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ABSTRACT: The pure spinor formalism for the superstring was recently obtained by gauge-
fixing a purely bosonic classical action involving a twistor-like constraint 9z (v, \)o = 0
where \* is a d=10 pure spinor. This twistor-like constraint replaces the usual Virasoro
constraint 9x™0z,, = 0, and the Green-Schwarz fermionic spacetime spinor variables 8¢
arise as Faddeev-Popov ghosts for this constraint.

In this paper, the purely bosonic classical action is simplified by replacing the classical
d=10 pure spinor A\* with a d=10 projective pure spinor. The pure spinor and Green-
Schwarz formalisms for the superparticle and superstring are then obtained as different
gauge-fixings of this purely bosonic classical action, and the Green-Schwarz kappa sym-
metry is directly related to the pure spinor BRST symmetry. Since a d=10 projective

pure spinor parameterizes Sgé;?), this action can be interpreted as a standard ¢ = 5 topo-

logical action where one integrates over the 8889 ) choice of complex structure. Finally, a

purely bosonic action for the d=11 supermembrane is proposed which reduces upon double-
dimensional reduction to the purely bosonic action for the d=10 Type ITA superstring.
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1 Introduction

In the conventional Ramond-Neveu-Schwarz (RNS) formalism for the superstring, the
fermionic worldsheet variables 1™ are d=10 spacetime vectors and d=2 worldsheet spinors.
From the spacetime point of view, a d=10 vector representation for fermionic variables is
unusual and implies that spacetime supersymmetry acts in a complicated manner mixing
Y™ with ghost variables, and that Ramond-Ramond backgrounds cannot be described in
a straightforward manner. However, from the worldsheet point of view, their d=2 spinor
representation is consistent with spin-statistics and "™ transforms in a natural manner
under worldsheet supersymmetry in the classical RNS worldsheet action.

On the other hand, in the Green-Schwarz (GS) and pure spinor formalisms for the
superstring, the fermionic worldsheet variables 6% are d=10 spacetime spinors and d=2
worldsheet scalars. In this case, their d=10 spacetime spinor representation is natural so
spacetime supersymmetry acts covariantly and there is no problem in describing Ramond-
Ramond backgrounds. However, their d=2 worldsheet scalar representation is in conflict
with spin-statistics, and 0% transforms in an unusual manner under the fermionic world-
sheet symmetry called kappa symmetry in the GS formalism or BRST symmetry in the
pure spinor formalism.

In this paper, a new interpretation for the GS and pure spinor formalisms will be pro-
posed in which the fermionic ¢ variables are not classical variables but arise as Faddeev-
Popov ghosts from gauge-fixing a twistor-like action. The classical action will be con-
structed only from bosonic variables which include the usual d=10 spacetime vector vari-
able 2" together with a d=10 projective pure spinor variable A% that plays the role of a



twistor variable. Since a d=10 projective pure spinor parameterizes SSE;S) ), this action can

be interpreted as a standard ¢ = 5 topological action where one integrates over the 88((;? )

choice of complex structure. Different gauge-fixings of this purely bosonic classical action
will produce either the pure spinor or GS formalisms, and the GS kappa symmetry will be
related in a simple manner to the pure spinor BRST symmetry.

For the superparticle, the spacetime momentum F,, will satisfy the twistor-like con-
straint P, (7"™\)o = 0 which replaces the mass-shell constraint P, P"™ = 0, and the
fermionic variable 6% is the Faddeev-Popov ghost for this constraint which is a world-
line scalar and spacetime spinor. For the Type II superstring, the twistor-like constraints
will be

(P + 0m) (V"N =0 and  (Pp — o) (7™ N)a =0 (1.1)

which replace the Virasoro constraints (P, +0sm ) (P™+0,2™) = 0 and (P, — 05y, ) (P™—
J,2™) = 0, and the fermionic Faddeev-Popov ghosts 0% and 0% for these constraints
are worldsheet scalars and d=10 spacetime spinors. Finally, for the supermembrane, the
twistor-like constraint will be Pyr(7MN) g + 0y, 21105, (YMN N) g = 0 which replaces the
reparameterization constraints Py P + det(agij Op, ) = 0 and PM&,ij =0, and
the fermionic Faddeev-Popov ghost #F is a worldvolume scalar and d=11 spacetime spinor.

After gauge-fixing the bosonic twistor-like action, spacetime supersymmetry mixes
matter and ghost variables in a manner reminiscent of the mixing of matter and ghost
variables under spacetime supersymmetry in the RNS formalism. However, unlike the
RNS formalism where spacetime supersymmetry acts in a complicated manner, spacetime
supersymmetry now acts linearly on the matter and ghost variables and it is straightforward
to describe Ramond-Ramond backgrounds.

In previous papers [1] and [2], a similar purely bosonic classical action was used to de-
rive the pure spinor formalism for the superstring by gauge-fixing a twistor-like constraint.
However, unlike these previous papers in which the classical variable A* was a d=10 pure
spinor, the classical variable A* in this paper will be a projective d=10 pure spinor. The
scale part of \* will be a ghost variable coming from gauge-fixing, which will imply that
the scale-invariant fermionic variables 0 carry zero ghost number as expected. Further-
more, the gauge-fixing procedure in this paper will be more straightforward than in these
previous two papers.

