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ABSTRACT

This is the second of two papers developing a conjecture that might solve the quasar redshift controversy.
The quasar-galaxy or quasar-quasar associations with discordant redshifts reported by Arp and others would
be explained as the effect of multiple image production in a cosmological model with nontrivial space topol-
ogy. The model here explored has the same local metric as Friedmann’s open model, but the latter’s infinite
space is replaced by a closed space, constructed as usual from a polyhedron with faces pairwise identified. The
results exhibit, semiquantitatively, some of the characteristics of the mentioned associations, and are suggestive
of other effects such as an inhomogeneous distribution of QSO images on the sky. But no actual fitting of
data is attempted, for these are too rich and varied, and probably will require a more complex topology for
their explanation than the one used here. So the present model will be seen as a prototype for future develop-
ments in this direction. A possible connection with the ideas of small universe of Gott and Ellis is hinted at.

Subject headings: cosmology — galaxies: clustering — galaxies: redshifts — quasars

I. INTRODUCTION

The first part of this research was published a few years ago
(Fagundes 1985). It presented the view that the quasar redshift
controversy could be resolved if the infinite space of Fried-
mann’s open cosmological model were replaced by a closed
hyperbolic manifold (CHM). That paper, henceforth referred
to as QGAL treated the problem in the unrealistic but simpli-
fied context of a two-dimensional region of space, or three-
dimensional region of spacetime. Although the unfamiliar
mathematical machinery there introduced caused some
concern, I hope it has paved the way for the class of more
realistic models which will be exemplified in this paper. Here I
shall tone down the mathematics, at least in the main text;
some subtle points, as well as most calculations, are left to the
Appendices.

The model developed in this paper has the spacetime metric
of a Friedmann-Robertson-Walker (FRW) model of negative
spatial curvature, but the comoving three-dimensional space is
represented by a CHM rather than by Lobachevskian, or
hyperbolic, space (H?). The CHM is an identification space,
obtained by identifying, or “gluing,” pairs of faces of a funda-
mental polyhedron in H? here a hyperbolic icosahedron (see
§ I). As H? in QGAL here H? remains as the space of potential
images of the sources in the CHM. The observed approximate
isotropy and the postulated global homogeneity are reinter-
preted as an isotropy and homogeneity of the space of images
H>. In the language of geometers, the latter is tessellated, or
honeycombed, into replicas of the fundamental polyhedron
(FP). The sources are located in this fundamental cell; points in
the replicas, up to the observational horizon, are potential
images of those sources—potential because there might be no
source at the corresponding real point, or a source there might
not have been radiating at the appropriate time.

As discussed theoretically in QGAI, § I1I, IV, and observa-
tionally by Sokolov and Shvartsman (1974), present data do
not contradict the idea that space has a nontrivial topology
like that of the model developed below. For a general dis-
cussion on the topology of cosmic space see Ellis (1971).

The associations of quasars and galaxies with discordant
redshifts reported by Arp and others (see Burbidge 1981 for a
review) are reinterpreted as near-conjunctions of multiple
images of single sources, whose rays would have traveled dif-
ferent paths from the source, but arrived at Earth from about
the same direction on the sky. The redshifts are thus cosmo-
logical, as in the standard FRW models, but the distance
parameters are those of the rays’ paths; the smallest of these
may be said to be the source’s distance from us.

Repeated images also result from simpler FRW models, such
as the three-toroidal one in Fang and Sato (1983), Demianski
and Lapucha (1987), Fagundes and Wichoski (1987), and
others. But the data on associations of quasars and galaxies
with discordant redshifts, which are at the core of the contro-
versy, seem more readily simulated by closed (that is, compact
and boundless; see Seifert and Threlfall 1980) hyperbolic
models, which also predict an inhomogeneous distribution of
groups of QSO images; see § V below.

As stated in QGAI (§ I, VI), I expected to find quickly a
CHM that would fit the observations. But it turned out that
this is a project of wider scope than anticipated, because of the
large number of possibilities. So we have to adopt the emerging
methodology of computer simulations (see, for example, Hut
and Sussman 1987), making a systematic, as automated as
possible, search among the models of this class. The model here
detailed is thus to be viewed as a prototype for that larger
project.

The density ratio in this prototype is again taken to be
Q=0.1, as in QGAI and Fagundes (1986). This value may
look like a conservatively low estimate, but it is still a real
possibility for the average distribution of matter and radiation,
if the former is predominantly “ordinary,” rather than
“exotic,” matter. In any case, this value is maintained because,
combined with the chosen CHM, it has allowed a semi-
quantitative simulation of some observations.

The next section describes the theoretical framework, and
§§ III, IV show the processes by which multiple images, partic-
ularly conjunctions, are produced.
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QUASAR-GALAXY ASSOCIATIONS. II

II. A FRIEDMANN MODEL WITH CLOSED, HYPERBOLIC SPATIAL
SECTIONS

In a notation similar to that of Landau and Lifshitz (1975), I
will write Friedmann’s hyperbolic metric (an FRW metric with
cosmological constant A = 0 and density ratio Q < 1) as

ds? = a®(n)(dn? — do?) , 2.1)
where
a(n) = ag(cosh n — 1), 2.2)
do? = dy? + sinh? y(d6? + sin? 6d¢?), 2:3)
and the parameter 7 is related to time by
ct = ag(sinhn —n) . 2.4)

The cosmological redshift Z(I) of an image I at distance
X = xr1s given by

a(n,)
alno — xp)’

where 1, = 1(t,.w) is the radius of the observational horizon in
the comoving metric.

