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Abstract. In this contribution I provide an overview of our group papers involving universalities in
light exotic nuclei. It is also made a connection of these systems with some weakly bound ultracold
molecules.
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INTRODUCTION

In the few-body physics context the tiny line between bound and scattering states (distin-
guished, respectively, by a discrete and a continuous spectrum) is what we1 call thresh-
old. Studies of systems in the vicinity of a threshold can reveal very interesting struc-
tures. A curious result related to these weakly-bound structures is calleduniversalityand
the physical observables linked to this are calleduniversal. More specifically, physical
observables are called universal if they do not depend on thedetails of the short range
interaction. Thus, we can say that some systems that are different at short distances can
present identical behavior at long [1].

There is a class of nuclei close to the limit of stability thatis called halo nuclei (or
exotic nuclei) [2]. The halo structure for a nucleus close tothe neutron dripline is usually
composed by a core and one or two loosely bound neutrons. The first experimental
observation of a halo nucleus (6He) was made in the 30’s [3], but the “modern” studies
of these nuclei began only in 1985 with the observation of a huge increase of11Li cross
section in an experiment that was measuring the cross section of Li isotopes colliding
with some targets [4]. That increase was first interpreted asdue to the11Li structure that
could be formed by a core,9Li, and two weakly-bound neutrons. This assumption was
experimentally proved in 1989 [5].

EFIMOV STATES

One remarkable phenomenon involving universal features isthe appearance of Efimov
states [6]. An infinite number of these three-body bound states appears when the energies
of the two-body subsystems go to zero. Efimov states were predicted theoretically in

1 I used “we” when referring to our group - formed by A. Delfino, T. Frederico and L. Tomio - or few-body
physics community.
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the nuclear context in 70’s but their first experimental evidence was made in ultracold
atomic traps only in 2006 [7]. A peculiar characteristic of Efimov states is the ratio
between two consecutive three-body binding energies,E3. When the energy of the two-
body subsystems,E2, tends to zero this ratio tends to

E(n)
3 /E(n+1)

3 → 515.03,

with n→ ∞. The size of these systems also obeys a ratio of≈ 22.7, i.e., the state(n+1)
is≈ 22.7 times greater than staten (these ratios are valid for three identical bosons with
equal masses).

The appearance of Efimov states is closely related to the possibility of collapse of
the three-body systems (Thomas collapse) [8]. Rescaling the momentum variables and
two- and three-body binding energies as~x = ~p

µ(3)
, ~y = ~q

µ(3)
, ε2 = E2

µ2
(3)

, ε3 = E3
µ2

(3)

, where

µ2
(3) is the three-body subtraction energy (equivalent to an energy momentum cutoff),

we can write the three-body bound state integral equation for a Dirac-δ potential using
the dimensionless variables as (h̄ = m= 1, wherem is the boson’s mass)

χ(~y) =
−π−2

±√
ε2−

√

ε3+ 3
4y2

∫

d3x
[

G(~x,~y;ε3)−G(~x,~y; µ2
(3))

]

χ(~x), (1)

with χ(~x) ≡ µ3/2
(3)

ϕ(~p), whereϕ is the Faddeev component of the three-boson bound

state vertex, for zero angular momentum. The Green’s function is given byG(~x,~y;E) =
(E + y2 + x2 +~y ·~x)−1. The+ and− signs in front of

√
ε2 distinguish, respectively, a

bound from a virtual state2. The details of the formalism can be found in Ref. [9].
The number of three-body bound states, given by the values ofε3 satisfying Eq. (1),

grows without limit whenε2 decreases to zero. This limit (ε2 → 0) can be achieved
either byE2 → 0 (with a fixedµ(3)) or by µ(3) → ∞ (with E2 fixed). In this last case

the system collapses:E(0)
3 = ε(0)

3 µ2
(3) → ∞. This is known as the Thomas collapse of the

three-body ground state. Therefore, the Thomas and the Efimov states are given by the
same limit,ε2 → 0, of Eq. (1), and are related only by a scale transformation.Fig. 1
shows the appearance of Efimov states whenε2 is decreased.

The Thomas collapse is also related to the number of physicalscales that are necessary
to describe a system [10]. For a three-boson system interacting by ans−wave in three
dimensions, as the Thomas collapse is present, we need a three-body scale beyond the
two-body one to completely describe the observables in theuniversal regime, a/r0 ≫ 1,
in which the two-body scattering length,a, is much greater than the range of the
potential,r0. Translating this into an equation, we can write:

O(E,E2,E3) = (E3)
η
F

(

E
E3

,
E2

E3

)

. (2)

2 A virtual state is a quasi-bound state in the second energy Riemann sheet.
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FIGURE 1. Appearance of Efimov states whenε2 approaches zero. The solid, dashed and dotted lines
represent, respectively, the ground state and the first and second excited states. The dash-dotted line is
ε2 = ε3. A similar figure can be found in Ref. [9].

