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1 Introduction and summary

The two dimensional CP (1) nonlinear sigma model1 is defined by the Lagrangian

L = ∂µϕ∗∂µϕ(
1 + g2

2 ϕ∗ϕ
)2 , (1.1)

where ϕ is a complex scalar field. Despite its nonlinear nature, with the Lagrangian containing
all powers of the fields, it is renormalizable. It is also interesting because the coupling is
asymptotically free.

Our focus here is the regularization scheme dependence. Present calculations have been
done using cutoffs, with the tadpole loop diagram playing a prominent role in obtaining
asymptotic freedom. However, the tadpole diagram vanishes in dimensional regularization,
which initially appears puzzling. Moreover, the tadpole diagram does not contain any
momentum dependence, so it is not initially clear how the scattering amplitudes of the theory
would manifest asymptotic freedom in their kinematic dependence. Therefore we will calculate
a scattering amplitude in various regularization schemes. The result has some interesting
features. Because the calculation itself is relatively simple, we will use this introduction also
as a summary of the main features of the result.

When naively using a cutoff regularization, one finds loop effects which violate the
symmetry of the theory. For example, with the scattering diagrams shown in figure 1, the
tadpole diagram is obtained from the interaction 3g4

4 ∂µϕ∗∂µϕ(ϕ∗ϕ)2. The contraction of the
two fields involving derivatives leaves behind an interaction with no factors of momentum
which is different from any term in the original Lagrangian. Moreover it involves the
quadratically divergent integral ∫ Λ d2p

(2π)2
p2

p2 + iε
∼ Λ2 . (1.2)

1A few words on terminology. Historically, the CP (1) model was formulated with two complex scalars and
a U(1) gauge invariance. Indeed, early references for CP(N − 1) models talk about this formulation [1–9]. In
this work we will use the formulation as given in ref. [10]. In the end such formulations must be equivalent
because CP (1)= S2. Indeed, what we do here – the sphere in stereographic coordinates – can legitimately be
called CP (1) model, but long before that it was also referred to as O(3) model [11].
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Figure 1. Diagrams associated with one-loop scattering.

In section 2 we describe the origin of Feynman rules following from the path integral measure
which have the effect of removing these symmetry violating quadratic divergences from the
theory. This modification is not required in dimensional regularization because the scaleless
integral of eq. (1.2) is set equal to zero.

When renormalizing the theory one is confronted with both UV divergences and IR
divergences. Somewhat surprisingly all 2D sigma models with O(N) symmetry, including
the CP (1) model, are known to be IR finite [12]. While the result in ref. [12] refers to O(N)
invariant observables and we are calculating a specific process, both are governed by the
same coupling constant. In section 3, we use the background field method to renormalize the
4-point vertex of this theory and to verify the IR finiteness for our particular observable.

The calculation of the amplitude is given in section 4. We use the Passarino-Veltman
reduction method to calculate the scattering amplitude for the reaction ϕ1 + ϕ1 → ϕ2 + ϕ2
using real fields defined by ϕ = (ϕ1 + iϕ2)/

√
2. In any renormalization scheme we find

M = g2
0s − g4

0s

4 [I(t) + I(u)] + g4
0
4 (u − t)[I(t)− I(u)] , (1.3)

where I(q2) is a specific combination of the scalar tadpole and scalar bubble diagrams

I(q2) = 2T − q2B(q2) (1.4)

with the two dimensional tadpole and bubble diagrams defined by

T = −i

∫
d2p

(2π)2
1

p2 + iε

B(q2) = −i

∫
d2p

(2π)2
1

[p2 + iε][(p − q)2 + iϵ] . (1.5)

The combination I(q2) is the unique combination of the scalar tadpole and the scalar bubble
diagrams which is IR finite. Given the IR finiteness of the coupling, this must be the
combination which appears in all amplitude calculations.