Now, while the global structure of spacetime in Friedmann’s
hyperbolic model may be represented by H*> x T, where H?
is hyperbolic space and T, is the positive time semiaxis, in our
case it is CHM x T, where CHM is a closed hyperbolic man-
ifold or space. The chosen CHM is one of the three given by
Best (1971) having a regular hyperbolic isosahedron as funda-
mental polyhedron (FP). It was already used by the author in a
concise report on the possibility of multiple images of our own
Galaxy (Fagundes 1986). This FP is drawn in Figure 1, and its
geometry is explained in Appendix A. Table 1 gives the num-
bering of its faces. The faces to be identified or “glued” are
those whose numbers differ by 10. Also, the order of the ver-
tices in the faces is maintained in the identification. For
example, ICA - ABC impliesI - A,C->B,A—>C.

1+ 2Z()= (25)

TABLE 1
FACES OF THE FUNDAMENTAL
ICOSAHEDRON

Number?® Face

) O ADI

2 s ICA
3 e EFL
S PP DEL
S e GFB
6 i FGJ
T o ABE
8 FEB
O et AED
10 s JKL
) 5 N BGC
12 ABC
13 i DIK
14 KLD
15 HIK
16 i, GJH

17 e, LJF
18 e, CGH
19 KIH
20 e CHI

® The numbering indicates the
identification of faces: face N is
glued to face N + 10.
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F1G. 1—The fundamental polyhedron of the prototype model is a hyper-
bolic regular icosahedron, here represented by a Euclidedn icosahedron in
cavalier projection. “MW” is the Milky Way Galaxy, located at (0, O,
tanh 0.75) in this map. Dashed circle is the section plane x, Ox; of the unit ball
onto whose interior Bolyai-Lobachevsky’s space H? is compressed.

As in QGALL it is convenient to use a compact representa-
tion of hyperbolic space. Here I shall use Klein’s model, which
maps H? onto the interior of a ball of unit radius in ordinary
space, and assigns Cartesian coordinates x = (x;), i = 1-3, to
its points, with the correspondence

x, = tanh ¥ sin 0 cos ¢ , (2.6a)
X, = tanh y sin 6 sin ¢ , (2.6b)
x3 =tanh y cos 0, (2.6¢)

to coordinates (x, 0, @). Its great advantage is that Lobatchevs-
kian straight lines and planes are mapped by their Euclidean
counterparts. The distance between two points x, y is (see
Coxeter 1965, p. 209)

_ 1—x-y
d(x, y) = cosh ll:(l —x?)(1 — yz)uz:l :

If one of the points is the coordinate center O, say y = 0, then it
is easier to invert equations (2.6a)2.6¢c) to get

d(x, 0) = y = tanh ™ !| x| . (2.8)

Figures 1-4 are all centered at the geometric center O of the
FP. The position of Earth is denoted by MW (for Milky Way
Galaxy) on Figure 1. It was chosen at distance yg = 0.75 in the
positive x, direction; hence, its Klein coordinates are (0, 0,
tanh 0.75). Note that a CHM is locally homogeneous, so that
equations (2.1}{2.8) are valid for coordinates centered on any
observer’s position, here MW. But it is not globally homoge-
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neous, a fact that required a reinterpretation of the homo-
geneity postulate, as explained in QGAL See also § V below.

We also need Earth-centered coordinates x;. They are
derived in Appendix A and made explicit by the formulae
(where g = tanh 0.75,y = cosh 0.75)

r__ X1

Xy = 'y(l _ ﬁxs) s (2.9a)
X2

Xy = 'y(l _ ﬁxs) s (2.9b)
ro_ X3 — ﬁ

R g 2.9¢)

which, curiously enough, look like those of a relativistic veloc-
ity transformation (see Fagundes 1986). The distance y' from
Earth is given by equation (2.8) with x’ substituted for x, and I
shall use a theoretical longitude and latitude:

(2.10a)
(2.10b)

lon = ¢’ =tan"! (x}/x}),
lat = 90° — 6 = 90° — cos™ ! (x3/| x'|),
with the ranges 6° < lon < 360°, —90° < lat < 90°.
III. THE HONEYCOMBING OF SPACE AND THE MULTIPLE IMAGES
OF A GIVEN SOURCE

The formation of a CHM by face identification implies, by
Poincaré’s theorem, the tessellation, or honeycombing of H?3
into replicas of the fundamental polyhedron (see QGAL § III).
A generator in this process is a rigid motion of H3 that takes
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the FP to a neighbor replica, and the number of the contact
face is used to specify the motion (see Table 1). There are 20
generators, and generator G, acts on the FP to produce the
neighbor cell G(FP), which contacts the original FP through
face k in the latter. For example, G,4(FP) and FP have face 13,
or DIK in Figures 1-4, in common.

In Appendix A a matrix formalism is developed that rep-
resents points in hyperbolic space by associating them with
points in Minkowski space, and then the generators are
expressed by Lorentz transformations familiar from special
relativity. The 20 generator matrices are listed at the end of
that Appendix.

