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Abstract The relativistic quantum dynamics of scalar
bosons in the background of a full vector coupling (minimal
plus nonminimal vector couplings) is explored in the con-
text of the Duffin—-Kemmer—Petiau formalism. The Coulomb
phase shift is determined for a general mixing of couplings
and it is shown that the space component of the nonminimal
coupling is a sine qua non condition for the exact closed-form
scattering amplitude. It follows that the Rutherford cross sec-
tion vanishes in the absence of the time component of the
minimal coupling. Bound-state solutions obtained from the
poles of the partial scattering amplitude show that the time
component of the minimal coupling plays an essential role.
The bound-state solutions depend on the nonminimal cou-
pling and the spectrum consists of particles or antiparticles
depending on the sign of the time component of the minimal
coupling without chance for pair production even in the pres-
ence of strong couplings. It is also shown that an accidental
degeneracy appears for a particular mixing of couplings.

1 Introduction

The success of the Dirac equation in describing proton-
nucleus scattering encourages the use of others fundamental
relativistic wave equations in treating other nuclear probes.
In the 1930s, Duffin, Kemmer and Petiau proposed a new
relativistic wave equation able to describe the dynamics of
spin-zero and spin-one particles [ |-4]. The Duffin—Kemmer—
Petiau (DKP) formalism holds a large number of couplings,
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not only electromagnetic interactions, which enables one to
emulate a mean field theory for describing hadron interac-
tions. This large number of couplings makes the DKP equa-
tion a great tool for physicists as regards a phenomeno-
logical description of nuclear processes. The DKP formal-
ism has been widely used in the description of many pro-
cesses in elementary particle and nuclear physics as for
instance, in the analysis of K;3 decays, the decay-rate ratio
I'n — yy)/T(@° — yy), and level shifts and widths
in pionic atoms [5-7]. Kozac and Collaborators [8] found
that the DKP-based deuteron-nucleus optical potential are
in close agreement with those obtained in other approachs
[9,10]. Fischbach and co-authors definite a testable predic-
tion of a kinematic zero at t = (mg + my)? in the “effec-
tive” scalar form factor [5]. The same authors conclude that,
based on others studies [11,12], the DKP equation is supe-
rior to the Klein—Gordon (KG) equation for the description of
scalar particles [13]. Willey and Collaborators [14] applied
the standard S-matrix kinematic analysis and showed that
the form factors are free of kinematic singularities or con-
straints. Aydin and Barut [15] obtained the energy spectra
and the branching ratio of the two K;3 modes and the 7.3
decay rate with good agreement to experiment. The DKP
formalism has also applications in other contexts, as such,
in noncommutative phase space [16], in very special rela-
tivity (VSR) symmetries [17], in Bose—Einstein condensates
[18,19], in topological defects [20,21], in thermodynamics
properties [22], in topological semimetals [23], in noninertial
effect of rotating frames [24], among others.

Although the formalisms are equivalent in the case of min-
imally coupled vector interactions [25-27] , the DKP for-
malism enjoys a richness of couplings not capable of being
expressed in the KG and Proca theories [28,29]. The nonmin-
imal vector interaction refers to a kind of charge conjugate
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invariant coupling that behaves like a vector under a Lorentz
transformation. Nonminimal vector potentials, added by
other kinds of Lorentz structures, have already been used
in a phenomenological context for describing the scattering
of mesons by nuclei [30-33], but it should be mentioned
that the nonminimal vector couplings have been improperly
used. Other misconception is found in Refs. [30,31], where
the space component of the nonminimal vector potential is
absorbed into the spinor. However, as it is shown in [34],
there is no chance to discard this term. Recently, the demand
for a conserved four-current has been used to point out a
misleading treatment in the literature regarding analytical
solutions for nonminimal vector interactions (see [35] for a
comprehensive list of references). Elsewhere [36], using the
proper form of the nonminimal vector coupling and consid-
ering spherically symmetric potential functions, it has been
shown that the solution for the problem can be found in a clear
and transparent way in terms of a Schrodinger-like equation
for just one component of the DKP spinor and the remaining
components are expressed in terms of that one in a simple
way. Also, it has been shown that the proper boundary condi-
tions are imposed in a simple way by observing the absence
of Dirac delta potentials. On the other hand, the Coulomb
problem has been intensively studied because of its intrinsic
interest and also for applications in different research fields.
The Coulomb problem in the context of the DKP equation has
been reported in the literature for minimal vector Coulomb
interaction [37-39] and for scalar Coulomb interaction [40].
To the best of our knowledge, no one has reported on the
solution of scalar bosons with a full vector Coulomb inter-
action.