More explicitly, under the scale transformation A% — QA%, the Lagrange multiplier L,
for the twistor-like constraint transforms as L, — Q27 'L, so the resulting fermionic ghost
6% of ghost-number +1 will also transform as 6% — Q~19®. The fermionic ghost #® will
have a gauge symmetry 0% = ¢pA\“ where ¢ is a bosonic ghost-for-ghost which transforms
as ¢ — Q7 2¢. The scale invariance will be fixed by setting ¢ = 1, which implies that
e2®X% and e~ 290 are scale-invariant variables. Since ¢ has ghost-number +2, these scale-
invariant versions of the A* and 0% variables carry ghost-number +1 and 0 respectively.

The connection of twistors and the Green-Schwarz and pure spinor formalisms has a
long history starting with [3] which related GS kappa symmetry with integrability along
light-line lines and [4] which related pure spinor BRST invariance with integrability along
pure spinor lines. Actions involving twistor-like variables have been constructed for the



GS superparticle [5-8] and GS superstring [9-11], and more recently, twistor-string actions
have been constructed for N=4 d=4 super-Yang-Mills [12, 13] and d=10 super-Yang-Mills
and supergravity [14, 15]. However, all of these twistor-string actions contain classical
fermonic variables and their relation to the action of this paper is unclear.

It would be very interesting to generalize the procedure of this paper to curved target-
space backgrounds. For NS-NS backgrounds, the obvious guess is to replace the twistor-like
constraints of (1.1) with

(97" (x) Pa + 052" Efy (@) (YeN)a = 0 and  (¢™"(2) Py — 952™) By () (e a = 0, (1.2)

@ and ¢,d = 0 to 9 are tangent-

where EC () is the vierbein satisfying ¢"™"ES EY = ¢
space indices. Constructing a classical twistor-like action for R-R backgrounds is more
challenging since the fermionic 8% variables only appear after gauge-fixing.

In section 2 of this paper, the bosonic twistor-like action for the d=10 superparticle will
be constructed, and its gauge-fixing to the pure spinor and GS formalisms will be explained.
In section 3, this bosonic twistor-like action will be generalized to the d=10 superstring,
and its gauge-fixing to the pure spinor and GS formalisms will be explained. And finally
in section 4, a twistor-like action for the d=11 supermembrane will be constructed which
reduces upon double-dimensional reduction to the twistor-like action for the d=10 Type

ITA superstring.

2 Twistor-like superparticle

Before discussing the d=10 superstring, it will be useful to first discuss the d=10 superpar-
ticle and show how its twistor-like action can be interpreted as an action for a topological
particle in which one integrates over the choices of complex structure.

2.1 Topological particle

The classical action for a d=10 topological particle is
S, = / dr [Ppi™ — L*P,] = / dr [Pi® + Pgi® — L P, (2.1)

where 2 = a%wm, m = 0 to 9 are d=10 vector indices, a,a = 1 to 5 labels a complex
split of 2™ — (2%, z%) and P,, — (P,.P5), and L% is a Lagrange multiplier imposing the
constraint P, = 0. For the action to be real, one should choose spacetime signature (5,5),
however, one can easily Wick-rotate to any other d=10 signature. For convenience, we
will use Euclidean signature (10,0) for the rest of this paper which implies that z® is the
complex conjugate of z%.

The action of (2.1) is invariant under the gauge transformations

oz = 0% 5L =6° (2.2)

for arbitary gauge parameters (1), and if one gauge-fixes L* = 0 using the standard BRST
method, 6% and its conjugate momentum p, are interpreted as fermionic Faddeev-Popov



ghosts and antighosts associated to this gauge-fixing. The resulting action is

S=S.+ / drQ(paL?) = / dr [Pma':m — pa0® + L4(M, — P,) (2.3)

where x = p,L® is the gauge-fixing fermion, Q = 0*P, is the BRST operator which
generates the transformation of (2.2), and M, = Qp, is the Nakanishi-Lautrup field whose
auxiliary equation of motion is M, = P,. Physical states in the BRST cohomology are
easily shown to be anti-holomorphic functions V' = f(z%) which satisfy P,V = 0.

Although this topological theory is not SO(10) invariant, one can write the action
of (2.1) using ten-dimensional notation as

S. = / dr [Pri™ — (€9 L) Py (2.4)

SO(10)
U(5)
structure. It will now be shown that if one makes the theory SO(10) invariant by integrating
SO(10)
U(5)
the d=10 super-Maxwell theory coming from quantizing the d=10 superparticle.

where £% for @« = 1 to 16 is a fixed d=10 pure spinor which chooses an complex

over the choice of complex structure, the theory is no longer topological and describes

2.2 Worldline action
SO(10)
6]
a projective pure spinor variable \*(7) satisfying the pure spinor condition

To integrate over complex structures, one should replace the fixed £ in (2.4) with

)\O‘(T)’y(%)\B(T) =0 (2.5)
and which is defined up to the local scale transformation
A1) ~ Q(T)AY(T). (2.6)

The conjugate momentum to A\* will be called w, and is defined up to the gauge and scale
transformations
Wo ~ W + A" (7" N)o  and  wgy ~ Q L, (2.7)

In terms of A%, the topological constraint P, = 0 can now be expressed covariantly as the
twistor-like constraint P, (7)), = 0, and the corresponding classical worldline action is

1
s, = / dr [Pm;cm F VA = JL P (1" N (2.8)

where VA® = A\ + AX® and A is a worldline gauge field transforming as 4 — A — Q71
under the local scale transformation

A= QXY we — Q w,, LY — Q7MLA. (2.9)

In addition to the local scale invariance of (2.9), (2.8) is also invariant under the local
gauge transformations related to the first-class constraint P, (7™\)q =0

