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Abstract
This paper proposes a numerical solution to deep beams using the layerwise displacement theory. Most of the methods for

performing structural analyses of deep beams have geometric and boundary conditions limitations, as well as modeling

inconveniences. This paper provides a finite element solution for deep beams based on a layerwise displacement field

considering the full stress/strain tensors. In this formulation, the cross section is discretized in a pre-defined number of

independent virtual layers, with linear interpolation within the thickness direction. To validate the model developed, two

numerical examples are analyzed. The first is a reinforced concrete deep beam with two supports, loaded over the top face,

validated by finite element analysis based on solid-element ABAQUSTM software. Next, an isotropic deep beam with both

ends cantilevered is analyzed and the outcome is compared to the literature. The results of both numerical examples are

accurate and can estimate the complete state of stress over all domains of the element. Moreover, the layerwise formulation

does not suffer from shear and membrane locking, and it may use fewer computational resources than equivalent 3D finite

element analyses.
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1 Introduction

Deep beams are heavily loaded structural members that can

be found in numerous structures, such as transfer girders in

buildings, cap beams in bridge bents, pile caps in founda-

tions, and other cumbersome elements. Due to their

geometry, deep beams can carry very large shear forces

when compared to slender regular beams. Therefore, the

classical linear assumptions, such as the Bernoulli beams

and Timoshenko, beam are no longer applicable, as they do

not accurately account for out-of-plane shear distortions.

The American code for concrete design ACI 318 [1]

demands that the strain field of deep beams should be

nonlinear, and it suggests the strut and tie method (STM)

approach to analyze deep beams. Furthermore, several

design codes, such as the European, Canadian and Brazil-

ian codes, also permit deep beam analyses via the STM.

The STM reduces the complex case of a solid under

flexure and shear to a simple truss model, in which the

diagonal struts represent the compressive stress field and

the ties represent the tensile stress on reinforcements [2].

There have been many improvements to the STM theory,

such as the semi-empirical model proposed by Russo et al.

[3], and the analytical two-parameter kinematic theory of

Mihaylov et al. [4]. However, the STM theory still presents

conservative results [5]. In addition, the STM disregards

the complete tri-axial state of stress/strain on deep beams,

and it can be difficult to design trusses in complex cases,

such as cutouts and deep beams with unusual boundary

conditions. For example, the STM approach is incapable of

solving a cantilever deep beam problem.

Numerical models have been developed to perform

structural analyses of deep beams. These methods are

based on finite element procedures, the finite-difference

method, and other numerical approximations. The
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numerical models are accurate but usually demand a high

computational cost. The special feature of numerical

methods is the flexibility to model more complex cases.

For instance, Ahmed and Idris [6] proposed a finite-dif-

ference technique based on a displacement function to

solve homogeneous deep beams with both ends fixed

subjected to a constant load. Later, Ahmed et al. [7]

extended the same approach to cantilever beams subjected

to a distributed shear force at the free end. However, no

attempt has been made to analyze cantilevered deep beams

considering a tri-axial state of stress.

This paper proposes a finite element formulation with a

layerwise displacement-based theory to perform structural

analyses on deep beams. In this theory, the cross section is

discretized in virtual layers, the elastic properties of which

may be different to each other. Hence, this approach is well

suited to heterogeneous materials, such as reinforced con-

crete, or to progressive damage analyses of any kind of

beam. The layerwise theory was introduced to 3D general

plate elements by Reddy [8] and it can be easily applied to

deep beams. The main advantages of the layerwise theory

are the fact that this formulation is able to predict the

correct stress/strain field with the need for fewer compu-

tational resources across all components when compared to

an equivalent 3D solid analysis. In addition, it can capture

the discontinuity of stresses and strains at the interface of

two different materials [9], which is not possible in the

equivalent single layer (ESL) theories and shear deforma-

tion theory (SDT). Furthermore, the layerwise theory is

free of shear and membrane locking [10] and one can insert

more complex boundary conditions not modeled through

the STM or ESL theories.

