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Resumo

Nesta tese fazemos um estudo da dinâmica cosmológica da energia escura do Uni-
verso, usando o contexto do Equivalente Teleparalelo da Relatividade Geral, também
conhecido como Gravitação Teleparalela. Recentemente têm sido propostos diver-
sos modelos com acoplamento não-minimal entre um campo escalar (quintessência
ou taquion) e a gravitação, usando o contexto do teleparalelismo, motivados por
construções semelhantes no contexto da Relatividade Geral. Generalizando e estu-
dando a dinâmica desses modêlos, encontramos soluções interessantes cosmologica-
mente viáveis. Em seguida, propomos um novo modêlo no qual a derivada do campo
escalar que representa a energia escura se acopla não-minimalmente com a torção ve-
torial. Esse tipo de acoplamento é inspirado no fato que, no contexto teleparalelo um
campo escalar se acopla com a torção através de sua derivada, a qual é um campo ve-
torial. Diferentemente dos modelos mais antigos de energia escura teleparalela, este
novo modêlo é conceitualmente consistente com os preceitos da teoria teleparalela, e
não possui equivalente no contexto da Relatividade Geral.

Palavras chave: Gravitação teleparalela, energia escura, acoplamento não-minimal

Áreas do conhecimento: Gravitação, cosmologia, energia escura
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Abstract

In the present thesis we study the cosmological dynamics of the dark energy com-
ponent of the Universe in the context of the Teleparallel Equivalent of General Rel-
ativity, also known as Teleparallel Gravity. It has been proposed recently the exis-
tence of a nonminimal coupling between a scalar field (quintessence or tachyon) and
gravity in the framework of Teleparallel Gravity, motivated by similar constructions
in the context of General Relativity. By generalizing and studying the dynamics of
these models, we find interesting and viable cosmological solutions. Then we propose
a new model in which the four-derivative of the scalar field of dark energy is non-
minimally coupled to vector torsion. This kind of coupling is grounded on the fact
that in Teleparallel Gravity a scalar field as a particle of spin zero couples to torsion
through its four-derivative, which is a vector field. Differently from the old teleparal-
lel dark energy scenario, this new model is conceptually consistent with the precepts
of Teleparallel Gravity, and has no equivalent in the General Relativity context.

Keywords: Teleparallel gravity, dark energy, nonminimal coupling

Areas of knowledge: Gravitation, cosmology, dark energy
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Chapter 1

Introduction to Teleparallel Gravity

A crucial concept of gravitation is that the metric tensor itself defines neither cur-
vature nor torsion. Curvature and torsion are properties of connections, and many
different connections, with different curvature and torsion tensors, can be defined
on the very same metric spacetime [1]. A general Lorentz connection has 24 inde-
pendent components, and thus it is seen that any gravitational theory in which the
source is the 10 components symmetric energy-momentum tensor, will not be able to
determine uniquely the connection. The teleparallel connection and the Levi-Civita
(or Christoffel) connection are the only two choices respecting the correct number of
degrees of freedom of gravitation. The teleparallel connection can be considered a
kind of “dual” of the Levi-Civita connection in the sense that it is a connection with
vanishing torsion, but non-vanishing curvature [1].

The Levi-Civita connection is the most intuitive from the point of view of univer-
sality. In this case gravitation can be easily understood by incorporating the Levi-
Civita curvature in the definition of spacetime, in such a way that all (spinless) par-
ticles, independently of their masses and constitutions, will follow a geodesic of the
(supposed) curved spacetime. However, like the other fundamental interactions of
Nature, gravitation can be described in terms of a gauge theory, just Teleparallel
Gravity (TG), which attributes gravitation to torsion, but not through a geometriza-
tion: it acts as a force. In consequence, there are no geodesics in TG, but only force
equations quite analogous to the Lorentz force equation of electrodynamics.

In addition to the gauge description of TG, universality of free fall makes it possi-
ble a second, geometrized description, based on the equivalence principle, just Gen-
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eral Relativity (GR). As the sole universal interaction, it is the only one to allow also
a geometrical interpretation, and hence two alternative descriptions. From this point
of view, curvature and torsion are simply alternative ways of representing the same
gravitational field, accounting for the same degrees of freedom of gravity. Although
equivalent to general relativity, TG introduces new concepts into both classical and
quantum gravity. So, TG can provide a new way to look at the universe and thus it
can also lead to a reappraisal of the entire cosmology [1].

1.1 Teleparallel lagrangian and field equations

Following [1], we briefly review the key ingredients of TG, a gauge theory for the
translation group, which is fully equivalent to Einstein’s general relativity. The
tetrad field, the dynamical variable, forms an orthonormal basis for the tangent
Minkowski space at each point xµ of the spacetime and provides a relation between
the tangent space metric ηab and the spacetime metric gµν through

gµν = haµ h
b
ν ηab, (1.1)

where haµ and the inverse h µ
a are the components of the tetrad field, which satisfy

the orthogonality conditions haµ h ν
a = δνµ and haµ h

µ
b = δab (see Appendix A). The tetrad

field can be divided into a trivial part (non-gravitational) and a non-trivial part that
is a translational gauge potential, which represents the gravitational field. We use
the metric signature convention (+,−,−,−) throughout and natural units.

As a gauge theory for the translation group, the gravitational action of TG can be
written as

SG =
1

16πG

∫
tr(T ∧ ?T ), (1.2)

where
T =

1

2
T aµν Pa dx

µ ∧ dxν (1.3)

is the torsion 2-form, and

?T =
1

2
(?T aρσ)Pa dx

ρ ∧ dxσ (1.4)

is the corresponding dual form.
By using the definition of the dual torsion

?T ρµν = h εµναβ S
ραβ, (1.5)
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(with h =
√
−g) and since that tr(Pa Pb) = δab, the action functional reduce to

S =
1

2κ2

∫
dx4 hT, (1.6)

(κ2 = 8πG) where the torsion scalar T is defined as

T ≡ S µν
ρ T ρµν , (1.7)

the torsion tensor is

T ρµν ≡ h ρ
a T

a
µν = h ρ

a

(
∂µh

a
ν − ∂νhaµ +Aaeµ h

e
ν −Aaeν heµ

)
, (1.8)

the superpotential

S µν
ρ ≡ 1

2

(
Kµν

ρ + δµρ T
θν
θ − δνρ T

θµ
θ

)
, (1.9)

and

Kµν
ρ ≡ −

1

2

(
Tµνρ − T νµρ − T µν

ρ

)
, (1.10)

the contortion tensor. The spin connection of TG Aaeµ, which represents only inertial
effects, is given by

Aaeµ = Λad(x) ∂µΛ d
e (x), (1.11)

where Λab(x
µ) is a local (point-dependent) Lorentz transformation (see Appendix B).

For this connection the curvature vanishes identically

Rabνµ = ∂νA
a
bµ − ∂µAabν +Aaeν A

e
bµ −AaeµAebν = 0, (1.12)

but the torsion (1.8) is non-vanishing. This connection can be considered a kind of
“dual” of the GR connection, which is a connection with vanishing torsion, but non-
vanishing curvature. Also, it is important to note that curvature and torsion are
properties of connections, and not of space-time. Many different connections, each one
with different curvature and torsion, can be defined on the very same metric space-
time. The teleparallel connection and the GR connection are the only two choices
respecting the correct number of degrees of freedom of gravitation. The linear con-
nection corresponding to the spin connection Aebν is

Γρνµ = h ρ
a

(
∂µh

a
ν +Aabµh

b
ν

)
, (1.13)

which is called Weitzenböck connection. This connection is related to the Levi-Civita
connection Γ̄ρµν of GR by

Γρµν = Γ̄ρµν +Kρ
µν . (1.14)
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In the presence of a source matter, the variation of the teleparallel action (1.6)
with respect to the tetrad fields yields the teleparallel version of the gravitational
field equation

G ν
a ≡ h−1 ∂µ (hS νµ

a ) + h λ
a T ρµλ S

νµ
ρ +

1

4
h ν
a T − h ρ

c A
c
aσ S

νσ
ρ =

κ2

2
h ρ
a Θ ν

ρ , (1.15)

where
Θ ν
a = −1

h

δSm
δhaν

(1.16)

and Θ ν
ρ ≡ haρ Θ ν

a stands for the symmetric matter energy-momentum tensor. Using
(1.14), through a lengthy but straightforward calculation, it can be shown that the
gravitational field equation (1.15) is equivalent to the Einstein’s field equation. In
this equation also can be identified the gauge current, which in this case represents
the Noether energy-momentum density of gravitation [1]

j νa ≡ −
1

h

∂LG
∂haν

=
1

κ2

(
−h λ

a T ρµλ S
νµ
ρ − 1

4
h ν
a T + h ρ

c A
c
aσ S

νσ
ρ

)
. (1.17)

Given the nature of TG as a field theory of gravitation, it is possible to define a
energy momentum tensor for the gravitational field, which is represented by the first
two terms of (1.17) and by excluding the inertial effects (the last term) [1, 4].

Now, like in special relativity, it is possible to define the preferred class of inertial
frames, in the context of TG it is also possible to define a preferred class of frames: the
class that reduces to the inertial class in the absence of gravitation. In this preferred
class of frames, the spin connection of TG vanishes everywhere

Aabµ = 0, (1.18)

and the Weitzenböck connection assumes the form

Γρνµ = h ρ
a ∂µh

a
ν . (1.19)

Of course, once a class of frames is specified, TG is no longer “manifestly” Lorentz
invariant. For this reason, it is sometimes said that TG is not Lorentz invariant;
that is, however, a wrong interpretation. This would be equivalent to write down
Maxwell theory in a specific gauge, and then to conclude that it is not gauge invariant.
Anyway, in the same way that one can choose to work with electromagnetism in a
specific gauge, one can also choose to work with TG in a specific class of frames [1].

From TG to cosmology, for a flat FRW background metric, the tetrad has the form

haµ(t) = diag(1, a(t), a(t), a(t)), (1.20)

4



where a(t) is the scale factor. In the preferred class of inertial frames (1.18), the
tetrad choice (1.20) is an exact solution of the field equation (1.15), and it is seen
that the corresponding Friedmann equations are identical to the GR ones both at
the background and perturbation levels [1, 2, 5]. Also, when one introduces a scalar
field as source of dark energy (for example quintessence field), in the case of minimal
coupling, there is no difference whether it is added in either of the two theories.
However, this does not happen in the non-minimal case. In the non-minimal case the
additional scalar sector is coupled to gravity, with the torsion scalar in TG and with
the curvature scalar in GR, and thus the resulting coupled equations do not coincide,
which implies that the resulting theories are completely different [7, 8]. This can be
better understood if we take into account that the lagrangian of TG is equivalent to
the lagrangian of GR up to a divergence.
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Chapter 2

Teleparallel Dark Energy

Since the discovery of the universe accelerated expansion, this issue has been one of
the most active fields in modern cosmology. This result emerges from cosmic observa-
tions of Supernovae Ia (SNe Ia) [9], cosmic microwave background (CMB) radiation
[10], large scale structure (LSS) [11], baryon acoustic oscillations (BAO) [12], and
weak lensing [13].

The simplest explanation for the dark energy—the name given to the agent re-
sponsible for such accelerated expansion—is provided by a cosmological constant.
However, this scenario is plagued by a severe fine tuning problem associated with its
energy scale and the coincidence problem [14, 16, 17]. There are two main approaches
to explain such behavior, apart from the simple consideration of a cosmological con-
stant. One is to modify the gravitational sector by generalizing the Einstein-Hilbert
action of GR, which gives rise to the so-called F (R) theories [14, 15] (For the teleparal-
lel gravity generalization, the so-called F (T ) theory, see Refs. [16, 30, 31]). The other
approach consists in considering a scalar field with a dynamically varying equation of
state, like for example quintessence dark energy models. Scalar fields naturally arise
in particle physics (including string theory), and these fields can act as candidates for
dark energy. So far a wide variety of scalar-field dark energy models have been pro-
posed, such as quintessence, phantoms, k-essence, amongst many others [16, 18].

Usually, dark energy models are based on scalar fields minimally coupled to grav-
ity, as well as a possible coupling of the field to a background fluid (dark matter).
Also, a possible coupling between the scalar field and the Ricci scalar R is not to
be excluded in the context of generalized Einstein gravity theories. For example,
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a quintessence field coupled to gravity and called “extended quintessence” was pro-
posed in Ref. [21] (see also Refs. [22, 23]). K-essence models non-minimally coupled
to gravity were studied in Refs. [26, 27]. It is also important to note that the first
application of the non-minimal coupling to inflationary cosmology was done in Ref.
[20]. Also, the application of non-minimally coupled models to quantum cosmology
was considered in Ref. [24]. Finally, an important model of the non-minimally cou-
pled Higgs field has been considered in Ref. [25]. Other dark energy models using
covariant versions with non-minimal coupling can also be found in the literature [29].

In analogy to a similar construction in GR, it was proposed in Ref. [5] a non-
minimal coupling between quintessence and gravity in the framework of TG, moti-
vated by a similar construction in the context of GR. This theory has a rich structure,
and has been called “teleparallel dark energy” (TDE); its dynamics was studied later
in Refs. [6–8]. However, no scaling attractor was found.

Here we generalize the non-minimal coupling function φ2 → f(φ) and we define
α ≡ f,φ/

√
f such that α is constant for f(φ) ∝ φ2, but it can also be a dynamically

changing quantity α(φ). For dynamically changing α we show the existence of scal-
ing attractors with accelerated expansion in agreement with observations. As long
as the scaling solution is an attractor, for any generic initial conditions the system
would sooner or later enter the scaling regime in which the dark energy density is
comparable to the matter energy density with accelerated expansion of the universe,
alleviating in this the fine tuning problem of dark energy and the coincidence problem
[16–18].

2.1 Quintessence field in general relativity

As is known [21–23], one can generalize quintessence by including a non-minimal
coupling between quintessence and gravity. The relevant action reads

S =

∫
d4x
√
−g

[
R

2κ2
+

1

2
∂µφ∂

µφ− V (φ) + ξ f(φ)R

]
+ Sm, (2.1)

where R is the Ricci scalar, Sm is the matter action. Also, the parameter ξ is a
dimensionless constant and f(φ) (with units of mass2 and positive) is an arbitrary
function of φ responsible for non-minimal coupling. In [32–35] adopted f v φ2 in the
context inflation, other forms have been considered in [36, 37] (for a more general
form that includes derivatives see [38]). When including a non-minimal coupling in
quintessence, the corresponding Friedmann equations are preserved. On the other
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hand, the pressure density and energy density of quintessence are changed to

pφ =
1

2
(1 + 4 ξ f,φφ) φ̇2 − V (φ) + 4 ξ

(
f(φ) + 3 ξ f2

,φ

)
Ḣ−

2 ξ f,φ φ̇H − 2 ξ f,φ V,φ + 6 ξ
(
f(φ) + 4 ξ f2

,φ

)
H2, (2.2)

ρφ =
1

2
φ̇2 + V (φ)− 6 ξ H f,φ φ̇− 6 ξ H2 f(φ), (2.3)

where V,φ ≡ dV/dφ, f,φ ≡ df/dφ and H is the Hubble parameter. Also, a dot denotes
differentiation with respect to the cosmic time t. For find pφ and ρφ we have used the
equation of motion

φ̈+ 3H φ̇− ξ R f,φ + V,φ = 0, (2.4)

calculated from the action (2.1), and the useful expression R = 6
(
Ḣ + 2H2

)
in the

flat Friedmann-Lemaitre-Robertson-Walker (FLRW) geometry, see [22, 23].

2.2 Interacting teleparallel dark energy

In what follows we study the action of TDE, in which a non-minimal coupling be-
tween an additional scalar sector and the torsion scalar of TG is considered. Also, we
consider a possible interaction between TDE and dark matter, that is, “interacting
teleparallel dark energy”, since there is no physical argument to exclude the possible
interaction between them. We will work in the preferred class of frames (1.18). The
action will simply read

S =

∫
d4xh

[
T

2κ2
+

1

2
∂µφ∂

µφ− V (φ) + ξ f(φ)T

]
+ Sm, (2.5)

and the variation with respect to the tetrad field yields the coupled field equation

2

(
1

κ2
+ 2 ξ f(φ)

)[
h−1 haα ∂σ (hh τ

a S
ρσ
τ ) + T τνα S

ρν
τ +

T

4
δ ρα

]
+ 4 ξ S ρσ

α f,φ ∂σφ+

[
1

2
∂µφ∂

µφ− V (φ)

]
δ ρα − ∂αφ∂ρφ = Θ ρ

α . (2.6)

In flat FLRW geometry (1.20), the non-zero components of the torsion tensor, contor-
tion tensor and the superpotential are

T i0j = −T ij0 = H δij , K0i
j = −Ki0

j = H δij , S i0
j = −S 0i

j = H δij , (2.7)

where i, j = 1, 2, 3. Therefore, imposing the flat FLRW geometry (1.20) in (2.6), we
obtain the Friedmann equations with

ρφ =
1

2
φ̇2 + V (φ)− 6 ξ H2 f(φ), (2.8)

8



the scalar energy density and

pφ =
1

2
φ̇2 − V (φ) + 4 ξ H f,φ φ̇+ 6 ξ

(
3H2 + 2 Ḣ

)
f(φ), (2.9)

the pressure density of field. Here we also use the useful relation T = −6H 2, which
arises for flat FLRW geometry.

In this same background, the variation of the action (2.5) with respect to scalar
field yields the field equation

φ̈+ 3H φ̇+ V,φ + 6 ξ f,φH
2 = −σ. (2.10)

where σ is the scalar charge corresponds to coupling between TDE and dark matter,
and it is defined by the relation δSm/δφ = −hσ [16, 18, 19]. Rewriting (2.10) in terms
of ρφ and pφ we find the continuity equation for the field

ρ̇φ + 3H ρφ (1 + ωφ) = −Q, (2.11)

whereas for matter
ρ̇m + 3H ρm (1 + ωm) = Q, (2.12)

where ωφ ≡ pφ/ρφ and ωm ≡ pm/ρm = const ≥ 0 are the equation-of-state parameter
of TDE and dark matter, respectively. The parameter Q ≡ φ̇ σ indicates the coupling
between the two components. Also, we will define the barotropic index γ ≡ 1 + ωm

such that 1 ≤ γ < 2.

