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RESUMO

Esta tese é baseada em trés assuntos estudados concomitantemente. No primeiro
assunto, estudamos ciclos limite para uma classe de sistemas diferenciais continuos
por partes, onde lidamos com ciclos limite (existéncia e niUmero maximo) em sistemas
diferenciais continuos por partes com uma separacao de uma linha ndo regular, onde
temos um centro linear e um centro isécrono (quatro tipos diferentes) em cada uma das
duas regides que o plano é dividido por uma linha ndo regular. No segundo assunto,
estudamos novas familias de centros cubicos globais, onde lidamos com a pesquisa de
centros globais em um determinado sistema baseado em um teorema que esclarece
a existéncia de centros locais sobre certas condigdes dos parametros envolvidos. No
terceiro assunto, estudamos ciclos limite para um sistema diferencial quadratico linear
continuo por partes, onde lidamos com um sistema diferencial continuo por partes
composto por um campo quadratico e um campo linear separados pela linha x = 0,
gue nao apresenta ciclos limite quando consideramos eles isoladamente, mas quando
aplicamos a regularizacdo de Sotomayor-Teixeira, este sistema continuo por partes
apresenta um ciclo limite na origem e, mais ainda, o sistema se transforma em um

sistema slow fast.

Palavras-chave: Sistemas dindmicos, Ciclos limite, Sistemas diferenciais continuos
por partes, Ciclos canard, Centro global.






ABSTRACT

This thesis is based on three subjects studied. In the first subject, we study limit cycles
for a class of discontinuous piecewise differential systems, where we deal with limit
cycles (existence and maximum number) in discontinuous piecewise differential system
separated by a non regular line where we have a linear center and a isochronous center
(4 different types) in each one of the two regions that the plane is divided by the non
regular line. In the second subject, we study new families of global cubic centers,
where we deal with the search of global centers in a determined system, based on
a theorem that elucidades under some parameters conditions the existence of local
centers. In the third subject, we study limit cycles for a quadratic-linear discontinuous
piecewise differential system, where we deal with a discontinuous piecewise differential
system composed by a quadratic and a linear system separated by the line x = 0, that
do not present limit cycles when we consider them isolatedly, but when we apply the
Sotomayor-Teixeira regularization, this piecewise discontinuous system presents a limit

cycle at the origin and, moreover, the system transforms in a slow fast system.

Keywords: Dynamical systems, Limit cycles, Piecewise discontinuous differential sys-
tems, Canard cycles, Global center.
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1 Introduction

This thesis is composed by three different subjects related mainly to limit cycles and
centers. In this chapter we introduce the concepts and definitions needed for an whole
understanding of Chapter [2] and [3] In the first section we deal with limit cycles for a
specific class of discontinuous piecewise systems, in the second section we study local and
global centers for a determined class of systems and, in Chapter [d, we study the canard
phenomenon in a non-smooth system of Lienard type where we use regularization and
blow-up techniques.

In a general view, the first subject is based on the study of the existence of limit cycles
at the origin of R?, with a discontinuity region ¥ and two regions X+ and Y~ where are
acting the normal form of the linear center at the origin and one of the four normal forms
of cubic isochronous centers extracted from the Theorem (1| represented as X; and X, in
the Figure [1.1]

X1 (z,y) = (fi(z,9), 01 (7,9))
St ={(z,y) e R*z >0,y > 0}

g R Xo (:L',y) = (f2 (I,y) ) g2 (l’,y))
Y- ={(z,y) € R%y <0, ouz <0ey >0}

Figura 1.1: Discontinuity region. Figure made by the author.

We consider different configurations of limit cycles, with only one intersection with
each one of the semi-axes and with two intersections with each one of the semi-axes, as
showed in Figure . The cases that present only intersections with one semi-axis (two
intersections) as showed in (1.2l were already studied in [I]. We found limit cycles with the
combinations X, — X;, i € {1,2, 3,4}, regardless the order (i.e., X. = X; or X; = Xj), in
the case with only one intersection with each one of the semi-axes. In the cases with two
intersections with each one of the semi-axes, limit cycles do not exist.

The second subject studied consists in a search of the existence of global center for a
determined planar system already studied in a past article [64], related to the search
of local centers (Theorem [12). Based on system and the parameters conditions

19
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(Oa yQ)

(Oa yl)

Figura 1.2: Types of limit cycles studied. Figure made by the author.

estabilished on the statements of the Theorem [12|related to the existence of local centers,
we analyse parameters conditions that determine the existence of a global center at the
origin of the coordinate system in R%. The system has applications in astrophysics.

We begin this study through the application of the Poincaré compactification to the
system for analysing the infinite equilibria that possibly emerge in the chart U; and
in the origin of the chart U,, which is enough to cover every infinite equilibrium point
that can exist in system (1.3). Then, we need to become as a necessary condition the
Jacobian matrices related to the infinite equilibria null, with the purpose of verifying if
these infinite equilibria can be formed by a meeting of hyperbolic sectors. After this, we
apply the vertical blow up in all infinite equilibria of the charts U; and U, to examinate
if they are saddles, nodes or saddle-nodes. The meeting of hyperbolic sectors can emerge
only in the case that the infinite equilibrium point is a saddle (all the infinite equilibria
must be formed by a meeting of hyperbolic sectors, otherwise the system can not
present a global center). Through these actions, conditions about the parameters are
estabilished and then we can verify if the origin is the unique finite equilibrium point of
the system . Then the system present a global center under one of the ten
statements of Theorem [12] and additional conditions obtained from this analysis.

A detailed analysis of the third subject studied can be found in Chapter [4]

1.1 Limit Cycles for a Class of Discontinuous Pie-
cewise Differential Systems

1.1.1 A Brief Introduction on Non-Smooth Systems

In the last years a considerable interest in studying non-smooth systems grew. A
central motivation is due to the many applications in real problems and the rich dynamics
that these systems have. For example, applications of non-smooth systems is found in
physics, control systems, eletrical engineering, dynamics of neurons, climate changes and
problems involving impact, friction, and others, see for instance [13, 19, 23], (30}, 34} 46, 48,
67, [75), [76], [79] and applications therein. A good reason for which non-smooth systems are
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suitable models for several practical problems is the fact that they can take fast transitions
between two states so fast that we can figure them as being discontinuous, as those which
occur in on/off electrical systems, see [30]. Therefore, instead of assuming smooth changes
in the position or the velocity of some state, a non-smooth model may use discontinuous
functions (step or sign functions, for example) to get a more realistic phase portrait of
the problem.

The study of the discontinuous piecewise differential systems has attracted attention
of mathematicians during these past decades due to their applications. These piecewise
differential systems in the plane are formed by different differential systems defined in
distinct regions, separated by a curve. Filipov, in 1988, provided the theoretical bases
for these kinds of differential systems. Nowadays, a vast literature of these differential
systems is available. For instance, see the books of [30], [52], [53] and [73]. As for the
smooth differential systems, the study of the existence and location of limit cycles on the
piecewise differential systems is also of great importance.

In a piecewise system we have a sudden break in the law that governs the vector
field. This break could be subtle like in a non smooth continuous system, i.e., a kind of
system that keeps the continuity despite the loss of diferenciability, but this break could
be stronger, like in the situation that we have a loss of continuity in the vector field too.
In other words, when a piecewise non-smooth system is of class C° but not of class C*,
we have a continuous system and when we have a system that is neither of class C°, we
have a discontinuous system.

It is important to notice that non-smooth systems present more complex dynamics
than analogous smooth systems, even in the simplest situations. In fact, nonlinearities and
nondeterminism appear, for example, in systems without equilibria. It happens basically
due to the existence of a positive co-dimension manifold where the system is discontinuous,
i.e., these systems have branches of smooth systems with interaction at the discontinuity
region. The dynamics is therefore as complex than the complexity of those branches and
the geometry of the manifold, with the simplest case being a non-smooth linear system
having a straight line as a discontinuity set. Another important element in the study of
non-smooth systems is the notion of trajectories. The indeterminacy relies on the way
that the trajectories of each branch interact on the discontinuity set, because outside this
set the dynamics is governed according to the existence and uniqueness theorem from the
classical theory of ordinary differential equations. There are some distinct conventions
in the literature as, for instance, the Filippov convention [37] used in this thesis, the
paper of Broucke, Pugh and Simic [I3] and the Barbashin’s, Caratheodory’s and Utkin’s
conventions, see [30]. Related to the nondeterminism, probabilistic approaches can also
take place, see for instance [74].

We briefly introduce a non-smooth system for the particular discontinuity set that we
consider throughout this chapter. We denote ¥ the discontinuity set or switching manifold
that is the separating boundary of the region X7 = Q; = {(z,y) € R*};x > 0 and y > 0},
being Q; the first quadrant and ¥~ = R?\ Q;UX. Indeed, we estabilish 3 = ;U where
Y= {fl_l 0);z > 0} and Yo = {fz_l 0),y > 0}, with f1 (z,y) =y and f5 (z,y) = .

We designate by X the space of C" vector fields on R? (vector fields that present all
the partial derivatives continuous until order r), equipped with the C"-topology, i.e., two
vector fields X = (P,Q1) and Y = (P, Q2) are close in the C"-topology if P, — P,
Q1 — Q2 and all their partial derivatives until the order r are small enough too, with
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r > 1, and by Q" the space of vector fields Z : R? — R? given by

2= {3y & E0ed )

where X = (X1, X5), Y = (Y1,Y2) € X and the trajectories of Z are solutions of the non-
smooth system ¢ = Z (¢). Moreover the space Q" is equipped with the product topology,
and we note that Z is multivalued at the points of 3.

1.1.2 Limit Cycles in Non-Smooth Systems

A limit cycle is a periodic orbit of a differential system which is isolated in the set of
all periodic orbits of the system. In order to determine the dynamics of a given planar
differential system, we need to know if it has or not limit cycles and if it has, how many
and what are their distribution on the plane.

Limit cycles appear in many areas of research. For example, for explaining physical
phenomena like in van der Pol equation [77], or in the Belousov-Zhavotinsky model [8].
In addition the limit cycles are useful in control theory, electrical circuits, economics, etc.

The limit cycles, which are the central problem of the Hilbert 16th problem have their
dynamics related to study the existence, the number and the distribution of limit cycles
and, moreover, the appearance and robustness of such objects. In the non-smooth context
the Hilbert question becomes even harder, because beyond limit cycles there exist other
types of different periodic trajectories like the sliding ones, related to the so-called sliding
motion.

The simplest non-smooth system consists of a continuous non-smooth linear system
separated by a straight line and it is known that such systems have at most one limit cycle,
see [35, [56), 65, [66]. On the other hand, if the non-smooth linear system is discontinuous
and separated by a straight line, there exists some results providing an upper bound
for the number of limit cycles, see [12, 16, 36, 41], 44l 57, [72]. Although several papers
indicated that such an upper bound may be three, in the paper [20], the upper bound is
limited by eight limit cycles.

A particular kind of non-smooth linear system is considered by Llibre and Teixeira in
[61], where the authors proved that, when both of linear systems are of the center type,
the continuous or discontinuous non-smooth linear system has no limit cycles. Moreover,
it was proved that a continuous non-smooth linear system separated by two paralell
straight lines, formed by three linear centers does not present limit cycles. But when are
considered two paralell straight lines with discontinuous systems, formed by three linear
centers presents at most one limit cycle and, moreover, were found particular cases of
such systems having a limit cycle. Thus the results obtained from [61] suggest that the
switching manifold plays an important role in the existence of limit cycles.

In this thesis we consider a non-regular switching manifold at the origin. This approach
was considered by others authors as for instance, Llibre and Zhang [63], where they proved
that non-smooth linear systems formed by three linear centers and separated by the set
Y={(z,y); y=0o0rz =0andy > 0} can have at most three limit cycles. With this set
Y. and considering saddles and centers, the same bound was obtained in [81] but when is
considered a focus-focus type system, five limit cycles was gotten. There is also the work
from Braga and Mello [I2] which studies the number of crossing limit cycles bifurcating
from two or three period annuli in discontinuous planar linear Hamiltonian differential
systems with three zones.
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When the separation line is formed by two semi-straight lines that coincide in the
origin, forming an angle 6 with the z-axis, with 6 € (0,7), Cardin and Torregrosa [1§]
proved that the system with a perturbation of the linear center presents five limit cycles.
With the same separation line, but fixing § = /2, Huan and Yang [43] provided an
example of a focus-focus type system with five limit cycles as well. The authors also
proved that is enough to study the case when the angle is § = /2, because they showed
that there is an invertible linear transformation that takes the system with 6 € (0, 7) in
the system with 6 = 7/2.

The case that we have two centers separated by two semi-straight lines with an inicial
point in common, as far as we know, two papers worked with these kind of problems, see
[33, 80], where the authors provide upper bounds for the number of crossing limit cycles
in some types of center-center systems having two or four intersection with the switching
manifold.

1.1.3 The Interaction Between Trajectories of X,.Y € X and X

Consider the Lie derivatives X f (p) = (Vf(p), X(p)), with (.,.) being the usual inner
product in R?. For our purpose we assume that X (p) # 0, because we work only with
cases where the vector field is not null at the point p in the discontinuity region ». We
classify the points on > according to one of the three following types described below
and considering ¥; = {f{l 0);2 > O} and Yo = {f{l 0),y > Oi, with f; (z,y) = y and
f2 (ZL’, y) =T

Generic points on X. If (Vf (p), X (p)) # 0and (Vf(p),Y (p)) # 0, we distinguish
the following regions on the set ¥\ {(0,0)}.

o X¢ C 3 is the crossing region when (X f;) (Y fi) > 01in X¢, i = 1,2.
o X¢ C Y, is the escaping region when (X f;) > 0and (Y f;) <0in X5, i =1,2.
o X¢f C Y is the sliding region when (X f;) <0 and (Y f;) > 01in 35, ¢ =1, 2.

Dynamics on ¥{UX? and ¥;-regular points. When ¢ € XfUY? 7 = 1,2, following
the Filippov convention described in [37], we can define the sliding vector field associ-
ated to Z € €)". Hence the sliding vector field associated to Z € Q" is the vector field
Z° tangent to X¢ U Y7 at ¢ and given by

75 (g) = Y (q) fi(q) X (q9) = X (q) fi (@) Y (q)
Y (q) fi(0) — X (q) fi (q) '

We say that ¢ € ¥; is Xj-regular if (X fi (q)) (Y fi(¢)) > 0 or (Xf;(q)) (Y fi(q)) <O
and Z° (q) # 0, i.e.,, ¢ € X U7 and it is a regular point of Z°.

Y;-singular points and tangential points. The points of ¥J; that are not Y;-regular
are denominated Y;-singular. We have two subsets in the set of ¥;-singular, namely X!
and X¥. Any point g € ¥¥ is called a pseudo equilibrium of Z and it is characterized by
Z%(q) = 0. Any point g € X! is called a tangential singularity or a tangency point of
Z and it is characterized by (X f; (q)) (Y f; (¢)) = 0, where ¢ is a tangential contact point
between the trajectories of X and/or Y with 3; at the point ¢ € ;.

Contact order and visibility of tangent trajectories to >». For a given vector
field W € X, we say that r is the contact order of the trajectory I'y, with 3 at p when we
have W¥f; (p) = 0,Vk =1,...,r—1and W"f; (p) # 0, where W™ f; (p) = W (W™ f; (p)),




Limit Cycles for a Class of Discontinuous Piecewise Differential Systems 24

with £ > 2. If W = X or Y, we say that p € ¥ is an invisible tangential point when
the contact order with Iy (or I'y) passing through p is even and X" f; (p) < 0 (respectively
Y" f; (p) > 0). On the other hand, we say that p € ¥ is a visible tangent point when
the contact order with I'y (or I'y) passing through p is odd or,if it is even, the condition
X" fi (p) > 0 is satisfied (respectively Y f; (p) < 0). A tangential singularity p € X! is
singular if p is an invisible tangent point for both X and Y. On the other hand, p € X!
is regular when it is not singular.

Critical elements and >-non-regular points. We say that p is a critical element
of the system X if p is an equilibrium point or a pseudo equilibrium or a tangency point.
Let p be an equilibrium point of X. We say that p is real if p € ¥ T, otherwise we say that
p is virtual. The same definition follows analogously for the system Y. Moreover, we say
that p is a Y-non-regular point if > is non-regular at p. Therefore, it is not possible to
use Lie derivatives to classify such points. Nevertheless, we say that they are of crossing
type if the trajectories cross it from one side of 3 to another. We say that they are of
sliding or escaping type if they are at the boundary of sliding or escaping regions of
Y7 or X¢ respectively. We say that they are of regular tangential type if either X or YV
has a tangential contact to them. Finally, we say that they are of singular tangential
type when neither X or Y has trajectories out of the region X that can reach it.

Regular and closed trajectories of non-smooth systems. Let W € A and
denote its flow by ¢w (t,p), i.e.,

jt‘bW (t.p) = W (éw (,9)), éw (0.p) = p,

where t € I = I (p,W) C R, and I being an interval that depends on p € V and W.
The next two definitions state the concepts of the local and global trajectory of the non-
smooth systems and there are slight modifications of those presented in [37]. The following
definition can be found in [40], except by item (vi) that we added due to the non-regular
shape of .

Definition 1. The local trajectory ¢z (t,p) of a non-smooth vector field Z given by (|1.1))
is defined as follows:

o (i) Forpe Xt \ X~ and g € ¥~ \ X7T the trajectory is given by ¢z (t,p) = dx (t,p)
and ¢z (t,q) = ¢y (t,q) respectively, where t € I.

o (ii) For p € X¢ such that X f(p) > 0 and Y f(p) > 0 and the time origin at p,
the trajectory is defined as ¢z (t,p) = ¢x (t,p) fort € IN{t >0} and ¢z (t,p) =
oy (t,p) fort € IN{t <0}. For the case X f(p) <0 and Y f (p) < 0 the definition
is analogous, but with reversing time.

e (iti) Taking the origin of the time at p, for p € 3¢ the trajectory is defined as

Oz (t,p) = ¢z (t,p) for t € I N{t <0} and it is either ¢z (t,p) = ¢x (t,p) or
oy (t,p) or ¢z (t,p) = ¢zs (t,p) for t € I N{t>0}. For the case p € 3 the
definition is analogous, but with reversing time.

e (iv) Forp a reqular tangent point and taking the origin of the time at p, the trajectory

is defined as ¢z (t,p) = ¢1(t,p) for t € IN{t <0} and ¢z (t,p) = d2(t,p) for
t € IN{t >0}, where each ¢1 and ¢o is either ¢px or ¢y or ¢zs.

e (v) For p a singular tangent point, we have that ¢z (t,p) = p,Vt € I.
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Figura 1.3: Type of trajectories. Figure made by the author.

e (vi) For p = (0,0), the non-regular point of ¥, the trajectory is defined as in (ii),
(iii), (iv) or (v) if p is a X-non-reqular point of crossing, escaping/sliding, reqular
tangential or singular tangential type, respectively.

The following definition is presented in [14].

Definition 2. A global trajectory Iz (t,po) of Z € Q7, passing through po is an union:

Lz (t,po) = | {os (t,pi) ;s <t <t}
iz

of preserving orientation local trajectories o; (t,p;), satisfying
i (tiv1,pi) = 0iv1 (tiy1, Piv1) = Pia

and t; — +00 as i — £oo. A global trajectory is a positive (respectively negative) global
trajectory if i € N (respectively —i € N) and ty = 0.

Definition 3. Let T'z(t,q) be a global trajectory of system (1.1). We say that Tz is
periodic when 'y is periodic in the wvariable t, i.e., if there exists T > 0 such that

Iz(t+T,q)=Tz(q).
Next definition introduces the different types of periodic trajectories.

