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Scalar radiation emitted from a rotating source around a Reissner-Nordstrom black hole
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We investigate the radiation emitted from a scalar source in circular orbit around a Reissner-Nordstrom
black hole. Particle and energy emission rates are analytically calculated in the low- and high-frequency
regimes and shown to be in full agreement with a numerical calculation. A brief comment connecting the
present work with a recent discussion on the cosmic censorship conjecture is included at the end.
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L. INTRODUCTION

The mounting evidences favoring the existence of black
holes and the perception that they are usually surrounded
by accretion disks has raised much interest in the study of
the radiation emitted from their vicinities. In this context
Misner and collaborators [1,2] initiated the so-called gravi-
tational synchrotron radiation program in the 1970’s,
where classical radiation emitted from charges in motion
around black holes was analyzed. This was followed up by
a number of related investigations in different situations of
interest up to these days using classical and quantum
approaches (see, e.g., Ref. [3] and references therein).

In this paper we analyze the scalar radiation of Klein-
Gordon particles emitted from sources in geodesic orbit
around Reissner-Nordstrom black holes. We work in the
context of standard QFTCS (see Refs. [4,5] for compre-
hensive accounts). As far as the emitted particles have
small angular momentum and energy in comparison to
the black hole mass, no significant backreaction effects
are expected and, thus, the background spacetime can be
regarded as fixed. Because of the difficulty to express the
solution of some differential equations, which we deal with
in terms of known special functions, our computations are
performed (i) numerically but without further approxima-
tions and (ii) analytically but restricted to the low- and
high-frequency regimes. The paper is organized as follows:
In Sec. II, we present the general formulas for the emission
rate and radiated power of scalar particles from the mono-
pole source in circular orbit around the Reissner-
Nordstrom black hole. In Sec. III, we present analytic
results in the low- and high-energy regimes. In Sec. IV,
the analytic results obtained in the previous section are
plotted against a full numerical calculation and shown to
agree. We also compute the amount of the emitted radia-
tion, which reaches asymptotic observers rather than being
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absorbed by the hole and the angular distribution of the
emitted radiation with respect to the orbit plane. In Sec. V,
we establish a connection between the particles generated
by the present mechanism and the ones considered in
Refs. [6,7], where the validity of the cosmic censorship
conjecture was discussed. Section VI is dedicated to our
final remarks. We assume natural units c =G =h =1
unless stated otherwise.

II. EMISSION RATES AND RADIATED POWERS

The line element of a Reissner-Nordstrom black hole
with mass M and electric charge |Q| = M can be written as
[8]

ds®> = f(r)dt* — f(r)"'dr* — r*(d6? + sin’6d ¢?),
(2.1)

where
F0) == /(1 = /1)

and r.» = M *+ {/M? — Q7. Outside the outer event hori-
zon, i.e., for r > r,, we have a global timelike isometry
generated by the Killing field 9,.

Now we introduce a free massless scalar field ® =
®(x#) satisfying (1® = 0. The corresponding field opera-
tor can be expanded in terms of creation a®! and annihi-

wlm
] @
lation af,, operators as

— 0 l 0
D(x) = Y dolu?,, (x*)a%, + H.c.],
0
a=—1=0m=—1
(2.3)

2.2)

where the normal modes are written as

w g (r) —iw
Uopim = \/%¢+ Y6, e

and are assumed to be orthonormalized according to the
Klein-Gordon inner product [4]. Here, @ =0 and [ = 0,
m € [—1,[] are frequency and angular momentum quan-
tum numbers, respectively, and @ =« (—) labels ingoing

(2.4)
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(outgoing) modes. Y,,,(6, ¢) are the usual spherical har-
monics. ¢ (r) and ¢ (r) are associated with purely
incoming modes from the past null infinity J~ and out-
going from the past white-hole horizon JH ~, respectively.
Y&, satisfies

[0 5 (701 5) + Verl) w0 = 0w,
(2.5)
where

l(l+ 1)

Ve (r) = (1 - 2TM + %)(2—1‘;[ - 2—Q42+

r r
is the effective scattering potential (see, e.g., Ref. [9] for
more detail). A plot of the scattering potential can be found
in Fig. 1. The larger the [/ the larger the Vg because of the
centrifugal barrier. By performing the coordinate trans-
formation

) 2.6)

_ L G nly =yl = () Inly — y_|
X=y+ ,
Y+ — V-
where y = r/2M and y. = r./2M, Eq. (2.5) can be cast
in the form
(—d*/dx* + AMP Ve[ r(0) D 4 2 (x) = 4MP 02 2 (x).