2.3 Dynamical system

Of particular importance in the investigation of cosmological scenarios are those so-
lutions in which the energy density of the scalar field mimics the background fluid
energy density, ρφ/ρm = C, with C a nonzero constant. Cosmological solutions which
satisfy this condition are called “scaling solutions” and the cosmological coincidence
problem can be alleviated in most dark energy models via scaling attractors (it is de-
fined later) [15, 16]. To study the cosmological dynamics of the model, we introduce
the followings dimensionless variables:

x ≡ κ φ̇√
6H

y ≡ κ
√
V√

3H
, u ≡ κ

√
f, λ ≡ −

V,φ
κV

, α ≡
f,φ√
f
. (2.13)

Using these variables we define

s ≡ − Ḣ

H2
=
−3 γ y2 + 3 (2− γ) x2 + 4

√
6α ξ ux

2 (2 ξ u2 + 1)
+

3 γ

2
, (2.14)

9



and the Eqs. (2.11) and (2.12) can be rewritten as a dynamical system of ordinary
differential equations (ODE), namely

x′ =

√
6

2
λ y2 −

√
6α ξ u+ x (s− 3)− Q̂, (2.15)

y′ =

(
s−
√

6λx

2

)
y, (2.16)

u′ =

√
6αx

2
, (2.17)

λ′ = −
√

6 (Γ− 1) λ2 x, (2.18)

α′ =
√

6

(
Π− 1

2

)
α2 x

u
. (2.19)

In these equations primes denote derivative with respect to the so-called e-folding
time N ≡ ln a. Also, we define

Q̂ ≡ κQ√
6H2 φ̇

, Π ≡
f f,φφ
f2
,φ

, Γ ≡
V V,φφ
V 2
,φ

. (2.20)

In terms of these dimensionless variables, the fractional energy densities Ω ≡
(κ2ρ)/(3H2) for the scalar field and background matter are given by

Ωφ = y2 + x2 − 2 ξ u2, Ωm = 1− Ωφ, (2.21)

respectively. Also, the equation of state of the field ωφ = pφ/ρφ reads

ωφ =
x2 − y2 + 4

√
2
3 α ξ ux+ 2

(
1− 2

3 s
)
ξ u2

(y2 + x2)− 2 ξ u2
. (2.22)

On the other hand, the effective equation of state ωeff = (pm + pφ) / (ρm + ρφ) is given
by

ωeff = − γ y2 − (γ − 2) x2 + 4

√
2

3
α ξ ux+ 2 ξ

(
γ − 2

3
s

)
u2 + γ − 1, (2.23)

and the accelerated expansion occurs for ωeff < −1/3.
Here, we should emphasize that the dynamical system of ODE (2.15)-(2.19) are

not a dynamical autonomous system unless the parameters Γ and Π are know.
From now on we concentrate on exponential scalar-field potential of the form V (φ) =
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V0 e
−λκφ, such that λ is a dimensionless constant, that is, Γ = 1 (equivalently, we

could consider potentials satisfying λ ≡ −V,φ/κV ≈ const, which is valid for arbitrary
but nearly flat potentials [39–41]). In addition to the fact that exponential potentials
can give rise to an accelerated expansion (a power-law expansion a(t) ∝ tp with p > 1),
they possess cosmological scaling solutions [16, 18]. On the other hand, for f(φ) ∝ φ2

or equivalently Π = 1/2 then α ≡ f,φ/
√
f = const. Also, for a general coupling

function u ≡ κ
√
f(φ), with inverse function φ = f−1(u2/κ2), then α(φ) and Π(φ)

can be expressed in terms of u (this approach is similar to that followed in the case
of quintessence in GR with potential beyond exponential potential, see Ref. [42]).
Therefore, two situations may arise; one where α is a constant and another where
α depends on u. In both cases, we have a three-dimensional autonomous system
(2.15)-(2.17).

Once identified the autonomous system we can obtain the fixed points or critical
points (xc, yc, uc) by imposing the conditions x′c = y′c = u′c = 0. From the definition
(2.13), xc, yc, uc should be real, with yc ≥ 0 and uc ≥ 0. To study the stability of
the critical points, we substitute linear perturbations, x → xc + δx, y → yc + δy, and
u→ uc+δu about the critical point (xc, yc, uc) into the autonomous system (2.15)-(2.17)
and linearize them. The eigenvalues of the perturbations matrix M, namely, µ1, µ2

and µ3, determine the conditions of stability of the critical points. One generally uses
the following classification [15, 16]: (i) Stable node: µ1 < 0, µ2 < 0 and µ3 < 0. (ii)
Unstable node: µ1 > 0, µ2 > 0 and µ3 > 0. (iii) Saddle point: one or two of the three
eigenvalues are positive and the other negative. (iv) Stable spiral: The determinant
of the matrixM is negative and the real parts of µ1, µ2 and µ3 are negative. A critical
point is an attractor in the cases (i) and (iv), but it is not so in the cases (ii) and (iii).
The universe will eventually enter these attractor solutions regardless of the initial
conditions (see Appendix C).

Now we are going to study the autonomous dynamical system (2.15)-(2.17), first
for α = const 6= 0 and then for dynamically changing α(u), such that α(u)→ α(uc) = 0

when the system falls into the critical point (xc, yc, uc). Also, the fact that the energy
density of TDE Ωφ is of the same order as of dark matter Ωm in the present universe,
suggests that there may be some relation or interaction between them. Several differ-
ent forms of the coupling between dark energy and dark matter have been proposed.
One possibility usually studied is to consider an interaction of the form Q = β κ ρm φ̇

with β a dimensionless constant, see Refs. [16, 18, 19]. A second approach is to in-
troduce an interaction of the form Q = Υ ρm with the normalization of Υ in terms
of the Hubble parameter H, i.e. Υ/H = τ , where τ is a dimensionless constant [18].

11



Here we consider only the first possibility (Q = β κ ρm φ̇), for both, constant α and
dynamically changing α.

2.4 Constant α

2.4.1 Critical points

In this section we consider a non-minimal coupling function f(φ) ∝ φ2 such that
α = const 6= 0. From Eq. (2.20), for the coupling Q = β κ ρm φ̇ it is easy to find that

Q̂ =

√
6β Ωm

2
, (2.24)

with Ωm given in the equation (2.21). Substituting (2.24) in (2.15) we can obtain
the critical points of the autonomous system (2.15)-(2.17) for constant α. The critical
points are presented in the Table 2.1, and these are a generalization of the fixed
points that were found in [6, 7]. In Table 2.2 we summarize the stability properties
(to be studied below), and conditions for acceleration and existence for each point.
The parameters q± are defined as

q± = −α ξ ±
√
ξ (α2 ξ − 2β2), (2.25)

and the parameters v± as

v± = α ξ ±
√
ξ (α2 ξ − 2λ2). (2.26)

The point I.a is a matter-dominated solution (Ωm = 1) with equation of state type
cosmological constant ωφ = −1, that exists for all values of ξ, λ and β = 0. Point I.b
is a scaling solution and exists solely for ξ < 0, α > 0 and β > 0, since in this case
the condition 0 ≤ Ωφ ≤ 1 is satisfied. The critical point I.c is also a scaling solution
which there exists for ξ < 0, but contrary to I.b, with α < 0 and β < 0. Accelerated
expansion never occurs for these three points because ωeff > −1/3. Points I.d and
I.e both correspond to dark-energy-dominated de Sitter solutions with Ωφ = 1 and
ωφ = ωeff = −1. From (2.26), the fixed point I.d exists for:

ξ ≥ 2λ2/α2 > 0 and λ/α > 0 or ξ < 0, α < 0 and λ > 0. (2.27)

By the other hand, the point I.e exists for

ξ ≥ 2λ2/α2 > 0 and λ/α > 0 or ξ < 0, α > 0 and λ < 0. (2.28)

We note that the points I.d and I.e exist irrespective of the presence of the coupling
β, since Ωφ = 1 in these cases.
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Table 2.1: Critical points for the autonomous system (2.15)-(2.17) for constant α 6= 0.

Name xc yc uc Ωφ ωφ ωeff

I.a 0 0 0 0 −1 γ − 1

I.b 0 0 q−
2β ξ − q2−

2β2 ξ
γ − 1 γ − 1

I.c 0 0 q+
2β ξ − q2+

2β2 ξ
γ − 1 γ − 1

I.d 0
√

αv−
λ2

v−
2λ ξ 1 −1 −1

I.e 0
√

αv+
λ2

v+
2λ ξ 1 −1 −1

Table 2.2: Stability properties, and conditions for acceleration and existence of the
fixed points in Table 2.1.

Name Stability Acceleration Existence
I.a Saddle No β = 0

I.b Saddle No ξ < 0, α > 0 and β > 0

I.c Saddle No ξ < 0, α < 0 and β < 0

I.d S. node or S. spiral, or Saddle All values (2.27)
I.e S. node or S. spiral, or Saddle All values (2.28)

2.4.2 Stability

Substituting the linear perturbations, x→ xc+δx, y → yc+δy, and u→ uc+δu into the
autonomous system (2.15)-(2.17) and linearize them, we find the follows components
for the matrix of linear perturbationsM

M11 =
−3 γ y2

c + 9 (2− γ) x2
c + 8

√
6α ξ uc xc

2 (2 ξ u2
c + 1)

− 3 (2− γ)

2
− ∂Q̂

∂x
|xc,yc,uc , (2.29)

M12 =
√

6λ yc −
3 γ xc yc

2 ξ u2
c + 1

− ∂Q̂

∂y
|xc,yc,uc , (2.30)
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M13 =
6 ξ uc xc

(
γ y2

c − (2− γ) x2
c

)
+ 4
√

6α ξ x2
c

(2 ξ u2
c + 1)2 − 2

√
6α ξ x2

c

2 ξ u2
c + 1

−
√

6α ξ − ∂Q̂

∂u
|xc,yc,uc ,

(2.31)

M21 =

(
3 (2− γ) xc + 2

√
6α ξ uc

2 ξ u2
c + 1

−
√

6λ

2

)
yc, (2.32)

M22 =
−9 γ y2

c + 3 (2− γ) x2
c + 4

√
6α ξ uc xc

2 (2 ξ u2
c + 1)

−
√

6λxc − 3 γ

2
, (2.33)

M23 =
6 ξ uc yc

(
γ y2

c + (2− γ) x2
c

)
+ 4
√

6α ξ xc yc

(2 ξ u2
c + 1)2 − 2

√
6α ξ xc yc

2 ξ u2
c + 1

, (2.34)

M31 =

√
6α

2
, M32 = 0, M33 = 0. (2.35)

The eigenvalues of the matrixM, for each critical point, are as follows:

• Point I.a:

µ1,2 =
3 (2− γ)

(
−1±

√
1− 16α2 ξ

3 (2−γ)2

)
4

, µ3 =
3 γ

2
. (2.36)

• Point I.b:

µ1,2 =

3 (2− γ)

(
−1±

√
1 +

16α
√
ξ (α2 ξ−2β2)

3 (γ−2)2

)
4

, µ3 =
3 γ

2
. (2.37)

• Point I.c:

µ1,2 =

3 (2− γ)

(
−1±

√
1− 16α

√
ξ (α2 ξ−2β2)

3 (γ−2)2

)
4

, µ3 =
3 γ

2
. (2.38)

• Point I.d:

µ1,2 =

3

(
−1±

√
1− 4

3 α
√
ξ (α2 ξ − 2λ2)

)
2

, µ3 = −3 γ. (2.39)
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• Point I.e:

µ1,2 =

3

(
−1±

√
1 + 4

3 α
√
ξ (α2 ξ − 2λ2)

)
2

, µ3 = −3 γ. (2.40)

The points I.a, I.b, and I.c are saddle points in any case, since µ2 < 0 and µ3 > 0.
For ξ < 0 and α < 0 or ξ > 2λ2/α2 and α < 0 point I.d is a saddle point. On the other
hand, for

2λ2

α2
< ξ ≤ λ2

α2

(
1 +

√
1 +

9

16λ4

)
, (2.41)

and α > 0 it is a stable node. Also, when ξ > λ2

α2

(
1 +

√
1 + 9

16λ4

)
then µ1 and µ2 are

complex with real part negative and det(M) = −9αγ
√
ξ (α2 ξ − 2λ2) < 0 for α > 0.

So, in this case point I.d is a stable spiral.
Finally, point I.e is a saddle point for ξ < 0 and α > 0 or ξ > 2λ2/α2 and α > 0.

On the other hand, for ξ as in (2.41) and α < 0, it is a stable node. When ξ >
λ2

α2

(
1 +

√
1 + 9

16λ4

)
then µ1 and µ2 are complex with real part negative and det(M) =

9αγ
√
ξ (α2 ξ − 2λ2) < 0 for α < 0. In this case, point I.e is a stable spiral.

So, for constant α, ξ > 2λ2

α2 and β = 0, the universe enters the matter-dominated
solution I.a with ωφ = −1 and ωeff = 0 for γ = 1 (non-relativistic dark matter),
but since this solution is unstable, finally the system falls into the attractor I.d or
I.e (dark-energy-dominated de Sitter solution) with Ωφ = 1 and ωφ = ωeff = −1.
Moreover, for β 6= 0 and ξ < 0 the system enters in the unstable scaling solution I.b
or I.c, but, in this case the de Sitter solutions I.d or I.e are not late-time attractors of
the system. Also, for constant α no scaling attractor was found, even when we allow
the possible interaction between TDE and dark matter.

2.5 Dynamically changing α

Now let us consider a general function of non-minimal coupling f(φ) such that α
depends on u and α(u) → α(uc) = 0 when (x, y, u) → (xc, yc, uc) ((xc, yc, uc) is a fixed
point of the system). The field φ rolls down toward ±∞ (x > 0 or x < 0) with f(φ) →
u2
c/κ

2 when (x, y, u)→ (xc, yc, uc). In this section, for simplicity, we shall consider the
situation with positive values of λ and β.
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2.5.1 Critical points

The critical points of the autonomous system (2.15)-(2.17) (with α replaced by α(u))
are presented in Table 2.3. In Table 2.3 we define ξ̂ ≡ 2 ξ u2

c + 1 and ζ ≡ λ+ β > 0. In
Table 2.4 we summarize the stability properties, and conditions for acceleration and
existence for each point.

Point II.a corresponds to a scaling solution. The condition 0 ≤ Ωφ ≤ 1 is satisfied
for β <

√
3/8 (2− γ) if

3 (2− γ)2

4β2

(
1 +

√
1− 8β2

3 (2− γ)2

)
≤ ξ̂ ≤ 3 (2− γ)2

2β2
, (2.42)

or

0 ≤ ξ̂ ≤ 3 (2− γ)2

4β2

(
1−

√
1− 8β2

3 (2− γ)2

)
<

3 (2− γ)2

2β2
. (2.43)

On the other hand, for β ≥
√

3/8 (2− γ) it is required merely that

0 ≤ ξ̂ ≤ 3 (2− γ)2

2β2
. (2.44)

The equation of state for this solution is given by

ωφ =
2β2 (2− γ) ξ̂(

ξ̂ − 1
) (

2β2
(
ξ̂ − 1

)
− 3 (γ − 4) γ + 4 (β2 − 3)

)
+ 2β2

+ γ − 1, (2.45)

and for ξ̂ ≈ 1 (ξ ≈ 0), and β 6= 0, we have that ωφ ≈ 1 (stiff matter).
The condition of accelerated expansion is given by

ξ̂ < −(2− γ) (3 γ − 2)

2β2
< 0. (2.46)

Therefore, the accelerated expansion no occurs in this solution since necessary ξ̂ is
positive to ensure 0 ≤ Ωφ ≤ 1.

Points II.b and II.c exists for ξ̂ ≥ 0. Both points are scalar-field dominant solutions
(Ωφ = 1), but without accelerated expansion because ωeff = 1.

Point II.d is also a scaling solution. From the condition 0 ≤ Ωφ ≤ 1 we have the
following constraint

3 γ

λ ζ
≤ ξ̂ ≤ 3 γ

λ ζ
+
ζ

λ
. (2.47)

The equation of state of field for this solution is given by

ωφ =
β ζ γ

β λ
(
ξ̂ − 2

)
+ λ2

(
ξ̂ − 1

)
− 3 γ − β2

+ γ − 1, (2.48)
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Table 2.3: Critical points of the autonomous system (2.15)-(2.17) for dynamically
changing α(u) such that α(u) → α(uc) = 0 and uc ≥ 0. We define ξ̂ ≡ 2 ξ u2

c + 1

and ζ ≡ λ+ β.

Name xc yc uc Ωφ ωφ ωeff

II.a −
√

6β ξ̂
3 (2−γ) 0 uc

2β2 ξ̂2

3 (γ−2)2
+ 1− ξ̂ (2.45) 2β2 ξ̂

3 (2−γ) + γ − 1

II.b −
√
ξ̂ 0 uc 1 1 1

II.c
√
ξ̂ 0 uc 1 1 1

II.d
√

6 γ
2 ζ

√
β ζ ξ̂+ 3

2
(2−γ) γ

ζ uc −λ ξ̂
ζ + 3 γ

ζ2
+ 1 (2.48) λ (γ−1)−β

ζ

II.e λ ξ̂√
6

√
ξ̂
(

1− λ2 ξ̂
6

)
uc 1 λ2 ξ̂

3 − 1 λ2 ξ̂
3 − 1

and for ξ̂ ≈ 1, λ << β (β >> 1) we have that ωφ ≈ −1 (De Sitter solution). The
universe exhibits an accelerated expansion independently of ξ̂ for

λ <
2β

3 (γ − 1) + 1
. (2.49)

In the case of γ = 1 the accelerated expansion occurs for λ < 2β.
Point II.e is a scalar-field dominant solution (Ωφ = 1) that exists for

0 ≤ ξ̂ ≤ 6

λ2
, (2.50)

and gives an accelerated expansion at late times for

ξ̂ <
2

λ2
. (2.51)

Given that ξ̂ ≥ 0 is necessary for the existence of this solution, then in Table 2.3 we
have that ωφ = ωeff = λ2 ξ̂/3− 1 ≥ −1.