Definition 4. Consider the non-smooth vector fields (1.1)). A closed global trajectory A
S a

o (i) crossing periodic trajectory if it is isolated and does mot contain points or seg-
ments in 2 U XS,

o (ii) sliding periodic trajectory if it is isolated and contain points or segments in
Y5 U ¢,

o (iii) tangential periodic trajectory if it is isolated and contains points in 3,
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In Figure [1.3] we have periodic trajectories, the upper left is a crossing cycle, the
upper right is a sliding cycle, the lower left is a tangential cycle and the lower right is an
example of internally center type.

In this thesis we work only with crossing periodic trajectories. Due to the similarity
between a limit cycle from the smooth dynamical systems theory and a crossing periodic
trajectory, from now on we also call it a limit cycle. We emphasize, nonetheless, that it
refers to an object from the non-smooth context and it is not a classical limit cycle.

Concerning item (iv), we also remark that in the literature an internally center type
periodic trajectory does not need to be tangent to a specific region. We also notice that,
due to the discontinuities, two types of internal center types periodic trajectories take
place. On one hand, we have those whose outer small neighborhoods attract or repel
trajectories asymptotically without reach the periodic trajectory. On the other hand, it
can be reached in finite time through sliding trajectories on 3, which is a general case.

1.1.4 Displacement Function

An important tool to study hyperbolicity and stability of periodic trajectories is
the displacement function. Consider X and Y vector fields with centers at the origin,
Py = (x0,y0) an initial condition and assume that both centers of X and Y rotate counter-
clockwise. Denote the solutions associated to the linear vector fields X € Q" and Y € Q0"
by the maps (to, Fo) = (1 (o, o), 22 (to, Fo)) and (to, Po) = (y1 (to, Fo) , 2 (to, o)),
where x1, x5 are the vector components of the system X and vy, yo are the vector compo-
nents of the system Y. Let P = (r,0) € X1 be a point such that P ¢ 27" UX!, let t+ > 0
be the smallest time such that X (t7, P)NYs # () and let t~ > 0 be the smallest time such
that Y (—t~, P) N Xy # (). The first half return map associated with the vector field X
is given implicitly by the transition function p; (P) = (0,29 (t*, P)). Similarly, the first
half return map associated with the vector field Y is given by ps (P) = (0,42 (—t—, P)).
Therefore, the first return map associated with the system formed by X and Y is

p:T CY =1, p(P)=(p;" o) (P),

where I' is a suitable set formed by crossing points of ¥;. If P* is such that p (P*) = P*,
then the trajectory passing through P* is periodic and, moreover, is isolated, which means
that it is a limit cycle, provided that |p’ (P*)| # 1.

Equivalently, one can also define the displacement function by P — d (P) = p(P)— P,
i.e., periodic trajectories that correspond to zeroes of this map. Moreover, if d (P*) = 0
satisfies d’ (P*) # 0, then the limit cycle passing through P* is hyperbolic. In this case,
if d' (P*) > 0 (respectively d' (P*) < 0) the limit cycle is unstable (respectively stable).
We notice that a limit cycle 7 could be neither stable or unstable, which means that this
kind of limit cycle is denominated by semi-stable and happens when 7 is the a-limit set
for all trajectories contained in the intern region of 7 (extern region) and close to it, and
the w-limit set for all trajectories that are closed to 7 in the extern region (intern region).

1.1.5 Topological Equivalence in ()"

We say that two non-smooth systems Z = (X+, X, f) and Z = (Y+,Y_,7) are
Y -topologically equivalent if there exist a homeomorphism h satisfying the following con-
ditions:

« h sends the set £~1(0) to f ' (0);
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o h sends the trajectories of X (respectivelly X ™) restricted to X (respectivelly
>7) to the trajectories of X' (respectivelly X ) restricted to S (respectivelly
¥7), preserving the orientation of the time;

o h sends critical elements (equilibrium point, tangency point, ...) of Z to critical
elements of Z;

« hsends sliding (respectively escaping) regions of Z to sliding (respectivelly escaping)
regions of Z.

1.1.6 Results about Isochronous Centers

These last decades a big interest has appeared for studying the discontinuous piecewise
differential systems. This is mainly due to the fact that these differential systems allow
to modelize many natural phenomena. In order to describe the dynamics of a differential
system, we need to control its periodic orbits and, in special, its limit cycles, i.e., we need
to solve something related to the extended 16th Hilbert problem. Here, for the class of
discontinuous piecewise differential systems formed by a linear center and an isochronous
center with cubic homogeneous nonlinearities separated by a non-regular line, we solve a
problem that is related to the extended 16th Hilbert problem, i.e., we provide an upper
bound for the maximum number of limit cycles that these differential systems can exhibit
and additionally we prove that this upper bound is reached.

The study of the piecewise differential systems began with Andronov, Vitt and Khaikin
and until nowadays these systems have received attention of many researchers, mainly due
to their applications for modeling many natural phenomena that appear in electronics,
mechanics, economy, etc., see for instance the books of di Bernardo et al. [2008] and
Simpson [2010], the survey of Makarenkov and Lamb [2012], as well as the lots of references
cited in these last three works. See also the references [10} 9l 28] 55].

The simplest class of discontinuous piecewise differential systems is the planar one,
formed by two pieces separated by a straight line, having a linear differential system in
each piece. In this specific class, several authors have tried to determine the maximum
number of limit cycles in this type of discontinuous piecewise differential system, but it
remains open to know if this maximum is three, see for instance [54] and the references
inside.

As usual the dot in differential systems denotes derivative with respect to the time ¢
and this will be the notation followed in the whole thesis.

For the discontinuous piecewise differential systems here studied, we can study their
limit cycles using the first integrals of the linear center and of the isochronous centers with
cubic homogeneous nonlinearities (4 different families) acting in the regions X and 3,
which form the discontinuous piecewise differential system separated by the non-regular
curve ..

A center is isochronous if the period of all integral curves in a neighborhood of the
origin is constant. the equations are most easily written when the arc length [ is the
variable

[+ Kkl =0,

where k is a real constant. In [70] Pleshkan classifies the isochronous centers with cubic
homogeneous nonlinearities as follows.
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Theorem 1. A cubic polynomial differential system of the form

where P and Q) are homogeneous polynomials of degree three has an isochronous center at
the origin of coordinates if and only if after a linear change of variables and a rescaling
of the time, it can be written as one of the four following differential systems:

X1:

b= —y+a® — xy?, H_:B2+y2
v =x+ 2%y — 1>, YT 2y

L 3 _ 2 2 2\2
X2:{x— y + 2% — 3wy, H_(:l: +y°)

v =x + 3x%y — 1, T 1 tday
P i:—y+3x2y, :4—9.752—1—27@/2
3 y =z — 223 + 91y?, K (1-— 3x2)3
P &= —y — 322y, _A+927 - 2Ty
Tl =420 =92 T (14 322)°

The H; is a first integral of the system X; fori € {1,2,3,4}.

One of the aims here is to study the maximum number of limit cycles of the disconti-
nuous piecewise differential systems (|1.1)) formed by an arbitrary linear differential center
at the origin (0,0), namely

(a* +w?)y

7:d+ Y
7 y=dr+ay

X. = {x = —ar —
in X (resp. X7), where w > 0, d > 0, a € R, a # 0 (for more details on these linear
differential systems see Lemma 1 of [61]), and by one of the four cubic global isochronous
centers X; in X7 (resp. X7) after an arbitrary linear change of variables.

The differential system X, has the first integral:

H (z,y) = (dz + ay)® + v
Now we denote the discontinuity curve as follows

We have four cases to aote that in statementalize, i.e., the linear center X, with each
one of the four cubic isochronous centers X; of Theorem [I| The result of this analysis
provides the next four theorems.

Each theorem has three cases enumerated as follows:

e Case 1. We study the limit cycles that intersect ¥; and ¥, exactly in one point
(see Figure , considering the linear center and one of the isochronous centers in
the regions X and X~ (the regions where are located the vector fields in this case
are irrelevant).

o Case 2. We have the linear differential center in the region R; and one of the
isochronous centers in the region Ry and we study the limit cycles that intersect ¥,
and Y, exactly in two points in each one of them.
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o Case 3. Finally, in the third case we have one of the isochronous centers in the
region R; and the linear differential center in the region Ry and again we study the
limit cycles that intersect ¥; and X5 exactly in two points in each one of them.

Our main results are the following ones.

Theorem 2. Consider a piecewise differential system formed by a general linear
center with singularity at the origin and the first isochronous center Xy after an arbitrary
linear change of variables, with the discontinuity curve ¥ and the regions X and X~
defined as above. Then the following statements hold.

(a) In case (1) the mazximum number of limit cycles is one and there are piecewise
differential systems under the assumptions of this theorem with one limit cycle, see

2byd?x?
Figure assuring that (1 + 2a;72%ay) <1 + 12‘T§1> £0
a®+w

(b) In cases (2) and (3) there are no limit cycles.

Theorem 3. Consider a piecewise differential system formed by a general linear
center with singularity at the origin and the second isochronous center Xy after an arbi-
trary linear change of variables, with the discontinuity curve X and the regions ¥ and
37 defined as above. Then the following statements hold.

(a) In case (1) the mazximum number of limit cycles is one and there are piecewise
differential systems under the assumptions of this theorem with one limit cycle, see
Figure . We must assure that (1 + 4a12%ay) (1 + 4byy?B1) # 0.

(b) In cases (2) and (3) there are no limit cycles.

Theorem 4. Consider a piecewise differential system formed by a general linear
center with singularity at the origin and the third isochronous center X3 after an arbitrary
linear change of variables, with the discontinuity curve R and the regions X7 and X~
defined as above. Then the following statements hold.

(a) In case (1) the mazimum number of limit cycles is three and there are piecewise
differential_systems under the assumptions of this theorem with three limit cycles,
see Figure|2.9. We must assume that (=1 + 3a222)® (—1 + 3622)" #£ 0.

(b) In case (2) and (3) there are no limit cycles.

Theorem 5. Consider a piecewise differential system formed by a general linear
center with singularity at the origin and the fourth isochronous center X4 after an arbitrary
linear change of variables, with the discontinuity curve ¥ and the regions X and X~
defined as above. Then the following statements hold.

(a) In case (1) the mazimum number of limit cycles is one and there are piecewise
differential systems under the assumptions of this theorem with one limit cycle, see

Figure[2.4]
(b) In case (2) and (3) there are no limit cycles.

Theorems 2 [3 4] and [f] are proved in Chapter 2 with details.

Note that in statement (a) of Theorems {4 we proved that an upper bound for the
maximum number of limit cycles is three and we found an example of discontinuous
piecewise differential systems under the assumptions of that statement having three limit
cycles. The cases involving only global isochronous centers X; and X, with ¢ # j remains
open.
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1.2 New Families of Global Cubic Centers

An equilibrium point p of a differential system in the plane t? is a center if there exists
a neighbourhood U of p such that U\ {p} is filled with periodic orbits. A difficult classical
problem in the qualitative theory of differential systems in the plane t? is the problem of
distinguish between a focus and a center.

A global center is a center p such that t* \ {p} is filled with periodic orbits. Another
difficult problem in the qualitative theory of differential systems in t? is to distinguish
inside a family of centers the ones which are global.

In [64] Lloyd, Pearson and Romanovsky characterized when the origin of coordinates
is a local center for the family of cubic polynomial differential systems . This system

Here we characterize when the origin of this family of differential system is a
global center.

The notion of center first appears in the work of Huygens in 1656 on the pendulum
clock (look at [45] 69]), but only with the works of Poincaré (see [71]) in 1881 and Dulac
(see [31]) in 1908 the notion of center was rigorously defined.

A polynomial differential system in the plane R? of degree n is a differential system
of the form

i’:P(l‘,y), y':Q(x,y), (1'2)

where P and () are polynomials in the variables  and y, and the n is the maximum of
the degrees of the polynomials P and Q.

The classification of centers for polynomial differential systems of degree two has been
done just by the authors Kapteyn [47] and Bautin [7]. For higher degrees only exist partial
results.

There are several works studying the global centers of different families of polynomial
differential systems, as for instance in [38] and [59] where the authors proved that polyno-
mial differential systems of even degree cannot have global centers because such systems
always have orbits coming from and going to infinity. However to classify all polynomial
differential systems of odd degree having a global center is a very difficult problem. This
last problem was proposed by Conti in 1998, see his Problem 14.1 in [25], and up to now
only few partial results exist for certain families of polynomial differential systems of odd
degree, for more details see for instance [24], 39, 42, [59].

Our objective here is to classify the global centers of the following cubic polynomial
differential systems

i=y—Cx?+ (B+2D)xy+ Cy* + Px® + Ga*y — (H + 3P) zy* + Ky?,

= —x+ Da? + (E +2C) 2y — Dy* — Ka® — (H + 3P) 2%y — Gay? + Py?. (1.3)

when they have a center at the origin of coordinates.

It was given in [64] the classification of the cubic systems having a local center
at the origin of coordinates. This classification is presented in Chapter 3 together with
the proof of the main theorem.

In order to determine the global centers of the family of cubic polynomial differential
systems , the dynamics of these systems near infinity play a main role. So we need
the Poincaré compactification for studying these dynamics.

Roughly speaking the Poincaré compactification consists in identifying the plane t2
with the interior of the unit closed disc D? centered at the origin of coordinates, and the
boundary of this disc, the circle S', with the infinity of t2. After the polynomial differential
system defined in t? is extended analytically to the whole closed disc D?. In this way we
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can study the dynamics of the polynomial differential systems in a neighbourhood of the
infinity. All the details on the Poincaré compactification can be found in [6, Chapter 5].

St in the Poincaré disc

Figura 1.4: Two hyperbolic sectors. Figure made by the author.

In Figure we have an equilibrium point on the infinity line whose local phase
portrait is formed by two hyperbolic sectors, whose two separatrices are contained in the
infinity line.

We note that in order to the origin of a polynomial differential system be a global
center, this system either does not have equilibrium points at infinity in the Poincaré
compactification, or the local phase portraits of all its infinite equilibrium points are
formed by two hyperbolic sectors having their two separatrices at infinity, see Figure
(the notion of infinite equilibrium points will be clear in the subsection that explains
the Poincaré compactification). This implies that the Jacobian matrix at any infinite
equilibrium point of the system must be identically zero, otherwise the infinite equilibrium
point would be either hyperbolic, or semi-hyperbolic, or nilpotent, and it is known that the
local phase portraits of such kind of equilibrium points are not formed by two hyperbolic
sectors having their two separatrices contained at infinity and this argumentation can
be justified through the three theorems enunciated below. For details of the proofs, see
Chapters (2) and (3) of [6].

Theorem 6. Let (0,0) be an isolated singular point of a vector field X, given by

& =ax+by+W(z,y),

: 1.4
y=cr+dy+ 7 (z,y), (14)

where W and Z are analytic in a neighborhood of the origin with W (0,0) = Z (0,0) =
DW (0,0) = DZ (0,0) = 0. Let Ay and Ay be the eigenvalues of the linear part of DX (0)
of the system at the origin. Then the following statements hold.

(i) If \i and Xy are real and My < 0, then (0,0) is a saddle (see Figure[1.8(a)). If
we denote by E; and E5 the eigenspaces of respectively Ay and Ao, then one can
find two invariant analytic curves, tangent respectively to Ey and Es at 0, on one
of which points are attracted towards the origin, and on one of which points are
repelled away from the origin. On these invariant curves X is C¥-linearizable, i.e.,
linearizable through an analytical change of variables. There exists a C* coordinate
change transforming into one of the following normal forms:

T = )\11’,
y = )\2%
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A
in the case )\—2 e R\ Q, and
1

i=z (Mt f (")),
g=y(Ma+g (")),

A
in the case /\—2 =7 € Q, with k,l € N and where f and g are C* functions. All
1

systems (1.4) are C°-conjugate to

T =ux,
y=—y.

(a) (b) () (d)

Figura 1.5: Phase portraits of non-degenerate singular points. Figure made by the author.

(i)

(iii)

If \y and Ny are real with |A2| > |A1| and A\ Ag > 0, then (0,0) is a node (see Figure
[1.5(b)). If Ay > 0 (respectively <0) then it is repelling or unstable (respectively
attracting or stable). There exists a C*° coordinate change transforming (1.4)) into

T = )\11’,
y = )\Zya

A
in case )\—2 # N, and into
1
T = )\1513',
Y= oy + 0x™,
for some 6 =0 or 1, in case Ay = mA; with m € N and m > 1. All systems (1.4)
are C°-conjugate to
T =,
y = oy,
with 6 =1 and \d > 0.

If \y = a+if and Ny = o —if with a,  # 0, then (0,0) is a strong focus (see
Figure[1.5(c)) into

T = ax+ By,
Y= —pfr+ ay.

All systems (1.4) are C° conjugate to

T =z,
y = oy,
with 6 = +1 and ad > 0.
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(iv) If \y =i and Ay = —if with B # 0, then (0,0) is a linear center, topologically, a
weak focus or a center (see Figure[1.5(c) and (d)).

Theorem 7. Let (0,0) be an isolated singular point of the vector field X given by

=W (z,y),

y:)\y—l—Z(x,y), (1'5)

where W and Z are analytic in a neighborhood of the origin with W (0,0) = Z(0,0) =
DW (0,0) = DZ(0,0) = 0 and A > 0. Let y = f(x) be the solution of the equation
Ay + Z (xz,y) = 0 in a neighborhood of the point (0,0), and suppose that the function
g(z) =W (z, f (x)) has the expression g (z) = a,z™ + o (z™), where m > 2 and a,, # 0.
Then there always exists an invariant analytic curve, called the strong unstable manifold,
tangent at 0 to the y-axis, on which X is analytically conjugate to

Y= Ay;
it represents repelling behavior since X > 0. Moreover the following statements hold.

(i) If m is odd and a,, < 0, then (0,0) is a topological saddle (see Figure[1.6(a)). Tan-
gent to the x-axis there is a unique invariant C> curve, called the center manifold,
on which X is C'*° conjugate to

i=—2" (14 ax™"), (1.6)

for some a € R. If this invariant curve is analytic, then on it X is C*-conjugate to
(1.6), i.e, conjugate through an analytic change of coordinates.

System X is C*-conjugate to

i =—2™(1+ax™ 1),
Y=y,
and is C°-conjugate to
T =—x,
Y=y

Figura 1.6: Phase portraits of semi-hyperbolic singular points. Figure made by the author.
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(ii) Ifmis odd and a,, > 0, then (0,0) is an unstable topological node (see Figure[1.6(b)).
FEvery point not belonging to the strong unstable manifold lies on an invariant C'*
curve, called a center manifold, tangent to the x-axis at the origin, and on which X
is C'°-conjugate to

i =a" (1+a™"), (1.7)

for some a € R. All these center manifolds are mutually infinitely tangent to each
other, and hence at most one of them can be analytic, in which system X is C'*°-
conjugate to
=z (1+azx™),
Y= Ay,
and is C°-conjugate to
T =ux,
y=y.

(7ii) If m is even, then (0,0) is a saddle-node, that is, a singular point whose neighborhood
is the union of one parabolic and two hyperbolic sectors (see Figure[1.0(c)). Modulo
changing x into —x, we suppose that a,, > 0. Fvery point to the right of the
strong unstable manifold (side x > 0) lies on a invariant C*-curve, called a center
manifold, tangent to the x-axis at the origin, and on which X is C'*°-conjugate to

T =a" (1 + axm_1> : (1.8)

for some a € R. All these center manifolds coincide on the side x < 0 and are
hence infinitely tangent at the origin. At most one of these center manifolds can be
analytic, in which case X is C¥-conjugate on it to (1.8). System X is C*°-conjugate

to
=z (1+azx™1),
Y= Ay,
and is C°-conjugate to
i =22,
y=y.