In the present work, we show the correct use of the non-
minimal vector interaction in view of misconceptions prop-
agated in the literature and we address the problem of scalar
bosons embedded in a full vector Coulomb potential. We
show that the Coulomb interaction (whether attractive or
repulsive) leads to a Whittaker differential equation. The
behavior of the scattering and bound-state solutions as well
as the restrictions on the potential parameters are discussed
in detail. This work treats mathematical aspects that may be
important in nuclear physics but are important by themselves
because they are closed analytical results. Mesons are sub-
mitted to strong interactions that are emulated on the mean
field theory by a external potential. Beyond its intrinsic inter-
est, the Coulomb interaction is a long-range like, but allows
us to obtain analytical solutions that can give us a heuristic
look of strong interactions in the tail, so that the new results
reported in the present work are very important for a better
understanding in the phenomenological description of elastic
meson-nucleus scattering.

This work is organized as follows. In Sect. 2, we give a
brief review on the DKP equation. We discuss the condition
on the interactions which leads to a conserved current (Sect.
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2.1). In Sect. 3, we concentrate our efforts on the full vec-
tor interaction. In particular, we focus on the case of scalar
bosons and obtain the equation of motion, which describes
the relativistic quantum dynamics (Sect. 3.1). Considering
the Coulomb interaction, we find the scattering and bound-
state solutions (Sects. 3.3, 3.4, respectively). Finally, in Sect.
4 we present our conclusions.

2 Review on DKP equation

We consider the Lagrangian density for the free DKP field
(with units in which 7 =c¢ = 1)

L = ’5 [FB" (0,9 — (8,%) B*Y] — miryr 1)

where the adjoint spinor ¥ is given by ¥ = ¥n° with
n® = 28°8% — 1 in such a way that (n°8*)" = n°B# (the
matrices B are Hermitian with respect to ). The matrices
B satisfy the algebra

BIB'B+ B BB" =g B + g B @)

and the metric tensor is g"” =diag (1, —1, —1, —1). The
algebra expressed by (2) generates a set of 126 indepen-
dent matrices whose irreducible representations are a trivial
representation, a five-dimensional representation describing
the spin-zero particles and a ten-dimensional representation
associated to spin-one particles.

The equation of motion obtained from the Lagrangian (1),
is given by [4]

(iB" —m)y =0 3)

This equation is covariant under Lorentz transformation (see
Appendix A)
A well-known conserved four-current is given by

I =S upty @

N =

where the adjoint spinor ¥ is given by ¥ = ¥ 5" with
n% = 28°8% — 1 in such a way that (n°8*)" = " (the
matrices f* are Hermitian with respect to n°). Despite the
similarity to the Dirac equation, the DKP equation involves
singular matrices, the time component of J* is not positive
definite and the case of massless bosons cannot be obtained
by a limiting process [41]. Nevertheless, the matrices 8/ plus
the unit operator generate a ring consistent with integer-spin
algebra and J© may be interpreted as a charge density. The
factor 1/2 multiplying ¥ 8* v, of no importance regarding
the conservation law, is in order to hand over a charge den-
sity conformable to that one used in the KG theory and its
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nonrelativistic limit [34]. The normalization condition for
bound-state solutions [ dt J O = 41 can be expressed as

fdt vpy = +2 &)

where the plus (minus) sign must be used for a positive (neg-
ative) charge.

