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1 Introduction

In the conventional Ramond-Neveu-Schwarz (RNS) formalism for the superstring, the

fermionic worldsheet variables ψm are d=10 spacetime vectors and d=2 worldsheet spinors.

From the spacetime point of view, a d=10 vector representation for fermionic variables is

unusual and implies that spacetime supersymmetry acts in a complicated manner mixing

ψm with ghost variables, and that Ramond-Ramond backgrounds cannot be described in

a straightforward manner. However, from the worldsheet point of view, their d=2 spinor

representation is consistent with spin-statistics and ψm transforms in a natural manner

under worldsheet supersymmetry in the classical RNS worldsheet action.

On the other hand, in the Green-Schwarz (GS) and pure spinor formalisms for the

superstring, the fermionic worldsheet variables θα are d=10 spacetime spinors and d=2

worldsheet scalars. In this case, their d=10 spacetime spinor representation is natural so

spacetime supersymmetry acts covariantly and there is no problem in describing Ramond-

Ramond backgrounds. However, their d=2 worldsheet scalar representation is in conflict

with spin-statistics, and θα transforms in an unusual manner under the fermionic world-

sheet symmetry called kappa symmetry in the GS formalism or BRST symmetry in the

pure spinor formalism.

In this paper, a new interpretation for the GS and pure spinor formalisms will be pro-

posed in which the fermionic θα variables are not classical variables but arise as Faddeev-

Popov ghosts from gauge-fixing a twistor-like action. The classical action will be con-

structed only from bosonic variables which include the usual d=10 spacetime vector vari-

able xm together with a d=10 projective pure spinor variable λα that plays the role of a
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twistor variable. Since a d=10 projective pure spinor parameterizes SO(10)
U(5) , this action can

be interpreted as a standard ĉ = 5 topological action where one integrates over the SO(10)
U(5)

choice of complex structure. Different gauge-fixings of this purely bosonic classical action

will produce either the pure spinor or GS formalisms, and the GS kappa symmetry will be

related in a simple manner to the pure spinor BRST symmetry.

For the superparticle, the spacetime momentum Pm will satisfy the twistor-like con-

straint Pm(γmλ)α = 0 which replaces the mass-shell constraint PmPm = 0, and the

fermionic variable θα is the Faddeev-Popov ghost for this constraint which is a world-

line scalar and spacetime spinor. For the Type II superstring, the twistor-like constraints

will be

(Pm + ∂σxm)(γmλ)α = 0 and (Pm − ∂σxm)(γmλ̂)α̂ = 0 (1.1)

which replace the Virasoro constraints (Pm+∂σxm)(Pm+∂σx
m) = 0 and (Pm−∂σxm)(Pm−

∂σx
m) = 0, and the fermionic Faddeev-Popov ghosts θα and θ̂α̂ for these constraints

are worldsheet scalars and d=10 spacetime spinors. Finally, for the supermembrane, the

twistor-like constraint will be PM (γMλ)B + ∂σ1xM∂σ2xN (γMNλ)B = 0 which replaces the

reparameterization constraints PMPM + det(∂σj
xM∂σk

xM ) = 0 and PM∂σj
xM = 0, and

the fermionic Faddeev-Popov ghost θB is a worldvolume scalar and d=11 spacetime spinor.

After gauge-fixing the bosonic twistor-like action, spacetime supersymmetry mixes

matter and ghost variables in a manner reminiscent of the mixing of matter and ghost

variables under spacetime supersymmetry in the RNS formalism. However, unlike the

RNS formalism where spacetime supersymmetry acts in a complicated manner, spacetime

supersymmetry now acts linearly on the matter and ghost variables and it is straightforward

to describe Ramond-Ramond backgrounds.

In previous papers [1] and [2], a similar purely bosonic classical action was used to de-

rive the pure spinor formalism for the superstring by gauge-fixing a twistor-like constraint.

However, unlike these previous papers in which the classical variable λα was a d=10 pure

spinor, the classical variable λα in this paper will be a projective d=10 pure spinor. The

scale part of λα will be a ghost variable coming from gauge-fixing, which will imply that

the scale-invariant fermionic variables θα carry zero ghost number as expected. Further-

more, the gauge-fixing procedure in this paper will be more straightforward than in these

previous two papers.