2 Methodology

A numerical finite element model based on the layerwise

displacement theory is developed for deep beams. In this

displacement theory, the element is discretized through the

thickness in multiple virtual layers. Furthermore, two

numerical models are presented in order to validate the

formulation. The first is a reinforced deep beam simulated

in ABAQUSTM software using a solid-element formulation

with quadratic interpolation in all directions. In this solid

model, two approaches have been considered for the sim-

ulation of the steel bars: modeling the bars as heterogynous

phases and modeling the bars as homogenized layers with

elastic properties that differ from pure concrete. The sec-

ond numerical example is an isotropic deep beam with both

ends cantilevered, solved through the 2D finite-difference

technique [6].

3 Layerwise theory review

The SDT is commonly used to approximate the displace-

ment field of structural analyses of plate and shell ele-

ments. In the SDT, the continuity of the distribution of the

displacement components u1; u2; u3ð Þ is assumed. Conse-

quently, this assumption fails to accurately calculate the

out-of-plane stresses on interfaces between two different

materials, and it also fails to present the zigzag behavior of

the displacement field throughout the element thickness of

heterogeneous-layered materials [9]. Moreover, the stresses

over the interface of two different materials should be

continuous, which may not occur in the SDT [11]. In order

to avoid the SDT’s limitations it is necessary to discretize

each material separately. In case of a laminated material,

this discretization process can be done by discretizing the

materials over the thickness as an assembly of individual

layers. Figure 1 illustrates the difference between the lay-

erwise theory and the ESL theories of the displacement

field throughout the thickness of a composite material

whose elastic properties differ in each layer.

In the layerwise theory developed by Reddy [8], the

displacement field is a linear combination of two inde-

pendent classes of function, one function one function of

the thickness coordinate and the other in function of the

plane, as demonstrated in Eq. (1)

ui x; y; zð Þ ¼ u0i x; yð Þ þ
Xn

j¼1

u
j
i x; yð Þ/j zð Þ ð1Þ

where ‘‘n’’ is the number of analysis layers discretized

across the thickness, and /j are the function over thickness

called the layerwise function. In order to guarantee the

compatibility between layers, the layerwise function should

be continuous in each layer and must converge at

interfaces.

Layerwise theories require more computational effort

than ESL theories, especially when the cross section is

discretized using several layers. However, Reddy [11]

stated that layerwise theories can demand fewer computa-

tional resources when compared to equivalent full 3D solid

analyses. Hence, it can be more attractive to analyze deep

beams using layerwise theory, rather than 3D solid for-

mulations. Furthermore, layerwise theories can predict the

correct out-of-plane stresses between two different mate-

rials, which may be interesting for modeling reinforced

concrete deep beams, or homogeneous deep beams with

stiffeners, or for making design decisions using damage

analysis.
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4 Governing equation

The governing equation of the mathematical problem is

shown in Eq. (2) (sum in k),

Z

X kð Þ

ZZ
ðkÞ
top

Z
ðkÞ
bot

de kð ÞTr kð Þdz dX kð Þ

¼
Z

X kð Þ

du kð Þ
i P

ðkÞ
top i

���
Z¼Ztop

dX kð Þ þ
Z

X kð Þ

du kð Þ
i P

kð Þ
bot i

���
Z¼Zbot

dX kð Þ

þ
I

CðkÞ
t

ZZ
kð Þ
top

Z
kð Þ
bot

du kð Þ
i t

kð Þ
i dz dCðkÞ

t þ duiFijCf

ð2Þ

where k = 1…n is the index for the discretized layers of the

material and i is the index for the coordinate system

directions. Pk
i are pressures that may be applied to the top

or bottom of each layer, tki are the Cauchy stresses applied

to the edges of the plate on each layer over a subdomain

Ck
t 2 Xk of the element in which the stresses are specified,

and Fi are concentrated forces applied to specific nodes in

the Tf set. It is assumed that Xk ¼ X, i.e., the areas of all

layers are considered to be the same before deformation.

All domains and sub-domains are demonstrated in Fig. 2.

