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An(Z)y” + Bn (Z)y/ + Cny = 0/ (11) KEYWORDS

5 . 5 Orthogonal polynomials on
where A,(2) = aynz” + d1,nZ + dop With ayn # 0, a7, — 4dzndon # the unit circle; differential
0, VneN or a;p =0, a1, #0, Vn €N, Bn(2) = by, + bopz are equations; special functions;
polynomials with complex coefficients and C, € C. Under some complex analysis
assumptions over a certain class of lowering and raising operators,

3 00 AMS SUBJECT
we show that for a sequence of polynomials (¢,)52 , orthogonal on CLASSIFICATION
the unitcircle to satisf.y.the diffclarentia.\l equation (1.1 ) the polynomial 42€05; 34M03; 33C05;
¢n must be of a specific form involving and extension of the Gauss 33C15; 30Axx
and confluent hypergeometric series.

1. Introduction

The Bochner classification theorem [1] (also given by Routh in 1885, [2]) characterizes,
under a complex linear change of the variable z, the sequences (y,);2 , of orthogonal poly-
nomials with respect to a positive Borel measure having finite moments of all orders that
simultaneously solve a second-order differential of the form

A(2)y" + B(z)y + Chy =0,

where A,B are polynomials of degree 2 and 1, respectively, C, € C. Such sequences of poly-
nomials turn out to be the classical families of orthogonal polynomials Laguerre, Jacobi and
Hermite.

Askey [3] introduced the two-parameter system {Ry,, S }»>0 of polynomials given by

Ry(za, B) =2Fi(—n,a + B+ L8 —a+1—mn2),
Sn(z;a, B) = Ry(za, — B), (1.2)

and pointed out that this system is biorthogonal with respect to the complex-
valued weight of beta type w () = (1 — ey tB (1 — e~ Ya=F — (2 — 2 cos0)¥(—el?)P,
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0 € [-m, 7], N(e) > —3. Thatis

1 T . .
— | Ru(e%a,B)Sme ™0, Bo(0) d6
27 ) o

I'Qu+1) n!

:rm+ﬁ+nrm—ﬁ+naa+nf““

where I" denotes the Euler Gamma function. The bi-orthogonality was stated in [3] in a
slightly different form and a formal proof was given later in [4, p.16-17]. Other proofs of
the bi-orthogonality have been given by several authors, please see [5] for some historical
considerations.

The author in [6] using a different approach also proved that when o € R, o0 > —% and
ip € R, the sequence (R,(z; @, B))2, is orthogonal with respect to the weight w, which is
now positive and can be given by w(0) = 22 o(T=0)3(B) gin2e (H /2).

We also mention another known system of orthogonal polynomials on the unit circle of
hypergeometric type which arise in a class of random unitary matrix ensembles, cf. [7], the
circular Jacobi polynomials, defined as C,(z;a) = 2F1(—n,a+ 1;—a+ 1 — n;z). These
polynomials are a particular case of the R, by taking @ = 2a and 8 = 0, we obtain C,.

From known results on hypergeometric functions, the element R, in the orthogonal
system (R, (z; @, B));2, satisfies the differential equation

zl—2)y'+B—a+1—n—(—n+2+a+Bz)y +nl@+ B+ 1)y=0.

Hence, it is natural to question if there exists other classes of orthogonal polynomials on
the unit circle satisfying a linear second-order differential equation similar to the Jacobi,
Hermite and Laguerre systems of orthogonal polynomials. The above differential equation
satisfied by the sequence (R;)}2, suggest that we should consider a differential equation
with varying coefficients in the index # and the associated sequence of orthogonal polyno-
mials as solution. In the present manuscript, under some assumptions on a certain class
of lowering and raising operators, we give a necessary condition for the existence of a
sequence of orthogonal polynomials solving the differential equations.

We state the results and notation in the subsection below and in Section 2 we prove the
results.

1.1. Statement of the results

Let 1 be a probability measure supported on an infinite subset of the unit circle. We say

that (¢,);, is the sequence of orthonormal polynomials with respect to  if

Pm(2)Pn(2) di(2) = Smns

lz1=1

where ¢,(2) = k2" + 1,z"~! + lower order terms and «,, > 0. Let ®,(z) = ¢,(2)/k, be
the monic polynomials.