More explicitly, under the scale transformation λα → Ωλα, the Lagrange multiplier Lα

for the twistor-like constraint transforms as Lα → Ω−1Lα so the resulting fermionic ghost

θα of ghost-number +1 will also transform as θα → Ω−1θα. The fermionic ghost θα will

have a gauge symmetry δθα = φλα where φ is a bosonic ghost-for-ghost which transforms

as φ → Ω−2φ. The scale invariance will be fixed by setting φ = 1, which implies that

e
1
2
φλα and e−

1
2
φθα are scale-invariant variables. Since φ has ghost-number +2, these scale-

invariant versions of the λα and θα variables carry ghost-number +1 and 0 respectively.

The connection of twistors and the Green-Schwarz and pure spinor formalisms has a

long history starting with [3] which related GS kappa symmetry with integrability along

light-line lines and [4] which related pure spinor BRST invariance with integrability along

pure spinor lines. Actions involving twistor-like variables have been constructed for the
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GS superparticle [5–8] and GS superstring [9–11], and more recently, twistor-string actions

have been constructed for N=4 d=4 super-Yang-Mills [12, 13] and d=10 super-Yang-Mills

and supergravity [14, 15]. However, all of these twistor-string actions contain classical

fermonic variables and their relation to the action of this paper is unclear.

It would be very interesting to generalize the procedure of this paper to curved target-

space backgrounds. For NS-NS backgrounds, the obvious guess is to replace the twistor-like

constraints of (1.1) with

(gmn(x)Pn + ∂σx
m)Ec

m(x)(γcλ)α = 0 and (gmn(x)Pn − ∂σx
m)Ec

m(x)(γcλ̂)α̂ = 0, (1.2)

where Ec
m(x) is the vierbein satisfying gmnEc

mEd
n = ηcd and c, d = 0 to 9 are tangent-

space indices. Constructing a classical twistor-like action for R-R backgrounds is more

challenging since the fermionic θα variables only appear after gauge-fixing.

In section 2 of this paper, the bosonic twistor-like action for the d=10 superparticle will

be constructed, and its gauge-fixing to the pure spinor and GS formalisms will be explained.

In section 3, this bosonic twistor-like action will be generalized to the d=10 superstring,

and its gauge-fixing to the pure spinor and GS formalisms will be explained. And finally

in section 4, a twistor-like action for the d=11 supermembrane will be constructed which

reduces upon double-dimensional reduction to the twistor-like action for the d=10 Type

IIA superstring.

2 Twistor-like superparticle

Before discussing the d=10 superstring, it will be useful to first discuss the d=10 superpar-

ticle and show how its twistor-like action can be interpreted as an action for a topological

particle in which one integrates over the choices of complex structure.

2.1 Topological particle

The classical action for a d=10 topological particle is

Sc =

∫
dτ [Pmẋm − LaPa] =

∫
dτ

[
Paẋ

a + Paẋ
a − LaPa

]
(2.1)

where ẋm = ∂
∂τ
xm, m = 0 to 9 are d=10 vector indices, a, a = 1 to 5 labels a complex

split of xm → (xa, xa) and Pm → (Pa.Pa), and La is a Lagrange multiplier imposing the

constraint Pa = 0. For the action to be real, one should choose spacetime signature (5, 5),

however, one can easily Wick-rotate to any other d=10 signature. For convenience, we

will use Euclidean signature (10, 0) for the rest of this paper which implies that xa is the

complex conjugate of xa.

The action of (2.1) is invariant under the gauge transformations

δxa = θa, δLa = θ̇a (2.2)

for arbitary gauge parameters θa(τ), and if one gauge-fixes La = 0 using the standard BRST

method, θa and its conjugate momentum pa are interpreted as fermionic Faddeev-Popov
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ghosts and antighosts associated to this gauge-fixing. The resulting action is

S = Sc +

∫
dτQ(paL

a) =

∫
dτ

[
Pmẋm − paθ̇

a + La(Ma − Pa)
]

(2.3)

where χ = paL
a is the gauge-fixing fermion, Q = θaPa is the BRST operator which

generates the transformation of (2.2), and Ma ≡ Qpa is the Nakanishi-Lautrup field whose

auxiliary equation of motion is Ma = Pa. Physical states in the BRST cohomology are

easily shown to be anti-holomorphic functions V = f(xa) which satisfy PaV = 0.