2.5.2 Stability

For dynamically changing α(u), such that α(u) → α(uc) = 0, the components of the
matrix of perturbationM are written as

M11 =
3
(
3 (2− γ) x2

c − γ y2
c

)
2 ξ̂

− 3 (2− γ)

2
− ∂Q̂

∂x
|xc,yc,uc , (2.52)
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Table 2.4: Stability properties, and conditions for acceleration and existence of the
fixed points in Table 2.3. As in Table 2.3 we define ξ̂ ≡ 2 ξ u2

c + 1 and ζ ≡ λ+ β.

Name Stability Acceleration Existence
II.a Saddle No (2.42), (2.43), (2.44)
II.b U. node or Saddle No ξ̂ ≥ 0

II.c U. node or Saddle No ξ̂ ≥ 0

II.d S. node or S. spiral or Saddle λ < 2β
3 (γ−1)+1

3 γ
λ ζ ≤ ξ̂ ≤

3 γ
λ ζ + ζ

λ

II.e S. node or Saddle ξ̂ < 2
λ2

0 ≤ ξ̂ ≤ 6
λ2

M12 =
√

6λ yc −
3 γ xc yc

ξ̂
− ∂Q̂

∂y
|xc,yc,uc , (2.53)

M13 =
6 ξ uc xc

(
γ y2

c − (2− γ) x2
c

)
ξ̂2

+
2
√

6 ξ ηc uc x
2
c

ξ̂
−
√

6 ξ ηc uc −
∂Q̂

∂u
|xc,yc,uc , (2.54)

M21 =
3 (2− γ) xc yc

ξ̂
−
√

6λ yc
2

, (2.55)

M22 =
3
(
(2− γ) x2

c − 3 γ y2
c

)
2 ξ̂

−
√

6λxc − 3 γ

2
, (2.56)

M23 =
6 ξ uc yc

(
γ y2

c − (2− γ) x2
c

)
ξ̂2

+
2
√

6 ξ ηc uc xc yc

ξ̂
, (2.57)

M31 = 0, M32 = 0, M33 =

√
6 ηc xc

2
. (2.58)

Here we define ηc ≡ dα(u)
du |u=uc .

Using (2.24) in (2.52)-(2.54) we can calculate the components ofM for each critical
point and the corresponding eigenvalues:

• Point II.a:

µ1 =
β ζ ξ̂

2− γ
+

3 γ

2
, µ2 = −β ηc ξ̂

2− γ
, µ3 =

β2 ξ̂

2− γ
− 3 (2− γ)

2
. (2.59)

• Point II.b:
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µ1 = −
√

6 ηc

√
ξ̂

2
, µ2 =

√
6

(√
6 + λ

√
ξ̂

)
2

, µ3 = −
√

6β

√
ξ̂ + 3 (2− γ) . (2.60)

• Point II.c:

µ1 =

√
6 ηc

√
ξ̂

2
, µ2 =

√
6

(√
6− λ

√
ξ̂

)
2

, µ3 =
√

6β

√
ξ̂ + 3 (2− γ) . (2.61)

• Point II.d (γ = 1):

µ1,2 =
3 (λ+ 2β)

4 ζ

−1±

√√√√
1−

8
(

2β ζ ξ̂ + 3
) (

ζ λ ξ̂ − 3
)

3 (λ+ 2β)2 ξ̂

 , µ3 =
3 ηc
2 ζ

. (2.62)

• Point II.e:

µ1 = λ ζ ξ̂ − 3 γ, µ2 =
λ2 ξ̂ − 6

2
, µ3 =

ηc λ ξ̂

2
. (2.63)

Since for the point II.a we have 0 ≤ ξ̂ ≤ 3 (2− γ)2 /2β2 (Eqs. (2.42), (2.43) and
(2.44)), then it is always a saddle point. The points II.b and II.c are either an unstable
node or a saddle point. The point II.b is an unstable node for 0 < ξ̂ < 3 (2− γ)2 /2β2

and ηc < 0, whereas it is a saddle point for ηc > 0 or ξ̂ > 3 (2− γ)2 /2β2. On the other
hand, the point II.c is a unstable node if 0 < ξ̂ < 6/λ2 and ηc > 0, whereas for ηc < 0

or ξ̂ > 6/λ2 it is a saddle point.
To study the properties of stability of the point II.d we shall consider the case

where the background fluid is non-relativistic dark matter (γ = 1). So, we restrict
ourselves to positive ξ̂ as in constraint (2.47) with γ = 1, and λ < 2β or equivalently
ζ < 3β.

The eigenvalues µ1 and µ2 are real and negatives if

3

ζ λ
< ξ̂ ≤ ∆ +

3

ζ λ
, (2.64)

where

∆ =

3

(√
δ2 + 64β ζ (λ+ 2β)2 + δ

)
32β ζ2 λ

> 0, (2.65)
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with δ =
(
−7 ζ2 − 6β ζ + β2

)
. Then, for ηc < 0 and ξ̂ satisfying (2.64) the point II.d is

a stable node. For ηc > 0 and ξ̂ as in (2.64) it is saddle point. On the other hand, for

∆ +
3

ζ λ
< ξ̂ ≤ 3

λ ζ
+
ζ

λ
, (2.66)

µ1 and µ2 are complex with real part negative, and the determinant of the matrixM
that is given by

det(M) =
9 ηc

(
2β λ ζ3 ξ̂2 + 3 ζ2 (λ− 2β) ξ̂ − 9 ζ

)
4 ζ4 ξ̂

, (2.67)

is negative if in addition ηc < 0 (also in this case µ3 < 0). Therefore, for ξ̂ as in (2.66)
and ηc < 0, point II.d becomes a stable spiral. The constraint (2.64) is consistent
with the physical condition (2.47) (it can be stronger or weaker). On the other hand,
the constraint (2.66) is also consistent with (2.47) provided that ∆ < ζ/λ. In any
case, either is a stable node or a stable spiral, point II.d is a scaling attractor with
accelerated expansion if in addition we have λ < 2β.

Point II.e is a stable node if

0 < ξ̂ <
3 γ

λ ζ
<

6

λ2
, (2.68)

and ηc < 0. Since 1 ≤ γ < 2 then 3 γ
λ ζ <

6
λ2

. On the other hand, it is a saddle point for

3 γ

λ ζ
< ξ̂ <

6

λ2
. (2.69)

or ηc > 0. The point II.e is also an interesting solution, it is a scalar-field dominant
solution (Ωφ = 1) and can be attractor (Eq. (2.68)) with accelerated expansion (Eq.
(2.51)) and such that ωφ = ωeff ≥ −1.

So, for dynamically changing α such that α(u) → α(uc) = 0, the fixed points II.d
and II.e can attract the universe at late times and are equally viable solutions. But
since we are interested in the scaling attractors, now we are going to concentrate on
the solution II.d. It is a scaling solution that has accelerated expansion and at the
same time is an attractor (stable node or stable spiral). For γ = 1, the accelerated
expansion occurs, independently of ξ̂, for λ < 2β (Eq. (2.49)), and the physical condi-
tion 0 ≤ Ωφ ≤ 1 is ensures for ξ̂ in accordance with (2.47). Also, for ξ̂ in accordance
with (2.64) and ηc < 0 point II.d is a stable node, or for ξ̂ as in (2.66) and ηc < 0 it is a
stable spiral. When point II.d is a stable node, the constraint (2.64) can be stronger or
weaker that the physical condition (2.47). Numerically we find that exist λ∗(β) < 2β

such that for λ < λ∗(β) then ∆ > ζ/λ and the constraint (2.64) is weaker that (2.47).
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Figure 2.1: Evolution of Ωm (dashed), Ωφ (dotdashed), ωφ (dotted), ωeff (solid) and
α(u) (red line, starting at α = 1) with γ = 1, λ = 2.4 and ξ = 3.5 × 10−5, in the case
where the coupling to dark matter β changes rapidly from β1 = 0 to β = 4.1. We
choose initial conditions xi = 5 × 10−5, yi = 3.1 × 10−6 and ui = 7 × 10−4 with α(u) =

uc − u. The universe exits from the matter-dominated solution I.a with constant α,
ωφ = −1, ωeff = 0 and approaches the scaling attractor II.d for dynamically changing
α(u) with Ωφ ≈ 0.70, Ωm ≈ 0.30, ωφ ≈ −0.90 and ωeff ≈ −0.63. We note that ωφ
presents the phantom-divide crossing during cosmological evolution.

For example, for β = 0.6 then λ∗(β) ≈ 0.82, and if λ = 0.2 the constraint (2.64) implies
18.75 < ξ̂ < 22.96. Moreover, the physical condition (2.47) implies 18.75 < ξ̂ < 22.75.
Also, in this example, for ξ̂ ≈ 19.95 we have ωφ ≈ −1.07 (Eq. (2.48)), Ωφ ≈ 0.70 and
Ωm ≈ 0.30 (with accelerated expansion since λ < 2β). However, this is not a suitable
range for ξ̂, since from solar system experiments (see for instance [22]), necessary
ξ̂ ≈ 1 (or ξ ≈ 0). Finally, when point II.d is a stable spiral, that is, ξ̂ in accordance
with (2.66) and ηc < 0, the physical condition (2.47) is ensures whenever ∆ < ζ/λ.
For example, for λ = 2.4 and β = 4.1 we have that (2.66) implies 0.23 < ξ̂ < 2.90,
whereas the constraint (2.47) implies 0.19 < ξ̂ < 2.90. In Fig. 2.1 we show the case
when the system approaches the fixed point II.d in the above example for λ = 2.4,
β = 4.1 and for instance ξ̂ ≈ 1.00064 (ξ ≈ 3.5 × 10−5 and uc = 1). In this figure, by
way of example, we consider the function α(u) = uc − u with ηc = −1. Also, following
[16, 43], we consider a non-linear coupling

β(u) =
(β − β1) tanh

(
u−u1
b

)
+ β + β1

2
, (2.70)

that changes between a small β1 to a large β in order to that initially the system
enters in the matter-dominated solution I.a with β1 = 0 and eventually approaches
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the scaling attractor II.d with ωφ ≈ −0.90, Ωφ ≈ 0.70, Ωm ≈ 0.30 and accelerated
expansion (λ < 2β).
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Chapter 3

Tachyonic Teleparallel Dark Energy

The tachyon field arising in the context of string theory provides an example of mod-
ified form of matter, which has been studied in applications to cosmology both as a
source of early inflation and late-time speed-up of the cosmic expansion rate [44–46].
The dynamics of the tachyon is very different from the standard case (quintessence).
As the lagrangian of quintessence generalizes the lagrangian of a non-relativistic
particle, the lagrangian of the tachyon field generalizes the lagrangian of the rela-
tivistic particle [44]. In this regard the tachyon generalizes the quintessence field,
and a non-minimal version in the context of TG was proposed in Ref. [47].

In this chapter we will be interested in the dynamics of “tachyonic teleparallel
dark energy” (TTDE), as this model has been called [47]. Given the nature of the
tachyon field, we can expect a richer structure than in the case of TDE. In fact, as
we are going to see, an era φMDE (see Ref. [18]) is possible, but in order to have a
viable cosmological evolution it is necessary to generalize the non-minimal coupling
to a dynamically changing coefficient α ≡ f,φ/

√
f , with f(φ) the general non-minimal

coupling function [48].

3.1 Tachyon field in general relativity

The action for the tachyon scalar field minimally coupled with gravity is given by

Sϕ =

∫
d4x
√
−g

[
R

2κ2
− V (ϕ)

√
1− 2X

]
, (3.1)
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where X = 1
2 ∂µϕ∂

µϕ. V (ϕ) is the potential of the tachyon field, and the potential
corresponding to scaling solutions (i.e., the field energy density ρϕ is proportional to
the fluid energy density ρm) is the inverse power-law type, V (ϕ) ∝ ϕ−2. Moreover, a
remarkable feature of the stress tensor of the tachyon field is that it can be considered
as the sum of a pressure-less dust component and a cosmological constant [44]. This
means that the stress tensor can be thought of as made up of two components, one
behaving like a pressure-less fluid (dark matter), while the other having a negative
pressure (dark energy). This property is reflected in that when ϕ̇ is small compared to
unity (compared to V (ϕ) in the case of quintessence), the tachyon field has equation
of state ωϕ → −1 and mimic a cosmological constant, just like the quintessence field.
But, when ϕ̇ → 1 the tachyon field has equation of state ωϕ ≈ 0 and behaves like
non-relativistic matter with ρϕ ∝ a(t)−3 (a(t) is the scale factor), whereas in the
case of quintessence for ϕ̇ >> V (ϕ), it has equation of state ωϕ ≈ 1 (stiff matter)
leading to ρϕ ∝ a(t)−6. So, the dynamics the tachyon field is very different from the
standard field case, irrespective of the steepness of the tachyon potential the equation
of state varies between 0 and −1, and the energy density behaves as ρϕ ∝ a(t)−m with
0 ≤ m ≤ 3 [16].

A study of dynamical systems in Friedmann-Lemaitre-Robertson-Walker (FLRW)
cosmology within phenomenological theories based on the effective tachyon action
(3.1) can be found in [16, 45, 46]. In [46] was proposed perform a transformation of
the form

ϕ→ φ =

∫
dϕ
√
V (ϕ)⇐⇒ ∂ϕ =

∂φ√
V (φ)

, (3.2)

which allows to introduce normalized phase-space variables and in terms of these
variables one can obtain a closed autonomous system of ordinary differential equa-
tions (ODE) out of the cosmological field equations written in terms of the trans-
formed tachyon field φ, for a broad class of self-interaction potentials V (φ) (in [19] also
was carried out a transformation of this type to study coupled dark energy in GR).
Also, as we will show quite soon, the above field re-definition allows us to study a non-
minimal coupling between tachyon field and TG in terms a closed autonomous system
of ODE. We are going to concentrate on the inverse square potential V (ϕ) ∝ ϕ−2, that
for the transformed field φ becomes V (φ) = V0 e

−λκφ, and λ is a constant.

3.2 Tachyonic teleparallel dark energy

In what follows we consider a non-minimal coupling between tachyon field and TG
as was already considered in Ref. [47]. In order to have a closed autonomous system
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of ODE and study the dynamics of the model is required the transformation ϕ→ φ in
accordance to (3.2). Under the transformation (3.2), the relevant action reads

S =

∫
d4xh

[
T

2κ2
− V (φ)

√
1− 2X

V (φ)
+ ξ f(φ)T

]
+ Sm, (3.3)

where h ≡ det(haµ) =
√
−g ( haµ are the orthonormal components of the tetrad), T/2κ2

is the lagrangian of teleparallelism (T is the torsion scalar), Sm is the matter action,
ξ is a dimensionless constant measuring the non-minimal coupling, and f(φ) > 0

is the non-minimal coupling function with units of mass2 that only depends of the
transformed tachyon field φ (see Refs. [1, 8]). Varying the action (3.3) with respect to
tetrad fields yields field equation

2

(
1

κ2
+ 2 ξ f(φ)

)[
h−1 haα ∂σ (hh τ

a S
ρσ
τ ) + T τνα S

ρν
τ +

T

4
δ ρα

]
+ 4 ξ S ρσ

α f,φ ∂σφ− µ−1 V (φ) δ ρα − µ∂αφ∂ρφ = Θ ρ
α . (3.4)

where Θ ρ
α stands for the symmetric matter energy-momentum tensor. Also, we define

µ ≡ 1√
1− 2X

V

. (3.5)

Imposing the flat FLRW geometry, we obtain the Friedmann equations with

ρφ = µV (φ)− 6 ξ H2 f(φ), (3.6)

the scalar energy density and

pφ = −µ−1 V (φ) + 4 ξ H f,φ φ̇+ 2 ξ
(

3H2 + 2 Ḣ
)
f(φ), (3.7)

the pressure density of field. Here we also use the useful relation T = −6H2, which
arises for flat FLRW geometry.

The variation of the action with respect to the scalar field yields the motion equa-
tion

2φ+
µ2

V

(
∂µX −

X

V
V,φ ∂µφ

)
∂µφ+

(
1− X

V

)
V,φ − ξ µ−1 f,φ T = 0; (3.8)

where V,φ = dV/dφ and 2 ≡ ∂µ∂
µ + h−1 ∂µh ∂

µ. Consequently, in the flat FLRW
background we find

φ̈+ 3µ−2H φ̇+

(
1− 3X

V

)
V,φ + 6 ξ µ−3 f,φH

2 = 0. (3.9)
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Rewriting the equation of motion (3.9) in terms of scalar energy density and the
pressure density of field we obtain

ρ̇φ + 3H ρφ (1 + ωφ) = 0, (3.10)

whereas that for matter
ρ̇m + 3H ρm (1 + ωm) = 0, (3.11)

where ωφ ≡ pφ/ρφ and ωm ≡ pm/ρm = const are the equation-of-state parameter
of dark energy and dark matter, respectively. We also define the barotropic index
γ ≡ 1 +ωm, such that 0 < γ < 2. On the other hand, we note that there is no coupling
between dark energy and dark matter.

