever with a sharp tip located at
the free end and subject to a distributed time-dependent
external forcing and boundary conditions at the end of
the beam [5, 6, 7]. For studying the Timoshenko beam
subject to a variety of tip-interaction situation, we shall
introduce a matrix formulation that will help to describe
basic dynamic modes of AFM in a unified manner.

Our findings are given in terms of the initial-value
Green matrix response or distributed impulse response.
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Schematic of an Atomic Force Microscope op-

This allows to characterize transients and forced re-
sponses of quite general dynamic AFM operational
modes. The vibration modes for general tip-sample in-
teraction are explicitly given in terms of a fundamental
matrix response of a second-order matrix modal differen-
tial equation. This response can be determined in closed
form [8, 9] and it is observed that has a completely oscil-
latory behaviour beyond a critical frequency value. This
somehow reflects the hyperbolicity of the Timoshenko
model in contrast to the parabolic type Euler-Bernoulli
model.

Galerkin method is used in matrix form to approxi-
mate the matrix distributed impulse response from a con-
centrated matrix response. Forced responses are deter-
mined by convolution with a concentrated impulse re-
sponse and a localized response at the end of the beam
due to boundary conditions. Simulations results with
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piecewise forcing or harmonic driving forces show the
filtering character of the model when considering high-
frequencies and output shapes. It is also compared the
effects of the tip-sample interaction with those of a mi-
crocantilever beam. This methodology could be also em-
ployed in the case of composite beams.

FLEXURAL VIBRATIONS OF AFM
USING THE TIMOSHENKO MODEL

Although AFM was developed for producing high-
resolution images of surface structures, it has been re-
cently used as a nanodevice cutting technique. This leads
to use microbeams that are more rigid than those in
conventional AFM cantilevers for measurements. Thick
beams have relatively high transverse shear modulus
and the effects of rotary inertia and transverse shear
deformation must be used in the dynamic analysis of
such beams.The Timoshenko model corrects the classi-
cal beam theory with first-order shear deformation ef-
fects. This model rest on the assumptions of small de-
formations and linear elastic isotropic material behavior.
We consider the micro-cantilever having length L, uni-
form cross section A and mass density area of the beam
p. We let I be the moment of inertia of the cross section
area, w(z,x) the flexural deflection of the beam, y(z,x)
the rotation angle of cross section of the beam, f(z,x)
a transverse dynamic load and ¢(¢,x) and moment load.
The governing equations are given by [10]

PAW, — KGA(Wyy — Yy ) = f(2,x)
M
pIyy — EIy, — KGA (wy — y) = q(t,x)
The boundary conditions are those of a cantilever beam

or subject to balance of the moment and shear at the free
end x = L.

Matrix formulation
The coupled Timoshenko model Eqn. (1) can be writ-

ten as a second-order differential equation with matrix
coefficients

MV +Kv =F, 2)
where
w(t,x) f(t,x)
V= , F= 3)
o (t,x) q(t,x)
PA 0 2
M= , K= E% + Nai +R
0 pl X X
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with
—kGA 0 0 0
E= N=
0 —EI 0 kGA
0 0
R=
0 —xGA

It is frequently found in the literature, that the unforced Tim-
oshenko model is decoupled into the same fourth-order time
differential equation for the deflection and rotating angle [11].
However,the boundary conditions actually couple the system.
Only for very few cases the unforced linear case is completely
decoupled. For the case of a forced Timoshenko model, the
transverse forcing and moment load has to be regular in order to
admit differentation. These arguments suggest the convenience
of keeping the original second-order physical formulation.

THE DYNAMIC RESPONSE

The total dynamic deflection of the AFM microbeam towards
the sample and rotation angle about its equilibrium can be
written as

w(t,x) = u(t,x)+w*(x)+y() 4)

vitx) = ¢(tx)+¢"(x) ©)

where u(t,x), y(¢,x) denote the deflection and rotation rela-
tive to a non-inertial frame attached to the moving base y(t),
w*(x),¢*(x) the configuration shall not consider the length of
tip as in [6]. Thus

v=u-+Vv"+a(r) (6)

where
u(t,x) y(t)

,a(t) = . (7
o (1,x) 0



and
" (x)
ut = ; ®)
¢*(x)
being the steady equilibrium Ku* = F.
For a uniform beam, the stiffness operator in Eqn. (9) is time
independent. By substituting v = u+v* + a, it turns out

Mii + Ku = f )

where we have the forcing term f = F — (Md + Kv*).