Definition 5. A jet is a kind of operation that transforms a differential function f into
a truncated Taylor polynomial in each point of the function domain. The jet of order k is
a truncated Taylor polynomial around a determined point of order k.

Theorem 8. Let (0,0) be an isolated singular point of the vector field X given by

T=y+W(x,y),
y=2(z,y),

where W and Z are analytic in a neighborhood of the point (0,0) and also j;W (0,0) =

717 (0,0) = 0, where j; represents the jet of order one. Let y = f(x) be the solution

of the equation y + W (z,y) = 0 in a neighborhood of the point (0,0), and consider
ow 07

F(x)=2Z(z,f(z)) and G (x) = < pe + &y) (x, f(x)). Then the following holds:

(1) If F (z) = G (z) =0, then the phase portrait of X is given by (1.7)) (a).

(2) If F(z) =0 and G (x) = bx"™ + o(2™) forn € N withn > 1 and b # 0, then the
phase portrait of X is given by Figure (b) or (c).
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(3) If G(z) =0 and F (z) = ax™ + o (™) for m € N with m > 1 and a # 0, then

(i) If m is odd and a > 0, then the origin of X is a saddle (see Figure[1.7}(d)) and
if a <0, then it is a center or a focus (see Figure[1.7(e)-(g));

(i) If m is even then the origin of X is a cusp as in Figure [1.7}(h).

(4) If F(x) = 2™ 40 (z™) and G (z) = bax" +o(a™) withm e N, m>2, ne N, n>1,
a# 0 and b +# 0, then we have

(1) If m is even, and
(i1) m < 2n+ 1, then the origin of X is a cusp as in Figure[1.7](h);
(i2) m > 2n + 1, then the origin of X is a saddle-node as in Figure[1.7(i) or
(3);
(i) If m is odd and a > 0 then the origin of X is a saddle as in Figure[1.7)(d);
(1i7) If m is odd, a < 0 and

(iii.1) Eitherm < 2n+1, orm =2n+1 and b? +4a (n+ 1) <0, then the origin
of X is a center or a focus (see Figure[1.7(e)-(g));

(iii.2) n is odd and either m > 2n+1, orm = 2n+1 and b* +4a(n+1) > 0
then the phase portrait of the origin of X consists of one hyperbolic and
one elliptic sector as in Figure[1.7(k);

(iii.3) n is even and either m > 2n+1, orm = 2n+1 and b*+4a (n + 1) > 0, then
the origin of X is a node as in Figure[1.7(1), (m). The node is attracting
if b < 0 and repelling if b > 0.

(k) (1) (m)

Figura 1.7: Phase portraits of nilpotent singular points. Figure made by the author.
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Our main theorem is enunciated and proved in Chapter[3] It tells about the parameters
values conditions to obtain global centers in the equilibrium point at the origin from the
result obtained in [64], which is also enunciated in Chapter [3]

Now we present some useful notions and results that we need for proving Theorem
in Chapter 3

1.2.1 Equilibrium Points

A point (g, yo) is an equilibrium of the differential system if P(xo,y0) = Q(z0,y0) =
0. The equilibrium (xg,yo) is hyperbolic if all eigenvalues of the Jacobian matrix of the
differential system evaluated at (z¢,yo) have real part different from zero, and it is semi-
hyperbolic if the Jacobian matrix presents only one eigenvalue equal to zero.

The classification of the local phase portraits of the hyperbolic and semi-hyperbolic
equilibria can be found in Theorems 2.15 and 2.19 of [6], respectively, enunciated here in
Theorems [6] and [7] In this work when appears concepts related to local phase portraits
of hyperbolic or semi-hyperbolic equilibrium points, we will be using implicitly these two
theorems. But when the Jacobian matrix evaluated at an equilibrium point is identically
zero, the local phase portrait at this equilibrium point must be analysed through special
changes of variables called blow up’s (for more details on the blow up method, see for
instance [2] and [6]).

1.2.2 Vertical Blow Up

Consider a real planar polynomial differential system given by

t=P(x,y) =P, (v,y)+..., 1=Q(x,y)=Qn(x,y)+..., (1.9)

with P and @) being coprime polynomials, P, and @,, being homogeneous polynomials of
degree n € N and the dots representing higher order terms in z and y. We are assuming
that the origin is a singular point, since n > 0. Taking polar coordinates (z,y) — (r,0),

system ((1.9)) becomes
F=RO)r+..., O=F@O) +..., (1.10)

where R and F are polynomials in cos (f) and sin (¢) and the dots means higher order
terms in r. If F # 0 we say that the origin is a non-discritical singular point. In this case,
all the solution curves tending to the origin in forward or backward time are tangent to the
solutions 0* € (0,27) of the equation F (6) = 0. We call F the characteristic polynomial
of at the origin and 6* a characteristic direction. In cartesian coordinates F writes
as

F(:E7y) = an (%,y) - yPn (l’,y) . (111)

If F = 0 the origin is a discritical singular point. In this case we deduce from ({1.11])
that P, = W, and @, = yW,_1, where W,,_; # 0 is a homogeneous polynomial of
degree n — 1. If y — vz is a factor of W,,_; and v = tan (0*), 0* € [0,27), then 6* is a
singular direction.

The homogeneous polar blow up is the mapping (r,6) — (rcos (0) ,rsin (0)) = (z,y),
with r € R and € € (0,27). This map transforms the origin of system ((1.9)) into the circle
r = 0, which is called the exceptional divisor. After the polar blow up and after cancelling
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an appearing common factor 7™~!, system becomes system (1.10). If F = 0 then
this common factor is ™.

It is known that the orbits starting or ending at the origin start or end tangent to the
straight lines given by the characteristic directions. For more details on the characteristic
directions, see for instance [4].

Suppose that we have an equilibrium point at the origin of coordinates, as in the
differential system ((1.9)) and that this equilibrium is linearly zero. Then for studying its
local phase portrait we do vertical blow up’s.

We define the vertical blow up in the y direction as the change of variables (u,v) =
(x,y/x). This change transforms the origin of system in the straight line u = 0 and
analyzing the dynamics of the differential system in a neighbourhood of this straight line
we are analyzing the local phase portrait of the equilibrium point at the origin of system
. But before doing a vertical blow up, in order that we do not lose information, we
must avoid that the direction x = 0 be a characteristic direction of the origin of system
(1.9). If z = 0 is a characteristic direction we do a convenient twist (z,y) = (u,u + av)
with a # 0 in order that the new vertical straigh line v = 0 are not a characteristic
direction.

1.2.3 The Poincaré Compactification

Let X = (P,Q) be a planar polynomial vector field of degree n. The Poincaré com-
pactified system p (X) is an analytic vector field on the 2-dimensional sphere S?.

Initially we identify the plane R? with the plane y3 = 1 of R?, and define the Poincaré
sphere S* = {(y1,v2,93) € Ry + y2 +y5 = 1}. We consider the northern hemisphere
H, = (y € $? : y3 > 0}, the southern hemisphere H_ = {y € S? : y3 < 0} and the equator
St = {y € S%;y3 = 0} of the sphere S*.

The projections of the plane y3 = 1 on the sphere S? are defined as fi : R? —
Hy, fi(y1,10,1) = (3 + 3 + 1)_1/2 (y1,y2,1). These two diffeomorphisms establish two
copies of the vector field X, one X, in H, and another X_ in H_. Then we have the
vector field X’ = X U X_ defined in S?\S' and the infinity of the plane y3 = 1, i.e., R?
is identified with the equator S!.

The Poincaré compactified vector field p (X)) is the analytic extension of X’ from H, U
H_ to S? doing p (X) = y5 ' X', and the Poincaré disc D is obtained by the projection of
the closed northern hemisphere on y3 = 0 under the projection (y1,ys,y3) — (y1,92). The
dynamics presented by the vector field p (X) near S' is the dynamics near the infinity of
the vector field X.

We can define local charts ¢; : U; — R? and ¢; : Vi — R? by ¢; (y1,y2,y3) =
Ui (Y1, 92, Y3) = Wa/Yis Yp/yi) = (u,v), with a # i, b # i and a < b. The expression of the
vector field p (X) in the chart U is

u:vn(Q(1’u>_uP<1’u))’ q'):_yn+1p(17u>’
v v v v v v

and in the chart Us is

(152w (2). o=-rra2)

The expressions of p (X) on the charts V; and V, are the same than in the charts Uy
and U, but multiplied by (—1)"_1, respectively. In the charts U; and V; for ¢ = 1,2 the
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points of the infinity are of the form (u,0). The infinity S' is invariant under the flow of
p(X). For more details in Poincaré compactification see [6, Chapter 5].

The equilibrium points of the vector field X are called finite equilibrium points of X
or of p(X), while the equilibrium points of the vector field p(X) in S* are called infinite
equilibrium points of X or of p(X).

1.2.4 Characterization of the Global Centers

Due to all that was explained in section[1.2] we arrive at the following two propositions.

Proposition 9. Assume that a planar polynomial differential system has a global center
and has infinite equilibrium points. Then the local phase portraits of these equilibria
must be formed by two hyperbolic sectors, and consequently, having their two separatrices
contained in the circle of the infinity. Moreover, the Jacobian matriz at these infinite
equilibria must be identically zero.

The next result characterizes when a polynomial differential system in R? has a global
center. For a proof, see Theorem 1.2 of [42].

Proposition 10. A polynomial differential system (1.2)) with finitely many infinite equili-
bria has a global center if and only if it has a unique finite singular point which is a center
and all the infinite equilibria have their local phase portraits formed by two hyperbolic
sectors.



2 Limit Cycles for a Class of
Discontinuous Piecewise Differential
Systems

In this chapter we prove the Theorems [2], [3 [4] and [5] by the use of the first integrals
of the isochronous centers and the first integral of the linear center. Furthermore, we
provide some numeric examples related to these theorems exhibiting limit cycles.

2.1 Proof of Theorem [2

Now we prove the Theorem [2 through a initial linear change of variables and the
application of the closing equation, that uses the first integrals from the isochronous
centers from Theorem [Il

After doing the following arbitrary linear change of coordinates x = ayx + by, y =
a1x + By with a8 — biag # 0, the isochronous center X; becomes

y (b7 +67)

&= —2’(—ar+a1) (a1 + 1) + 22%y (a1by — an ) + biag — a1
b +06161
2 b, — b 01117
+x (3/ (b1 = B1) (b1 + B1) + bros —arfy )’
. arby + «
Y= —szy (—al + 041) (a1 + 041) + y3 (bl — ﬁl) (bl -+ 61) — y( L 151)

biay — CL151

2 2

ai + aj 9

—— 42 by — .
T (—b10¢1 + a1 51 297 (aby Ozlﬁl))

The corresponding first integral of this differential system is

H, (2.y) = (ayz + bly)2 + (raq + 3/51)2
135 1+2(a1x + bry) (xag +yBy)

Proof of statement (a) of Theorem . We analize the presence or not of limit cycles that
intersect the discontinuity curve R in the two points (z,0) and (0,y), with = and y
positives. These two points must satisfy the following two equations

By = H (2,0) — H(0,y) =0,
E2:H1 (33,0)—["[1 (O,y) :O,

39
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or equivalently
By = d?2® — a2y® — wy? = 0,

A
By =

=0,

2 2.2
(1—1—2(11332041) <1+IM>

a? + w?

that we must solve. We must assure that the denominator in E5 never will be zero, i.e.,

20, d*z*
(14 2a12%ay) <1 + MBI) # 0 and A represents

a? 4+ w?

a? + w? a? + w? a? + w? a? + w?

A (_ 2a,b3d% n 2a3b1d*By 2b1d*adpy 2a1d2alﬁf)

a?+w?  a? 4+ w?

+a? (a% +al — bid” — d*fy ) i

From all the solutions x and y of system F; = F, = 0, only one satisfies x > 0 and
y > 0, namely

(,0) = —alai + bid? — ajw? — a’af — wai + B0
| 2 (—arbid2ay + a3byd?By + bid?a2By — ard’n 57)

and

0.0 = (0.4 —a2a3 + bid? — ajw? — a?2ad — w?ald + d? 5%
(0.y) = {0 2 (a2 + w?) (—aybid?aq + a3bid? By + bid2aify — ard?aq 32) |
when x and y are real.
In section 2.5, we provide a discontinuous piecewise differential system under the
assumptions of statement (a) of Theorem [2| having one limit cycle. So this upper bound
is reached. m

Now we supply the proofs related to the item (b), beginning by the case 2 and finishing
by the case 3.

Proof of statement (b) of Theorem . Case 2: We analize the presence of limit cycles
that intersect the discontinuity curve R at the points (z1,0), (z2,0), (0,y1) and (0, ys)
with 0 < 21 < 9 and 0 < y; < o, i.e., limit cycles that have two intersection crossing
points with R, and R,,.

Since we are in Case 2, the linear differential center is located in region R; and the
first isochronous center is located in the region R,. The study of the existence or not of
limit cycles is based on a system with four equations and the four unknowns x, zo, y;
and 1, obtained using the first integrals H and Hy, i.e.,

F1 = H(l’l,O) - H(O,yl) = 0,
F2 = H1 (O,yl) — H1 (07y2) = O,
F3 = H(O,yQ) — H(fL’Q,O) = O,
F4 = H1 (332,0) — H1 (.171,0) = 0.

Since
(y1 — y2) (Y1 + ) (b7 + 57)

(1+2byif) (14 2b1y3561)°

9 =
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it is zero if and only if y; = ys or y1 = —1s, because b? + 32 # 0 due to the fact that
a1 — byag # 0, and these solutions cannot satisfy 0 < y; < y». So we do not have any
limit cycles in Case 2.

Case 3: In this case the discontinuous piecewise differential system is the same than
in the previous case, with the exception that the positions of the linear center and the
cubic isochronous center involved are inverted, i.e., the differential linear center is located
in the region R, and the first isochronous center is located in the region R;. Therefore,
we consider the system of four equations and four unknowns

Gl - Hl (CCl,O) - Hl (07y1

-0,
Gy = H(anl) - H(O7y2) =0,

G4 = H(il')z,O) —H<£L'1,0) =

Since
Gy = (02 + UJQ) (y1 —v2) (1 +32) =0,

we have y; = ys or y; = —yo, Which prevents the existence of limit cycles in this case. m

In summary, the proof of Theorem [2]is done.

2.2 Proof of Theorem 3

Now we prove through a initial linear change of variables and the application of the
closing equation, that uses the first integrals from the isochronous centers from Theorem
@.

After the following linear change of coordinates x = ayx + by, y = ayx + [y with
a1 — biag # 0, the transformed isochronous center X, is

—1
i = —————(2° (o} — 3aibion + aify — 3a103P) — y (b + B) + barzyon
biag — CL151
(b3 + BT) + 2b1y° 51 (b3 + BF) — x (a1by + a1 B1 + 3y? (brov + a1 1) (05 + BY)))
et S
biag — Glﬁl
+y° (b{oy — 3a1bify — 3bian B + a1 B) — x (af + af + 6byy® (af + af) f1)) -

(2001333@1 (G% + Oé%) + 3x2y (G% + 5%) (51041 + Cllﬁl) +y (albl + 04151)

The corresponding first integral for this vector field is:

((alw +biy)” + (von + 951)2)2
144 (az + bry) (xag +yB1)

Hy (xvy) =

Proof of statement (a) of Theorem . We analize the presence or not of limit cycles that
intersect the discontinuity curve R in two points: (x,0) and (0,y) with « and y positives.
Then we have the system

I, = H(z,0)— H(0,y) =0,
[2:H2 (l’,O)—HQ (O,y) :O,
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of two equations and two unknowns x and y to solve:

I = 2% — a®y? — w?y? = 0,

B
I e = 07
2 (1 +4ar220q) (1 + 4b1y%54)

where
B = ajz* — bly* — dabizytay + 26221l + 2tad + datbyxty? B — 203yt B+

8a%b1x4y2a%ﬁ1 + 4b1x4y20/1*61 — 8alb%x2y4alﬁf — y46f — 4a1x2y4a16f‘.

We must assure that (1 + 4a;2%aq) (1 + 4b1y?B1) # 0. From all the solutions found for
this system, only one satisfies x > 0 and y > 0 and therefore we have at most one limit
cycle in this case passing through the points

(,0) = (;\/:0) and (0,y) = (0,3 /M)

if they are real, where r = —a*a]+b1d* —2d*a}w? —ajw* —2a*a?a? —4aaiw?a? —2aiwad —
4,4 2,2 4 A 4 o912 432 | g4p4 _ 4 74 2 47 72 4p 12 2
a*ai —2a°w o] —wrag + 207d* B + d* BT and s = —a b7d o + a“aibid? By + ajbidiw? By +

2a%a2b d?a?B) + 2a2bd*w?a? By + a?byd?al By + bid*w?ald B — 2a,b3d an 7 — aydtan B

In section [2.5] we provide a discontinuous piecewise differential system under the as-
sumptions of statement (a) of Theorem , having one limit cycle. So, this upper bound
is reached. =m

Now we supply the proofs for the cases 2 and 3 related to the item (b) of Theorem
(13-

Proof of statement (b) of Theorem . Case 2: We analize the presence of limit cycles
that intersect the discontinuity curve R at the points (z1,0), (z2,0), (0,y1) and (0, yz)
satisfying 0 < 21 < x5 and 0 < y; < yo. First we consider that the linear differential
center is located in the region R; and the second isochronous center is located in the
region R,. Again the study of the existence or not of limit cycles is based on the following
system of four equations and four unknowns xq, x2, y1 and ys obtained using the first
integrals H and H,

J1 = H (21,0) — H (0,31) = 0,

J2 = H2 (O,yl) - H2 (O,yg) = 0,

J3 = H(O,yg) — H(ZEQ,O) = 0,

Ji = Hj (22,0) — Hy (21,0) =0,
ie.,

Ji = &z} — a’yp — wiyi =0,

(1 — v2) (41 + v2) (U3 + 2 + 4byy3y3 ) (03 + B2)°
(14 4byyifr) (1 + 4b1y351)

Js = —d*z3 + a*ys + w?ys =0,

Jy =

=0,
(2.1)

I — (21 — @) (21 + 22) (22 + 2% + day 22220y (a2 + o)’ _0
1 (]_ + 4G1I%Oél> (1 + 4@11]%0(1) e

Now we adopt the tool of the Groebner basis for studying the solutions of system ([2.1]),
i.e., we obtain a list of polynomials that have the same solutions than that of the original
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system. This adoption is necessary for searching possible solutions, due to the complexity
of the original system . Through the application of the Groebner basis to the system
(2.1), we have chance to get a simpler system equivalently to the system in the sense
that these two systems supply the same solutions (on the development done ahead, for
example, we find an equation of the transformed system through Gréebner basis in only
one variable y,). For more details about Groebner basis, see for instance the reference
[26], chapter 2. The new equivalent polynomial system has ten equations. One of these
ten equations is
— (aQ + wg) y% (a2a1a1 + aywlag — bld251> =0.

Therefore, if a?a;c; + a1w?a; — bid?By # 0, then o = 0 and the condition 0 < y; <
is not satisfied.

If a?ay01 + ayw?a; — bid?B; = 0 and a7 # 0, isolating the parameter a,, we get
a = bd*p, / (a2 + w2)2 a1. Calculating again the Groebner basis, we obtain the three
equations

yf + yg + 4b1yfy§61 =0, dQ:cg — a2y§ — w2y§ =0, :I:f + x% + 4b1x§yf61 =0.

From this system we obtain only solutions that are not real and the real solution zero.
Hence in this case the discontinuous piecewise differential systems have no limit cycles.
Finally, if a?a10q + aiw?o; — bid?B1 = 0 and «; = 0, the equation J; = 0 becomes

(21 — @) (21 + x2) (27 + 23)ay = 0.