The relation between stresses and strains follows the

classical form of Hooke’s law. However, it is assumed that

the virtual layers with only concrete material have an

isotropic relation while the homogenized virtual layers

(layers with steel bars) are transversely isotropic. Hence,

the constitutive law selected is the transversely isotropic

materials shown in Eqs. (3) and (4). Note that the consti-

tutive relation shown is already in terms of the global

reference plane. Demasi [12] demonstrates the procedure

for changing from a general local system to the global

reference.

r11
r22
s12
s13
s23
r33

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

¼

C11 C12 0 0 0 C12

C12 C22 0 0 0 C23

0 0 C33 0 0 0

0 0 0 C33 0 0

0 0 0 0 C33 0

C12 C23 0 0 0 C22

2

6666664

3

7777775

e11
e22
c12
c13
c23
e33

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

ð3Þ

where

Fig. 1 Schematics of different

deformation theories: a linear

ESL; b higher-order ESL;

c linear layerwise; d higher-

order layerwise

Fig. 2 Illustration of the domains and sub-domains of the governing

equation
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C11 ¼ E11 1� t23t32ð Þ=D; C12 ¼ E11ðt21 � t23t31Þ=D;

C22 ¼ E22 1� t13t31ð Þ=D; C23 ¼ E11ðt32 � t12t31Þ=D;
C33 ¼ G12; D¼ 1� ðt23t32 þ t12t21 þ t13t31 þ 2t21t32t13;

tijEjj ¼ tjiEii i¼ 1;2;3

ð4Þ

The specific internal energy term of the governing

equation may be written as in Eq. (5):

de kð ÞTr kð Þ ¼ þ de kð Þ
11 C

kð Þ
11 e

kð Þ
11 þ de kð Þ

11 C
kð Þ
12 e

kð Þ
22 þ de kð Þ

11 C
kð Þ
12 e

kð Þ
33

þ de kð Þ
22 C

kð Þ
12 e

kð Þ
11 þ de kð Þ

22 C
kð Þ
22 e

kð Þ
22 þ de kð Þ

22 C
kð Þ
23 e

kð Þ
33

þ dc kð Þ
12 C

kð Þ
33 c

kð Þ
12 þ dce kð Þ

13 C
kð Þ
33 c

kð Þ
13 þ dc kð Þ

23 C
kð Þ
33 c

kð Þ
23

þ de kð Þ
33 C

kð Þ
12 e

kð Þ
11 þ de kð Þ

33 C
kð Þ
23 e

kð Þ
22 þ de kð Þ

33 C
kð Þ
22 e

kð Þ
33

ð5Þ

5 Model discretization

The element used in this model is the homogeneous 4-node

rectangular model, with linear layerwise interpolation over

the thickness. The displacement field of the continuum is

shown in Eq. (6) and its approximation via finite element is

shown in Eq. (7).

u
kð Þ
i x; y; zð Þ ¼ u

kð Þ
i x; yð Þ/1 zð Þ þ ukþ1

i x; yð Þ/2 zð Þ ð6Þ

u
kð Þ
i x;y;zð Þ¼

X4

j¼1

Nj x;yð Þ u
kð Þ
i x;yð Þ/1 zð Þþu

kþ1ð Þ
i x;yð Þ/2 zð Þ

h i

ð7Þ

where ‘‘i’’ are the three directions of the Cartesian system;

‘‘k’’ is the layer; ‘‘/1’’ and ‘‘/2’’ are the 2-node shape

functions of the bottom and top of the layer, respectively,

whose domain is z kð Þ; z kþ1ð Þ� �
; ‘‘ui

(k)’’ are the degrees of

freedom of the layer; and ‘‘Nj’’ are the shape functions of

the standard 4-node element.

