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RESUMO

Transições de fase e fenômenos críticos podem ser explorados através de medidas do
coeficiente de expansão térmica e calor específico. Neste contexto, o parâmetro de Grüneisen
se mostra útil pois permite que tais fenômenos sejam explorados tanto do ponto de vista
experimental como do ponto de vista teórico. Neste trabalho de conclusão de curso, é
planejada a exploração de conceitos físicos associados à condensação de Bose-Einstein de
partículas interagentes à luz do parâmetro de Grüneisen. Dessa forma, o objetivo deste
trabalho é realizar uma análise termodinâmica de tais sistemas de modo que o efeito da
interação entre partículas seja evidenciado.

Palavras-chave: Condensação de Bose-Einstein; Parâmetro de Grüneisen; Interações.



ABSTRACT

Phase transitions and critical phenomena can be explored via measurements of the thermal
expansion coefficient and specific heat. In this context, the Grüneisen parameter proves
itself useful because it permits that such phenomena, can be explored both theoretically
and experimentally. In this B. Sc. work, the exploration of physical concepts associated with
the Bose-Einstein condensation of interacting particles under the light of the Grüneisen
parameter is planned. Therefore, the goal of this work is to carry out a thermodynamic
analysis of such systems so that the effect of the interaction between particles becomes
evident.

Keywords: Bose-Einstein condensation; Grüneisen Parameter; Interactions.
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1 INTRODUCTION

The Bose-Einstein condensation (BEC) consists of a macroscopic occupation
of the ground state of a system composed of bosons as the temperature T Ñ 0 [5]. This
phenomenon was originally predicted in the beginning of the last century by A. Einstein
and S. Bose in a series of seminal papers [6, 7] while its first experimental realization
was achieved in 1995 through the use of harmonic trapped particles [8, 9]. The initial
predictions of the BEC concerned exclusively non-interacting particles, so that the effects
of interaction became a topic of discussion in the community. Hence, the goal of this
B. Sc. work, is to explore the interacting BEC under the light of the so-called Grüneisen
parameter, which has already been extensively employed in the analysis of a myriad of
phase transitions and critical phenomena [10–12]. Hence, this B. Sc. work is divided in the
following manner:

• Chapter 2: This chapter presents a review of basic Thermodynamics based on Ref.
[13]. We shall revisit important quantities like the specific heat, the compressibility,
and the thermal expansion coefficient. Furthermore, we introduce the Grüneisen
parameter and discuss its applications in the analysis of phase transitions and critical
phenomena. At the end of this section, a relation between the specific heats is derived.
Such a relation will be important in the thermodynamic analysis of the BEC in
Chapter 5. Furthermore, in this chapter, the framework of the ideal Bose gas and
the ideal BEC is reviewed. We begin by deriving the Bose-Einstein distribution in a
step-by-step fashion, following the deduction presented in Ref. [14]. In the following,
we discuss the ideal BEC and present a few of its thermodynamic properties cf.
Ref. [5].

• Chapter 3: In this Chapter, the framework of the non-ideal BEC is presented
following Refs. [14, 15]. We shall evaluate the eigenenergies of a Hamiltonian which
describes a system of weakly interacting bosons and discuss the effects of interactions
in such systems. Furthermore, we discuss the non-ideal BEC in analogy with the
Brillouin paramagnet, following results reported in Ref. [11].

• Chapter 4: In this part of the text we review historical and experimental aspects
concerning the initial predictions and experiments involving the BEC. Although we
are not able to perform the BEC, the experiments conducted by Prof. Dr. Mariano de
Souza in the Solid State Physics lab supplement all the theoretical results obtained
by the group. With that in mind, we shall cover important aspects concerning the
thermal expansion measurements performed at the lab.
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• Chapter 5: In this chapter a thermodynamic analysis of the non-ideal harmonic
trapped BEC is presented. To do so, we revisit the recently defined volume and
pressure parameters which emulate the conventional quantities known as volume and
pressure [16]. Through the analysis of experimental data concerning such parameters,
we will be able to compute the Grüneisen ratio for such systems and analyze its
behavior in the vicinity of the critical temperature.

• Chapter 6-7: Conclusions and perspectives are presented. We shall briefly review
all that was discussed in this B. Sc. work. In chapter 7, we acknowledge the people
who made this B. Sc. work possible.
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2 REVIEW OF THERMODYNAMICS AND STATISTICAL MECHANICS

In this chapter, a review of Thermodynamics and Statistical Mechanics is
presented. We shall start with a discussion concerning the Grüneisen parameter along
with thermodynamic considerations about phase transitions and critical phenomena. In
the following, a step-by-step derivation of the Bose-Einstein distribution is presented. The
remainder of this chapter focuses on the ideal BEC.

2.1 BASIC THERMODYNAMICS AND THE GRÜNEISEN PARAMETER

The interplay between the thermodynamic quantities of the system is a pivotal
point in the description of phase transitions and critical phenomena. Hence, following the
steps of Stanley’s seminal book [13], we revisit some important quantities in Thermody-
namics, which tell us how certain properties of the system change with respect to external
stimuli. First, we have the specific heat, which tells us how the temperature T changes as
heat is added or removed from the system [17]. The specific heat at constant volume v, is
expressed by:

cv � T

�BS

BT



v

�
�BU

BT



v

� �T

�B2F

BT 2



v

, (2.1)

where S is the entropy, U the internal energy, and F the Helmholtz free energy. The index
v indicates that such a process is occurring for constant values of volume. In the same
manner, we can write the specific heat at constant pressure as:

cp � T

�BS

BT



p

�
�BH

BT



p

� �T

�B2G

BT 2



p

, (2.2)

where p is the pressure, H is the enthalpy, and G the Gibbs free energy. We can also define
expressions for the system’s compressibility, a function that quantifies variations of v with
respect to p, which can be under constant temperature or entropy. For the isothermal case,
we have:

κT � �1
v

�Bv

Bp



T

� 1
ρ

�Bρ

Bp



T

� �1
v

�B2G

Bp2



T

, (2.3)

where ρ is density, while for the adiabatic case:

κS � �1
v

�Bv

Bp



S

� 1
ρ

�Bρ

Bp



S

� �1
v

�B2E

Bp2



S

. (2.4)

Last but not least, we have the thermal expansion coefficient, defined as:

αp � 1
v0

� Bv

BT



p

� � 1
v0

�BS

Bp



T

. (2.5)

The functions previously defined are so important because they tell us how the physical
properties of the system evolve with variations of temperature, pressure, and density
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and thus, how they behave when going through phase transitions or in the vicinity of
critical points. Under such conditions, these functions will behave in a specific manner,
presenting divergences, and changes of sign due to the exotic character of such critical
conditions [13]. Hence, the analysis of quantities like cp, κT , and αp enables us not only
to study the Physics of phase transitions and critical points but also to identify such
phenomena in situations when very little is known about the system. In this context, the
so-called effective Grüneisen parameter Γeff [18], is defined as:

Γeff � vαp

κT cv

. (2.6)

Such parameter proved itself to be very useful in the analysis of phase transitions and
critical phenomena. Due to the fact that Γeff incorporates quantities like αp, cv, and κT ,
it becomes clear that such parameter holds much information about the physical systems
in question. Γeff has already been employed in the analysis of such phenomena, presenting
very unique behavior such as changes of sign where going through phase transitions and
divergent behaviors near critical points. It was proposed that Γeff can be written in terms
of the ratio αp

cp

if we simply multiply the right side of Eq. 2.6 by cp

cp

[19]. Thus we have:

Γeff � vαp

KT cv

cp

cp

� αp

cp

vcp

KT cv

. (2.7)

The ratio between αp and cp is denoted by Γ and is known as the Grüneisen ratio.
Additionally, it was proposed that this ratio is the singular part of Γeff , i.e., the part
responsible for the divergent behaviors near critical points [19]. This is due to the fact that
αp which is present in the definition of Γ is extremely sensitive to variation of S. We will
discuss in detail the physical origin of this singular behavior of αp in the last chapter, in
which we analyze the Thermodynamics of the BEC. The Grüneisen ratio can be expressed
in various ways by manipulating the thermodynamic relations we already defined. Hence
we can write Γ as:

Γ � αp

cp

� 1
v0

� Bv

BT



p

�
1

T
N

�
BS
BT

�
p

�
� 1

vmT

� Bv

BT



p

, (2.8)

where vm is the so-called molar volume. Note that vm appears in this context because
we simply divided the expression for cp in terms of the entropy by the total number of
particles N . This quantity is referred to as the molar specific heat [13]. We can also rewrite
the entropy derivatives in the numerator and in the denominator of Eq. 2.8 in the following
way: �BS

Bp



T

� � B
Bp

�BG

BT



� �

� B2G

BpBT



, (2.9)

�BS

BT



p

� � B
BT

�BG

BT



� �

�B2G

BT 2



. (2.10)
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Thus, Γ becomes:

Γ � � 1
Tvm

�
B2G
BpBT

	
�
B2G
BT 2

� . (2.11)

By rewriting the derivatives we can see clearly the dependence of Γ on the tuning parameters,
which in this case are temperature and pressure. Furthermore, we can make use of the
thermodynamic relation [13]:�BS

BT



p

�BT

Bp



S

� Bp

BS



T

� �1, (2.12)

which we can solve for
�BT

Bp



S

:

�BT

Bp



S

� �1�
BS
BT

�
p

�
Bp
BS

�
T

� �

�
BS
Bp

	
T�

BS
BT

�
p

, (2.13)

and substituting in Eq. 2.8 we achive:

Γ � 1
Tvm

�BT

Bp



S

. (2.14)

Note that the expression above quantifies adiabatic temperature changes with respect to
pressure, such phenomena are known as caloric effects. More specifically, Eq. 2.14 refers to
the barocaloric effect because the temperature adiabatically changes by tuning pressure.
A more general definition of Γ would be:

Γ � 1
T

�BT

Bg



S

, (2.15)

where g is a tuning parameter such as magnetic and electric fields and stress, each one
being associated with a corresponding caloric effect [20].