1 1
ILY =V —aX®, ox™ = §A7m0, dwy = —iPm('ymG)a (2.10)



where #%(7) and a(7) are arbitrary gauge parameters.! Furthermore, one has the local
gauge-for-gauge symmetries which transform the gauge parameters as

ox

/ o ! / —

690{_¢)\a’ 5a—v¢, 5’U)a—— 5? (211)
where ¢(7) is a gauge-for-gauge parameter and x is the gauge-fixing fermion. The trans-
formation of w, in (2.11) is necessary since §L% of (2.10) transforms under (2.11) as
8" (6L™) = ¢V ¥ which is proportional to the equation of motion for w,. So if L* appears
in the gauge-fixing fermion y, the term Qx in the action will transform under (2.11) as

5 5
5'(Qx) = %5’(@&) - Mixawv, (2.12)

which must be cancelled by a shift of w, — wo — gbfL—Xa.

2.3 Pure spinor superparticle

In this section, the pure spinor description of the d=10 superparticle will be obtained by
gauge-fixing the twistor-like action of (2.8). The first step is to use the gauge symmetries
of (2.10) and the gauge-for-gauge symmetries of (2.11) to gauge-fix L* = 0 and a = 0.
Using the BRST method where the BRST operator () generates the symmetries of (2.10)
and (2.11), this gauge-fixing is accomplished by adding to the classical action S, of (2.8)
the BRST-trivial term

S = SC+/er(paL“+ﬁa) = Sﬁ/dr [Da(VOY + aXY) + VP + ML + Na| (2.13)

where 8¢ and a are fermionic ghosts, ¢ is a bosonic ghost-for-ghost, p, is a fermionic
antighost, § is a bosonic antighost-for-ghost, and M, and N are bosonic and fermionic
Nakanishi-Lautrup fields defined by M, = @Qp, and N = QS. Note that (6% p,) and
(¢, B) scale under (2.9) as

0% — Q7% po— o, & — Q720, B — Q8. (2.14)

After solving the auxiliary equations of motion of M, and N, the gauge-fixed action
of (2.13) is

S = /dT [Pmdvm WA — pab® + Bd + A(Wd® + pab® — 25¢)] . (2.15)
The next step is to gauge-fix the local scale symmetry of (2.9). Although the naive

choice would be to gauge-fix one of the 16 components of A* to be equal to 1, this gauge-
fixing would break manifest Lorentz invariance and would only be possible if one component

In addition to the symmetries of (2.10), (2.8) is also invariant under the transformation JL® =
a™" (Ymn )< for arbitrary gauge parameter a™". However, this symmetry does not need to be gauge-fixed
if one assumes (as will be explained in the following subsection) that the ghost-for-ghost ¢ is non-vanishing.
Including this BRST transformation of L® would modify the gauge-fixed action of the following subsection
to include the additonal term f drpa(YmnA)“a™"™ where po is the antighost. But this additional term is
BRST-trivial since it can be expressed as {Q, [ d7 [— 3 (pYmn0) — 3 (WYmnX) + 10~ (0Vmnp0) PP] ¢~ a™" }.



of \* were required to be non-vanishing on the entire worldline. Instead of this gauge-fixing
of \* which would break Lorentz invariance, the local scale symmetry will be gauge-fixed
by scaling the ghost-for-ghost variable ¢ to be equal to 1. This gauge choice manifestly
preserves Lorentz invariance, but requires that ¢ is non-vanishing on the entire worldline.

Since ¢ carries scale weight —2 and ghost number +2, this gauge-fixing of scale sym-
metry means that the ghost number of any gauge-fixed operator is shifted by its scale
weight. In other words, if an operator O, carries ghost number g and scale weight s,
the gauge-fixed version of O, is the scale-invariant operator QSS Oy,s which carries ghost-
number g + s. So after gauge-fixing the scale symmetry, the ghost number of the variables
(A%, wg) is shifted from (0,0) to (+1, —1) and the ghost number of the variables (6%, p,) is
shifted from (+1,—1) to (0,0). These are the appropriate ghost numbers in the pure spinor
formalism for defining physical states. Furthermore, after gauge-fixing ¢ = 1, the variables
A and f of (2.15) satisfy the auxiliary equations of motion A = 0 and § = %(wa)\o‘ +pab®),
and the action of (2.15) reduces to the pure spinor action

S = /dT [Pm:i;m Fwa A — paéa] . (2.16)
Finally, the BRST transformations in this gauge reduce to

1 1 1
QGCM = )\0&7 me = iAfymea Qwa = —Pa — ipm(’)/me)om Qpa = Moz = §Pm(’ym>\)a7
(2.17)
which are the BRST transformations generated by the pure spinor superparticle BRST

operator
Q=g (2.18)
where 1
do = pa + ipm(’Yma)a (219)
is the worldsheet version of the d=10 superspace derivative D, = 80% + %(%ﬂ)aaxim. Note

that to obtain the pure spinor superparticle action in the usual gauge
1 . .
S = /dT {me'm + §Pum + WA AY — pa ], (2.20)
one needs to add the BRST-trivial term —Qb = 1 P,,, P™ to the action of (2.16) where

b= 5 P Emd) (2.21)

is the pure spinor b ghost and £, is any spinor satisfying A*¢,, = 1. Although it will not
be reviewed here, it was explained in [16] how to covariantize the construction of the pure
spinor b ghost of (2.21) by adding a non-minimal sector to the pure spinor formalism.