2.1 Interaction in the Duffin—Kemmer—Petiau equation

With the introduction of interactions, the Lagrangian density
for the DKP field becomes
i

L= [1/7.3# (alﬂ/f) - (8;L1/_/) ,3#1)0] - m?,DI// - 1/_/U1// (6)

N |

where the more general potential matrix U is written in
terms of 25 (100) linearly independent matrices pertinent to
five (ten)-dimensional irreducible representation associated
to the scalar (vector) sector. The equation of motion obtained
from the Lagrangian (6), is given by

(iB"3,—m—U)y =0. (7

In the presence of interaction, J# satisfies the equation
3" + ’5 " (U — nOUTnO) v =0. 8)

Thus, if U is Hermitian with respect to no then four-current
will be conserved. The potential matrix U can be written in
terms of well-defined Lorentz structures. For the spin-zero
sector there are two scalar, two vector and two tensor terms
[28], whereas for the spin-one sector there are two scalar,
two vector, a pseudoscalar, two pseudovector and eight ten-
sor terms [29]. The tensor terms have been avoided in appli-
cations because they furnish noncausal effects [28,29]. The
condition (8 ) has been used to point out a misleading treat-
ment in the recent literature regarding solutions for nonmin-
imal vector interactions [35,42-44].

3 Vector interactions in the DKP equation

Considering only the vector terms, the DKP equation can be
written as

(i,B”BM —m—grAD [P, ﬁ“]A}})) =0 ©)

where P is a projection operator (P> = P and PT = P)
in such a way that [P, B*]y behaves like a vector under a
Lorentz transformation as does y 8*1. Here, A,(}) and A,(E)
are the four-vector potential functions. Notice that the vector
potential A,(}) is minimally coupled but not A,(f). One very

important point to note is that this potential leads to a con-
served four-current but the same does not happen if instead
of i[ P, B"] one uses either PB* or B* P, as in [30-33]. As
a matter of fact, in [30] it is mentioned that PB* and g* P
produce identical results.

The invariance of the nonminimal vector potential under
charge conjugation means that it does not couple to the
charge of the boson. In other words, A,(E) does not distin-
guish particles from antiparticles. Hence, whether one con-
siders spin-zero or spin-one bosons, this sort of interaction
cannot exhibit Klein’s paradox [34]. On the other hand, the
charge-conjugation operation changes the sign of the mini-
mal interaction potential, i.e., changes the sign of A,(P (see
Appendix B).

If the potential is time-independent one can write
Y(r,t) = ¢(r)exp(—iEt), where E is the energy of the
boson, in such a way that the time-independent DKP equa-
tion becomes

(ﬂOE +if-V—m—prA} —i[P, ﬂ“]A}f)) ¢ =0.
(10)

In this case J* = ¢ B¢ /2 does not depend on time, so that
the spinor ¢ describes a stationary state.

3.1 Scalar sector

For the case of spin-zero (scalar sector), the 8/ matrices are
[44]

o_ (0 0 _( 0 »

(12)
2 (0 =1 0 3 (0 0 -1

p‘(o 0 0)’ p‘(o 0 0)
0, 0and 0 are 2 x 3,2 x2 and 3 x 3 zero matrices, respectively,
while the superscript T designates matrix transposition. In
this representation P = % (B*Bu — 1) = diag (1,0,0,0,0),
i.e. P projects out the first component of the DKP spinor. The
five-component spinor can be written as ¢! = (¢1, ..., ¢5)

and the three-dimensional DKP equation for scalar bosons
becomes

[(iv + A<1>)2 FV.AD 4 (A(2)>2:| b =Kp (13

@ Springer
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¢ = % (E — AV iA(‘f)) o1 (14)
¢ = (V —iAM — A<2>) o1 (15)
where

K2 = (E - Agl>)2 —m? (Ag2>)2 (16)
and

£ = (€1, 02.63) = (@3 64, 95). (17)

Note that Egs. (13), (14) and (15) clearly show that the DKP
spinor has an excess of components. We can see that ¢; is
the independent component of the DKP spinor ¢, which is
associated to correct physical component and represents a
complex scalar field [27]. The other 4 components of ¢ are
superfluous components, which are expressed in terms of ¢ .
Meanwhile,
E— A

JO= ——0 |2,
m

1
I = [m(¢F Vo) - ACIei?). (18)

If we consider spherically symmetric potentials

i
(A@) @) = (A8, APCRF). a=1.2 (9
then the DKP equation permits the factorization

Uy (r)eiA

¢1(r) = Yim, (0, ¢) (20)

where Aﬁl) = dA/dr, Y}y, is the usual spherical har-
monic, with [ = 0,1,2,..., m; = —I,—-l +1,...,1,
fdQ Yl’fnl Yim, = 81178m;m,, and « stands for all quantum

numbers which may be necessary to characterize ¢. For
r # 0 the radial function u obeys the radial equation