2.2 DERIVING THE RELATION BETWEEN cp AND cv

Following the last section’s discussion on Thermodynamics based on Stanley’s
book [13], we shall derive a relation between cp and cv that will be useful in the thermo-
dynamic analysis of the BEC, presented in the last chapter. Let us start by writing the
difference cp � cv in terms of S and multiply this by κT . Thus, we have:

κT pcp � cvq � �1
v

�Bv

Bp



T

�
T

�BS

BT



p

� T

�BS

BT



v

�
. (2.16)

Recalling the thermodynamic relation:�BS

BT



p

�
�BS

BT



v

�
�BS

Bv



T

� Bv

BT



p

, (2.17)
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which we can substitute in Eq. 2.16 and thus obtain:

κT pcp � cvq � �T

v

�Bv

Bp



T

�
�

�
�
��

�BS

BT



v

�
�BS

Bv



T

� Bv

BT



p

�
�

�
�
��

�BS

BT



v

�
, (2.18)

κT pcp � cvq � �T

v

�Bv

Bp



T

�BS

Bv



T

� Bv

BT



p

. (2.19)

The product of the three partial derivatives can be simplified if we recall:�Bv

Bp



T

� Bp

BT



v

�BT

Bv



p

� �1, (2.20)

so that: �Bv

Bp



T

� Bp

BT



v

� �
� Bv

BT



p

. (2.21)

Through the Maxwell relation
� Bp

BT



v

�
�BS

Bv



T

., we can rewrite Eq. 2.21 as:

�Bv

Bp



T

� Bp

BT



v

� �
� Bv

BT



p

. (2.22)

Substituting the expression above in Eq. 2.19, we achive:

κT pcp � cvq � T

v

�Bv

Bp


2

T

� Bp

BT


2

v

. (2.23)

By writting κT according to its deffinition in Eq. 2.3:

�
���

���1
v

�Bv

Bp



T

pcp � cvq � T

�v

�Bv

Bp



�2

T

� Bp

BT


2

v

, (2.24)

�pcp � cvq � cv � cp � T

�Bv

Bp



T

� Bp

BT


2

v

. (2.25)

Hence, we finally achive the relation:

cp � cv � T

�
Bp
BT

�2
v�

Bp
Bv

�
T

. (2.26)

We can apply such relation to the ideal gas law, namely pv � nRT , where R is the ideal
gas universal constant [17]. By evaluating the derivatives we get:� Bp

BT


2

v

� N2R2

v2 ;
�Bp

Bv



T

� �NRT

v2 . (2.27)

By substituting the expressions above in the relation we derived, we achieve that the
relation between cp and cv for the ideal gas is simply:

cp � cv � NR. (2.28)
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2.3 A STEP-BY-STEP DEDUCTION OF THE BOSE-EINSTEIN DISTRIBUTION

In the microscopic world, particles can be separated into two groups which
essentially differ from each other by the value of their spin [21]. If a particle has a value
of spin that is an integer multiple of Planck’s constant h, it is said to be a boson. On
the other hand, if the particle’s spin is a half-integer multiple of h, then the particle is a
fermion [22]. Curiously, according to Pauli’s exclusion principle, fermions are not allowed to
occupy the same quantum state, while bosons are able to do so. Such a feature of bosonic
particles will play a key role in the BEC [23]. In this section, a step-by-step deduction
of the Bose-Einstein distribution is presented following the steps of Pathria’s book on
Statistical Mechanics [14]. Such distribution displays the expected occupancy of bosons
xnαy in a certain energy level α while the analogous one for fermions is known as the Fermi-
Dirac distribution which is not contemplated in this text. The two distribution functions
mentioned refer to quantum gases while classical gases obey the Boltzmann distribution. In
Fig. 1, we can see a comparison between such distributions as a function of pεα � µq{kBT

where εα is the energy of level α, µ is the chemical potential and kB Boltzmann’s constant.
It is possible for multiple states to be associated with the same energy value, these are
the so-called degenerate energy levels [14]. The number of states associated to a single
level is called degeneracy and is denoted by gα. To start the demonstration, we consider a
system with N indistinguishable bosonic particles distributed in a number α of energy
levels, with each level being associated with the value of energy εα. We can express the
total number of particles and the total energy of the system as:

N �
¸
α

nα, (2.29)

U �
¸
α

nαεα, (2.30)

where nα is the number of particles per level α. In the context of statistical analysis, a key
quantity to be defined is the system’s multiplicity ΩpN, v, Eq, which provides us with the
number of microstates associated to one macrostate. Hence, in the context of occupation
numbers in Statistical Mechanics, the system’s multiplicity Ω is the number of different
configurations of N particles distributed in all of the α energy levels. Thus we can write:

ΩpN, v, Eq �
¸
α

W tnαu , (2.31)

where W tnαu is the number of possible microstates associated to a distribution tnαu. To
access W tnαu we must compute all the different manners in which nα particles can be
distributed in the gα states, which we shall denote by wpαq.
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−2 −1 0 1 2 3
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 Bose-Einstein Distribution
 Boltzmann Distribution
 Fermi-Dirac Distribution

Figure 1 – The three distribution functions of Statistical Mechanics, namely, the Bose-Einstein,
Boltzmann, and Fermi-Dirac. Note that for pεα � µq{kBT � 0 the Bose-Einstein
distribution diverges, which is a manifestation of the condensation. Figure adapted
from Ref. [14]

.

Since we are dealing with bosons, which are indistinguishable, wpαq is given by [14]:

w tnαu � pnα � gα � 1q!
nα!pgα � 1q! . (2.32)

Therefore, W tnαu can be written as the product:

W tnαu �
¹

α

wpαq, (2.33)

which embodies all the distributions of nα particles in gα states. With multiplicity in
hands, it becomes possible to achieve an expression for the system’s entropy, following the
definition of Boltzmann’s entropy:

S � kB ln Ω. (2.34)

Thus we have:

S � kB ln
�¸

nα

W tnαu
�

. (2.35)

Since we are looking for the expression that yields the most probable distribution of
particles we should analyze the system in the most probable scenario. According to the
second law of Thermodynamics, this is the equilibrium situation in which the entropy is
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maximized. Hence, we should look for the distribution set tn�
αu which maximizes S. With

that in mind, we can neglect the less probable distributions sets the sum in Eq. 2.35. Thus
we have:

S � kB ln W tn�
αu , (2.36)

This maximization of the entropy occurs under the conditions that the energy E and
the number of particles N remain constant. Mathematically, we can go through such
a process of maximization by making use of the Lagrange multipliers method. Such a
method consists of determining the maximum of a function fpx) under a certain constraint
gpxq [24]. To do so, we compute the derivative of fpxq with respect to gpxq and set it to
zero. The constraints are imposed by a number which is multiplied by the differential of
gpxq [25]. The general form, of a maximization occurring through the Lagrange multipliers
with two constraints gpxq and hpxq is:

δfpx, yq � η � δgpx, yq � β � δhpx, yq � 0, (2.37)

where δ represents an infinitesimal increment in the functions and η and β are the
multipliers. In this context, constraints are Eqs. 2.29 and 2.30. This means that we are
looking for the maximum value of S under these specific conditions. If the values of E and
N were arbitrary, there would be infinite microstates and thus infinite entropy. Thus we
have:

δ ln W tnαu �
�

η
¸
α

δnα � β
¸
α

εαδnα

�
� 0. (2.38)

Recalling that W tnαu contains a product over the α levels in its definition we can rewrite
it by using the basic property of logarithms logpa � bq � logpaq � logpbq. So the first term
in the equation above becomes:

ln W tnαu � ln
¹

α

wpαq �
¸
α

ln wpαq, (2.39)

¸
α

ln wpαq �
¸
α

tlnpnα � gα � 1q!� lnrnα!pgα � 1q!su . (2.40)

Recalling Stirling’s approximation, ln x! � x ln x� x, which can be applied in this context
if nα and gα are both ¡¡ 1 [14], we have:

¸
α

ln wpαq �
¸
α

trpnα � gα � 1q lnpnα � gα � 1qs

((((((((�nα � gα � 1� rnα lnpnαqs ���nα �rpgα � 1q lnpgα � 1qs �����gα � 1u .

(2.41)

Eliminating the crossed-out terms we have:
¸
α

ln wpαq �
¸
α

trpnα � gα � 1q lnpnα � gα � 1qs

�nα ln nα �pgα � 1q lnpgα � 1qu .

(2.42)



18

We can further simplify this because we have assumed that both nα and gα are both ¡¡ 1,
so we are left with:

¸
α

ln wpαq �
¸
α

tpnα � gαq lnpnα � gαq � nα ln nα � gα ln gαu , (2.43)

�
¸
α

tnα lnpnα � gαq � gα lnpnα � gαq � nα ln nα � gα ln gαu . (2.44)

By grouping the terms multiplied by nα and gα we have:
¸
α

ln wpαq �
¸
α

tnαrlnpnα � gαq � ln nαs � gαrlnpnα � gαq � ln gαsu , (2.45)

in a way that:

¸
α

ln wpαq �
¸
α

�
nα ln

�
gα

nα

� 1


� gα ln

�
nα

gα

� 1

�

� ln W tnαu . (2.46)

It is important to remember that all these steps are needed in order to write an expression
for ln W tnαu. The first term in Eq. 2.38 is simply the derivative of ln W tnαu with respect
to nα. Thus, we can differentiate the expression in Eq. 2.46 with respect to nα and replace
the final expression in Eq. 2.38. By applying the chain and product rules, we have:

δ ln W tnαu
δnα

�
¸
α

�
�ln

�
gα

nα

� 1


� nα

1�
1� gα

nα

	 gα

n2
α

� gα�
nα

gα
� 1

	 1
gα

�
� , (2.47)

δ ln W tnαu
δnα

�
¸
α

�
ln
�

gα

nα

� 1


�

���
��gα

nα � gα

�
���

��g

nα � gα

�
, (2.48)

δ ln W tnαu
δnα

�
¸
α

ln
�

gα

nα

� 1



, (2.49)

δ ln W tnαu �
¸
α

ln
�

gα

nα

� 1



δnα. (2.50)

By plugging Eq. 2.50 into Eq. 2.38 we achive:

¸
α

ln
�

gα

nα

� 1



δnα �
�

η
¸
α

δnα � β
¸
α

εαδnα

�
� 0, (2.51)

¸
α

�
ln
�

gα

nα

� 1


� η � βεα

�
δnα � 0. (2.52)

Recalling that we are determining the distribution set tn�
αu which maximizes the entropy.