The total amount of degrees of freedom of a single node

depends upon the number of virtual layers discretized. For

k layers, the vector of degrees of freedom of the j-th node is

shown in Eq. (8):

uj ¼ u
1ð Þ
1 u

1ð Þ
2 u

1ð Þ
3 u

2ð Þ
1 u

2ð Þ
2 u

2ð Þ
3 . . .u

k�1ð Þ
1 u

k�1ð Þ
2 u

k�1ð Þ
3 u

kð Þ
1 u

kð Þ
2 u

kð Þ
3

h i

j

ð8Þ

Considering a linear compatibility of the strain–dis-

placement relation, the strain field of the j-th node is

demonstrated in Eq. (7).

e kð Þ
ii ¼ oNj

oXi

u
kð Þ jð Þ
i /1 þ u

kþ1ð Þ jð Þ
i /2

h i
; i ¼ 1; 2

e kð Þ
33 ¼ Nj u

kð Þ jð Þ
3

o/1

oX3

þ u
kþ1ð Þ jð Þ
3

o/2

oX3

� �

c kð Þ
12 ¼ oNj

oX2

u
kð Þ jð Þ
1 /1 þ u

kþ1ð Þ jð Þ
1 /2

h i
þ oNj

oX1

u
kð Þ jð Þ
2 /1 þ u

kþ1ð Þ jð Þ
2 /2

h i

c kð Þ
i3 ¼ Nj u

kð Þ jð Þ
3

o/1

oX3

þ u
kþ1ð Þ jð Þ
3

o/2

oX3

� �
þ oNj

oXi

u
kð Þ jð Þ
3 /1 þ u

kþ1ð Þ jð Þ
3 /2

h i
;

i ¼ 1; 2

ð9Þ

Finally, the strain–displacement relation can be derived

by means of the matrix displayed in Eq. (10) (named here

B matrix). It is important to mention that the B matrix

relates to a specific virtual lamina of an element; conse-

quently, it is necessary to assemble the B matrices over the

thickness to retrieve the stiffness matrix of an element.

This process of assemble over thickness is discussed in

more detail in [13] and is illustrated in relation to a two-

layered simple bar element in Figs. 3 and 4.

B½ �kj¼

oNj

oX1
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oX1
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/1 Nj
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oX3
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oX2
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o/1
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2
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ð10Þ

The stiffness matrix of the k-th lamina is shown in

Eq. (11).

K
kð Þ
ij ¼

Z

X kð Þ

ZZ
kð Þ
top

Z
kð Þ
bot

B
kð Þ
mi C

kð Þ
mnB

kð Þ
nj dz dX

kð Þ ð11Þ

6 Boundary conditions and linear system

One exceptional advantage of the finite element approach

based on a layerwise displacement field is the flexibility to

insert boundary conditions. Because the element is dis-

cretized in multiple independent layers, it is possible to

apply the boundary conditions to a specific layer. To

illustrate how to assemble the linear system and to apply

boundary conditions with the layerwise approach, consider

the case of Fig. 3, a fixed bar idealized as a single 1D

element with two layers, with linear interpolation through
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the thickness. Observe that the degrees of freedom in the

local system are the variable ukj , where j is the node and k is

the layer index, and the degree of freedom is expressed in

the global system as U (hence this case has six degrees of

freedom).

To introduce the boundary conditions of the fixed end it

is necessary to impose U1 ¼ U2 ¼ U3 ¼ 0; Restraining all

the degrees of freedom of the fixed node is sufficient to

restrict the rotation of it. If it is desired to insert a simple

support, only the degrees of freedom related to the bottom

plane should be forced to zero. The nodal force P can be

applied to the fourth to sixth positions of the force vector.

F4 ¼ P means that the nodal force P is being applied to the

bottom plane of the laminate, F5 ¼ P implies that the nodal

fore is at the interface between the layers and F6 ¼ P is at

the upper plane of the laminate.