(2.8)
|

2.7)

T<— —2iMwx

ey 1 1€
wwl(x)'\’%{ ( !

and
() = 1 { e?Mox 4 R e~ 2iMox (x<0,|x|>1)
wl HIT_'Ma)xh(l)(ZMa)x) (x>1)
(2.11)

Here, |R2,|* and |T¢,|? are the reflection and transmis-
sion coefficients, respectively, satisfying the usual proba-
b111ty conservation equation: |R%|*>+|7%,|> =1 and
A (2wa) is the spherical Hankel functlon Note that
{ J(x) =~ (—i)!*! exp(ix)/x for |x| > 1.
Now let us consider a monopole

jGx") = 8(r — Rs)8(0 — m/2)8(¢ — Q1) (2.12)

\/— 0
describing a scalar source in uniform circular motion at the
equatorial plane of the Reissner-Nordstrom black hole, i.e.,
0 = m/2, with r=Rg and angular velocity Q) =
d¢/dr = const >0 as defined by asymptotic static ob-
servers. Here, ¢ = det(g,,) and

ut(Q, Rg) = (f(Rg) — R2Q?)71/2(1,0,0, Q)

is the four velocity of the source. By assuming that the
source is free of interactions other than the gravitational

(2.13)

)IHwah( )M wx)* + 211+1’R‘_Ma)xh(1)(2wa) (x>1)
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FIG. 1 (color online). The effective scattering potential for
|Q|/M = 0, 0.5 and 0.9 is plotted for / = 10 as a function of
r/r,. The larger the |Q|/M the smaller the V(r/r,).

Accordingly, the creation and annihilation operators satisfy
the simple commutation relations

[a%, a0 1= 8 aat 818w (@ — @), (2.9)

where the state |0), defined by a2 ,,,10) = 0 for every a, w,
[, and m, is denominated Boulware vacuum. Close (x < 0,
|x| > 1) to and far away (x > 1) from the horizon we
have

(x<0 x| >1)

(2.10)
|
one, we obtain that
Q = M/R; — 0*/R}, (2.14)
where
Rg>rpn = (M + \/9M2 —80%)/2. (2.15)

Here, rpy, is the radius of the null circular geodesic and
defines the innermost limit to timelike geodesic circular
orbits. We note, moreover, that we have normalized the
source j(x#) in Eq. (2.12) by requiring that [doj(x*) =
q = const, where do is the proper three-volume element
orthogonal to u*.

Next, let us minimally couple the source to the field
through the interaction action

G, = f dx =g jb.

From this we can interpret g in Eq. (2.12) as a coupling
constant between source and field. Then the emission
amplitude at the tree level of one scalar particle with
quantum numbers («, , [, m) into the Boulware vacuum
is given by

(2.16)
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= (awlmliS;|0) = ifd“x\/—gj(x“)uﬁw
2.17)

ﬂem

awlm

Note that for sources in constant circular motion the am-
plitude A is proportional to 6(w — w,), where we
have defined w, = m{). Hence, the frequency of the emit-
ted particles is constrained by the relation w = w,. In
particular, since {} > 0, no waves with m = 0 are emitted.
The emission rate I',,, ; and corresponding emitted power
W 4,1 Of particles with quantum numbers (a, w,, 1) (I = 1)
are given by

“+ 00
Tt = fo dol A 12T

= 2q%wo(f(Rs) — RZQ) Y2 (Rs)/Rs|?