Hence, the denominator inside the logarithm reffers specifically to the distribution nα that
corresponds to the equilibrium situation, i.e., the most probable one. In order to emphasize
this point, we shall denote such distribution as n�

α. So we achieve:

¸
α

�
ln
�

gα

n�
α

� 1


� η � βεα

�
δnα � 0. (2.53)
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We know for a fact the increment δnα is different from zero so the only way for the equality
above to be true is if:

ln
�

gα

n�
α

� 1


� η � βεα � 0. (2.54)

Before proceeding we shall discuss the physical meaning of the Lagrange multipliers η and
β. As we have already discussed, the multipliers are responsible for ensuring the constraints
that N and E remain constant. Hence, η imposes that we are in fact looking for the most
probable distribution for a certain finite N and not for any value of N . This is imposed
with we multiply this distribution n�

α for its associated chemical potential µ but weighted
by 1{kBT . That is because µ{kBT ensures that we are distributing a finite number of
particles along the α levels. With that in mind, we can see that η can be expressed as
µ{kBT . In a similar manner, β ensures that the energy associated with the most probable
distribution is finite and not arbitrary. The total energy of this system at a given T is kBT

so β can be expressed as 1{kBT . Substituting η and β we have [14]:

η � � µ

kBT
; β � 1

kBT
. (2.55)

Hence, we have that the expression for n�
α is:

n�
α �

gα

epεα�µq{kBT � 1 . (2.56)

This expression gives us the most probable value of the number of particles in a determined
level α. We aim to show now that the most probable value of nα is exactly equal to its
mean value xnαy. To do so we recall the relation:

xnαy � �kBT

� Bq

Bεα



, (2.57)

where the quantity q is the logarithm of the system’s grand partition function L, which is
given by:

L �
¹
εα

1
r1� ze�pεα{kBT qs , (2.58)

where z is the system’s fugacity, given by z � epµ{kBT q [14]. Hence, we can write q as:

q � �
¸
εα

ln
�
1� ze�pεα{kBT q

�
. (2.59)

Evaluating the derivative of q with respect to εα we have that:

Bq

Bεα

� � B
Bεα

ln
�
1� ze�pεα{kBT q

�
. (2.60)

Note that the summation disappears because we are differentiating q with respect to a
single value of ε, namely, εα. Since the summation runs over all values of ε, these other
values do not contribute to the derivative. Hence:

B
Bεα

ln
�
1� ze�pεα{kBT q

� � 1
1� ze�pεα{kBT q

�
� B
Bεα

�
1� ze�pεα{kBT q

�

. (2.61)
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The derivative on the right-hand side is:

B
Bεα

�
1� ze�pεα{kBT q

� � ze�pεα{kBT q

�
� 1

kBT



. (2.62)

Thus we achieve the result:
B
Bεα

ln
�
1� ze�pεα{kBT q

� � ze�pεα{kBT q

p1� ze�pεα{kBT qq
�
� 1

kBT



, (2.63)

which can be replaced in Eq. 2.57 so we have:

xnαy � ����kBT

� �1
�

��kBT

ze�pεα{kBT q

1� ze�pεα{kBT q



. (2.64)

xnαy � ze�pεα{kBT q

1� ze�pεα{kBT q
. (2.65)

Multiplying the expression above by zepεα{kBT q

zepεα{kBT q
and replacing z by its definition, we achive:

xnαy � 1
epεα�µq{kBT � 1 . (2.66)

Note that n�
α is identical to xnαy for gα � 1, so we finally achieve:

n�
α � xnαy � 1

epεα�µq{kBT � 1 , (2.67)

which is the expression for the Bose-Einstein distribution [14].

2.4 THE IDEAL BOSE-EINSTEIN CONDENSATION

When dealing with bosons at temperatures near the limit T Ñ 0, the phenomena
known as BEC occurs [6]. It consists of all the system’s particles occupying the ground
state and hence being governed by the same wave function. Due to the fact that the
particles in question are bosons and not fermions, they are allowed to occupy the same
state according to Pauli’s exclusion principle [14]. Following the discussions in Ralph
Baierlein’s book Thermal Physics [5], the theoretical framework of the ideal BEC will be
revisited. The expected value of the number of particles for each level α is:

xnαy � 1
epεα�µq{kBT � 1 . (2.68)

The total number of particles in the system can be written as a sum of the expected values
of n for each state α:

N �
¸
α

xnαy , (2.69)

As it was mentioned, in the condensation threshold, i.e., T Ñ 0, all the particles will
occupy the lowest energy state. By denoting such state as α= 1, we can write:

N � lim
TÑ0

xn1y � lim
TÑ0

1
epε1�µq{kBT � 1 . (2.70)
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Hence it becomes possible to infer how the chemical potential will behave in such a limit.
Knowing that xn1y is a positive finite number and that N is a large one, we can assume
not only that µ   ε1 but also that both these quantities have a very close value since N is
large. By expanding the exponential in Eq. 2.70 as a Taylor series [24]:

ex � 1� x� x2

2! �
x3

3! ..., (2.71)

we have:
N � 1

1� pε1 � µq{kBT � ...� 1 , (2.72)

since the higher power terms of the series will be so small, we can neglect them and thus:

N � 1
1� pε1 � µq{kBT � 1 � kBT

ε1 � µ
. (2.73)

Solving for the chemical potential we can see that:

µ � ε1 � kBT

N
, (2.74)

and by taking the limit T Ñ 0:
µ � ε1. (2.75)

In summary, for T Ñ 0 the chemical potential has the same value as the lowest energy
level. The physical interpretation behind this equality is the following: since T Ñ 0, it
becomes clear that E � kBT Ñ 0, hence the system is free of any thermal energy to excite
the particles to higher energy levels and so they settle in the ground state. Since the only
available level is the lowest one, the chemical potential of the entire system becomes solely
the energy of the ground state and thus we conclude that µ � ε1.

2.5 DETERMINING THE CRITICAL TEMPERATURE OF CONDENSATION

A question that arises once the condensation threshold is properly analyzed is:
what exactly is the temperature at which the condensation starts to happen? To answer
this question we must fully comprehend the interplay between quantities like temperature,
energy, and chemical potential. As we have seen before, cf. T Ñ 0 we have that µ Ñ ε1.
That’s the major requirement for the condensation to happen. On the other hand, if
we increase the temperature the chemical potential will decrease until zero and remain
negative for all values of T ¡ Tc [14]. We can see that µ is zero at T � Tc through a
careful analysis of Eq. 2.74. Due to the fact that we are dealing with an ideal Bose gas,
the only energy scale present is the thermal one in a way that the second term in Eq. 2.74
represents the total energy per particle. With that in mind, we can interpret Tc as the
temperature at which the thermal energy per particle becomes ¤ ε1. Hence, it becomes
clear that for T � Tc, kBTc{N � ε1 and thus µ � 0. As a consequence, for T ¥ Tc, the
thermal energy per particle is kBT ¥ ε1, and thus no particles occupy the ground state.
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Hence if we evaluate the system in the condition that µ= 0, we may find an expression for
the critical temperature, i.e., the temperature at which the condensation starts to take
place. With this goal in mind we first rewrite Eq. 2.69, replacing the sum over all the
possible levels with an integral that goes over all the available energies. We integrate the
product between the expected number of particles xnαy and the density of states Dpεq,
defined as [5]:

Dpεq � 2πp2mq3{2
h3 vε1{2, (2.76)

where m is the particle’s mass. This quantity provides the total number of accessible states
in a determined energy range [5]. Hence, N can be computed as:

N �
» 8

0
xnαyDpεqdε, (2.77)

N �
» 8

0

1
epε�µq{kBT � 1Dpεqdε. (2.78)

Note that we have dropped the subscript α, that is because we are now integrating over a
continuous spectrum of energy, rather than evaluating a sum over discreet α energy levels.
Since we are dealing with the limit where the condensation starts to happen, we consider a
critical temperature Tc that makes µ= 0. Thus, by solving the integral we get the number
of particles in the excited states, which in this case is the total number of particles in the
system:

N �
» 8

0

1
epε{kBTcq � 1Dpεqdε. (2.79)

We can write Dpεq � Cε1{2 where C represents the constants in the definition of the
density of states [5]. Hence:

N �
» 8

0

Cε1{2

eεα{kBTc � 1dε, (2.80)

making the substitution x � ε{kBTc we have:

N � CpkBTcq3{2
» 8

0

x1{2

ex � 1dε, (2.81)

which is a tabulated integral [24] present in the definition of the Zeta function ζpzq:

ζpzq � 1
Γpzq

» 8

0

xz�1

ex � 1dx, (2.82)

where Γpzq is the Gamma function. Solving the equation above for the integral we achieve:

ζpzqΓpzq �
» 8

0

xz�1

ex � 1dx. (2.83)

Hence, we can identify this integral in Eq. 5.12 for z= 3/2 so that:

ζp3{2qΓp3{2q �
» 8

0

x1{2

ex � 1dε, (2.84)
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and N becomes:
N � CpkBTcq3{2ζp3{2qΓp3{2q, (2.85)

where ζp3{2q = 2.612 and Γp3{2q � π1{2{2, so finally:

N � CpkBTcq3{2pπ1{2{2qp2.612q. (2.86)

Recalling that C � 2π

h3 p2mq3{2v, we have:

N � 1
h3 p2mq2{3vpkBTcq3{2pπ3{2qp2.612q, (2.87)

by solving for kBTc we find the analytical expression for the critical temperature:

kBTc �
�

N

v


2{3
h2

πp2.612q2{32m
. (2.88)

It is also possible to determine an alternative expression for the ground state occupancy
in terms of Tc. First, let us denote the total number N by adding the number of particles
in the ground state xn1y and in the remaining excited states, considering they are both
finite positive numbers:

N � xn1y �
¸
α¥2

xnαy . (2.89)

Once again, rewriting the sum as an integral over a continuous energy spectrum:

N � xn1y �
» 8

0
xnαyDpεqdε. (2.90)

To proceed further we must discuss a useful approximation in this context. According to
Ref. [5], ε1 is of the order of 10�18 in a way that such a small number can be neglected
when evaluating certain calculations so we can approximate this result to ε1 � 0. With
that in mind, note that for low temperatures when µ Ñ ε1 we can also approximate µ � 0.
This approximation is extremely useful in the thermodynamic analysis of such systems.
That is because we are able to solve integrals of the type that appear in Eq. 2.80 for all
values of T and not just for T � Tc. Hence, Eq. 2.90 becomes:

N � xn1y �
» 8

0

1
eεα{kBT � 1Dpεqdε. (2.91)

Note that we can maintain the lower limit of integration as 0 because the integral evaluated
at such a condition does not contribute to N . This means that we are not counting xn1y
more than on time. The integral in the second term has already been solved for T � Tc in
the steps in which we derived an expression for the critical temperature.
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Figure 2 – Ratio between the expected occupancy of the ground state and the total number
of particles xn1y

N
as a function of the relative temperature T

Tc
. It can be noted that

for T � Tc, the condensation begins to take place. As the temperature goes to
zero, xn1y {N goes to 1. The color gradient indicates that the condensation happens
gradually as the temperature is reduced. Figure adapted from Ref. [5].