2.4 Green-Schwarz superparticle

In this section, the Green-Schwarz description of the d=10 superparticle will be obtained
by performing a different gauge-fixing of the twistor-like action of (2.8). One again gauges



a = 0 by adding the gauge-fixing fermion @Q(a) to the classical action. But instead of
gauge-fixing L* = 0 by adding the gauge-fixing term Q(p,L%), one chooses the gauge-fixing
fermion x so that the BRST variation of w, vanishes. Since

1 o
this implies that the gauge-fixing fermion x is chosen to depend on L“ as
1
X = fa — §¢_1L°‘Pm(’ym9)a. (2.23)

As before, the ghost-for-ghost variable ¢ will be assumed to be non-vanishing and the scale
symmetry of (2.9) will be used to gauge-fix ¢ = 1. Since A* carries scale weight +1 and
0% carries scale weight —1, this shifts the ghost-number of A% from 0 to +1 and shifts the
ghost number of ¢ from +1 to 0.

After this gauge-fixing, the resulting action is

[ 1 1
S = /dT Poa™ + wa, VY — §LaPm(7m)\)a + Q(Ba — 2¢_1L0‘Pm(fym9)a)] (2.24)
dr

g,

— / AT | Ppd™ + woA* — LYPpr (Y™ ) — ;éapm(yme)a] (2.25)

- 1
Prn@™ + wa VA" = L Py (Y A)a + BV — 5 (VO = ar®) Py (7"0)a + Na]

where the auxiliary equations of motion A = N — 2(Ay,0)P™ = a = 8 — 3w, A* = 0 have
been used.
The BRST transformation in this gauge is

Q0% =)\, Qz™ = %mme, Swa =0, 0L =6, (2.26)

and one can easily verify that the Noether charge associated with this transformation
vanishes. So in this gauge, the global BRST symmetry is a local gauge symmetry which
will be related below to the usual GS kappa symmetry.

To relate the action and symmetries of (2.25) and (2.26) with the GS action and
symmetries, add to (2.25) the BRST-trivial term

Q [—wé + ;(wymg)(mmé)} = —we\* (2.27)

to remove the w, dependence where &, is a spinor satisfying £, A =1 and the
%(w'ymg)()\'ymé) term in (2.27) is needed to preserve the w, gauge invariance of (2.7).
Then shift LY — L* — 2 P™(7,,€) in (2.25) to obtain the action

S = Sas — /dTLaPm(’ym)\)a (2.28)

where Sgg is the standard GS superparticle action in the gauge e = 1,

Sag = / dr [Pm <xm — ;éym0> + ;Pum] . (2.29)



The role of the second term in (2.28) is to impose the constraint P™ (v, A)q = 0, which
implies that P,,, P = 0 and that

A = P (ymK)® (2.30)

for some k. With this pameterization of A*, the BRST transformation of (2.26) becomes
the standard GS kappa transformation

1
50 = P™(ymk)®, o0x™ = 5590‘(%”9)& (2.31)

and the transformation of the second term in (2.28) is
— 8LYPp(Y" N = —(A\Y™0) Py = —(k0) P™ Py, (2.32)

So the BRST transformation of L in (2.26), QL® = 6, replaces the kappa-transformation

of the metric, de = —k,0%, in the usual GS action.

3 Twistor-like superstring

3.1 Worldsheet action

In this section, we will generalize the superparticle results of the previous section to the
superstring and it will be convenient to work in first-order form with 2™ (7, 0) and Py, (7, 0)
variables for the spacetime position and its conjugate momentum. In addition to these
spacetime vector variables, the classical worldsheet variables for the Type II superstring
will contain two sets of projective pure spinors, A* and Xé‘, and their conjugate momenta,
weq and Wy, satisfying the pure spinor conditions

AN =0, X’me =0 (3.1)
and related gauge invariances
Wa ~ W + A" Na,  Wa ~ s + A" (Y™ N)a, (3.2)
as well as the local scale invariances
A~ QN we ~ Qg A~ QXY @ ~ QM (3.3)

where Q(7,0) and Q(r, o) are independent local scale parameters and o, & = 1 to 16 are
spinor indices of the same chirality for the Type IIB superstring and spinor indices of the
opposite chirality for the Type IIA superstring. For the heterotic superstring, only one set
of projective pure spinor variables is needed and the right-moving sector of the superstring
is the same as in the RNS formalism.

The twistor-like constraint P (y,,\)o = 0 for the superparticle has the obvious gen-
eralization for the superstring

(P™ + 052™) (ymA)a =0 and (P — 9,2™) (YmA)a = O. (3.4)



However, since the commutator
[(P™ 4 05a™) (3N a(01), (P™ 4 05a™) (3 N)3(02)] = 3(01 = 02) (7" Do N (i N5 (3:5)
is nonzero, the additional constraints
VoA =0 and VeA* =0 (3.6)
will be imposed where
VoA = 0,0 + A\, VoA* = 9,0 + A N0 (3.7)

and A; and A; for I = 7,0 are worldsheet gauge fields which transform as §A; = —Q~19;Q
and 0A; = —Q719;Q under the local scale transformations of (3.3).