Since a; # 0, otherwise a;8; — byay = 0, it follows that either 1y = x5 or 1 = —x5 or
x1 = x5 = 0. Hence there are no solutions satisfying that 0 < x7 < 5.

In summary, in this case the discontinuous piecewise differential systems never have
limit cycles.

Case 3: In this case the discontinuous piecewise differential systems are the same that
of Case 2 with the exception that the positions of the linear center and the isochronous
center involved are inverted. Therefore, we consider the following system

Ll = H2 (:L‘170) - H2 (0791) = 07
L2 - H(Ovyl) - H(Ova) = Oa
L3 = H2 (07y2) - H2 (x270) = 07

L4 IH(LEQ,O) —H(iCl,O) = 0.

Since Ly = (a® + w?) (y1 — y2) (y1 + y2) = 0 if and only if y; = ys or y; = —y», in this
case the discontinuous piecewise differential system can not have limit cycles too.
This completes the proof of Theorem [3| m

2.3 Proof of Theorem [

Now we prove through a initial linear change of variables and the application of the
closing equation, that uses the first integrals from the isochronous centers from Theorem

(E
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After the following linear change of coordinates x = ayx + by, y = ayx + [y with
a1 — biag # 0, the isochronous center X3 becomes

i = w (@123 (—2a3by + 90102 — 3araq By)—203y3 (b3 — 38%) + y (b? + (3)
+32%y (—2a3b? + 3b2a? + da1byay By — a?B?)
+ (a1by + a1 81 — 3b1y? (2a103 — 5byar B — a1 57)))

1
biay — a1/
+z (—af — aj=biar + a1f + 3y (2a7b] + biaf — darbian Bi — 3aif))

—y (a1by + a1 1) + biy? (20163 + 3byou B — 9a157)) -

(2a323 (a2 — 3a?) — 3ayz?y (—2a2by + bia? + Hajay B)

The corresponding first integral is

49 (mx+ b1y)2 + 27 (zoq + 951)2

H.
’ (1 —3(mzr+ bly)2)3

Proof of statement (a) of Theorem . We analize the presence or not of limit cycles that
intersect the discontinuity curve R in two points: (x,0) and (0,y). So doing

M, = H (z,0) — H (0,y) =0,
MQ = H3 (I’,O) —H3 (O,y) = 0,

we obtain the system

M, = d?2? — (a®> + W) y? =0,
= 21 44 2 6.6 2,2
M T ety (1m0 T T i
y? (7 — 9aibia’ + 9afbia® + OBa®a? + BF — 9ada® 57 + 27ate’ B} — 27afa"5})

+y* (—4b] 4 9a2bix? — 27biz*a?) + yb (468 — 9a2b8a? + 27b82%a?)) = 0.

We must assure that (—1 4 3a222)° (=1 + 3b2y2)° # 0. Using the Groebner basis, we
obtain an equation that is a polynomial in the y? of degree three and in this polynomial
does not appear the variable x. So this polynomial has at most three positive zeros for
the variable y, which using the equation M; = 0 can provide at most three limit cycles
having = > 0.

In section [2.5] we provide a discontinuous piecewise differential system under the as-
sumptions of statement (a) of Theorem 4| having three limit cycles. So this upper bound
is reached. =m

Proof of statement (b) of Theorem [l We analize the presence of limit cycles that inter-
sect the discontinuity curve R at the points (x1,0), (22,0), (0,91), (0,42), with 0 < 21 < 9
and 0 < y; < 2. The coordinates of these four points must satisfy the equations

Nl = H(Q?l,O) — H(O,yl) = O,
Ny = H3(0,41) — H3(0,32) =0,
N3 = H(O,yg) - H(ZEQ,O) = 0,
N4 = H3 ($2,0) - H3 (ZL’l,O) = 0.

(2.2)
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For the two pieces N; and N3 contained in the positive quadrant R; forming a limit
cycle belonged to the linear center X, located at the origin of coordinates, we have that
these pieces must travell in the same sense, either counterclockwise or clockwise. So such
a possible limit cycle does not exist. m

Proof of statement (c) of Theorem . Now the discontinuous piecewise differential sys-
tems are the same of the ones of statement (b), with the difference that the position
of the two vector fields involved is inverted. Here the system that we must solve is

Py = Hs (21,0) = H3 (0,51) = 0,
PQZH(O,’yl)—H(O,yg) :O,
P3 = HS (07y2> _HS ('7:270) = 07
P4:H($2,O)—H(l'1,0) =0.

Since
P, = <a2 + w2) (Y1 — v2) (y1 +12) =0,

we get that y; = yo or y; = —ys, so the condition 0 < y; < s is not satisfied. This
completes the proof of the theorem. m

2.4 Proof of Theorem 3

Now we prove through a initial linear change of variables and the application of the
closing equation, that uses the first integrals from the isochronous centers from Theorem

().
After the following linear change of coordinates x = ayx + by, y = ayx + Sy with
a181 — by # 0, the transformed isochronous center Xy is

. 1
i = b —ai (y (b + B?2) — a12® (—2a3by + 9b1a? — 3ayay By) + 2633 (b2 — 352)

=322y (—2a3b? + 30202 + darbyay B — a2f?)
+x (ar1by + a1 81 + 3b1y? (24102 — 5byay By — a183)) )v
1

g = 516¥1—Cl151( —2a32® (a} — 3a3) + a2y (—2a3by + b1 + bayan Br)

—b1y? (2a16% + 3bya1 31 — 9a18%) — y (a1by + a1 1) — x (a2 + o3

+3y% (24363 + b33 — 4a by By — 3a3B2)) )
The corresponding first integral for this vector field is

A+ 9 (i + bly)Q — 27 (vay + 951)2

H4 xZ, 3
(@) (1 + 3 (a1 + bly)Q)

We shall need the following theorem.
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Theorem 11 (Descartes Theorem). Consider the real polynomial p (z) = a;;x" +a;,x" +
ot a,a" with 0 < iy <y < ... < i, and a;, # 0 real constants for j € {1,2,...,r}.
When a;;a;, ., < 0 we say that a;; and a;;,, have a variation of sign. If the number of
variations of sign is m, then p (x) has at most m positive real roots. Moreover, it is always
possible to choose the coefficients of p (z) in such a way that p (x) has exactly r—1 positive
real Toots.

For a proof of this theorem see, [I1]. With this result in mind, we prove theorem [5|in
the following.

Proof of statement (a) of Theorem . We analize the existence of limit cycles that inter-
sects the discontinuity curve R in the two points (z,0) and (0,y). So we must study the
solutions of the system

Q1= H (z,0) — H(0,y) =0,

QQ = H, (I,O) — Hy (O,y (23)

S~—
I
o

or equivalently,

Qi = da?— (a*+?)

Q2 = —aiz® +dajzr® — 4a828 + bly® — 9aibiz'y? + 9a$bixby? — 4bly* + 9atbiz?y?
+4b59y° — —9a2b822yS — 2202 + I2x%y?a? — 27bia%yta? + 27h8x2yBa? + 257
—9a22?y? 3?2 + 27atxy? 57 — 27aS25y2 3% = 0.

Using the Groebner basis, we obtain an equation given by a polynomial p (y?) in the
variable 2 of degree three without the variable x. Due to the large size of the Grdéebner
basis, this basis will not be exposed here. Therefore, system has at most three
positive values for the variable y. But studying the variation of signs in the consecutive
coefficients of this polynomial p (y?) with the help of a software and the Theorem m, we
obtain that p (y*) has at most one positive real solution. So in this case the discontinuous
piecewise differential systems have at most one limit cycle. m

Proof of statement (b) of Theorem[5] The same proof of statement (b) of Theorem
works here. m

Proof of statement (c) of Theorem . Now the discontinuous piecewise differential sys-
tems are the same of the ones of statement (b) with the difference that the position
of the two vector fields involved is inverted. Here the system that we must solve is

Sl - H4 (xlvo) - H4 (anl) - Oa
52 = H(anl) - H(anQ) = 07
S3 = Hy(0,y2) — Hy (22,0) =0,

S4 = H(ZIZ’Q,O) — H(l’l,()) =0.
Since
Sy = (a2 + W2) (11 — ) (1 +12) =0,

we get that y; = yo or y; = —ys, so the condition 0 < y; < s is not satisfied. This
completes the proof of this statement. m
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2.5 Exhibition of Limit Cycles

2.5.1 Exhibition of Limit Cycles under the Assumptions of Sta-
tement (a) of Theorem

We shall exhibit a limit cycle that pass through the points (1,0) and (0, 1) under the
assumptions of statement (a) of Theorem The linear differential center forming the
discontinuous piecewise differential system is

Xc:{ ;:x+3y7
y=—3r—y,

and the isochronous center of first type is

5 42 2
j-ziy_i_ xy+x 2+8y>7
v 3 3 9
1 — ' 8y3 4y2
y:—2y+?+x —3—’—? .

Two first integrals for these two systems are

2

) <x+g> +(z +y)?
H(z,y) = 8y° + (Bo+y)  and  Hi (2,y) = - ,
1+2<$—|—3>(:E+y)

respectively. So, we get a periodic orbit living on the curves

2 2
r+%) +(x+y 2
8y* + (3x+y)? =9 and ( 3) ( ) =-.
1+2<x—|—%)(m—l—y) 3

These periodic orbits are plotted in Figure 2.1]

Figura 2.1: Examples of limit cycles. Figure made by the author.

Now we need to verify that this periodic orbit is a limit cycle and for this we will
see that this periodic orbit is the unique periodic orbit of the discontinuous piecewise
differential system formed by the systems X, and X;. In other words we verify that the
solution of the following system
212 10y?

T 14222 9(L+242/3)

Ei =927 — 9y* = 0, E,
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is unique. This system has the solutions (—1,—1), (—=1,1), (0,0) and (1,1). The only
solution that fits in our discontinuous piecewise differential system verifying x > 0 and
y > 01is (1,1). So, we have an isolated periodic solution and, consequently, a unique limit
cycle passing through the points (1,0) and (0, 1).

In Figure 2.1} we have that the limit cycle on the left part of the figure has the linear
center located in the first quadrant, and on the right it has the isochronous center located
in the first quadrant.

2.5.2 Exhibition of Limit Cycles under the Assumptions of Sta-
tement (a) of Theorem

We shall exhibit a limit cycle that pass through the points (1,0) and (0,1) for a
discontinuous piecewise differential system under the assumptions of statement (a) of
Theorem Bl The linear differential center is

Y T =—x— 3y,
o ly=3z+y,
and the isochronous center of type X, is

i = 0.84726924512819112% — 2.139401725939056y — 0.8364103556343343 7%y —
4.278803451878112y3 + x (—1.1394017259390556 — 6.836410355634334y?)

v = 0.13999358700066028x> + 1.1394017259390556y + 3.43271792887313z%y+
2.2788034518781113y3 + x (1.0742425161240468 + 6.44545509674428y2) .

Two first integrals for these systems are

H (z,y) = 8y% + (3x + y)Z,

Xy =

and
1 1 2
(z+y)°+ (; (—1 — 4 () + 28 (& (19+3\/@))3m+y>2>

144 (z+y) (; (—1—4(1%;3@);’ +25 (1 (194—3\/?9));)35%—1/)7

respectively and we get a periodic orbit on the level curves H (z,y) = 9 and

1 L 2
(4 (-1 () =2 G o) )
Hy = )) 4
2 1+§<—1—4(19+§$@)é+2§ € (19+3\/129))3) 5

This periodic orbit is plotted in Figure 2.2l The limit cycle on the left part of the figure
has the linear center located in the first quadrant, and on the right it has the isochronous
center located in the first quadrant.

Now we need to verify that this periodic orbit is a limit cycle, i.e., that the system

Li=9(z—-y)(z+y)=0,

Hy =

and

2,799 - 1075 (5.404 - 1082* 4 2.161 - 10~ "2ty? — 2.143 - 107y* — 5.586 - 10%z2y*)
B (15 + 3.90922) (1 + 4y?)

has only one solution that fits in our case and we find (0,0), (—1,1), (=1,—-1), (1,—1)

and (1,1). Therefore, the unique solution with x > 0 and y > 0 is (1, 1), which confirms
that the periodic orbit is a limit cycle.

I

=0,
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Figura 2.2: Examples of limit cycles. Figure made by the author.

2.5.3 Exhibition of Three Limit Cycles under the Assumptions
of Statement (a) of Theorem

Under the assumptions of statement (a) of Theorem [4] we shall exhibit three limit cy-
cles that pass through the points (18.549009361227327, 0) and (0, 25.722847831141028) for
the first limit cycle, for the second limit cycle through the points (25.388714134116643,0)
and (0, 35.20781178025187) and finally for the third limit cycle passing through the other
two points (41.038816629476216,0) and (0,56.91059909305413). The linear differential

center is
13y

X, ={ =7
Y = bz + 2y,

and the isochronous center of type X3 is

&= —0.1050982% — 2.11124y + 0.00392714x%y — 0.00196024y>
—x (—2.75169 — 0.00557864%?) ,

y = 0.007249392% — 2.75169y — 0.010728222%y + 0.0054651y>
—x (—4.06008 + 0.003927143?) .

Xy =

Two particular first integrals for these two systems are
H (z,y) = 9% + (5z + 2y)*

and
4+ 27 (/10 — 0.072111y)2 —9(0.0176073z + 0.01269683/)2

H3 (l’, y) 2\ 3
(1 3(0.0176073z + 0.0126968y)*)

Three periodic orbits for this discontinuous piecewise differential system are plotted in
Figure 2.3] For these three limit cycles, we have in the first quadrant the vector field
related to the third isochronous center.

Now we verify that these three periodic orbits are limit cycles, i.e., we will verify that
the system formed by the equations M; and M, below have only three solutions. More
precisely, the equations M; and M, are given by

M, = 252% — 13> =0
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Figura 2.3: Examples of limit cyles. Figure made by the author.

and

27
My= — - 5( = 0.010312? 4 3.84445.10 "2
(0.00093005422 — 1)* (0.000483628y2 — 1)

—1.19185.1071%2°% + 0.00536121y? + 6.77626.107 2 2%y* + 1.33546.10 8 zy?
—4.14016.107122%% — 1.03954.10~"y* — 6.94437.10%2%¢y* + 1.67583.10 11/

+1.1195.10122%%) =0,

and these two equations have only the following three solutions (z,y), with z > 0 and
y > 0O

(18.54900936122732, 25.72284783114102), (25.38871413411664, 35.2078117802518)

and
(41.03881662947621, 56.9105990930541).

Therefore, this confirms that the three periodic orbits are limit cycles.

2.5.4 Exhibition of Limit Cycles Under the Assumptions of Sta-
tement (a) of Theorem

Under the assumptions of statement (a) of Theorem [5{ we shall exhibit one limit cycle
that pass through the points (0.0124707,0) and (0,0.0223083). The linear differential

center is
X, = ZL‘:—ZE—5y/47
y=4x+y,

and the isochronous center of type X} is

. _ [ &= —0.7698y + 13943.12° — 249414a’y — 9742.71y* — & (0.946727 + 161212y?),
17§ = —4357.223 4 99765.32° + 0.94672Ty + 51587922y + = (2.46336 + 249414y?) .

Two first integrals for these two systems are
H (z,y) = 49" + (4z + y)°,

and
4 —27(100x — 55.9017y)2 +9(232.379z + 129.9043/)2

2 3
(143 (2323792 + 129.904y)*)

Y

H4 (ZL’,y) =
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respectively. A periodic orbit is plotted in Figure 2.4 The limit cycle on the left part of
the figure has the linear center located in the first quadrant and on the right it has the

isochronous center located in the first quadrant.

Figura 2.4: Examples of limit cyles. Figure made by the author.

Now we verify that this periodic orbit is a limit cycle, i.e., that the system

Q= 1622 -5y =0,

Q> = 63999.82% + 1.16639.10102% + 6.2985.10'42° — 19999.9y>+
1.96828.101 2492 + 1.06287.10925y2 — 1.13906.10%*—
6.15086.10322y% — 1.92215.10%3y5 — 1.03795.10'822y5 = 0,

has a unique solution (z,y) satisfying z > 0 and y > 0, that is (0.0124707,0.0223083).
Therefore this periodic orbit is a limit cycle.



3 Results on New Families of Global
Cubic Centers

This chapter begins with the statement of the Theorem [12] proved in [64] and of the
main Theorem [13|of this chapter. Due to the large extension of the Theorem |13} we begin
its proof by a general sketch valid for all cases studied. The cases that emerge fit in one
of three different patterns and an respective sample of each case is proved.

Theorem 12. If the origin of system (1.3)) is a center if and only if one of the following
sets of conditions holds:

() H=P=G=K=0;
(b)) H=B=E=0;

(¢) H=0, (DE—BC)(G—-K)— P(B*+4BD +4ACE + E?) = 0, B3C + BE +
3B2DE — 3BCE? — BE® — DE* =0, DE — BC # 0;

(d) H=0, B=—4D, E = —AC, C*P+C*DG —C3DK —6C2D*P—CD3G+CD3K +
DiP =0;

BD +2C*+ CE +2D* =0, DE — BC #0;
(j) H=P=0,B=-2D, E=-2C, G = —K;
(k) H=P=C=D=K =0.

The theorem above estabilishes specific conditions for the parameters to get a local
center at the origin, for the system . For example, the condition (a) estabilishes that,
for H=P =G = K = 0, we get a local center for the equilibrium point (0,0) and so
on for the remaining conditions. The main theorem brings specific parameters conditions
for the system to get a global center in the equilibrium point located at the origin
(0,0) and is the following.

52
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Theorem 13. The origin of system (1.3)) is a global center and the polynomials & and ¥
have no common factors that are non-constant if and only if one of the following sets of
conditions holds:

(b.1) H=B=E=C=D=0,G=(2P>— K?)/K and K > 0.

(b2) H=B=E=C=D=P=0,G=—-K and K > 0.

(d1) H=P=C=E=0,B=-4D, G =K and D* — 4K < 0.

(d2) H=P=D=0,B=—-4D, E=—4C, G = K and C* — 4K < 0.
(d.3) H=P =0, B=—4D, E=—4C, D = +C, G = K and C? — 2K < 0.
(1) H=P=C=E=0,B=-2D, K =—G, K >0 and D>+ 4G < 0.
(f1)) H=P=K=D=C=0, B=E and E* — 4G < 0.

(f2) H=P=0,G=K,B=E,C=D, E=—4D and D* — 2K < 0.
(f3) H=P=0,G=-K, B=FE,C=D, E=—2D, and D* — K < 0.
(1)) H=P=K=D=C=0, B=—F and E* — 4G < 0.

(.2) H=P=0,G=K, B=—E,C=-D, E=4D and D> — 2K < 0.
(.3) H=P=0,G=—-K, B=—E, C=-D, E=2D, and D> — K < 0.
(hi) H=P=B=D=0,E=-2C,G=—K and C? — 4K < 0.

(j.1) H=P=0,B=—-2D, E=-2C,G=—K, (C+D)*—4K <0, (C — D)*—4K <
0 and C? + D? — 4K + \/(D? 4+ 4K — C?)* — 16D?K < 0.

(k1) H=P=C=D=K =0, B>— 4G < 0 and E* — 4G < 0.

3.0.1 Skecth of the Proof of Theorem [13

In general ideas, first we take one of the cases of Theorem (12| applying its conditions.
Then we apply the Poncaré compactification to system. After this we analyze if the origin
is an equilibrium point in the chart Us,, considering in this stage cases that the origin is an
infinite equilibrium point and cases that the origin is not an equilibrium point. Then we
analyze the presence or not of infinite equilibria in the chart U;. After this, we calculate
the Jacobian matrix in these equilibria if they exist, forcing these matrices to be null and
picking up conditions in the parameters that become these matrices null. Then we do a
vertical blow up process in the vector fields of the charts U; and Us in their equilibria
for verifying when these equilibria present a meeting of two hyperbolic sectors. For this
happen, all the equilibria must be saddles. Finally, we analyze the existence of more
than one finite equilibrium point in the original system with all the parameters conditions
applied.
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From statement (a) of Theorem [12] we can not obtain a global center, because with
the application of the condition H = P = G = K = 0, the vector field obtained has
degree two.