Although this topological theory is not SO(10) invariant, one can write the action

of (2.1) using ten-dimensional notation as

Sc =

∫
dτ [Pmẋm − (ξγmL)Pm] (2.4)

where ξα for α = 1 to 16 is a fixed d=10 pure spinor which chooses an SO(10)
U(5) complex

structure. It will now be shown that if one makes the theory SO(10) invariant by integrating

over the choice of SO(10)
U(5) complex structure, the theory is no longer topological and describes

the d=10 super-Maxwell theory coming from quantizing the d=10 superparticle.

2.2 Worldline action

To integrate over SO(10)
U(5) complex structures, one should replace the fixed ξα in (2.4) with

a projective pure spinor variable λα(τ) satisfying the pure spinor condition

λα(τ)γmαβλ
β(τ) = 0 (2.5)

and which is defined up to the local scale transformation

λα(τ) ∼ Ω(τ)λα(τ). (2.6)

The conjugate momentum to λα will be called wα and is defined up to the gauge and scale

transformations

wα ∼ wα + Λm(γmλ)α and wα ∼ Ω−1wα. (2.7)

In terms of λα, the topological constraint Pa = 0 can now be expressed covariantly as the

twistor-like constraint Pm(γmλ)α = 0, and the corresponding classical worldline action is

Sc =

∫
dτ

[
Pmẋm + wα∇λα −

1

2
LαPm(γmλ)α

]
(2.8)

where ∇λα = λ̇α + Aλα and A is a worldline gauge field transforming as A → A − Ω−1Ω̇

under the local scale transformation

λα → Ωλα, wα → Ω−1wα, Lα → Ω−1Lα. (2.9)

In addition to the local scale invariance of (2.9), (2.8) is also invariant under the local

gauge transformations related to the first-class constraint Pm(γmλ)α = 0

δLα = ∇θα − aλα, δxm =
1

2
λγmθ, δwα = −

1

2
Pm(γmθ)α (2.10)
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where θα(τ) and a(τ) are arbitrary gauge parameters.1 Furthermore, one has the local

gauge-for-gauge symmetries which transform the gauge parameters as

δ′θα = φλα, δ′a = ∇φ, δ′wα = −φ
δχ

δLα
(2.11)

where φ(τ) is a gauge-for-gauge parameter and χ is the gauge-fixing fermion. The trans-

formation of wα in (2.11) is necessary since δLα of (2.10) transforms under (2.11) as

δ′(δLα) = φ∇λα which is proportional to the equation of motion for wα. So if Lα appears

in the gauge-fixing fermion χ, the term Qχ in the action will transform under (2.11) as

δ′(Qχ) =
δχ

δLα
δ′(δLα) =

δχ

δLα
φ∇λα, (2.12)

which must be cancelled by a shift of wα → wα − φ δχ
δLα .

2.3 Pure spinor superparticle

In this section, the pure spinor description of the d=10 superparticle will be obtained by

gauge-fixing the twistor-like action of (2.8). The first step is to use the gauge symmetries

of (2.10) and the gauge-for-gauge symmetries of (2.11) to gauge-fix Lα = 0 and a = 0.

Using the BRST method where the BRST operator Q generates the symmetries of (2.10)

and (2.11), this gauge-fixing is accomplished by adding to the classical action Sc of (2.8)

the BRST-trivial term

S = Sc+

∫
dτQ(pαL

α+βa) = Sc+

∫
dτ [−pα(∇θα + aλα) + β∇φ+MαL

α +Na] (2.13)

where θα and a are fermionic ghosts, φ is a bosonic ghost-for-ghost, pα is a fermionic

antighost, β is a bosonic antighost-for-ghost, and Mα and N are bosonic and fermionic

Nakanishi-Lautrup fields defined by Mα ≡ Qpα and N ≡ Qβ. Note that (θα, pα) and

(φ, β) scale under (2.9) as

θα → Ω−1θα, pα → Ωpα, φ → Ω−2φ, β → Ω2β. (2.14)

After solving the auxiliary equations of motion of Mα and N , the gauge-fixed action

of (2.13) is

S =

∫
dτ

[
Pmẋm + wαλ̇

α − pαθ̇
α + βφ̇+A(wαλ

α + pαθ
α − 2βφ)

]
. (2.15)

The next step is to gauge-fix the local scale symmetry of (2.9). Although the naive

choice would be to gauge-fix one of the 16 components of λα to be equal to 1, this gauge-

fixing would break manifest Lorentz invariance and would only be possible if one component

1In addition to the symmetries of (2.10), (2.8) is also invariant under the transformation δLα =

amn(γmnλ)
α for arbitrary gauge parameter amn. However, this symmetry does not need to be gauge-fixed

if one assumes (as will be explained in the following subsection) that the ghost-for-ghost φ is non-vanishing.