Figure 2 shows the process of multiple image generation.
There the Galaxy (MW) is treated as a source, and its position
is displaced downward for clarity. The idea, already developed
in Fagundes (1986) and Fagundes and Wichoski (1987), is that
our Galaxy might have been a powerful source at high Z. In
Figure 2 MW sends a ray toward a point M on face 6; this ray
comes back to us from M’ on face 16, producing an image
MW . To find the parameters (Z, lon, lat) for MW ¢, we first
find its Minkowski coordinates by motion G,¢; the coordi-
nates of MW are (0, 0, sinh 0.75, cosh 0.75), and writing this as
a column matrix X, the motion is performed by the matrix
equation X, = G,4 X, from which we get O-centered Klein
coordinates x5 ; = X,6.:/X;¢.4 (se¢ Appendix A). The Earth-
centered coordinates x' are given by equations (2.9a)2.9¢).
The length of the looping ray MW(M = M')MW in comoving
space is the same of that of the apparent ray MW, , — MW,
which is ¥’ = tanh~'| x’| = 1.0676, and from equation (2.5) we
get Z(MW,4) = 2.23. Finally equations (2.10a)+2.10b) give

-

N \
MW,

- 16

M
>
Mw, N’ - .
F

y
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/

FIG. 2.—The formation of multiple images is illustrated with two sources; our own Galaxy (MW) has two images MW, and MW, 4 of its old self, and source S has
images S, S;, and S, ;. Here the position of MW and the several rays do not correspond to those in the text; they were chosen for illustration and drawing

convenience. The front faces of Fig. 1 are omitted here and in the next two figures.
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lat = 199°8, lon = —6°2. There are three other potential
images of MW with Z < 4.5, MW at (3.73, 30020, 2326), MW ¢
at(2.23,271°8, —6°2),and MW 5 at (3.73, 16426, —29°4).

In Figure 2 another source S produces a direct image by ray
S-MW. Its image S, in a neighbor cell is given by the action of
generator k, and a procedure similar to the above one is used
to find its parameters (Z, lon, lat). The details of the procedure
should become clear from the discussions of Appendix B.

In general, the positions of S and S, will not be in a note-
worthy correlation like conjunction or opposition. In next
paragraph the search for these specially correlated images is
explained.

In this paper I am only looking for repeated images in the
first layer of cells around the FP. An estimate shows that
images in the second layer have Z > 4. They are not con-
sidered here because the effort is not worthwhile in the present
situation, where the model is not being fitted to data.

IV. THE SEARCH FOR IMAGES IN CONJUNCTION AND
BY-PRODUCTS OF THAT SEARCH

To determine the position of a source whose direct image is
in conjunction with a second image, I found a more efficient
method than that used in QGAI, § V, where favorable cases
were looked for along a number of fixed, tentative directions.

Referring to Figure 3, where again the position of MW and
the drawn rays are only illustrative, let us search for conjunc-
tions in the directions from MW to points on each face N. In
this context the face N that determines this set of directions is
called Search Region N (SR N). For example, Search Region
16 refers to directions from MW to points on face GJH. The
idea is to set a mesh of lines on GJH, as to allow a param-
eterization (u, v) of its points, as explained in Appendix B. This

QUASAR-GALAXY ASSOCIATIONS. II. 621

is also a parameterization of directions in SR 16. To find the
suitable position we choose an initial direction (u, v) of SR 16;
this line is moved by G into a line through MW, and M; then
we calculate the (Euclidean) distance d(u, v) between these lines
(see McConnell 1957, pp. 68-74, for example); by keeping u
fixed, a solution v of the equation d(u, v) = 0 is sought, and the
point where the lines thus meet is determined as S, and we have
a self-crossing geodesic. The details are given in Appendix B.

As seen from MW, S may be either in a direction toward face
6, or in an opposite direction. In the first case we have the
situation of Figure 3, where the conjunct image S, ¢ is produc-
ed by ray S(M = M)MW, in the second we get an opposite
image, as S; in Figure 4. Once S is determined, one may find
other images correlated to it, such as S; and S¢ in Figure 3.
Then we remake the search for a different u, and it is possible,
by refining the values of parameter u, or sometimes by
redefining the parameter mesh, to find a range of solutions for
each search region.

The 20 Search Regions were thus explored for conjunctions
and oppositions, but images with Z > 4.5 were discarded. Only
Search Regions 5, 6, 15, 16 gave interesting results, which are
plotted in Figure 5. A number of representative positions for
both sources and correlated images is given in Table 2,
together with the corresponding redshifts. (Other positions,
with higher precision than obtainable from Fig. 5, as well as
their redshifts, can be obtained by interpolation on the
numbers of Table 2.)

Let it be clear that the segments of Figure 5 are loci of
potential positions of sources or images. The topological struc-
ture only guarantees the existence of multiple geodesic paths.
The real existence of an adequate source at these points is an
astrophysical matter: statistically there is a chance that some

D -

F1G. 3.—Four images of a source, S, S;, S¢, S;¢. Their production is similar to those of Fig. 2, but S here has been determined so that it has an image S ¢ in
conjunction with the direct image. As in Fig. 2, the points and rays here are illustrative, not actual examples from the text.
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G Y5 T~

FiG. 4—As in Fig. 3, four images of a source are illustrated, but now S was found opposite to the search direction. So we get an image S; opposite to S. Also
shown are the pyramids OEFL, O, , DIK, which are used in Appendix A for the determination of generator 13.

sources will be located along these ranges, or near them, and
according to each source’s history it may or may not have been
radiating at the appropriate times to produce the topologically
allowed images.

