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ABSTRACT: The Einstein-Maxwell-dilaton model exhibits a first-order phase transition curve
that terminates at a holographic critical endpoint, offering intriguing insights into the
phase diagram of the dual system living on the boundary. However, the specific instability
within the underlying spacetime that triggers the formation of the hairy black hole remains
somewhat obscure. This raises the question of whether one of the hairy black hole phases
represents a superconducting or scalarized state and how the two distinct phases merge into
a indistinguishable one at the critical point. This work investigates the associated black hole
phase transition and the underlying instabilities by exploring a specific Einstein-Maxwell-
dilaton model. The approach aims to provide transparent insights into the black hole phase
transitions in the bulk. By introducing a nonminimal coupling between a massive real scalar
field and a Maxwell field in a five-dimensional anti-de Sitter spacetime, we identify two
types of scalarization corresponding to tachyonic instabilities in the ultraviolet and infrared
regions. These distinct instabilities lead to a first-order phase transition between two phases
in the p — T phase diagram. Furthermore, this first-order transition terminates at a critical
point, beyond which the curve turns back, and the transition becomes a numerically elusive
third-order one. Although one does not encounter a critical endpoint, the model still offers
a consistent interpretation for the observed cross-over in the low baryon density region.
We analyze the thermodynamic properties of the scalarized hairy black holes and discuss
the implications of our findings.
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1 Introduction

Phase transitions of the strongly interacting system under extreme conditions governed by
quantum chromodynamics (QCD) play a crucial role in high-energy nuclear collisions and in the
evolution of the early universe. Research in this area has been the main focus of the Relativistic
Heavy Ion Collider (RHIC) [1, 2] and the Large Hadron Collider (LHC) [3, 4] experiments.
On the one hand, non-perturbative lattice QCD calculations indicate that, for small chemical
potentials, there is a smooth cross-over between the chiral and deconfinement /confinement
phase transitions [5-7]. On the other hand, effective theories such as the Nambu-Jona-Lasinio
(NJL) model [8, 9], the Dyson-Schwinger equation [10, 11] and the functional renormalization
group [12, 13], suggest that the system features a first-order phase transition as the chemical
potential increases. Therefore, it has been speculated that the first-order phase transition
curve terminates at a critical endpoint (CEP).

An alternative for the non-perturbative QCD endeavor is the holographic approach [14—
22]. Through the gauge/gravity duality, the thermodynamic properties and characteristic
evolution of black holes in a weakly coupled gravitational system are mapped to phase
transitions in a strongly coupled system described by the field theory living on the anti-de
Sitter (AdS) boundary. In terms of the Einstein-Maxwell-dilaton (EMD) model [21, 23],
holographic theories have played a significant role in studying topics related to the QCD
matter [22, 24-27]. Recently, improved holographic models [28, 29], by matching lattice
QCD data, have achieved a better quantitative description of hot QCD with 2+1 flavors
and physical quark masses. These models have obtained satisfactory results in studies of the
expected QCD phase diagram and the existence of CEP [30-33]. The EMD models typically
consist of a real scalar field, referred to as dilaton, and a U(1) gauge field. On the one hand,
the condensation of the scalar field breaks the conformal invariance and, therefore, mimics
the running coupling of QCD. On the other hand, the Abelian gauge field is dual to the
baryon number current, which furnishes a nonvanishing chemical potential by turning on
an appropriate electric field in the black hole spacetime.

In the context of black hole perturbation theory, tachyonic instability merges in the
asymptotically AdS spacetime, complemented by the presence of a Maxwell field and a



charged scalar. Here, the asymptotic AdS spacetime is understood to play a crucial role [34]
in evading the prerequisite of no-hair theorems primarily formulated in asymptotically flat
spacetimes [35-37]. A well-known consequence of such instability is that it gives birth to the
celebrated holographic superconductor [38, 39]. An alternative mechanism for hairy black
holes, referred to as spontaneous scalarization, has also garnered much attention in recent
years. As was first introduced within the framework of the Einstein-Scalar-Gauss-Bonnet
(ESGB) theory [40-42], it is characterized by the nonminimal coupling of a scalar field with
the Gauss-Bonnet curvature. As the strength of the coupling increases and exceeds a critical
value, it eventually introduces a negative effective mass and triggers a tachyonic instability [43].
In particular, such an instability can be established in asymptotically flat spacetimes. Besides,
its emergence can be inferred via the analysis of the quasinormal frequencies of the underlying
“bald” black hole solutions [41, 43, 44], and specifically, the onset of spontaneous scalarization
is identified as when the purely imaginary quasinormal modes touch the origin [45]. Visually,
a sufficient condition for such a tachyonic instability is when the effective potential forms a
potential well [46, 47]. Tt can be understood as the dynamic counterpart of the superluminal
propagation in the system with a substantial Gauss-Bonnet term [48-53].