XY}, (77/2, 0)? (2.18)
and
awol [ dwwlﬂawlmP/T
= 2¢°w5(f(Rs) — RSQ)| 4% ((Rs)/Rs|?
XY, (7/2, 0)%, (2.19)

respectively, where T = 275(0) is the total time as mea-
sured by asymptotic observers [10]. Note also that
Y, (7/2,0) = 0if [ + m is odd and

20+ 1 (Il+m— DN —m— 1!
4 I+ m)!(l — m)!
(2.20)

if [+ m is even [11]. We have defined n!! = n(n —
2)--+1ifnisodd, n!'=n(n —2):--2if nis even, and
(=1 = 1. Moreover, note that if we had chosen the
Unruh or Hartle-Hawking vacua rather than the Boulware
one, then Egs. (2.18) and (2.19) would be associated with
the net emitted radiation since the absorption and stimu-
lated emission rates (which are induced by the presence of
thermal fluxes) are the same.

The total emission rate I and radiated power W@l
are obtained by summing on the quantum numbers «, [, m
in Egs. (2.18) and (2.19), accordingly. The total particle
and energy rates which escape to infinity are

Y1 (77/2, 0)]> =

FObS = Z Z (lT(uollzr—'(uol + IR;[|2F<_Q,O[) (221)

=1 m=1

and

(o9}

WObS = Z Z(lTZ]lz —wol + |Rw0]|2 <—a)01)) (222)

=1 m=1

respectively. Here, we note that T = ’.T wo+ This guar-
antees that IR‘_ | =R 1| Note, however that ZRw ,and

PHYSICAL REVIEW D 79, 024004 (2009)

’R;:) ; will in general differ by a phase (in contrast to T‘;O /
and T wl)

The power angular distribution per unit of solid angle,
Q,, at fixed frequency w is well estimated by [2]

dWsz(ﬁ ¢) _ i

Wow il Yu(6, )| (2.23)

for wg = m{) (m = 1) and

Q1+ D[ — DN .

21
47(20)! n=o.

[Y,(6, p)|* =

III. LOW- AND HIGH-ENERGY SOLUTIONS

Now, in order to calculate the physical observables given
by Egs. (2.18), (2.19), (2.21), and (2.22), we must work out
the functions ¢ (r). We exhibit approximate low- and
high-frequency solutions, which are going to be used in
the next section in conjunction with a full numerical cal-
culation designed to cover the whole frequency range.

A. Low-energy solutions

The low-frequency solution for ¢ (r) has been already
worked out in Ref. [9] and can be cast (up to an arbitrary
phase) in the form

—4iMy . yQ,[z(y)]

Po(r) = = (3.1)
Y+ =7 y-
and
iy = PP M — v ) WP )]
Vallr 2+ 1)) :
3.2)
where
2y — 1
) ==2—. (3.3)
Y+ — V-
One can also obtain
T — 22— )y (yy — y ) (1P (M) 3.4)

21+ 112!

—

in the low-frequency regime. We recall that T, = T ..
Equation (3.4) was used in Ref. [6] to calculate the proba-
bility |7 ,]> of a wave to tunnel into the black hole
assuming a fixed Reissner-Nordstrom effective scattering
potential. The larger the black hole mass and charge in
comparison with the wave energy and angular momentum
the better the static potential approximation. Here, we
consider large enough black holes in order to neglect
spacetime backreaction effects.
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B. High-energy solutions

A good approximation of ¢ (r) for high energies can
be obtained by using the WKB approximation (see, e.g.,
Ref. [12]). To do so, it is worth noting that Eq. (2.8)
resembles the one-dimensional Schrodinger equation. By

considering the effective energy w? lower than the peak of
|

szz(x) = ﬁ

and
l/f;}(x) =~ ﬁ

where we have defined
o) = [ k)
and

M@Ef%MW'

with k,;(x) = 2M+y w? — V(x). Here, the normalization
constants A$ are determined by an asymptotic fitting be-
tween Eqgs. (2.10), (2.11), (3.5), and (3.6), respectively. As a
result, we obtain |[A5| = [A7| = VM /2w.