From statement (b) of Theorem , we have six cases to analyze (based on the origin
being a equilibrium point or not in the chart U; and parameters conditions that become
viable the Jacobian matrices to be null) and we find global centers in only two of them.
They are given in statements (b.k) for k = 1,2 of Theorem [13] In the first five cases, the
origin of the local chart U, in the Poincaré compactification is not an equilibrium point.
In statement (b.2) initially we find H=B=E=C=D=P=0,G==+K and K >0
for a global center at the origin, but for G = K we have that the system becomes
i=y(+Kz*+ Ky?), y = —x(1+ Ka? + Ky?). Since 1 + Kz? + Ky? is a common
factor of & and y, this diferential system rescaled with the time can be reduced to the
system © = y, y = —x and we do not consider such systems. When G = —K, system
becomes & = y (1 — Ka? + Ky?), y = —x (1 + K2? — Ky?), and then we consider
it. In six cases, the origin of U, is an equilibrium point and it will be a particular case
from conditions of statement (f.1), and so presenting a global center.

From statement (c) of Theorem [12, when we solve the three equations (DE — BC)
(G—K)— P(B*+4BD +4CE + E?) =0, B3C + B3E + 3B?*DE — 3BCE? — BE® —
DE? =0 and H = 0, taking into account that DE — BC # 0, we do not have solutions
for analyze the existence of global centers.

From statement (d) of Theorem when we solve the equation C*P + C3DG —
C3DK — 6C?D?P — CD3G + CD3K + D*P = 0, we get six different cases to analyze.
Each case is separated in two subcases, either the origin of U, is an equilibrium point or
not. One of the subcases that has global center presents the same parameters conditions
of case (b.2) and the subcases that have global center are given in statements (d.r) for
r =1,2,3 of Theorem [13|

Under the conditions of statement (e) of Theorem [12] we get four cases to study. Each
case is separated in two subcases, either the origin of U; is an equilibrium point or not.
The subcase that has global center is given in statement (e.1) of Theorem [13] One of
the subcases obtained will be a particular case of statement (k.1) and another subcase
presents the same parameters conditions of statement (d.1).

From the conditions of statements (f) and (g), we get eight subcases to study, two of
them having an equilibrium point at the origin of U; and for the other six, this origin is not
an equilibrium point. The subcases with global center are (f.k) and (g.k) for k = 1,2, 3.
We remark that the conditions for having a global center are the same under conditions
(f) and (g).

From the conditions of statement (h), we obtain four cases to analyze and only in one
case the origin of U, is an equilibrium point. The subcase with global center is given in
statement (h.1). We get a subcase that will be a particular case of (k.1) with B =0 and
other case is a particular case of (d.2) with the parameter condition B = 0.

From the conditions of statement (i) and solving the equations

(DE — BC)K =2P(C? + D?), (DE — BC)G = P(B*— 6C? — 6D? + E?),

BD+2C%*+CE +2D?>=0, H =0,

and taking into account that DE— BC' # 0, we get five cases to analize, but for these cases,
in order to have a global center, we must have DE — BC' = 0, which is a contradiction.
So we cannot have global center for statement (i).
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From the conditions of statement (j), we get four cases to study and in one case the
origin of U, is an equilibrium point. Only one of these cases allows the existence of a
global center, that is given in statement (j.1).

Finally, from statement (g), we have only one subcase to analize and it is a global
center, given in statement (g.1).

Many cases not mentioned in Theorem [13| do not have a global center at the origin of
system , due to one of the following five reasons:

(i) System ([1.3]) becomes quadratic for some values of the parameters. For instance,
this is the case under the conditions of statement (a) of Theorem

(i) It is not possible to become zero the Jacobian matrices at the infinite equilibria of
the charts U; or Us in the Poincaré compactification.

(iii) When studying the local phase portrait of some infinite equilibrium point, doing
blow up’s, appears some parabolic sector inside a saddle-node or a node, because
they produce in the local phase portrait of the infinite equilibrium point orbits that
go to infinity or come from infinity.

(iv) System (|1.3) presents more than one finite equilibria, i.e., some equilibrium point
distinct of the center localized at the origin of coordinates.

(v) By the existence of some indetermination, for example, in one of the cases analyzed,
the origin of the local chart U, is an equilibrium point and the parameter G =
(—C*P+6C%D*P—D"P)/(C®D—CD?) must be zero, but in order that the Jacobian
matrix of this case be zero at the infinite equilibria, we must have C' = P = 0, but
then G becomes indetermined.

The distinct cases described in the statements of Theorem [13| fit in one of following
three different patterns:

(I) There are no infinite equilibria, i.e., the infinity is a periodic orbit. Then, to prove
that system has a global center, it is reduced to prove that the unique finite
equilibrium is the origin of coordinates. This sometimes is a difficult computational
problem. For instance, this situation occurs in inside the case of statement (c)
of Theorem [12| when D = (-B3C — B*E + 3BCE? + BE®)/(E (3B? — E?)) and
K = (—B}*EG+ BE*G+ B*P—6B*E*P+ E*P)/(BE (—B? + E?%)) is a solution of
(DE — BC) (G — K) — P(B?*+4BD +4CE + E?) = 0. Also it occurs in the case
of statement (d) of Theorem [12 when K = (C®*DG — CD3G + C*P — GC*D?*P +
D*P)/(C3D — CD3) is a solution of C*P + C*DG — C*DK — 6C*D*P — CD3G +
CD?*K + D*P = 0.

(IT) All the infinite equilibria are in the local charts U; U V. Since the linear part at
these equilibria will be the zero matrix, we need to do blow up’s trying to see that
the local phase portraits of such equilibria are formed by two hyperbolic sectors.

(III) The origin of the chart Us is an equilibrium point. As in the case (II), we must do
blow up’s.

In what follows, we shall illustrate some cases showing these patterns.
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3.0.2 The Proofs According to the Previous Sketch

Cases (b.1) and (b.2). Based on the conditions of statement (b) of Theorem [12] we
have H = B = E = 0, then system (1.3)) becomes

&=y — Cz?*+ 2Dxy + Cy* + Px® + Ga*y — 3Pxy? + Ky,

= —x+ Da? +2Cxy — Dy? — Ka® — 3Py — Gay? + Py, (3.1)

This system in the chart U; writes

0= 2Gu®+4Pu(u® - 1)+ K (1 +u*) + Cv + 3Duv — 3Cuv
—Dudv + v? + u?0?, (3.2)
0= v(Gu+ Ku®+ P (3u®> — 1) + Dv — 2Cuv — Du*v + uv?) .

First we consider that the origin of system (3.2]) is not an equilibrium, i.e, K # 0.
In the chart U; of the Poincaré compactification, system (3.1]) becomes

= —2Gu?+4Pu(u®—1) — K (1+u?) + Dv + 3Cuv — 3Du?v
—CuPv — v — u?, (3.3)
0= —v(P+ Gu—3Pu?+ Ku® — Cv + 2Duv + Cu*v + uv?).

We get four infinite equilibria of system ({3.3), namely p; = (u_1,0), p» = (u__,0),
p3 = (uy4,0) and py = (uy—,0), where

upr = oo (2P £ v2(\/-K (G+ K) +2P?

i\/—GK + K2 4+4P2 — 2P /2K (G + K) + 4P2>> .

Let J; be the Jacobian matrix of system (3.3 evaluated at p;, for i = 1,2,3,4. By
Proposition[J] these four matrices must be the zero matrix. This provides three conditions,
the ones of the following three cases.

Case (b.1). C =0, D =0 and G = (2P? — K?)/K. Now we have to do blow up’s
for studying the local phase portraits at the four infinite equilibria of the chart U;. We
translate the equilibrium p; at the origin of coordinates doing the change of variables
(u,v) = (uy + u_y,vy), and we get the system

1 lis

lil - ﬁ (—K?’u% (4 — 4HU1 + u%) — ZPQU%
PZ
+K? | -2+2 1+ﬁu1—u% v?
P2 (3.4)
—2KP (QPU% + (—\/;4— u1> v%)) :
1 P? P2

v = — U (K2m (2 — 3\/;111 +U%) + K (‘H*’“J v

+P (2Puy +v?)).

Since u; = 0 is not a characteristic direction, we do the vertical blow up (uj,v;) =
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(ug, uavy) and we obtain the system

1
iy = 3 (4K + AK P2 — 4K\ /(K> + P?)uy + K*u} + 2K 03 + 2P}
—2PVE?+ P03 + 2K Puyv} — 2KVK? + PPugv} + K*udv?) |

1
g iz (—2K? = 2K P? + K*VK? + PPuy — 2K%03 — 2P%03
+2PVK? + P23 — K Puyv} + KvVK? + PPuy}) .

Now we eliminate the common factor us in the two components of system (3.5 doing
a rescaling of the time and we get the system

(3.5)

Uy =

1
ty = =2 (4K + AK P2 — 4K\ /(K> + P?)us + K*u} + 2K 03 + 2P}
—2PVK? + P03 + 2K Puyv} — 2KV/K? + PPugv} + K*udv?) , (5.6
1 f .
Uy = —imts (F2K° = 2K P 4 K2VE? § PPuy — 260 — 2P%03

+2PVK? + P23 — K Puyv} + KvVE? + PPuy}) .

Since the equilibria of system (3.6) on the straight line us = 0 are p = (0,0), pyx =
(0, VK3 + KPQ/\/—K2 — P2+ PVK?+ P2> and they are hyperbolic, the process of

the blow up has ended. Note that \/—K2 — P2+ PVK?+ P? <0 because K # 0, so the
equilibria p£ are not real.

The eigenvalues of the linear part of the system at the equilibrium p are 2K +2P?/K
and —2 (2K + 2P?/K), so p is a saddle. If K > 0, going back through these changes of
variables, we obtain that p is formed by two hyperbolic sectors, as the ones of Figure ,
where we have the desingularization using blow up’s of the origin of coordinates of the
chart U; in the following way: (a) the local phase portrait in a neigborhood of the straight
lineu; = 0 of system (3.12)). (b) The local phase portrait in a neighborhood of the straight
line u; = 0 of system (3.11)). (¢) The local phase portrait at the origin of the chart U;.. If
K < 0, we have that the component of the vector field before the blow up process u; > 0
for u; = 0 in the chart U;. So the vector field flow in the region us < 0 of the plane
uy X vg changes of direction, as showed in the middle of Figure 3.1} because we multiply
the system in the chart Uy by us. So, come back to the original system before the blow

v
up, with the changes of variables us = u; and vy = L (desingularization process), we
u

can not obtain the joining of two hyperbolic sectors, as éhowed in the right of Figure 3.1
where we have desingularization using blow up’s of the origin of coordinates of the chart
U; in the following way: (a) the local phase portrait in a neighorhood of the straight line
us = 0 of system (3.6). (b) The local phase portrait in a neighborhood of the straight
line uy = 0 of system . (c) The local phase portrait at the origin of the chart Uj.

We do a similar analysis for the equilibrium points ps, p3s and p4, obtaining the same
conclusion, i.e., when K > 0 these four equilibria are formed by two hyperbolic sectors.
So, by Proposition , if K > 0, then system has a global center if the system has
a unique finite equilibrium point.

System after the conditions obtained reduces to

2P2— 2
K
y=—x— Kz’ — 3Pz%y —

i =y+ Px®+ 2%y — 3Pxy® + K3,
2P? — K?

% xy? + Py,
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Figura 3.1: Desingularization of blow up’s. Figure made by the author.

Since this system for K > 0 has only the origin as an equilibrium point, statement (b.1)
is proved.

An analogous analysis could be applied to the statements (d.1), (e.3), (h.3) and (j.1)
of Theorem [13]

Case (b.2). C = D = P =0 and G = —K. These conditions transform the

equilibrium points p; and p, into the equilibrium (—\/ -K?/K, O) and the equilibrium
points p3 and p, into the equilibrium (\/ -K?/K, 0). Therefore system ([3.1]) has no infinite

equilibrium points in the chart U; and, consequently, the infinity is a periodic orbit. Now
we study the finite equilbria of system (i3.1]), which is reduced to the system

it=y+ Kaly+ Ky®, §=—2— Ka®— Kxy?.

The three equilibria of this system are (x, +v—-1- KxQ/K) and (0, 0).

If K > 0, we have only the origin as a finite equilibrium and then, by Proposition
we have a global center at the origin. If K < 0, for the values of x such that
K (-1 — Kx?) > 0, we have a continuum of equilibrium points and the system cannot
present a global center. This proves the statement (b.2) of Theorem [13]

This kind of proof can be applied to the cases (d.1), (d.2), (d.3), (d.4), (e.2), (f.2),
(g-2) and (h.2) of Theorem [13|

Case (b.3) Now we assume that K = 0, so the origin of the chart U, is an infinite
equilibrium point. From system (3.2)), the Jacobian matrix at the origin of Us is

(‘5“3 _cp>_

From Proposition [0 this matrix must be the zero matrix if we want to have a global
center, so P = C = 0.
From system (3.3), now we get that in the local chart U; the system (3.1)) writes

U= —2Gu* — v (—D +3Du® + v+ u2v) , v=—uw (G+v (2D +v)). (3.7)

The unique infinite equilibria of this system is p = (0,0). The Jacobian matrix of the

system at p is
0 D
0 0 )°

Due to Proposition EL if we want to obtain a global center for system (3.1]), this matrix
must be the zero matrix, hence D = 0. Therefore, system (3.1)) under the conditions
K =P =C =D = 0 reduces to the system

i=y+ G2y, y=—x—Gry’ (3.8)
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The five finite equilibria of these system are (il/\/—_G, j:l/\/j) and (0,0). So if
G > 0 the origin is the unique finite equilibria.

Now we study the local phase portrait at the origin of the chart U; and we need
to do blow up’s, because this equilibrium point is linearly zero. Since u = 0 is not a
characteristic direction, we do the change of variables (u,v) = (u1,u;v1) and the system

becomes
U = —ul (QG + (1 + u%) Uf) . U = U (G + v%) : (3.9)

Doing a rescaling of the time, we eliminate the common factor u; from system ((3.9))
and we obtain the system

iy = —uy (26 + (1+4u]) ), v = v (G+0}). (3.10)

The equilibrium points of this system on u; = 0 are (0,0) and (O, i\/j), but with
the restriction G > 0 we only have the equilibria (0,0). The Jacobian matrix at the origin
of the system has eigenvalues —2G and G, so the (0, 0) is a hyperbolic saddle. Going back
through the change of variables, we get that the origin of U; is formed by two hyperbolic
sectors, as showed in Figure [3.1]

The origin of the chart U, from system (3.2) with K = P = C = D = 0 is a
linearly zero equilibrium point. Then, for studying its local phase portrait we must do
blow up’s. Since u = 0 is not a characteristic direction, we do the change of variables
(u,v) = (ug, uvy), getting the system

iy =ul (2G4 (1+uf)e}), v =—ww (G+0}). (3.11)
Rescaling the time, we eliminate the common factor u;, and we obtain the system
Uy = uy (2G + (1 + u%) vf) , U= -1 (G + vf) . (3.12)

The equilibrium points of this system on u; = 0 are (0,0) and <0, :I:\/—_G) Again,
with the restriction G > 0, the unique equilibrium is the (0,0). The Jacobian matrix at
the origin has the eigenvalues 2G and —G. So the origin is a saddle. Again, going back
through the change of variables, we get that the origin of Us is formed by two hyperbolic
sectors as shown in Figure [3.I] where we have desingularization using blow up’s of the
origin of coordinates of the chart U; in the following way: (a) The local phase portrait in
a neigborhood of the straigh lineu; = 0 of system . (b) The local phase portrait in
a neighborhood of the straight line u; = 0 of system (3.11)). (c¢) The local phase portrait
at the origin of the chart U;. By Proposition ((10)). under all these conditions, system
has a global center at the origin and statement (b.3) is proved.

The cases (e.1), (f.1), (g.1), (h.1) and (k.1) are proved in an analogous way.

Case (f£.3) This case happens when we analyze the case (f) or (g) of Theorem [12]
assuming that the origin of the chart Us is not an equilibrium. Since H =P =0, B=F
and C' = D, system becomes

=1y — Dx*+ (2D + E) xy + Gz*y + Dy? + Ky?,

§ = —x + Da? (2D + E) xy — Dy® — Kz® — Gay?. (3.13)
This system in the chart Us is
i =2Gu" + K (1+u') +0(D(1+3u — ) 4+ Bu — (3D + Eju* + vt u'v), gy

v =v(Gu+ Ku®+v (D — 2Du — Eu — Du* + wv)) .
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Figura 3.2: Desingularization of blow up’s. Figure made by the author.
We have that the origin is not an equilibria when K # 0.
In the chart Uy, system (3.13]) becomes

i =—-2Gu* - K(1+u')—(u—1)uww—D(1+3u—3u>—u?)+ (1+u?)v,

b= —0 (Gu+ Ku? + v (D (=14 2u+1u2) +u(E+v))). (3.15)

The infinite equilibrium points of this system are the four equilibria

pe = (£V/=(G+ VG —K3/K,0) and ¢z = (£/~(G ~ VG~ K3)/K,0).

From Proposition |§|, we do zero the four Jacobian matrices of system (3.15]) at these four
equilibria and we obtain the solution £ = —2D and G = — K, which origins p. = ¢+ =
(£1,0).

Moving the equilibria (—1,0) to the origin of coordinates, system becomes

iy = K (=2 + )0 — vy (D (=2 % w1 + (2 = 2us + ) vr)

: 3.16
vy = —vp (Kui(2 — 3uy +u?) + o1 (Dy (=2 +up) ug + (=1 +up) v1)). (3.16)
Then we apply the blow up u; = ug, v; = ugve and system (3.16)) is given by

Uy = —u3 (4K — 4Kuy + Ku2 — 2Dugvs + Dudvy + 202 — 2uv2 + udvl), (3.17)

’Ué = (2 — Ug) U2V9 (K +U%) .

Doing a rescaling of the time, we eliminate the common factor us from system (3.17)
and we obtain

g = —Uy (4K — 4Kuy + Ku3 — 2Duyvy + Duvg + 203 — 2ugv3 + u3v3) , (3.18)
UQZ(Q_UQ)UZ(K+U§). '

The equilibrium points of system at ug = 0 are (0,0), (O, —i\/?), (O,i\/?).
The Jacobian matrix calculated at origin has eigenvalues —4 K and 2K, so the origin is a
hyperbolic saddle. If K > 0, only the origin is the equilibria of system on us = 0.
Going back through the change of variables, we obtain that the origin of the system ({3.17])
is formed by two hyperbolic sectors when K > 0, as shown in Figure 3.1} If K < 0, we
have the three equilibrium points of system , but the eigenvalues of (O, +ivK ) are
—2K and —4K, so these equilibrium points are nodles and the system can not have a
global center.

Doing the same analysis made for the equilibrium (—1,0) for the other equilibrium
(1,0) of system (3.15)), i.e., first we translate the equilibrium (1, 0) to the origin of coordi-
nates, after we do the blow up process and the rescaling of the time by the common factor
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us and we obtain the following three equilibrium points (0, 0), (0, —D++D?— Kg on
uy = 0. The origin is a saddle and if the other two equilibria are not real, going back
through the change of variables we get, again, that the origin of system is formed
by two hyperbolic sectors.