So the classical worldsheet action for the Type II superstring is

S, = / drdo [Pma':m + wa VA + Wa VA (3.8)
1 a m 1A6¢ my el I o @
- §L (Pm + 6cfxm)(7 A)Oz - §L (Pm - 8axm)(7 A)& + Kozva'/\ + Kdvo)\

where the Lagrange multipliers (L%, Eé‘, K, K &) transform under the scale transformations
of (3.3) as

LY~ QLY Ko~ Q 'K, LO~Q7'LY Ki~Q 'K;. (3.9)

Note that this action is invariant under worldsheet reparameterizations since the Virasoro
constraints
1
2

are implied by the constraints

(P+ 052) 4+ 2wa VoA =0, —(P — 0,2)% — 204V A* = 0, (3.10)

1
2
(P + 052m) (7" Na =0, VoA* =0, (P —0m)(7™N)a =0, VoA* =0. (3.11)

So the change in the kinetic term under worldsheet reparameterizations can be cancelled
by an appropriate shift of the Lagrange multipliers (L, L% K,, Ka).2

2Worldsheet reparameterization invariance can be made manifest by shifting the Lagrange multipliers
such that the term eT" + €T is added to the action of (3.8) where 7" and T are the Virasoro constraints
of (3.10). Plugging in the auxiliary equation of motion from varying P,

1 ~ .
(e+e)P" = —i™ + (e —e)0sx™ + §(L’ym)\ + Ly™N), (3.12)
one obtains the manifestly worldsheet reparameterization invariant action
1 o s
S, = /dzd?(det e) {—ivzxmvgmm + wa VEA" + Wa VA (3.13)

1 1 ~ o 1 ~ o~ N o~ o~
+§Vz$»m(L’ym>\)a + §V3xm(L’ym)\) - Z(L’ym)\)(L'ym)\) + Ko VA + K5V

where V, = eIV, and V= = LV, for I = (1,0), and (el,el) is the worldsheet vierbein which is defined

(up to an SO(1,1) rotation and conformal transformation) as

e.=1, el=-2e er=1, eZ=2ec. (3.14)



In addition to the worldsheet reparameterizations and local scale symmetries, the ac-
tion is invariant under the local symmetries related to the first-class constraints of (3.11),

sa™ = %(Mme + 3", 6P, = %aa(w@e ~ 3y, (3.15)
1 . dx 1 ox
(Swa = _i(Pm =+ 80—:1:7”)(’}/ 9)04 Vo—ca W Zw(’}/ 9)5(’}/7”9)0“
. 1 ~ ~ ox ~ 1 0y ~ ~
5d:_*Pm_aam med_vod_T o =2 ), meda
w 5( zm)(7"0) Ca = =50+ 1575 (" 0)5(mb)
1 1
0L =V, 0% —a)\®, 0K, =V, cq+ Z(L’ym)\)('yme)a - Z(Q”ym/\)(’ymL)a,
P P 1 ~ - . 1 ~ - -
5L = O, N, 0Ky = Vos — - ("N + 07" %) (D

1
0cq = _Z(H'ym)\)(fme)O” 90 = QZ))‘av da = VT¢7

5 1~ = ~ ~5 oG - S

0Cq = Z(G’ym)\)(’yme)d, 00“ = X, da =V, 0o,
where y is the gauge-fixing fermion and the variations of the ghosts (ca,aa,eaﬁ@,a,a)
in the last two lines of (3.15) come from the nonvanishing commutator of (3.5) and from
the gauge-for-gauge symmetries related to (2.11). As in (2.12), the shifts in w, and w4
proportional to the gauge-fixing fermion x are needed to cancel terms proportional to the

equations of motion V, A% and @T;\\a in the gauge-for-gauge transformations of (§ K, d L)
and (§Kg4,dL%).

3.2 Pure spinor superstring

As in the superparticle, gauge-fixing to the pure spinor formalism is achieved by first using
the local symmetries of (3.15) to gauge L® = LY = 0 and a = a@ = 0. Using the BRST
method, this involves adding to the classical action S, of (3.8) the gauge-fixing fermion
X = Pal® + pal® + Ba+ Ba (3.16)
— ¢ UKoVl + LV o) — & H(EKaV,0" + L4V 3a),

~

where the second line of (3.16) has been included to eliminate (K, K4) and (cq, ¢4) from

the action. The resulting gauge-fixed action is
S =5, + /deUQ {paLa + pal® + Ba+ Ba (3.17)
— ¢ YKoVl + LoV gca) — & H(KaV,0% + LOV,¢4)
=S, + /drda [ — pa V0% + MyL® + BV,¢ + (N + Ay — ¢ 1AV yco)a
— DaV 0% + MaL® + BV,6 + (N + 255 — 6 1AV, 25)a
— KaVoX = 107 ("0 (09 Y50) = 07 (L Vo0) ()

o~

— KaVoA® + 7671 (L 0) (09 Vo) +

o~ o~ o~ ~

¢_1 (E’Ym%a ) (Aym0)

W

4
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where (M, ]\/4\a) and (N, N) are the Nakanishi-Lautrup fields defined by
Qpa=Ma, Qfa=Ms, Q8=N. Q3=N. (3.18)

The next step is to use the local scale symmetries to gauge-fix ¢ = $ = 1, where it
will be assumed that these fields are non-vanishing on the entire worldsheet. As in the
superparticle this shifts the ghost number by the scale weight so that after gauge-fixing
¢ = ¢ = 1, the pure spinor variables (MY, wg,) and (/\a, wa) carry ghost number (1, —1) and
the fermionic spacetime spinor variables (6%, p,) and (90‘, Da) carry ghost number (0,0).