Besides the higher curvature, it was observed that nonlinear coupling to the electromag-
netic field [54-57] may also trigger spontaneous scalarization. Such models are referred to
in the literature as the Einstein-Maxwell-Scalar (EMS) theory, where a charged black hole
becomes unstable and subsequently acquires a scalar hair. It is intriguing to note that the
relevant degrees of freedom of EMS and EMD theories closely resemble each other. The
EMD model was proposed earlier and has since been employed primarily to analyze the
QCD phase diagram. To our knowledge, the underlying instabilities and the resulting hairy
black holes associated with the underlying QCD phase diagram have not been explicitly
elaborated. In this regard, some questions remain unsettled about whether one of the QCD
phases represents a superconducting or scalarized black hole. If so, how do the two distinct
phases merge into an indistinguishable one at the critical point?

The present study is motivated to gain further insights regarding the underlying insta-
bilities, the properties of the transitions between the resulting hairy black holes, and the
overall phase structure. To this end, we construct a specific EMD model featuring a nonmini-
mal coupling between a massive real scalar field and a Maxwell field in a five-dimensional
AdS spacetime. By construction, the model furnishes a transparent interpretation of the
underlying hairy black holes. In place of a superconducting black hole, the gravitational
theory accommodates the two types of scalarized black holes corresponding to two tachyonic
instabilities in the ultraviolet and infrared regions. The first type of scalarization can be
turned on by tuning the scalar mass in terms of a mass parameter. The effective potential
of the scalar field is found to become negative at spatial infinity, leading to a tachyonic
instability associated with the ultraviolet region [44, 58, 59]. The second type of scalarization
arises from the nonminimal coupling with the Maxwell field. Its emergence can be triggered
by increasing the coupling constant, and the resulting effective potential might form a valley
near the horizon, leading to instability in the infrared region discussed in refs. [42, 44, 60, 61].
By properly tuning the scalar field mass and the coupling constant, one can assess the
corresponding hairy black holes and investigate the phase transition between them.



The two distinct types of hairy black holes imply a transition between the two phases in
the p — T phase diagram. Subsequently, it gives rise to a phase structure that is somewhat
different from what one encounters where scalarized and superconducting phases coexist [61].
Specifically, a first-order transition curve is observed that terminates at a critical point,
beyond which the curve turns back, and the phase transition becomes a third-order one. In
other words, one encounters a more smooth phase transition beyond the could-have-been
CEP. It is argued that the model offers a consistent interpretation for the observed cross-over
in the low baryon density region. We analyze the order of the phase transitions based on
the Ehrenfest classification and discuss the implications of our findings.

The remainder of the paper is organized as follows. In the following section, we elaborate
on the proposed Einstein-Maxwell-dilaton model and derive the equations of motion with the
corresponding boundary conditions. In section 3, we investigate the two hairy solutions and
the consequential phase diagram, and in particular, the thermodynamic properties near the
critical point. We relegate further analysis of the effective potential to appendix A, which is
used to explore the instabilities justifying the corresponding hairy black hole solutions. The
last section is devoted to further discussions and concluding remarks.

2 An alternative Einstein-Maxwell-dilaton model

In this section, we introduce a specific EMD model consisting of a massive real scalar field
¥ nonminimally coupled to Maxwell’s field F),, in a five-dimensional AdS spacetime. The
action reads

S = 27,{?) /d5x\/jg [R - ivuwv;ﬂ/) - Zf(w)F/%u - V(¢) ) (2.1)

where k2 = 87G5 is Newton’s constant in five-dimensional spacetime. The scalar field 1 is
coupled to the Maxwell background by the nonminimal coupling function f(v). As a standard
choice [54] regarding spontaneous scalarization, the form of the coupling function is given by

(W) =e " (2.2)
where Ay denotes the Maxwell coupling parameter. The potential is defined by [21]
V(1) = =12 cosh (Ay), (2.3)

where the mass parameter Ay is directly related to the effective scalar mass at spatial infinity
as discussed below eq. (2.18). As elaborated below, the choice of the coupling function (2.2)
and the potential function (2.3) is primarily motivated to host two distinct mechanisms for
the black hole solutions in the bulk. It is noted that different choices of the coupling function
might also lead to spontaneous scalarization and have been explored in ref. [55].

We consider a static charged black hole solution that exhibits spatial isotropy and
translational invariance, which satisfies the following ansatz [28]

ds? = A0 [ — n(r)dt® + di?] + h(lr) dr?, (2.4)
¥ =9(r), (2.5)
A= Audxt = ¢(r)dt. (2.6)



The radial location of the event horizon is defined by h(rp) = 0, and the asymptotic AdS5
boundary is given at the spatial infinity » — oco. The temperature and entropy density in
the boundary field theory are holographically associated with the Hawking temperature and
the area of the black hole horizon, respectively,

A(0) 7,/ 34(0)
= MO 2me T 2.7)
47 /1?)