Now, we must analyze the case V.i(x) > w?, which
occurs in the interval (x_, x). In this region, ¢¢,(r) can
be cast in the form

A(—
Po(x) = —i—2e ful 3.7)
wl
and
— - Ao (CHEIM)]
b (x) = —i—2=eOutin (3.3)

VKol

assuming « !d(Ink,,;)/dx << 1, where we have defined
£t = [ u)ar

and

®ml = - /x+ le(-x)d-x

X

with k,;(x) = 2M+/V(x) — w?. The quantity @, is the
well-known barrier factor and is associated with the trans-
mission coefficient by

| T2, = 20,

20,

(3.9

As a consequence, |[R¢ |2 =1 —e

C. Numerical calculation

Now, in order to plot particle and energy emission rates
in the whole frequency range, a numerical calculation

AL [T e w4
{e—i(pwl+7T/4) + R;:lei(pwzﬂr/@ (x>1)

AT [Rye 0w/ 4 ollow=m/4 (x <0, x| > 1)
T;’lei(ﬂw1+7/4)
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Veie(x), one has two distinct situations. The first one is
characterized by V. (x) < w?, which is valid in the inter-
vals (—o0, x_) and (x, +o0), where x+ (x_ < x,) stands
for the classical turning points, which satisfy Vg(x+) =
w?. Then, in the region where k!d(Ink,;)/dx <1 is
satisfied, we write down

(x<0, x| >1) (3.5)

(x>1) ’ (3.6)

I

procedure is in order. Briefly speaking the numerical
method consists of solving Eq. (2.8) for the left- and
right-moving radial functions ¢ ,(r) and ¢ ,(r) with
asymptotic boundary conditions compatible with Egs.
(2.10) and (2.11), respectively. We refer to Ref. [13] for
more detail.

IV. RESULTS

In Figs. 2 and 3 we show the particle emission rates for
[ =m =135, and o =« and — , respectively. We also dis-
play a zoom for M() < 1. We can see the good approxi-
mation provided by our low-energy formulas, which are
applicable when the source is in circular orbits far away
from the horizon. In the same token, the results obtained

8 [Q/M=075
7t . .
numerical analysis
-~ 6} WKB approximation
g low-energy approximation .-
L 57
~ 9
N 1.5% 107
> 4} x
= 1x10°
x 37 .
0 0.5x10°
2 2t ‘
1t 0 0.01 0.05 0.09
0 ‘ ‘ ‘
0 5 10 15 20
10°x M Q

FIG. 2 (color online). The numerical result for I'._,, ; with [ =
m =5 is shown assuming a black hole with |Q|/M = 0.5. The
internal box is a zoom of the OM < 1 region and shows the
excellent agreement obtained with our low-energy formulas. The
numerical and low-energy results are superimposed and cannot
be distinguished with the present resolution. We also plot in this
region the result obtained with the WKB method to make it clear
that it captures the qualitative behavior in the low-energy region
as well. Finally, we emphasize the very nice quantitative ap-
proximation provided by the WKB method in the Rg = rpy
region (QAM = 0.2).
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FIG. 3 (color online). The numerical result for I'_,, ; with [ =
m =5 and |Q|/M = 0.5 is plotted. We can see the convergence
of the numerical calculation with (i) low-energy analytical
results for QM < 1 and (i) the WKB method for Rg = ry,
(OM = 0.2).

using the WKB approximation reproduce very well the
curves for Rg = rpy, i.e., when the source is close to the
innermost timelike geodesic circular orbit. This is the
region where most emitted particles are high-energy
ones. This is also convenient to notice that the WKB
approximation reproduces most qualitative aspects of the
exact numerical calculation. The WKB approximation is
specially good for large angular momentum quantum num-
bers [, as expected. This is very handy when dealing with

PHYSICAL REVIEW D 79, 024004 (2009)