If we define the coupling at the renormalization point s = t = u = µ2
R, we can define

the renormalized coupling as

g2
r (µR) = g2

0 − g4
0
2 I(µ2

R) . (1.6)

In any renormalization scheme we have

I(q2)− I(µ2
R) =

1
2π

log(µ2
R/q2) , (1.7)
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so that the renormalized amplitude becomes

M = g2
r (µ2

R)s −
g4

r s

8π

(
log(−t/µ2

R) + log(−u/µ2
R)
)
− g4

r

8π
(t − u) log(t/u) . (1.8)

This form implies the beta function

βg = µR
∂gR(µR)

∂µR
= − g3

4π
, (1.9)

which is the usual answer implying asymptotic freedom.
While this result is satisfying and perhaps not surprising, the way that this emerges in

specific schemes is remarkably different. We here discuss three possible schemes.

i) Cutoff regularization. In this scheme the tadpole diagram has both UV and IR sensitivity

T = − 1
4π

log Λ2

k2 , (1.10)

where Λ is a UV cutoff and k is an IR cutoff. The scalar bubble diagram is UV finite

q2B(q2) = − 1
2π

log −q2

k2 . (1.11)

ii) Dimensional regularization. Here the tadpole diagram is scaleless and hence vanishes

T = 0 . (1.12)

The scalar bubble diagram is again UV finite but has an IR divergence. It becomes
convergent in d > 2, with the result

q2B(q2) = 1
2π

[
1
ϵ
− log −q2

µ2

]
, (1.13)

where ϵ = (2− d)/2.

iii) Hybrid regularization. Here we use an IR cutoff k, but use dimensional regularization
in the UV. In this case the tadpole is convergent if ϵ > 0 and it gives

T = − 1
4π

[
1
ϵ
− log k2

µ2

]
, (1.14)

while the bubble diagram is the same as in the cutoff regularization

q2B(q2) = − 1
2π

log −q2

k2 . (1.15)

Notice that, both in the cutoff and in the hybrid regularization, an artificial mass term
can be equivalently used as an infrared cutoff instead of k. One simply has to replace
k2 with m2 in the expressions for T and B.
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In calculations in the literature (see e.g. [10]), the running has been calculated using
cutoff regularization by following the UV cutoff Λ. We can call this cutoff running. In the
amplitude for the process ϕ1 + ϕ1 → ϕ2 + ϕ2 the bubble is finite and Λ appears uniquely in
the tadpole diagram. In contrast, in dimensional regularization the tadpole diagrams vanish.
The UV divergence of the tadpole is replaced by a factor of 1/ϵ of IR origin in the bubble
diagram, with the accompanying factor of logµ. In the hybrid scheme, the UV divergence
of 1/ϵ reappears in the tadpole diagram. In these cases, one can follow the running by
following logµ, which can be called µ running. However, since both Λ and µ disappear from
renormalized amplitudes, the running that is observed in practice involves the behavior of
the amplitudes with the kinematic variables. We call this physical running. We have shown
how all schemes lead to the same physical running.

For this theory, the equivalence of all schemes is basically due to dimensional analysis.
There are no explicit dimensional factors in the Lagrangian, and it is also important that
there is no sensitivity to a potential infrared cutoff. Therefore the logarithms must involve
log(Λ2/E2) or log(µ2/E2) (where E is a common energy scale in the amplitude), and the Λ
or µ behavior tracks the physical running. However there are other theories with explicit
dimensionful parameters where this is no longer true. Our other recent papers [13–15] provide
examples of this. We return to this aspect in the closing discussion of section 5.

A somewhat surprising aspect of our results in the CP (1) model is that the running of
the amplitude with the physical momentum comes from the UV finite bubble diagram in all
schemes. In four dimensions with mass-independent renormalization, we are used to having
the bubble diagram provide both the UV divergence and the related factor of logE2 which
provides the physical running. In two dimensions the bubble is still the only source of the
dependence on the physical momenta, but it is UV finite and IR sensitive. A focus only on
the divergent diagrams may be dangerous unless a full calculation is performed. We have
found this lesson also in our treatment of physical running in Quadratic Gravity [15].