3.3 Phase-space analysis

In order to study the dynamics of the model it is convenient to introduce the following
dimensionless variables

x ≡ φ̇√
V
, y ≡ κ

√
V√

3H
, u ≡ κ

√
f, α ≡

f,φ√
f
, λ ≡ −

V,φ
κV

. (3.12)

Using these variables we define

s ≡ − Ḣ

H2
=

4
√

3α ξ ux y + 3µ
(
x2 − γ

)
y2

2 (2 ξ u2 + 1)
+

3 γ

2
. (3.13)

Also, using (3.12) the evolution equations (3.10) and (3.11) can be rewritten as a
dynamical system of ODE, namely

x′ =

√
3

2

(
λx2 y + λ

(
2− 3x2

)
y − 4α ξ uµ−3 y−1 − 2

√
3xµ−2

)
, (3.14)

y′ =

(
−
√

3λ

2
x y + s

)
y, (3.15)

u′ =

√
3αx y

2
, (3.16)

λ′ = −
√

3λ2 x y (Γ− 1) , (3.17)

α′ =
√

3
x y α2

u

(
Π− 1

2

)
, (3.18)
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with µ = 1/
√

1− x2 and prime denotes derivative with respect to the so-called e-
folding time N ≡ ln a. Also, we define

Π ≡
f f,φφ
f2
,φ

, Γ ≡
V V,φφ
V 2
,φ

. (3.19)

The fractional energy densities Ω ≡ (κ2 ρ)/(3H2) for the scalar field and background
matter are given by

Ωφ = µ y2 − 2 ξ u2, Ωm = 1− Ωφ. (3.20)

The state equation of the field ωφ = pφ/ρφ reads

ωφ =
−µ−1 y2 + 2 ξ u

(
2
√

3
3 αx y + u

(
1− 2

3 s
))

µ y2 − 2 ξ u2
. (3.21)

On the other hand, the effective equation of state ωeff = (pφ + pm) / (ρφ + ρm) is given
by

ωeff =
(
x2 − γ

)
µ y2 +

4
√

3

3
α ξ ux y + 2

(
γ − 2

3
s

)
ξ u2 + γ − 1, (3.22)

and the accelerated expansion of the universe occurs for ωeff < −1/3.
Once the parameters Γ and Π are known, the dynamical system (3.14)-(3.18) be-

comes an autonomous system and the dynamics can be analyzed in the usual way.
Since we consider constant λ, this is equivalent to consider Γ = 1. On the other hand,
for f(φ) ∝ φ2 or equivalently Π = 1/2 then α ≡ f,φ/

√
f = const 6= 0. Moreover, fol-

lowing Ref. [8], for a general coupling function u ≡ κ
√
f(φ), with inverse function

φ = f−1(u2/κ2), α(φ) and Π(φ) can be expressed in terms of u (this approach is similar
to that followed in the case of quintessence in GR with potential beyond exponential
potential [42]). Therefore, two situations may arise; one where α is a constant and an-
other where α depends on u. In both cases, we have a three-dimensional autonomous
system (3.14)-(3.16), and the fixed points or critical points (xc, yc, uc) can be find by
imposing the conditions x′c = y′c = u′c = 0. From the definition (3.12), xc, yc, uc should
be real, with x2

c ≤ 1, yc ≥ 0, and uc ≥ 0.
As in chapter 2, to study the stability of the critical point, we substitute linear

perturbations, x → xc + δx, y → yc + δy, and u → uc + δu about the critical point
(xc, yc, uc) into the autonomous system (3.14)-(3.16) and linearize them. The eigen-
values of the perturbations matrixM, namely, τ1, τ2 and τ3, determine the conditions
of stability of the critical points.

In what follows we are going to study the three-dimensional autonomous dynam-
ical system (3.14)-(3.16), first for α = const 6= 0 and then for dynamically chang-
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ing α(u), such that α(u) → α(uc) = 0 when the system falls into the critical point
(xc, yc, uc).

3.4 Constant α

3.4.1 Critical points

In this section we consider a non-minimal coupling function f(φ) ∝ φ2 such that α =

const 6= 0. The critical points of the autonomous system (3.14)-(3.16) are presented in
Table 3.1. In Table 3.2 we summarize the stability properties (to be studied below),
and conditions for acceleration and existence for each point. In Table 3.1 the variables
v± are defined by

v± =
(
α ξ ±

√
ξ (α2 ξ − 2λ2)

)
. (3.23)

The critical point I.a is a fluid dominant solution (Ωm = 1) that exists for all values
of λ, ξ and α. The critical points I.b and I.c are both scaling solutions with uc ≥ 0,
and the requirement of the condition 0 < Ωφ < 1 implies 0 < ξ̂ < 1. The accelerated
expansion occurs for these three points if ωeff = γ − 1 < −1/3, that is, for γ < 2/3.
Points I.d and I.e both correspond to dark-energy-dominated de Sitter solutions with
Ωφ = 1 and ωφ = ωeff = −1. From (3.23), the fixed point I.d exists for:

ξ ≥ 2λ2/α2 > 0 and λ/α > 0 or ξ < 0, α < 0 and λ > 0. (3.24)

By the other hand, the point I.e exists for

ξ ≥ 2λ2/α2 > 0 and λ/α > 0 or ξ < 0, α > 0 and λ < 0. (3.25)

3.4.2 Stability

Substituting the linear perturbations, x → xc + δx, y → yc + δy, and u → uc + δu

into the autonomous system (3.14)-(3.16) and linearize them, the components of the
matrix of perturbationsM are given by

M11 =
√

3
(
−2λxc yc −

√
3
(
1− 3x2

c

)
+ 6α ξ uc xc µ

−1
c y−1

c

)
, (3.26)

M12 =
√

3µ−2
c

(
λ+ 2α ξ uc µ

−1
c y−2

c

)
, (3.27)

M13 = −2
√

3α ξ µ−3
c y−1

c , (3.28)
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Table 3.1: Critical points for the autonomous system (3.14)-(3.16) for constant α 6= 0.
We define ξ̂ ≡ 1 + 2 ξ u2

c and uc ≥ 0.

Name xc yc uc Ωφ ωφ ωeff

I.a 0 0 0 0 −1 γ − 1

I.b 1 0 uc 1− ξ̂ γ − 1 γ − 1

I.c −1 0 uc 1− ξ̂ γ − 1 γ − 1

I.d 0
√

αv−
λ2

v−
2λ ξ 1 −1 −1

I.e 0
√

αv+
λ2

v+
2λ ξ 1 −1 −1

Table 3.2: Stability properties, and conditions for acceleration and existence of the
fixed points in Table 3.1.

Name Stability Acceleration Existence
I.a Unstable γ < 2/3 All values
I.b Saddle γ < 2/3 0 < ξ̂ < 1

I.c Saddle γ < 2/3 0 < ξ̂ < 1

I.d S. node or S. spiral, or Saddle All values (3.24)
I.e S. node or S. spiral, or Saddle All values (3.25)

M21 =
y2
c

(
−3µ3

c xc yc
(
x2
c + γ − 2

)
+ 4
√

3α ξ uc
)

2 (2 ξ u2
c + 1)

−
√

3λ y2
c

2
, (3.29)

M22 =
yc
(
9µc yc

(
x2
c − γ

)
+ 8
√

3α ξ xc uc
)

2 (2 ξ u2
c + 1)

−
√

3λxc yc +
3 γ

2
, (3.30)

M23 =
2
√

3 ξ y2
c

(
−
√

3µc uc yc
(
x2
c − γ

)
+ 2αxc

)
(2 ξ u2

c + 1)2 − 2
√

3α ξ xc y
2
c

2 ξ u2
c + 1

, (3.31)

M31 =

√
3α yc
2

, M32 =

√
3αxc
2

, M33 = 0. (3.32)

In the above we define µc = 1/
√

1− x2
c .
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Point I.a: The componentM13 is divergent, which means that this point is unsta-
ble.

Points I.b and I.c: For both critical points the eigenvalues ofM are given by

τ1 =
3 γ

2
, τ2 = −3, τ3 = 0. (3.33)

Therefore these points are unstable.
Point I.d: For this point the eigenvalues are given by

τ1,2 =

3

(
−1±

√
1− 4

3 α
√
ξ (α2 ξ − 2λ2)

)
2

, τ3 = −3 γ. (3.34)

It is a saddle point if ξ < 0 and α < 0 or ξ > 2λ2/α2 and α < 0. On the other hand, for

2λ2

α2
< ξ ≤ λ2

α2

(
1 +

√
1 +

9

16λ4

)
, (3.35)

and α > 0 it is a stable node. Also, when ξ > λ2

α2

(
1 +

√
1 + 9

16λ4

)
then τ1 and τ2 are

complex with real part negative and det(M) = −9αγ
√
ξ (α2 ξ − 2λ2) < 0 for α > 0.

Therefore, in this case it is a stable spiral.
Point I.e: Finally, for the point I.e, the eigenvalues are

τ1,2 =

3

(
−1±

√
1 + 4

3 α
√
ξ (α2 ξ − 2λ2)

)
2

, τ3 = −3 γ. (3.36)

This fixed point is a saddle point for ξ < 0 and α > 0 or ξ > 2λ2/α2 and α > 0.
On the other hand, for ξ as in (3.35) and α < 0, it is a stable node. When ξ >
λ2

α2

(
1 +

√
1 + 9

16λ4

)
then τ1 and τ2 are complex with real part negative and det(M) =

9αγ
√
ξ (α2 ξ − 2λ2) < 0 for α < 0. In this case, point I.e is a stable spiral.

The fixed points I.a, I.d and I.e are the same points that were found for TDE in
Ref. [6–8]. The scaling solutions I.b and I.c are new solutions that are not present
in TDE. Such as in TDE, in TTDE the universe is attracted for the dark-energy-
dominated de Sitter solution I.d or I.e. However, unlike the former scenario, in TTDE
the universe may present a phase φMDE, that is, the scaling solution I.b or I.c, in
which it has some portions of the energy density of φ in the matter dominated era.
This type of phase φMDE is also common in coupled dark energy in GR (see Refs.
[16, 18, 19]). But since the scaling solutions I.b and I.c both require −1/2u2

c < ξ < 0

when uc > 0, then the fixed points I.d and I.e are not achieved because in this case
these are saddle points. To solve this problem is necessary to consider a dynamically
changing α.
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3.5 Dynamically changing α

Following Ref. [8], now we let us consider a general function of non-minimal coupling
f(φ) such that α can be expressed in terms of u and α(u)→ α(uc) = 0 when (x, y, u)→
(xc, yc, uc) (we note that (xc, yc, uc) is a fixed point of the system). The field φ rolls
down toward ±∞ (x > 0 or x < 0) with f(φ) → u2

c/κ
2 when (x, y, u) → (xc, yc, uc) (for

simplicity and since we seek new solutions then we set xc 6= 0 and yc 6= 0). The fixed
points are presented in Table 3.3. Also, we summarize the properties of the fixed
points in Table 3.4. In Table 3.3 the parameter yc is defined by

yc =

√√√√√ ξ̂

(
−λ2 ξ̂ +

√
λ4 ξ̂2 + 36

)
6

. (3.37)

3.5.1 Critical points

Points II.a and II.b are scaling solutions in which the energy density of the scalar
field decreases proportionally to that of the perfect fluid (ωφ = ωm). The existence of
these solutions requires the condition 0 < γ < 1 or equivalently −1 < ωm < 0 as can
be seen in the expression of xc, yc and Ωφ. Also, for point II.a is required λ < 0 and
for point II.b is required λ > 0. For both points, if 0 < γ < 1, the condition 0 < Ωφ < 1

is ensured if
3 γ

λ2
√

1− γ
< ξ̂ <

3 γ

λ2
√

1− γ
+ 1. (3.38)

The condition for accelerated expansion corresponds to γ < 2/3.
Point II.c is a scalar-field dominant solution (Ωφ = 1) that gives an accelerated

expansion at late times for λ2 y2
c < 2, or equivalently, this condition translates into

0 < ξ̂ <
2
√

3

λ2
. (3.39)

This point exists for ξ̂ > 0 and all values of λ.

3.5.2 Stability

For dynamically changing α(u) such that α(u) → α(uc) = 0, the components of the
matrix of perturbationM are written as

M11 =
√

3
(
−2λxc yc +

√
3
(
3x2

c − 1
))
, (3.40)
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Table 3.3: Critical points of the autonomous system (3.14)-(3.16) for dynamically
changing α(u) such that α(u)→ α(uc) = 0 and uc ≥ 0. We define ξ̂ ≡ 2 ξ u2

c + 1.

Name xc yc uc Ωφ ωφ ωeff

II.a −√γ −
√

3
√
γ

λ uc
3 γ

λ2
√

1−γ + 1− ξ̂ γ − 1 γ − 1

II.b √
γ

√
3
√
γ

λ uc
3 γ

λ2
√

1−γ + 1− ξ̂ γ − 1 γ − 1

II.c λ yc√
3

yc uc 1 λ2 y2c
3 − 1 λ2 y2c

3 − 1

Table 3.4: Stability properties, and conditions for acceleration and existence of the
fixed points in Table 3.3.

Name Stability Acceleration Existence
II.a Stable node or stable spiral γ < 2/3 (3.38) and λ < 0

II.b Stable node or stable spiral γ < 2/3 (3.38) and λ > 0

II.c Stable node ξ̂ < 2
√

3
λ2

ξ̂ > 0

M12 =
√

3λµ−2
c , (3.41)

M13 = −2
√

3 ξ ηc uc µ
−3
c y−1

c , (3.42)

M21 = −
3µ3

c xc y
3
c

(
x2
c + γ − 2

)
2 (2 ξ u2

c + 1)
−
√

3λ y2
c

2
, (3.43)

M22 =
9µc

(
x2
c − γ

)
y2
c

2 (2 ξ u2
c + 1)

−
√

3λxc yc +
3 γ

2
, (3.44)

M23 = −
6 ξ µc uc y

3
c

(
x2
c − γ

)
(2 ξ u2

c + 1)2 +
2
√

3 ξ ηc xc y
2
c uc

2 ξ u2
c + 1

, (3.45)

M31 = 0, M32 = 0, M33 =

√
3 ηc xc yc

2
. (3.46)

Here ηc is defined by ηc ≡ dα(u)
du |u=uc .
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Points II.a and II.b: The eigenvalues are

τ1,2 =

3

(
±
√

(2− γ)2 + 16 γ (1−γ)

ξ̂

(
3 γ

λ2
√

1−γ − ξ̂
)
− (2− γ)

)
4

, τ3 =
3 ηc γ

2λ
. (3.47)

Both points are stable node or stable spiral provided that Ωφ < 1 and ηc > 0 (point
II.a) or ηc < 0 (point II.b). In any case, both scaling solutions are not realistic so-
lutions in applying to dark energy because of the condition γ < 1 or equivalently
ωm < 0. This problem can be solved by considering a explicit coupling to dark matter.
In this case, as was shown in Ref. [8] for interacting teleparallel dark energy, scaling
attractors with accelerated expansion can be solutions of the system.

Point II.c: The eigenvalues are

τ1 = −3 +
λ2 y2

c

2
, τ2 = −3 γ + λ2 y2

c , τ3 =
ηc λ y

2
c

2
, (3.48)

with yc given in Eq. (3.37). The eigenvalue τ1 is always negative since x2
c ≤ 1. In

regard to τ2, it is always negative provided that γ ≥ 1. On the other hand, the
eigenvalue τ3 is negative if ηc λ < 0. So, for ξ̂ > 0 with γ ≥ 1, λ > 0 and ηc < 0 (or
λ < 0 and ηc > 0), then point II.c is a stable node.

Therefore, point II.c is a late-time attractor and a viable cosmological solution
(scalar-field dominant solution) with accelerated expansion. Unlike the late-time at-
tractors I.d and I.e for constant α, in this case the universe can enters in the scaling
solutions I.b or I.c ( phase φMDE) with constant α and eventually approaches the
late-time attractor II.c for dynamically changing α, since in this case we can have
0 < ξ̂ < 1 depending on the value of λ in (3.39). In Fig. 3.1 we show the case when
the system approaches the fixed point II.c with γ = 1 (non-relativistic dark matter),
λ = 0.6, ξ = −3 × 10−3, and following Ref. [8], by way of example we consider the
function α(u) = uc − u with uc = 1 and ηc = −1. In this case Ωφ grows to 0.7 at
the present epoch N ′ ≈ 4 and the system asymptotically evolves toward the values
Ωφ = 1, Ωm = 0 and ωφ = ωeff = −0.89 < −1/3. Also, the universe undergoes a phase
φMDE (scaling solution I.c) with Ωφ = 1− ξ̂ ≈ 0.04 and ωφ = ωeff = 0, before entering
the late time attractor II.c.
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Figure 3.1: Evolution of Ωm (dashed), Ωφ (dotdashed), ωφ (dotted), ωeff (solid), x
(green line, ending at xc ≈ 0.34) and α(u) (red line, starting at α = −1.5) with γ = 1,
λ = 0.6 and ξ = −3× 10−3. We choose initial conditions xi = 0.1, yi = 1.45× 10−6 and
ui = 2.5 with α(u) = uc−u. The universe exits from scaling solution I.c with constant
α = −1.5, Ωφ ≈ 0.04, ωφ = ωeff = 0 and approaches the late-time attractor II.c
for dynamically changing α(u) with Ωφ ≈ 0.7, Ωm ≈ 0.3, ωφ ≈ −0.9 and accelerated
expansion at the present epoch N = log a ≈ 4. The system asymptotically evolves
toward the scalar-field dominant solution II.c with values Ωφ = 1, Ωm = 0 and ωφ =

ωeff = −0.89.
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Chapter 4

Growth of Matter Density
Perturbations in TTDE

In general, the non-minimal coupling between the additional scalar field and gravity
spoils the local Lorentz symmetry. To see this, we rewrite the field equation (3.4) in
the form

2

κ2
G ρ
a = Θ̃ ρ

a + Θ ρ
a , (4.1)

where

Θ̃ ρ
a = −4 ξ f(φ)G ρ

a − 4 ξ h µ
a S ρσ

µ f,φ ∂σφ+ µ−1 V (φ) δρµ + µh µ
a ∂µφ∂

ρφ, (4.2)

is the energy-momentum tensor of the scalar field. The Local Lorentz invariance of
the action of the scalar field δS̃ =

∫
d4xh Θ̃ ν

µ δε
µ
ν = 0 with δεµν an arbitrary antisym-

metric (Lorentz) tensor requires that Θ̃ ν
µ = haµ Θ̃ ν

a be symmetric. But from equation
(4.2) it is seen that

Θ̃[µγ] = −4 ξ f,φ ∂νφS
ν

[µγ] , (4.3)

where −4S ν
[µγ] = T νµγ + δνµ T

β
γβ − δ

ν
γ T

β
µβ. However, this term is not relevant for cos-

mological dynamics, since in cosmological scales for the Friedmann solution the right
side of (4.3) is zero and the local Lorentz invariance is kept. So, when we study the
linear cosmological perturbations around the background solution, this term can still
be neglected. Given the nature of TG as a field theory of gravitation, the appearance
of this term is due to that the scalar field is coupled to the spin of the gravitational
field. The spin of gravitational field is defined as [59] (see also Appendix D)
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σµαβ = − ∂LG
∂∂µhaσ

δhaσ
δεαβ

. (4.4)

Since under a infitesimal Lorentz transformation Λ b
a = δ ba + δε ba the tetrad field is

transformed according to

δhaσ = haα δε
α
σ, (4.5)

we have that
δhaσ
δεαβ

=
1

2

(
gβσ h

a
α − gασ haβ

)
. (4.6)

and remembering that the gravitational lagrangian is LG = hT
2κ2

thus

∂LG
∂∂µhaσ

= −2h

κ2
S σµ
a . (4.7)

Using (4.6) and (4.7) in (4.4) we obtain

σµαβ =
h

κ2
S µ

[αβ] = − h

4κ2

(
Tµαβ + δµα T

τ
βτ − δ

µ
β T

τ
ατ

)
. (4.8)

From which we see that the right side of (4.3) is proportional to the coupling between
the scalar field (through its four-derivative) and the spin tensor of the gravitational
field. By using (4.8), the equation (4.3) can be rewritten as

Θ̃[µν] = −4κ2

h
ξ f,φ ∂ρφσ

ρ
µν . (4.9)

In the FLRW background (1.20) the only non-zero component is Θ̃[0i] ∝ ∂jφσ
j
0i ≈ 0

with σij0 = −σi0j = a3

κ2
H δij and ∂iφ ≈ 0 for the homogeneous scalar field.