After solving the auxiliary equations of motion for the variables (A., 8, M,, L%, N, a)
and (A T,ﬁ, a,La N a), the action reduces to

&

S = /dea [ngsm + WA + Ba A — pal® —Pab |, (3.19)

with the BRST transformations

Q0T =X, QFF =37, Qu™ = (00 +3"E), QP = 50,00~ 0™,
1 1
Qwa - _§(Pm + 8J$m)(’7m9)oz — Pa + E(Vme)a(aagfyme)a

1 3 1
Qpa = 5 (P + i) (" Na + 7 (1m050)a(A"0) + 7 (7m0)a(07™85A),
—~ 1 mp 1 m
Qw& = _i(Pm - aol'm)(’y 9) pa - Z('Ym'g) (8 97 9)
1 ~ 3 N amdy _ Lo By (Gama S
QPa = 5(Pn = Oo2m) (V" Na = 7 (1n850)a(X7™0) = 7 (ymf)a (6706 A). (3.20)

These are the usual pure spinor BRST transformations generated by the BRST operator

¢ / do(Ado + Nd) (3.21)
where
1 - 1 -

da =Pa+ i(Pm + 801'771)(’}/ 9)a — Z(’yma)a(aagry 9)7 (322)

> - 1 a1, A

da = Ds + i(Pm — O5p) (V" 0)a + Z(’ymﬁ)a((%ﬁfy 0)
are the worldsheet versions of the N=2 d=10 superspace derivatives D, = 80% n
3(Mm0)agom and D = aga +3( me)aaxim.

To relate (3.19) with the usual pure spinor superstring action in conformal gauge, one
needs to add the BRST-trival term —35 f drdoQ(b + b) where

b= (5vmd)( 4 O + 07m0s0) — 20050 + (WY€) (MY ™,0), (3.23)

7= —§(§ymd)(Pm — Oyt — OVmOa0) + 200,0% — (TymE)(My™D,0)

— 11 —



are the pure spinor b and b ghosts, and &, and &, are spinors satisfying £, A% = 1 and
E@Xd = 1. One can verify that Qb =T and Q/b\ = T where

1
T= _i(Pm + 0px™) (P + Opt) — 2wa 0, N + 2p0 0,0, (3.24)
N 1 . N
T = _i(Pm — 05x™) (P — Opim) + 2Wa 05 A" — 2D50,0%

are the left and right-moving stress-tensors. After adding —% [ drdoQ(b+b) to (3.19) and
integrating out P,,, one obtains the conformally invariant pure spinor worldsheet action

1 _ _ . _ .
S = /drda [—28xm8xm + WaOAY + WaONY — pa00 — pa00™ | , (3.25)
where 9 = 9, — 9, and 9 = 9, + 0,.

3.3 Green-Schwarz superstring

As in the superparticle, gauge-fixing to the GS formalism for the superstring is achieved
by gauging a = @ = 0 and choosing the L dependence of the gauge-fixing fermion x such
that the BRST variation of w, and w, vanishes where

1 m ox 1 ox ,
Qua = Q(Pm + Oom)(V"0)a — Voca SL 15KPB (v"0)8(¥mb)a (3.26)
1 ma ~ ox ~ 1 0x , un ~
Qwa - Q(Pm 80'$m)(’7 e)a vaca (Sidgb + 4 5_[/(\'6 (7 0)3(’7?%9)0[-

To gauge-fix a = @ = 0 and remove the (Kqa, K4) dependence from the action, the
L-independent terms in y will be chosen to be

Ba+ Ba — ¢ Ko Ve — ¢ KoV, 00 (3.27)

The vanishing of Qw, and Qg therefore implies that the gauge-fixing fermion is

X = Ba+fBa— ¢ ' KoVe0® — ¢ ' K4V,0° (3.28)
1 1
#97L [- 2P+ 0 ) — Voo + 167 (Va0 0]
T 1 . . DU
# G |- P = 0™ )~ Vs = 15 Ty D)l

— 12 —



and the resulting gauge-fixed action is

S=25.+ / drdoQ [Ba +Ba— ¢ LK V0" — ¢ K4V, 0% (3.29)
1 1
+ d’ilLa {_2(Pm =+ &Txm)(%ne)a = VgCa + 1¢71(V09fym9) <7m9)a:|
~ .1 . P PO
+ o 1LY {—2(137" — 052™)(ymb)a — Veta — 1(1) 1(V09’ym )('ymﬁ)a} ]

1 1
= S.+ [ drdo [ — KaVaA™ = 267 (P 4 06 (V07m0) + 107 (Vo07™0)(V07m0)

1~ ~ o~ A 1~ 6~ ~  ~ A~~~
§¢_1(Pm = 05 ) (V7 0ymb) — ZQS_Q(VUQ'Ym )(V707m0)

1 ~  ~ ~ L~ ~
— (LA™ N) (P + Opm + 261 07,m050) — 5 (LY N) (P = O — 26 107m0,0)

#5970+ (N =07 e = 307 (P00 i)+ 107 (Tot1"8) 0100

— KaV, A% —

a

e [ 1~ PN 1T~ oo
#5925+ (95715000 537 (P =0, (e — 10288 G @
= [ardo | PP 4 w0 4 03 4 550+ 59,5

— 56T P 4 0™ (V1 89n) — 55 (P 0,a™) (T 1)

1 1~ 6~ ~ ~ ~ ~ =~
+ 597 (Vo0 0)(Vr07mb) — 567 (Vo0y™0)(V-67mb)
— (LA™ N) (P + 0o + 6 207m000) — (LY N) (P — Ootn — 610700 0)
-0

1 1
+ (N — TNV ey — 5¢>—1(Pm + 05 2™) (A ymb)a + deQ(V we)(mme)> a
N~ e~ 1~ ~ o~ 1T~ o o~ o~~~
+ (N — ¢ 1INV, e, — 5qs—l(Pm — ™) (MNymb)a — qu—?(vaeym )(A7m0)> a}

where N = @ and N = QB are Nakanishi-Lautrup fields.
After using the scale symmetries to gauge-fix ¢ = ¢ = 1 and applying the auxiliary
equations of motion for (4,,3,a, N) and (A;, 5,a, N), the action of (3.29) simplifies to

5= / drdo [Pm:i:m + wa X + BaN (3.30)

1

5 (Pm + 0,a™ — ;ageyme> (ymb) — % (Pm — O™ + ;a(,éfyﬁ) (OvmB)

— (LY N) (P + 05 + 07m000) — (LA™ N) (P — Ot — %mao@)] .