In the final discussion, we also comment on the existence of asymptotic freedom in
a non-gauge theory.

2 Regularization scheme and Feynman rules

In theories with Goldstone bosons, the symmetry requires that the interaction terms involve
derivatives. This forbids mass terms and also enforces the Adler zeros for scattering amplitudes.
However in such theories, there can be loops where the derivatives act on the loop particles
leaving no momentum factors for the external particles. Besides the example given in the
introduction, the CP (1) theory could generate a mass term from the interaction ∂µϕ∗∂µϕ(ϕ∗ϕ)
if the two fields with derivatives are contracted in a tadpole loop. This problem was known
for sigma models in the 1960’s and the resolution is a contribution to the Feynman rules
from the path integral measure, which cancels the offending diagrams and preserves the
symmetry [16, 17]. For our purposes the simplest way to obtain this factor is to follow
the derivation of the Lagrangian of eq. 1 from the constrained O(3) version. The CP (1)
model describes a spin system in 2D

S = 1
2g2

∫
d2x ∂µS(x) · ∂µS(x) , (2.1)
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with S = (S1, S2, S3), subject to the constraint

S(x) · S(x) = 1 . (2.2)

In order to change to the unconstrained version, one identifies

S1 = gϕ1

1 + g2

4 (ϕ2
1 + ϕ2

2)
,

S2 = gϕ2

1 + g2

4 (ϕ2
1 + ϕ2

2)
,

S3 =
1− g2

4 (ϕ2
1 + ϕ2

2)
1 + g2

4 (ϕ2
1 + ϕ2

2)
, (2.3)

which reproduces the Lagrangian of eq. (1.1) with ϕ = (ϕ1 + iϕ2)/
√
2. However, the

transformation has a Jacobian Jij [ϕ] = δSi
δϕj

, where i runs over two of the three components of
S chosen as independent. So, the path integrals in the two coordinate frames are related by∫

[dS]eiS[S] =
∫
[dϕ]detJ [ϕ]eiS[ϕ] . (2.4)

Following Honerkamp and Meetz [16] (see also [17–22]) we are led to the invariant measure∫
[dϕ]detJ [ϕ] =

∫ [dϕ]
1 + g2

2 ϕ∗ϕ
. (2.5)

This can be converted into an interaction by exponentiation

e
δ2(0)

∫
d2x log

(
1+ g2

2 ϕ∗ϕ

)
. (2.6)

The leading δ2(0) vanishes in dimensional regularization because it is a scaleless integral.
However, in cutoff regularization this cancels the Λ2 contributions found in the Feynman
diagrams, preserving the symmetry. Note that one can also obtain the invariant measure
in a somewhat more cumbersome way using canonical quantization through a modification
in the canonical momenta in theories with higher derivatives [17].

3 Background field renormalization and IR finiteness

In this section we use a hybrid renormalization scheme to renormalize the four-point vertex
in the background field method. This will show the infrared finiteness of the vertex and we
will obtain the running coupling using what we refer to as µ running. The renormalization
scheme uses an infrared cutoff during intermediate steps, and regularizes the UV physics
with dimensional regularization. This feature permits to easily distinguish the two types
of divergences.