Including this BRST transformation of Lα would modify the gauge-fixed action of the following subsection

to include the additonal term
∫
dτpα(γmnλ)

αamn where pα is the antighost. But this additional term is

BRST-trivial since it can be expressed as
{
Q,

∫
dτ

[
− 1

2
(pγmnθ)−

1
2
(wγmnλ) +

1
4
φ−1(θγmnpθ)P

p
]
φ−1amn

}
.
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of λα were required to be non-vanishing on the entire worldline. Instead of this gauge-fixing

of λα which would break Lorentz invariance, the local scale symmetry will be gauge-fixed

by scaling the ghost-for-ghost variable φ to be equal to 1. This gauge choice manifestly

preserves Lorentz invariance, but requires that φ is non-vanishing on the entire worldline.

Since φ carries scale weight −2 and ghost number +2, this gauge-fixing of scale sym-

metry means that the ghost number of any gauge-fixed operator is shifted by its scale

weight. In other words, if an operator Og,s carries ghost number g and scale weight s,

the gauge-fixed version of Og,s is the scale-invariant operator φ
s
2Og,s which carries ghost-

number g+ s. So after gauge-fixing the scale symmetry, the ghost number of the variables

(λα, wα) is shifted from (0, 0) to (+1,−1) and the ghost number of the variables (θα, pα) is

shifted from (+1,−1) to (0, 0). These are the appropriate ghost numbers in the pure spinor

formalism for defining physical states. Furthermore, after gauge-fixing φ = 1, the variables

A and β of (2.15) satisfy the auxiliary equations of motion A = 0 and β = 1
2(wαλ

α+pαθ
α),

and the action of (2.15) reduces to the pure spinor action

S =

∫
dτ

[
Pmẋm + wαλ̇

α − pαθ̇
α
]
. (2.16)

Finally, the BRST transformations in this gauge reduce to

Qθα = λα, Qxm =
1

2
λγmθ, Qwα = −pα −

1

2
Pm(γmθ)α, Qpα = Mα =

1

2
Pm(γmλ)α,

(2.17)

which are the BRST transformations generated by the pure spinor superparticle BRST

operator

Q = λαdα (2.18)

where

dα ≡ pα +
1

2
Pm(γmθ)α (2.19)

is the worldsheet version of the d=10 superspace derivative Dα ≡ ∂
∂θα

+ 1
2(γmθ)α

∂
∂xm . Note

that to obtain the pure spinor superparticle action in the usual gauge

S =

∫
dτ

[
Pmẋm +

1

2
PmPm + wαλ̇

α − pαθ̇
α

]
, (2.20)

one needs to add the BRST-trivial term −Qb = 1
2PmPm to the action of (2.16) where

b = −
1

2
Pm(ξγmd) (2.21)

is the pure spinor b ghost and ξα is any spinor satisfying λαξα = 1. Although it will not

be reviewed here, it was explained in [16] how to covariantize the construction of the pure

spinor b ghost of (2.21) by adding a non-minimal sector to the pure spinor formalism.

2.4 Green-Schwarz superparticle

In this section, the Green-Schwarz description of the d=10 superparticle will be obtained

by performing a different gauge-fixing of the twistor-like action of (2.8). One again gauges

– 6 –
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a = 0 by adding the gauge-fixing fermion Q(βa) to the classical action. But instead of

gauge-fixing Lα = 0 by adding the gauge-fixing term Q(pαL
α), one chooses the gauge-fixing

fermion χ so that the BRST variation of wα vanishes. Since

Qwα = −
1

2
Pm(γmθ)α − φ

δχ

δLα
, (2.22)

this implies that the gauge-fixing fermion χ is chosen to depend on Lα as

χ = βa−
1

2
φ−1LαPm(γmθ)α. (2.23)

As before, the ghost-for-ghost variable φ will be assumed to be non-vanishing and the scale

symmetry of (2.9) will be used to gauge-fix φ = 1. Since λα carries scale weight +1 and

θα carries scale weight −1, this shifts the ghost-number of λα from 0 to +1 and shifts the

ghost number of θα from +1 to 0.