A general background to orthogonal polynomials systems on the unit circle can be
found in the monographs [8-12]. More recent surveys in [13-17].
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If f is a polynomial of degree # then the reverse polynomial f* is z*f(1/Zz), that is
n n
f(z) = Zékz"_k if f(z) = Zakzk and a, #0.
k=0 k=0

The sequence (¢,);>, of orthonormal polynomials on the unit circle (OPUC for short)

satisfy the recurrence relations [8, (11.4.6), (11.4.7)],

KnZPn(2) = Kny1$n11(2) — P10V, 1, (2),

(1.3)
Kn®ni1(2) = kpr12¢4(2) + ¢n+1(0)¢Z(z)'

In terms of the monic polynomials, the above recursion also can be expressed as [14,
(1.5.10), (1.5.40)]

D,11(2) = z2Pp(2) — @y P} (2), (1.4)
2®,(2) = p, *Ppp1(2) + D}, (2), (1.5)
where o, = —®,,+1(0) and p, = «,,/kn+1. The coefficients («,) are called the recursion

coeflicients or the Geronimus coeflicients. Simon [14] makes a strong case and calls these
coeflicients as Verblunsky coefficients.
Consider the hypergeometric equation

z(1—2)y" 4+ (c— (a+ b+ 1)z)y —aby =0, (1.6)

we denote by 2 F} (g, b; ¢; z) the Gauss hypergeometric series or hypergeometric function of
the variable z with parameters a,b,c; cf. [18, p.56], defined as

i k
(@)(b)k 2
h@bas) =) == k<L,
k=0
where ¢ # 0, —1,—2, ..., which is a solution to (1.6), holomorphic at z=0 and can be

extended appropriately by analytic continuation, see please [18, Section 2.1.4]. Here (a)x =
ata+1)---(a+k—1), ke N;(a)g = 1 denotes the Pochhammer symbol. All the solu-
tions to (1.6) can be expressed in terms of the hypergeometric series (also expressible in
terms of the Riemann P function, if we consider the point of view of Riemann for the
hypergeometric equation).

We will follow [18, p.57] in supplementing the definition of the hypergeometric series
for the case c = —m,m € NU{0}. If a=—n or b=—n, where n € NU {0} and if c=—m
wherem = n,n+ 1,n+ 2,.. ., then

n

(=m)(b)g 2*

zFl(—n,b;—m;Z)=Z E— (1.7)
k=0
" Nk

JFy(a, s —m;z) = 3 HEIRE (18)

& Emy K
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Ifc=—-nneNU{0}and —a,—b ¢ {n,n —1,...,0}, we define
o0

2Fi(a, b; —n;2) = Z

k=0
:z”+12F1(a+f’l+1’b+”+1;n+2;z)’ (1.9)

(@a+n+Deb+n+ 1)ké
(n+ 2)x k!

which is also holomorphic at z= 0 and a solution to (1.6).

We unify our notation by using the symbol ,F;(a, b; ¢; z) to referring to »F;(a, b; ¢; 2)
or (1.7)-(1.9) when the parameters a,b,c assume the values specified. Notice that ,[F; is a
polynomial whenever —a or —b is a non-negative integer.

In a similar way, we denote by | F; the confluent hypergeometric function or Kummer’s
series

— (@) 2F
Fi(a;c2) = _—
1F1( ) Z o K
k=0
where ¢ # 0, —1, —2,. . ., which is holomorphic at z=0 and is a solution of the confluent

hypergeometric equation, cf. [18, p.248]
2y +(c—2)y —ay=0.

Ifa=—n,wheren €e NU{0}and if c=—m wherem =n,n+ 1,n+2,..., then

n k
(—n)k z
Fi(—n;—m;z) = E —. (1.10)
” i (—m) K
We define
S k
(a+n+ 1)z 1
Fi@—mz) =) —————="— =z"""\Fi(a+n+ Ln+22), (1.11)
]
s (n+2)y k!

whenc=—-n, ne NU{0}and —a ¢ {n,n—1,...,0}.

We will use the symbol 1[F; (g; ¢; 2) to refer to 1 F(a; ¢; z) or (1.10) and (1.11) when the
parameters a,c assume the values specified.