Any three-body observable,O , at an energyE with dimension(E3)
η can be written as

a scaling function dependent only on the two- and three-bodyscales, that can be chosen
as their binding energies.

The above assumption brings us a natural question: if one more boson is added to
the system should we also add one more scale, independent of the two- and three-body
scales, to describe the four-boson system? This is still an open question that deserves
investigation [11, 12].
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FIGURE 2. Trimer excited (n+1)th state energy as a function of the ratio of the dimer energy andtrimer
nth bound state energy. The symbols represent results from other realistic calculations (for references of
the realistic data please see Ref. [9]). A similar figure can be found in Ref. [9].

Eq. (2) provides an interesting manner to verify if a system is universal or not.
Fig. 2 shows a “scaling plot”, where the energies were calculated using our zero-range
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approach. The zero-range calculation is the limit of short range potentials and is very
convenient to study weakly-bound systems. The points are realistic calculations.

We can see for small two-body energies that all points match our curve. As we
increaseE2 the difference between realistic and zero-range calculations also increases
indicating that we are leaving the universal regime and we need more parameters to
describe the system. These weakly-bound systems have a wavefunction that extends
much beyond the range of the potential, thus another way to verify the universality is to
check the probability of the wave function to reach the classical forbidden region [2].

HALO NUCLEI

In this section I will consider only three-body halo nuclei approached by an inert
dimensionless core and two loosely bound neutrons. Using this approximation we can
classify halo nuclei as indicated in Fig. 3 [13].

FIGURE 3. Classification scheme for a three-bodyα −α −β system. A solid line represents a bound
state and a dashed line an unbound (virtual) state. For two neutron halo nucleiα represents a neutron, in
this case the subsystemα −α is always unbound. Figure from Ref. [13].

The name “Borromean”, representing a three-body bound system where all pairs are
unbound, comes from the borromean rings, a structure where three rings are connected
and the pairs are not. The name “Tango” was given because the bound pair should
move in a very harmonic way to have a three-body bound system [14]. When two two-
body subsystems are bound the three-body system can “shake”a little bit more than
in the “Tango” type and still remaining bound, thus we decided to give it the name
“Samba” [13].

If the above systems are in theuniversal regimewe can systematically study interest-
ing scaling plots in order to verify how universal are some observables. In this case the
scaling function can be written as

O(E,E3,Enn,EnA) = (E3)
η
F

(

E
E3

,
Enn

E3
,
EnA

E3
;M

)

, (3)

whereEnn andEnA are, respectively, the energies of the two-body subsystemsneutron-
neutron and neutron-core. M is the mass of the core A.

Fig. 4 presents an example of scaling plot relating the root-mean-square radius and
energies (for other scaling plots see Ref. [13]). In this plot we use the following defini-
tions:EnA/E3 ≡ K2

nA andEnn/E3 ≡ K2
nn (for both bound or virtual state energies), such

that
KnA = ±

√

EnA/E3 and Knn = ±
√

Enn/E3. (4)
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FIGURE 4. Dimensionless product (̄h = mn = 1, wheremn is the neutron’s mass)
√

〈r2
nA〉|E3| for

M = 200 andEnn/E3 = 0.1 as a function ofKnA/|Knn|. A bound nn pair is represented with dashed
line; and a virtual nn pair with dot-dashed line. This figure shows the transitions Tango→All-Bound and
Borromean→Samba. A similar figure can be found in Ref. [13].

The+(−) sign refers to bound(virtual) state.
The behavior shown in Fig. 4 is reproduced for other core masses and energy ra-

tios Enn/E3. A curious fact is that for the same energyE3 the size of the three-body
systems follows the sequence: Borromean<Tango<Samba<All-Bound. This apparent
contradiction - intuitively we could expect a system with all two-body subsystems bound
smaller than a system with all of them unbound - is immediately solved if we consider
that for the sameE3 a system with a weaker interaction should be closer in order to form
a bound three-body system.

OUTLOOK

Although we can study the relations between observables considering several halo
nuclei, we are not able to change the interaction between nucleons. However, this change
can be made in ultracold atomic traps via Feshbach resonance. Using this mechanism
we can tune the two-body interaction changing the magnetic field. Several articles, most
of them in the atomic context, have been written recently showing thatuniversalityis a
hot topic [12, 15].

Obviously, the next frontiers to be investigated are the four and five-body prob-
lems [16], but certainly the three-body problem is not yet closed [17].
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