The by-products of this search, the other potential images
besides the conjunct one, belong to the total picture: they rep-
resent “snapshots ” of the source at different epochs. Consider,
for example, the first row of Table 2. It might happen that we
saw all listed images except the conjunct one. If nothing were
blocking the latter’s detection, we might infer that this source is
younger than Z = 4.263. This information, plus the recognized
images of the same object at times Z = 3.136, 2.342, 1.938, and
0.124 would delight evolution theorists and observers alike.

Some facts may deviate an image from a straight apparent
path, like gravitational lensing and random velocities at the
time of emission, so that a theoretically calculated conjunction
may turn out to be really a near conjunction (see Demianski
and Lapucha 1987 for an estimate of possible deviations in
their similar problem). An exact conjunction could leave the
older image hidden behind its source. This might be happening
with presumed high-Z middle images in Arp and Hazard’s
(1980) triplets, which are being studied by the author (see
QGAI). As to local motions, this important phenomenon
might happen: suppose a nearby couple of quasars (young
galaxies) sent us their light at high-Z time, by long paths on
self-crossing geodesics; while these separate rays were moving
toward Earth their sources moved toward each other to collide
eventually and form a single galaxy, which would now be seen
as a low-Z source surrounded by its ancestors. The author has
in mind the peculiar galaxy M82 and the Hoag quasars around
it (Burbidge et al. 1980). Finally note that gravitational focus-
ing should play the same role in physical conjunctions as it
does in coincidental ones (see Weedman 1988, p. 91).

V. A COMPARISON WITH OBSERVATIONAL DATA

Before attempting a comparison with data, let me recall an
aspect of this work that may not have been sufficiently empha-
sized. The closed hyperbolic manifold that is the spatial com-
ponent of the model is locally homogeneous. This implies that
neighborhoods of distinct observers are physically similar (see
comment after eq. [2.8]). However, differently from Euclidean
and spherical manifolds, no CHM is globally homogeneous
(see Ellis 1971). So for each point (observer) of the FP there is a
peculiar set of geodesic loops, although some of these sets may
be similar because of partial symmetries. This was discussed in
QGAL to the effect that the postulate of homogeneity is rein-
terpreted as a homogeneity of images, in a large-scale sense; the
distribution of cosmic images remains basically uniform, but
correlations between them will in general be different for differ-
ent observers (see Fagundes 1986 for an illustration of this
question). My choice of Earth’s position here was made in the
trial and error spirit of computer simulations: many other
choices were discarded since they did not come closer to
produce the desired effects. How, then, is the homogeneity of
images to be reconciled with the inhomogeneities of Figure 5?
Actually the multiple images here derived should be blended
with the bulk of QSO images to give the expected, approx-
imately homogeneous distribution. Suppose a strictly homoge-
neous population of sources, for example the fundamental
polyhedron divided into equal cells of 1 Mpc® volume, with
exactly one source in the center of each cell is taken and evolu-
tion effects are disregarded. Then this model would predict a
strictly homogeneous distribution of images (this was suc-
cinctly proved in Fagundes 1983), and eventual physical con-
junctions would be only coincidental because the positions of
the sources would in general not be the appropriate ones here
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TABLE 2
POTENTIAL POSITIONS FOR MULTIPLE IMAGES OF SOURCES®
OTHER CORRELATED IMAGES
INNER IMAGE CONJUNCT OR
(Source) OPPOSITE IMAGE Third Image Fourth Image Fifth Image
SEARCH
REGION VA lon lat z CON/opp VA lon lat VA lon lat VA lon lat
S e 0.124  299.26 21.67 4263 CON 2342 27614 —433 3136 16479 —2943 1938 203.27 —6.33
0.056  299.59 22.68 3.969 CON 2278 27389 —534 3442 16466 —2943 2091 201.37 —6.27
0041 12026 —24.32 3.565 opp 2207 27023 —6.75 3962 16465 —2943 2346 198.73 —6.07
0135 12107 —2591 3.238 opp 2168 26672 —785 4493 16479 —2941 2600 196.58 —5.83
0535 12613 —31.84 2.301 opp 2.168 25366 —9.74 3.548 32862 —4139 3.654 189.99 —4.78
0956 13336 —3592 1.686 opp 2229 24308 —895 3248 33358 3512 ... .- e
1357 14096 —37.66 1.248 opp 2248 23476 —739 3493 33821 —30.54
2426 15694 —35.17 0.467 opp 2158 21623 —4.67
6neeeieeannens 0.530 85.26 16.90 3.294 opp 4246  299.52 3508 3.529 31614 —5200 4.195 202.24 —6.84
0.243 87.38 12.26 2.643 opp 3.770  300.09 29.86 4346 32102 —49.12 3.117 200.75 —6.34
0.049 90.61 7.59 2.296 opp 3.693  300.04 2498 3935 16372 —2985 2409 199.88 —6.18
0.005 91.68 6.33 2.240 opp 3.726  299.96 23.76  3.754 16453 —2948 2253  199.82 —6.17
0003 27190 —6.08 2.230 CON 3.735 29994 2352 3719 16469 —2940 2223 199.82 —6.17
0.038 272.86 —5.06 2.197 CON 3.782  299.86 2257 3.577 16533 —29.10 2.104 199.87 —6.17
0236 27845 —0.03 2.181 CON 4286 299.38 1840 2880 168.57 —27.64 1579 201.67 —6.13
0.518 284.80 441 2.486 CON 2.162 17245 —2645 1.142  208.50 —5.36
0.730 288.00 6.30 2.838 CON e e ... 1779 17537 —2598 0958 216.00 —-4.12
15, 0458 337.18 35.09 2.443 opp 3458  280.68 —588 2157 21596 —4.66
0375  338.68 34.28 2.612 opp 3243 27944 —590 2149 21342 —4.64
0200 34173 3223 3.043 opp 2776  276.40 —595 2154 207.50 —4.96
0002 344.60 29.46 3.722 opp 3.744  299.95 23.60 2240 27188 —-6.16 2232 19991 —6.15
0003 16467 —29.38 3.746 CON 3713 29994 23.60 2224 27173 —6.18 2236 199.68 —6.20
0064 16537 —2851 4.007 CON 3400 29991 23.59 2070 270.04 —633 2286 197.32 —6.74
0.161 16620 —2729 4427 CON 2987  299.71 2354 1863 267.33 —6.65 2382 19404 —17.61
16..cceeennne.... 0957 17864 —16.15 3.267 CON 1474  288.04 16.83 0.848 246.77 —12.59
0.743 18111 —1547 2.861 CON 1.760  290.90 17.78 0950 25544 —1032
0414 18725 —1335 2.344 CON 2395  294.81 19.57 1272 266.28 -1.39
0.169 19431 —-9.94 2.157 CON 3.095 297.66 21.61 1731 27090 —631 4078 16626 —25.65
0.007 199.60 —6.35 2.226 CON 3.702  299.84 2351 2209 271.82 —6.17 3740 16471 —29.24
0.015 20.29 5.79 2.252 opp 3.795  300.17 23.80 22838 271.82 —6.17 3716 16446 —29.83
0.210 2457 1.42 2.576 opp 2995  271.06 —6.15 3738 162.65 —34.67
0.434 27.07 —-229 3.065 opp 3.829 269.82 —598 4057 16135 —39.04
0.689 2847 —524 3.686 opp e ... ... e ... -