The equations of motion can be derived by varying the action (2.1) with respect to
the matter and metric fields:

" h/(T) / / 1 aV(d}) 6_2A(T)¢,(r)2 af(d)) _
P (r)—i—[h(r) +4A(7’)}¢(r)—h(r) [ o 5 0 =0, (2.8)
o)+ 2 + LT )| 1) — o, (2.9
A" (r) + u/(g)? =0, (2.10)
W' (r) + 4A' (r) (1) — e 240 £ ()¢ (r)? = 0, (2.11)
h(r) [24A’(r)2 - zp’(rﬂ +6A (P (1) 4+ 2V () + €240 f() ¢/ (r)* = 0. (2.12)

Notably, the last line, eq. (2.12), is a constraint that can also be derived by combining the
independent components of Einstein’s equation. In addition, the Gauss charge Q¢ and the
Noether charge QQn are derived by the first integral of the respective equations of motion,
egs. (2.9) and (2.11):

Qa(r) = f($)e* g/ (r), (2.13)
Qn(r) = 40 (240K (1) = f()(r)¢ (r)] . (2.14)

To proceed, let us discuss the boundary conditions at the event horizon and spatial
infinity. We note that the radial location of the event horizon rj, is a free parameter in the
metric ansatz eq. (2.4). In other words, we can always set r, = 0 by rescaling the radial
coordinate. Such a choice also simplifies the numerical calculations by avoiding irrelevant
singular points of the differential equations.!

Near the event horizon, the regular condition requires that the Maxwell field satisfies
#»(0) = 0, while 9(0) # 0 is due to the nonvanishing scalar hair. Additionally, h(0) = 0
ensures a simple zero for the metric function at the event horizon, h'(0) = 1 can also be
fixed by rescaling the time coordinate, and A(0) = 0 can be attained by rescaling the space

and time coordinates simultaneously by a same scale [28].

Tt is worth noting that different black hole phases are often characterized by their horizon sizes. The
aforementioned choice shifts this information to a specific scale of the radial coordinate carried by A(r). As
detailed in section 3 and appendix A, the hairy black hole phases are distinguished by the distinct roles of the
potential and coupling functions, as well as their different manifestations in the effective potential.



At spatial infinity, the ultraviolet behaviors of the fields read [21]

A(F) = a(r) + O (e—ma(r)) : (2.15)
h(r) = ho+ O (e—4a(r)) : (2.16)
b(r) = oe= 20 4 O (efma(r)) 7 (2.17)
d(r) = o + doe 2 + O (6_(2+A)am> ; (218)

where a(r) = Ag+ Air. As ¢ — 0 near the boundary, we have V(1) = —12— 6AZ9? + O(y4).
This implies that the cosmological constant is A = —6 and the AdS radius L = 1. The
asymptotic mass of the scalar field near the boundary is given by m? = —12)\%,. It is worth
noting that the potential function eq. (2.3) can be rescaled by adjusting the AdS radius,
which effectively introduces a new degree of freedom [62]. Including this degree of freedom
may enrich the underlying phase structure. According to the AdS/CFT correspondence, the
asymptotic form of the scalar field derives the scaling dimension of the gauge theory operator
di\/d;er

at infinity is more significant than that of A_. One may effectively only retain A_ as the

as Aq = . Due to exponential decay, the suppression of the term related to A

source and rewrite A_ = A. As posited by the holographic dictionary, the baryon chemical
potential and charge density are obtained from the boundary value of the gauge field

L B . Qe ¢
M—TlgrolOQS(T)—ﬁbov P—Tlggo?g——;g (2.19)

It is worth noting that the above ansatz and related boundary conditions are mathe-
matically convenient for handling the numerical solutions of differential equation systems.
Following [21, 28], however, in order to assess physically relevant quantities using holographic
duality, it is necessary to rescale the current coordinates into a standard coordinate system.
Based on such a rescaling, the thermodynamic quantities can be rewritten as

1 27 . Po _ P2 _ (2.20)

= T A — s = ) n = ) P
driy/“Vho o RR v w2 Vo

It is noted that the above system admits a “bald” charged black hole with trivial scalar

T

hair in an asymptotically AdS spacetime, which is essentially a five-dimensional RN-AdS
black hole spacetime, with metric and the electromagnetic field possessing the forms

1
ds? = —g(r)dt® + —dr® + r2dz?, 2.21
() + s (2.21)
r2  2M Q2
Q h
o =3 (1-1). (223)

where M, @, L and ry are the mass, charge, AdS radius and event horizon of the RN-AdS
black hole. Before delving into an analysis of the specific hairy black holes and the subsequent
phase transitions, it is worthwhile to first examine the properties of the effective potential of
the perturbed scalar field around this “bald” black hole in the probe limit. Such an analysis



has been recently carried out in the context of an ESGB theory [61], which turned out to
accommodate two hairy black holes: a superconducting and a scalarized one. Besides, a
first-order phase transition is observed between the two phases. Specifically, the transition
curve spans the entire phase space without concluding at any critical point. This behavior is
attributed to the distinct physical origins of the two hairy black holes. However, as discussed
earlier, in the EMD model, the first-order transition curve is known to terminate at a critical
point. Therefore, it is instructive to explore how the stability of the underlying metric can
be triggered by specific causes to gain insight into the differing outcomes between the two
scenarios. To this end, we consider the static scalar perturbations §v which satisfies the
following Schrédinger-type equation in the linear order

d*o(r
A Verlryo(r) =0, (22
r*
where one has introduced 1) = £ and the tortoise coordinate 7, = [ %, and the effective

potential is given by

Vir(r) = 9(r) (%‘fﬁ? + 20

0
+Vy - J;%’(r)?) , (2.25)

where V£ = —12)\y and f) = —2); which are essentially the first-order derivatives of the
potential and coupling functions of the action (2.1). Specifically, we have

oV (¥)