By solving this integral through the same reasoning but now for a given value of T in the
low-temperature regime, we have:» 8

0

1
eεα{kBT � 1Dpεqdε � constant � T 3{2, (2.92)

where the constant is given by all the constants multiplying T 3{2
c in Eq. 2.87. Following

our discussions, we saw that the condensation starts to happen at T � Tc in a way that
for such conditions, all the particles remain in the excited states, and as a consequence
the integral in Eq. 2.92 must yield the total number of particles N . For that to happen
tha constant multiplying T 3{2 must be expressible in the form N{pTcq3{2. Hence it is clear

that such constant can be written as N

�
T

Tc


3{2

, so finally Eq. 2.91 becomes:

N � xn1y �
�

T

Tc


3{2

N, (2.93)

which we can solve for xn1y and ahive:

xn1y � N

�
1�

�
T

Tc


3{2
�

. (2.94)
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Analyzing the limiting cases of the expression above we conclude that for T � Tc, the
occupancy of the ground state is zero, and for T Ñ 0, xn1y � N . Fig. 2 showcases the
behavior being discussed. So if we start with a temperature T ¡ Tc and gradually reduce it
to Tc, the particles will lose energy until a certain point at which they will begin to slowly
occupy the ground state, up until the point at we reach T � 0 and all of the particles are
in fact in the ground state. Suppose now that we start at T � 0 and gradually increase
the temperature, the particles will gain energy and slowly occupy the excited states, and
we reach T � Tc from below, all the particles will have left the ground state. The color
gradient in Fig. 2 indicates the gradual character of the condensation. Clearly Eq. 2.94 is
only valid for T   Tc following the limitations of the approximation µ � 0.

2.6 ACCESSING THE THERMODYNAMICS OF THE IDEAL BEC

By computing an analytical expression for the total energy of the system we
can access and analyze the thermodynamic properties of the ideal BEC. Recalling the
previous section, we have that the total energy is [5]:

xEy �
¸
α

εα xnαy . (2.95)

By considering a temperature T   Tc, we can separate the energy contributions of the
ground state E1 and the remaining excited states Eα¥2 to the total energy, so that:

xEy � E1 � Eα¥2, (2.96)

xEy � ε1 xn1y �
» 8

0

ε

epε�µq{kBT � 1Dpεqdε, (2.97)

xEy � ε1N

�
1�

�
T

Tc


3{2
�
�
» 8

0

ε

epε{kBT�µq � 1Dpεqdε, (2.98)

once again, we substituted the sum over all states by an integral with the density of states.
Approximating µ= 0, we have that:

Eα¥2 �
» 8

0

ε

eεα{kBTc � 1Dpεqdε. (2.99)

The integral above can easily be solved in a similar way as the ones above. Replacing
x � ε{kBT and recalling that Dpεq � Cε1{2 and that such integral is a tabulated one, we
have:

Eα¥2 � CpkBT q5{2
» 8

0

x3{2

ex � 1dx, (2.100)

Eα¥2 � CpkBT q5{2ζp5{2qΓp5{2q. (2.101)

Looking back to Eq. 2.85 and solving it for C, we can write C � N

pkBTcq3{2ζp3{2qΓp3{2q
.

So we have:
Eα¥2 � pkBT q5{2 N

pkBTcq3{2
ζp5{2qΓp5{2q
ζp3{2qΓp3{2q , (2.102)
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where ζp5{2qΓp5{2q
ζp3{2qΓp3{2q � 0.770 [24]. Thus we achieved:

Eα¥2 � 0.770N
pkBT q5{2
pkBTcq3{2 � 0.770 pT q

5{2

pTcq3{2 NkB. (2.103)

Hence, the complete expression that gives the total energy of the system in terms of the
temperature is:

xEy � ε1N

�
1�

�
T

Tc


3{2
�
� 0.770 pT q

5{2

pTcq3{2 NkB. (2.104)

With such relation at our disposal, we can now compute many observable properties of
the system like heat capacity at constant volume, which can be accessed through the
expression: �B xEy

BT



v

� 1.925NkB

�
T

Tc


3{2

� 3
2Tc

ε1N

�
T

Tc


1{2

. (2.105)

Recalling that ε1 is a small number, we achieve the result that for T   Tc, cv grows as
T 3{2.
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3 ANALYSING THE EFFECTS OF INTERACTION IN THE BOSE-
EINSTEIN CONDENSATE

In the last chapter, through a simple analysis of the Bose-Einstein distribution,
we could achieve interesting results concerning the thermodynamical behavior of the ideal
Bose gas. Even though the analysis of the ideal case provides satisfactory results, in the
real world particles “feel" the presence of each other. With that in mind, in this section,
we aim to revisit the framework of the interacting Bose gas.

3.1 ACCESSING THE THERMODYNAMICS OF THE NON-IDEAL BEC

Our main goal in this section, following the discussions in Pathria’s and Landau’s
books, will be to compute an expression for the system’s free energy F , from which we
can derive thermodynamic quantities of interest. We start from the Hamiltonian Ĥ that
describes a number of bosons which interact through a scattering potential Ûprq:

Ĥ �
¸
p

p2

2m
â:pâp � 1

2
¸
p
xp1

1, p1
2| Ûprq |p1, p2y â:p1

1
â:p1

2
âp1 âp2 , (3.1)

where â:p and âp are the creation and anhilation operators of particles with momentum p.
The first term in the Hamiltonian is the kinetic term, incorporating the energy transferred
in a scattering process with a transfer of momentum p. The second term refers to the
potential energy, which in this case is a scattering potential. We can interpret the product
of the four operators as the scattering of two particles, which start with momentum p1

and p2 and acquire a momentum p1
1 and p1

2 after the scattering process. The matrix
element xp1

1, p1
2| Ûprq |p1, p2y is given by:

xp1
1, p1

2| Ûprq |p1, p2y � 1
v

»
Ûprqeip�rd3r. (3.2)

This Hamiltonian, in its most general form, cannot be solve analytically. Fortunately, the
complexity of the problem is reduced under the light of the celebrated Born approximation,
which considers the scattering potential Ûprq as a perturbation of the system [21]. This
approximation is made by assuming that the range of the scattering potential is way
smaller than the actual distance between particles [15]. These considerations exist in a
system in which the particles hardly ever notice each other, hence we may call this system
a diluted Bose gas. Recalling perturbation theory, the matrix elements of a perturbation
V̂ in a Hamiltonian can be written in terms of its m order corrections. The second order
correction is given by:

Vij � V00 �
¸
n�0

V0nVn0

E0 � En

� ..., (3.3)
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where the first term represents the first order correction [21]. The difference between
the unperturbed and perturbed wave functions is essentially the value of its momentum
since the scattering potential is considered as a perturbation [14]. Before the scattering,
both particles carrie momenta p1 and p2 (unperturbed). After the scattering occurs, the
momenta become p1

1 and p1
2 (perturbed). Due to the conservation of momentum, we

express the amount of it transferred in this process by p � pp2 � p1
2q � �pp1 � p1

1q [14].
Hence, the first order correction, which refers to the matrix elements with respect to the
unperturbed wave functions, becomes:

xp1, p2| Ûprq |p1, p2y � 1
v

»
Ûprqeip0q�rd3r � U0

v
. (3.4)

where U0 is the force associated to such scattering process [26]. With this analysis, we have
demonstrated that the first order correction to the perturbation Ûprq takes into account
only scatterings which involve p � 0. This is an important result because it indicates to
us that this approximation is only valid in conditions where the collisions associated with
the scattering process are very slow. This constraint shows us that this approximation
is only valid in low-temperature regimes where the thermal energy is so low that the
collisions between particles transfer no momentum whatsoever [14]. In order to continue,
we recall the relation between the scattering length a and the potential, which in the
low-temperature regime, becomes:

a � m

4πℏ2 �
»

Ûprqeip0q�rd3r � m

4πℏ2 U0, (3.5)

where ℏ � h

2π
[14]. If the scattering length is negative, the scattering potential is said to

be attractive. If a is positive, then the potential is repulsive [15]. By substituting Ûprq for
its first order correction in the Hamiltonian, i.e., U0{v, and then writing U0 in terms of a

we come to:
Ĥ �

¸
p

p2

2m
â:pâp � 2πaℏ2

mv

¸
p1,p2

â:p1
1
â:p1

2
âp1 âp2 . (3.6)

Due to the fact that we are analyzing this Hamiltonian in the first approximation, we need
to evaluate the sums with caution because now the four operators represent scatterings
in which no momentum is transferred so the values of p are no longer arbitrary. This
constraint can be imposed by writing the Hamiltonian as:

Ĥ �
¸
p

p2

2m
â:pâp �

2πaℏ2

mv

�¸
p

â:pâ:pâpâp �
¸

p1,p2

�
â:p1 â:p2 âp2 âp1 � â:p2 â:p1 âp2 âp1

��
. (3.7)

Note that the three products involving the â and â: operators all represent scatterings in
which no momentum is transferred. In the first one, two particles with the same momenta
are annihilated and created with the same amount of such momenta. The second term
refers to scatterings in which two particles with two different initial momenta are scattered
and unaffected by such process and maintain their initial value of momentum. The third
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one represents a scattering in which the particles acquire the momentum of each other.
In this scenario, we have a particle with momentum p1 being annihilated and created
again, with the same being true for the particle with p2. Hence, this process corresponds
to a scattering with no momentum transfer. All these scattering processes are represented
schemetically in Fig. 3. We can work on these products of four operators if we recall the
commutation relations obeyed by such operators [14], which read:

raα, a:βs � δαβ; raα, aβs � ra:α, a:βs � 0, (3.8)

where δαβ is a Kronecker delta and α and β are arbitrary indicies [24]. Additionally, we
also recall that the product of the operators a:α and aα yields the particle number operator
of a state α, represented by n̂α � a:αaα [14]. Whereas the linear combination of these
products yields the total number of particles operator N̂ �

¸
α

a:αaα. The eigenvalues of

such operators are naturally the number of particles in a state α, nα, and the total number
of particles N [27]. The commutators of n̂α with a:α and aα are:

ra:α, n̂αs � aα; raα, n̂αs � �a:α. (3.9)

With these relations in mind, we can rewrite the products of four operators. Starting with
the first sum in Eq. 3.7, we have:¸

p
a:papa:pap �

¸
p

a:ppa:pap � 1qap, (3.10)

where pa:pap � 1q comes from the first relation in Eq. 3.8. By applying the distributive
property, we achieve:¸

p
a:ppa:pap � 1qap �

¸
p

a:papa:pap � a:pap �
¸
p

n̂2
p � n̂p �

¸
n̂2

p � N̂ . (3.11)

Following a similar procedure, the second sum in Eq. 3.7 can be rewritten knowing that
âp2 âp1 � âp1 âp2 and also that â:p2 âp1 � âp1 â:p2 . Hence, we have:

¸
p1,p2

â:p1 â:p2 âp2 âp1 �
¸

p1,p2

a:p1 â:p2 âp1 âp2 �
¸

p1,p2

a:p1 âp1 â:p2 âp2 , (3.12)

which we can further develop by recalling n̂α= a:αaα, so it follows that:¸
p1,p2

a:p1 â:p2 âp1 âp2 �
¸

p1,p2

n̂p1n̂p2 �
¸

p1,p2

n̂p1pN̂ � n̂p1q � N̂2 �
¸
p

n̂2
p. (3.13)

The third and last sum in Eq. 3.7 is essentially the same as the second one. To go from one
to the other we only need to commute a:p1 â:p2 with a:p2 â:p1 . Hence, the result in Eq. 3.13 is
also valid for such a term. So we have:¸

p1,p2

â:p2 â:p1 âp2 âp1 �
¸

p1,p2

� a:p1 â:p2 âp1 âp2 � N̂2 �
¸
p

n̂2
p. (3.14)
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Figure 3 – Schematic representation of the scattering processes which involve a null momentum
transfer. Adapted from Ref. [14].