Equations (12) and (13) express the general vector of

nodal parameters of a node cantilevered and with pinned

support boundary conditions, respectively.

uj ¼ u
1ð Þ
1 u

1ð Þ
2 u

1ð Þ
3 u

2ð Þ
1 u

2ð Þ
2 u

2ð Þ
3 . . .u

kð Þ
1 u

kð Þ
2 u

kð Þ
3 u

kþ1ð Þ
1 u

kþ1ð Þ
2 u

kþ1ð Þ
3

h i

j

¼ 0

ð12Þ

uj ¼ 0 0 0 u
2ð Þ
1 u

2ð Þ
2 u

2ð Þ
3 . . .u

kð Þ
1 u

kð Þ
2 u

kð Þ
3 u

kþ1ð Þ
1 u

kþ1ð Þ
2 u

kþ1ð Þ
3

h i

j

ð13Þ

The linear system of the problem illustrated in Fig. 3 is

expressed in Fig. 4. Observe that that compatibility of

displacements at interfaces is imposed by assembling the

contribution of the stiffness of the two adjacent laminas, as

is emphasized in Fig. 4. The first superscript of the ele-

mental stiffness matrix K refers to the number of the lamina

and the second is the number of the node. If there were

more than one single element, then another index is nec-

essary to represent the element number.

Fig. 3 Illustrative case of a two-

layer 1D element with linear

layerwise interpolation through

the thickness

Fig. 4 Global linear system of

the problem of Fig. 3
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7 Homogenization

Heterogeneous media are the composite mixtures of two or

more constituents whose components are idealized to be

bonded together. To proceed with a structural analysis of a

reinforced deep beam with the layerwise theory it is nec-

essary to homogenize the layers which contain both rein-

forcement and concrete. Note that the reinforcement is

non-periodic; therefore it is not possible to use asymptotic

homogenization methods. Hence the following non-peri-

odic averaging methods are employed to calculate the

elastic effective properties:

7.1 The Voigt model

Voigt et al. [14] adopted the iso-strain assumption to obtain

the estimation of the longitudinal effective Young’s mod-

ulus E�
1 and effective Poissońs ratio m�12 as the weighted

volume average of the stiffness matrices of constituent

phases, i.e., as presented in Eq. (14),

E�
1 ¼ vmEm þ mf Ef

m�12 ¼ vm þ mf
ð14Þ

where Em, Ef , mm, mf , vm and vf are the Young’s moduli,

Poissońs ratios, and fraction volumes of the matrix and

reinforcement, respectively. Note that: mm þ mf ¼ 1

7.2 The Reuss model

Based on the iso-stress assumption Reuss [15] estimated

the effective transverse Young’s modulus E�
2 and in-plane

shear modulus G�
12, written in Eq. (15) as the weighted

volume average of the compliance matrices of constituent

phases, i.e.,

E�
2 ¼

EmEf

mf Em þ mmEf

G�
12 ¼

GmGf

mf Gm þ mmGf

ð15Þ

7.3 Hill and Hashin models

Hill [16] and Hashin [17] proposed a macroscopically

homogeneous stress/strain field to represent the volume

element to calculate the longitudinal effective properties,

written as Eq. (16):

E�
1 ¼ mmEm þ mf Ef þ

4mmmf nf � nm
� �2

Gm

mmGm

Kfþ
Gf
3

þ mf Gm

KmþGm
3

þ 1

with K ¼ EG=3 3G� Eð Þ

m�12 ¼ mmnm þ mf nf þ
mmmf nf � nm

� �
Gm

KmþGm
3

� Gm

Ffþ
Gf
3

	 


mmGm

Kfþ
Gf
3

þ mf Gm

KmþGm
3

þ 1

ð16Þ

In the present work, the longitudinal effective properties

are calculated by averaging the results obtained on Voigt

and Hill–Hashing formulations [14–16], whereas the

transverse properties are homogenized using the Reuss

model [15]

8 Numerical examples and discussion

8.1 First numerical example

The first numerical example of this paper is a reinforced

concrete deep beam with two supports, one pinned and the

other simple. Concentrated loads of 90 kN are applied

to specific areas of 2809 mm2 at locations of the upper

surface, resulting in a pressure of roughly 32MPa. The

geometric and elastic properties of the beams correspond to

the 3BD50b beam in the investigation by Zhang and Tam

[18]. A schematic drawing of the problem is shown in

Fig. 5. In this model, the deep beam is considered to be in

the linear phase.

In this layerwise model several layers are discretized

through the thickness. The elastic properties of the layers

containing both concrete and the reinforcements are

homogenized using the averaging models described earlier.