® For each search region, the positions in each column are representative of the continuous ranges of potential positions plotted in Fig. 5. There are some
overlappings of these regions. Inner images are the direct images of the sources in this model: they are inside the fundamental cell. Images with Z > 4.5 have been
discarded.

calculated. But, of course, real sources are randomly distrib- TABLE 3

uted, and do evolve, and some will be found at the suitable SoME POTENTIAL POSITIONS OF CONJUNCT
places for physical conjunctions. So the distribution of con- IMAGES IF OUR GALAXY IS PLACED IN THE
juncts and other correlates will not be random, their positions CENTER OF THE FUNDAMENTAL REGION®
being determined by the (globally inhomogeneous) properties INNER IMAGE CONJUNCT
of the CHM. (Source) IMAGE

In this prototype model the favorable positions for conjunc-

tion are inside a narrow band crossing the theoretical equator. z lon lat z
This results from the positions of the favorable pairs of faces 0.69 3045 45.35 9.22
(5, 15) and (6, 16), with respect to the observer’s position MW. 0.39 7268  —16.55 4.81
To show that this need not be the case in general, Table 3 lists a 0.34 7530  -4307 769

o . . . . . 0.36 109.53 15.63 7.88
distribution of conjunct pairs with MW at the center of the 039 11099 47.99 836
icosahedron, and without the restriction Z < 4.5. This is 039  146.99 —6.77 8.36
unrealistic, but it shows that positions for conjunct images will 034 15227  —5267 7.69
not necessarily be predicted to lie in a narrow band on the sky. 069 17590 1791 9.22
Given the infinite number of CHMs, it may be hoped that a (1)1312 ggggg —gﬁg g'gé
sufficiently small CHM will be found to meet the requirements 034 31573 5267 769
of a fit to the data (see below). 039 32101 6.77 8.36

I cannot pretend to explain here all observations relating to 039 35701 —4799 8.36
the quasar redshift controversy. But it is remarkable that some 036 35847 1563 7.88
of their features are qualitatively, even semiquantitatively, * This table shows that the conjunct pairs
reproduced by the results of this tentative, prototype model. need not be located in a narrow band, as in

First, since the redshifts for most sources in Table 2 are in Fig. 5.
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the small to medium range, these sources may be either gal-
axies or quasars. So the probability of an actual source to be
found in these places is high. But then, if that source is old
enough, so is the probability that their correlated—conjunct,
opposite, or other—images be also found in their respective
positions, since these are a consequence of the topological-
geometrical configuration of the model’s space. This argument,
coupled with suitable statistics, might explain the larger than
chance occurrence of conjunctions with discordant redshifts,
attributed by Arp’s school to local, material links between dif-
ferent sources. However, the redshifts for the conjunction
entries in Table 2 are overall larger by factors 2 to 3 with
respect to those in Table 1 of Burbidge (1981). This is why no
data fitting was attempted in this prototype. What happens is
that the currently available CHMs are too big, hence the
looping rays are too long, and the images are too far away.
Even so, there is a tenfold improvement in this respect as we
compare with the results of the QGAI study. See Gott (1980)
for the likelihood that geometers will present us with CHMs
sufficiently small for our purposes. The small number of
regions favorable for conjunction is related to the relative sim-
plicity of our FP. Other, more complex CHMs are being
studied by geometers, but the matter is not trivial (see Thur-
ston 1982, especially his Fig. 6, drawn from the research of R.
Riley).