Let us consider the differential equation

An(z)}// + Bn(z))/ +Cuy =0, (1.12)

where A, (z) = az,nzz + a1 nz + ag, withay , # 0, a%’n —4ay pao, #0,Vn e Noray, =
0, ain #0, Vn e N, By(z) = b1y + bonz and (ain)nen, i =0,1,2; (bin)nen, i =0,1;
(Cy)nen are sequences of complex numbers. Under a linear complex change in the variable
z, the differential equation (1.12) can be transformed to

0(2)y" + (cn — bu2)y’ + Any = 0, (1.13)
where (bn)nen, (cn)nen and (A,),en are sequences of complex numbers and
0(2) z(1 —2), ifay, #0, a%n —4aypa0, 70, VneN,
z) = ’
Z, ifa, =0, a;, #0, Vne N.

We are interested in those differential equations of the form (1.13) for which there exists
a unique sequence (¢,)5~, of OPUC with ¢, solving (1.13).
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It is clear that for every n € N fixed, the existence and uniqueness of a polynomial solu-
tion of degree n to the differential equation (1.13) will depend on the values assumed by
the parameters by, ¢, and X,,. This study is done in the following proposition, whose proof
will be given in Section 2.

Proposition 1.1: Let n € N be fixed. There exists a unique polynomial solution of degree n
for the differential equation (1.13) if and only if

. {n(n— 1+by), 6(2) =z(1~2), (1.14)
nb,, 0(z) =z,
and
by # {_Zn +2,-2n+3,-,—n—n+1, 0(z) =z(1-2), (1.15)
0, 0(z) =z

This solution is

2Fi(=nby+n—1icns2), if0(2) =2z(1—2),

1,(2) = const.
1F1 (—n5 ¢y by2), if 0(z) = z.

By virtue of the above proposition, we study up to a complex linear change in the variable
z, those sequences of OPUC satisfying a second-order differential equation of the form

V' 4+ Pu(2)y + Qu(2)y =0, (1.16)
where
_ Cn—byz _n(n—1+b,) o
Py(z) = T Qu(z) = BT e— if0(z) = z(1 — 2),
P =22 Q)= —— if6(2) =
nz_@(z)’ nz—g(z) 1 zZ) =z,
andb, ¢ {—2n+2,-2n+3,...,—n,—n+ 1} for6(z) = z(1 — 2).

1.1.1. Raising and lowering operators for orthogonal polynomials on the unit circle.
Let w be a weight function supported on a subset of the unit circle and assume that w is

normalized by
d
/ w(& ).—S =1,
gl=1 i

and define the external field v, cf. [19]
w(z) = e V@,

Ismail and Witte [20] derived raising and lowering operators L , and L, ,, whose expres-
sion is given by Ismail and Witte [20, (2.21)]. Under the assumptions that w is differentiable
in a neighbourhood of the unit circle and the Verblunsky coeflicients do not vanish, these
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lowering and raising operators define a pair of second-order differential equations such
that

¢;/1/ + Pl,n‘p; + Ql,n¢n = 0,
"+ Ponty, + Qanthn = 0,

with coeflicients given by Ismail and Witte [20, (2.22),(3.8)] and depending on functional
coefficients A, and BB,

Kn—1 . Kn—1 v'(z) — V(&)
+i —_
Kn &n(0) Jig=1 z—§

¢;, (2) = An(2)Pn—1(2) — Bu(2)pu(2).

An(z) = n Pn()r; (5)w(8) dé,

The authors proved that, cf. [20, Theorem 3.1 & Remark 3], if v is a meromorphic
function on the unit disk then

pl,n = PZ,n, (1.17)

therefore, @1, = Qa.p.
From Ismail and Witte [20, Example 1], for the orthonormal circular Jacobi polynomi-
als ¢,

(@)n

Pn(2) = m

2Fi(—nma+1—a+1—mnz),

relation (1.17) gives

¢Z+(1—n—a_2a—|—1>¢;+n(1+a)¢n:0)
z —z z(1 —z2)

that is, by taking the weight associated with the circular Jacobi polynomials, the rela-
tion (1.17) defines a linear differential equation of the form (1.16).

It is reasonable to ask if we drop the differentiability condition over the weight and allow
A, and B,, varying in a wider class of functions, does the relation (1.17) give other classes
of OPUC satisfying a linear differential equation of the form (1.13)? In Theorem 1.6, we
give a necessary condition over (by,),en and (c,)pen for this to happen. In particular, we
obtain the system of OPUC defined by R, which is orthogonal with respect to w. Note that
this weight is not in general a meromorphic function on the unit disk.