By substituting Eqs. 3.11, 3.13, 3.14 in the hamiltonian, we achieve:

Ĥ �
¸
p

p2

2m
n̂p � 2πaℏ2

mv

�
�
�

��
¸
p

n̂2
p � N̂ � N̂2 �

�
�
��

¸
p

n̂2
p � N̂2 �

¸
p

n̂2
p

�
. (3.15)

Ĥ �
¸
p

p2

2m
n̂p � 2πaℏ2

mv

�
2N̂2 � N̂ �

¸
p

n̂2
p

�
. (3.16)

Now that we have a Hamiltonian written in terms of the operators N̂ and n̂p and we know
exactly what the eigenvalues of such operators, the eigenenergies are:

Etnpu �
¸
p

p2

2m
np � 2πaℏ2

mv
p2N2 �N �

¸
p

n2
pq, (3.17)

which can be approximated to:

Etnpu �
¸
p

p2

2m
np � 2πaℏ2

mv
p2N2 � n2

0q, (3.18)

following that N �
¸
p

n2
p � n2

0, where n0 is the number of particles in the ground state [14].

From the expression above, we can probe an expression for the system’s ground state. For
T � 0, we have that the number of particles in excited states with momentum np is zero
cf. the discussions in the last chapter. Naturally under this condition, n0 � N and so we
have:

E0 � 2πaℏ2N2

mv
. (3.19)

With the eigenenergies in hands, we can compute the system’s partition function ZN

through:

ZN �
¸
tnpu

expp�βEtnpuq � ln
¸
tnpu

exp
#
�β

�¸
p

p2

2m
np � 2πaℏ2

mv
p2N2 � n2

0q
�+

. (3.20)

To finally access the free energy F , we must compute the logarithm of the partition
function, so that:

ln ZN � ln
¸
tnpu

expp�βEtnpuq �
¸
tnpu

exp
#
�β

�¸
p

p2

2m
np � 2πaℏ2

mv
p2N2 � n2

0q
�+

, (3.21)
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ln ZN � ln
¸
tnpu

#
exp

�
�β

¸
p�0

p2

2m
np

�
exp

��2βπaℏN2

mv

�
2� n2

0
N2


�+
. (3.22)

Note that the term exp
��2βπaℏN2

mv

�
2� n2

0
N2


�
does not take part in any of the sums,

so we may write:

ln ZN � ln
#

exp
��2βπaℏN2

mv

�
2� n2

0
N2


� ¸
tnpu

exp
�
�β

¸
p

np
p2

2m

�+
, (3.23)

based on the fact that logpabq � logpaq � logpbq, the logarithm of the partition function
becomes:

ln ZN � ln exp
��2βπaℏN2

mv

�
2� n2

0
N2


�
� ln

¸
tnpu

exp
�
�β

¸
p

np
p2

2m

�
. (3.24)

The second term is simply the logarithm of the partition for the ideal quantum gas
ln ZNpidealq

[14]. That is because it corresponds to a system where the only energy scale
present is the one associated with the kinetic energy. so we have:

ln ZN � ln ZNpidealq
� 2βπaℏN2

mv

�
2� n2

0
N2



. (3.25)

Plugging Eq. 3.25 in F � �kBT ln ZN , we achieve the system’s free energy:

F � �kBT ln ZNpidealq
� kBT

2βπaℏN2

mv

�
2� n2

0
N2



. (3.26)

From this expression, all the thermodynamic quantities of interest can be obtained.
Additionally, we can extract some useful information about this system if we recall the
relation between n0{N and the thermal de Broglie wavelength λ [14], which is given by:

n0

N
� 1� λ3

c

λ3 ., (3.27)

where λc is a fixed critical value of λ associated to Tc. Thus the expression of F in terms
of λ is:

F � �kBT ln ZNpidealq
� kBT

2βπaℏN2

mv

�
2�

�
1� λ3

c

λ3


2
�

, (3.28)

F � �kBT ln ZNpidealq
� kBT

2βπaℏN2

mv

�
1� 2λ3

c

λ3 �
λ6

c

λ6



. (3.29)

Analyzing this expression we can see that the free energy of the system is simply its ideal
component added to a correction associated with the interactions. Furthermore, the term
related to the interactions depends on the negative powers of λ. Recalling that λ91{T ,
we can see that for low temperatures these terms are really small, which means that
the interactions hardly affect the thermodynamics of the system [14]. This statement is
in accordance with the fact that the scattering potential was considered to be a mere
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perturbation in the Hamiltonian. Interestingly, there is a term with no dependence on T ,
this term refers to the ground state energy of the system. Hence we have achieved our goal
of computing the free energy of an interacting Bose gas, however, many approximations
had to be made. For a more accurate description of this system, higher-order corrections of
the perturbation would be necessary, which be done at the cost of increasing the problem’s
complexity.

3.2 THE BRILLOUIN PARAMAGNET AND THE BOSE-EINSTEIN CONDENSA-
TION

The Brillouin paramagnet is a model used to describe the paramagnetic prop-
erties of non-interacting localized particles [5]. For a system with one particle with angular
momentum J � 1{2, its partition function is given by:

ZN �
�
e

µBB

kBT � e
�

µBB

kBT

�
, (3.30)

where µB is Bohr’s magneton and B the applied magnetic field. Through trigonometric
relations, we can write the partition function as:

ZN �
�
2 cosh

�
µBB

kBT


�
. (3.31)

Recalling that F is connected to ZN by F � �kBT lnpZNq, it becomes possible to compute

the system’s entropy using the relation S � �
�BF

BT



N,B

. Hence, we have:

SpT, Bq � kB

"
ln
�
2 cosh

�
µBB

kBT


�
� µBB

kBT
tanh

�
µBB

kBT


*
. (3.32)

The following discussion is based on Ref. [11]. By taking the limit B Ñ 0, the entropy
takes the value

SpT, 0q � kB lnp2q. (3.33)

For B � 0, the entropy loses its temperature dependence and furthermore, it becomes
finite as the T Ñ 0. Such a scenario violates the third law of Thermodynamics [17]. It
was proposed in Ref. [11] that to contour this situation it becomes necessary to take the
interactions between spins into account. As T Ñ 0, the energy scale associated with the
dipolar interaction between spins becomes more expressive. Such interaction is responsible
for the emergence of a local magnetic field Bloc which allings the spins in its direction. The
alignment of the spins clearly favors the ordering of the system. Thus, it becomes possible
to conclude that the ground state of a Brillouin paramagnet is in fact a ferromagnet.
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Figure 4 – Schematic representation of the appearance of the ferromagnetic phase in the Brillouin
paramagnet, due to the presence of the local field Bloc which is originated by the
magnetic dipolar interactions. As the temperature is reduced, cf. T1 ¡ T2, the magnetic
energy becomes more expressive than the thermal scale and thus the particles align
themselves according to Bloc for T � 0. Figure taken from Ref. [11].

Mathematically, we can replace B in the entropy expression by Br �
a

Bloc �B, which
incorporates both the external field applied to the system and the local field produced by
the interactions. Hence, when B � 0, the entropy is temperature-dependent and the Third
Law of Thermodynamics is not violated. The establishment of a ferromagnetic regime
was identified as an analogous phenomenon of a BEC. Hence the goal of this section is to
explore the connections and similarities between both phenomena in order to clearly state
the role played by interactions in the BEC. As we have discussed in the former section,
the particles in Bose-Einstein condensate interact through the process of scattering [15].
The scattering length a was obtained through the Born approximation which implicates
in diluted systems so the collisions between particles are quite rare [21]. Hence, the effects
of such interaction are not expressive. However, in a system with a higher density, the
rate of collisions is dramatically enhanced [28]. In such scenarios the effect of interactions
becomes essential to the manifestation of the BEC [27]. It was mentioned in the last
section that what dictated whether the scattering potential was attractive or repulsive was
the sign of the scattering length a [15]. Interestingly, the attractiveness or repulsiveness of
the scattering potential dictates the manifestation of the BEC [27]. By lowering T , the
energy scale associated with the kinetic energy becomes less expressive. In such conditions,
the energy scale associated with the scattering potential starts to dominate the system,
and thus a competition between the attractive and repulsive potential sets in. In the
attraction regime, as T is reduced, the particles of the system condense in the system’s
ground state and also come close to each other, as a consequence of the attraction potential
becoming more expressive. Hence, this grouping of particles in a single point gives rise to
an energetical instability which causes the condensate wave function to split [27].
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Figure 5 – Schematic representation of evaporative cooling of harmonic trapped particles. In (a)
particles are imprisoned by the potential. The color gradient indicates higher energy
levels of such potential. In (b) the energy scale associated with the potential is being
reduced which is represented by the appearance of dashed lines thus allowing the
faster particles to escape, indicated by the arrows. The scaping particles carry away
the thermal energy and thus the system is cooled. (c) A small number of very slow
particles are left in the system. Figure taken from Ref. [29].

In Dirac’s notation, the ket associated with the ground state |Ψy can be
constructed with N applications of the operator a:θ in the vacuum state |0y. When a:θ acts
on |0y a particle in a state |θy is created. The state |θy is the first vector of a basis |θky.
Since only acts on θ we have an assembling of particles in the first basis vector of |θky.
Hence, the wave function of a Bose-Einstein condensate in Dirac’s notation is given by [27]:

|Ψy � 1?
N !

ra:θs |0y , (3.34)

where 1{
?