Let’s consider a generic NLSM in Euclidean space of dimension d = 2

S[φ] = 1
2g2

∫
d2x h(φ)αβ∂µφα∂µφβ . (3.1)
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The background field method applied to NLSM has been widely discussed in literature [23–25].
The second variation of the action can be put in a covariant form with respect to coordinate
transformation in the target space using a nonlinear split. The quantum field ξα(x) is a vector
field, related to the total field φα(x) and the background field φ̄α(x) by the exponential map

φ(x) = expφ̄(x)(ξ(x)) . (3.2)

With this choice, the action up to order ξ2 is

S[φ̄] + 1
g2

∫
d2x h(φ̄)αβ∂µφ̄αDµξβ + 1

2g2

∫
d2x ξα

(
−h(φ̄)αβDµDµ + ∂µφ̄γ∂µφ̄δRαγβδ

)
ξβ ,

(3.3)
where the covariant derivative Dµξα is defined as

Dµξα = ∂µξα + ∂µφ̄γΓγ
α

βξβ (3.4)

and Γ and R are respectively the Christoffel symbols and the Riemann tensor of the metric
hαβ(φ̄) on the target space. The linear term gives the classical equations of motion

∂µ∂µφ̄α + ∂µφ̄γ∂µφ̄βΓγ
α

β = 0 , (3.5)

while the quadratic term can be written as 1
2g2
∫

ξαOαβξβ and used to compute the one-loop
correction to the quantum effective action

Γ[φ̄] = S[φ̄] + 1
2tr logO . (3.6)

The propagator in (3.3) has a nonstandard form due to the metric hαβ(φ̄), that forbids an
easy Fourier transform and diagrammatic computation. A way around consists in defining
the vielbein ea

α, the vector field ξa = ξαea
α and the spin connection ωγ

ab. The new covariant
derivative is

Dµξa = ∂µξa + ∂µφ̄γωγ
a

bξ
b (3.7)

and the second order term in the ξ expansion of the action turns into

S(2) = 1
2g2

∫
d2x ξa

(
−DµDµδab + ∂µφ̄γ∂µφ̄δRaγbδ

)
ξb , (3.8)

with Raγbδ = Rαγβδea
αeb

β. In this way O can be written in the form

Oab = δab∂µ∂µ +N µ
ab∂µ + Uab . (3.9)

If N and U are small with respect to the kinetic term, one can perturbatively expand
tr logO and find

1
2tr logO = 1

2tr
[U
□

− 1
2

( 1
□
U 1
□
U + 1

□
N∂

1
□
N∂ + 2 1

□
U 1
□
N∂

)]
, (3.10)

– 6 –



J
H
E
P
0
2
(
2
0
2
5
)
1
4
6

where 1
□N∂ has been neglected because it contributes only with a boundary term. In the

hybrid renormalization scheme,

trU
□

= − 1
4π

Uaa

[
−1

ϵ
+ log

(
µ2

m2

)]
, (3.11)

tr 1
□
U 1
□
U = − 1

4π
(Uab + Uba) log

(
− □

m2

) 1
□
Uab , (3.12)

tr 1
□
U 1
□
N∂ = − 1

4π
(Uab + Uba) log

(
− □

m2

) 1
□

∂µN µab , (3.13)

tr 1
□
N∂

1
□
N∂ = 1

16π
Nµab

(
−1

ϵ
− log

(
− □

µ2

))(
N µab −N µba

)
+ 1

8π
Nµab log

(
− □

m2

)
∂µ∂ν

□
N νab , (3.14)

up to finite terms. U is symmetric in vielbein indices, while N is antisymmetric, hence
the UN bubble is identically zero.

In the particular case of the CP (1) nonlinear sigma model the metric is simply

hαβ = δαβ

[1 + 1
4(φαφα)]2

,

with indices running from 1 to 2. The curvatures tensors and connections can be computed
using standard differential geometry. Notice that with a simple rescaling ϕ = 1

g φ we get
exactly the action (1.1).