Before we enunciate the results in this article, we introduce some auxiliary notation used
in the sequel.

We denote by Q¢ the region given by

D*(0,¢e9) UD*(1,€1), 0(z2) =z(1 — 2),

= D0, ), 0(2) =z,

here D*(0,¢p) and D*(1,¢€;) are punctured open disks of respective radius €y and €;
sufficiently small and with their respective centres at the points 0 and 1.
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Let (¢4);2, be a sequence of orthogonal polynomials with respect to a Borel measure
supported on the unit circle satisfying (1.16). We denote by {m},cn the set of indices
corresponding to non-null Verblunsky coeflicients. Define Ag = By = 0, for each n € N
fixed, denote by A, (z) and B,(z) for z € €2y a solution of

$,(2) = An(2)Pn—1(2) — Bu(2)Pn(2), (1.18)

in particular the functions A, and 3, are a special case.
Before we enunciate the main result, we need some auxiliary propositions whose proof
will be given in Section 2.

Proposition 1.2: Let (¢,);2, be the sequence of orthogonal polynomials with respect to a
Borel measure supported on the unit circle and suppose that (¢,);,~, satisfies (1.16), then
on(z) = 2", Vn € N if and only if there exists ny € N such that ¢,,(z) = 2.

Proposition 1.3: Let (¢,)°, be a sequence of OPUC satisfying (1.16) with ¢1(z) # z, then
{mn}nen is infinite and consecutive Verblunsky coefficients cannot vanish simultaneously.

Proposition 1.4: Let (¢,)°, be a sequence of OPUC such that ¢:(z) # z and Ay, B,
satisfying (1.18). Then forn > 1

b+ PLn, @l + Quin,®m, = 0, (1.19)
my T Prm, @, + Qm,®m, = 0, (1.20)
where
A My— m 1 K A
Pym, = Bm, + Bm,_, — T T LD 2 Bme1 Sima
Am, z z zZ  Km, -1 Z

Mmy—mpy—1—1 Kmy, ¢mn—l (O)
Kmp_1—1 ®m, (0)

—Z Amnfl’

Kimy_1 Amn—len

B, \’
Ql,mn = Amn + anlemn -

Amn Kmy,_1—1 z

_ K Pt (0) Z_m"71+m"_1Amn—1 B,
Kmn—l*l ¢mn (0)
K1 ¢mn_1(0) Z_m”_1+m"_2Amn—1Amn + —mn—l — Mt lena
Km,_1—1 ¢mn (0) z
and
’
n Kmy Am, —my—1 Kmuiy Pm, (0) 1
szn_an+l+an_A_m_L_m_2m”+l =1 et - —Amn+—
My Km,—1 Z Km,—1 ¢mn+1 (0) 4
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n

Kmy  Am,Bm, i,

B, \’
Qz,mn = Amn A + anan+1 -

My Km,—1 z

_ Kmy ¢mn (0) Z—mn+mn+1—1AmnB

Km,—1 ¢mn+1(0)

¢mn (O) Kmn+1_1 Z—mn+mn+1 —2A

¢mn+1 (0) Kmn—l

+ % _ Kmn+l ¢mn(0)
z Km,—1 ¢mn+l (0)

Mp+1

+

mnAmn+1

—Mp+my1—2
(Mpt1 — my)z” 7T A,

Proposition 1.5: Let (¢,);2, be a sequence of OPUC satisfying (1.16), ¢1(z) # z. Then
there exist functions A,,, and By, analytic in Qg satisfying (1.18) such that forn > 1

P1m, = Pom, (1.21)
Qum, = Q2m,» (1.22)

where Py ., Q1,m, and Py, Qam, are as in Proposition 1.4.

By analogy with (1.17), let I3,,,, be the common value in (1.21). In the present article,
we prove the following theorem.