42 AY 4A® g+ 2
v kz_zL_ir_Q_(A?» u=0.
dr? r dr r2

(2D
If the potentials Agl), A(()z) and Aﬁz) go to zero at large dis-

tances the proper solution has the asymptotic behavior ¢/X”
as r — 0o, with

K =VE? —m2. (22)

Therefore, scattering states occur only if K € R, whereas
bound states occur only if K = i|K|. Furthermore, in the

@ Springer

case of bound-state solutions the condition f dt JO = +1
implies

E [ L BN O
= drwlP—— | dr AP =41 (23)
m Jo m Jo

Therefore, for motion in a central field, the solution of
the three-dimensional DKP equation can be found by solv-
ing a Schrodinger-like equation. The other components are
obtained from (14) and (15). Due to the spherical symmetry,
Eq. (21) does not depend on m;. Hence, for each [ the energy
is degenerate 2/ + 1 times (essential degeneracy).

3.2 Full vector Coulomb potential

Let us consider the vector terms in the form

) ©) @)
M _ % @ _ % 2 _ %
Ay === Ay = A§>_T. (24)

Substituting (24) in (21), we obtain

d2u o o +Ill+1)
_ K2 _— = 0, 25
az " [ r r2 i|u (25)
with
o] = 2Ea61), (26)
2 2
w=a?@? +1) - (agn) - (a32>) . @7
Using the abbreviations
1\2

== (29)
n= K’
and the change z = —2i Kr, Eq. (25) becomes
d%u 1 in  1/4—y}
— —— —— 4+ ——|u=0. 30
iz + ( i + = u (30)

This second-order differential equation is the so-called Whit-
taker equation, which has two linearly independent solutions
M_iy.,,(z) and W_;, ,, behaving like z!/27 and z!/277
close to the origin, respectively. Owing to the normalization
condition expressed by Eq. (23), u must behave as r¢ near
the origin with Re(e) > 0 so that only the particular solu-
tion M_;y 4, (z) with y; > 0 is allowed. The solution can be
written as

u(z) = Ae 2 PMM (12 4y +in, L+ 2y, (B
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where A is a arbitrary constant,
oy > —1/4, 32)

and M (a, b, z) is the confluent hypergeometric function
(Kummer’s function) [45] with the asymptotic behavior for
large |z| and —37” <argz < —7 [45]

I'(b)

re)
T(b—a)

['(a)

—ima _—a
+

M(a,b,z) ~ 740, (33)

3.3 Scattering states

We can show that for |[z] > 1 and K € R the asymptotic
behavior dictated by (33) implies

u(r) >~ sin <Kr — %T + 81> (34)

where the relativistic Coulomb phase shift §; = §; (n) is given
by

b
b= (U+12=y)+agl (124 y +in). (35)

For scattering states, the solution of the DKP equation (13)
has the asymptotic form

iKr

e—lA¢l (r) ~ eiKrcosG + f(e’ (p) € (36)

s
where the first term represents a plane wave moving along
the direction & = 0 toward the scatterer, and the second term
represents a radially outgoing wave. For spherically symmet-
ric scatterers, both terms exhibit cylindrical symmetry about
the direction of incidence in such a way that ¢; and f are
independent of ¢. The connection between the forms (20) and
(36) allows us to write the scattering amplitude as a partial
wave series

f® = Z 21+ 1) fiP; (cosB), 37

=0

where P is the Legendre polynomial of order / and the partial
scattering amplitude is f; = (e*® —1) /(2iK). With the
phase shift (35), up to a logarithmic phase inherent to the
Coulomb field, we find

T (+1/2-y) Cd/2+y+ “7).
LA/24y—in)

2iKf; =—1+ (38)

The series (37) can be summed only when y; =1+ 1/2, i.e.
when

o =0, (39)

The closed form being [46]

I+ ”7) e—inlnsin29/2

FO =150 2k stz

0 +£0, (40)

which gives the well-known Rutherford scattering formula
for the differential cross section in classical and nonrelativis-
tic quantum mechanics. This happens because the condition
(39) implies that the scalar boson is effectively under the
influence of a Coulomb potential (without inversely quadratic
terms).