AFM-Tip-cantilever interactions

When the tip processes a sample surface in contact mode, the
AFM cantilever moves down vertically with small amplitude.
For AFM in noncontact mode, the interaction between the
AFM tip and the surface considers conservative forces such
as those derived form the Leonard-Jones potential [12] and
the tip remains above certain distance from the sample surface
avoiding eventual destruction of the sample surface [13]. In the
semi-contact mode or tapping mode, the there are nonlinear
forces that include the attractive van der Waals forces and
the short-range interatomic repulsive interactions and contact
nonlinearities (Fig. 2) [7].

The tip interaction with the sample has been usually mod-
eled as being subject to springs or dash-springs for normal
and lateral interaction and to an external excitation of the base
[14, 15, 16]. For instance, when the tip of length & and mass
m is subject to normal ky and lateral springs k7 and viscous
dampers cy, cr, the moment and shear conditions at the free
end are given by [4]

99 99 9’9

120 — _ionte— o228 220
I kph“¢ —crh Y mc 32

x=L
(10)

ow 2w

aw
KGA (ﬁ — ¢) = —kyw(t,L) NG, Mo

where ¢ denotes the distance between the lower edge of the
cantilever and the centroid of the cross section.

More complex descriptions of the tip-sample force include
non-linear surface and contact forces at the boundary x = L
due to Derjaguin-Muller-Toporev (DMT), Johnson-Kendall-
Roberts (JKT) [17], [18]. Lateral interactions are also to be
considered when the AFM acts as nano-manipulation tool for
direct mechanical nanomachining, indentation and cutting of
solid materials (Fig. 3) [19],[20].

In the literature, the tip-surface interaction Fis is usu-
ally treated as a boundary condition or a localized excitation
[6],[21],[22]. The case of jump discontinuities can be treated
with generalized functions [23]. In noncontact atomic force mi-
croscopy, the effects of a contribution are of the type

Fis = f(1)8(x—1L) (11)

where f(¢) is the localized tip-surface interaction, while for a
semi-contact mode it is written as

Fis = R(Z—u(t,L) —wy(L) — y(£))8(x — L)

x=L

(12)
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FIGURE 3. AFM tip-sample interaction

where Z is the gap between the sample and probe tip in the
reference configuration.

A unified dynamic AFM model

The basic AFM operation modes discussed above (contact,
non-contact and semi-contact), can be encompassed within the
matrix Timoshenko model

MV (t,x) +Kv(t,x) =F, 0<x,E <L, >0
v(0,x) =vo(x),  vi(0,x) =vi(x)

Av(t,0) + Jvi(r,0) = f;

Fu(t,L) + Quy(t,L) = f;

13)

where F can include driven excitations or hydrodynamic damp-
ing and f},f, interactions terms with the free end. For instance,

fl = —CV(I,O) — DV[(Z’,O) — EV[;(I,O)

(14)
fo = —Gv(t,L) — Pv(t,L) — Svy (t,L).
In Eqn. (10), the given conditions at x = L will have
ky —xGA e O
G=- ,P=— (15)
0 kh? 0 coh?
m 0
S=-
0 mc?

‘We point out that although the unforced governing equations
are given in conservative form, the boundary conditions might
change such character.

When using the classical modal analysis of a cantilever
beam, the boundary conditions become

(4 9 )weo( 8

0 0
0 -1

) vx(t,0)=0
(16)



and interaction boundary conditions can be considered as local-
ized forces at the free end. In this situation, non-classical modal
analysis can be performed in terms of cantilever modes.

The matrix impulse response

The dynamic response of the Timoshenko model Eqn. (1)
or Eqn.(9) can be described in terms of the matrix impulse re-
sponse or matrix Green function h(z,x, &) of the associated ho-
mogeneous initial-value problem (13) and it has been obtained
in [24] as

i) = [ [ (e £)Mvo€) + (e, )M £) dE

A7)

+/(: /O.Lh(t - T,x,é)f(r,é)dﬁdTJrJ(v,h)m

where J is a term containing effects of the initial-value Green
function with values of v at the boundary. In particular, the
boundary term for a cantilever beam with a time dependent
boundary condition f;(r) at the free end has been identified as

t
_ _ T
Jf/o h(t —7,x,L)E' Qf2(7)d7 (18)

) e (V)

We can observe that the forced response given by Eqn. (17) will
involve the convolution of the impulse response and distributed
or concentrated forcing effects as in (18).

where

~kGA 0
E_( 0 —EI

Frequency response

In practice, when computing the convolution integral for the
forced response, we actually have

v(t,x) = wvu(t,x) +vp(t,x) (19)

where vj,(2,x) is a free vibration introduced by the system and
whose initial values are a priori unknown. It turns out that these
initial values are supplied by the permanent response v, (z,x)
that can be determined by other means.