V) _ vy 4 0w, 2.26)
0
P — o+ 0, (227

The analysis of the effective potential in the appendix A indicates two types of tachyonic
instabilities, which are controlled by the scalar mass Ay in the ultraviolet region and the
strength of the nonminimal coupling A in the infrared region, respectively. Subsequently,
they could trigger two different hairy black holes. Furthermore, an intriguing finding is that
these two types of instability can be controlled solely by the electric charge of the black
hole ). The explicit competition between the two instabilities suggests a first-order phase
transition between the two underlying hairy black holes, which involves until the two hairy
black hole states merge continuously and become indistinguishable, giving rise to a critical
point. Specifically, the two-phase equilibrium is governed by the Gibbs condition, while this
study adopts the Ehrenfest classification of phase transition, for which the order is governed
by the lowest-order derivative of the free energy that exhibits a discontinuity. Notably, this
phase diagram is drastically different when compared to the ESGB model [61], where a
first-order phase transition curve traverses the entire phase space, owing to the distinct nature
of the two phases. In the following section, we numerically construct the two hairy black
holes and show the presence of the critical point.

3 Hairy black hole solutions and phase structure

In this section, we first numerically solve the equations of motion for hairy black hole solutions
under different model parameters. Subsequently, we explore the structure of the phase diagram
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Figure 1. The profiles of the scalar field for the ultraviolet hairy black holes. Left: the resulting
scalar field with vanishing Maxwell field, evaluated for different mass parameters. Right: the resulting
scalar field with a nonvanishing Maxwell field, evaluated for different mass parameters. The scalar
hair vanishes in both cases with a vanishing mass parameter Ay .

by exploring the Gibbs condition between the two hairy black hole states. In particular,
based on the Ehrenfest classification, we assess the order of the phase transition. By explicitly
evaluating the derivatives of the free energy density using the AdS/CFT dictionary, we
observe a third-order phase transitin beyond the critical point, in the place of a CEP.
Based on the preceding analysis of the effective potential, we demonstrate that the system
exhibits two types of hairy black holes. For simplicity, in what follows, we will refer to the
scalarized solutions triggered by tachyonic instability near the horizon as infrared hairy black
holes and those due to instability at large radial coordinates as ultraviolet hairy black holes.

3.1 Numerical procedure for hairy black holes

The numerical solutions for hairy black holes are derived by applying the boundary conditions
discussed in section 2. Specifically, one solves the field equations by numerically integrat-
ing from the horizon to spatial infinity. The initial values for the numerical integrations
are constrained by performing Taylor expansions of the relevant fields near the horizon,
substituting them into the corresponding differential equations, and demanding that the
resultant expressions vanish at each order. Specifically, one results in two independent
variables, ¥, = 1(0) and ¢, = ¢'(0), where 1), measures the scalar hair condensation near
the horizon, while ¢, is related to the Gauss charge Q)¢ of the black hole. In practice, to
avoid singularity on the horizon, the initial position of the numerical integration is slightly
shifted to rgarge = 1078, The asymptotical behaviors of the fields are then evaluated at
Tend = 10, where the coefficients defined in egs. (2.16)—(2.18) are numerically extracted and
used to calculate the thermodynamic quantities given by eq. (2.20). As will become clear
later, varying the two variables (¢, and ¢p,) effectively enumerates the two-dimensional phase
space expressed in temperature and chemical potential.

We first explore the profiles of the scalar hair regarding both types of black holes.
Branches of solution exist in which the scalar field has no node or has nodes, but the latter
are always physically disfavored [63] because the spatial oscillations in ¢ (r) shall increase
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Figure 2. The scalar field profile for the infrared hairy black holes. Left: the resulting scalar field
with vanishing mass parameter, evaluated for different black hole charges. Right: the resulting scalar
field with vanishing mass parameter, evaluated for different mass parameters. The scalar field vanishes
when the nonlinear coupling or the black hole charge vanishes.

the energy density. So we focus on the hairy solutions where ¢ (r) has no node. In figure 1,
we present the spatial distributions of the scalar field for the ultraviolet hairy black holes.
As shown in the left panel of figure 1, the emergence of such a scalar hair does not depend
on the Maxwell field, as observed in refs. [58, 64, 65]. On the right panel, we show the
corresponding profiles by turning on an insignificant amount of the Maxwell field by assigning
a small charge Q¢ < 1 to the black hole. By comparing the two panels, we note that the
profiles of the scalar field are mainly similar, which indicates that the Maxwell field does
not play a significant role in this type of scalarization. Specifically, the scalar field decreases
monotonically as the radial coordinate increases and vanishes at spatial infinity. As a result,
the first-order derivative of the scalar field remains negative. We note that this feature of
the ultraviolet hairy black holes persists for vanishing or small black hole charges. Also, one
observes that the strength of the scalar field decreases with decreasing mass parameter and,
in particular, the scalar hair vanishes as Ay — 0 for both cases.