After this gauge-fixing, the resulting action is

S =

∫
dτ

[
Pmẋm + wα∇λα −

1

2
LαPm(γmλ)α +Q(βa−

1

2
φ−1LαPm(γmθ)α)

]
(2.24)

=

∫
dτ

[
Pmẋm + wα∇λα − LαPm(γmλ)α + β∇φ−

1

2
(∇θα − aλα)Pm(γmθ)α +Na

]

=

∫
dτ

[
Pmẋm + wαλ̇

α − LαPm(γmλ)α −
1

2
θ̇αPm(γmθ)α

]
(2.25)

where the auxiliary equations of motion A = N − 1
2(λγmθ)Pm = a = β − 1

2wαλ
α = 0 have

been used.

The BRST transformation in this gauge is

Qθα = λα, Qxm =
1

2
λγmθ, δwα = 0, δLα = θ̇α, (2.26)

and one can easily verify that the Noether charge associated with this transformation

vanishes. So in this gauge, the global BRST symmetry is a local gauge symmetry which

will be related below to the usual GS kappa symmetry.

To relate the action and symmetries of (2.25) and (2.26) with the GS action and

symmetries, add to (2.25) the BRST-trivial term

Q

[
−wθ̇ +

1

2
(wγmξ)(λγmθ̇)

]
= −wαλ̇

α (2.27)

to remove the wα dependence where ξα is a spinor satisfying ξαλ
α = 1 and the

1
2(wγ

mξ)(λγmθ̇) term in (2.27) is needed to preserve the wα gauge invariance of (2.7).

Then shift Lα → Lα − 1
2P

m(γmξ) in (2.25) to obtain the action

S = SGS −

∫
dτLαPm(γmλ)α (2.28)

where SGS is the standard GS superparticle action in the gauge e = 1,

SGS =

∫
dτ

[
Pm

(
ẋm −

1

2
θ̇γmθ

)
+

1

2
PmPm

]
. (2.29)
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The role of the second term in (2.28) is to impose the constraint Pm(γmλ)α = 0, which

implies that PmPm = 0 and that

λα = Pm(γmκ)α (2.30)

for some κα. With this pameterization of λα, the BRST transformation of (2.26) becomes

the standard GS kappa transformation

δθα = Pm(γmκ)α, δxm =
1

2
δθα(γmθ)α (2.31)

and the transformation of the second term in (2.28) is

− δLαPm(γmλ)α = −(λγmθ̇)Pm = −(κθ̇)PmPm. (2.32)

So the BRST transformation of Lα in (2.26), QLα = θ̇α, replaces the kappa-transformation

of the metric, δe = −καθ̇
α, in the usual GS action.

3 Twistor-like superstring

3.1 Worldsheet action

In this section, we will generalize the superparticle results of the previous section to the

superstring and it will be convenient to work in first-order form with xm(τ, σ) and Pm(τ, σ)

variables for the spacetime position and its conjugate momentum. In addition to these

spacetime vector variables, the classical worldsheet variables for the Type II superstring

will contain two sets of projective pure spinors, λα and λ̂α̂, and their conjugate momenta,

wα and ŵα̂, satisfying the pure spinor conditions

λγmλ = 0, λ̂γmλ̂ = 0 (3.1)

and related gauge invariances

wα ∼ wα + Λm(γmλ)α, ŵα̂ ∼ ŵα̂ + Λ̂m(γmλ̂)α̂, (3.2)

as well as the local scale invariances

λα ∼ Ωλα, wα ∼ Ω−1wα, λ̂α̂ ∼ Ω̂λ̂α̂, ŵα̂ ∼ Ω̂−1ŵα̂ (3.3)

where Ω(τ, σ) and Ω̂(τ, σ) are independent local scale parameters and α, α̂ = 1 to 16 are

spinor indices of the same chirality for the Type IIB superstring and spinor indices of the

opposite chirality for the Type IIA superstring. For the heterotic superstring, only one set

of projective pure spinor variables is needed and the right-moving sector of the superstring

is the same as in the RNS formalism.

The twistor-like constraint Pm(γmλ)α = 0 for the superparticle has the obvious gen-

eralization for the superstring

(Pm + ∂σx
m)(γmλ)α = 0 and (Pm − ∂σx

m)(γmλ̂)α = 0. (3.4)

– 8 –
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However, since the commutator

[(Pm + ∂σx
m)(γmλ)α(σ1), (Pm + ∂σx

m)(γmλ)β(σ2)] = δ(σ1 − σ2)(γ
m∂σλ)[α(γmλ)β] (3.5)

is nonzero, the additional constraints

∇σλ
α = 0 and ∇̂σλ̂

α̂ = 0 (3.6)

will be imposed where

∇σλ
α ≡ ∂σλ

α +Aσλ
α, ∇̂σλ̂

α̂ ≡ ∂σλ̂
α̂ + Âσλ̂

α̂ (3.7)

and AI and ÂI for I = τ, σ are worldsheet gauge fields which transform as δAI = −Ω−1∂IΩ

and δÂI = −Ω̂−1∂IΩ̂ under the local scale transformations of (3.3).