Since we are interested in the one loop correction to the four point function, we can
use the small ϕ expansion

S[ϕ] = 1
2

∫
d2x δαβ∂µϕα∂µϕβ

[
1− g2

2 ϕγϕγ + 3g4

16 (ϕγϕγ)2
]
+ O(ϕ8). (3.15)

The classical equations of motion are

∂µ∂µϕα = g2

2 ∂µϕγ∂µϕβ(δα
β ϕγ + δα

γ ϕβ − δγβϕα) + O(ϕ5) (3.16)

and we just need

N µ
ab = −g2∂µϕ̄γ(δa

γ ϕ̄b − δb
γϕ̄a) + O(ϕ̄4) , (3.17)

Uab = g2∂µϕ̄γ∂µϕ̄δ

(
1− g2

2 ϕ̄ρϕ̄ρ

)
(δabδγδ − δaδδbγ) +

g2

4 ϕ̄α∂µϕ̄α(ϕ̄a∂µϕ̄b + ϕ̄b∂
µϕ̄a)

− g2

4 ∂µϕ̄a∂µϕ̄bϕ̄
αϕ̄α − g2

4 ∂µϕ̄α∂µϕ̄αϕ̄aϕ̄b + O(ϕ̄6) (3.18)

to compute (3.10) at order ϕ̄4. So the bubble contributions are

tr 1
□
U 1
□
U ≈ − g4

2π
∂µϕ̄γ∂µϕ̄δ log

(
− □

m2

) 1
□

∂ν ϕ̄γ∂ν ϕ̄δ , (3.19)

tr 1
□
N∂

1
□
N∂ ≈ g4

4π

[
ϕ̄α∂µϕ̄β

(
−1

ϵ
− log

(
− □

µ2

))
(ϕ̄α∂µϕ̄β − ϕ̄β∂µϕ̄α)

]
+ g4

4π

[
ϕ̄α∂µϕ̄β log

(
− □

m2

)
∂µ∂ν

□
(ϕ̄α∂ν ϕ̄β − ϕ̄β∂ν ϕ̄α)

]
. (3.20)
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In this approximation, thanks to the equations of motions, we can write

□(ϕ̄αϕ̄β) = 2∂µϕ̄α∂µϕ̄β + O(ϕ̄4) (3.21)

and the bubble diagrams reduce to

tr 1
□
U 1
□
U ≈ − g4

4π
ϕ̄γϕ̄δ log

(
− □

m2

)
∂µϕ̄γ∂µϕ̄δ (3.22)

tr 1
□
N∂

1
□
N∂ ≈ g4

4π

[
ϕ̄α∂µϕ̄β

(
−1

ϵ
− log

(
− □

µ2

))
(ϕ̄α∂µϕ̄β − ϕ̄β∂µϕ̄α)

]
. (3.23)

By an integration by parts we can move the partial derivative from one side to the other
of log (−□), obtaining

tr 1
□
U 1
□
U+tr 1

□
N∂

1
□
N∂ ≈ g4

2π
ϕ̄α∂µϕ̄β log(−□)ϕ̄β∂µϕ̄α+ g4

4π
log(m2)ϕ̄α∂µϕ̄αϕ̄β∂µϕ̄β

+ g4

4π

[
−1

ϵ
+log

(
µ2
)](

ϕ̄αϕ̄α∂µϕ̄β∂µϕ̄β−ϕ̄α∂µϕ̄αϕ̄β∂µϕ̄β
)

.

(3.24)

On the other hand, the tadpole at order ϕ̄4 is

trU
□

≈ − g2

4π

[
∂µϕ̄β∂µϕ̄β(1− g2ϕ̄αϕ̄α) + g2

2 (ϕ̄α∂µϕ̄α)2
] [

−1
ϵ
+ log

(
µ2

m2

)]
, (3.25)

then

1
2tr logO ≈ − g2

8π
∂µϕ̄β∂µϕ̄β

(
1− g2

2 ϕ̄αϕ̄α

)[
−1

ϵ
+ log

(
µ2
)]

+ g2

8π
∂µϕ̄β∂µϕ̄β(1− g2ϕ̄αϕ̄α) log

(
m2
)
− g4

8π
ϕ̄α∂µϕ̄β log(−□)ϕ̄β∂µϕ̄α . (3.26)