As in the superparticle action, one can relate (3.30) to the GS superstring action in con-
formal gauge by adding the BRST-trivial term

~ .
= o~ -~

@ |~ud+ 51" (10) = @0 + 507D Cnd)| = ~unde @A (330
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and shifting

1 — - | ~ ~, =
LY — L% — Z(Pm + 05 + 07" 050)(Ym&)a, L — LY— Z(Pm — 0™ — 07" 050)(Vm&) s

(3.32)
where £, and &, are spinors satisfying £, A% = 1 and deé‘ = 1. One obtains
. 1 1 .
S = /drda [mem —3 (Pm + O™ — 2009’"0) (0vm0) (3.33)
1 m m L2 w3\ A A
~3 <P — Oy + 58097 9) (0vm0)
1
+ 1(Pm + 0px™ + 07" 050)( Py + Oy + 07y 0s0)
1 ~ ~ ~ ~
+ Z(Pm — 0px™ — 0™ 0p0)(P™ — Opz™ — 07 0,0)
— (LY N) (P + 0o + 09m000) — (LY N) (P — 0o — 07m0s0) |,
which after integrating out P, is equal to
S — Sas + / drdo(Ly™ My + (E/™ N, — (L™ A)(EAm )] (3.34)

where Sgg is the GS action in conformal gauge
1 myT 1 m noma o 1 m Noma N
Sas = /dea [ — §H II,, — 58737,”(97 0,0 — 0™ 0,0) + §8Ua:m(9’y 0:0 — 0+™0.0)
1 ~ ~ 1 ~ ~
+ Z(HVmarQ)(anaag) - Z(vaaog)(gfyma"re) ) (335)
0=0,—0, and 0 = 9, + 9,, and
1 ~ ~ —=m = 1 B
I = ox™ + 5(077”89 +64™00), I =0xz™+ 5(0’}”"80 + 0~™M00).

As in the superparticle, the role of the second term in (3.34) is to impose the constraints
" (YmA)a = 0 and T (3mA)a = 0, which implies that II,,,[I"™ = II,,,IT" = 0 and that

AY = ™ (), AS =TT (1R)® (3.36)

for some k. and kg. With this parameterization of \* and X&, the BRST transformations
of (3.15) reduce to the usual GS kappa transformations

. 1 o
00% = I (yur)*,  00% =T1" (3uR)", 0™ = (8670 + 607™0). (3.37)
SII™ = 56~4™00 + 56~ 00, ST = 56~4™00 + 56~ 0.
Using the BRST transformation of the shifted L and L% in (3.32),

. 1 _ ~ PG ~ ~ =~ .
OLY = 6% + 5(/\7’”809)(%5)0‘, LY =0 — =(M"0:0)(vm&)", (3.38)

DO | =
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the kappa transformation of the L-dependent term in (3.34) is
/ drdo [Hm(mmée)a +ﬁm(Xrymae)} - / drdo [Hmnm(@e) +ﬁmﬁm(ﬁa§)] . (3.39)

which cancels the kappa transformation of the GS action in conformal gauge. So the
BRST transformations of L% and L% in (3.38) replace the kappa transformation of the
two-dimensional vierbein, de = ko,00% and e = ’/%@85‘5‘, in the usual reparameterization-
invariant GS action.

4 Twistor-like supermembrane

In this final section, a purely bosonic classical action for the d=11 supermembrane will be
proposed which reduces under double-dimensional reduction to the purely bosonic classical
action for the d=10 Type ITA superstring. Although it will not be attempted here, it
should be possible to follow the same procedure as in the previous sections to gauge-fix
this classical twistor-like action to the pure spinor [17] and GS [18] versions of the d=11
supermembrane action.

4.1 d=11 superparticle

Just as the GS or pure spinor superparticle in ten dimensions describes d=10 super-
Maxwell, the GS or pure spinor superparticle in eleven dimensions describes d=11 su-
pergravity. This was verified in light-cone gauge for the d=11 GS superparticle, and was
verified covariantly for the d=11 pure spinor superparticle in [17, 19, 20]. The classical
twistor-like action for the d=11 superparticle is the obvious generalization of (2.8) and is
given by

1
S, = /dT [PMx'M +wpVAE — 5LBPM(ryMA)B (4.1)

where M = 0 to 10 is an SO(10,1) vector index, B = 1 to 32 is an SO(10,1) spinor index,
M\B is a d=11 projective ‘semi-pure’ spinor satisfying the identity and local scale symmetry

N ()ypeX (1) =0, AP() ~ QT)AP(7), (4.2)
wp is its conjugate momentum satisfying the gauge symmetry and scale symmetry
(S’U)B = AM(’}/M/\)B, wp ~ Q_le, (4.3)

VAB = AB 4+ ANB where A is a worldline gauge field transforming as A — 4 — Q7 1Q
under the local scale transformation, and L? is the Lagrange multiplier for the twistor-
like constraint Py;(y"\)p = 0. Note that a d=11 projective ‘semi-pure’ spinor satisfies
MMA = 0 and has 22 independent components, whereas a d=11 projective pure spinor
would satisfy both MM\ = 0 and AyMV X = 0 and contain 15 independent components.