Since the impulse response and its time derivative constitute
a basis for the free responses and the forced response Eqn. (17)
has null initial values at # = 0, the induced system free response
due to a permanent response v,(f,x) can be easily determined.
It turns out

L
wi(r3) = = [ (e, 8)0,(0.8)d

[ hotex Evp(0.8106 20
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where
hl(t7x7§)¢(§):h(tvx":)Mq)(‘S) (1)
(1,5, )0(8) = Xy ) @

Harmonic and piecewise linear forcing are of interest in fre-
quency analysis. When seeking a response of the same type the
transfer function is introduced. Given the harmonic input

F(t,0) = v (x) (23)
we have the harmonic output response
vp(t,x) = ¢ H(io)v(x) (24)
where
L
H(io)v(x) = /0 H(io,x, £)v(E)dE. 25)

The kernel H(s,x, &) of the transfer operator H is the Laplace
transform of the impulse response h(z,x, &). In particular, for a
concentrated force at a point x = a of spatial amplitude

v(x) =v(x)0(x—a)
we have the permanent response
vp(t,x) = Y H(iw, x,a)v(a) (26)

With the initial values v,(0,§) = H(iw,§,a)v(a), v,(0,§) =
iov,(0,&), the induced free response is given by

valt,x) = —/(;Lr(z,x,;w)MH(iw,a,g)v(a)dg @7
where
r=h(r,x,&)+ioh(t,x,&) (28)
For a pulse amplitude
v(x) = v, (Heavisde(x — L+ b) — Heaviside(x—L))  (29)
the permanent response turns out
vp(x) = & /Lin(ia),x,&)v(,dﬁ. (30)

As before, by substituting the initial values in (20), the induced
free response will now be

L
vi(t,x) = 7A (1,5, &, @)MH(i,0, E v(E)dE

with r given as in (28). In the case of a time linear exponential
forcing

€1V

f(t,x) =exp(At)(ct+d) (32)
we have the particular solution
wp(t,x) = exp(At) (tC+ D) (33)
where
c = (A*M+K)7 ¢
D = (A’M+K)'d—2A(A*M+K)"2Mc

whenever A is not an eigenvalue or natural frequency.



FREE TRANSVERSE VIBRATIONS

The search of exponential solutions

w(x)
v(x) =
) ( y(x) )
of the unforced linearized system underlying the Timoshenko
model

v(t,x) = eMv(x), (34)

(92
subject to linear general separated homogeneous boundary con-
ditions

(35)

apw(t,0) +ad(t,0) + jiiwe(t,0) + j12¢x(£,0) = LBy
ayw(t,0) +axnd(t,0) + jorwe(t,0) + j22x(2,0) = LBy>
Suw(t,L) + fia¢(t,L) +qriwx(t,L) + q12¢x(t,L) = LBy
foaw(t,L) + f20(t,L) +qa1wx(t,L) + g22x(t, L) = LB2»
(36)

where LB denotes linear boundary conditions involving w,w
and W at x = L or in matrix terms

Av(7,0) + v (2,0) =
Fv(t,L)+Quy(t,L) =

LB,

LB.. 37

leads to a quadratic eigenvalue problem. It amounts to deter-
mine nontrivial solutions of the second-order differential equa-
tion with matrix coefficients

AV (x) +BV/(x) + C(A)v(x) = 0, (38)
that satisfy the boundary conditions
Av(0)+Jv'(0) = LBy (39)

Fv(L)+QV/'(L) = LB,

where A, J, F and Q are 2 x 2 matrices and the LB’s are 2 x 1.
The matrix coefficients of the second-order differential system
Eqn. (38) are

—KkGA 0 0 KGA

A = 5 B = )
0 —EI —KkGA 0
pAA? 0

C(A) =

0 A2EI+ kGA

We should observe that if viscous damping forces are con-
sidered, then the matrix M has to be modify to include an
eigenvalue term. Also, when considering localized linearized
tip-sample interactions and viscous damping force acting on a
microcantilever beam (clamped-free), the eigenvalue problem
will modify the coefficient matrices in Eqn. (35) but the bound-
ary conditions Eqn. (37) will be those of clamped-free beam.