Three distinct analyses are performed using the layerwise

formulation; the type of element used for all layerwise

analyses is the 4-node homogenous element with linear

layerwise interpolation through the thickness. All layerwise

simulations are refined until convergence, resulting in 1449

elements with 1536 nodes. The number of virtual layers,

however, differs in each analysis, resulting in more degrees

of freedom (DoFs) in the analyses with more virtual layers.

Table 1 displays the quantity of layers and DoFs in each

analysis and Fig. 6 illustrates the discretization of the cross

section to each case. The difference in the number of DoFs

between layerwise and ABAQUSTM analyses is notable.

The elastic properties of the homogenized layers are

written in MPa in Table 2, and the elastic properties in the

ABAQUSTM heterogeneous analysis are given in Table 3.

The material in the latter was modeled as isotropic for both

concrete and for the steel bars. Furthermore, the elastic
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properties of the virtual layers with plain concrete on the

layerwise analyses are the same as the pure concrete of

Table 3.

The layerwise model proposed in this paper for deep

beams is validated through ABAQUSTM simulations. Two

models are carried out in ABAQUSTM, as illustrated in

Fig. 7a. In the first simulation (Fig. 7b) the layers con-

taining both concrete and reinforcement are homogenized

as discussed previously, and the type of element used is the

20-node brick element (element type C3D20). In the sec-

ond ABAQUSTM analysis there is no homogenization, the

steel bars are manually designed with a cylindrical shape

(Fig. 7c), and both concrete and steel bars are modeled as

isotropic material perfectly bonded to each other. The

element used in the latter is the hybrid 20-node brick ele-

ment (element type C3D20H). It is assumed that the steel

bars are completely enveloped by concrete and perfectly

bonded to it. In addition, the stiffness of the steel is

Fig. 5 Schematics of the first numerical example

Table 1 Discretization of each analysis

Number of layers DoFs

LW1 14 69,120

LW2 21 101,376

LW3 28 133,632

ABAQUSTM homogeneous – 1,003,860

ABAQUSTM heterogeneous – 3,376,914

Fig. 6 Discretization of the cross section of each layerwise analysis
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considerably superior to the concrete’s. Thus the response

of the steel bars could be considered as incompressible,

meaning a very small variation in displacement results in a

large changes in pressure, so that a purely displacement-

based solution is too sensitive to be useful numerically.

The hybrid formulation of ABAQUSTM eliminates this

singular behavior by using a mixture of displacement and

stress variables with an increased variational principle to

approximate the equilibrium equations and compatibility

conditions.

The results are shown in Figs. 9, 10, 11 and 12; these

graphics display all components of the stress and strain

tensors that are different from zero within the strut. The

path considered to compare stresses and strains in the

homogeneous ABAQUSTM and layerwise models is along

Table 2 Elastic properties in

MPa of the virtual layers of the

layerwise analyses

E11 E22 E33 G12 G23 G13 t12 t23 t13

Homogenized layers

u 16 mm

61,775.2 30,399.3 E22 12,243.5 G12 G12 0.188 t12 0.241

Homogenized layers

u 13 mm

54,113.1 29,098.1 E22 11,702.9 G12 G12 0.199 t12 0.243

Table 3 Elastic properties in MPa of concrete and steel bars

E G t

Plain concrete 24,602 9,840.9 0.25

Steel bars 210,000 78,947 0.33

Fig. 7 a Isometric view of the

general geometry of the beam

modeled in ABAQUSTM, with

boundary conditions; b front

view of the homogeneous

model; c front view of the

heterogeneous model

Fig. 8 Path taken for the

stresses and strains results;

a isometric view through the

homogeneous model;

b isometric view through the

heterogeneous model; c front

view through the heterogeneous

model
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the strut, as illustrated in Fig. 8a. Regarding the hetero-

geneous ABAQUSTM model, the path crosses the center of

the steel reinforcements, as shown in Fig. 8b. The curves

named homogeneous are the results of the ABAQUSTM

model with homogenization of layers, and those named

heterogeneous are the results of the ABAQUSTM simula-

tion with the reinforcement discretized. The layerwise

curves correspond to the layerwise analyses, whose dis-

cretization through the thickness is already demonstrated in

Fig. 6. As is shown in the results of Figs. 9, 10, 11 and 12,

the more refined the cross section of the layerwise analyses,

the more accurate are the results. However, the less refined

model (LW1) also presents accurate results.