Second, as a result of the proximity of the our Galaxy (MW)
from the pairs of identified faces (GFB, HJK) and (FGJ, GJH)
in Figure 1, the conjunctions appear in the general directions
of these faces (Search Regions 5, 6, 15, 16 in Table 2), and
combined with other correlated images produce the interesting
line segments of potential images in Figure 5: these are irregu-
larly distributed on the sky, as expected from the discussion
above; many cross each other; and looking at Table 2 for the
redshifts, one sees the possibility of a number of group pat-
terns. This is in line with an inhomogeneous distribution
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of quasar images and the formation of groups (Arp 1983,
1984a, b). For example, several lines converge near (lon, lat) =
(272°, —6°). From Table 2, we see that this point is the poten-
tial position of three images with Z ~ 2.2, whose sources have
small redshifts and are located approximately at (200°, —6°),
(272°, —6°), and (344°, —29°). This unexpected result reminds
the author of Arp’s report that QSOs with Z ~ 2 are concen-
trated in an area of the sky around the center of the Local
Group of galaxies.

The question of the periodicity in the distribution of quasar
redshifts (see Burbidge 1981) has not been addressed in this
paper. Note that I have not looked for images beyond the first
layer of cells around the fundamental region. If we can find a
CHM with small enough dimensions, then a search for repeat-
ed images including the second and third layers might produce
the mentioned periodicity and also give a topological interpre-
tation for the rich groups of QSOs around bright galaxies, such
as those compiled by Burbidge (1981) and by Arp (1983).
Hopefully, it might even provide the kind of small spaces
needed by Gott’s (1980) and Ellis and Schreiber’s (1986) alter-
native explanations for the homogeneity of the matter distribu-
tion in the universe.

Let me add that the idea of the closure of space has a larger
theoretical relevance than the prediction of multiple images
emphasized in the present application (see Wheeler 1964; Gon-
charov and Bytsenko 1988, for example). So our model has a
wider interest than the stated aim of solving the quasar redshift
controversy.

This work was partly supported by Conselho Nacional de
Desenvolvimento Cientifico e Tecnologico and Financiadora
de Estudos e Projetos, agencies of the Brazilian Government.

I am particularly grateful to my sister, Dr. Wilma F. Figa-
Talamanca, for her substantial financial help.

APPENDIX A

THE FUNDAMENTAL POLYHEDRON AND THE GENERATORS OF THE TESSELLATION

Our FP is a regular icosahedron in H3. Its dimensions are fixed by the constraint that it must tessellate the space in order that it
be transformed into a closed hyperbolic space upon the gluing of faces (Poincaré’s theorem). This implies that the dihedral angles
are 120°. Then (see Coxeter 1968, pp. 199-214) the radius of the circumscribing sphere is y = cosh™! (1%/2), 7 = (\/5 + 1)/2, or
x ~ 1.3826; the radius of the inscribed sphere is ¥ = cosh™! [\/31/2] ~ 0.8683, and the edges have length 2y. (Although I often
refer to numbers by approximations of a few digits, the calculations were performed to the full precision of the used computer: 15
digits internally, 12 for input-output.)

From these results, plus an information on the regular Euclidean icosahedron (Euclid 1956, p. 492), I obtained the coordinates, in
Klein’s model, of the vertices of the FP in the position of Figure 1: the radial coordinate is tanh y ~ 0.8815, and the angular
coordinates are given in Table 4. We get coordinates x; by equations (2.6a)~2.6c).

A rigid motion in H3, such as those that move the FP onto replicas of itself, is elegantly performed through a one-to-one
correspondence between these actions and the (proper, orthochronous) Lorentz transformations of Minkowski space (see Efimov
1980, § 202; Fagundes 1986, and references therein). For this purpose we represent a point in H?3 by Minkowski coordinates X,
m = 1-4, subject to the condition X? + X2 + X% — X3 = —1 (compare Landau and Lifshitz 1975, § III). The relation between these
coordinates and Klein’s is simply X; = x; X,,i = 1-3, X, = cosh .

Consider the determination of G5, which moves the FP into a neighbor replica of itself. We know from § III that G, s(face
3) = face 13, and from Figure 4 we see that G,3 O = O, ;, where O, ; is the mirror image of O on face 13, and so its coordinates can
be calculated. The Minkowskian coordinates of O are (0, 0, 0, 1), and those of vertices E, F, L, D, I, K can be calculated from Table 3.
So we get a matrix equation for G, 3:

GisM;=M,;, (A1)

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1989ApJ...338..618F

626 FAGUNDES Vol. 338

TABLE 4
ANGULAR COORDINATES OF THE VERTICES OF THE FUNDAMENTAL
POLYHEDRON

Vertex 7} )
G o 0°
B o we 0°
C o w 72°
H oo, w 144°
T w 216°
F o w 288°
A 180° — W 36°
Lo 180° — W 108°
Ko 180° — W 180°
U 180° — W 252°
E 180° — W 324°
D 180°

® Angle W = tan™! 2 ~ 63°4349.

where M results from writing the Minkowski coordinates of O, E, F, L as columns; to four decimals,

0 0.8938 0.3414 —0.3414
0 —0.6494 —1.0508 —1.0508

Ms=lo _oss24 05504 —05524 ] 42
1 1.4013 1.4013 1.4013
and similarly, with points O, 5, D, K,
—1.3510 0 —0.3414 —1.1048
0.9816 0 1.0508 0
M; = (A3)

—2.1860 —1.2352 —0.5524 —0.5524
29271 1.4013 1.4013 1.4013

Finally, G,3 = M3 M3 gives G, as listed below. Generator 3 can be calculated by the same method or by matrix inversion,
G; = Gy3' (or both, for checking). The same is true of the other pairs Gy, G410, k = 1-10.