Before studying when the equilibrium points (0,—D 4+ v D? — K ) exist or not, we
study the finite equilibrium points. The system (3.13]) with the conditions £ = —2D and
G = —K becomes

i=1y— Dr*+ Dy* — Kz*y + Ky*, §=—z+ D2* — Dy* — K2 + Kzy®.  (3.19)

Then the unique finite equilibrium point of system is the origin when D*—K < 0.
So the equilibrium points (0, —-D+vD?—-K ) do not exist and, consequently, the system
has a global center under the conditions H = P =0, B=FE, C =D, K >0, E = -2D,
G:—Kandeither—\/F<D<0,01"0<D<\/E.



4 Canard Limit Cycles in Piecewise
Linear Differential Systems Through
Regularization and Blow Up

We shall begin by studying ordinary differential equations in which some variables
have derivatives of much larger magnitude than those of other variables. This scenario
yields a system with different time scales. The easiest case is a separation, which splits
the variables into two groups.

Definition 6. A fast-slow vector field is a system of ordinary differential equations taking
the form:

W —j=g(zy,e),

where f :R™ XR"XR —-R"™, g: R" XxR"XR — R" and 0 < € << 1. Furthermore, the
x variables are called fast variables and the y variables are called slow variables. Setting
t = I gives the equivalent form

{ &=a'=[f(r,y.6),

{ e%zei:f@,y,e),

W=y =eg(z,y,€).

We refer to T as the fast time scale and t as the slow time scale. From now on, the
variable notation & refers to the fast time and ' refers to slow time (analogously for y).

The study of limit cycles is one of the most important objectives in the qualitative
theory of the planar ordinary differential equations, because has many applications in
control theory [50] and other science areas.

Here we consider a discontinuous piecewise differential system on R? composed by
a pair of C" (with » > 1) differential systems in R? separated by a smooth curve A.
The line of discontinuity A of the discontinuous piecewise differential system is given
by A = h71(0), where h : R? — R is a C' function having 0 as a regular value.
Observe that A is the boundary between the regions A* = {(x,y) € R* h(z,y) > 0} and
A~ ={(z,y) € R*; h(z,y) < 0}. Hence

X (z,y), if h(z,y) >0,

Z(zy) :{ Y (z.y), if h(zy) <0, (4.1)

is the vector field corresponding to a piecewise differential system with a discontinuity
line .

62



Canard Limit Cycles in Piecewise Linear Differential Systems Through Regularization
and Blow Up 63

Definition 7 (Sotomayor-Teixeira regularization). A C* function ¢ : R — R is a transi-
tion function if ¢ (v) = —1 forx < =1, ¢(x) =1 forz > 1 and ¢’ (x) >0 if x € (—1,1).
The ¢-reqularization of Z = (X,Y) is the one parameter family Z. € C" given by

2.0 5+ 5 xw+ (3- 2042 ) v,

with ¢ (x) = ¢ (f), for e >0, h is a smooth function h : K C R> = R having 0 € R as
a reqular value, K a compact set and ¥ C K with 3 = h=*(0).

In article [I7], the relations between slow fast systems and piecewise linear continuous
vector fields are estabilished through theorems below.

Theorem 14. Consider X € Q" (space of the C" piecewise smooth vector fields), X,
its ¢-reqularization and p € Y. Suppose that ¢ is a polynomial of degree k in a small
interval I C (=1,1) with 0 € I. Then the trajectories of X, in V. = {q € K; @ € I}
are in correspondence with the solutions of an ordinary differential equation 2’ = p(z,€),
satisfying that p is smooth in both variables and p (z,0) = 0 for any z € 3. Moreover, if
(X — Xo) h* (p) # 0, then we can take a C™~*-local coordinate system {(%) (p), (%) (p)}
such that this smooth ordinary differential equation is a slow fast system problem.

Let Q4 C Q" be the set of piecewise smooth vector fields X=(X7, X5) in Q" such that

there exists a continuous function h that is a solution of
Vh(X; —Xo) =1L (X7 — Xo),
where II; denote the canonical projections, for i = 1 or ¢ = 2.

Theorem 15. Consider X € Q" and X, its ¢-reqularization. Suppose that ¢ is a poly-
nomial of degree k in a small interval I C R with 0 € I. Then the trajectories of X, on
Ve = {q € K; @ € ]} are solutions of a slow fast system problem.

In the same article [I7], the parameter of regularization and the parameter of slow
fast system are the same, but in our case, after the regularization, the existence of the
parameter in the denominator at the components of the vector field has become a problem
when the blow up is done. So, we separated in two parameters for analysis: 7 is the
regularization parameter and € is the slow fast parameter.

This work is based on the article [58], where is treated the problem of piecewise smooth
linear Liénard differential system of the form:

@y @), Yoo,

dt dt
where € > 0 is sufficiently small and f is a linear function. Yet in [58], the singularities
worked are hyperbolic or elementary (points that presents at least one eigenvalue with
real part # 0). So, the necessity of application of the blow up method does not exist and
the treatment is more direct to obtain the canard cycles.

In this thesis we work with planar piecewise linear slow-fast Liénard differential sys-
tems with three zones separated by two vertical lines. The existence and uniqueness of
canard limit cycles for systems with a unique singular point located in the middle zone. In
our case, we find canard limit cycles using regularization of vector fields and the blow up
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method, which consists in a desingularization of singular points in the critical manifold,
with the aim of a regularization of singular points non hyberbolic, becoming them hyper-
bolic points, which enable us the application of the Fenichel theory. The main objective
of this thesis is to prove the theorem below:

Theorem 16. Consider the discontinuous piecewise vector system in R?:

X:{x’zy—f(fr),

y':a—x,

where f(x) = —x, if v < 0 and f(x) = 2%, if v > 0. When we apply the Sotomayor-
Teixeira reqularization to reqularize this system, canard limit cycles appears in the two
new singularities that emerge on the range of reqularization, whose length is 21.

The theorem is proved in the following sections.

First we regularize the vector field of Theorem then the existence of limit cycles is
showed beyond the Hopf bifurcation theory. After this, a detailed computation of vector
fields on the charts are showed together with the blow up method for one of the two non
hyperbolic singularities of the vector field in question. Finally, in section 5 we show the
existence of canard limit cycles by use of Melnikov integral.

4.1 Regularization

How it was commented in the beginning of this chapter, we analyze the system:

X:{i:y_fm’ (4.2)

y=a—ux,

where f(z) = —z, if # < 0 and f (x) = 22, if z > 0. The Figure below shows the
graph of the function y = f (z) from the system above.

A

—_—
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-— —
-—
>
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Figura 4.1: Critical manifold. Figure made by the author.

The aim of this work is to find canard limit cycles using regularization of the vector

fields of the system (4.2)).
Using the Sotomayor-Teixeira regularization on the vector field (4.2]), we stay with:

Xreg = (1= o8 (z)) X; + o8 (z) X,



Regularization 65

where X; is the vector field for x < 0 (left) and X, (right) is the vector field for z > 0,
with ¢, (z) = 7. Continuing with the vector field X4, we have

Xyey = ((1-27) (y+x>+‘;(y—xz),a—x>,

P _Zz z _ 2
Xregi{x‘_(l n)(y—i-l’)—i-n(y %),
y=a—ux,

Doing the transformation of variables (z = €z) and (y = y) for perturbing the system
above and, after the transformation of variables, we keep T = z, we stay with

P _z T _ 2
Xreg:{e_:p_(l n>(y+x)+n(y z°),
y=a—2x.

Transforming the variables of the slow-fast system, i.e., 7 = et, we stay with (we keep
the same notation for the derivative in fast and slow systems):

Y= { 2 (TR0, (43

Altering the form of the initial problem through a vertical translation of the slow
manifold of X; by one unit up, we stay with:

- B 2
xofEzvaast e fi=y -t
y=¢c(a—1), y=¢c(a—1),
where fi () = —z +1 and f, (z) = 2*. Therefore, we have that (X~ h) (X1h) [s—fze0y =
(y—1y=9y*"—y <0< 0<y<1is the sliding region of this vector field. This system
is shown in the Figure [4.2]

-
—>
-
— /) «—
R —

Figura 4.2: Sliding region between the interval (0,1) on the y axis. Figure made by the author.

The sliding vector field is given by

v WX - (XTh) X
B (X*th — X—h) B

_ y(y_LEa)_(y_l)(qua) :(O,ECL).

(y—y+1)
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Another case of modification is when we translate by one unit up the slow manifold
of the system X,.

. . 2
- [izvie e [azy=r oL
y=ela—x) y=ela—x)
with f, (r) = —z e fo (z) = 22 — 1. The Figure 4.3 shows this situation.

-~
—_—
—_—
—
-« > «
B ——
-«
-

Figura 4.3: Sliding region between the interval (0,1) on the y axis. Figure made by the author.
So, we have that (X~ h) (X*h)[scppeoy =y(y—1) =y —y<0&0<y <1

y=1y,ca) —y(y -1 ea)
y—1l-y
Therefore, we have sliding regions in the y axis, when modifying the slow manifolds
by vertical translation on the left side and on the right side of the vertical axis.

XE:< = (0,€a).

4.2 Hopf Bifurcation

The analysis of this section is based on the theorem below.

Theorem 17. Any bidimensional system

d
—x:f(:r,a), reR*acR
dt
with f € C™ (Q),Q C R? x R, having a singularity at v = 0, V]a| << 1, with eigenvalues
A2 () =7 (o) £iw (a), where v (0) =0, w(0) = wy > 0, satisfying the conditions below

1)l (0) # 0 non degeneriscity condition,

2)7' (0) # 0 transversality condition,

is locally topologically equivalent around the origin, to the one of the normal forms showed
below

Y1 =y — y2 = (Y +¥3) v,

Yo = 1 + aye £ (Y7 + ¥3) va.

The conditions (1) and (2) will be elucidated posteriorly in the text. The normal
forms above are related to the existence of limit cycles at the system considered. For
more information about limit cycles and normal forms, study the reference [5I]. The
proposition that is proved in this section is the next.
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Proposition 18. When we reqularize the system (4.2), limit cycles appear in the singu-
larities (a1, f (a1)) and (az, f (a2)) inside the range of reqularization. Without requlariza-
tion, we do not have any limit cycles at the singularity point (0,0).

The aim of this section is calculate Lyapunov coefficient and transversality of the regu-
larized vector field. After the Sotomayor-Teixeira regularization, the regularized system

becomes:
X, [ T= (-5 wrD+5h—a),
Yy=a—2x.
Now we need to perturb the system with the parameter €, which origins:
v, =5 @ra+ 5 —a?),
y=¢c(a—x).
After some computations, the regularized system stays in the form
P=y -2 -2 4y
Xper:{._y TN (4.4)
y=c¢(a—x).
For € = 0, the system X,.,; from (4.4) is given by

Py — 2 2y
XpeT—{x‘:g n n T
y=0.

The slow manifold is given by
3 2
L= {(x,y) 6R2;y=x+x—x},
n n

and doing this curve analysis, we get that the points

5=(é(—L+¢TI§a,“‘+~ﬂ+ﬁm(—r+¢TI§%—mm>,

27n

and

1 14++/1+3n)(1++/143n+12
N — (3 (_1_\/@)’( 77)(2777 n 77))7

are local minimum and maximum respectively. All points of L, except s and n, are
elementary singular points, i.e., the Jacobian matrix in these points present an eigenvalue
non-null. The phase portrait for X,.,; in € = 0 is represented in Figure @ below.

The lines L; and L3 are attractor hyperbolic singularities lines and L, is a repulsor

hyperbolic singularity line. For € > 0, the vector field X,.,; has only one singular point
3 2

Pa = (a, F (a)), with F (a) = C; + C; — a. The Jacobian matrix of the system X, stays

as

2 3
DXpert = n n
—€ 0
We denote by Z the Jacobian matrix computed at the singularity p,. Therefore,
2 2
|23
Z = DXpert = n n
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Figura 4.4: Phase portrait for the vector field X+ in € = 0. Figure made by the author.

tTZ:l:\/Z

Using the fact that the eigenvalues of Z are given by A, = 5

(trZ)* — 4 det Z, we have

, where A =

N —2a —3a® +n + \/(2a+3a2 —n)? — den?
€,a — 27] .

We analyse three cases here: A =0, A <0 and A > 0. The case A < 0 gives origin
to the Hopf bifurcation through the variation of the parameter a with ¢ > 0 fixed. We
study the behavior of the limit cycle that emerges from this bifurcation when ¢ — 0.

Considering the parameters space (a, €), we see that A becomes null on the quadratic
(2a + 3a% — n)*

4n?
see Figure . Observe that trZ = 0 & a = ;(—1 + 1+ 3n). We denote A\, the

surface € =

, A < 0 above this surface and A > 0 below this surface,

A .
A < (
A>0 A>0
a
"Asqd °

Figura 4.5: Graph of the quadratic surface. Figure made by the author.

eigenvalue of the matrix Z that corresponds to the signal "+"and by Aga the eigenvalue

that corresponds to the signal "—".
When A > 0, on the parameters space (a, €), we are considering the region (2a + 3a* — )

1
4en? > 0. In this region, a # 3 (=1 £ +/T+3n). The eigenvalues are real and distinct. If

2
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1
a < 3 (=1 — /T +3n), both eigenvalues are negative and A?, < Al,. Given a determined

pair (a,€) in this region, the phase portrait for the singularity is an attractor node, as
showed in the Figure [4.6] below.

Figura 4.6: Atractor node. Figure made by the author.

1 1
If 3 (—1-=VIT+3n) <a< 3 (=14 /T+3n), the eigenvalues \! , and A?,, are positive

and )xia < )\;a. The equiibrium point is a repulsor node for the singularity, as showed in

Figure 4.7

Figura 4.7: Repulsor node. Figure made by the author.

1
If a > 3 (=14 /T+3n), the eigenvalues !, and A?, are negative and A\?, < Al,. In
this region the phase portrait is an atractor node for this singularity, represented in the
Figure [4.8) below.

—2a — 3a® +
When A = 0, the eigenvalues are real and equal, i.e., \l, = A2, = S

2n
1
Ao Ifa < 3 (=1 —/T+ 3n), the phase portrait for this configuration is an improper

attractor node for this singularity, because A\, < 0 for small enough values from 7, as
showed in Figure below.

1 1
If 3 (-1 —yIT+3n) <a< 3 (=1 + +/T+ 3n), we have an improper repulsor node for
the singularity, because A\, > 0 in this region as showed in Figure below.

1
If a > 3 (=14 /T+3n), we have A\, < 0 and an improper attractor node for this
singularity, represented in Figure below.
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Figura 4.8: Attractor node. Figure made by the author.

Figura 4.9: Improper attractor node. Figure made by the author.

When A < 0, the eigenvalues are conjugated complex. They are given by

—2a —3a® +n+ i\/4e772 — (2a + 3a® — 77)2
2n '
The Figure shows a bifurcation diagram for the family X,.,;. The singularity s is
1 1
an attractor node for a > 3 (=14 /1 + 37n) and a repulsor node for 3 (—1—I+3n) <

)\e,a =

1 1
a < 3 (=1 4+ +/T+ 3n). In some neighborhood of a = 3 (=1 + /T + 3n), we have a change

1
of stability and the same occurs for a = 3 (=1 — /T+ 3n), as showed in the same Figure
K112 below.

1
In Figure 4.12 we see a symmetry around the point a = —3 The lines

H:{a:;<—1+m>,e>0}

and 1
H’:{azg(—l—m),oo}

are denominated bifurcation lines and X,.,; has only one attractor limit cycle I'¢, for a €

(% (—1—+v1T+3n), % (=1++1+ 37})), as proved ahead in this paper. For the symmetry

of the problem and because the singularity n stays out of the regularization range for n
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Figura 4.10: Improper repulsor node. Figure made by the author.

Figura 4.11: Improper attractor node. Figure made by the author.

small enough, we analyse only the singularity s from now on (this singularity s always
stays inside the regularization range for any value of 7). Outside the interval

(5 (-1 - vIF3) 5 (~1+ vIF3m)

the system does not present limit cycle.
The limit cycle through the continuous curves

e—a=c(e),c(e) € [:1))(—1—\/1—1-377),513(—14‘\/14‘377)]

collapses in one of the curves showed in Figure below, when ¢ — 0. These kind of
curves are denominated by limit periodic sets (Ips).

More precisely, limit periodic sets are compact invariant subsets through the flow of
Xpert With € = 0, which are approximated in the Hausdorff metric by one parameter
families of limit cycles I'c (¢, associated with the one parameter subfamilies of X, with
¢ and a = ¢ (€). The Hausdorff metric is based in the following notion of distance between
two non empty sets V, W C R™" which is defined by

dg (VW) = inf — inf ||v — .
u (V,W) = maz {ig%gwllv w||,sg%gvl|v w||}
1
As long as we are considering a > ——, it is enough to do the analysis of the limit
periodic sets (1) to (5) in the Figure taking curves ¢ (€) such that

c(0) € {—; ; (-1+ m)} .
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Figura 4.13: lelt periodic sets. Figure made by the author.

The others are symmetrically equivalent.

The limit periodic set (Ips) (1) is called "small'and denoted by I'y, while the Ips (5)
is called "big"and denoted by I's. The cases (2), (3) and (4) are known as "canards'and
we use the following terminology respectively: Ips of type I, denoted by I'!, Ips of type II,
denoted by T/ and Ips of type III, denoted by I''?!. Moreover, we introduce the termino-

—14++/1+3n)(—-1—-6 Vv1+3
logy I')_, and T/ where yo = (=14 V1+3) (27 NtV 7))’ to represent the
n

situations of the Figure 4.14
1+/14+3n)(1+6 V1+3n
In Figure4.14}, we have y; = (1 + +3n) (1+6n + +3n)

I . Observe that Féo g =
I‘(I) =T, Féofyo = FH[ = I'p and Fil . Féflyo =T, For I'! and '

y=yo y—yo We only
refer to limit perlodlc sets of the type canard when y — yo > 0. The orientation of the

limit periodic set is the induced in the neighborhood of the limit cycle and is compatible
with the flow of X,,.,+. The next theorem is proved in [32].

Theorem 19. There exists a curve Cy = {a = ¢y (€)} with cq (€)
with @ (0) =0 and @ (0) =

c(e) <0 and c(0) €

= \/Ea(\/E), ae€ C,

—1, such that for some continuous curve C' = {a = c(€)} with

—3,0}, we have by taking y € |yo, y1[:

(1) lime_o Te o) = T'o & Ve > 0;¢(€) > co (€) and lime_glog (c(€) — co (€)) < 0;
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/

Y —"%Yo

Yo

n

Yo

Figura 4.14: lps of type I and III. Figure made by the author.

o (II)lime o Teoey=TL_ & Ve>0;c(e) > ¢ (€) andlim._,o (—elog (c(€) — ¢ (€))) =

)
k (y - yO);'
1

e (HI) lime o Tegey = T & limeo (—eloge (€) — co (€) ) = k (6)

o (IV)lime oL o) = Fé” & Ve > 0;¢(€) < co(€) andlimeo (—€elog (co (€) — ¢ (€))) =
k (y - yO);

o (V)lime oL =TF & Ve > 0;¢(e) < ¢ (€) and lime_,o (—€elog (¢ (€) — ¢ (€))) <
0;

where k (y — yo) is given by

being y € [yo, y1)-

Here k is C', k' (y — o) = 1 + 2 (y — yo), k is analytic in ]yo, y1[, k (yo) near from 0
and k (y1 — yo) near from 1/12.

This theorem describes precisely the canard form in function of the asymptotic beha-
vior from ¢ (¢), when € — 0.