Again, the equations of motion imply on-shell

ϕ̄α∂µ∂µϕ̄α ≈ −g2∂µϕ̄β∂µϕ̄βϕ̄αϕ̄α , (3.27)

so the term proportional to logm2 in (3.26) can be set to zero via integration by parts. That
is the clear sign that IR divergences cancel out as expected in the four-point amplitude. At
the same time, the rest of the one-loop correction to the effective action reduces to

1
2tr logO ≈ − g4

16π
∂µϕ̄β∂µϕ̄βϕ̄αϕ̄α

[
−1

ϵ
+ log

(
µ2
)]

− g4

8π
ϕ̄α∂µϕ̄β log(−□)ϕ̄β∂µϕ̄α . (3.28)

Comparing the last expression with (3.15), one can renormalize the coupling in the fol-
lowing way

g2(µ) = g2
B − g4

B

4π
log

(
µ2
)

, (3.29)

from which we recover the µ-running

βµ(g) = − 1
4π

g3 . (3.30)
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The term containing log(−□) generates at tree level the one loop amplitude (1.3), hence the
physical running of the four-point function is equal to the µ-running.

From [12], the expectation value of L should be independent of log(m2). However, the
well known expression in the literature for the one loop effective action [10]

L(0) + L1−loop = 2
[
1
g2

0
− 1

4π
log

(
Λ2

m2

)]
∂µϕ∗∂µϕ

(1 + ϕ∗ϕ)2 (3.31)

clearly depends on m. In the small coupling (or small field) expansion ⟨L⟩ should be
independent of m order by order, but the tree level four-point amplitude from (3.31) is

s

[
1
g2

0
− 1

4π
log

(
Λ2

m2

)]−1

. (3.32)

The usual solution consists in identifying m with the running scale µ and forget about the
actual origin of log(µ) terms. In our calculation we have seen that this substitution is a
nontrivial effect due to the presence of non-local operators in the one loop effective action.
These terms, generated by the p ≪ q regions of Feynman integrals, cancel all m dependence
from the four-point amplitude and allow us to reproduce at tree level the correct momentum
structure near the renormalization point.

The generalization to the O(N) NLSM does not require much effort. The only change
is that δαα = N − 1, because there are N − 1 active particles, giving

tr 1
□
U 1
□
U ≈ − g4

4π

[
(N − 3)ϕ̄αϕ̄α log

(
− □

m2

)
∂µϕ̄β∂µϕ̄β + ϕ̄γϕ̄δ log

(
− □

m2

)
∂µϕ̄γ∂µϕ̄δ

]
(3.33)

and

trU
□

≈ − g2

4π

[
∂µϕ̄β∂µϕ̄β(N − 2)(1− g2ϕ̄αϕ̄α) + g2

2 (ϕ̄α∂µϕ̄α)2
] [

−1
ϵ
+ log

(
µ2

m2

)]
. (3.34)

Also in this case, the part proportional to log(m2) is equal to zero on-shell at order ϕ̄4.

4 Passarino-Veltman reduction and the scattering amplitude

In two dimensions, the Passarino-Veltman reduction technique says that all one loop integrals
can be reduced to momentum dependent factors times the scalar bubble and tadpole diagrams,
given in eq. (1.5). In calculating the amplitude, we need only one such example, which is
the tensor bubble diagram given by

Bµν(q) = −i

∫
ddp

(2π)d

pµpν

[p2 + iϵ][(p − q)2 + iϵ]

= 2T

4(d − 1)

(
ηµν + (d − 2)qµqν

q2

)
− q2B(q)

4(d − 1)