Figure 9 shows the behavior of stresses and strains in a

longitudinal direction along the strut. As can be seen, there

are perturbations at the bottom end of the strut. This phe-

nomenon occurs due to the abrupt change in elastic prop-

erties between the reinforcement and the concrete, which is

adequately presented in all curves. Furthermore, the layers

with reinforcements are under tensile stress in the longi-

tudinal direction, while the strut is compressed as expected.

Figure 10 is the out-of-plane component of the strain/

stress tensors. These two graphics show that the out-of-

plane stress and strain are approximately zero all over the

domain of the strut but not close to the boundary conditions

domain, which is in accordance with Saint–Venant’s

Fig. 9 a Normal strain in xx direction; b normal stress in xx direction

Fig. 10 a Normal strain in yy direction; b normal stress in yy direction
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principle. All simulations point to a three-dimensional state

of stress field near the boundary conditions.

Figure 11 is the strain and stress in the height direction.

In the stress graphic all curves converge to the same value

over the middle area of the strut, but not the strains. Fur-

thermore, both layerwise and ABAQUSTM curves suc-

cessfully capture the phenomenon of the discontinuity of

the stress field at the interface between concrete and rein-

forcements. The discontinuity is more visible in layerwise

curves, because since the approximation of the displace-

ment field is linear, the discontinuity at the interfaces of

stresses and strains is a vertical leap. On the other hand, the

ABAQUSTM approximation of the displacement field is

parabolic; hence, the stress/strain discontinuity at interfaces

in this direction is represented by a kink.

Figure 12 shows the behavior of in-plane shear stress

and strain. Over the strut domain, all curves show that the

shear strain converges to zero, but the shear stress is con-

stant. At the boundaries the results are different but show

the same trend. Moreover, all curves meet the natural

boundary condition of free shear strain/stress at both ends.

8.2 Second numerical example

The second numerical model is a homogenous deep beam

with both ends fixed and a constant pressure on top. Fig-

ure 13 illustrates the boundary conditions, and geometrical

and elastic properties of this numerical example. The third

dimension of the beam (perpendicular to the plane) was

considered to be unitary. The mesh has 100 elements and

Fig. 11 a Normal strain in zz direction; b normal stress in zz direction

Fig. 12 a Shear strain in xz direction; b shear stress in xx direction
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50 layers are discretized across the x direction, resulting in

23,409 DoFs. Figure 14 shows the gradient of displace-

ments in the pressure direction (X direction) normalized by

the b dimension. The results are compared to Ahmed and

Idris [6], who solved the same problem through a 2D

numerical approach based on the finite-difference method.

Figures 15, 16, 17 and 18 show the distribution of dis-

placement and stresses in different sections and geometry.

In order to make the results non-dimensional, the dis-

placements are normalized by using the dimension b, and

the stresses are normalized by Young’s modulus.

Figure 15 is the distribution of displacement u (X direc-

tion) at different sections. Observe the parabolic nature and

that the displacement u becomes higher near the top edge

and is at its minimum near the bottom edge. The distri-

bution of displacement v (Y direction) of Fig. 16 shows the

sinusoidal variation of the top plane, which is also in

accordance with the physical model of the problem. It is

observed that the sinusoidal behavior is more pronounced

for bigger a/b relations. Furthermore, at both ends the

displacement converges to zero due to the applied bound-

ary conditions.

Figure 17 displays the distribution of normal stress in

longitudinal direction at the restrained boundaries for dif-

ferent a/b relations. Observe that the normal stress ry
changes from positive to negative at x=b ¼ 0:5, which

means a change from compressive stress to tensile. One can

observe the non-symmetry of the finite element solution,

which does not agree with Ahmed and Idris’s [6] results.