3.4 Bound states

If K = i|K|, the partial scattering amplitude becomes infi-
nite when 1/2 + ¢y +in = —n, wheren = 0,1,2,...,
due to the poles of the gamma function in the numerator of
(38), and (33) implies that u tends to r!/2Tv+ne=IKIr for
large r. Therefore, bound-state solutions are possible only
fora; < 0,1i.e., when E 2 0 and aél) < 0 and the spectrum
is expressed as

sgn (a(()l)) m

2
(«")

(n+yi+1/2)%

E=- (41)

1+

Because M(—n, b, z) is proportional to the generalized
Laguerre polynomial Lf,b_l) (z) [45] and using a pair of inte-
gral formulas involving szb_l) (z) [47] one can finally write

¢1 as

. _ leey Ir
$1(r) = Ne' A pri=1/2 o7 204y +172)

@) lag|r
L — | Y1y, (6, 42
X Ly <n+yz+1/2> lm/( <.0) ( )
with
|E| 22y+1 |K|2y/+2 n!
= (43)

m m+y+1/2)Tm+2y+1)

where the radial quantum number 7 is related to the number of
zeros of ¢1 . In addition to the essential degeneracy mentioned
before, accidental degeneracy exists when oy = 0. In this
case E depends on n and [ through the combination n + [ in
such a way that each energy is (n + [ + 1)?>-fold degenerate.

4 Conclusions
In this work, we have addressed the relativistic quan-

tum dynamics of scalar bosons embedded in a full vector
Coulomb interaction in the context of the DKP formalism.

@ Springer
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We showed that using the proper form of the full vector inter-
action and considering a Coulomb potential (whether attrac-
tive or repulsive) the scattering and bound-state solutions can
be obtained by solving a Whittaker differential equation.

For scattering solutions, we calculated the relativistic
Coulomb phase shift and expressed the scattering amplitude
as a partial wave sum for the general case of vector inter-
actions. The space component of the minimal coupling con-
tributes only with an /-independent phase factor in the partial
wave. The scattering amplitude can be summed only when
y =14 1/2 (ap = 0). In this particular case, the closed
form leads to the Rutherford scattering formula for the dif-
ferential cross section. Incidentally, the Rutherford scattering
formula requires the presence of the space component of the
nonminimal coupling and it is valid even if the interactions
are strong. Furthermore, the Rutherford cross section van-
ishes in the absence of the time component of the minimal
coupling making the interaction transparent. Of course, our
results are valid in the approximation y; >~ [+ 1/2 (ax =~ 0).

On the other hand, the existence of bound-state solutions
requires the presence of the time component of the minimal
coupling (aél) # 0) , binding particles (antiparticles) with
positive (negative) energies in the case of an attractive (a
repulsive) potential and so the spontaneous pair production
is not a possibility. The usual accidental degeneracy in the
bound-state spectrum only exists when the potential parame-
ters obey the very same restriction that leads the closed-form
amplitude scattering (wp = 0, or o> 2~ 0 in a approximation
scheme).

We showed that the many ways that a Coulomb potential
can couple to bosons in the DKP formalism make a differ-
ence in hadronic process. We believe that the results reported
in the present work are an important contribution for a bet-
ter understanding of those phenomenological descriptions
by the DKP formalism. A more detailed study of the inter-
action between mesons and nucleus can be accomplished by
adding a short-range phenomenological potential apart from
long-range. A refined calculation of this process should use
computational methods to obtain phase-shifts which can be
compared with our results obtained in a closed form. Finally,
it is worthwhile to mention that the DKP formalism holds a
large number of couplings, not only electromagnetic interac-
tions, which enables one to emulate a mean field theory for
describing the hadron interactions. This large number of cou-
plings makes the DKP formalism a great tool for physicists as
regards a phenomenological description of nuclear processes.
Our results can be seen as a first step for future applications
in nuclear processes, this is currently under study and will be
reported elsewhere.
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Appendix A: Lorentz covariance of the DKP equation

Under a Lorentz transformation x’ # = A* ,x" we have

v =U)Y, (44)
U~'BrU = A* ,BY. (45)

For the case of an infinitesimal transformation, we have
Aty =84, + Aot (Awyy = —Awyy,) With

1
U=1+ EAlwle’ (46)

where SV = [B#, 8] and for a finite Lorentz transformation
we obtain

_ 1 v
U =exp 2Aa),wS . 47

Appendix A.1: Scalar sector

To select the physical component of the DKP field for the
scalar sector (spin-0 sector), we define the operators [48]