N ! is a normalization constant. The mentioned instability causes |Ψy to split all
of its particles into other states of the basis |θky in order to restore equilibrium. Denoting
two different vectors of such basis by |θay and |θby, we have that the wave function of a
split condensate is:

|Ψy � 1?
Na!Nb!

ra:θa
sra:θb

s |0y , (3.35)

where a:θa
and a:θb

are the creation operators in the states |θay and |θby. Under these
conditions, the attractive potential is essential to the fragmentation of the condensate
and thus essential to its establishment as a stable phase of the system. If a ¡ 0, then the
scattering potential causes the particles to move away from each other. This causes the
particles to remain apart from each other and allows them to occupy the ground state with
no instability. In this scenario |Ψy remains intact and we have a stable condensate. Hence,
we can see that the interaction between particles is essential to the stability and occurrence
of the BEC [27]. With this discussion in mind, we can make a comparison between the
BEC and the appearance of the ferromagnetic phase in the Brillouin paramagnet. In both
cases, as T is reduced, the energy scale associated with the interactions becomes more
expressive and thus favors the ordering of the system. On the frame of the BEC, the
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establishment of this order manifests itself in the condensation. For the paramagnet case,
the appearance of the ferromagnetic phase is the manifestation of the ordering of the
system [11]. Interestingly, for the condensation of dipolar molecules, the dipolar interaction
plays an analogous role as the scattering potential in determining the stability of the
condensate [30]. In this sense, the dipolar molecular interaction acts on the BEC in the
same manner as the dipolar magnetic interaction acts on the Brillouin paramagnet. The
effects of interaction between particles also play a key role in the experimental realization of
the BEC. For such experiments the process of evaporative cooling is essential for achieving
the temperatures required for the condensation [9]. In this context, this cooling method is
directly linked with harmonic trapped particles and consists essentially in lowering the
energy scale associated with the trapping potential thus allowing the particles with a
higher energy to escape. If we define a trapping energy of ηkBT , where η is the so-called
truncation parameter, the particles which carry kinetic energy p2

2m
¥ ηkBT , will escape the

trap [28]. Such escaping particles carry away thermal energy and thus the system is cooled.
Hence, the rate at which the system is cooled is proportional to the number of elastic
scattering processes that transfer an amount of energy E ¥ ηkBT [28]. For a constant η,
the relation between the cooling rate 1{τev and the rate of such elastic collisions 1{τel is
linear and given by:

λ� � τev

τel

, (3.36)

where λ� is a parameter that depends only on η and τev and 1{τev are the time constants
associated with the evaporation and scattering process [28]. We can write the latter as
1{τel � nV σ where n is the particle density, V the speed of such particles, and σ the
scattering cross-section. Thus, we have:

nvσ � 1
1{τev

λ. (3.37)

Note that if we increase the density, the cooling rate is enhanced due to an increase in the
number of collisions, as expected. As a result of this enhancement in the cooling rate, T is
reduced and thus the attractive/repulsive potentials become more expressive, and thus
the processes discussed earlier in this section start to take place.
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4 EXPERIMENTAL ASPECTS

In this chapter, we shall revisit major points concerning the experimental
realization of a BEC, which include important physical concepts associated with the
experiments and historical aspects. Furthermore, the experiments performed at the Solid
State Physics lab will be discussed, due to their great importance in supplementing
theoretical results.

4.1 INTIAL DISCUSSIONS AND PREDICTIONS

Before discussing the experimental character of BEC, we shall elucidate some
major historical points that led to its first experimental realization. In the early 20th century,
the physicist S. Bose managed to derive Planck’s distribution law which describes the
energy density irradiated by a black body in thermal equilibrium based on the framework
of Statistical Mechanics [7]. At the time, the corpuscular character of electromagnetic
radiation was already well established, so the work of Bose indicated that the formalism
of Statistical Mechanics could be used to describe quantum phenomena. Bose sent a
copy of his works to A. Einstein in 1924, who immediately recognized the importance
of Bose’s work and started to work on his own in what would be known in the future
as Quantum Statistical Mechanics. Einstein realized that a system consisting of bosons,
indistinguishable particles that hold an integer value of spin, would undergo a phase
transition at extremely low temperatures as a result of the total suppression of thermal
energy in the system [6]. Since N bosons are allowed to ocupate the same quantum state
when T Ñ 0 all particles condense in the lowest energy state. All predictions made by
Einstein in the 20s remained restricted to the theory alone because, at the time, no real
system was known to present the physical characteristics of the condensate. It was only in
1938, that Fritz London conjectured that the superfluid transition of 4He, was in fact an
effect of BEC [5,31]. The phase transition just mentioned is famously known as lambda
transition, because the specific heat versus temperature graph (Fig. 6), has a similar form
as the Greek letter lambda λ. London’s suggestion was based on comparing the graphs of
the lambda transition and the graph of the heat capacity as a function of the temperature
of the ideal Bose gas, which have similar shapes. An interesting idea that came as a way
of proving or disproving London’s suggestion was to analyze the cooling of 3He and check
if a lambda transition would be observed. That is a good idea because these isotopes of
Helium differ only by their net spin value, while 4He has a net spin equal to zero, 3He has a
net spin of p1{2qℏ. In other words, 4He presents a bosonic character while 3He a fermionic
one. Hence, if 3He does not go through a lambda transition, we can conclude that this is
due to the fermionic character of 3He. As it is now well known, 3He does not present a
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Figure 6 – Heat capacity of liquid 4He as a function of temperature. At a temperature Tλ � 2.17
K, the system goes through a superfluid transition [32]. Figure taken from Ref. [5]

lambda transition at any temperature [32]. Thus we conclude that such phenomena are
intrinsically connected to the bosonic character of 4He.

4.2 INITIAL STEPS TOWARDS BEC EXPERIMENTS

The conclusion that 4He could manifest the BEC influenced the scientific
community to search for other systems that would be appropriate to manifest a BEC and
to develop a new experimental setup to do so. Obviously, the physical conditions for such
experiments are very precise so the task would be no easy one. The breakthrough of laser
physics was of extreme importance in this context, since the high intensity and dexterity
of laser beams permitted the formulation of experiments with unprecedented precision.
In 1968, V. S. Letokhov proposed trapping atoms with high-intensity electromagnetic
fields [33], and in 1975 T. W. Hänsch and A. L. Schawlow suggested that laser beams
could be used to cool down a system [34], these consist the two main ideas behind the
first experimental realization of a BEC. The pioneer experiments that involved trapped
atoms consisted of a three-dimensional laser setup known as optical molasses [35]. However,
such traps were not efficient enough for a large number of atoms. A more sophisticated
method was required to cool down many atoms and it was proposed in 1987 by y D. E.
Pritchard’s group in collaboration with S. Chu’s group [36]. This new setup consisted of
an optical trap combined with a magnetic field known as MOT (magneto-optical-trap)
enabling the trapping of a larger number of atoms. As for the laser cooling, consisted of
making the atoms move in the opposite direction of the beam in a way that they would
collide with photons, absorb them, and thus lose speed. As we have already discussed,
the process known as evaporative cooling proved itself efficient in this context. Another
major concern at the time was the real system that could be used as a sample to manifest
the condensation. One of the first candidates was the spin-polarized Hydrogen [37]. Since
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this isotope of hydrogen contains nothing but one proton and one electron, their spins
cancel each other in a way that the net spin of the atom is zero. An alternative to the
spin-polarized hydrogen was the alkali metals, elements of the first column of the periodic
table that have atoms with bosonic character due to their single valence electron, which is
discussed in the next section.

4.3 CONDENSATION OF ALKALI DILUTED GASES

In 1995 at the University of Colorado, the JILA (Joint Institute for Laboratory
Astrophysics) research group led by Carl Wieman, with the support of post-doc. Eric
Cornell, produced the first BEC in history, using a dilute gas of rubidium atoms [38].
Upon cooling and trapping the Rb sample with the methods mentioned in the former
subsection, temperatures on the scale of 170 nK could be achieved. The experiments
in which a BEC was achieved consisted essentially of a combination of the two cooling
techniques we discussed so far. The challenge was to understand how to combine these
two techniques. That is because laser cooling is more efficient at low densities [9]. Higher
densities would cause the laser beams to be absorbed by the particles rather than slowing
them down.

Figure 7 – Schematic representation of the experimental setup developed by Wieman’s group.
Note that the laser beams all converge to the center of the trap, playing the role of
cooling the sample. The white arrows indicate the time orbiting potential, responsible
for maintaining the particles in the same spin state [8]. Figure taken from Ref. 38.

Evaporative cooling on the other hand is favoured at high densities [28]. Cornell and
co-workers built an apparatus that combined both cooling methods. Initially, the particles
were trapped by an MOT and thus laser-cooled to the point at which the system’s density
became ideal to evaporative cooling. Then, the laser beams are turned off and the Time
orbiting potential trap is turned on (TOP). This new trapp was developed with the goal
of avoiding the so-called Majorana flips which represented a limitation of the MOTs [39].
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Figure 8 – Velocity distribution of sodium atoms in the vapor utilized by Ketterle’s group. A
beam of light was emitted in the sample and the shadow it cast provided data about
the velocities of the particles. (a) displays a gas cloud just above the condensation
temperature while (b) shows that a few particles are already condensed and (c)
displays the system in temperatures way below the condensation temperature. Note
that the ellipsoidal shape of the gas cloud is also present in these results [9]. Figure
taken from Ref. [9].

These flips are a consequence of the fact that the laser responsible for trapping the atoms in
the MOTs cancels each other at the center of the trap, allowing certain spin fluctuations [9].
The setup developed by Cornell consisted of a rotational magnetic field that covered the
entire area of the trap thus preventing such phenomena [40]. The first signs of condensation
appeared at temperatures of 170 nK with a number of particles in the order of 2 � 104.
When such temperatures were reached, the TOP was turned off for a certain amount of
time in order to allow the atomic vapor to disperse. During this process, a beam of light
was cast on the vapor, and by analyzing the shadow of the sample cast, it was possible
to confirm the manifestation of a BEC. The regions that cast a stronger shadow, are at
the center of the cloud, i.e., the region that contains the colder/slower atoms while the
surrounding regions contain the faster atoms that were escaping the trap. The velocity
distribution was such that the non-condensed atoms, i.e., the atoms that were further away
from the center of the trap, presented an isotropic and regular velocity distribution, which
is an expected result for gases in thermal equilibrium [14]. Such behavior is displayed at
insert A in Fig. 9. The atoms at the center of the trap, however, presented an anisotropic
velocity distribution which is a reflection of the irregularities of a TOP. The fact that
a whole portion of the cloud obeyed an anisotropic velocity distribution, was a strong
indication that all those particles were governed by the same wave function, one of the
main features of a Bose-Einstein condensate. Such a statement is reasonable because the
extremely low temperatures implicated that such particles had practically zero thermal
energy so the only energy scale present was from the TOP. The ellipsoidal shape displayed
at inserts B and C in Fig. 9 is a direct manifestation of the non-uniform velocity distribution
of the particles at the center of the trap. Interestingly, Wieman’s group was not the only
one making efforts to achieve a BEC at the time. Wolfgang Ketterle’s group at MIT was
also into it and they succeded as well using sodium instead of rubidium as the sample [9].
The condensation started to take place at temperatures of the order of � 2µK and the
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Figure 9 – Velocity distribution of the particles. The darker regions in the center of the figure
represent the colder and slower atoms that remained trapped after evaporative cooling
took place. Insert (A) showcases the system at temperatures above Tc, (B) shows the
moment the condensation starts to take place at temperatures � Tc and in (C) we
can see the ellipsoidal shape of condensed particles. Figure taken from Ref. [8].

results achieved by them are very similar to the ones mentioned before, see in Fig. 8. For
their outstanding achievements in experimental Physics, Wieman, Cornell, and Ketterle
shared the Nobel Prize in Physics in 2001.