Thus, since the Local Lorentz invariance is kept on the scale of importance to our
study, we can choose to work in the preferred class of frames of TG and consider the
perturbed tetrad field given by [51]

h0
µ = δ0

µ (1 + ψ)+a δiµ∂iF +a δiµGi, hiµ = a δiµ (1− ϕ)+a δjµ
(
∂j∂

iB + ∂iCj + hij
)
,

(4.10)
where Ci and Gi are transverse vectors with ∂iCi = ∂iGi = 0. So, we can obtain the
corresponding metric as:

g00 = 1+2ψ, gi0 = a (∂iF +Gi) , gij = −a2 [(1− 2ϕ) δij + hij + ∂i∂jB + ∂jCi + ∂iCj ] ,

(4.11)
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which is the familiar form for the pertubed metric.
As mentioned above, once we set a class of frames, we are eliminating 6 degrees

of freedom of the 16 degrees of freedom of the tetrad field and thus the number of
degrees of freedom is equal to the same number of degrees of freedom of the metric
in GR [1]. So, the 10 remaining components of the tetrad field are illustrated by the 4

scalar modes: ψ, ϕ, B, F , and 2 transverse vector modes: Ci and Gi, and a tranverse
traceless tensor mode hij , respectively.

In the following, we focus on the cosmological implication of the scalar pertur-
bations. We eliminate the variables F , B and Ci through the general coordinate
transormations xµ → xµ + εµ(x) [51]. So, the perturbed tetrad is given by

h0
µ = δ0

µ (1 + ψ) , hiµ = a δiµ (1− ϕ) , (4.12)

leading to the perturbed metric in the longitudinal gauge form

ds2 = (1 + 2ψ) dt2 − a2 (1− 2ϕ) δij dx
i dxj . (4.13)

Using the perturbed tetrad (4.12), we obtain the torsion tensor and scalar to be

T 0
0i = −∂iψ, T i0j = (H − ϕ̇) δij , T ijk = δij ∂kϕ− δik ∂jϕ. (4.14)

and

T = −6H2 + 12H (ϕ̇+H ψ) . (4.15)

On the other hand, we can also descompose the scalar field to homogeneous and
perturbed parts: φ → φ(t) + δφ(t, x). The scalar perturbations of the matter source
Θ µ
ν = haν Θ µ

a are denoted by the perfect fluid perturbations: Θ 0
0 = ρm + δρm, Θ i

0 =

ρm (1 + ωm) ∂iδv, Θ 0
i = −a2 ρm (1 + ωm) ∂iδv and Θ i

j = − (pm + δpm) δij , where δv

is the velocity potential of the fluid (∂iδv is the matter peculiar velocity) [17]. So, by
substituting the above expressions to the field equation (4.1), we derive the perturbed
gravitational equations:

2

κ2

(
∂2ϕ

a2
− 3H (ϕ̇+H ψ)

)
= −4 ξ f(φ)

(
∂2ϕ

a2
− 3H (ϕ̇+H ψ)

)
− V (φ)

(
1− 2 φ̇2

V

)
δµ− 6 ξ H2 f,φ δφ+ µ−1 V,φ δφ− 2µ φ̇2 ψ + 2µ φ̇ ˙δφ+ δρm, (4.16)
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2

κ2
∂i(ϕ̇+H ψ) = −4 ξ f(φ) ∂i(ϕ̇+H ψ) + 2 ξ H f,φ ∂

iδφ− 2 ξ f,φ φ̇ ∂
iϕ+

µ φ̇ ∂iδφ− a2 ρm (1 + ωm) ∂iδv, (4.17)

2

κ2

(
3H (ϕ̇+H ψ) +H ψ̇ + 2 Ḣ ψ + ϕ̈− ∂2

3 a2
(ϕ− ψ)

)
= δpm + µ−2 δµ V (φ)

− 4 ξ f(φ)

(
3H (ϕ̇+H ψ) +H ψ̇ + 2 Ḣ ψ + ϕ̈− ∂2

3 a2
(ϕ− ψ)

)
− µ−1 V,φ δφ

+ 4 ξ

(
3

2
H2 + Ḣ

)
f,φ δφ+ 4 ξ H φ̇ f,φφ δφ+ 4 ξ H f,φ ˙δφ− 8 ξ H f,φ φ̇ ψ

− 4 ξ f,φ φ̇ ϕ̇, (4.18)

ϕ = ψ. (4.19)

In the last equation, it is seen that the total perturbed fluid remains a perfect fluid
(δΘ i

T j = 0 for i 6= j). In the above equations we have introduced

δµ =
µ3

V

(
−ψ φ̇2 + ˙δφ φ̇− φ̇2

2V
V,φ δφ

)
. (4.20)

Also, from equation (4.16) we find for the pertubed energy density

δρφ = −4 ξ f(φ)

(
∂2ϕ

a2
− 3H (ϕ̇+H ψ)

)
− V (φ)

(
1− 2 φ̇2

V

)
δµ− 6 ξ H2 f,φ δφ

+ µ−1 V,φ δφ− 2µ φ̇2 ψ + 2µ φ̇ ˙δφ, (4.21)

and from equation (4.18), the perturbed pressure density

δpφ = µ−2 δµ V (φ)− 4 ξ f(φ)

(
3H (ϕ̇+H ψ) +H ψ̇ + 2 Ḣ ψ + ϕ̈− ∂2

3 a2
(ϕ− ψ)

)
− µ−1 V,φ δφ+ 4 ξ

(
3

2
H2 + Ḣ

)
f,φ δφ+ 4 ξ H φ̇ f,φφ δφ+ 4 ξ H f,φ ˙δφ

− 8 ξ H f,φ φ̇ ψ − 4 ξ f,φ φ̇ ϕ̇. (4.22)

Similarly, by substituting the perturbed quantities in the scalar motion equation
(3.8), we find the perturbed equation of motion for the scalar field

b0 δ̈φ+ b1 ˙δφ+ b2 δφ+ b3 = 0, (4.23)

with
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b0 = µ2, (4.24)

b1 = 3H −
6 ξ H2 µ f,φ φ̇

V
−
µ4 V,φ φ̇

V
+

2µ4 φ̇ φ̈

V
, (4.25)

b2 = −∂
2

a2
+

3 ξ H2 µ f,φ V,φ φ̇
2

V 2
+
µ4 V 2

,φ φ̇
2

2V 2
−
µ4 V,φ φ̇

2 φ̈

V 2
+

6 ξ H2 f,φφ
µ

+

µ2

(
1− 3 φ̇2

2V

)
V,φφ, (4.26)

b3 = −ψ

(
−
µ4 V,φ φ̇

2

V
+ 2

(
3H φ̇+ µ4 φ̈

))
+ φ̇

(
−3 ϕ̇+ µ2

(
1− 2 φ̇2

V

)
ψ̇

)

+ 6 ξ H f,φ µ
−1

(
H µ2 ψ φ̇2

V
− 2 (H ψ + ϕ̇)

)
. (4.27)

4.1 Numerical results

Since that ψ = ϕ, we may use (4.18) and (4.23) to solve the evolutions for ϕ and δφ,
and thus obtain the result of the density perturbation δm through (4.16). As usual
we will work in the Fourier space by expanding all perturbed quantities in Fourier
modes, i.e. Ψ(~r, t)→ ei

~k·~r Ψ(t) with k = ||~k||.
During the matter dominated epoch where both φ and δφ are negligible, the equa-

tions (4.16) to (4.18) can be reduced to the same forms as those in GR. Of this form,
since the gravitational potential does not vary in time during the matter-dominated
era, we have as initial conditions ϕ = ψ = const. Moreover, from (4.16) we have
δm(z � 1) = −2ψ.

We solve the evolutions of the perturbed variables, along with the background
variables, numerically as seen in Fig. 4.2 and Fig. 4.3. In Fig. 4.1 we shown the
behavior of the background quantities. It is considered the system of background
equations (3.14)-(3.16) with γ = 1, ξ = −3 × 10−3, λ = 0.6 and α(u) = uc − u (with
uc = 1), for the initial values ui = 2.5, xi = 10−8 and yi = 1.5×10−6, where it is require
the current matter density Ωm0 = 0.3 and Ωφ0 = 0.7.

In Fig. 4.2 we can see as the scalar field affects the gravitational potential. Once
dark energy become important in the cosmic evolution, ϕ is no longer more constant.
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It is seen that the effect of dark energy on the potential is dependent on the scale.
Also, the perturbation of the field which is also dependent on the scale, becomes
important only for large scale modes. For small scale modes δφ comes into damped
oscillations and can be approximated as homogeneous. In Fig. 4.3 it is shown as the
growing mode δm ∝ a, for small scale modes (sub-horizon scales), it is affects by the
presence of dark energy. The growing of the matter density perturbation is reduced
by the presence of dark energy.

0.01 0.1 1 10 100 1000
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0.0

0.5

1.0

z

Figure 4.1: Evolution of Ωm (dashed), Ωφ (dotdashed), ωφ (solid) and ωeff (dotted) with
γ = 1, λ = 0.6 and ξ = −3×10−3. We choose initial conditions xi = 10−8, yi = 1.5×10−6

and ui = 2.5 and by way of example we consider the function α(u) = uc − u with
uc = 1. The universe exits from scaling solution I.c with constant α = −1.5, Ωφ ≈ 0.04,
ωφ = ωeff = 0 and approaches the late-time attractor II.c for dynamically changing
α(u) with Ωφ ≈ 0.7, Ωm ≈ 0.3 and accelerated expansion at the present epoch z = 0.

4.2 Matter growth

Since, in the purely spacetime form, the conservation law of the source energy mo-
mentum tensor in TG coincides with the corresponding conservation law of GR [1]
(see appendix E), thus the density perturbation of the dust-like source δm ≡ δρm/ρm

still satisfies the perturbation equation [51]

δ̈m + 2H δ̇m =
∂2

a2
ψ + 3 ϕ̈+ 6H ϕ̇, (4.28)

where we have used pm = δpm = 0.
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Figure 4.2: Evolution of gravitational potential ϕ and perturbation of the field δΦ ≡
κ δφ with respect to the redshift z for ξ = −3 × 10−3, λ = 0.6 and α(u) = uc − u (with
uc normalized to 1). It is shown the behavior for various scales k = 3 × 10−4 (solid),
1 × 10−3 (dashed) and 1 × 10−2hMpc−1 (dotted) and the initial value of the potential
ϕi is also normalized to unity while that the initial value of the perturbation of field
is δφi = 0 ( ˙δφi = 0) , both for z � 1.

By introducing the e-folding time N ≡ ln a, the equation (4.28) can be rewritten
as

δ′′m +
1

2
(1− 3ωeff ) δ′m = − ψ

λ̂2
+ 3ϕ′′ +

3

2
(1− 3ωeff ) ϕ′. (4.29)

where prime denote derivative with respect to N . In what follows we study the cos-
mological perturbations on sub-horizon scales (small scales) λ̂ ≡ aH/k � 1.

In this limit the last two terms in (4.29) can be neglect, so we have

δ′′m +
1

2
(1− 3ωeff ) δ′m = − ψ

λ̂2
. (4.30)

In the sub-horizon limit the equation (4.16) can be rewritten as

− ϕ

λ̂2
=

3

2
(Ωm δm + Ωφ δφ) =

3

2
Ωm δm, (4.31)

where we assumes that dark energy does not cluster such that δφ ≡ δρφ/ρφ = 0. In
fact, in the matter dominated era we have that Ωφ δφ � Ωm δm and thus it can be
neglected in (4.31). During scalar dominated era, as can be seen in Fig. 4.3, dark
energy does not present cluster. So, by introducing the growth rate % ≡ δ′m/δm, and
since ψ = ϕ, the equation (4.30) can be rewritten as

%′ +
1

2
(1− 3ωeff ) %+ %2 − 3

2
Ωm = 0. (4.32)
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Figure 4.3: Evolution of the matter density perturbation δm with respect to the red-
shift z for various scales k = 3× 10−4 (solid), 1× 10−3 (dashed), 5× 10−3 (dotted) and
1 × 10−2hMpc−1 (dotdashed), with the initial value normalized to unity for z � 1. It
is considered ξ = −3× 10−3, λ = 0.6 and α(u) = uc − u with uc = 1.

The growth rate can be found numerically by integrating (4.32). However, a simple
analytical solution exists if ωeff and Ωm are constants:

% = −1

4
(1− 3ωeff )± 1

4

√(
(1− 3ωeff )2 + 24 Ωm

)
. (4.33)

This particular case occurs on fixed points or critical points of the system. For the
fixed points I.b and I.c, the solution “φMDE” in chapter 3, we have ωeff = γ − 1 = 0

and Ωm = ξ̂ and (4.33) gives

%− = −1

4

(
1 +

√
1 + 24 ξ̂

)
, %+ =

1

4

(
−1 +

√
1 + 24 ξ̂

)
, (4.34)

for the decaying and growing modes respectively. In terms of the scale factor, we find
for the growing solution

δm(a) = C a
1
4

(
−1+
√

1+24 ξ̂
)
≈ C a1− 3

5
Ωφ , (4.35)

with Ωφ = 1 − ξ̂ � 1. In this case the presence of dark energy in a era “φMDE’
reduces the standard growth rate for matter density perturbations (δm ∝ a in sub-
horizon scale) by a factor a−

3
5

Ωφ . On the other hand, for the scalar-field dominated
solution II.c we have that Ωφ = 1 and ωeff = y2

c λ
2/3− 1 and (4.33) gives

%− = −2 +
y2
c λ

2

2
< 0 %+ = 0, (4.36)
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for λ2 y2
c < 2 (condition for accelerated expansion) and yc as in (3.37). As is usual, the

matter density perturbations are ”frozen“ (%+ = 0) during the accelerated expansion,
which can also be checked in the Fig. 4.3.
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Chapter 5

A Novel Teleparallel Dark Energy

The action in teleparallel dark energy models (quintessence, tachyonic) is given by

S =

∫
d4xh

[
T

2κ2
+ Lφ + ξ f(φ)T

]
+ Sm, (5.1)

where Lφ is the lagrangian of the scalar field, ξ is a dimensionless constant and f(φ)

(with units of mass2 and positive) is an arbitrary function of φ responsible for non-
minimal coupling between the scalar field and gravity. This non-minimal coupling in
the action (5.1) was motivated by an analogy with the non-minimally coupled scalar
field in GR [5]. However, although equivalent with GR at the level of equations, TG
is conceptually different. Furthermore, as it is also known [1], the scalar field as a
particle of spin zero feels the torsion through its four derivative (which is a vector
field). So, it may also be natural to consider a non-minimal coupling through the four
derivative of the scalar field and the “vector torsion” [60].