So the classical worldsheet action for the Type II superstring is

Sc =

∫
dτdσ

[
Pmẋm + wα∇τλ

α + ŵα̂∇̂τ λ̂
α̂ (3.8)

−
1

2
Lα(Pm + ∂σxm)(γmλ)α −

1

2
L̂α̂(Pm − ∂σxm)(γmλ̂)α̂ +Kα∇σλ

α + K̂α̂∇̂σλ̂
α̂

]

where the Lagrange multipliers (Lα, L̂α̂,Kα, K̂α̂) transform under the scale transformations

of (3.3) as

Lα ∼ Ω−1Lα, Kα ∼ Ω−1Kα, L̂α̂ ∼ Ω̂−1L̂α̂, K̂α̂ ∼ Ω̂−1K̂α̂ . (3.9)

Note that this action is invariant under worldsheet reparameterizations since the Virasoro

constraints

1

2
(P + ∂σx)

2 + 2wα∇σλ
α = 0,

1

2
(P − ∂σx)

2 − 2ŵα̂∇̂σλ̂
α̂ = 0, (3.10)

are implied by the constraints

(Pm + ∂σxm)(γmλ)α = 0, ∇σλ
α = 0, (Pm − ∂σxm)(γmλ̂)α̂ = 0, ∇̂σλ̂

α̂ = 0. (3.11)

So the change in the kinetic term under worldsheet reparameterizations can be cancelled

by an appropriate shift of the Lagrange multipliers (Lα, L̂α̂,Kα, K̂α̂).
2

2Worldsheet reparameterization invariance can be made manifest by shifting the Lagrange multipliers

such that the term eT + eT is added to the action of (3.8) where T and T are the Virasoro constraints

of (3.10). Plugging in the auxiliary equation of motion from varying Pm,

(e+ e)Pm = −ẋ
m + (e− e)∂σx

m +
1

2
(Lγm

λ+ L̂γ
m
λ̂), (3.12)

one obtains the manifestly worldsheet reparameterization invariant action

Sc =

∫
dzdz(det e)

[
−
1

2
∇zx

m
∇zxm + wα∇zλ

α + ŵα̂∇̂zλ̂
α̂ (3.13)

+
1

2
∇zxm(Lγm

λ)α +
1

2
∇zxm(L̂γm

λ̂)−
1

4
(Lγm

λ)(L̂γmλ̂) +Kα∇zλ
α + K̂α̂∇̂zλ̂

α̂

]

where ∇z = eIz∇I and ∇z = eIz∇I for I = (τ, σ), and (eIz, e
I
z) is the worldsheet vierbein which is defined

(up to an SO(1,1) rotation and conformal transformation) as

e
τ
z = 1, e

σ
z = −2e, e

τ
z = 1, e

σ
z = 2e. (3.14)

– 9 –
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In addition to the worldsheet reparameterizations and local scale symmetries, the ac-

tion is invariant under the local symmetries related to the first-class constraints of (3.11),

δxm =
1

2
(λγmθ + λ̂γmθ̂), δPm =

1

2
∂σ(λγ

mθ − λ̂γmθ̂), (3.15)

δwα = −
1

2
(Pm + ∂σxm)(γmθ)α −∇σcα −

δχ

δLα
φ−

1

4

δχ

δKβ
(γmθ)β(γmθ)α,

δŵα̂ = −
1

2
(Pm − ∂σxm)(γmθ̂)α̂ − ∇̂σ ĉα̂ −

δχ

δL̂α̂
φ̂+

1

4

δχ

δK̂ β̂
(γmθ̂)