As shown in figure 2, the infrared hairy black holes are readily encountered even when the
mass parameter vanishes. As discussed above, the asymptotical AdS spacetime does not play
a significant role in this case, as the tachyonic instability essentially resides in the infrared
region. If the nonlinear coupling or the black hole charge vanishes, such a scalar hair will not
be formed. As illustrated in the left panel of figure 2, when the nonlinear coupling Ay # 0
increases, a scalar field is formed as the black hole charge increases. It features a rapid increase
near the horizon and remains constant at larger radial coordinates. Specifically, the first-order
derivative of the scalar field with respect to the radial coordinate is positive near the horizon
and approaches zero as the radial coordinate increases. By comparing figures 1 and 2, it is
observed that the overall features of the scalar hair are rather distinct. As the mass parameter
vanishes \yy — 0, we have A = A_ — 0, and subsequently, the scalar field does not vanish on

2

the boundary as ¥(r) = 1ge~ ") — 4)y. Such an asymptotical behavior? is manifestly shown

2Tt is noted that this extreme case does not affect the phase diagram elaborated in the next section because
the boundary condition eq. (2.17) remains valid as we assume Ay = 0.5 in the calculations.



in figure 2. The strength of the scalar field becomes more significant as the black hole charge
increases. In the right panel, we show the profile’s dependence on the nonlinear coupling for
a given charge Q. The main characteristics of the profile remain unchanged. It is observed
that the scalarization becomes more significant as the coupling’s strength increases.

3.2 Phase transition and QCD phase diagram

In a general choice of metric parameters, it is expected that the two types of hairy black
holes might co-exist. Furthermore, the present subsection investigates the phase transition
between the two hairy black holes and the subsequent phase diagram. To identify the
transition curve using the Gibbs condition, we evaluate the thermodynamic quantities
utilizing the AdS/CFT dictionary. The phase transition is, therefore, determined by equating
the chemical potential and temperature of the two hairy black hole phases. In what follows,
we enumerate (¢p,¢n) to effectively scan the two-dimensional phase space in chemical
potential and temperature (u,7’) while fixing the metric parameters Ay = 0.5 and Ay = 1.
Specifically, the scalar hair spans the range v, € [0.1,4.5], while ¢, is confined by the
condition ¢y, < @ = \/=2V (¢y,)/ f(¢n) [28]. In practice, regarding the effective potential,
one observes that the phase transition emerges in the vicinity where a local potential well is

critically formed near the horizon, as shown by the green dashed curve in figure 10. This
corresponds to a scenario where the infrared hairy black holes become marginally stable.
Therefore, a numerically convenient approach to roughly estimate the transition curve in
the phase space is to identify a particular value gb% when the first-order derivative of the
scalar field near the horizon marginally attains zero from a previously negative value for a
given ¢p. By and large, for ¢, < gzﬁ%, the ultraviolet hairy black hole solutions are obtained,
while for ¢ > ¢9, the relevant black hole solutions are due to tachyonic instability in
the infrared region. As further explored below, the transition between the two phases is
very smooth, demonstrated by an almost continuous change in the profiles of the metric
functions and Maxwell field.

The resulting phase structure in terms of chemical potential and temperature is repre-
sented in figure 3. The region occupied by red dots represents the ultraviolet hairy black
hole phase, which dominates most of the phase space. The green triangles indicate the phase
associated with the infrared hairy phase. The transition between these two phases can be
established using the Gibbs condition, as demonstrated in figures 4 to 7. As elaborated
below, one encounters a first-order phase transition that terminates at a critical point, beyond
which the curve turns back, and the transition becomes a third-order one. In figure 3, the
solid black curve presents the first-order phase transition, which is separated from a much
smoother third-order phase transition denoted by the blue dashed curve by a critical point
marked by a filled black circle. It is noted that the bald black hole phase is not explicitly
indicated on the phase diagram. This is because, according to eq. (2.20), the RN-AdS black
hole discussed in section 2 corresponds to divergent temperature and chemical potential,
effectively residing outside of the region of interest shown in figure 3.

Based on the Ehrenfest classification, one evaluates the free energy density and its
derivatives and explores the condition by equating the first-order derivatives, namely, the
temperature and chemical potential, between the two phases. The resulting free energy density
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Figure 3. The phase structure of the present model shown in the chemical potential vs. temperature
plane. The solid red dots represent the ultraviolet hairy black hole phase, while the empty green
triangles occupy the region associated with the infrared hairy black holes. The solid black curve
represents a first-order transition line that terminates at a critical point indicated by a filled black
circle, beyond which the blue dashed curve denotes a third-order phase transition line between the
two phases. The critical point (., T.) = (0.716,0.087) is indicated by the black dot.

and its derivatives are presented as functions of the chemical potential and temperature.
A first-order phase transition is observed, as shown in the first rows of figures 4 and 5. In
figure 4, we present the free energy density as a function of temperature for different chemical
potentials. The first row shows three thermodynamic processes where a first-order transition
occurs. This is indicated by the zigzag trajectories in the phase space. Specifically, the solid
red curve represents states associated with the ultraviolet hairy black holes, while the solid
green curve indicates those related to the infrared hairy black holes. The solid blue circle
indicates the point where the phase transition occurs. Beyond this point, the solid green and
solid red curves correspond to the subcooled and superheated states that are metastable. The
solid gray curve represents hairy black hole solutions that are thermodynamically unstable.
The finiteness of the triangle closed by the red, green, and gray curves indicates that the
transition is of first order. As chemical potential decreases, the triangle continuously shrinks
into a point indicated by the top-left plot. This corresponds to the case where the system
goes through the critical point.