large [ solutions, since the WKB method requires com-
paratively modest computational resources in contrast to
the full numerical procedure. In Figs. 4 and 5, we analyze
in more detail the low- and high-energy particle emission
regions by using the proper formulas, namely, Eq. (2.18)
with Egs. (3.1), (3.2), (3.7), and (3.8), respectively. We note
that I'_,, ; is typically larger than I'_,,, ; except for Ry =
ron and that the larger the [ the smaller the I',,,,;. (For a
fixed [ the larger the m the larger the contribution provided
that [ + m is even.) Moreover, the presence of charge in the
black hole tends to damp I',, ;. In Figs. 6 and 7, we
analyze in more detail the radiated power in the regions,
where the source is far away from the horizon and close to
the innermost timelike geodesic orbit by using Eq. (2.19)
with Egs. (3.1), (3.2), (3.7), and (3.8), respectively. Far
away from the hole the leading contribution to the power
comes from the mode with [ = m = 1, while for Ry = oh
this will depend on the source angular velocity ). In
Figs. 8 and 9, we plot the particle emission rate and
corresponding power, which reach asymptotic observers
for |Q|/M = 0.5, respectively. It is worth noting that for
Rg = ry, about half of the emitted particles are absorbed
by the hole. The WKB and the low-energy approximations
are in nice agreement with the numerical results. In Fig. 10,
we plot the total power emitted as a function of the angular
momentum quantum number [ for fixed Q: Wil =
anzl W w,i- Note that large I’s are excited for Rg = ry,.
Besides, both modes A =« and — contribute approxi-
mately the same (in agreement with the analysis above).

-20 20 .
3 QN0
3 ) SRR
0 -30 |
—~
[\
' 40
=
— 50 [;
o b
0-60“"“"“""' ot s T
- 0 0.00025 0.0005 0.00075 0.001 0 0.00025 0.0005 0.00075 0.001
~ ° ] ' ' J ; 6r T T T
QQ -8 | “‘..'_.»-- 8F "‘~__,.-.... ]
[_:L -10;. -10?
R e ]
o 12 et a2} ;
% -14 :." l=m=1 - -14 i l=m=1 - 3
2 6f l=m=2 —— 16k l=m=2 —— ]
= I=m=3 l=m=3 e
3 -18 L 1 1 1 18t L | ) )
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
10°xM Q 103x M Q

FIG. 4 (color online). The particle emission rates I',,,; (@ =+, —) are plotted in the low-frequency regime as a function of the
source angular velocity () for different values of / (m = I). I'_,, ; is seen to be larger than I'_,, ;. The larger the [ and |Q|/M the

smaller the I"

awyl*
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FIG. 5 (color online). The particle emission rates I, ; are plotted in the high-frequency regime for different values of [ (m = I).
The qualitative behavior of T'y,,; are much like the ones observed in the low-frequency regime with one exception, namely, I'_,,, ;
becomes larger than I' _,, ; for Rg = ry,. The existence of charge in the black hole makes I',,,, ; to decrease. The figures are plotted up
to the last timelike geodesic circular orbit.
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FIG. 6 (color online). The radiated powers W,,,; (& =« —) are plotted in the low-frequency regime as a function of the source
angular velocity () for different values of / (m = I). The qualitative behavior of W, ; and Ty, ; are similar to each other in the low-

frequency regime in contrast to what we see in the high-frequency one.
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FIG. 7 (color online). The radiated powers W,,,,; (o =«, —) are plotted in the high-frequency regime. Note that depending on the

value of () different [ values contribute the most.

Finally, in Figs. 11 and 12 we examine the power angular
distribution per unit of solid angle (2.23) with respect to the
orbital plane when the source is far away and close to the
most internal circular geodesic, respectively. We see that
most radiated power is beamed into a narrow angle interval
around the orbital plane when Rg = rp;, which is a typical
feature of the synchrotron radiation.

|QI/M=0.5
0.9} 1
= 0.999999 [
s 08¢ |
T 0.999998
o 0.999997 ‘
3 . 001 005
9. 0.7
0.6 numerical analysis
WKB approximation -
low-energy approximation «««-«-- :
0.5 s ‘ ‘ L
0 5 10 15 20

10°xM Q

FIG. 8 (color online). We plot the rate of particles, which reach
asymptotic observers as a function of () for |Q|/M = 0.5. The
sum in Eq. (2.21) is taken up to [ = 5. It is seen that the WKB
and the low-energy approximation give good results in the
proper regions, as expected. It is interesting to note that for Ry =
rpn (XM = 0.2) about half of the emitted particles are lost inside
the hole.