Following the same procedure as in section 2, the action of (4.1) can be gauge-fixed
either to the d=11 pure spinor superparticle action

S = /dT [j;MPM +wpAB — ppP (4.4)

,15,



with the BRST charge
1
Q=" <pB + ZPM(7M9)3> ; (4.5)

or to the d=11 GS superparticle action
S = / dr [PM <:bM + ;97M9‘> + %PMPM ~ LBPM(WM/\B)} (4.6)
with the kappa transformation
508 = PM (pr)B,  62M = %59#9, SIM — 6P, (4.7)
where AP = PM(~yy5)P.

4.2 d=11 supermembrane

The purely bosonic classical d=11 supermembrane action will involve the worldvolume
variables (zM | Pys) and (AP, wp) together with the twistor-like constraint

1.
PM(’)/M)\)B + §6Jk6j$M8k$N(’yMN)\)B =0 (4.8)

where 0; = 0,; for j = 1,2 and (7,01, 02) are the coordinates of the worldvolume. Using
the d=11 ~-matrix identity (’YM)(BC(’YMN)DE) = 0, one finds that the commutator of
the constraint of (4.8) with itself closes to an algebra if one also imposes the additional
constraints

VAP =0 and (MM¥N)0;20 =0 (4.9)

for j = 1,2 where VAP = 9;A8 + A;A\8 and (A,, Ay, As) is a worldvolume gauge field for
the scale symmetry.
The twistor-like version of the d=11 supermembrane action will therefore be defined as

S = / drdotdo® |:PM.CiJM +wpV, AP (4.10)
1 1 . . .
— ELB (PM(’}/M)\)B + 26]kaj$MakxN(’yMN>\)B> + K]BV]')\B -+ J]J\/[()\"}/MN)\)aj.%’N ,

where LB, ijg and JJJQ are Lagrange multipliers for the constraints of (4.8) and (4.9).
Although it should be possible to verify (4.10) by gauge-fixing it to the pure spinor and
GS supermembrane actions of [17] and [18], it will instead be verified here by performing
a double-dimensional reduction and comparing with the twistor-like Type IIA superstring
action of the previous section.

Under double-dimensional reduction, the z'° coordinate of d=11 spacetime is compact-
ified on a circle of circumference 27, and the o9 direction of the worldvolume is wrapped
around this circle. One can choose the parameterization oy = 2%, which implies that

0,210 =012 = P10 =0, 92! =1, 9™ =HP" =V AP =Vowp =0 (4.11)
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for m =0 to 9 and B =1 to 32. With this parameterization of o9, the constraints of (4.8)
and (4.9) reduce to

Pm(’ym)\)B + 61.1‘m(’ym’)/10)\)3 =0, (4.12)
Vi =0, (\™Noz" =0, (M%) =0.
Splitting \B — ()\a,xa) for a = 1 to 16 where A* = A\B + (4190)% and Xa = A —
(v1°\) g are d=10 Weyl and anti-Weyl spinors, the constraints of (4.12) take the form
(P 4 012m) (Y™ N)a =0, (P — d12) (™ A)* = 0, (4.13)
Vi = lea =0, ()wmnX)ﬁlm" =0, YA — vaX =0,

Furthermore, the d=11 semi-pure spinor constraint )\A'y%B)\B = 0 implies that A* and X@
satisfy
MTA+MA=0 and A\, =0. (4.14)

Since A%\, = 0 together with the first line of (4.13) implies that ()\'ymnX)é?l:c” = 0, the
above constraints imply
MY =0, M\ =0, ViA = Vidg = 0, (4.15)
(P + 012m) ("N = 0, (P = O10m) (7" N)* =
which are precisely the twistor-like constraints of (3.11) for the d=10 Type IIA superstring.

The only subtlety is that the d=11 semi-pure spinor constraint implies that the zero
modes of the left and right-moving Type IIA pure spinors, )\?0) and A(g)q, satisfy the

constraint /\(0))\( 0)a = 0 which is not a constraint of the d=10 Type IIA superstring.

However, it will now be argued that because /\?0)/)\\(0)& is BRST-trivial, the only effect of
this new constraint is to trivially double the cohomology of the Type ITA superstring. To
see this, note that the new constraint modifies the Type ITA superstring BRST operator to

Q = / do (A dg + Aad™) + 725 N0} (4.16)

where 7 is a constant fermionic ghost for the constraint and @ = [ da (\%d,, + Py do‘) is the
original Type ITA BRST operator of (3.21). Since AN, = (@, r 0%)\,], one can write

Q' = e Mo e et Yo o, (4.17)

Defining r to annihilate the ground state and its conjugate momentum s to satisfy {r, s} =
1, (4.17) implies that any state V' in the cohomology of @’ satisfies

et 00 0y, 0 0 — 1 4 g1 (4.18)

where V7 and V5 are states in the cohomology of Q). So the cohomology of Q' is a trivial
doubling of the Type IIA superstring cohomology because of the extra fermionic ghost zero
mode of s. If one wants to obtain a single copy of the Type IIA superstring cohomology, one
can restrict to states V' satisfying [r, V'] = 0, which is analogous to the usual [(bi)—b(0)). V]
=0 condition in bosonic closed string theory.
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