β̂
(γmθ̂)α̂,

δLα = ∇τθ
α − aλα, δKα = ∇τ cα +

1

4
(Lγmλ)(γmθ)α −

1

4
(θγmλ)(γmL)α,

δL̂α̂ = ∇̂τ θ̂
α̂ − âλ̂α̂, δK̂α̂ = ∇̂τ ĉα̂ −

1

4
(L̂γmλ̂)(γmθ̂)α̂ +

1

4
(θ̂γmλ̂)(γmL̂)α̂,

δcα = −
1

4
(θγmλ)(γmθ)α, δθα = φλα, δa = ∇τφ,

δĉα̂ =
1

4
(θ̂γmλ̂)(γmθ̂)α̂, δθ̂α̂ = φ̂λ̂α̂, δâ = ∇̂τ φ̂,

where χ is the gauge-fixing fermion and the variations of the ghosts (cα, ĉα̂, θ
α, θ̂α̂, a, â)

in the last two lines of (3.15) come from the nonvanishing commutator of (3.5) and from

the gauge-for-gauge symmetries related to (2.11). As in (2.12), the shifts in wα and ŵα̂

proportional to the gauge-fixing fermion χ are needed to cancel terms proportional to the

equations of motion ∇τλ
α and ∇̂τ λ̂

α̂ in the gauge-for-gauge transformations of (δKα, δL
α)

and (δK̂α̂, δL̂
α̂).

3.2 Pure spinor superstring

As in the superparticle, gauge-fixing to the pure spinor formalism is achieved by first using

the local symmetries of (3.15) to gauge Lα = L̂α̂ = 0 and a = â = 0. Using the BRST

method, this involves adding to the classical action Sc of (3.8) the gauge-fixing fermion

χ = pαL
α + p̂α̂L̂

α̂ + βa+ β̂â (3.16)

− φ−1(Kα∇σθ
α + Lα∇σcα)− φ̂−1(K̂α̂∇̂σ θ̂

α̂ + L̂α̂∇̂σ ĉα̂),

where the second line of (3.16) has been included to eliminate (Kα, K̂α̂) and (cα, ĉα̂) from

the action. The resulting gauge-fixed action is

S = Sc +

∫
dτdσQ

[
pαL

α + p̂α̂L̂
α̂ + βa+ β̂â (3.17)

− φ−1(Kα∇σθ
α + Lα∇σcα)− φ̂−1(K̂α̂∇̂σ θ̂

α̂ + L̂α̂∇̂σ ĉα̂)
]

= Sc +

∫
dτdσ

[
− pα∇τθ

α +MαL
α + β∇τφ+ (N + λαpα − φ−1λα∇σcα)a

− p̂α̂∇̂τ θ̂
α̂ + M̂α̂L̂

α̂ + β̂∇̂τ φ̂+ (N̂ + λ̂α̂p̂α̂ − φ̂−1λ̂α̂∇̂σ ĉα̂)â

−Kα∇σλ
α −

1

4
φ−1(Lγmθ)(θγm∇σλ)−

3

4
φ−1(Lγm∇σθ)(λγmθ))

− K̂α̂∇̂σλ̂
α̂ +

1

4
φ̂−1(L̂α̂γmθ̂)(θ̂γm∇̂σλ̂) +

3

4
φ̂−1(L̂γm∇̂σ θ̂)(λ̂γmθ̂)

]
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where (Mα, M̂α̂) and (N, N̂) are the Nakanishi-Lautrup fields defined by

Qpα = Mα, Qp̂α = M̂α̂, Qβ = N, Qβ̂ = N̂ . (3.18)

The next step is to use the local scale symmetries to gauge-fix φ = φ̂ = 1, where it

will be assumed that these fields are non-vanishing on the entire worldsheet. As in the

superparticle, this shifts the ghost number by the scale weight so that after gauge-fixing

φ = φ̂ = 1, the pure spinor variables (λα, wα) and (λ̂α̂, ŵα̂) carry ghost number (1,−1) and

the fermionic spacetime spinor variables (θα, pα) and (θ̂α̂, p̂α̂) carry ghost number (0, 0).

After solving the auxiliary equations of motion for the variables (Aτ , β,Mα, L
α, N, a)

and (Âτ , β̂, M̂α̂, L̂
α̂, N̂ , â), the action reduces to

S =

∫
dτdσ

[
Pmẋm + wαλ̇

α + ŵα̂
˙̂
λ
α̂

− pαθ̇
α − p̂α̂

˙̂
θ
α̂
]
, (3.19)