Theorem 1.6: Let (¢,)5°, be a sequence of orthonormal polynomials with respect to a
positive Borel measure on the unit circle satisfying (1.16). Then the following statements

hold:

(@) Ifcy = 0 the whole sequence reduces to (2")52,.
(b) If Py, = Bm,, Vn € N, then there exist pp, qn, 1w € Z, p1,q1 = 0,1 # 0, by + pn ¢

{—n+1,—n+2,...,0} and y, an appropriate non-null complex constant such that
]F A2} b 5 5 > f 9 = 1 — ,
dn(2) = yn R 2) (1.23)
1F1(=n5c1 + 145 2), if 0(z) =z,

The above theorem gives as a particular case, the sequence (R,)52, which is orthog-
onal with respect to w when w is positive by choosing p, = 0,9, =1—n and b; =
a+pB+lLag=p—a;acR a> —% andip € R. It seems plausible to conjecture that
for 6(z) = z(1 — z) the family (R;,);, is the unique sequence of orthogonal polynomials
on the unit circle satistying (1.16). Furthermore, when 6 (z) = z also there exists a unique
sequence and is given by ¢, (z) = z".

As a restatement of the above theorem, we obtain

Corollary 1.7: With the same hypothesis of Theorem 1.6,

(@) Ifci = 0 the whole sequence reduces to (2")52,.
(b) IfPm, =*Bm,, Yn € N, then b, — by, ¢, — c; € Z.
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2. Proof of the results

The sketch of the proof for Theorem 1.6 is as follows. We start by obtaining a pair of second-
order differential equations in terms of two functional coefficients A,, B, satisfied for an
arbitrary sequence of orthogonal polynomials for a measure supported on the unit cir-
cle. This will be done in Proposition 1.4. Later, in Proposition 1.5, we unify the differential
equations obtained in Proposition 1.4. Under the assumption that the sequence of orthogo-
nal polynomials is of hypergeometric or confluent hypergeometric type and the differential
equation, they satisfy is equal to the differential equations obtained in Proposition 1.4,
we obtain a system of equations with A, and B, as functional variables. By analysing the
singular points of A,, we obtain the possible sequences of orthogonal polynomials.

Proof of Proposition 1.1: For any n € N, let y,(2) = >}, axz* be a monic polynomial.
Then y, satisfies (1.13) if and only if

(k+D(cn +RBaksr + Ay —n)ar =0, 0=<k<=<n, 2.1
an-i—l = 0) .

where

_Jk(k=14by), 6(2) =z(1—2),
= kb, 0(2) = z.

From (2.1), ag, . . ., ap—1 is uniquely determined if and only if A,, — nx # 0, V0 < k <
n—1land A, = n,.
For k=n, we have

. {n(n —1+by), 6(2)=2(1-2), (2.2)

nbm 9(2) =Z.

For the case 0(z) = z, itis straightforward that relation (2.2) and b,, # 0is the necessary
and suflicient conditions for (1.13) to have a unique polynomial solution.

Consider now the case 6(z) = z(1 — z). The condition A, — g #0, VO <k <n-—1
is equivalent to saying that b, ¢ {—2n +2,—2n+3,..., —n, —n + 1} and this completes
the proof of the existence and uniqueness of a polynomial solution of degree # for (1.13).

Assume now that A,, is given as in (1.14). It follows from the theory for the hypergeomet-
ric (confluent hypergeometric) equation, see [18, p.56, 248] that a holomorphic solution
in a neighbourhood of z=0 for (1.13) is given by

7n(2) = const Fi(=n,by +n— Licys2), if0(z) =z(1 — 2),

1F1(=1; cp3 bp2), ifo(z) = z,
the condition b, ¢ {—2n+2,—2n+3,...,—n,—n+ 1} for 0(z) = z(1 — z) implies that
by+n—1¢{0,—1,...,—n+ 1}, therefore, from the existence and uniqueness condition
it follows that 7, is the polynomial solution of degree n. |

Proof of Proposition 1.2: Assume that there exists np € N such that ®,,(z) = z". From
the recurrence formula for the monic polynomials (1.4), it is straightforward that ®,(z) =
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z",n < ng. A straightforward argument by induction shows that ®,(z) = z", n > ny.
Indeed, for n = ny + 1, from the recurrence formula for the monic polynomials (1.4)

Dpyr1(2) = 20T 4+ @, 11(0), [Py 41(0)] < L. (2.3)

From Proposition 1.1

2F1(=n0 — 1, bug+1 + nos eng+152),  if0(2) = z(1 — 2),

. (2.4)
1F1(=no — 15 ¢ny 415 2)s if0(z) = z,

D,+1(2) = const. {

therefore, from (1.9) and (1.11) we have that ®,,11(0) = 0, hence ¢,,(z) = 2", Vn € N.
The converse implication is trivial. |