The curve ¢y plays an important role. We can expand the function @ in a Taylor series
of order two around O:

a(x+h)=a(x)+a (x)h+ R(h),

R (h)

with limy, = 0. Therefore, @ (h) is approximately —h and c (€) is approximately

—e. Those curves ¢ (€) described on the itens (II), (III) and (IV) have a flat contact with
co (€), as showed in the Figure[4.15] For e > 0 fixed, the transition between the big canard
and the small canard occurs in an interval I, = [¢(€) — a., ¢ (€) + b] with a € I., whose
length is b, + a. goes exponentially fast to zero when € — 0. The limit cycle collapses in
one of the cases from (I) to (V), depending on which curve ¢ (¢) we are considering.

The proof of the next theorem can be found too in [32].
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CU 4 €

Figura 4.15: The curve ¢y. Figure made by the author.

A€

v

Figura 4.16: The canard cycle I'y,. Figure made by the author.

Theorem 20. For all h € (yo,11), there exists a curve a = ¢, (€) = e2¢ (e%> with c € C*°,
¢(0) =0, such that Lecoep — I'n when € — 0, where I'y, is represented in Figure .

Consider a generic system @ = f (z,a), with (z,a) € R*> x R and f € C"(R? x R).
We denote xz = (7, xg)T and consider the one parameter family

(4.5)

v _ i =azr; — wy & (22 + 23) 74,

§ =11 + axe + (23 + 22) 29,

where @ € R and (zy, :EQ)T = (0, O)T is a singularity. The system (4.5 presents the
eigenvalues A\ o = a % 1.

If we consider the complex variable z = 1 4 izo, from (4.5) we obtain z = z (a + i) £

z|z|? with |z| being the norm of a complex number. In polar coordinates with z = pe®,
system (4.5)) takes the following form

p=platp’),
Y;’:{é:L (4.6)

Considering the above system with the minus sign, we have

o (i) for a < 0, p is decreasing because p < 0;
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o (ii) for a = 0, p is decreasing too because p < 0;

o (iii) for a > 0, p is decreasing if it is greater than y/a and is increasing if it is less
than y/a. There is no variation when p = y/a or p = 0 and so a limit cycle appears.

An analogous analysis could be apllied with the plus sign substituting the minus sign
in ([4.6). This is what is called the Hopf bifurcation and the system is denominated
the normal form of Hopf bifurcation.

Consider the family © = f(x,a) such that for a = 0, we have f(0,0) = 0 and
the Jacobian matrix Jf (0,0) has the eigenvalues \; o = Fiwy, with wg > 0. This sys-
tem can be written as @ = A(a)x + F (x,a), where A(a) = Jf (0,a) and F (x,a) =
(Fy (z,a), Fy(z,a)) is of class C", F; : R x R — R, for i = 1,2 and F presents its
Taylor expansion beginning with terms of order O (]x|?). The matrix A (a) has the ei-
genvalues A\; (a) = A(a) and Ay = A (a), where A (a) = 7 (a) + iw(a). We calculate
A(0) =~v(0) 4+ iw (0) = 0 + twy, with wy > 0.

Let ¢ (a) € C? a complex eigenvector of A (a) associated to \(a), i.e., A(a)q(a) =
A(a)q(a). Let p(a) € C* be such that

A(a)" p(a) = A(a)p(a). (4.7)

It is always possible to choose p (a) € C? such that (p(a),q(a)) = 1, where the inner

product used here is given by (p,q) = Diq1 + P2ge with p = (p1,p2) and g = (¢1,¢2). Any
vector x € R? can be written as z = zq (a) + Zq (a) for some z € C.

The system © = A(a)x + F (x,a) can be written, for a small enough, in the form
2= X(a)z+g(z,7,a), where g = O (|z]?) is a function C™ given by

9(z,%,0) = (p(a), F (2q(a) + 74 (a),a)).

Suppose that for a = 0, F'(x,a) can be represented by

1 1
F(z,0) = §B (x,x) + EC’(:E,:E,QJ) +0 (|x|4> :

where B (z,y) and C (x,y,u) are multilinear simetric forms, with z,y, u € R% From this,
we get

2 42
9°Fi (a,0) .
Bi(x,y) = ———— 2 |aoxjTy, for i=1,2,
( y) ]%::1 aOédek ‘ 0Ljlk

and 2 3
C; (1'7 Y, u) - Z 8ogjaak80él

jiki=1
The quadratic terms and the cubic term of g (z,%,0) that is interesting for us are the
following ones

la=ozjxpzy, for i=1,2.

g = (p, B(¢,9)),
920 = <p, B (QaQ»,
Jo2 = <paB <67q)>7
gn = (0, C(q,4,7))-

The Lyapunov function [; calculated at 0 is known as the first Lyapunov coefficient

and it is given by
1 .
I (0) = ﬁRe (1920911 + Woga1) -
wo

Joining the previous explanations about Hopf bifurcation, we obtain the following theo-
rem.
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Theorem 21. Any bidimensional system % = f (z,a), x € R?, a € R with f € C" (),
Q C R? X R, having the singularity x = 0, ¥V|a| << 1, with eigenvalues M\ (a) = v (a) +
iw (a), where v (0) =0, w(0) = wy > 0, satisfying the following conditions

e (i) 11(0) #0,
* (i) 7' (0) # 0,

is locally topologically equivalent around the origin to one of the normal forms showed in

system (4.5)).

The regularized system

3 2P n
t=y————+z
Xpert - n n )
y=¢c(a—2x)
3 2
. . a a .
has only one singularity p, = (a, e a), whose eigenvalues are
Ui

—2a —3a* +n+ \/(Qa—i— 3a2 —n)* — den?

A =
12 (a) oy
The real part of A5 (a) are
—2a —3a* + 1
7 (a) = 5
n

and

_ \/46772 — (2a 4 3a% —7n)”

w (@) S

Y

1
because here we are considering A < 0. Therefore, v(a) =0 < a = 3 (—1+ T+ 3n)

1
and we consider only the value a; = 3 (=14 +/1T+3n), because the other value (with

-"sign) stays out of the regularization range forn small enough, while a with the "+"sign
always stays in the range of the regularization when n — 0.

1
In these conditions, the eigenvalues are given by A, = A <3 (—1+ 1T+ 377)) = +2n/€

1
and p, is an attractor focus when a > a; = 3 (=1 + /T4 3n), near a; and p, is a repulsor
focus when a < ay, near a;. The condition (ii) of Theorem [21] is verified below:

1+ 3a
!
Y (a) = - )
n
and therefore 1+3
v la) = === A0,

for n > 0. To verify the condition (i) from Theorem we must compute the first
Lyapunov coefficient in a;. So, fixing a = a;, we have

1 (=1 —6n+/1+3n)
pa:pa1:<3<_1+\/1+377>, 9(1+m) )
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Therefore, we must do the translation of p,, to the origin, obtaining the following system:
. 2@ +V/T+3n)
x={""Y 1 . (4.8)
y=-

The Jacobian matrix now is given by

0 1
o= ( 0l ) .
So, the system (4.8) for a = ay, writes as

x = Ax+ F(x,0),

where x = (x,y) € R2. From now on, we denote the ordering pair (z,y) by (z1,zs). In
this way

133

F(x.0) = <_n AN T +377+x,0> ~ (i (%,0), F, (x,0))..

where, expanding F’ (x,0), we have

F(x,0) = 2B (x.x) + £0(x.x,%),

with B (x,x) = (B (x,X), By (x,x)) and C (x,x,x) = (C} (x,%,%),Cs (X,X,X)).
We see that

)
Bi ) = BZ ) s Y1, Ik
(X Y) ($1 T2, Y1 yz ]kzl 82’],0zk 2=(0,0)T; Yk
24/14+3
with z = (z1,z2) and x, y € R?. Therefore By (x,y) = —ﬂxlyl and Bs (x,y) = 0,
n

due to the fact that Fy (x) = 0. Now

2
C; (x,y,v) Z

7,k,1=1

DF; (z O)
TiYrv

with z = (z1,22) and x, y, v € R? and v = (v, v3). So we get

6
Ch (X7Yav) = —59019101

and Cy (x,y,v) = 0. Therefore, we get
2/1+3 6
B (Xa y) = <—+77351?/1, O) and C (Xa y, V) = <—$191U1> 0> .
n n

Let ¢ (1,iy/e) and g = (1, —i/€) the eigenvectors associated to the eigenvalors from
the matrix Ag. We compute the vector p («), whose expression is found in (4.7)), obtaining

P = (iy/e, 1). Multiplying p by NG NG

)= {35z (LvE) = 5 +

we obtain the vector p = ——=p. So,

[\D\r—t
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Finally, we have to calculate the terms go9, g11 and g¢o1, as follows below

920 = (p, B(q,q)) = (2 2Z;> ( QW >>— ﬂ;ﬁ
g = {p.B(¢,7)) = (2 2@1/ ( zm >>— \/1:7377
(bt ()
and finally
I (0) = 2w(1al)2Re (1920911 + wog21) =
e () () () 3

1
ensuring that the system analyzed presents a Hopf bifurcation for a; = 3 (=14 1+ 3n).

4.3 Analysis for the Perturbed Regularized Fields in
the Charts

The concepts of blow-up methods used in this section are taken from the reference
[49], chapter 7. From the regularized field obtained before

. m3 $2
X, =4 STy Tyt
per y=c¢(a—2x),

we made a translation of the point

p1= (a1, f (1)) = (‘”m 1 —6n+m>

3 " 9(1+ T+ 3n)

to the origin of the coordinate system, where

The singularity p, is not considered because, as long as n — 0,

(- T 16yt
b2 3 9(1+ I+ 3)

does not go to zero, staying, at a determined moment, out of the regularization range.
The corresponding change of variables applied is

_ B (=14 1+ 3n)
3 ;

r =2

and

-6 +VIE3
YTV T T vIray)
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furthermore € = ¢, @ = a.
After the computations to obtain the new vector field X, through the change of
variables, we get

- 7 (143n+V1F30)

_ = y - - 3
Xy | 7 ) (49)
Y= —gz(—l —3a+3z+1+3n).

The blow up process now begins at the singularity point p;.

The blow up process applied at the singularity p; begins with the establishment of
weights for the variables 7, 7, € and a@. After choose the weights of the variables, we can
divide the system by some u", 7 € N, which gives origin to the system desingularization,
eliminating the non elementary singularities.

$g: S* < [0,U'] — M — {ps}
(Z,7,8a,u) — (UT, U2y, ue, ua) .
The radius of the blow up above should be small than the distance between the two

singularities p; and py. Let M be the dominium of the perturbed vector field X ;.
Let g € M — {ps} and p € S* x [0,U’[. The blow up vector field stays as

X (p) = (Do3" (9)) (X2 (0) = (D2 () ™" (X2 (62 (),

where
u 0 0 =
10 w0 2uy
Doa=1 4 o 0 322 |
0 0 uw a

u b0 —_“; £ 0
0 w? -2
Do) ! = Y 3,
( ¢2) 0 0 _u~“a u—l
0 0 = 0
Therefore, (D¢s) ™" <Y2> =
1 g _mum g o uPE® w2z (143n+/1+37)
uO Y 2u§3y 0 uy n n(1++/1+37)
— u I —su? (=1 —3au+3uz + /1+3n) | =
0 0 -3 u 0
0 0 = 0 0
o gt _ E(L3nyITE)
w\y = n(1++/1530)
= | —su(—1—3au+ 3uz+ 1+ 3n)

0
0
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We get, therefore,

—~ 75 T2(1+3 V143 1 v1+3
Xo=lu y_u:v 7 (1+3n+ - 31) , U 7+au—u:1:—7+ d ,0,0] .
n n(1++1+3n) 3 3
1= 5 T2(1+3 v1+3 1 v1+3
X5="X,= y_ux 7 (L+3n+ + 77)7 f—l—au—uaj—ﬁ ,0,0] .
u n n (14 1+ 3n) 3 3

For u — 0, we get the following vector field

72 (1 V1 1 V1
X = y_x (14+3n+ +3”7)77_ +3n’0’0 ' (4.10)
n(1++/1+3n) 3 3

The phase portrait for the vector field (4.10) above becomes as showed in Figure m

52 S3

Figura 4.17: Phase portrait for the chart {€ = 1}. Figure made by the author.

For the chart {a = 1}, we get:

v 0 0 =
10w 0 2uy
Dor=1"9 0o w 3w |
0 0 0 1
and the inverse matrix of D¢, is
vt 0 0 —ulm
-1 _ 0 u? 0 —2uly
(Do) "= o 0 w3 —geu
0 0 0 1
Therefore,
-1 1 2  uWBF “252(1‘5‘377‘5‘\/@)
I A e AT Wi oo, i
(Do)~ (X2) = 00 _Sguj e (1 - 3u+3uz +/1+3n) | =
0
0 0 0 1 0
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g uzt _ Tt VIEEn)
YT n(1+V/IT30)
= | —sue(—1+3u(-1+7)+ 1+ 3n)
0
0

Then, we get

— P 21 +3+VIT3 1
)Q:(u(y—m B Gk VA m),—3ue(—1+3u(—1+aj)+\/1—|—377),O,O).

n n(1++/1+3n)

1 ur® T (14+3n+/T+3n) 1
Xo=-Xo=|7y— — —€e(—1+3u(—-1+72 V143 0,0].

Now, doing u — 0, we obtain

?2(14+3n+/1+3n) 1
X;=(y- ——e(=1++/1+35),0,0].
2 (y n(l+vIi+3y 3¢ (~1+ VIF3) .0

The phase portrait for this chart is given by Figure [4.18]

e=0 e>0
Figura 4.18: Phase portrait for the charts {a = £1}. Figure made by the author.

For the chart {a = —1}, we obtain

22
u ! 0 0 zu! W2y wE v (1+3n+v/1+37)
' (Xs) 0 w? 0 2y ) ;;y( L g(lwf?ml) -
(Dd2) (X2) = -3 —1- —zue (=1 +3u+3ur ++/1+3n) [ =
0 0 u SuT€ 0
o 0 0 -1 0
g gt _ F (L3 yITE)
YAV T T (i)
—lue(=1+3u(1+7) + T+ 3n)
0
0
—~ e 52
Then,wegetX2:u<y—“f]3—m,—ée(—l+3u(l+x)+\/1+3n)’0’0).

1= uz® T (1+3n+vI+3n) 1
Xs=-"Xo= |7~ - ——e(—-1+3u(1+7)++v1+3n),0,0].
2 U 2 (y n 77<1+ 1+377) ) 36( + u( —|—l’)+ + 77)a )
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Doing u — 0, we stay with the following system

?2(14+3n+/1+3n) 1
X5 =\|y— ——€(—14++v1+4+3n),0,0].
2 (y n(l+vI+3y) 3¢ (-1 VIT3m).0
So, the phase portrait for the chart {@ = —1} is the same as the phase portrait for the
chart {@ = 1}, due to the fact that X is the same for both charts {a = £1}.
For the chart {Z = +1}, we have

0 0 0 1
w? 0 0 2ug
Dor=1"0 w3 0 3w |
0 0 uw a
—2yu~t uw? 0 0
| =8ewt 0 w0
(D¢2) - au~! 0 0 ul
1 0 0 0
Therefore, Xy =
2
—ogu! w? 0 0 g — w1tV
I —3?21&’1 0 w3 0 1 37y ! a(L+V/I530)
(Do) ! (X2) = C 0 0 g L4 (—1+3u—3au+/T+3n) | =
a 0
1 0 0 0 0

u(6ug—67°n+3(—1+a)uen+67y/TF3n—en(—1+/1¥37))
3n
_ 3eu(u—yn+/1+31)

n
_ au(u—yn+v/1+30)

n
w2 (u—gn+VTF)
n

6uy—672n+3(—1+a@)uen+6y/ TF3n—en(—1+v/1+37)

3n
_ 3e(u—yn+vI+3n)
n
_a(u=gn+v/TE3n)

n
u(u—gn+v/1+3n)
n

Doing the transformation X, = %72, we get the following vector field:

5= 6ug—67°n+3(—1+a@)uen-+67y/TF37—en(—1+/137)
— 5 7
s 3e(u—7n+/T+3n)
X, : N n ’
2 . a(u—gn+vIT37)
a = —7,
a o u(u—@n—f—x/l-i—?m)

n

Doing € — 0 and @ — 0, we obtain
2y (u—yn+v/1+30)

n )
u(uf§n+M)
-5

X5

SO S
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Ly Ls

‘

Figura 4.19: Phase portrait for the charts {T = +1}. Figure made by the author.

The phase portrait for the chart {Z = 1} is given by Figure below.
For the chart {T = —1}, initially we have

Xy = (Do) (X2) =

=1U

_ 1 9 o | ud  uw(14+3n+vI¥3n)
s vz 00 (e -
el 00 at —5u%e (—1 — 3u — 3au + /T + 37)
au U 0

—1 0 0 0 0
u(6ug+ (672 +2+3(1+a)ue ) n—67/ T+ 3n—eny/T537)

3n
3ue (u-+7n—/IF31)

n _
au(u+gn—/1+37) -

n
u? (u+§n7«/1+3n)
n
6ug+ (67 +e+3(1+a)u ) n—67/TF3n—eny/T+37

3n
3e(u+gn—/1F37)

n
a(u+yn—/1+3n)

n
u(utgn—/TF30)
n

Through the transformation X, = %72, we arrive at the following system

XQI

LN B

ST

U =

6uy-+(67°+e+3(1+a)ué ) n—67v/TF3n—eny/1+37

3n ’
3¢(u+yn—/1+31)

77 Y
a(utgn—v/T3n)
"7 Y
u(u+§7]*m)
n

Doing € — 0 and @ — 0, we have

29 (ut+yn—v/1+30)

X5

SO S

n 9
u(w+n—/TF30)
. .
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The phase portrait for this chart is the same as for the chart {Z = 1} and it is given

by Figure [4.19
For the chart {y = 1}, we stay with

v 0 0 =
0 0 0 2u
Dox=\0 05 0 sue |
0 0 v a
w2000
_ 0 _3€u’2 'LL_3 0
D¢y) ' = 2,
(D6») g
0 “= 0 0
ul —»T 9 W2 — v u?z? (143n+/1+37)
0 za-? | _3 0 n n(1+v1+31)
(Dg2) ™ (Xz) = 0 2o uO . —su’e (=1 —3au+3uT + T+ 3n) | =
_au? u .
0 ﬁ 0 0 0
1 2;r uz?(— 2§+€ ) 672 e
ch <2 TS T 1+v1+3n + 1+\/113n)
- SJUE* (= 1—3(w+3ux+\/1+3) _
%5 (=1 — 3au + 3uz + /T + 3n)
su%e (1 + 3au — 3uz — /T + 3n)
1 e S =
2 <2 —auze — S+ S t - Tryiten 1+\/113n)

1e2 (- 1—3au+3ux—|—\/1+3 n)
@€ (—1 — 3au + 3uT + /1 + 3n)
sue (1+ 3au — 3uz — /T+ 31)
From the system above, we get that %€(—1 — 3au + 3uT + /1 +3n) =
we get the final system on the chart {y = 1}.

Oa\r—‘mx

el

Therefore,

€ 3a_ 3u
e a  u
=1 — 232 | uF(—23+en) 62> Te
X5 =3 (2 — QUTE = 57 1 ~ e 1+\/1Z-37]>
i = gue (1+ 3au — 3uz — /T + 3n)
Now we introduce new parameters A, E and the variable v in such a way that
€= 112,
{ 7= Au, (4.11)
for A € [—Ao, Ao, where Ay is large enough
€ = Ev?,
{ d=tv, (4.12)

for E € [0, Ey[, with Ey small enough. In this way, we get two types of charts paramete-
rized by A and E, where the vector field X, for y = 1 stays as
T=1 (6 — 3Auv’T — M +0*T (=1 + 3uT + \/W)) ,
X2 =9 a= suv? (1 + 3Auv — 3uz — /T + 31)),
v = v* (—1 — 3Auv 4 3uT 4+ /T+3n)
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using the substitution (4.11)). On the other hand, if we use the substitution (4.12))), we
get

72 (ua+yVTF3n) | 1 o 7

n
= tBuv* (1+3u(v—2) — 1+ 3n),
=BV (—1+3u(—v+7T)+1+3n).