4.4 THE SOLID STATE PHYSICS LABORATORY

The experiments performed under the supervision of Prof. Dr. Mariano de
Souza at the Solid State Physics Laboratory at Unesp Rio Claro, lay the foundation
for all the results obtained by the research group, both theoretical and experimental
ones. Most importantly, measurements of the thermal expansion coefficient and dielectric
constant at low temperatures in systems such as the Fabre-Bechgaard salts are carried
in a cryostat of the model Teslatron PT, provided by Oxford Instruments, with financial
support by Fapesp (Grants-2011/22050-4). The mentioned class of materials is interesting
because they present a rich phase diagram, which includes a superconducting phase
[41]. Hence, by controlling parameters such as pressure and temperature, it becomes
possible to experimentally access phase transitions and critical phenomena. Interestingly,
measurements of the thermal expansion (αp) coefficient are of extreme importance in this
context. As we have already mentioned before, can be used to track and evaluate phase
transitions and critical phenomena. Recalling that αp is incorporated in the definition of
the Grüneisen ratio and it is responsible for the singular behavior of Γ on the verge of
critical points [19], it becomes possible to experimentally access the singular behavior of Γ.
Hence, theory and experiment supplement each other, providing precise and concise results.
Furthermore, αP can be written in terms of the derivative of the Helmholtz free energy
with respect to volume and temperature. Hence, by measuring the thermal expansion
coefficient, it becomes possible to experimentally access in an indirect way the system’s
free energy. The measurements of the thermal expansion coefficient are made by means of
an analysis of the changes in capacitance between the two plates of a dilatometric cell.
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* Thanks to Fapesp,  Grants - 2011/22050-4

Figure 10 – The Solid State Physics Laboratory in Rio Claro, SP at São Paulo State University

The material which is being analyzed is fixed to one of the plates of the capacitor. Such a
plate is mobile and, as the solid expands, the distance between the plates decreases and
thus the capacitance between them is increased. By recording the values of capacitance, it
is possible to infer how much the solid expanded, and thus the thermal expansion coefficient
can be computed. Interestingly, measurements of αp can provide more information than
one can usually expect. Besides telling us how the dimensions of a sample change with
temperature, we can also experimentally verify the theoretical results predicted under
the light of Γ [10]. The functioning of the Teslatron PT cryostat consists essentially of
a closed cycle of He4 which is cooled by a compressor. The He4 gas goes through the
lines and can cool the system down to temperatures in the order of 1.4 K. The pressure
in the circulating lines is controlled by the so-called needle valve. Thus, by controlling
temperature and pressure it is possible to access various exotic phases of matter. In
order to maintain optimal conditions for the system to cool down, the lines at which
He4 circulates need to be cleaned from time to time. Such a procedure is executed with
vacuum pumps, which purge the circulation lines and thus remove any moisture that could
compromise the experiments. Additionally, we have the so-called zeolite trap, which is
responsible for retaining impurities present in the gas. By means of the vacuum pumps
and the zeolite trap, optimal conditions for the realization of the experiments are ensured.
Considering the points discussed, it becomes clear that although BEC experiments are
not performed at the Solid State Physics Lab, the performed experiments are of vital
importance in understanding theoretical results. In the following, we shall discuss the basic
aspects concerning the system cool-down, covering the most important steps in order to
achieve temperatures in the scale of 1.4 K. First, we confine approximately 0.6 bar of the
circulating gas in a storage tank. In order to guarantee homogeneity of the circulation of
the gas in the lines, which is crucial for the achievement of low temperatures, the tank is
open and the gas is left circulating for around 12 hours before the cooldown is actually
started. Next, the F-70 Sumitomo compressor is turned on, which is responsible for cooling
the circulating gas. To avoid an overheating of the compressor, the system is connected to
a refrigerating device known as a chiller. Such equipment is responsible for continuously
cooling the compressor through a flow of water at approximately 17.5°C. With that in
mind, the chiller must be turned on around 15 minutes before the compressor.
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Figure 11 – Typical profile of the PT2, magnet, and sample space temperatures as a function of
time. We can see that the PT2 temperature is diminished at a faster rate, that is
because it is in direct contact with the circulating gas.

The main goal of performing such previously discussed procedures is to cool down the
sample space, where the sample rod is inserted. The sample rod is the equipment to which
the material under analysis is attached. Such low temperatures are achieved in the sample
space through its contact with other parts of the cryostat which are cooled before. The
circulating gas is in fact in contact with the so-called PT2 which in turn is in contact
with the magnet located in the basis of the cryostat. The magnet exchanges heat with
the sample space through an exchange gas in its interior. Hence, it is expected that the
PT2 is cooled at a faster rate, followed by the magnet, and thus the sample space. The
measurements of the temperatures of these three components of the cryostat are collected
through a routine in software installed in the computer. Fig. 11 displays the values of
temperature for the PT2, the magnet, and the sample space as a function of time. Heat
exchanges between the sample space and its surroundings is prevented due to the outer
vacuum chamber (OVC) which isolates the sample space. The cooldown at which these
curves were observed, was performed in the context of the measurements of the thermal
expansion coefficient of the material known as purple bronze. The experiment occurred in
the first week of August of 2024 and was supervised by Prof. Dr. Mariano de Souza and
with the support of post-doc Lucas Squillante. Other students of Prof. Dr. Mariano and I
had the opportunity to accompany and assist in the realization of the experiments.
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5 EXPLORING THE THERMODYNAMICS OF THE NON-IDEAL BEC

The goal of this chapter is to estimate and analyze the behavior of the Grüneisen
parameter on the verge of the BEC of interacting particles. To do so, we shall rely on
seminal books of Statistical Mechanics and thermodynamics and also, on results reported
in the literature. Recently, parameters that emulate the role played by pressure and volume
in harmonic trapped gas were defined in order to make the thermodynamic analysis of
such systems possible. Hence, by collecting experimental data reported in the literature
concerning the measurements of such parameters, we shall obtain and analyze both αP

and cP and naturally Γ. We shall discuss the behavior of αP and cP near Tc.

5.1 VOLUME AND PRESSURE PARAMETERS FOR HARMONICALLY TRAPPED
PARTICLES

As we have already discussed, harmonic traps are essential for the experimental
realization of the Bose-Einstein condensation [8, 9]. The efficiency and physical accuracy
of the framework associated with harmonic trapped BECs are well established in the
literature. However, the thermodynamic analysis of a harmonic-trapped BEC still remained
a topic of discussion. This is due to the particles being imprisoned by a three-dimensional
external harmonic potential Uext, given by [16]:

Uext � 1
2m

�
ω2

xx2 � ω2
yy2 � ω2

zz2� , (5.1)

where ωi are oscilation frequencies in each direction and x, y, z the spatial coordiantes [16].
The fact that the particles are imprisoned by a potential and not by rigid walls implies
that the quantity known as volume, loses its meaning. Additionally, due to the absence of
walls, the concept of pressure, defined as the force applied to a certain area, also loses its
meaning because there is no area where the force can be applied. Since such fundamental
properties as volume and pressure are not applicable in this scenario, the thermodynamic
analysis of this sort of system is jeopardized. In this context, it was recently proposed
that such analysis could be evaluated under the light of newly introduced thermodynamic
parameters which would emulate well-known quantities like volume and pressure [16]. Such
parameters are defined as:

V � 1
ωxωyωz

; P � 2
3ω3

i xUexty . (5.2)

The physical interpretation of the so-called volume parameter V can be facilitated if we
recall the connection between frequency and energy. Since ωi denotes the frequency of
oscillation of the confining potential, we can infer that high values of ωi implicate in a
large value of energy associated with the potential.
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Figure 12 – Pressure parameter Π at constant volume parameter as a function of the temperature.
The regions indicated by BEC and BEC+Thermal refer to conditions in which the
system is mixed, presenting a condensed phase and a gaseous and also where the
gaseous phase is dominant respectively. The values of constant volume parameter are
V1 � p1.9� 10�7qs3, V2 � p6.4� 10�7qs3, V3 � p3.2� 10�7qs3, V5 � p1.75� 10�7qs3,
V7 � p1� 10�7qs3. Figure taken from Ref. [42].

Hence, the mobility of the particles in the energy levels of such potential is restricted. That
is because a very small number of particles have the necessary energy to transit through
the higher energy levels. Thus, high frequencies characterize a small volume parameter. On
the other hand, for a potential that oscillates with lower frequencies, the energy associated
to it would be also small. Under these conditions, the mobility of the particles through the
energy levels is enhanced. Thus, smaller frequencies characterize a large volume parameter.
The pressure parameter is interpreted as the manner in which the potential is distributed
along the possible values of ω, i.e., how it is distributed along the volume parameter.
This interpretation is reminiscent of the ideal gas law, written in the form P � 2

3U{v,
where U is the internal energy of the gas. Recently, measurements of such parameters as a
function of temperature and as a function of one and other were reported for a system
composed of 105 Rb atoms [42,43]. Fig. 12 showcases the pressure parameter as a function
of the temperature. Note that above the critical temperature, we observe that P grows
linearly with T in a behavior typically associated with the ideal gas. This is due to the
fact that for high temperatures, the equation of state of the boson gas becomes simply the
ideal gas law [14]. For temperatures bellow Tc, P assumes a different dependence with T .
This change is due to the fact that at low temperatures, quantum effects become more
expressive and we observe a deviation from the classical case. We can compare the results
shown in Fig. 12, which were extracted from Ref. [42] with the equation for the state of
the ideal Bose gas. Figure 13 displays the equation of state of the Fermi, and Bose gas and
also of the classical ideal gas. Also Fig 13 indicates the occurrence of the formation of the
Bose-Einstein condensate and the Fermi liquid regime.