Proof: Let us assume that {m,},en is finite. Denote p = max{m,},en, by hypothesis
¢1(2) # z, hence u > 1. Since ¢, satisfies (1.16), from Proposition 1.1, it follows that

2Fi(=ps by + 10— L 2), 0(2) =2z(1 —2),

(2.5)
lFl(_lL; CM;Z)’ 9(2’) =z,

Ou(2) = yu {

where y,, € C\ {0} is an appropriate constantand ¢, ¢ {—u +1,...,0}.
From the condition ¢,(0) = 0 for n > u, we have that k, = k,, therefore from (1.3)
and (2.5)

Pn(2) = 2" " Pu(2). (2.6)
Ifc, € NU{0}, ¢, < n, then

Fi(=m by +n—1L—cpz) = 2T F (—=n+ cp+ 1, by + cn + n3¢n + 23 2),

. (2.7)
\Fi(=n;—cp32) = 2T Fi(—=n+ ¢ + Licp + 25 2).
Since ¢, satisfies (1.16) and ¢, (0) = 0, for n > p, Proposition 1.1 gives
]F —Ih b - 1) —Cns > 9 = 1 - >
b(2) = const, |2 1(=n,by, +n n32), 0(2) = z(1 —2) (2.8)
1F1 (=5 —cus 2), 0(z) =z,

where ¢, € NU {0}, ¢, < n, therefore from (2.7) and (2.8)

ot {2F1(—n +en+Lbg+cn+nmc+252), 0(2) =2z(1—2),
¢n(2) = const,z"
1Fi(—n+c,+ Licy + 2;2), 0(z) =z
(2.9)

Since the order of the zero at z=0 in the relations (2.6) and (2.9) must coincide, we
obtain ¢, = n — u — 1. From (2.6), lim,_,¢(¢,(2)/z" ") = y,, and from (2.9) with ¢, =
n — u — 1 it follows that const, = y,,.

We prove now that (2.6) gives a contradiction, unless n = j + 1. As a consequence, we
have that consecutive Verblunsky coefficients cannot vanish simultaneously.
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Indeed, by comparing the coefficients of the expressions (2.6) and (2.9) that define the
polynomial ¢,,, we find thatfor ] <k <nandn > u

(by +2n—p — D _ (bu‘f‘ll—l)k’ 0(2) = 2(1 — 2,
(n—p+ 1) (i (2.10)

(= + D= 0() ==
Consider the case 6(z) = z(1 — z). Relation (2.10) for k=1 and k=2 gives

bp+2n—p—-1 by+p—1

, 2.11
n—pu+1 Cu 211)
(b +2n = = Dba+ 20— ) _ (b + = Dby + ) o12)
m—pu+Dn—pn+2) cule +1) '
From (2.11) and (2.12)
b, +2n— b
nhen i Out ik (2.13)
n—u+2 cp+1
From relations (2.11) and (2.13)
- —1)(— —u+1
(cp—n+pu—D(=by+cp—pn+ )=O, (2.14)
culey +1)
it follows that
by=cp—pn+1, (2.15)
cu=n—p+1 (2.16)

The alternative (2.15) is not possible. Indeed, by substituting the value b,, obtained in
(2.15) into (2.5) we find that

¢M(z) - yMZFI(_,u) Cus CM;Z):

which is impossible, since [®,(0)| = 1.

Since ¢, is fixed, relation (2.16) is only possible for n = p + 1, it follows that (2.6) only
holds for n = p + 1 and in this case ¢;, = 2,b, 11 = b, — 2.

Consider now the case 6(z) = z. Relation (2.10) gives ¢, = n — u + 1, n > u, that s,
relation (2.16) is only possible for n = 1 + 1. We conclude that (2.6) only holds for n =
w + 1 with ¢, = 2 and this completes the proof of the lemma. |

Proof: From Proposition 1.3, the set {m,},cN is infinite, therefore, from the recurrence
relations (1.3), forn > 2

Kmy,_q —lz¢mn_1—1 (Z) = Km,_, ¢mn_1 (Z) - ¢mn_1 (0)¢:<nn71 (Z)) (2 17)
Kmn—l¢mn (2) = ZKmn¢mn—1 (2) + Om, (0)(1):1”_1 (2). (2.18)
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Since {my,}nen is the set of indices for which ¢, (0) # 0, then k4, | = &m,—1, hence