In the text we also need Kleinian coordinates centered on Earth, but with axes parallel to the O-centered ones. Let = tanh 0.75,
y = cosh 0.75. In Minkowski space the transformation is equivalent to an active motion that takes point (0, 0, By, y) to (0, 0, 0, 1),
takes the latter to (0, 0, — By, y), and preserves the coordinates X,, X, of any moved point. The result is the familiar Lorentz
transformation X} = X, X, = X,, X’ = (X5 — pX,), X}, = ¥(X, — BX ), and the new Klein coordinates are x; = X}/X/,.

The 20 generator matrices follow (to six decimals). They are identified by their action on the faces of the FP: generator N takes
onto face N the face to be glued to it.

Generator 1: BGC —» ADI

0.447214
—0.525731
1.532624
—1.351047

Generator 2:

—1.085410
—1.964167

0.861803
—2.186041

Generator 3:

1.256231
—1.113516
—0.085410

1.351047
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—0.850651 —0.585410
0.000000 —1.801707
1.113516 1.479837

—0.981593 —2.186041

ABC-ICA

—0.262866 0.670820
—1.809017 —0.688191
—0.425325 0.585410
—1.588251 —0.516054

DIK — EFL

—0.262866 0.223607
0.809017 —2.389493
1.113516 —0.138197

—0.981593 2.186041

Generator 11: ADI - BGC

0447214 —0.525731 1.532624
—0.850651 0.000000 1.113516
—0.585410 —1.801707 1.479837
—0.516054 —1.588251 2.186041

Generator 12: ICA - ABC

—1.085410 —1.964167 0.861803
—0.262866 —1.809017 —0.425325

0.670820 —0.688191 0.585410
—0.834993 —2.569845 0.516054

Generator 13: EFL —» DIK

1.256231 —1.113516 —0.085410
—0.262866 0.809017 1.113516
0.223607 —2.389493 —0.138197
—0.834993 2.569845 0.516054
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Generator 4:

0.223607
—1.538842
—0.638197

1.351047

Generator 5:
1.256231
—1.113516
2.341641
2.702095
Generator 6:
0.223607
—1.538842
1.170820
1.669986

Generator 7:

QUASAR-GALAXY ASSOCIATIONS. IL

KLD - DEL

—0.688191 0.861803
—0.500000 —0.951057
—1.113516 —2.032624

0.981593 2.186041

HJK - GFB
—0.262866 —1.085410
0.809017 —0.262866

0.525731 —0.138197
0 —0.516054

GJH - FGJ
—0.688191 0.861803
—0.500000 0.951057

—0.525731 —2.032624
0.000000 —2.186041

LJF - ABE

Generator 14: DEL - KLD
0.223607 —1.538842 —0.638197

—0.688191 —0.500000 —1.113516
0.861803 —0.951057 —2.032624

—0.516054 1.588251 2.186041

Generator 15: GFB - HJK

—0.262866 0.809017 0.525731
—1.085410 —0.262866 —0.138197
—1.351047 0981593 —2.186041

Generator 16: FGJ - GJH

) ( 1256231 —1.113516 2.341641

—0.688191 —0.500000 —0.525731
0.861803 0.951057 —2.032624
0.516054 1.588251 —2.186041

) ( 0.223607 —1.538842 1.170820

Generator 17: ABE - LJF

0.723607 2.752764 —0.447214 2.702095 0.723607 —0.525731 —0.947214 —0.834993
—0.525731 0 —0.850651 0 2.752764 0.000000 —0.162460 —2.569845
—0947214 —0.162460 0.585410 —0.516054 —0.447214 —0.850651 0.585410 0.516054

0.834993 2.569845 —0.516054 2.927051 —2.702095 —0.000000 0.516054 2.927051

Generator 8: CGH — FEB Generator 18: FEB - CGH

—0.085410 —1.639247 —1.756231 2.186041 —0.085410 —1.113516 —0.138197 —0.516054
—1.113516 0.809017 1.275976 —1.588251 —1.639247 0.809017 0.425325 1.588251
—0.138197 0425325 —1.032624 0.516054 —1.756231 1.275976 —1.032624 2.186041

0.516054 —1.588251 —2.186041 2.927051 —2.186041 1.588251 —0.516054 2.927051

Generator 9: KIH - AED

( 1.532624 —1.113516 —0.447214 1.669986)

Generator 19: AED — KIH

1.532624 —0.587785 —1.756231 —2.186041
—0.587785 —0.809017 0 0
—1.756231 1275976 —1.032624 —2.186041
2.186041 —1.588251 0.516054 2.927051
Generator 10: CHI - JKL

—0.585410 2327438 —0.138197 —2.186041)

—1.113516 —0.809017 1.275976 1.588251
—0.447214 0.000000 —1.032624 —0.516054
—1.669986 —0.000000 2.186041 2.927051

Generator 20: JKL — CHI
—0.585410 —0.951057 0.670820 —0.834993
—0.951057 1.309017 0.951057 —1.588251

0.670820 0.688191 0.585410 —0.516054
0.834993 —2.569845 —0.516054 2.927051

2.327438 1.309017 0.688191 2.569845
—0.138197 0.951057 0.585410 0.516054
2.186041 1.588251 0.516054 2.927051

APPENDIX B

DETERMINATION OF SELF-CROSSING SPACE GEODESICS

The search for self-crossing geodesics of space was implemented in a small but efficient computer, Hewlett-Packard’s HP 71B,
enhanced by a Math ROM module that includes hyperbolic functions and their inverse, block matrix operations, and an equation-
solving function. The results were checked by an independent program, as explained below. The several programs and subprograms
approximately correspond to the algebraic formalism of this Appendix.