V. CONNECTION WITH THE COSMIC
CENSORSHIP CONJECTURE

Recently, [6,7] it was investigated whether or not a
scalar particle with small energy but large enough angular
momentum could tunnel through the gravitational scatter-
ing potential of a nearly extreme macroscopic Reissner-
Nordstrom black hole |Q|/M =< 1, whereby it would ac-
quire enough angular momentum to overspin, Q% +
(J/M)? > M?, and therefore challenge the cosmic censor-
ship conjecture [14] (see also Refs. [15-17] for compre-
hensive accounts and references therein). The correct
angular momentum and energy range that these scalar

|QI/M=0.5
0.9t 1
s 0.999999
2 08¢}
= 0.999998 |
P 0.999997 ‘
S 07} 0.01 0.05 0.1
=
0.6} numerical analysis
WKB approximation -
low-energy approximation - .
0.5 0 5 1‘0 1‘5 2o

102xMQ

FIG. 9 (color online). The power observed at infinity is plotted
as a function of Q for |Q|/M = 0.5.
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FIG. 10 (color online).

and the two ones below assume () = 0.999Q,ph,

particles must have depend on the black hole parameters.
Because black holes with mass M, charge Q, and angular
momentum J satisfy M? = Q% + J?/M?, the larger the
mass M is the larger the angular momentum quantum
number [ of the ingoing particle must be. Accordingly,
the particle energy range must be chosen in such a way
that the inequality above is violated when the particle
tunnels into the hole. A scalar particle with [ = 413 and
frequency in the range w, <4 X 1073 absorbed by a
charged black hole with M = 100 and |Q| = M — e would
be in principle enough to overspin it [6]. In order to
determine in what circular orbits our scalar source should
lie in order to produce such low-energy particles we must

QM=0 ——
°l S, 1QIM=0.9

10" x M? g2 dW,, ; (6.0) /dQg

0 - X X X X X e
-1.5 -1 -0.5 0 0.5 1 1.5

FIG. 11 (color online). The power angular distribution per unit
of solid angle is plotted as a function of ¢ = 7/2 — 6 for () =

0.001Q, and [ =m =1, where Q, = (M/rl3Jh — Qz/rf;h)l/z.

The total power emitted as a function of / (m = [) is plotted. The two graphs above assume ) = 0.99()
where (), = (M/rgh — Qz/rgh)l/z. For Rg =~ ryy, large I’s are excited.

O " "
0 200 400 600 800 1000
l

Tph?

recall that w, = m{). By choosing m = [ in order to max-
imize the emission rate, we obtain that the angular velocity
of the source should satisfy ) < 1/(10”M). Obviously, by
choosing some other m, a different () range would be
obtained accordingly. In Fig. 13, we plot the emission
rate I'_,, ; of ingoing particles produced by such a source
in the above () range. Whatever is the final verdict for this
mechanism given by some complete quantum gravity cal-
culation, this is remarkable that there is no a priori com-
pelling reason to preclude the formation of naked
singularities in the quantum realm. It is largely believed
that quantum gravity should be able to unveil the physical
structure of these “‘entities” making them nonsingular [18]

. 16 :
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FIG. 12 (color online). The power angular distribution per unit
of solid angle is plotted as a function of ¥ = 7/2 — 6 for () =

0.999(2,ph and [ = m = 200.
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FIG. 13 (color online). The emission rate ', ; of particles
with [ = 413 and frequency in the range 0 < wy <4 X 107,
which would overspin a black hole with M = 100 and |Q| =
M — e is plotted as a function of the source angular velocity ().
We have chosen m = [ in order to maximize the emission rate.

and recovering the spacetime predictability. The general-
ized second law of thermodynamics could still be pre-
served if the initial entropy of the black hole were
carried away by the degrees of freedom of some final
debris assuming that naked singularities are unstable.