Gmy—1(2) = 2" 1y, (2), (2.19)
bm,—1(2) = ¢, (2). (2.20)

Relations (2.17)-(2.20) give

2Ky —1Bmy (0)Prm, 1 —1(2) — Py (O, 2™ 171, (2))
= Km,_,Pm, (0)¢mn,1 (z) — Kmy—1Pm, (0)¢mn (2). (2.21)

Let A,, By, be such that (1.18) holds. Define the operators

d
Tmn,l = d_ + an (Z)s
V4

Km, ¢mn,1(0) Mp—ty_1—1 Amnfl(z) Km,_,

Kmy,_1—1 ¢mn(0) z Km,_1—1 ’

d
Tmn,Z = _& - an,l(z) + Amnq(z)

From (2.21) and (1.18), the operators T, ; and T, » are anhilation and creation
operators in the sense that they satisfy

Tyt [Bm, (2)] = A, (2)2™ 171, (2), (2.22)
Amn_l (Z) Km,—1 ¢mn_1 (O)
Kmy,_1—1 ¢mn (0)

Tmn,Z [¢mn_1 (2)] = ¢m,, (2), (2.23)

Relations (2.22) and (2.23) give that ¢, satisfy the differential equations

T 2 [ ! [, (z)]]

Amn(z)zmn Mmy—1—1 mn

. mn—l (Z) Km,—1 ¢mn_1(0)
= " o1 b (0) Om, (2), (2.24)

z

Tm,,+1 1 |:Am ) mn+1 2[¢mn(z)]i|

_ Mpp1—My—1 Kmy1—1 (f)mn()
= Am,, (D27 PR (o)¢m"( 2). (2.25)

By expanding (2.24) and (2.25) we obtain the coefficients of the differential equation for
n > 2. From the definition of Ay = By = 0 we find that the lemma also holds for n =1 and
this completes the proof. |

Lemma 2.1: The Riccati equation
Yy +Py—y —Q =0, (2.26)

has an analytic solution in Qg.
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Proof: The change of variable

U/

—— 2.27
y=s (2.27)

transforms the differential equation (2.26) in the second-order differential equation
v/ —Piv' +Qv=0. (2.28)

Let us consider the case 6(z) = z(1 — z) and express (2.28) as the hypergeometric
differential equation

z(1 = 20" + (=c1 — (n + n2 + D20 — mnav = 0, (2.29)
where 11, 1, are the solutions of the equation
n* + (b + 1)n — by = 0.

From the theory of hypergeometric functions [18, Section 2.1.1 (3)], we find that the
function

2F1(n1,m2; —c132), a ¢ NU {0},

c1+1 . . (2'30)
7T Fmta+Lm+a+La+22), eNU{0},

u(z) =

is an holomorphic solution to (2.29) at z =0, therefore, from (2.27) we have that there exists
an analytic solution for the Equation (2.26) of the form

——=, ze€D*0,¢), (2.31)

where ¢ is sufficiently small.
For the point z=1 we consider [18, Section 2.9 (5)], that is

u(z) = 2Fi(m,maser — bz 1 —2), by —ca ¢ NU{0},
(1-— Z)bl_cl_HzFl(—nz —C1,— N1 — c;bi—a+21—2), by—c €N,

which is holomorphic in a neighbourhood of z=1. Applying now (2.27) we obtain the
lemma for 0(z) = z(1 — 2).
The analysis for the case 0(z) = z is similar. [ |

Lemma 2.2: There exist analytic functions Ay, By in Qg such that the following system holds

Al (2)

nO="4

+ B1(2), (2.32)

Al (2)
Al(z)’
k1 = A1(2) — B1(2)91(2). (2.34)

Qi(2) = By(2) — Bi(2) (2.33)
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Proof: From (1.16)

k1P1(2) + Q1(2)¢1(2) = 0.
From this last relation, it follows that the substitution of (2.34) into (2.32) or (2.33) gives
the Riccati equation
B} + BP; — B} —Q; = 0. (2.35)

From Lemma 2.1, there exists an analytic solution for (2.35) in €2g. The statement for
the function A; follows immediately from (2.34). [ |

Proof of Proposition 1.5: For n=1 we obtain the system defined by (2.32)-(2.34) and
from Lemma 2.2, there exists analytic functions in g, A; and B; such that this system
holds.