This divergence can be explained by the fact that the

procedure carried out here considers a complete state of

stress, while the finite-difference solution of [6] solution

admits an in-plane state of stress.

The distribution of shear stress displayed in Fig. 17

shows the nonlinear behavior at the cross section near the

mid-section. For lower a/b relations the curves become

closer to uniform distribution, and the shear stress vanishes

at the midpoint.

Lastly, Figs. 19 and 20 show the behavior of out-of-

plane stress. It is possible to conclude by analyzing Fig. 19

that the out-of-plane stress tends to zero over all domains

of the deep beam, but not at the boundaries. At both ends

the out-of-plane stress has the same magnitude as the other

Fig. 13 Homogeneous deep beam with both ends cantilevered, solved

by Ahmed and Idris [6]

Fig. 14 Gradient of the displacement in x direction

Fig. 15 Displacement u for

different sections for a/b = 2;

a layerwise theory; b Ahmed

and Idris [6]
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components of the stress tensor. Figure 20 shows the

behavior of the out-of-plane stress throughout the can-

tilevered section for different geometries, and it is visible

that the stress tends to change from tensile to compressive

at the middle plane. An interesting fact observed in Fig. 20

is that a quadrilateral geometry soothes the out-of-plane

normal stress, resulting in nearly zero out-of-plane normal

stress all over the beam domain.

9 Conclusion

In this paper a finite element procedure based on the lay-

erwise displacement was suggested to perform structural

analyses of deep beams. Two numerical examples were

proposed: one reinforced concrete deep beam, validated by

similar analysis in ABAQUSTM software, and one isotropic

deep beam with both ends fixed, validated by former finite-

difference analysis in [6].

Fig. 16 Displacement v at

section x/b = 0 for different a/b;

a layerwise theory; b Ahmed

and Idris [6]

Fig. 17 Stress ry at section y/

a = 0 for different a/b;

a layerwise theory; b Ahmed

and Idris [6]

Fig. 18 Stress rxy at section x/

b = 0.54 for different a/b;

a layerwise theory; b Ahmed

and Idris [6]
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In the reinforced concrete numerical example, both

models carried out in ABAQUSTM presented similar

results. The heterogeneous and homogenized curves of

Figs. 9, 10, 11 and 12 were roughly the same. In fact, one

should even considerer opting for the homogenized anal-

ysis instead of the heterogeneous one due to the lower

computational effort required. The layerwise analyses were

precise; all three layerwise analyses of Figs. 9, 10, 11 and

12 generated similar curves; hence there was no need to

discretize too many layers. Furthermore, the layerwise

solutions were in agreement with the ABAQUSTM results.

However, close to the boundary conditions the layerwise

and ABAQUSTM formulations slightly diverged. It is

important to remark that the analysis performed in this first

numerical example considered the reinforced concrete in

its linear phase. In order to extend this analysis to linear-

plastic, one could apply continuum damage mechanics

basics to specific layers, or employ another constitutive

relation.

Regarding the second numerical example, Figs. 15, 16,

17 and 18 show that the solution of the layerwise approach

and the solution of [6] match each other. Although,

Figs. 19 and 20 reveal that the current analysis should

idealize a tridimensional state of stress over the can-

tilevered edges because the out-of-plane stress component

has a pronounced magnitude.

The advantages of the layerwise approach for perform-

ing structural analyses of heterogeneous deep beams are

manifold. First, the layerwise formulation is capable of

carrying out full 3D analysis with less computational effort

than equivalent analyses based on solid elements. In

addition, the layerwise formulation is more adequate to

approach heterogeneous structures than SDT because it

represents more correctly the stress/strain field at the

interfaces of different materials. Finally, the layerwise

theory is free of shear and membrane locking, and is able to

simulate complex problems that are not possible in STM

models.
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Elasticitätsconstanten isotroper Körper. Ann Phys 274:573–587.

https://doi.org/10.1002/andp.18892741206

15. Reuss A (1929) Berechnung der Fließgrenze von Mischkristallen
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