For the situation of composite multispan beams, we
have continuity an equilibrium conditions at the junctions
where there are discontinuities due to different mate-
rial or acting devices. In general, assuming N spans, at
the j —th junction we have to fullfill a set of compati-
bility conditions % ;w;(t,x;) = 63 jw;;1(t,x;)), where
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wjlt,x) = (wj(z,x), 9j(1,2), W(1,), (p]’-(z,x))r, j=1N-1,
with the matrices € j, 63 j, involving the coefficients in the
continuity and equilibrium conditions
Efw;(ex) + FY 95, x,)+G(J) Wi(t,x)) +HY 9 1.x;)
ZEg)WHl(Xﬁ 0+ FY 0511 (3)) + G w i (t.x))
H3 9} (1.37)

Ewj(t,x,0)+ By 9;(e, x,)+G§1) i XJ)THZI 9;(t,x))
—E(£2;WJ+1(XJ, )+F22 O (t,x; )+G<22 ]+l(x/ 1)
+H 0, (1))

E§{>Wj(fjv )+F31 0z, x/)+G(31) wi(x),1 )(‘*‘)Hsl 9;(t,x;)
:E3_2)WJ+1(XJ 0 +FS 9, XJ)‘*‘Gzz Wi (t,x7)
+H 01 (1)

E4/>Wj(x[,t) +F4('{'>¢j(t7xj)l + G‘(‘]Pw/j(t,xj) —OTHX'{>¢J'-(I,xj)
= B w1 (4,0) + Fy3 911 (1.37) + GEW, 1 (1.x))
+H4(¥2> j+1 (t'/x.l')

Modal analysis

The general solution of the second-order matrix differential
equations Eqn. (38) in terms of initial values is given by

v(x) = h,(x)v(0) +hy (x)v'(0)

(40

h,(x) =h' (x)M +h(x)C, h;(x)=

or v(x) =h(x)e+h (x)e; 41)
for constant 2 x 1 vectors ¢; and ¢; [8]. Here h(x) is the 2x
matrix solution of the initial value problem
Ah”(x) +Bh (x) + C(A)h(x) =

h(0) =0, AW (0) =1.

h(x)M

42)

where 0 denotes the 2 x 2 null matrix and I the 2 x 2 identity
matrix. The matrix coefficients being given as in (40).

For any cantilever beam of length L, we have the condition
v(0) = 0 and the bending moment and shear given at x = L.
From the initial values of h(x), it follows that ¢; = 0. Thus we
have to determine A so that

v(x) =h(1,x)c (43)
satisfies the boundary condition at the free end, that is
Uc= (Fh(1,L)+Qh'(A,L))c=0 (44)
From this, it turns out the characteristic equation
A(A) = det(U) = 0. 5)

We should observe that the modes have the same shape, re-
gardless of the conditions at the free end, but the eigenvalue A
differs according to the boundary coefficient matrices F and Q.



h(x) in closed form

The above characteristic equations can be determined by
computing the fundamental matrix solution h(x). This later can
be given in closed form as [8] [9]

ad(x) +b1d" (x) —ayd'(x)
h(x) = (46)
ard'(x) c1d(x) +s1d" (x)
where a; = KGA—&—lZpI, b=—EI, c| :l2pA and
s1 = —KGA. The scalar solution d(x) is given by
dsinh(ex) —esin(8x)
dx) = 47
(x) ab(e2 + 8%) € “7)
Here
—2g24+2/gt+4r* \/282+2+/gt+4r*
n 2 ’ N 2
where

»  (ae+bc)A?

4 Atcet+A’ca
ab = ab

and a = KkGA, b = EI, c = pA, e = pl. We should observe
that the behaviour of the parameters € and  as functions of the
eigenvalue A can be very complex due to the nonlinear nature
of the coefficients of the characteristic polynomial.