The coordinates of the singularities s, and sz are respectively

5y = (—W,0,0) and (W,o,o) .
(14 3n)4 (14 3n)*

The phase portraits of X; in these charts and for {uv = 0} are represented below in
Figure [4.20

X; =

S 28

Figura 4.20: Phase portrait for the charts {7 = £1}. Figure made by the author.

So, the general phase portrait for the charts worked above is showed in the Figure

%

Figura 4.21: General phase portrait obtained from the charts. Figure made by the author.
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For the chart {y = —1}, we stay with

v 0 0 =
0 0 0 —2u
Do, = 0 u? 0 3u’e |’
0 0 w a
wlE 00
_ 0 32 43 9
D)~ = _2
( ¢2) 0 au2 2 0 ufl
0 -5 0 0
ulowTo 0 L2 v w232 (1+3n+/1+31)
0 Seu-2 -3 n n(1+v/1+37)
(D) " (X3) = 0z “0 . —Lue (-1 —3au+3uz + VI+3n) | =
2 u 0
0 - 0 0 0
_u(Gn+E(6uE2—n€+3u( a+i)nz+\/W(6f+zn)))
_ TuE (1+3au—3ux— 1+3n) _
saue (1 + 3au — 3ux — /1 + 3n)
su%e (—1 — 3au + 3uT + /T+ 37)
_ (6n+7(6uz? —ne+3u(—a+@)ne+/TF3n(6T+en) ) )
6n
—u e (1 + 3au — 3uz — /1 + 3n)

1

2

sae (1 + 3au — 3uz — /T + 3n)
ue (—1 — 3au + 3uT + /1T + 3n)

From the system above, we get that 1€ (1 + 3au — 3uz — /T + 37) =
get the final system on the chart {y = —1}:

o:\»—‘

A

Therefore, we

9

{ . (67]—1—5(61@ —ne+3u(— a+§)nz+m (67+en)))
X* . xr =

2 .

U

Tue (— 1—3au+3ux+\/1+3 ).

Again we use the new parameters A, F and the variable v from (4.11]) and (4.12)) and
the vector field X, for 7 = —1, stays as

72 (uz++/

T = é<6 3Au3T M—i—vzm(—l—k?)ux—l—s/l—l—?m)),
X2 =9 a= év(1+3Auv—3uaz—\/1+377),

b= 0* (=1 — 3Auv + 3uT + /T +3n)

using the substitution (4.11]). On the other hand, if we use the substitution (4.12)), we get

T2 uf—l-m T
_ = )+1va(U(—v+l‘)+ﬁ)’

T=1
X; = u:%E (14 3u (v —7) — VTF30), :
v =zEv (=14 3u(—v+7)+/1+31),
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equal like in the chart {y = 1}. The phase portraits are represented at the same Figures
120 and E.211

The coordinates of the singularities s; and s3 are respectively

89 = (—W,0,0) and (\/7]1,0,0) .
(1+3n)1 (1+3n)1

So, the analysis for the chart {y = —1} is rigorously the same as the analysis made
for the chart {y = 1}.
Blowing Up on the Lines N and S.

The lines N and S have two connected components, Ny, Ny and Sy, So, respectively.
Such lines are formed by singular non-elementary points, obtained when the parameter
a vary with € = 0. Below, in the Figure we have the representation of such lines in
the space M3, obtained after the blow up process applied at the points p; and p,, which
is represented by n and s respectively.

We denote by s11, S12, no1 and noo the final points of the lines Sy, So, N1 and N,
respectively, inside the exceptional divisors of the blow ups already made.

The study for each one of the four connected components Ny, Ny, S; and S5 is ana-
logous. Therefore, we describe only the study for S; on the singularity that interest here
(p1)-

Beyond the line 57, the family is described by two equivalent vector fields: Xz on the
original coordinates and X after the blow up around the point s;; with @ = —1.

a=20 a>0
Ny

221 n
22 —
Ny _(\

= /X
\

>

522 S

N o

Figura 4.22: Representation of the lines N and S. Figure made by the author.

@ T (1430+VIF30)

D I CEavie= ) I
€a . 1
y=-—3¢ —1—3a+3z+ 1+ 3n),

=g P13y
lz{x—y n n(1+v1+3n)
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On the original coordinates (x,y,€,a) we have S; = {x =y =¢ =0} and on the
coordinates (Z,7,€ u) we have S; = {T =7y =€ = 0}.
We can write the family fields above as vector fields in R,

@ 72(143n+/1+3n)
t=Y=5 n(1+vit3)
_ . 1
Xea=1 U= —§€(—1 —3a+3z+ 1+ 3n),
€=0,
a=0,
=g P13y
eV n(1rvitsn)
X;={ y=—ze(=1+3u(l+2)+yIT+3n),
€e=0,
u=0.
The change of coordinates is given by o = uZ, y = u2y, ¢ = v’¢ and a = —u. The

family fields above are equivalent for such changes. The blow ups

T = wx”,y — wa"j — w3e”,

beyond {a € [_71, ao}} for the field Xez and

3 6”

2. 1 —
1Y € =Wy

T=wa"J=w ,

beyond {u € [0,U[} for the field X, locally do a desingularization of the vector fields
defined beyond the line Sj.

4.4 Center Manifolds and Melnikov Integral

Consider the vector field X, from the system This vector field has non-isolated
singular points, which are denominated as the set Z; (X). After the application of the
desingularization process, all these points are partially hyperbolic, with one non null
eigenvalue and three null eigenvalues. At the figure below, Figure [£.23] we have a tridi-
mensional representation of M, with Z; (X) C OM.

The existence of center manifolds of class C* in each point p € Z;(X) follows from
general theorems from [32].

We are interested in the construction of center manifolds in the region

—2
Kzu{PAO;—Ao SASAO,AIGO},
X 0

with Ay small. Let v : v — (z,y,¢) = (z (v),y (v),v?) an arc C*™ in the chart given by

(z,y) € R*\{p1,p2}, € € R, as showed in the Figure [4.24 below. Particularly, we consider

the region defined here as 3, which consists of connected components of the union of the

final points of the lines L; from the region Fy, that is characterized as the region from M

with @ = 0 and € = 0. The following proposition is proved in [32].
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N J/'"\ Ny IN
/

as

S /J"x S
/)

) 0

VA

Figura 4.23: Tridimensional representation of the center manifold M. Figure made by the
author.

Proposition 22. For the region 8 with X = (€,@) and for all k € N, the germ of the vector

field Xpery in the points s;, 1 = 2,3 and A = Ay is C* locally equivalent to the family X4 =
0 0 0

+ (686 +v2f (u,v, A) <u8u — v(%)) in some neighborhood of (u,v, z, A) = (0,0,0, Ap).

The function f is C* and strictly positive. The sign is positive for s, and negative for ss.

Furthermore, for each A the planes {v =0} and {u = 0} are respectively contained in Fy
and the disc Dx.

S2 53

Figura 4.24: Center manifold C, (A). Figure made by the author.

Let C, (A) be the close of the union of orbits segments from X 4 through the points of
the graph of v, taken between the first intersection of this trajectory with the transversal
section T', as shown in Figure in negative and positive time. The following theorem
is proved in [32].

Theorem 23. C., (A) is well defined for —Ay < A < Ay, with Ay and vy small enough
and it is a C* manifold, with exception of two points o () € Ly and B () € Lz, which are
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limit points from vector field X o), on the trajectory passing through (x (0),y(0)) € Cy,

where
o _{x2 3 (1+\/1—|—3n)(1—|—6n+\/1+3n)}
1= .

—F+ ——x<y<
non 27n

4.5 Melnikov Integral

Consider the following differential equation system

i=f(u,\), (4.13)

1
where u = (x,y) € R*, A = (,a) € A = (¢, +00) X —3,+oo> C R? and f(u,\) =

3 1'2

x

(y— —+x,e(a—x)>.
n n

Let & € R? a regular point of the non-perturbed system

i = f(u,0), (4.14)

and denote by w (t,&,\) the solution of (4.13]) with inicial condition u (0, &y, A) = &. We
define g (u) = Rf (u,0), where
0 -1
(1)

and let v (¢, &) the orthogonal system flow u = g (u). The orbit v (t,&p) is transversal to
the solution u (, &y, 0) of the system (4.13)).
We define the transversal section

= {¢(t,&);t € R} (4.15)

and we admit that there exist two solutions families 7' (¢, \), 72 (¢, A) from system ([(£.13),
each one of them parameterized by A = (¢, a) transversal to X. Furthermore, we suppose
that for A = 0 the correspondent solutions coincide with the solution of the non-perturbed
system (4.14]) with £ = &;. Our aim is obtain information about the function that measures
the distance between the two families ! and ~.
Let
pP:ACR* — R
A= Pt (N,

where p' (0) = 0, with p’ (\) denoting the intersection point of the family 7% with the
transversal section X, for ¢« = 1,2. Such point is measured by the parameterization of X,

given by (4.15)). So, we could write
YN =u(tv (o (V). &), ) i=1,2 (4.16)

We can see these families as variations of the solution of the non-perturbed system
([@.14) and " (¢,0) = u (¢, &, 0), due to p' (0) = 0 and ¢ (0, &) = &, for i = 1,2. Further-
more, as long as we have 7% (0, \) =¥ (p' (N), &), so 7 (0,\) € 2.

Now we define the function

A:ACR? — R
A= AN =pt () =2 (V).
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The function A measures the distance between the points where the families cross X and,
moreover, we have that v (£, \) X = p' (\),i = 1,2.
For A in a neighborhood of the origin, the function A ()) is equivalent to the function

sep: ACR? — R
A= sep(N) =@ (pt(N), &) — v (p*(N), &), 9 (&)

The function sep could be written as
sep(N) = £(£,0) x (¥ (p' (V). &) = ¥ (0* (V) , &) ,9(%))

where x is the cross product in R?, defined by u X v = u1vy = vouy, with u = (u1,us) and
v = (v1,ve). If the solutions ! (¢, \) and ~? (¢, \) are identical, we have that sep (0) = 0
and sep (\) = 0.

Let’s define S = {\ € A;sep(A) = 0}. For A small enough, the function sep is equi-
valent to the function A. from now on we define the separation function with some
dependence of the time, as represented below.

S:RxA — R
(tv )‘> =S (t7 >‘) = <71 (t7 /\) - 72 (tv )‘> g <¢t (fO)»?

or S (t,A) = f (¢ (&) ,0) x (v (£, A) — 72 (¢, N)), where ¢ is the flow of the system (4.14)).
Once we have S (0,\) = sep (), the technique which is used is of calculate the par-
tial derivatives of the function sep () from the correspondent partial derivatives of the
function S (¢, A).
Defining S* (¢, \)
expressed as S (t, \)
We have that

= (v (t,\), g (d¢ (&) ,0) x v* (¢, \), i = 1,2, the function S can be
=St (t,\) — S%(t, N).
Sy, = f(¢1(&).0) x 73, (¢,0). (4.17)
As long as we have 7 (¢, \) solution from (4.13)), we arrive in §* (£, \) = f (7' (£, \), \).
Therefore, ’7)\]’ <t7 /\) = fu (’72 (tu )‘> ’ /\) ’Yij (ta )‘) + f)\j (’yl (ta )‘) 7/\)7 and so
A, (1,0) = fu (¥ (£,0),0) 74, (1,0) + f, (¥ (£,0),0).

We can write 7" (t,0) = u (¢, o, 0), and therefore 43 (2,0) = f., (u (t,£0,0),0) 5, (,0)+
I, (u(t,8,0),0), which gives origin to

3, (6,0) = Fu (0 (%), 0) 7, (£,0) + f, (1 (%) ,0). (4.18)

From equation (4.17)), we get Sﬁ\] (t,0) = fu(¢: (£0),0) 1 (t, &, 0)X7§\j (t,0)+F (60 (&) %
44, (¢,0) and using (4.18)), we obtain

Sy, (5,0) = fu (¢ (&), 0) f (6 (€0),0) X 24, (£,0) + f (¢4 (%) ,0)
X (fu (@1 (60),0) 74, (£,0) + S, (1 (%) ,0))

Using the notation f, (¢: (&) ,0) = A(t), we arrive in

S5, (8,0) = A(t) f (¢ (€0),0) X 7}, (1,0) + f (¢x (&) ,0) x A (), (£,0)+ (4.19)
+f (¢ (§0),0) X fa; (91 (£0),0) . '
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From vector analysis, we have the result that if A is a matrix 222 and v,w € R?, so
Av X w+v X Aw = (trA) v X w. Applying this result in (4.19)), we obtain

S5, (£,0) = (trA (1)) f (¢ (&),0) X 74, (£,0) + (¢4 (£0),0) X f, (6 () ,0),

o o
and as A(t) = glﬁ gﬁ% , with f(u,0) = (f1 (u,0), f2(u,0)), we conclude that
duy  Ouy
trA(t) = divf (¢ (&), 0).

Therefore,
83, (£,0) = divf (¢4 (), 0) f (61 (€0),0) X 74, (,0) + f (¢4 (%), 0) X f, (¢4 (%) ,0),
and using ([£.17)), we obtain
S, (t,0) = divf (¢ (), 0) S5, (£,0) + f (¢ (&) ,0) X f, (64 (%) ,0). (4.20)

Solving the ordinary differential equation (4.20)) through the assumption that we know
the behavior of v! (¢), when ¢t — —o0 and of v%(¢,0), when ¢t — +o00, we arrive in

51, 0,0 = K (18}, (1.0) + [ K () £ (6, (&) x f, (0 () 0)ds,

and

—53,0,0) = =K ()%, (6,0)+ [ K ()1 (60 (60) %, (6 (&) ,0)ds,

t ..
where K (t) = e~ Jo divf(9+(€0).0)ds Therefore, the partial derivative of sep in relation to A;
stays as

sepy, (0) =

limg, oo |1 (1) £ (60 (&0)) A, (4,0) + J K () £ (95 (§0)) % fi, (65 (60) , 0) ds] +

im0 [~ () £ (60 (80)) X 22, (1,0) + [ K (5) £ (65 (€0)) X fo, (s (60) ,0) ds]

(4.21)

As long as the terms between the brackets are constants, these limits from (4.21]) exist.

Now we apply for the case of perturbations of saddle connections. Let is suppose
that & denotes a regular point on the orbit of the system , which connects two
hyperbolic saddles py and qo, i.e., lim;_, o & (&) = po and limy_, oo & (§0) = qo- Let X as
defined in (4.15]). Through the application of the implicit function theorem, if A is in the
neighborhood of the origin, the system has the perturbed hyperbolic saddle points
px=po+ O (A) and gy = qo + O (N).

We define 4! (¢, A) the solution of (4.13)) with inicial conditions in ¥ that stays in the
unstable manifold of py and 72 (¢, \) the correspondent solution in the stable manifold
of the hyperbolic saddle point g,. The next proposition gives an explicit equation for

sepy,; (0).

Proposition 24. If the system (4.13)) ) with A = 0 has a saddle connection and if v* given
by v (£, \) = u(t, ¥ (p" (N),&),A),i = 1,2 are solutions in the stable (i = 1) and in the
unstable (i = 2) manifolds of the perturbed saddle point, we have

limis—oo K (£) £ (61 (60)) X 7, (£,0) =0,
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1o (1) £ (90 (60) %23, (1,0) = 0.
Moreover,

—+00

sepy, (0) = [ e Jo A0 1 (6, () 0) x i, (61 (60) . 0)

known as Melnikov integral.

Now we study the existence of a periodic orbit approaching a limit periodic set of the
type I, using the integral from proposition ([24]).
Consider the family given by the chart {€¢ = 1} from the exploded vector field X on the
(1+3n+ 1+ 3n)
n(l++v1+3n)

blow up process. For the sake of simplify the notation, consider b =

2

Xp={ T=7—5b (4.22)
y=(A—bz)

S
| 3

We can multiply both equations of system (4.22)) by the integral factor e™¥ and the
system stays as

. - T
= Y |77 - —

xp=] TV (4.23)
y=eY(A—-bT)

For a = 0, the system (4.23)) presents as a first integral the function

_ T
He—eT(5-%11).
¢ (y 2+>

Now we consider the transversal section 7" from the Figure[£.24] Let C., (A) the central
manifold built as explained in Theorem [23| and let p; and p, curves in T defined for the
intersection of C, (A) NT. Parametrizing the section T by (u,h = H (0,7)) € R? X R, we
can write p; and ps as graphs functions C'*:

p1 = graph{h = F (u,A)} and ps = graph{h = B (u,A)}.

Let is define the function A (u, A) = F (u, A) — B (u, A). We see that A (0,0) = 0.
By construction, the solution equations of A (u, A) = 0 corresponds to the intersection
of periodic orbits from X3, with the section 7. Moreover, A € C* because F, B € C*°.

Below, we verify that —- (0,0) # 0 and using the implicit function theorem, we guarantee

the existence of only one A = ¢ (u) such that ¢(0) =0 and A (u,c(u)) = 0.
Using proposition (24)), we obtain

HA foo gt
A (0,0) = / e~ Jo X5 @I xxx 7 0) % X3 (T,7,0) dt,

where X3* = D, X;*. We have that

—2
X5 @.0) = (e (5= o) o)

X35 (2.5.0) = (0,e7).
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divX;* (Z,7,0) = —bTe ¥ + bre ¥ =0

and
T2

X5 (2.9.0) x X35 (7,5,0) = (y - 2> b

Therefore, we obtain that

OA gt o 7P
8A——ooe (y—2b>dt.

Using the first equation of (4.22]), we arrive in

dz
72
EoE

0A too
—_— = _y T

dt =

and so

2
As the integral is calculated along the equipotential manifold I' = {y = % — 1}, we

conclude that
T2

0A too 1-—
92 0.0 = 2
5 (0.0 [me dz > 0.

O0A
Theref: — )
erefore, oA #0

Therefore, fixed h € (yo, y1), let is consider the curve in R?* given by

Th = {(:L‘aya 67(1) = <Oa h,S,O) S S [0730)}a

where s is a fixed constant. Let is C.,, (A) the center manifold associated. So, there exists
only one curve A = ¢(u) in the blow-up space {(Z,7,u, A}) such that A (u,c(u)) = 0.
Returning to the original parameters, we can write

Therefore, along the curve a = ¢, (¢€), the induced family X, ,—, () has a sequence of limit
cycles I'c ., (o) that converges to I';, when € — 0.



5 Conclusion

In the first subject studied, we worked with a linear center at the origin and four normal
different forms of isochronous centers at the origin, studying possibilities of existence
of limit cycles between the linear center and one of the four different types of cubic
iscochronous centers on the plane R?, divided by the discontinuity set ¥ and two regions
YT and ¥~. We got limit cycles only in the case of one intersection of the limit cycle with
Y1 and one intersection of the limit cycle with 5, with X, acting in (); and X; acting
in the first quadrant (Q;. The cases with two intersections with ¥ and two intersections
with X~ do not present limit cycles, regardless of the position of the linear center and one
of the isochronous centers in ¥ and ™.

In the second subject studied, we dealt with the existence of a global center at the origin
in the system , based on ten different statements of Theorem . Each one of these
statements present a global center for determined conditions applied in the parameters
involved, with the exception of statements (a) and (c) of Theorem [12] which do not have
global center at the origin of the coordinate system.

In the third subject studied, we concluded the existence of a canard limit cycle for the
regularized system through analysis of Hopf bifurcation in one of the singularities
that always is inside the regularized region, followed by blow up applications in the charts
of the parameters involved and, finally, finishing by an analysis using Melnikov integral.
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