These processes can also be analyzed in terms of the entropy density, the first derivative
of the free energy density: dF = —dP = —sdT + udp [29]. As shown in the first row of
figure 5, for a first-order phase transition, the entropy density features a continuous “S” shape,
which leads to a finite vertical jump at the transition temperature between the two states
indicated by empty black circles. Instead, it features a finite jump at the transition point
while maintaining the chemical potential and temperature, reflecting the difference in the
slopes between the solid red and solid green curves shown in the first row of figure 4.

Intriguingly, beyond the critical point, the transition curve does not disappear. Specifically,
the transition becomes the third order while the transition curve turns back as the chemical
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Figure 4. The Gibbs free energy density as a function of temperature for different chemical potentials.
In the first row, the top-middle and top-right plots correspond to two trajectories in the phase space
that traverse the first-order transition curve, whereas the top-left plot corresponds to the case where
the trajectory goes through the critical point. The solid black circle indicates the point of phase
transition. Beyond this point, the solid green and solid red curves correspond to the subcooled and
superheated states that are metastable. The solid gray curve represents hairy black hole solutions
that are thermodynamically unstable. The second row illustrates three trajectories that traverse the
third-order transition curve. The solid red curve represents states associated with the ultraviolet hairy
black holes, while the solid green curve indicates those related to the infrared hairy black holes.
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Figure 5. The same as figure 4 but for the entropy density as a function of temperature for different
chemical potentials. In the first row, the top-middle and top-right plots correspond to first-order
transitions, where the entropy density features a continuous “S” shape, leading to a finite vertical
jump at the transition temperature between the two states indicated by empty black circles. For
the top-left plot and those in the second row, the evolutions of the entropy density are continuous,
indicating that the transition is beyond the first order.
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Figure 6. The same as figure 4 but for the first-order derivative of the entropy density as a function
of temperature for different chemical potentials. In the first row, the top-middle and top-right plots
correspond to first-order transitions, where the derivative of the entropy density features a continuous
reversed “S” shape, leading to a finite vertical jump at the transition temperature between the two
states indicated by empty black circles. For the top-left plot and those in the second row, the evolutions
of the entropy density are continuous, indicating that the transition is beyond the second order.

potential decreases, avoiding an intersection with the temperature axis. The third-order
transition curve is indicated by the dashed blue curve in figure 3. In our model, the above
critical point is numerically found to be (u., T.) = (0.716,0.087), while the turning point is
located at (¢, T3) = (0.565,0.125). To demonstrate that there is indeed a third-order phase
transition, one proceeds to evaluate the first and second-order derivatives of the entropy
density, namely, the second and third-order derivatives of the free energy density. The results
are presented in figures 6 and 7. Subsequently, the order of the phase transition beyond
the critical point is determined according to the Ehrenfest classification, as demonstrated in
figures 4, 5, 6, and 7. As shown in the second rows of figures 4, 5, and 6, the transition remains
continuous until the second-order derivative of the Gibbs free energy density. However, a
finite jump is observed in the second row of figure 7, indicating that it is a third-order phase
transition. Numerically, such a transition is very smooth and elusive to observe. However,
the numerical results presented have reached an accuracy of one part in a thousand, which
suffices to identify the observed discontinuity. Physically, it might imply a minor break of the
underlying symmetry, in accordance with the discussions about the field profiles regarding
figure 8 below. For comparison, concerning the first-order transition curve, a finite jump is
always observed in all the derivatives of the free energy density, as shown in the top-middle
and top-right plots in the first rows of figures 5 to 7, confirming our findings.
Specifically, consider the evolution of a system with a given chemical potential more
significant than that of the critical point p > p.. As the temperature drops continuously
from a significant value, it will first suffer a third-order phase transition and then a first-order
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Figure 7. The same as figure 4 but for the second-order derivative of the entropy density as a function
of temperature for different chemical potentials. In the first row, the top-middle and top-right plots
correspond to first-order transitions, where the derivative of the entropy density features a continuous
“S” shape, leading to a finite vertical jump at the transition temperature between the two states
indicated by empty black circles. For the top-left plot and those in the second row, the evolutions of
the entropy density are discontinuous, indicating that the transition is of the third order.

one. However, a system with a smaller chemical potential but larger than the turning
point pu; < p < p. will successively experience two third-order phase transitions. Lastly,
for a system with an even smaller chemical potential p < g, its evolution will be entirely
continuous, corresponding to the cross-over in the low baryon density region. Therefore,
owing to the smooth transition at small chemical potentials and the elusive third-order
phase transition, the present model is observationally consistent with the more prominent
picture of the QCD phase diagram.