It we take a closer look at the roots, we observe that & is
always a positive number while € could be a real or a pure
imaginary number i€. The critical value € = 0 occurs when
B%= pi@ A2 equals to the critical value B, = KP—GIA. For 8 > B,
the solution d(x) becomes pure oscillatory

_ &sin(ex) — esin(dx)

A = — @ —ees “8)

THE GALERKIN APPROXIMATION OF
THE MATRIX RESPONSE h(z,&, 1)

The Galerkin method [25], [26] can be used for determining
approximate forced vibrations of the cantilever Timoshenko
beam model. For this, we introduce the block matrix

Vi) =( vi(x) Va(x) )

whose columns are the cantilever eigenfunctions that share the
normal mode property, that is,
wj(x)

Vit = ( V;j(x)

where ¢; is obtained by finding a nonzero solution of Eqn. (44).
We shall assume that the eigenfunctions of the cantilever AFM
microbeam have been normalized with respect to the mass
matrix M. We now consider the obtention of an approximate
forced response

v (x) (49)

> :h(x,ﬁj)cj (50)

v(t,x) = i pj(t)v;(x) = V(x)P(), (51)
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of the cantilever Timoshenko model subject to a linearized
elastic, damping and inertia forcing localized at x = L as in
Eqn. (14)

MVtt + Kv = F (52)

where F = [—Gv(t,x) — Pv;(f,x) — Svy(f,x)]8(x — L) with
G, PS given in Eqn. (14). It will be assumed that the microbeam
is subject to initial conditions v(0,x) = vo(x), vt (0,x) = v1(x).

For determining the time amplitudes PT(r) =
( p1(t) p2(0) pu(t) ), we substitute Eqn. (49)
into Eqn. (52), pre-multiply the resulting matrix differential
equation by V(u)T and integrate in order to apply the normal
mode property. It turns out the n dimensional system

P+ Q°P(r) =f (53)
where
o} 0 0
Q? = 0 0 (54)
0 0 o}

is the spectral matrix of the microcantilever with natural fre-

L
V(u) Ft,p)dp.
The forced response of Eqn. (53) can be written as

quencies are A = i and f(¢) = /

P(1) = /0 "h(t— V)f(t)v (55)

where h(r) satisfies hi(r) + Q%h(r) = 0, h(0) = 0, h(0) =T [8].
By substituting Eqn. (55) in the approximated forced response
v(t,x) = V(x)P(t), we obtain the Galerkin approximation

h(r,&,1) = V(x)h(r)VT (£)

Due to the decoupled character of the above equations, we have
that the fundamental matrix response A(¢) can be written as

(56)

sin(@y?
% ‘ (() ) 0
Qt sin(wyt .
h(r) qlns(—2 ) _ 0 & ‘ 0 7)
0 0 . sin((ua;,vt)

From (56) and (57), we have the frequency matrix approxima-
tion H(s,&, i) = V(E)(s°1+ Q) "'V ().

Simulations with harmonic and a rectangular pulse forcing
were performed at the free end of the beam and subject to a
tip-sample interaction modeled as vertical and lateral dashpots
[4]. It is observed that free oscillations that appear with the
modes of a cantilever beam are somehow damped when subject
to tip-sample conditions at the end. Also, the rotation, that
will correspond to slope in the Euler-Bernoulli model, has
significant influence and it should be attributed to the inclusion
of the rotatory inertia and shear deformation in the Timoshenko
model.



CONCLUSIONS

This paper has formulated in matrix form the basic dynamic
modes of operation of atomic force microscopy as a uniform
Timoshenko beam of finite length subject to tip-sample inter-
actions and external excitations. It has been made extensive
use of the distributed matrix impulse response for predicting
forced responses. The mode shapes and characteristic equa-
tions have been obtained by solving a second-order damped
differential equation with matrix coefficients. It was shown that
there is a critical cut-off frequency above which the behaviour
completely oscillatory. The Galerkin approximation was em-
ployed with cantilever eigenfunctions for approximating the
impulse matrix response. Simulations included harmonic exci-
tations and pulse with tip-sample interaction devices. The pro-
cedure employed with normal modal analysis can be also used
with nonclassical modes in a wide range of practical situations.
Also, with composite beams that include piezoelectric materi-
als.
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FIGURE harmonic

4. Coupled
col[4sin(500¢), —sin(530¢) + 2 cos(200¢)] with corresponding
displacement w(z,€) and rotation ¢ (¢, £) outputs.
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FIGURE 6. Corresponding displacements w(z,&) and rota-
tion ¢ (¢, &) for several times .

FIGURE 5. Displacement w(z,&) and rotation ¢(z,€) out-
puts for clamped-free beam (A),(B) and clamped-free with
dashpot devices (C),(D) due to a modulated input of a spa-
tial pulse F = (cos wyt)[Heaviside(x —3L/4) — Heaviside(x —
7L/8)].
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