5.1 The model

The torsion tensor can be decomposed into three components, irreducible under the
global Lorentz group: there will be a vector

Vµ = T ννµ, (5.2)

an axial part

Aµ =
1

6
εµνρσ Tνρσ, (5.3)
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and a purely tensor part

Tλµν =
1

2
(Tλµν + Tµλν) +

1

6
(gνλ Vµ + gνµ Vλ)− 1

3
gλµ Vν , (5.4)

that is, a tensor with vanishing vector and axial parts. These components are usually
called “vector torsion”, “axial torsion” and “pure tensor torsion” [1]. When consider-
ing a scalar field, since it couples to curvature, it must also couple to torsion because
the gravitational interaction can be described alternatively in terms of curvature or
torsion. Also, since the scalar field interacts with torsion through its four derivative
(vector field), when a non-minimal coupling to gravitation is allowed the four diver-
gence of the scalar field can be coupled with the vector torsion. Thus, we consider the
following action for the nonminimally coupled quintessence field

S =

∫
d4xh

[
T

2κ2
+

1

2
∂µφ∂

µφ− V (φ) + η f(φ) ∂µφVµ
]

+ Sm(ψm, h
a
ρ), (5.5)

where h ≡ det(haµ) =
√
−g ( haµ are the orthonormal components of the tetrad),

LG = hT
2κ2

is the lagrangian of teleparallelism and Sm(ψm, h
a
ρ) is the matter action

(see Refs. [1, 2, 8]). Moreover, the parameter η is a dimensionless constant and f(φ)

is a arbitrary function of the scalar field with units of mass. It is interesting to note
that under a conformal rescaling of the metric [53], the two models, TDE scenario
[5] and the model in action (5.5), “new teleparallel dark energy” (NTDE), are math-
ematically related by defining a transformed scalar field, potential and adding an
explicit coupling between the scalar field and matter (see Appendix F). However, al-
though mathematically related by a conformal transformation, the two models are
physically different (see for example Refs. [18, 19, 53, 54]). Here we do not consider
an explicit coupling with matter, but this could be considered in future studies. On
the other hand, it may be important to mention that the non-minimal coupling term
in action (5.5) has appeared before in other contexts; metric-scalar gravity with tor-
sion [55], conformally invariant teleparallel gravity [56] and F (T ) theories [57, 58],
when studying conformal transformations and conformal symmetry. In what follows
we calculate from the action (5.5) the total energy momentum tensor and the motion
equation for the dark sector. The energy momentum tensor associated with the scalar
field is calculated as

Θ ρ
a = −1

h

δSφ
δhaρ

= −h ρ
a

(
1

2
∂µφ∂

µφ− V (φ)

)
+ ∂aφ∂

ρφ+

η [f(φ) (Vρ ∂aφ+∇a∂ρφ− h ρ
a ∇µ∂µφ) + f,φ (∂aφ∂

ρφ− h ρ
a ∂µφ∂

µφ)] , (5.6)
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where ∇µ is the covariant derivative in the teleparallel connection [1, 2]. The sym-
metric part is

Θ(µν) = −gµν
(

1

2
∂εφ∂

εφ− V (φ)

)
+ ∂µφ∂νφ+

η [f(φ)
(
V(µ ∂ν)φ+∇(µ∂ν)φ− gµν ∇ε∂εφ

)
+ f,φ (∂µφ∂νφ− gµν ∂εφ∂εφ)], (5.7)

while the anti-symmetric part is given by

Θ[µν] =
2κ2

h
η f(φ) ∂εφσ

ε
µν , (5.8)

where σρµν is the Spin Tensor of the gravitational field, which is defined as [59]

σµλγ ≡ −
∂LG
∂∂µhaσ

δhaσ
δελγ

=
h

κ2
S µ

[λγ] = − h

4κ2

(
Tµλγ + δµγ Vλ − δ

µ
λ Vγ

)
, (5.9)

where we have used
δhaσ
δεαβ

=
1

2

(
gβσ h

a
α − gασ haβ

)
. (5.10)

δεαβ is an infinitesimal anti-symmetric (Lorentz) tensor and S µ
[λγ] the anti-symmetric

part of the superpotential [1]. However, the antisymmetric part (5.8) is not relevant
on cosmological scales where there is homogeneity and isotropy. Varying the action
with respect to the scalar field we find the motion equation

∇µ∂µφ− ∂µφVµ + η f(φ) (∇µVµ − Vµ Vµ) + V,φ = 0. (5.11)

which is written in terms of the covariant derivative of the teleparallel connection.
The first two terms reflect more once the fact already mentioned that the scalar field
couples to torsion through its four derivative. We will now go to consider the spatially
flat FLRW background (1.20) [8, 48], and we will study the cosmological implications
for our model. As usual, we will work in the preferred class of frames where this
background is a solution of the gravitational field equation (See Ref. [8]). By imposing
the flat FLRW geometry (1.20) in (5.7) we obtain for the energy density

ρφ =
1

2
φ̇2 + V (φ)− 3 η f(φ)H φ̇, (5.12)

and for the pressure density

pφ =
1

2
(1 + 2 η f,φ) φ̇2 − V (φ) + η f(φ) φ̈. (5.13)

On the other hand, imposing the same background (1.20) in the motion equation
(5.11) we find

φ̈+ 3H φ̇− 3 η
(
Ḣ + 3H2

)
f(φ) + V,φ = 0. (5.14)
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5.2 Cosmological dynamics

To study the cosmological dynamics of the model, we introduce the followings dimen-
sionless variables:

x ≡ κ φ̇√
6H

, y ≡ κ
√
V√

3H
, u ≡ κ f, λ ≡ −

V,φ
κV

, α ≡ f,φ. (5.15)

In terms of these dimensionless variables, the fractional energy densities Ωφ and Ωm

for the scalar field and background matter are given by

Ωφ ≡
κ2ρφ
3H2

= x2 + y2 −
√

6 η u x, Ωm ≡
κ2ρm
3H2

= 1− Ωφ, (5.16)

respectively. By using the physical condition 0 ≤ Ωφ ≤ 1 in equation (5.16), the range
in the phase space for the variables x, u and y is constrained. On the other hand, the
equation of state of the field ωφ reads

ωφ ≡
pφ
ρφ

=
(1 + 2 η α) x2 − y2 + η u

(
−
√

6x+ η u (3− s) + λ y2
)

x2 + y2 −
√

6 η u x
. (5.17)

The effective equation of state ωeff is given by

ωeff ≡
pm + pφ
ρm + ρφ

= (γ − 1)
[
1−

(
x2 + y2 −

√
6 η u x

)]
+ (1 + 2 η α) x2 − y2+

η u
(
−
√

6x+ η u (3− s) + λ y2
)
, (5.18)

where we have defined γ ≡ 1+ωm and the accelerated expansion occurs for ωeff < −1
3 .

Also, it is defined the parameter

s ≡ − Ḣ

H2
=

(
2

3
+ η2 u2

)−1

[γ − (γ − 1)
(
x2 + y2 −

√
6 η u x

)
+ (1 + 2 η α) x2+

(η λu− 1) y2 +
√

6 η u

(√
6

2
η u− x

)
]. (5.19)

The dynamical system of ordinary differential equations (ODE) for the model is writ-
ten as

x′ = (3− s)

(
−x+

√
6

2
η u

)
+

√
6

2
λ y2, (5.20)

y′ =

(
s−
√

6λx

2

)
y, (5.21)

u′ =
√

6αx, (5.22)
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λ′ = −
√

6 (Γ− 1) λ2 x, (5.23)

α′ =
√

6 Πx. (5.24)

In these equations primes denote derivative with respect to the so-called e-folding
time N ≡ ln a [16, 17]. Also, we have defined the parameters

Π ≡ κ−1 f,φφ, Γ ≡
V V,φφ
V 2
,φ

. (5.25)

From now we concentrate on exponential scalar field potential of the form V (φ) =

V0 e
−λκφ, such that λ is a dimensionless constant, that is, Γ = 1 (equivalently, we

could consider potentials satisfying λ ≡ − V,φ
κV ≈ const, which is valid for arbitrary but

nearly flat potentials [39–41]). We study two simple cases: one where α is a constant
and another where α depends on u. In the first case, it is considered a non-minimal
coupling function f(φ) ∝ φ and thus α = const and Π = 0. Finally, we consider
a dynamically changing α(u). If u(φ) ≡ κ f(φ) is a general function, with inverse
function φ(u) = f−1(u/κ) thus α(φ) and Π(φ) can be expressed in terms of u (see
[8, 42, 48]). In this form, the dynamical system of (ODE) (5.20)-(5.24) is a dynamical
autonomous system and we can obtain the fixed points or critical points (xc, yc, uc) by
imposing the conditions x′c = y′c = u′c = 0. From the definition (5.15), xc, yc, uc should
be real, with yc ≥ 0. To study the stability of the critical points, we substitute linear
perturbations, x→ xc+δx, y → yc+δy, and u→ uc+δu around each critical point and
linearize them. The eigenvalues of the perturbations matrix M, namely, µ1, µ2 and
µ3, determine the conditions of stability of the critical points [15, 16]: (i) Stable node:
µ1 < 0, µ2 < 0 and µ3 < 0. (ii) Unstable node: µ1 > 0, µ2 > 0 and µ3 > 0. (iii) Saddle
point: one or two of the three eigenvalues are positive and the other negative. (iv)
Stable spiral: The determinant of the matrixM is negative and the real parts of µ1,
µ2 and µ3 are negative. A critical point is an attractor in the cases (i) and (iv), but it
is not so in the cases (ii) and (iii). The universe will eventually enter these attractor
solutions regardless of the initial conditions.

5.3 Constant α

5.3.1 Critical points

In this section we consider a non-minimal coupling function f(φ) ∝ φ such that α is
a constant. The critical points are presented in the Table 5.1, along with properties
in Table 5.2. The critical point I.a is a matter-dominated solution (Ωm = 1) with
equation of state type cosmological constant ωφ = −1, that exists for all values η, λ
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Table 5.1: Critical points for the autonomous system (5.20)-(5.24) when f(φ) ∝ φ and
α = const.

Name xc yc uc Ωφ ωφ ωeff

I.a 0 0 0 0 −1 γ − 1

I.b 0 0 uc 0 η λuc − 1 1

I.c 0 1 − λ
3 η 1 −1 −1

Table 5.2: Stability properties, and conditions for acceleration and existence for fixed
points in Table 5.1.

Name Stability Acceleration Existence
I.a Saddle No All values
I.b Unstable No ωm = 1

I.c Stable node or Stable spiral, or Saddle All values All values

and γ. The point I.b is also a matter-dominated solution (Ωm = 1) that exists for all
values uc ∈ < and ωm = ωeff = 1. On the other hand, the fixed point I.c correspond
to a dark-energy-dominated de Sitter solution with Ωφ = 1 and ωφ = ωeff = −1.
This point exists for all values of η and λ with accelerated expansion. It is a viable
cosmological solution to describe the current accelerated expansion of our Universe.

5.3.2 Stability

Substituting the linear perturbations, x→ xc+δx, y → yc+δy, and u→ uc+δu into the
autonomous system (5.20)-(5.24) and linearize them, we find the follows components
for the matrix of linear perturbationsM

M11 = 3 (2− γ) +

η uc
(
λ y2

c −
√

6 (2αη − 3 γ + 6) xc
)
− γ y2

c + 3 (2αη − γ + 2) x2
c − 3 (2− γ)

η2 u2
c + 2

3

, (5.26)

M12 =

(
2 (η λuc − γ) xc +

√
6 γ η uc + 2

√
6

3 λ
)
yc

η2 u2
c + 2

3

, (5.27)
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M13 = −
η
((

2λxc +
√

6 γ
)
y2
c −
√

6 (2αη − 3 γ + 6) x2
c +
√

6 (2− γ)
)

2
(
η2 u2

c + 2
3

) +

2 η

3
[η uc

((
3 γ xc −

√
6λ
)
y2
c − 3 (2αη − γ + 2) x3

c + 9 (2− γ) xc

)
+(

2λxc +
√

6 γ
)
y2
c −
√

6 (2αη − 3 γ + 6) x2
c +
√

6 (2− γ)]

(
η2 u2

c +
2

3

)−2

, (5.28)

M21 =

(
2 (2αη − γ + 2) xc −

√
6 (2− γ) η uc

)
yc

η2 u2
c + 2

3

−
√

6λ yc
2

, (5.29)

M22 =
η uc

(
3λ y2

c −
√

6 (2− γ) xc
)
− 3 γ y2

c + (2αη − γ + 2) x2
c + γ − 2

η2 u2
c + 2

3

−
√

6λxc − 6

2
, (5.30)

M23 = −
η yc

(
λ y2

c −
√

6 (2− γ) xc
)

η2 u2
c + 2

3

+

2 η yc
(
3 η uc

(
γ y2

c + (−2αη + γ − 2) x2
c − γ + 2

)
+ 2λ y2

c − 2
√

6 (2− γ) xc
)

3
(
η2 u2

c + 2
3

)2 , (5.31)

M31 =
√

6α, M32 = 0, M33 = 0. (5.32)

The eigenvalues of the matrixM, for each critical point, are as follows:

• Point I.a:

µ1,2 =
3

4
(2− γ)

(
−1±

√
1 +

8 η α

2− γ

)
, µ3 =

3 γ

2
. (5.33)

• Point I.b:

µ1,2 = 0, µ3 = 3. (5.34)

• Point I.c:

µ1,2 =
3

2

(
−1±

√
1 +

24 η α

λ2 + 6

)
, µ3 = −3 γ. (5.35)

The point I.a is a saddle point for η α ≥ −2−γ
8 . The point I.b. is also unstable for all

values. Finally, the critical point I.c is stable node for

−λ
2 + 6

24
≤ η α < 0. (5.36)
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For η α > 0 it is a saddle point. On the other hand, when

η α < −λ
2 + 6

24
, (5.37)

thus µ1 and µ2 are complex with real part negative. In this case, the determinant
of the matrix of perturbations detM|(xc,yc,uc) = 162 γ η α

λ2+6
is negative and the point I.c

is a stable spiral. So, we find that the fixed point I.c is a attractor (for conditions
(5.36) or (5.37)) and a viable cosmological solution to explain the late time accelerated
expansion. The universe will eventually enter this solution regardless of the initial
conditions. In the Fig. 5.1 it is shown as the universe tends asymptotically to the
dark-energy-dominated de Sitter solution I.c (passing through the matter-dominated
solution I.a).

0 2 4 6 8 10

-1.0

-0.5

0.0

0.5

1.0

log a

Figure 5.1: Evolution of Ωm (dashed), Ωφ (dotdashed), ωφ (dotted) and ωeff (solid)
with γ = 1, λ = 0.8, α = 1 and η = −0.2. It was considered the initial conditions
xi = 1 × 10−8, yi = 1.7 × 10−6 and ui = 1 × 10−7. The system asymptotically evolves
toward the values Ωφ = 1, Ωm = 0 and ωφ = ωeff = −1. Also, we have Ωφ ≈ 0.72,
Ωm ≈ 0.28, ωφ ≈ −0.92 and ωeff = −0.66 at the present epoch N = log a ≈ 4.

5.4 Dynamically changing α

5.4.1 Critical points

Following Refs. [8, 42, 48], let us consider a general non-minimal coupling function
f(φ) such that α can be expressed in terms of u and α(u)→ α(uc) = 0 when (x, y, u)→
(xc, yc, uc) (we note that (xc, yc, uc) is a fixed point of the system). The field φ rolls
down toward ±∞ (x > 0 or x < 0) with f(φ) → 1/κ and uc = 1. The fixed points are
presented in the Table 5.3, and the properties in Table 5.4. The point II.a is not
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Table 5.3: Critical points for the autonomous system (5.20)-(5.24) for dynamically
changing α(u)→ α(uc) = 0 where f(φ)→ 1/κ and uc = 1.

Name xc yc Ωφ ωφ ωeff

II.a
√

6 η
2 0 −3 η2

2 γ − 1 γ − 1

II.b
√

6 η
2 −

√
1 + 3 η2

2 0 1 1 1

II.c
√

6 η
2 +

√
1 + 3 η2

2 0 1 1 1

II.d
√

6 γ
2λ

√
3
√

2−γ
√
γ−η λ√

2 |λ|
3 (γ (2−η λ)−2 η λ)

2λ2
γ − 1 γ − 1

II.e
√

6 (3 η+λ)
3 (2−η λ)

√
6 (1−η λ)−λ2

√
2
3

+η2

2−η λ 1 (5.39) (5.39)

Table 5.4: Stability properties, and conditions for acceleration and existence of the
fixed points in Table 5.3.

Name Stability Acceleration Existence
II.a S. node or Saddle No No, if 0 ≤ Ωφ ≤ 1

II.b U. node or Saddle (γ = 1) No All values
II.c U. node or Saddle (γ = 1) No All values
II.d S. node or Saddle or S. Spiral (γ = 1) No Eq. (5.38)
II.e S. node or Saddle η λ < 1

2 −
λ2

4 η λ ≤ 1− λ2

6

realistic because Ωφ = −3 η2

2 < 0. The fixed points II.b and II.c are both scalar-field-
dominated solutions with Ωφ = 1 and equation of state type “stiff matter” ωφ = 1.
These points exist for all values of η and λ. The fixed point II.d is a scaling solution
that exists for η λ < γ < 2. This point is a realistic solution when

2
(
3 γ − λ2

)
3 (γ + 2)

≤ η λ ≤ 2 γ

γ + 2
, (5.38)

since in this case 0 ≤ Ωφ ≤ 1. For nonrelativistic matter γ = 1 thus 2
3 −

2λ2

9 ≤ η λ ≤
2
3 .

On the other hand, in the case of relativistic matter (radiation) γ = 4/3 we have
that 4

5 −
λ2

5 ≤ η λ ≤ 4
5 . Just like the above fixed points II.a-II.c, the point II.d is

not viable to explain a late-time acceleration. However, since point II.d is a scaling
solution, this can be used to provide the cosmological evolution in which the energy
density of the scalar field decreases proportionally to that of the background fluid in
either a radiation or matter-dominated era. Finally, the point II.e is also a scalar-
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field-dominated solution, but different to II.b and II.c, this point is a viable solution
to explain the late-time cosmic acceleration. This point exists for η λ ≤ 1 − λ2

6 . The
equation of state is given by

ωφ = ωeff =
2λ2 + 3 (3 η λ− 2)

3 (2− η λ)
, (5.39)

and the accelerated expansion occurs for η λ < 1
2 −

λ2

4 . From (5.39) we have that
ωφ ≥ −1 if η λ ≥ −λ2

3 . Moreover, it is also possible that this solution to be phantom,
that is ωφ < −1, if η λ < −λ2

3 < 0. Is worth highlighting that unlike the dark energy
models with phantom or ghost scalar field [16, 17], the present model is devoid of any
quantum instability [61].