Before closing this section, we elaborate further on the profiles of the Maxwell field ¢(r)
and the metric functions h(r), A(r) with respect to the phase transition process. In particular,
we are interested in scrutinizing the difference in the profiles of the two hairy black holes
as the phase transition occurs. These results are presented in figure 8. We explore three
scenarios corresponding to trajectories in the phase space with a given chemical potential
that leads to a first-order phase transition, a third-order phase transition, and a process that
intersects the critical point. In the case of the first-order phase transition, the profiles are
rather different on the two ends of the transition process. This can be observed by comparing
the red dashed curve with the green dashed one on the first row of figure 8, representing an
ultraviolet hairy black hole shortly before the transition and an infrared hairy one immediately
after the transition. On the other hand, as demonstrated in the middle and bottom rows, the
region occupied by the red curves seamlessly merges with that filled with the green curves
in a continuous fashion. Notably, the gap between the two phases becomes less apparent in
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Figure 8. The profiles of the Maxwell field ¢(r) (left) and metric functions h(r) (middle) A(r) (right)
associated with trajectories in the phase space. The red curves (with different line types) correspond
to profiles of the ultraviolet hairy black holes evaluated at different temperatures but for a given
chemical potential. Conversely, the green curves represent those of the infrared hairy black holes. Top
row: profiles associated with a process with p = 0.85 that gives rise to a first-order phase transition
between the two hairy black holes. Middle row: profiles evaluated for a process with p = 0.85 that
leads to a third-order phase transition. Bottom row: profiles calculated for a process with p = 0.716
that intersects the critical point.

the bottom row, representing the critical point, and the overall transition tends to exhibit a
continuous behavior. This indicates that the profiles are essentially indistinguishable in the
case of the third-order phase transition and the trajectory intersecting the critical point.

4 Concluding remarks

The holographic principle provides a means to utilize the black hole phase transitions in the
bulk to study thermodynamic processes in the field theories on the AdS boundary. Such
an approach has played a significant role in advancing theoretical physics over the past few
decades. A prominent example is the holographic superconductor, which is triggered by
the tachyonic instability below the critical temperature [38, 39, 66]. The resulting second-
order phase transition from a “bald” charged AdS black hole leads to the formation of a
hairy black hole with scalar condensation in the bulk. Intuitively, to mimic the QCD phase
diagram, one needs the Maxwell degree freedom to furnish a finite chemical potential and a
nonvanishing scalar hair to break the scaling invariance. In other words, both phases must

— 14 —



be scalarized hairy black holes. Moreover, the two phases cannot be intrinsically different
as they are expected to be indistinguishable, as the first-order phase transition is expected
to terminate at a certain point in the phase diagram. Therefore, exploring the properties
and underlying instabilities in a theoretical framework with relevant degrees of freedom
carried by the EMD [28, 29, 31] or, equivalently, the EMS [54, 55] theories is one of the
primary motivations of the present study.

This work explores the black hole phase transitions and the subsequent phase diagram of
an alternative EMD model. On the one hand, while providing some insight into the QCD
phase structure through the dilaton and Maxwell degrees of freedom, the construction of
the model facilitates a transparent interpretation of the instabilities of the underlying black
hole spacetimes and their transitions. Compared to its counterpart implemented by the
ESGB theory, the resulting phase structure exhibits unique properties that a first-order
phase transition curve separating two phases whose difference eventually becomes hardly
distinguishable, which differs significantly from previous results [61]. On the other hand,
when compared to the standard picture of the QCD phase diagram, the model indicates a
somewhat different scenario. Specifically, the first-order phase transition terminates at a
critical point, beyond which the curve turns back, and the transition becomes third-order.
Such a higher-order phase transition is numerically elusive, but our calculations have achieved
satisfactory precision, ensuring its discrimination. To ascertain our results, we explored the
effective potential and profiles of the metric function, scalar, and Maxwell fields. In particular,
the properties of the phase diagram are closely scrutinized by numerically evaluating the
Gibbs free energy and its derivatives using the AdS/CFT dictionary. It is argued that while
one encounters a critical point joining two types of phase transitions in the place of a critical
endpoint, the model still offers a consistent interpretation for the observed cross-over in
the low baryon density region.