S (@Y ) ) e

which satisfy

P2 =p, (49)
PHBY = Pgh, (50)
PS* = S"'P =0, (51)

PrS" = v pr — it pY. (52)

As shown in [48]
(Py) = Py, (53)
(PHy) = A, PHy, (54)

so that Py and P* transform as a (pseudo) scalar and a
(pseudo) vector under an infinitesimal Lorentz transforma-
tion, respectively. Applying P and P* to the DKP equation
(3) and combining the results, we get

(aua“ + m2) (Py) = 0. (55)
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This result tell us that all elements of the column matrix
Py obey the KG equation. Then, acting with P upon the
spinor DKP v selects the scalar sector of DKP theory, making
explicitly clear that it describes a spin-0 particle. Following
this innovative view of the DKP spinor, Ref. [26] shows that
the redundant components of i are projected out, ¥ and Py
are both compatible with gauge invariance.

Appendix A.2: Vector sector
Now we discuss the vector sector (spin-1 sector) of the DKP
theory. Similar to the scalar sector, we can select the physical

components of the DKP field for the spin-1 sector, so we
define the operators

=) (P () (o). =

(56)
which satisfy
R™ = —R"M, (57)
RMVBY — RIg" _ RV ghe, (58)
RESYM — ghVR* _ gl RV, (59)
RWVS§eB — gvaR/tﬂ _ g/thVﬂ _ gVﬂRiux + guﬂRva.
(60)
As shown in [48]
(Rfy) = A5 R, (61)
(R Y) = A5 A" Ry, (62)

so that R*yr and R*'y transform as (pseudo) vector and
(pseudo) tensor quantities under an infinitesimal Lorentz
transformation, respectively. Again, applying R* and R*" to
the DKP equation (3) and combining the results, we obtain

U™ + m>R*y =0, (63)

UM = 9*R"y — 3" R™. (64)

These results tell us that all elements of the column matrix
R*"r obey the Proca equation. So, similar to the scalar sector,
this procedure selects the vector sector of the DKP theory,
making explicitly clear that it describes a spin-1 particle.

Appendix B: Symmetries of the DKP equation

Appendix B.1: Parity

The DKP equation is invariant under the parity operation, i.e.
whenr — —r, if Afl) and Agz) change sign, whereas A(()l)

and A(()z) remain the same. This happens due to the parity
operator is

P =exp (i8p) Pon’, (65)

where dp is a constant phase and Py changes r into —r.
Because this unitary operator anticommutes with A’ and
[P.B']. they change sign under a parity transformation,
whereas B° and [P, °], which commute with 7°, remain
the same. Since §p = 0 or §p = m, the spinor components
have definite parities.

Appendix B.2: Charge conjugation

The charge-conjugation operation changes the sign of the
minimal interaction potential, i.e. changes the sign of A,(Ll).
This can be accomplished by the transformation Y — ¢ =
Cy = CK, where K denotes the complex conjugation and
C is a unitary matrix such that Cg* = —pB*C. The matrix
that satisfies this relation is

C =exp (isc) n'n'. (66)

The phase factor exp (i5¢) is equal to £1; therefore £ —
—E. Note also that J# — —J*, as should be expected for
a charge current. Meanwhile C anticommutes with [P, f*]
an((zi) the charge-conjugation operation entails no change on
Ay

Appendix B.3: Time reversal

The DKP equation is invariant under the time-reversal trans-
formation, i.e. when t — —t, if A;l) and A(()z) change sign,
whereas A(()l) and Al@ remain the same. This is because the
time-reversal operator is

T = exp (i67) Ton®, (67)

where §7 is a constant phase and Ty denotes the complex con-
jugation and changes ¢ into —¢. Because this unitary operator
anticommutes with A’ and [P, B i], they change sign under a
time-reversal transformation, whereas ° and [ P, °] remain
the same.

Appendix B.4: PCT
The DKP equation is invariant under the PC7 transforma-

tion, if both sorts of vector potential, change sign. Our results
can be summarized in Table 1.
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Table 1 Summary of the results for the behavior of the minimal and

no

“_

nminimal vector interactions under P, C, 7 and PC7 . Here “+” and
mean “no change sign” and “change sign”, respectively

Ve

ctor interaction P C T PCT

+ - + -
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