For n > 1, let us write

Al (2)
Pim (2) =T (z) — 22—, 2.36
l,mn( ) mn( ) Amn(z) ( )
where
Km,_, Am,_,(2)
T, (2) = By, (2) + B, (2) — — -
Kmy,_1—1 z
0 _ 1
_ Z?’Vln_mn—l_l Kmy ¢mn—1( )Amﬂ,l(z) + Mn—1 _ % + -, (2.37)
Kimy_1—1 @m,(0) z z z

and Fl = Bl.
Note that if (1.18) and (1.21) hold then (1.22) also holds. Indeed, since ¢,,, satis-
fies (1.19) and (1.20)

¢1/’l/’ln + Pl,m,,d’:ﬂn + Ql,mn¢mn = O,
O+ PLm,®p + Qumy®m, =0,

the difference between these two relations gives Q; ,, = Q2,m,, hence, Equation (1.22) is
redundant.

From the expressions for P ,,, and P, ,,, given in Proposition 1.4 we find that the
relation Py, = P2, in (1.21) holds if and only if I'j,,, satisfies the difference equation

m Mp+1
an+1 (Z) = an (Z) + —- - - >
Zz V4

(2.38)
I'1(2) = B1(2).

By hypothesis ¢;(z) # z. Hence, from Proposition 1.2, m; =1, it follows that the
solution to the difference Equation (2.38) for n > 1 is

1—m,
'y, (z) = Bi(2) + .

(2.39)

From (2.36) and (2.38) we have that (1.21) holds. Therefore, for n > 1, if I',,, is given
by (2.39), we define the analytic functions in Q, A,,, and By, as the unique solution of
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(1.18) and (2.37). We have that (1.18), (1.21) and (1.22) hold and this completes the proof
of the lemma. n

From the preceding lemmas we now are able to give a proof of Theorem 1.6.

Proof of Theorem 1.6: Statement (a) follows immediately from Proposition 1.2.

To prove (b) note that we have two cases, the set of indices {1, },cN for which ¢,,,(0) #
0 is finite or infinite. Results in Propositions 1.2 and 1.3 show that the first case implies that
the whole sequence reduces to ¢,(z) = z".

Let us analyse the second case.

From Proposition 1.5 there exist A,,, and By, such that Py ,,,, = P, . From hypothesis
Py, = P1m, = Pam,. Therefore, from (1.21), (2.36) and (2.39)

1—-m, A, )
P () = — = = P+ Bi(2) (2.40)

We have that ¢; (z) # z and from (2.40) of Proposition 1.5

P = -9 L g,
Ai(2)
» 1-m, A, () B )
m, (2) = o - Am, @) + Bi(z), n>1.

Therefore, A;nn /Am, = A} /A1 + 1,, where

1t —Cm, +1—my— (b1 — by, +1 —my)z

) 9 = 1 - )
) = 82) (2) =2z(1—2)

n - Cl—Cmn+1_mn e(z)—z

6(z) ’ T

That is
Ay, = ATy, (2.41)
where
Z4mn (1 — z)Vmn . 0(z2) = z(1 — 2),
7,(z) = ¢

ZHmn 0(z) = z,

here ¢ € C\ {0} is an appropriate constant and

Um, = €1 — Cm, + 1 —my (2.42)

n

U, = b1 — b, — (c1 — cm,,). (2.43)

From Proposition 1.5 and from the assumption of the theorem, there exists By analytic
in Qp, hence, from Proposition 1.5, the function A,,, is analytic in Qg. Therefore, from
(2.41), (2.42) and (2.43), we have uy, , vy, € Z, Yn > 2.
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Now, from (2.42) and (2.43)

¢mn(z) = anZFl(_mn, by + pm,s €1+ Qm,,;Z),

where py., qm, € Z; p1 =0,q1 =0, ¢1 # 0, by + pm, ¢ {—my + 1, —m, +2,...,0} and
Ym, an appropriate complex constant.
For the indices k, such that ¢ (0) = 0

O, (2) = Yk, 2F1(=kn, b1 + pr,; €1 + Gk, 3 2)

where pi , gk, € Z;c1 + gk, = 0,b1 + pk, ¢ {—kn + 1, =k, +2,...,0} and yy, an appro-
priate complex constant, and this completes the proof of theorem. |

Corollary 1.7 follows immediately from relation (1.23).
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