(
ηµν − d

qµqν

q2

)
(4.1)

in any dimension and any renormalization scheme. Only the scalar bubble carries momentum
dependence. This reduction makes it simple to calculate the scattering amplitude.
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Let us first give the calculation for ϕ1 + ϕ1 → ϕ2 + ϕ2 in pure dimensional regularization.
Here the tadpole diagram vanishes because it is scaleless. The relevant amplitudes are

iM(ϕ1(p1)ϕ1(p2) → ϕ2(p3)ϕ2(p4)) = ig2
0[p1 · p2 + p3 · p4] → ig2

0s (4.2)

and

− iM(ϕ1(p1)ϕ1(p2) → ϕ1(p3)ϕ1(p4))
= ig2

0[p1 · p2 + p3 · p4 + p1 · p3 + p2 · p4 + p1 · p4 + p3 · p2] → ig2
0[s + t + u] = 0, (4.3)

where the second form in each case is the on-shell amplitude. When combining these into
loop amplitudes of figure 1, we find that the s-channel loop vanishes, while the t-channel and
u-channel loops are non-vanishing.2 Using the reduction technique, we find

M = g2
0s + g4

0s

4 [tB(t) + uB(u)]− g4
0
4 (u − t)[tB(t)− uB(u)] (4.4)

in terms of the scalar bubble diagram. The renormalization and running of this amplitude is
analyzed in the Introduction. We also note that this amplitude can be constructed directly
using unitarity based methods, in which the cuts are calculated in all channels and the
logarithms are related to the value of the on-shell cut amplitude. The vanishing of the
s-channel loop is directly related to the vanishing of eq. (4.3) on-shell.

Unitarity methods also make it simple to generalize to the O(N) case. In that situation
the case of similar particles vanishes on shell as in eq. (4.3) and 2 → 2 amplitudes with three
or more types of particles are zero. Hence, the only relevant process is ϕi + ϕi → ϕj + ϕj

with i ̸= j and those related to it via crossing symmetry. In the t-channel and u-channel only
bubble loops with both virtual particles having index k = i or k = j are non-zero, so they give
the same contribution calculated in the CP (1) model. In the s-channel, the new N−3 bubbles
with both virtual particles having index k ̸= i, j are non-zero and give the contribution

(N − 3)g4
0s

2 sB(s) . (4.5)

In the symmetric point, the three channels lead to an overall factor of (N − 2) in the beta
function of g, which is the dual Coxeter number for O(N) as identified in ref. [26].

We can readily convert these results to any renormalization scheme by using the knowledge
that the result is independent of an infrared regulator, known from [12] and confirmed in
the previous section. This is because the only combination of the scalar tadpole and scalar
bubble which is IR independent is the combination (1.4). The complete result is then of
the form of eq. (1.3).

5 Discussion

Here we would like to clarify the meaning of “physical running” and to comment on the
relation of the calculation in this paper to our other recent papers where we have explored

2Here and throughout this paper we are focusing only on the divergences and the logarithms, and hence
drop terms of order ϵ.
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the issue of physical running and regularization schemes [13–15]. Consider a hypothetical
amplitude of the form

M(p) = λ(µ) + aλ2(µ) log
(

m2

µ2

)
+ bλ2(µ) log

(
p2

µ2

)
+ cλ2(µ) log

(
p2

m2

)
, (5.1)

where µ comes from dimensional regularization and m is either a mass that is present in the
theory or an IR regulator. Such an amplitude could arise, for example, from application of
the MS scheme. The first term represents the contribution of the tadpole, the other two are
the contributions of the UV and IR part of the bubble. We can also rewrite the amplitude as

M(p) = λ(µ) + (a − c)λ2(µ) log
(

m2

µ2

)
+ (b + c)λ2(µ) log

(
p2

µ2

)
(5.2)

From the µ-independence of the amplitude we obtain the “µ-beta function”

βλ ≡ µ
d

dµ
λ(µ) = 2(a + b)λ2 . (5.3)

In this way the µ-dependence of the coupling contains a spurious part (the one proportional
to a) that does not reflect a momentum dependence in the amplitude, and misses the
momentum dependence of the term proportional to c. This mismatch has the effect that this
definition of running coupling does not solve the problem of the large logarithms that arises
when p becomes large, which is the main reason for the use of the renormalizaton group
in perturbation theory. Indeed, if we choose µ ≈ p in order to make the second logarithm
in (5.2) small, the first logarithm will generically be large: We can rewrite the amplitude as