5.4.2 Stability

For dynamically changing α(u) the components of the matrix of perturbationM are
written as

M11 =
3
(
η
(
λ y2

c − 3
√

6 (2− γ) xc
)
− γ y2

c + 3 (2− γ)
(
x2
c − 1

))
3 η2 + 2

+ 3 (2− γ) , (5.40)

M12 =

√
6
(√

6 (η λ− γ) xc + 2λ+ 3 γ η
)
yc

3 η2 + 2
, (5.41)

M13 = −1

2

(
3 η2 + 2

)−1
[3 η

((
2λxc +

√
6 γ
)
y2
c − 4 τc x

3
c −
√

6 (2− γ)
(
3x2

c − 1
))
−

4
(

3 γ xc −
√

6λ
)
y2
c − 4

√
6 τc x

2
c + 12 (2− γ) xc

(
x2
c − 3

)
]+

2
(
3 η2 + 2

)−2
[3 η

((
2λxc +

√
6 γ
)
y2
c −
√

6 (2− γ)
(
3x2 − 1

))
−

2
(

3 γ xc −
√

6λ
)
y2
c + 6 (2− γ) xc

(
x2
c − 3

)
]−
√

6 τc x
2
c , (5.42)

M21 =
3 (2− γ)

(
2xc −

√
6 η
)
yc

3 η2 + 2
−
√

6λ yc
2

, (5.43)

M22 =
3
(
η
(
3λ y2

c −
√

6 (2− γ) xc
)
− 3 γ y2

c + (2− γ)
(
x2
c − 1

))
3 η2 + 2

−
√

6λxc − 6

2
, (5.44)

M23 =
12 yc

(
η
(
λ y2

c −
√

6 (2− γ) xc
)
− γ y2

c + (2− γ)
(
x2
c − 1

))
(3 η2 + 2)2 +

3 yc
(
η
(
−λ y2

c + 2 τc x
2
c +
√

6 (2− γ) xc
)

+ 2 γ y2
c − 2 (2− γ)

(
x2
c − 1

))
3 η2 + 2

, (5.45)
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M31 =M32 = 0, M33 =
√

6 τc xc. (5.46)

Here τc is defined by τc ≡ dα(u)
du |u=uc . The eigenvalues of the matrix M, for each

critical point, are as follows:

• Point II.a:

µ1 =
3 (γ − η λ)

2
, µ2 = −3 (2− γ)

2
, µ3 = 3 η τc. (5.47)

• Point II.b (γ = 1):

µ1 =
λ

2

(√
9 η2 + 6−

(
3 η − 6

λ

))
, µ2 = 3, µ3 = τc

(
3 η −

√
9 η2 + 6

)
. (5.48)

• Point II.c (γ = 1):

µ1 = −λ
2

(√
9 η2 + 6 + 3 η − 6

λ

)
, µ2 = 3, µ3 = τc

(
3 η +

√
9 η2 + 6

)
. (5.49)

• Point II.d (γ = 1):

µ1,2 =
3

4

(
−1±

√
1 + Y

)
, µ3 =

3 τc
λ
, Y =

8 (η λ− 1)
(
2λ2 + 9 η λ− 6

)
(3 η2 + 2) λ2

. (5.50)

• Point II.e:

µ1 =
3 (γ + 2) η λ+ 2

(
λ2 − 3 γ

)
2− η λ

, µ2 =
6 η λ+ λ2 − 6

2− η λ
, µ3 =

2 (λ+ 3 η) τc
2− η λ

. (5.51)

The point II.a is a stable node for η λ > γ and η τc < 0. Meanwhile it is a saddle point
for η λ < γ and/or η τc > 0. In any case, it is not realistic solution since Ωφ < 0. When
the background fluid is nonrelativistic matter γ = 1, the critical points II.b and II.c
are unstable in any case. These points can be saddle point or unstable node. The
scaling solution II.d, for γ = 1 and η λ < 2/3, is a stable node if

3 (2− 3 η λ)

2
< λ2 ≤ 3 (5 η λ− 4)2

2 (7− 8 η λ)
and

τc
λ
< 0, (5.52)

whereas for
λ2 <

3 (2− 3 η λ)

2
and/or

τc
λ
> 0, (5.53)

it is a saddle point. On the other hand, for

λ2 >
3 (5 η λ− 4)2

2 (7− 8 η λ)
, (5.54)

µ1 and µ2 are complex with real part negative. If in addition we have τc/λ < 0

thus µ3 < 0. Since the determinant of the matrix of perturbations detM|(xc,yc,uc) =

54



0 2 4 6 8 10 12

-1.0

-0.5

0.0

0.5

1.0

log a

0 2 4 6 8 10

-1.0

-0.5

0.0

0.5

1.0

log a

Figure 5.2: Evolution of Ωm (dashed), Ωφ (dotdashed), ωφ (dotted) and ωeff (solid),
with γ = 1. In the left panel, for α(u) = 1 − u (red line, starting at α = 1), we have
chosen λ = 0.8 and η = −0.2, with initial conditions xi = 1× 10−8, yi = 1.7× 10−6 and
ui = 1× 10−8. The present epoch (N = log a ≈ 4) corresponds to Ωφ ≈ 0.72, Ωm ≈ 0.28,
ωφ ≈ −0.92 and ωeff ≈ −0.66. The Universe asymptotically evolves toward Ωφ = 1

and ωφ = ωeff = −0.95. In the right panel, for α(u) = −1 + u (red line, starting at
α = −1), we have chosen λ = 0.3 and η = −1.4, with initial conditions xi = 1 × 10−9,
yi = 2.16 × 10−6 and ui = 1.1 × 10−7. At the present time, also with Ωφ ≈ 0.72 and
Ωm ≈ 0.28, we have ωφ ≈ −1.05 and ωeff ≈ −0.75. In this case the evolution converges
to Ωφ = 1 and ωφ = ωeff = −1.32.

−27
16

τc
λ Y is negative, in this case the point II.d is a stable spiral. Finally, for η λ <

1− λ2

6 , the point II.e is a stable node if

η λ <
2
(
3 γ − λ2

)
3 (γ + 2)

and (λ+ 3 η) τc < 0, (5.55)

otherwise it is a saddle point. Whenever accelerated expansion occurs, η λ < 1
2 −

λ2

4 ,
this fixed point is a stable node and therefore a attractor. Just like the point I.c, the
fixed point II.e is also a viable cosmological solution to explain the current phase of
accelerated expansion. In Fig. 5.2 the Universe tends asymptotically to the solution
II.e for dynamically changing α(u) with accelerated expansion, first passing through
the matter-dominated solution I.a with constant α. In the left panel, we consider
for simplicity the function f(φ) = 1

κ

(
1− e−κφ

)
such that α(u) = 1 − u and τc = −1.

Similarly, in the right panel, it is considered the function f(φ) = 1
κ

(
1 + eκφ

)
such

that α(u) = −1 + u and τc = 1. Other functions may also be considered provided that
α(uc) = 0 and τc < 0 or τc > 0 (according to (5.55)).
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Chapter 6

Conclusions

6.1 Interacting teleparallel dark energy

It has been recently proposed [5] a non-minimal coupling φ2 between quintessence
and gravity in the framework of TG, motivated by a similar construction in the con-
text of GR. The theory has been called “teleparallel dark energy” (TDE), and the
cosmological dynamics of the model was studied later in [6–8], but no scaling attrac-
tor was found. In the chapter 2 we generalize the function of non-minimal coupling
φ2 → f(φ) and we define α ≡ f,φ/

√
f such that α is constant for f(φ) ∝ φ2, but it

can also be a dynamically changing quantity α(φ). Also, in both cases, we consider a
possible interaction between TDE and dark matter, that is, “interacting teleparallel
dark energy”.

For constant α 6= 0, the universe enters the matter-dominated solution I.a (Ωm =

1) with ωφ = −1 and ωeff = 0, but since this solution is unstable, it will eventually fall
into the attractor I.d or I.e (dark-energy-dominated de Sitter solution) with Ωφ = 1

and ωφ = ωeff = −1. So, for constant α no scaling attractor was found, even when we
allow interaction between TDE and dark matter (see Table 2.1).

On the other hand, for dynamically changing α(φ), and when it can be expressed
in terms of u ≡ κ

√
f(φ) such that α(u) → α(uc) = 0 (we notice that (xc, yc, uc) is a

fixed point of the system), we show that interesting solutions exist (see Table 2.3),
in particular scaling attractors with accelerated expansion. These are non-minimal
generalizations of the fixed points presented in [16, 18, 19] for coupled dark energy
in GR. The final attractor is either the scalar-field dominated solution II.e or the
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scaling attractor II.d, both with accelerated expansion. The scaling solution II.d can
be a stable node or a stable spiral when the background fluid is non-relativistic dark
matter (γ = 1). When point II.d is a stable spiral, that is, ξ̂ ≡ 2 ξ u2

c+1 as in constraint
(2.66), and

ηc ≡
dα(u)

du
|u=uc < 0,

it is possible to find a range for ξ̂ compatible with cosmological observations. For
example, in Fig. 2.1 the system approaches point II.d with Ωφ ≈ 0.70, Ωm ≈ 0.30,
ωφ ≈ −0.90 and accelerated expansion, in agreement with observations. Also, we
note that ωφ presents the phantom-divide crossing during cosmological evolution, as
has been stressed in Refs. [5, 6] for TDE. Since the scaling solution II.d attracts the
universe at late times regardless of the initial conditions with Ωφ comparable to Ωm

and accelerated expansion, the cosmological coincidence problem could be alleviated
without fine-tunings [15, 16].

6.2 Tachyonic teleparallel dark energy

In Ref. [47] it was proposed a non-minimal coupling between a non-canonical scalar
field (tachyon field) in the context of TG. Here, by studying the dynamics of this
“tachyonic teleparallel dark energy model” (TTDE), we have found that, unlike TDE,
in TTDE it is possible to have a phase φMDE, represented by the scaling solutions
I.b and I.c of Table 3.1, which have some portions of the energy density of φ in the
matter dominated era. The presence of this phase provides a distinguishable feature
for matter density perturbations, as is the case of coupled dark energy in GR (see
Refs. [16, 18, 19]). However, in order to allow the universe to enter the phase φMDE,
and then to fall within a viable cosmologically late-time attractor with accelerated
expansion, it is necessary that the non-minimal coupling be ruled by a dynamically
changing coefficient α(φ) ≡ f,φ/

√
f , with f(φ) an arbitrary function of the scalar field

φ. Following Ref. [8], we considered then that α(φ) can be expressed in terms of the
dimensionless parameter u ≡ κ

√
f(φ), such that α(u) → α(uc) = 0, with (xc, yc, uc)

a fixed point of the system. We have found the fixed points (see Table 3.3) that are
non-minimal generalization of the fixed points presented in Ref. [16] for tachyon field
in GR. The scalar-field dominant solution II.c is a late-time attractor with accelerated
expansion, and ωφ agrees with the observations. Also, it is possible in this case that
the universe enters in the scaling solutions I.b or I.c (phase φMDE) for constant α
and eventually approaches the late-time attractor II.c with accelerated expansion for
dynamically changing α(u), as can be seen in Fig. 3.1. By studying linear perturba-
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tions, we find that the presence of dark energy in a era “φMDE’ (I.b or I.c) reduces the
standard growth rate for matter density perturbations (δm ∝ a in sub-horizon scale)
by a factor a−

3
5

Ωφ with Ωφ = 1 − ξ̂ � 1. On the other hand, for the scalar-field domi-
nant solution II.c, as is usual, the matter density perturbations are ”frozen“ (%+ = 0)
during the accelerated expansion, which can also be checked in the Fig. 4.3.

It should be noted that the formation of caustics in the field profile in the mass free
space, for tachyon systems (Dirac-Born-Infeld systems) is an undesirable feature as
it indicates the failure of physical theories to explain the evolution of the field in that
particular region [49, 50]. As was shown in [50], in the FLRW expanding Universe the
caustic formation in tachyon systems takes place for potentials decaying faster than
1/ϕ2 at infinity (for the untransformed field ϕ), where the dust-like solution is a late
time attractor of the dynamics. On the other hand, in the case of inverse power-law
potentials, V (ϕ) = V0/ϕ

n, 0 ≤ n ≤ 2, dark energy is a late time attractor of dynamics
and they are free of caustics [50]. They may, therefore, be suitable for explaining
the late time cosmic acceleration. So, since in the case of the model discussed, dark
energy is a late time attractor of the dynamics, which gives rise to cosmic repulsion
that compete with the tendency of caustic formation, we expect the model to be free
of caustics and multivalued regions in the field profile.

6.3 A novel teleparallel dark energy

A novel model has been proposed, named “new teleparallel dark energy” (NTDE), in
which it is allowed a nonminimal coupling between the scalar field of quintessence
and gravity, represented by torsion. As is well-known [1, 2], the scalar field couples to
torsion through its four-derivative—which is a vector field. It is then natural to con-
sider a nonminimal coupling of the four-derivative of the scalar field and the vector
part of torsion. It is important to note that unlike the TDE scenario of Ref. [5], which
was proposed by following an analogy with the nonminimally coupled scalar field in
GR, in the present model the nonminimal coupling is proposed according to a concep-
tually different description of the gravitational field in TG [1–3]. Let us stress that
NTDE does not have an analogue in GR, since in GR the gravitational field can not be
decomposed in a form analogous to the decomposition of torsion in TG (see Eqs. (5.2),
(5.3), and (5.4)). It is also important to observe that once the nonminimal coupling is
switched on, the scalar field becomes coupled, through its four-derivative, to the spin
tensor of the gravitational field (see Eq. (5.8)). This is due to that in TG, besides a
well-defined local energy-momentum density [1, 2, 4], the gravitational field also has
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a well-defined spin current density. The same happens in TDE, but until now had not
been given an interpretation. In both models, the coupling to the gravitational spin
tensor becomes negligible on cosmological scales.

By studying the dynamics of the model, we have found the critical points, pre-
sented in Tables 5.1 and 5.3. In Table 5.1 the final attractor of the Universe is a
dark-energy-dominated de Sitter solution I.c, with Ωφ = 1 and ωφ = ωeff = −1. On
the other hand, in Table 5.3 the final attractor is a scalar-field-dominated solution
II.e, also with Ωφ = 1, but in this case either ωφ = ωeff ≥ −1 or ωφ < −1 in which
case it represents a phantom-type solution. However, unlike the dark energy models
with phantom (ghost) field [16, 17], here the phantom regime (ωφ < −1) is described
without the problem of quantum instability [61]. Additionally, unlike of the TDE
scenario, here the phantom Universe is an attractor solution for the cosmological dy-
namics. The fixed points I.c and II.e are viable cosmological solutions to explain the
current accelerated expansion of the Universe.

It is interesting to remark that the models TDE and NTDE are mathematically re-
lated through a conformal transformation. This can be seen by defining transformed
scalar field and potential, and by adding an explicit coupling between the scalar field
and matter. However, as already pointed out in the case of scalar-tensor theories
and coupled dark energy in GR, where this type of mathematical relationship also
occurs [18, 19, 53, 54], the two models are physically different. Furthermore, differ-
ently from coupled dark energy in GR, here we have taken the freedom to exclude a
possible explicit coupling between the scalar field and matter (although this could be
considered in a future work).

59



Appendix A

Linear Frames and Tetrads

Following Ref. [1], in this appendix and in the next we review briefly the definition
and properties of linear frames, tetrads, connections and local Lorentz transforma-
tions in TG.
A general spacetime is a 4-dimensional differential manifold whose tangent space is,
at any point, a Minkowski spacetime with metric ηab = diag (1,−1,−1,−1). Each one
of these tangent spaces can be acted upon by the Poincaré group. Spacetime coordi-
nates will be denoted by xµ, whereas tangent space coordinates will be denoted by xa.
Such coordinates systems determine, on their domains of definition, local bases for
vector fields, formed by the sets of gradients

∂µ ≡
∂

∂xµ
, ∂a ≡

∂

∂xa
, (A.1)

as well as bases dxµ and dxa for covector fields. These bases are dual, in the sense
that

dxµ (∂ν) = δµν , dxa (∂b) = δab . (A.2)

A holonomic (or coordinate) base like (ea) = (∂a), related to a coordinate system, is
very particular case of linear base. Any set of four linearly independent fields (ea)

will form another base, and will have a dual (ea) whose members are such eaeb = δab .
These frame fields are the general linear bases for the tangent space at each point on
the spacetime. On common domains, the members of a base can be written in terms
of the members of the other. For example

ea = e µa ∂µ, ea = eaµ dx
µ, (A.3)
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and conversely

∂µ = eaµ ea, dxµ = −e µa ea, (A.4)

and so for any pair of bases.
The spacetime metric g, with components gµν , in some dual holonomic base be-

comes
g = gµν dx

µ ⊗ dxν = gµν dx
µ dxν . (A.5)

So, a tetrad field
ha = h µ

a ∂µ, (A.6)

will be a linear base which relates g to the tangent-space metric

η = ηab dx
a ⊗ dxb = ηab dx

a dxb, (A.7)

by
ηab = g(ha, hb) = gµνh

µ
a h

ν
b . (A.8)

This means that a tetrad field is a linear frame whose members ha are pseudo-
orthogonal by the pseudo-riemannian metric gµν . The components of the dual base
members ha = haµdx

µ satisfy

haµ h
ν
a = δνµ, haµ h

µ
b = δab (A.9)

so that the equation (A.8) has the conversely

gµν = ηab h
a
µ h

b
ν . (A.10)

We shall also be using the notation

h = det(haµ) =
√
−g, (A.11)

where g is the determinant of the spacetime metric.
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Appendix B

Connections and Lorentz
Transformations

A spin connection or Lorentz connection Aµ is a 1-form assuming values in the Lie
algebra of Lorentz group,

Aµ =
1

2
Aabµ Sab (B.1)

with Sab a given representation of the Lorentz generators.
A general linear connection Γρνµ is related to the corresponding spin connection

Aabµ by
Γρνµ = h ρ

a ∂µh
a
ν + h ρ

a h
b
ν A

a
bµ ≡ h ρ

a Dµhaν . (B.2)

The inverse relation is, consequently

Aabµ = haν ∂µh
ν
b + haν h

ρ
b Γνρµ ≡ haν ∇µh ν

b , (B.3)

where ∇µ is the usual covariant derivative in the connection Γνρµ, which, acts on
spacetime indices only. Whereas the Fock Ivanenko derivative Dµ acts only on the
tangent space indices and can be defined for all fields, tensorial and spinorial, the
covariant derivative ∇µ can be defined for tensorial fields only.