45

Figure 13 – Comparison between the equations of state of the ideal classical gas and ideal
quantum gases as a function of the relative temperature T

T0
where T0 is a reference

value of T . Note that at high temperatures the two quantum gases behave essentially
as a classical ideal gas. For low temperatures, quantum effects need to be taken
into account and thus each gas behaves in a unique manner. The formation of the
Bose-Einstein condensate and the Fermi liquid is indicated at T � 0. Figure taken
from Ref. [29].

We can see that at high temperatures the two quantum gases behave like a classical ideal
gas. At low temperatures, the two types of gases behave distinctly and that is because
at low temperatures, quantum effects become expressive. As a consequence of Pauli’s
exclusion principle, for T Ñ 0, the particles of the Fermi gas distribute along a number of
energy levels. The highest energy level occupied is the Fermi level, with an Fermi energy
εf associated with it [5]. Hence, the pressure of the Fermi gas at T � 0 is due to the finite
energy scale associated with the Fermi level, which remains at T � 0. On the other hand,
the Bose gas goes through the Bose-Einstein condensation as discussed above. The ground
state energy of an ideal Bose gas is given by:

ε1 � 3h2

8m

1
V 2{3 . (5.3)

The value of this number is of the order of 10�18 eV, [5]. These value was obtained consid-
ering the mass of one helium atom and v � 10�6m3 Thus, it is common to approximate
the energy of the ground state of the ideal Bose gas to zero. Since all particles condense
into the ground state, i.e., ε � 0, the pressure naturally becomes null. Figure 14, depicts
the volume parameter as a function of temperature. Just as with the conventional volume,
the volume parameter also increases with temperature. In the context of harmonic trapped
particles, the volume parameter increases with temperature because thermal energy is
being added to the system, thus permitting the particles to occupy higher energy levels.
In the same manner as the pressure parameter, for T ¡ Tc the volume grows linearly
with temperature, following the ideal gas law, while for T   Tc, quantum effects cause
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the dependence between V and T to change. [43]. From the isochore curves in Fig. 12 the
authors of Ref. [42] were able to plot the isotherms for this system which are displayed at
Fig. 15. The behavior of the V vs P curves follows the same pattern as the other plots,
with the condensation causing a change in the dependence between V and P . Curiously, in
the mixed regime, V and P still depend on each other, while in the ideal case, the volume
becomes pressure-independent [14]. With these three plots we just discussed, we will be
able to access the thermodynamic quantities required to evaluate Γ.

Figure 14 – Volume parameter at constant pressure parameter as a function of temperature.
The grey region indicated by BEC+Thermal corresponds to conditions where the
system presents a mixture of condensed and uncondensed particles. The white
region indicated by Thermal corresponds to conditions where the gaseous phase
is dominant. In the same manner as in Fig. 12, the change in the dependence on
temperature is a consequence of the Bose-Einstein condensation. The various different
values of pressure parameter are P3 � p3� 10�19qJ s3, P4 � p4� 10�19qJ s3, P6 �
p6�10�19qJ s3, P10 � p10�10�19qJ s3, P20 � p20�10�19qJ s3, P40 � p40�10�19qJ s3,
P60 � p60� 10�19qJ s3, P80 � p80� 10�19qJ s3. Figure taken from Ref. [43].
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Figure 15 – Volume parameter as a function of the pressure parameter at constant temperature,
i.e., the isotherms of an interacting Bose gas. The labels BEC+Thermal in the grey
region and Thermal in the white one follow the pattern of Fig. 14. The various
temperature values are indicated in the graph. Figure taken from Ref. [42].

5.2 COMPUTING THE GRÜNEISEN RATIO

As we have already discussed, Γ is defined as the ratio between the thermal
expansion coefficient and the specific heat, both at constant pressure. In this section, we
shall plot Γ for harmonic trapped interacting particles. Naturally, the thermal expansion
and specific heat will be expressed in terms of the volume V and pressure P parameters
instead of the conventional volume and pressure. Hence, we shall denote such quantities
for harmonic trapped particles as αP and cP . We shall begin with the specific heat at
constant pressure parameter, which we can obtain through the relation we derived in
earlier sections:

cP � cV � T

�
BP
BT

�2
V�

BP
BV

�
T

. (5.4)

In Ref. [44], cV is given by:

cV � 3
ω3

i

�BP
BT



V

. (5.5)

With the plots shown in the last section, we can extract the required derivatives and
plot cP . Due to the small number of experimental points, we considered also the points
associated to the fittings. In Fig. 16 we can see the specific heat at constant pressure
parameter as a function of the temperature. For values of T near Tc we can see that cP is
enhanced and to understand the reasons behind such enhancement, we must recall the
connection between cP , the entropy, and the ground state energy. As we decrease the
temperature to values below Tc, the particles begin to condense in the system’s ground
state. The energy scale of such a state is independent of T and thus does not contribute
to the system’s entropy [14]. Hence, in the limit of T Ñ 0, all the particles will occupy
the ground state and thus S Ñ 0. Since cP can be written in terms of the derivative of S
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with respect to T , when S � 0 the specific heat will also go to zero. With that in mind,
if we increase the temperature from values below Tc, the particles will start to occupy
the excited states, which contribute to the system’s entropy. Due to this enhancement
in entropy, an enhancement in the specific heat is also observed. In Ref. [44], cV was
computed and also exhibited an enhancement for T � Tc . Now we shall analyze αP on
the verge of the BEC. From Fig. 14, we extract the derivative of the volume parameter
with respect to T and by comparing the values of such derivative with a reference volume
parameter V0, the thermal expansion coefficient is plotted. We can observe that αP also
increases for T � Tc, though in a more intense manner. Such behavior is in accordance
with the results concerning measurements of αP in Ref. [43].

Figure 16 – Specific heat at constant pressure parameter for 105 harmonic trapped Rb atoms.
The increase in the value of cP is associated with an increase in entropy. The
constant value of pressure is indicated as well as the approximate value of the critical
temperature Tc � 92 nK.

In fact, αP also depends on the entropy but such dependence is different from the one
presented by cP [13]. We can access this information if we write both quantities in terms
of the free energies. It is possible to write cP in terms of the Gibbs free energy following
the discussion in chapter 2. The thermal expansion coefficient can be expressed in terms
of the Helmholtz free energy [13]:

αP � 1
V0

�BV
BT



P
� � 1

V0

�BV
BP



T

�BS

BV



T

(5.6)

αP � κT

�BS

BV



T

� κT

�BP
BT



V
� �κT

� B2F

BVBT



. (5.7)
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In the derivation above, we made use of the relation
�BV
BT



P
� �

�BV
BP



T

�BS

BV



T

and

also of the Maxwell relation pBS{BVqT � pBP{BT qV [13]. By writing the expressions for
both cP and αP side by side we have:

cP � �T

�B2G

BT 2



p

; αP � �κT

� B2F

BVBT



. (5.8)

Note that cP only incorporates variations of the G with respect only to temperature. On
the other hand, αP incorporates the variations of F with respect to not only temperature
but also pressure. Hence, the entropy associated to F in αP is sensible to changes in T

and in V . For cP , the entropy only is affected by the temperature.

Figure 17 – Thermal expansion coefficient at constant pressure parameter as a function of
temperature. We can see that αP is dramatically enhanced for temperatures near Tc,
more details in the main text. The constant pressure parameter value is indicated in
the figure as well as the approximate value of the critical temperature Tc � 100 nK.

Hence, the interplay between the free energy and quantities like V and T is what dictates
the entropy sensibility to external stimuli. Due to this high sensitivity to changes in
entropy, αP and naturally Γ were identified as the singular part of Γeff [19,45]. With both
αP and cP in hands, it became possible to plot Γ as a function of T . As expected, the
expressive enhancement in αP was carried to Γ as we can see in Fig. 18. This behavior
of Γ is a fingerprint of various phase transitions and critical phenomena [10, 46]. It is
worth mentioning that Γ was computed for the ideal BEC in a publication of our research
group [12]. In the following, a comparison between the results obtained in this project
and the ones reported in Ref. [12] will be made. In this context, Γ was computed via the
relation:

Γ � v
pBp{BT q
BE{BT v

. (5.9)
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Note that the denominator is simply the specific heat at constant volume cv [12]. According
to Ref. [47], the pressure derivative with respect to the temperature of an ideal Bose gas,
below its critical temperature is:

Bp

BT
� B
BT

�
0.0851m3{2pkBT q5{2ℏ�3g

� � 0.21275m3{2pkBT q3{2kBℏ�3g (5.10)

where g is the degeneracy.

Figure 18 – αP as a function of T . We can see that αP is dramatically enhanced for temperatures
near Tc, more details in the main text. The constant pressure parameter value is
indicated.

Additionally, we have that cv for the ideal Bose gas below the critical temperature is:

cv � 1.926NkB

�
T

Tc


3{2

. (5.11)

The ratio between Eqs. 5.10 and 5.11 was evaluated and thus it was achieved that for an
ideal Bose gas, Γ is constant. That is because the T 3{2 crosses out. Hence, we can note the
difference between the behavior of Γ for the ideal BEC and its non-ideal counterpart. For
the non-interacting case, the system behaves similarly as the classical ideal gas, presenting
a constant Γ [12]. For the interacting case, the non-ideality of the system causes Γ to scale
with the temperature in a non-linear form as we can see in Fig. 18.
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6 CONCLUSIONS AND PERSPECTIVES

In this B. Sc. work, a general overview of the BEC was presented. Starting
from a review of Statistical Mechanics and Thermodynamics, we covered fundamental
aspects concerning phase transitions, critical phenomena, and the ideal BEC. Furthermore,
a discussion about the effects of interactions was made in which the framework of the
weakly interacting Bose gas was unraveled in a step-by-step manner. In this same section,
insights concerning the effects of interaction were pointed out, under the light of recent
results concerning the Brillouin paramagnet. Experimental and historical aspects were also
reviewed in chronological order, starting from the theoretical proposal by Einstein and
Bose to the experimental realizations in 1995. The pivotal importance of the experiments
conducted in the Solid State Physics lab under the guidance of Prof. Dr. Mariano de Souza
was discussed. An overview of how to reach low temperatures was presented, as well as a
discussion concerning the valuable information we can extract from thermal expansion
measurement experiments. Finally, a thermodynamic analysis of the non-ideal BEC was
made in terms of the volume and pressure parameters and the Grüneisen ratio. In such
analysis, we discussed the behavior of quantities like the thermal expansion coefficient and
specific heat on the verge of condensation. We computed the Grüneisen ratio and compared
the results achieved in this work with results reported in the literature concerning the
ideal condensation. The behavior presented by the analyzed quantities was consistent with
consolidated works in the literature.
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