M(p) = λ(p) + (a − c)λ2(p) log
(

m2

p2

)
. (5.4)

The problem is solved by using a different renormalization scheme, where we absorb the
first logarithm of (5.2) in the definition of the renormalized coupling:

λ(µ) → λ(µ)− (a − c)λ2(µ) log
(

m2

µ2

)

In this scheme the amplitude reads

M(p) = λ(µ) + (b + c)λ2(µ) log
(

p2

µ2

)
. (5.5)

From the requirement that this be µ-independent, one gets what we call the physical beta
function

βλ ≡ µ
d

dµ
λ(µ) = 2(b + c)λ2 . (5.6)

Now the µ-dependence of the coupling faithfully tracks the momentum-dependence of the
amplitude, and with this definition of running the problem of the large logarithms is solved.

When could this type of behavior arise? It does not arise in the CP (1) model considered
in the present paper. This is due to the absence of IR divergences [12], that implies a = c.
Then, the µ-running and the physical running are the same.
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Also, it does not arise in textbook discussions of running couplings in ordinary renormal-
izable theories in four dimensions, with kinetic terms involving two derivatives. In these cases,
there are no IR divergences off-shell, and tadpoles cannot contribute to the renormalization
of marginal couplings.

In [13], we considered a higher derivative four dimensional model with a shift symmetry,
for which there were no lower dimension interactions possible. In this case the high energy
running of the interaction again agrees in all regularization schemes. However, the wave
function renormalization constant runs with µ, but this running is not physical.

A more striking example was given in [14], that considered a four dimensional nonlinear
sigma model with four derivatives (which might be thought of a 4D cousin of the 2D O(N)
models with two derivatives). In this theory the symmetry allows a two derivative addition, i.e.

L = F 2

4 Tr
(
∂µU †∂µU

)
− 1

4f2 Tr
(
□U †□U

)
+ . . . (5.7)

with U(x) = exp iτ · ϕ(x). These couplings appear in the propagator

iD(q) = i

F 2q2 − 1
f2 q4 (5.8)

and can be renormalized by considering the self energy. However, because only even powers
of the field appear in this theory, the self-energy is just the tadpole diagram at one loop. This
would have an IR divergence if the two derivative Lagrangian were omitted. And because the
tadpole diagram does not have any momentum dependence, there is a difference between
cutoff running or µ running and physical running [14].

This phenomenon is also found in our treatment of Quadratic Gravity, where if one
considered only the curvature squared terms, there would be infrared divergences, which
however are removed by the proper inclusion of the Einstein-Hilbert action (that is of first
order in the curvature). Again tracing Λ running or µ running in Quadratic Gravity differed
from the physical running [15]. The lesson appears to be that when operators of different
dimensions appear in the action bringing in relative dimensionful factors, the running with
cutoffs and the physical running with momentum should be expected to be different.

That Green functions could exhibit different dependence on µ and on momentum, when
higher derivatives are present, had also been observed in [27].

In the early days of quantum field theory, Landau, Pomeranchuk and collaborators
studied the running couplings in many theories and concluded that all quantum field theories
have Landau poles — i.e. are not asymptotically free [28–30]. This was famously overcome by
the proof of asymptotic freedom in Yang-Mills theory, and this is often attributed to the extra
degrees of freedom found in the non-Abelian gauge theory. The 2D CP (1) model is another
interesting counterexample to the Landau argument. Here there are only scalar degrees of
freedom. The logarithms of the energy variables can be found by taking the unitarity cuts
in all channels. The analysis using either cutoff regularization or dimensional regularization
is consistent with this physical running. The CP (1) model shows that non-gauge theories
may also exhibit asymptotic freedom.
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