The connection of TG representing only inertial effects is given by

Abcµ = Λbd ∂µΛ d
c . (B.4)

The curvature of the teleparallel connection (B.4) vanishes identically but the torsion
is non-vanishing

T aνµ = ∂νh
a
µ − ∂µhaν +Aaeν h

e
µ −Aaeµ heν 6= 0. (B.5)
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This connection can be considered a kind of dual of the GR connection, which is a
connection with vanishing torsion T̄ aνµ = 0, but R̄abνµ 6= 0.

There exist actually a six-fold infinity of tetrad fields, each one relating g to the
Lorentz metric η. Suppose another tetrad (h′a) such that

gµν = ηcd h
′c
µ h
′d
ν , (B.6)

contracting both sides with h µ
a h ν

b , we arrive at

ηab = ηcd
(
h′cµ h

µ
a

) (
h′dν h

ν
b

)
(B.7)

This equation says that the matrix with entries

Λab = h′aµ h
µ
b , (B.8)

which gives the transformation
h′aµ = Λab h

b
µ, (B.9)

satisfies
ηab Λca Λdb = ηab. (B.10)

This is just the condition that a matrix Λ must satisfy in order to belong to the
Lorentz group (vector representation). Under a local Lorentz transformation Λab(x),
the tetrad changes according (B.9), whereas the spin connection undergoes the trans-
formation

A′abµ = Λac(x)Acdµ Λ d
b (x) + Λac ∂µΛ c

b (x). (B.11)

In the same way, it is easy to verify that T aνµ and Rabνµ transform covariantly

T ′aνµ = Λab(x)T bνµ, (B.12)

and
R′abνµ = Λac(x) Λ d

b (x)Rcdνµ. (B.13)

This means that (as well as gµν) spacetime-indexed quantities Γρνµ, T λµν and Rρλνµ
are invariant under a local Lorentz transformation.
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Appendix C

Autonomous system of scalar-field dark
energy models

A dynamical system which plays an important role in cosmology belongs to the class
of so-called autonomous systems (see Ref. [16]). Let us consider the following coupled
differential equations for n variables x1(t),...,xn(t)

ẋ1 = f1(x1, .., xn, t), ..., ẋn = fn(x1, ..., xn, t), (C.1)

where f1,...,fn are the functions in terms of x1,...,xn and t. The system (C.1) is said to
be autonomous if the functions f1,...fn do not contain explicit time-dependent terms.
The dynamics of the autonomous systems can be analyzed by studying the stability
around the fixed points (or critical points).

C.0.1 Fixed or critical points

A point (x1
c , ..., x

n
c ) is said to be a fixed point or a critical point of the autonomous

system if
(f1, ..., fn)|x1c ,...,xnc = 0. (C.2)

A critical point (x1
c , ..., x

n
c ) is called an attractor when it satisfies the condition

(x1(t), ..., xn(t))→ (x1
c , ..., x

n
c ), for t→∞. (C.3)

C.0.2 Stability around the fixed points

We can find whether the system approaches one of the critical points or not by study-
ing the stability around the fixed points. Let us consider small perturbations δx1,...,
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δxn around the critical point (x1
c , ..., x

n
c ), i.e.

x1 = x1
c + δx1, ..., xn = xnc + δxn. (C.4)

Then, substituting into Eqs. (C.1) leads to the first-order differential equations:

d

dN


δx1

...
δxn

 =M


δx1

...
δxn

 , (C.5)

whereN = ln a is the number of e-foldings which is convenient to use for the dynamics
of dark energy. The matrixM depends upon x1

c ,...,xnc , and is given by

M =


df1
dx1
|(x1c ,...,xnc ) · · · df1

dxn |(x1c ,...,xnc )
... · · ·

...
dfn
dx1
|(x1c ,...,xnc ) · · · dfn

dxn |(x1c ,...,xnc )

 . (C.6)

This possesses n eigenvalues µ1,...,µn. The general solution for the evolution of linear
perturbations can be written as

δx1 = C1
1 e

µ1N + ...+ C1
n e

µnN ,
...

δxn = Cn1 e
µ1N + ...+ Cnn e

µnN ,

(C.7)

where Cij with i, j = 1, ..., n are integration constants. Thus, the stability around
the fixed points depends upon the nature of the eigenvalues. One generally uses the
following classification:

• (i) Stable node: µ1 < 0,...,µn < 0.

• (ii) Unstable node: µ1 > 0,...,µn > 0.

• (iii) Saddle point: µi > 0 and µj < 0 for i, j = 1, ..., n.

• (iv) Stable spiral: The determinant of the matrix M is negative and the real
parts of µ1,...,µn are negative.

A fixed point is an attractor in the cases (i) and (iv), but it is not so in the cases (ii)
and (iii).
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Appendix D

Field Equations and Gravitational Spin
Tensor

The field equations of TG are given by

G ν
a ≡ h−1 ∂µ (hS νµ

a ) + h λ
a T ρµλ S

νµ
ρ +

1

4
h ν
a T − h ρ

c A
c
aσ S

νσ
ρ =

κ2

2
Θ ν
a , (D.1)

where
Θ ν
a = −1

h

δSm
δhaν

(D.2)

and Θ ν
ρ ≡ haρ Θ ν

a stands for the symmetric matter energy-momentum tensor.
In equation (D.1) can be identified the gravitational energy momentum tensor

j νa ≡ −
1

h

δSG
δhaν

=
1

κ2

(
−h λ

a T ρµλ S
νµ
ρ − 1

4
h ν
a T + h ρ

c A
c
aσ S

νσ
ρ

)
. (D.3)

Also, the field equation (D.1) can be written in a purely space-time form

∂µ(hS µ
(λγ) )− κ2 h j̃λγ =

κ2

2
hΘλγ . (D.4)

where (λγ) denotes symmetric part ([λγ] anti-symmetric part) and

j̃λγ = jλγ −
1

κ2 h

[
∂µ(hS µ

[λγ] ) + hhaλ gνγ S
µ

τη ∂µ(h τ
a g

νη)
]

(D.5)

with jλγ = haλ gγν j
ν
a . Using (total covariant derivative of tetrad field)

∂µh
b
γ = Γργµ h

b
ρ −Abcµ hcγ (D.6)
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and since

∂µh
τ
a = −h γ

a h
τ
b ∂µh

b
γ (D.7)

thus

∂µh
τ
a = −Γτaµ +Aτaµ. (D.8)

Using (D.8) it is calculated the last term in (D.5)

haλ gνγ S
µ

τη ∂µ(h τ
a g

ην) = −S µ
τγ Γτλµ − S

τµ
λ Γγτµ − S µ

λτ Γτγµ

+ S µ
τγ Aτλµ + S τµ

λ Aγτµ + S µ
λτ Aτγµ. (D.9)

Substituting (D.3) and (D.9) in (D.5) it is find that

κ2 j̃λγ = −1

4
gλγ T + S µ

τγ Γτµλ + S τµ
λ Γγτµ + S µ

λτ Γτγµ −
κ2

h
∂µσ

µ
λγ . (D.10)

where we use the fact of that Aabµ is a Lorentz connection, that is, Aabµ = −Abaµ. The
connection-terms transforms the gauge current j ρa into the pseudotensor j̃λγ . The
tensor σµλγ in (D.10) it is the spin tensor of the gravitational field

σµλγ ≡ −
∂LG
∂∂µhaσ

δhaσ
δελγ

=
h

κ2
S µ

[λγ] = − h

4κ2

(
Tµλγ + δµλ T

τ
γτ − δµγ T τλτ

)
. (D.11)

The anti-symmetric part of (D.10) is given by

κ2 j̃[λγ] = −1

4
Γεφλ Γφγε +

1

4
Γεγε Γφφλ −

1

4
Γεγλ Γφφε +

1

4
Γεγλ Γφεφ

+
1

4
Γεφγ Γφλε −

1

4
Γελε Γφφγ +

1

4
Γελγ Γφφε −

1

4
Γελγ Γφεφ −

κ2

h
∂εσ

ε
λγ . (D.12)

As we will see below, the above anti-symmetric part is exactly a contraction of the
teleparallel Bianchi identity and thus is identically equal to zero. The Bianchi iden-
tity of TG is given by

DνT
a
ρµ +DµT

a
νρ +DρT

a
µν = 0, (D.13)

where DνT
a
ρµ = ∂νT

a
ρµ + Aabν T

b
ρµ is Fock-Ivanenko derivative. The Bianchi identity

can be rewritten as

DνT
σ
ρµ +DµT

σ
νρ +DρT

σ
µν + Γσγν T

γ
ρµ + Γσγµ T

γ
νρ + Γσγρ T

γ
µν = 0, (D.14)
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and contracting σ = ν it is seen that

Dν

(
T νρµ + δνρ T

γ
µγ − δνµ T γργ

)
+ Γνγν T

γ
ρµ + Γνγµ T

γ
νρ + Γνγρ T

γ
µν = 0. (D.15)

Using (D.11) the equation (D.15) can be rewritten as

κ2

h
∂νσ

ν
ρµ −

κ2

h
∂νhσ

ν
ρµ −

1

4
Γνγν T

γ
ρµ −

1

4
Γνγµ T

γ
νρ −

1

4
Γνγρ T

γ
µν = 0. (D.16)

Using again equation (D.11) together with the identity

∂νh = h
(
Γγνγ −Kγ

νγ

)
, (D.17)

the equation (D.16) can be rewritten as

− 1

4
Γεφλ Γφγε +

1

4
Γεγε Γφφλ −

1

4
Γεγλ Γφφε +

1

4
Γεγλ Γφεφ

+
1

4
Γεφγ Γφλε −

1

4
Γελε Γφφγ +

1

4
Γελγ Γφφε −

1

4
Γελγ Γφεφ −

κ2

h
∂εσ

ε
λγ = 0, (D.18)

which is the right side of equation (D.12). Therefore, it is see that the pseudotensor
j̃λγ is symmetric and the gravitational field equation is also symmetric. Finally, the
gravitational field equation of TG (D.1) can also be rewritten in the purely spacetime
form

∂µ(hS µ
λγ )− κ2 h tλγ =

κ2

2
hΘλγ , (D.19)

where by using (D.10)

κ2 tλγ = −1

4
gλγ T + S µ

τγ Γτµλ + S τµ
λ Γγτµ + S µ

λτ Γτγµ, (D.20)

is the canonical energy momentum pseudotensor which has anti-symmetric part

t[λγ] =
1

h
∂µσ

µ
λγ . (D.21)

The anti-symmetric part of the canonical energy-momentum pseudotensor measures
the breaking of pure-spin conservation. The anti-symmetric part of the canonical
energy-momentum pseudotensor cancels the anti-symmetric part of the first term in
the field equation (D.19).
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Appendix E

The Conservation Law of the Source
Energy-Momentum Tensor

Following [1], under an arbitrary variation δ µa of the tetrad field, the action variation
is written in the form

δSm =

∫
d4xΘa

µ δh
µ
a h (E.1)

where
Θ ρ
a = −1

h

δSm
δhaρ

= −1

h

(
∂Lm
∂haρ

− ∂λ
∂Lm
∂∂λhaρ

)
, (E.2)

is the matter energy-momentum tensor. The invariance of the action under local
Lorentz transfomation requires that Θµν ≡ haµ gνρ Θ ρ

a must be symmetric.
Now, let us consider a general transfomation of the spacetime coordinates,

x′ρ = xρ + ερ. (E.3)

Under such transfomation, the tetrad changes according to

δh µ
a ≡ h

′ µ
a (x)− h µ

a (x) = h ρ
a ∂ρξ

µ − ξρ ∂ρh µ
a . (E.4)

Substituting in (E.2), we obtain

δSm =

∫
d4xΘa

µ [h ρ
a ∂ρξ

µ − ξρ ∂ρh µ
a ] h (E.5)

or equivalently

δSm =

∫
d4x

[
Θρ

c ∂ρξ
c + ξc Θρ

µ ∂ρh
c
µ − ξρ ∂ρh µ

a

]
h (E.6)
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Substituting the identity
∂ρh

µ
a = Abaρ h

µ
b − Γµλρ h

λ
a , (E.7)

and making use of the symmetry of the energy-momentum tensor, the action varia-
tion assumes the form

δSm =

∫
d4xΘ ρ

c

[
∂ρξ

c +
(
Acbρ −Kc

bρ

)
ξb
]
h. (E.8)

Integrating the first term by parts, neglecting the surface term, the invariance of the
action yields and the arbitrariness of ξc yields

Dµ (hΘ µ
a ) ≡ ∂µ (hΘ µ

a )−
(
Abaµ −Kb

aµ

) (
hΘ µ

b

)
= 0. (E.9)

Making use of the identity

∂ρh = h Γ̄ννρ ≡ h
(
Γνρν −Kν

ρν

)
, (E.10)

the above conservation law (E.9) becomes

∂µΘ µ
a +

(
Γµρµ −Kµ

ρµ

)
Θ ρ
a −

(
Abaµ −Kb

aµ

)
Θ µ
b = 0. (E.11)

In a purely spacetime form, it reads

∇µΘ ν
λ ≡ ∂µΘ µ

λ +
(
Γµρµ −Kµ

ρµ

)
Θρ
λ −

(
Γρλµ −K

ρ
λµ

)
Θ µ
ρ = 0. (E.12)

This is the conservation law of the source energy-momentum tensor in TG. Due to
the relation

Γρµν = Γ̄ρµν +Kρ
µν , (E.13)

it coincides with the corresponding conservation law of GR

∇̄Θ µ
λ ≡ ∂µΘ µ

λ + Γ̄µρµ Θ ρ
λ − Γ̄ρλµ Θ µ

ρ = 0. (E.14)
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Appendix F

Conformal Equivalent of Teleparallel
Dark Energy

Let us consider a conformal transformation of the metric, defined as

ĝµν = Ω2(x) gµν , ĝµν = Ω−2 gµν , (F.1)

where Ω(x) is a smooth, non-vanishing function of the space-time point, lying in the
range 0 < Ω < ∞ [53] ( See Refs. [56–58] for conformal transformations in TG and
f(T ) theories). Also, we will use a caret to indicate quantities in the transformed
frame.

From equation (F.1) we have that [57]

ĥaµ = Ωhaµ, ĥ µ
a = Ω−1 h µ

a , haµ = Ω−1 ĥaµ, h µ
a = Ω ĥ µ

a , (F.2)

with ĥ = Ω4 h. By using (F.2) and the definition of torsion tensor (1.8) we find that
this is transformed as

T̂ ρµν = T ρµν + Ω−1
(
δρν ∂µΩ− δρµ ∂νΩ

)
. (F.3)

On the other hand, the teleparallel lagrangian (1.7) can be rewritten as

T =
1

4
T µν
ρ T ρµν +

1

2
T ρµν T

ν
µρ − Vµ Vµ. (F.4)

Using (F.1) in (F.4) it is seen the torsion scalar is transformed as

T̂ = Ω−2 T − 6 Ω−4 ∂µΩ ∂µΩ + 4 Ω−3 ∂µΩVµ, (F.5)
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with the vector torsion transformed as

V̂µ = Vµ − 3 Ω−1 ∂µΩ, (F.6)

whereas the inverse transformation for (F.5) is given by

T = Ω2 T̂ − 6 ∂̂µΩ ∂̂µΩ− 4 Ω ∂̂µΩ V̂µ. (F.7)

Since xµ is unaffected by the conformal transformation thus ∂µ = ∂̂µ.
In what follows we consider the general scalar torsion action

S =

∫
d4xh

[
F (φ)T +

1

2
ζ(φ) ∂µφ∂

µφ− V (φ)

]
+ Sm(ψi, h

a
µ). (F.8)

in analogy with the general action in GR which includes a wide variety of gravity
models such as Brans-Dicke theories, nonminimally coupled scalar fields and dilaton
gravity [16]. The teleparallel dark energy model corresponds to F (φ) = 1

κ2
+ f(φ) and

ζ(φ) = 1. By using (F.2) and (F.7) in (F.8) we find

Ŝ =

∫
d4x ĥ

[
T̂

κ2
+

1

2
∂̂µφ̂ ∂̂

µφ̂− U(φ̂) +B(φ̂) ∂̂µφ̂ V̂µ
]

+ Sm(φ̂, ψ̂m, ĥ
a
µ) (F.9)

where it is considered F (φ) = Ω2 κ−2 and it is introduced a new scalar field φ̂ in order
to make the kinetic term canonical

φ̂ ≡
∫
dφ

√
ζ

κ4 F 2
− 3

(
F,φ
κF

)2

. (F.10)

Also we defined

U(φ̂) ≡ V (φ) Ω−4, B(φ̂) ≡ −
2F,φ

κ2 F

√
ζ

κ4 F 2 − 3
(
F ′

κF

)2 . (F.11)

So, the scalar torsion theory (F.8) is not dynamically equivalent to the teleparallel
action plus a scalar field via conformal transformation [57]. It is equivalent to a non-
minimally coupled scalar field (through the four derivative) with explicit coupling to
matter. The nonminimal coupling term in (F.9), which cannot be removed by confor-
mal transformation, is natural in TG since the scalar field as a particle of spin zero
interacts with torsion through the four derivative [1].
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