The ongoing Beam Energy Scan (BES) program [67-69] at the RHIC (STAR) is dedicated
to explore the QCD phase diagram. Specifically, through two stages, BES-I and BES-II,
it aims for Au+Au collisions from 3.0 to 7.7 GeV in the fixed-target mode and from 7.7 to
62.4 GeV in the collider mode. Precise measurements have been realized for the high baryon
density region of the QCD matter. The BES programs aim to map the size, shape, and
temperature of the fireball produced in the collisions, as well as find the onset of deconfinement,
signatures of a first-order phase transition, and a QCD critical point. Intuitively, one might
look for quantities sensitive to the underlying physics while accessible experimentally. The
higher cumulants of conserved charges and combinations of them, such as cumulant ratios,
are candidates for such observables [70, 71]. These quantities fulfill the requirement, as they
carry vital information on the primordial medium created in the collisions. Moreover, it
has been suggested [72] that they are sensitive to the phase structure of the QCD matter
and, in particular, the whereabouts of the critical point. For the most part, the obtained
results [73-77] are qualitatively consistent with the experimental data [78-81]. Although
existing results have been inspiring [80-83], to date, no decisive conclusion has been drawn
about the whereabouts of the CEP, which leaves some room for further speculations. In this
regard, the present findings indicate a more complex QCD phase diagram that potentially
implicates the search for a simple QCD critical point.
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For the present study, we have chosen somewhat simplified forms for the scalar potential
and the nonlinear interaction, and the model parameters have not been calibrated by matching
to the lattice QCD data. Nonetheless, for the most part, our results show remarkable
consistency with the holographic QCD phase diagram obtained from the improved EMD
model [28, 29]. Through instability analysis, we conclude that the emergence of such a phase
structure can be understood from the perspective of hairy black holes in the bulk. The phase
transition is primarily governed by the interplay between the two tachyonic instabilities in
the ultraviolet and infrared regions. It is understood that fine-tuning can be readily achieved
by employing more complex functional forms of the potential and coupling functions in the
action. Such higher-order corrections substantially modify the tachyonic instabilities, but our
findings indicate that the main features of the phase diagram are primarily determined at
the leading order. In this regard, we speculate the possibility that the observed CEP in the
standard EMD models might also extend further to a more elusive higher-order transition.
We plan to explore these aspects further in future studies.
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A The instability analysis on effective potentials eq. (2.23)

In this appendix, we investigate the properties of the effective potential in eq. (2.25) and
analyze the tachyonic instabilities of the scalar perturbations. To facilitate the calculations,
we utilize the scaling symmetry of the perturbed equation and set L =1 and r, = 1. We will
show that there are two types of tachyonic instabilities, which are controlled by the scalar
mass Ay and the strength of the nonminimal coupling Ay, respectively.

The left panel of figure 9 shows how the mass parameter Ay triggers an instability at
spatial infinity. Specifically, for @ = 2 and Ay = 1, the effective potential becomes negative in
the ultraviolet region when Ay 2 0.55. Intuitively, such a negative region might host a bound
state, destabilizing the “bald” charged black hole spacetime by continuously accumulating
energy reminiscent of superradiant instability [84, 85]. Such a tachyonic instability gives rise
to hairy black hole solutions, as first pointed out in [58]. In the right panel, we demonstrate
how the nonminimal coupling between the scalar field and the Maxwell field might induce a
negative potential well near the event horizon. For Q = 2 and Ay = 0.5, the instability occurs
when the coupling becomes strong enough Ay 2 0.4. This feature aligns with the spontaneous
scalarization discussed by the ESGB theory [44, 60], where the tachyonic instability in the
infrared region triggers a spontaneous scalarization.

Let us reiterate the above discussions in terms of the scalar field’s effective mass, which
possesses the form

1
meg = S Fa )+ V). (A1)
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Figure 9. The profiles of the effective potential for different model parameters. Left: the effective
potential for the tachyonic instability in the ultraviolet region with @ = 2, Ay = 1, evaluated for
different mass parameters Ay . Right: the effective potential for the tachyonic instability in the infrared
region with ) = 2, \y = 0.5, evaluated for different coupling parameters Aj.

In this expression, the second term on the r.h.s. of the equality comes from the second-order
derivative of the potential function of the scalar field and is controlled by Ay,. Since V£ <0,
it contributes negatively to the effective mass [39] and is referred to as ultraviolet instability
in this work. Conversely, near the horizon, the scalar field’s effective potential becomes
negative for large ;. Such instability has been elaborated extensively in the literature
in the context of spontaneous scalarization [42, 44] and has been recognized mainly as
tachyonic [46] (cf. [45, 47]). This second type of instability is referred to as infrared in the
present study. Regarding the effective mass eq. (A.1), the parameter Ay governs the first
term on the r.h.s. of the equality arising from the nonminimal coupling between the scalar
field and the gauge field. Nonetheless, since F 3,, < 0 and fg < 0 as Ay > 0 in our paper,
even though potentially overwhelmed by the second term, we note that this term may not
always contribute negatively to the effective mass.

The above two types of tachyonic instabilities embedded in the present model could
trigger two different hairy black holes. So the transition among them potentially gives rise to
a phase transition between the hairy black holes, as discussed in [61]. To roughly understand
the (phase) transition scenario, we point out an intriguing characteristic of the present model:
the two types of instability discussed above can be controlled by a unique metric parameter,
namely, the electric charge of the black hole Q). Specifically, in figure 10, we illustrate that
both tachyonic instabilities can be triggered by varying the black hole’s charge while keeping
the remaining model parameters fixed. As shown in figure 10, a negative region in the
effective potential is formed at large radial coordinates. Moreover, as the black hole’s charge
increases, a potential well emerges near the horizon and becomes more significant, as indicated
by the green dotted, blue solid, and gray dash-dotted curves. This implies a competition
between the two instabilities, typically leading to a first-order phase transition between the
two underlying hairy black holes. Furthermore, we can heuristically suggest that the two
resulting hairy black holes might even become indistinguishable, as the parameters in the
phase space are appropriately tuned, allowing the two regions of negative potential to merge
seamlessly and lose their distinct identities.
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Figure 10. The profiles of the effective potential as a function of the black hole’s charge Q. The
calculations are carried out by assuming Ay = 0.57 and Ay = 2.
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