PHYSICAL REVIEW D 79, 024004 (2009)
VI. FINAL REMARKS

We have considered the scalar radiation emitted from a
monopole in circular geodesic orbits around a charged
black hole. Emission rates and radiated powers were cal-
culated using exact numerical and approximate analytical
calculations, and shown to be in excellent agreement with
each other in the proper regions. The net radiation which
reaches asymptotic observers was also investigated and
shown to decrease up to 50% when the source is close to
the innermost geodesic circular orbit. The radiation angu-
lar distribution with respect to the orbit plane was also
calculated and shown to be much sharper when the source
is in relativistic motion. Eventually, a brief discussion
about how the present particle production mechanism can
be used to generate the ingoing modes considered in
Refs. [6,7] was presented. The fermionic modes considered
in Refs. [19,20] can be produced in a similar way.

ACKNOWLEDGMENTS

L.C. and G.M. are grateful to Conselho Nacional de
Desenvolvimento Cientifico e Tecnolégico (CNPq) for
partial financial support. A.S. and G. M. would like also
to acknowledge partial and full financial support from
Fundacdo de Amparo a Pesquisa do Estado de Sdo Paulo
(FAPESP), respectively.

[1] C.W. Misner, R. A. Breuer, D.R. Brill, P. L. Chrzanowski,
H. G. Hughes, III, and C. M. Pereira, Phys. Rev. Lett. 28,
998 (1972); R.A. Breuer, P.L. Chrzanowski, H.G.
Hughes, III, and C.W. Misner, Phys. Rev. D 8, 4309
(1973).

[2] R.A. Breuer, Gravitational Perturbation Theory and
Synchrotron  Radiation, Lecture Notes in Physics
(Springer-Verlag, Heidelberg, Germany, 1975).

[3] E. Poisson, Phys. Rev. D 52, 5719 (1995); L. M. Burko,
Phys. Rev. Lett. 84, 4529 (2000); V. Cardoso and J.P.S.
Lemos, Phys. Rev. D 65, 104033 (2002); J. Castifeiras,
L.C.B. Crispino, R. Murta, and G.E. A. Matsas, Phys.
Rev. D 71, 104013 (2005); L. C. B. Crispino, Phys. Rev. D
77, 047503 (2008).

[4] N.D. Birrel and P.C.W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
England, 1982).

[5] S.A. Fulling, Aspects of Quantum Field Theory in Curved
Space-Time (Cambridge University Press, Cambridge,
England, 1989).

[6] G.E.A. Matsas and A.R.R. da Silva, Phys. Rev. Lett. 99,
181301 (2007).

[71 S. Hod, Phys. Rev. Lett. 100, 121101 (2008).

[8] R.M. Wald, General Relativity (University of Chicago
Press, Chicago, Illinois, 1984).

[9] J. Castifieiras and G.E.A. Matsas, Phys. Rev. D 62,
064001 (2000).

[10] C. Itzykson and J.-B. Zuber, Quantum Field Theory

(McGraw-Hill, New York, New York, 1980).

[11] LS. Gradshteyn and I.M. Ryzhik, Tables of Integrals,
Series, and Products (Academic Press, New York, New
York, 1980).

[12] E. Merzbacher, Quantum Mechanics (John Wiley, New
York, New York, 1998).

[13] L.C.B. Crispino, A. Higuchi, and G.E.A. Matsas,
Classical Quantum Gravity 17, 19 (2000).

[14] R. Penrose, Riv. Nuovo Cimento Soc. Ital. Fis. 1, 252
(1969).

[15] C.J.S. Clarke, Classical Quantum Gravity 11, 1375
(1994).

[16] R.M. Wald, arXiv:gr-qc/9710068.

[17] R. Penrose, J. Astrophys. Astron. 20, 233 (1999).

[18] A thought-provoking idea would be that naked singular-
ities and elementary particles be low-energy-theory man-
ifestations of some common quantum gravity structure,
since all known elementary particles satisfy the constraint
M? < Q? + J?/M?, where M, Q, and J should be asso-
ciated here with the particle mass, electric charge, and
spin, respectively. This would explain, e.g., why elemen-
tary neutral scalar particles have been never observed
(since in this case Q = J = 0), and imply that the Higgs
boson, if observed in the LHC/CERN, would be a com-
posite rather than elementary scalar particle.

[19] M. Richartz and A. Saa, Phys. Rev. D 78, 081503(R)
(2008).

[20] S. Hod, Phys. Lett. B 668, 346 (2008).

024004-9