Consider two identified faces in the FP, such as GFB (face 5) and HIK (face 15). Figure 6 shows these faces as well as Earth’s
position E (= MW in Figs. 1-4). We will now see how to look for the conjunct or opposite images in Search Region 15, defined (see
§ IV) as the set of directions through E and a point on HJK. Such a point, say P in Figure 6, is parameterized by projecting it from
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Face 5

K

FI1G. 6.—The method of finding self-crossing geodesics in the CHM. Search lines EP, ER are transformed into lines E'P', E'R’, and a solution is found when the
distance between original and moved lines is zero.

vertex H into Q on basis JK, and then joining Q and H. The parameters are the fractions of JK and QH determined by Q and P:
u =JQ/JK,» = QP/QH.

Let the Minkowski coordinates of any point A be denoted by A(m), m = 1-4, the column matrix they form by 4, and the Kleinian
coordinates by a or a(i), i = 1-3. Then points Q, P above defined have the coordinates

q()) = j@) + ulkG) — j()1 , (Bla)
p(i) = q(@) + v[h(i) — q()] . (B1b)

For the geometry of lines in Euclidean space I shall use McConnell’s (1957, pp. 68-74) textbook. Line EP is represented by the
equation

x(i) = e(@) + c(i)s , (B2)
where
~ pli) — eli)
i) = _IP el (B3)

Since in our CHM point P is identical to a point P’ on face 5 (GFB), line EP is continued inward by a segment of a line E'P’
determined as follows by the generator matrix Gs: E' = G5 E, P’ = G5 P, where E is the column matrix corresponding to Earth’s
coordinates (0, 0, sinh 0.75, cosh 0.75), and P is obtained from p as indicated in Appendix A. The Klein coordinates of the moved
points are €'(i) = E'(i))/E'(4), p'(i) = P'(i)/P’'(4), and the equation for line E'P’ is

x'(i) = e'(i) + c'()s’, (B4)
with

o) = E0=¢0) (BS)

p'— €|

Lines EP, E'P’ have their closest approach for parameters

ccosA—c) (e—e
s=( sin’il( : (B6)

on EP, and

, _(ccosA—c)-(e—e)
S = sin?> A

(B7)
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on E'P’, where A = cos™ ! (¢ * ¢). The distance between the lines is
d(u, v) = (e_—_e)'_(cx_c). . (BS)

sin A

I chose a number of values for parameters u (in the first, gross search u = 0.1n, n = 0-10) and looked for a solution v of the equation
d(u, v) = 0 for each value of u. This was done numerically (to 10712 precision) by the function FNROOT of the mentioned Math
module. Solutions v smaller than 0 or greater than 1 were discarded since they correspond to directions outside the target face (see
Fig. 6 and equations [Bla]-[B1b]). The point x = x’ of intersection was then checked for insideness: by forming pyramids with x as
apex and each face in succession as basis, their oriented volumes should have appropriate signs for x to be inside the FP, namely a
positive sign for faces 1-10, a negative sign for faces 11-20.

If x passes these tests, then we have two possibilities (besides s = 0, which corresponds to the images of MW discussed in § ITI):

1. s > 0—Point x is situated like S, in Figure 6. Line segment E’S, is then moved by G, 5. But then E’ comes back to E, and the
segment will lie on line EP, since G, s is the opposite of motion Gs. Point S, goes to S; = G,5S,. Now, the hyperbolic length of loop
S.(P’ = P)E is length (S, P’) + length (PE). Since Gs is a rigid motion, length (S, P') = length (S¢P), and so the length of the loop is
the same as that of the apparent ray S. E. This shows that S, is indeed the position of an image in conjunction with a source at S...

2. s < 0—The same reasoning applies to a source at a point like S, in Figure 6, in opposition to an image at S;. The ray path is
SJ(R’ = R)E, of the same length as S, E.

Once the coordinates x of S (S, or S,) and y of S’ (S. or S,) were determined, a subprogram was called to convert them into
parameters (Z, lon, lat). This was done by first going to E-centered coordinates x’, y’ (see § I and Appendix A), and then equation
(2.8) gives ¥'(x'), ¥'(»"). At this point we check for the physical meaning of y'; it should be inside the horizon sphere, that is, x'()')
should be smaller than 7, = cosh™! (2/Q — 1) ~ 3.6369. Finally we calculate Z(S), Z(S') by equation (2.5). If Z(S) > 4.5 or
Z(S") > 4.5, then the solution was discarded.

An independent program, implemented both on the HP 71B and on another microcomputer, checked the calculated results and
then obtained the other correlated images of Table 2. This program took parameters (Z, lon, lat) for S as input, converted them to
E-centered ¥/, then to E-centered X', and then to O-centered X by the inverse of the Lorents transformation defined at the end of
Appendix A. From X one obtains the images by the actions X, = G, X, k = 1-20, and, proceeding in the opposite direction with the
steps above, X, = X} = x; — (Z,, lon,, lat,). One of these should correspond to the formerly found §'.

As already stated in § IV, I found a range of solutions for each of four search regions, SR 5, 6, 15, and 16, which are plotted in
Figure 5. Some representative points for these ranges are given in Table 2.
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