with the BRST transformations

Qθα = λα, Qθ̂α̂ = λ̂α̂, Qxm =
1

2
(λγmθ + λ̂γmθ̂), QPm =

1

2
∂σ(λγ

mθ − λ̂γmθ̂),

Qwα = −
1

2
(Pm + ∂σxm)(γmθ)α − pα +

1

4
(γmθ)α(∂σθγ

mθ),

Qpα =
1

2
(Pm + ∂σxm)(γmλ)α +

3

4
(γm∂σθ)α(λγ

mθ) +
1

4
(γmθ)α(θγ

m∂σλ),

Qŵα̂ = −
1

2
(Pm − ∂σxm)(γmθ̂)α̂ − p̂α̂ −

1

4
(γmθ̂)α̂(∂σ θ̂γ

mθ̂),

Qp̂α̂ =
1

2
(Pm − ∂σxm)(γmλ̂)α̂ −

3

4
(γm∂σ θ̂)α̂(λ̂γ

mθ̂)−
1

4
(γmθ̂)α̂(θ̂γ

m∂σλ̂). (3.20)

These are the usual pure spinor BRST transformations generated by the BRST operator

Q =

∫
dσ(λαdα + λ̂α̂d̂α̂) (3.21)

where

dα ≡ pα +
1

2
(Pm + ∂σxm)(γmθ)α −

1

4
(γmθ)α(∂σθγ

mθ), (3.22)

d̂α̂ ≡ p̂α̂ +
1

2
(Pm − ∂σxm)(γmθ̂)α̂ +

1

4
(γmθ̂)α̂(∂σ θ̂γ

mθ̂)

are the worldsheet versions of the N=2 d=10 superspace derivatives Dα ≡ ∂
∂θα

+
1
2(γmθ)α

∂
∂xm and D̂α̂ = ∂

∂θ̂α̂
+ 1

2(γmθ̂)α̂
∂

∂xm .

To relate (3.19) with the usual pure spinor superstring action in conformal gauge, one

needs to add the BRST-trival term −1
2

∫
dτdσQ(b+ b) where

b = −
1

2
(ξγmd)(Pm + ∂σxm + θγm∂σθ)− 2w∂σθ + (wγmξ)(λγm∂σθ), (3.23)

b̂ = −
1

2
(ξ̂γmd̂)(Pm − ∂σxm − θ̂γm∂σ θ̂) + 2ŵ∂σ θ̂

α̂ − (ŵγmξ̂)(λ̂γm∂σ θ̂)

– 11 –
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are the pure spinor b and b̂ ghosts, and ξα and ξ̂α̂ are spinors satisfying ξαλ
α = 1 and

ξ̂α̂λ̂
α̂ = 1. One can verify that Qb = T and Qb̂ = T̂ where

T = −
1

2
(Pm + ∂σx

m)(Pm + ∂σxm)− 2wα∂σλ
α + 2pα∂σθ

α, (3.24)

T̂ = −
1

2
(Pm − ∂σx

m)(Pm − ∂σxm) + 2ŵα∂σλ̂
α̂ − 2p̂α̂∂σ θ̂

α

are the left and right-moving stress-tensors. After adding −1
2

∫
dτdσQ(b+ b) to (3.19) and

integrating out Pm, one obtains the conformally invariant pure spinor worldsheet action

S =

∫
dτdσ

[
−
1

2
∂xm∂xm + wα∂λ

α + ŵα̂∂λ̂
α̂ − pα∂θ

α − p̂α̂∂θ̂
α̂

]
, (3.25)

where ∂ = ∂τ − ∂σ and ∂ = ∂τ + ∂σ.

3.3 Green-Schwarz superstring

As in the superparticle, gauge-fixing to the GS formalism for the superstring is achieved

by gauging a = â = 0 and choosing the L dependence of the gauge-fixing fermion χ such

that the BRST variation of wα and ŵα̂ vanishes where

Qwα = −
1

2
(Pm + ∂σxm)(γmθ)α −∇σcα −

δχ

δLα
φ−

1

4

δχ

δKβ
(γmθ)β(γmθ)α, (3.26)

Qŵα̂ = −
1

2
(Pm − ∂σxm)(γmθ̂)α̂ − ∇̂σ ĉα̂ −

δχ

δL̂α̂
φ̂+

1

4

δχ

δK̂ β̂
(γmθ̂)

β̂
(γmθ̂)α̂.

To gauge-fix a = â = 0 and remove the (Kα, K̂α̂) dependence from the action, the

L-independent terms in χ will be chosen to be

βa+ β̂â− φ−1Kα∇σθ
α − φ−1K̂α̂∇σ θ̂

α̂. (3.27)

The vanishing of Qwα and Qŵα̂ therefore implies that the gauge-fixing fermion is

χ = βa+ β̂â− φ−1Kα∇σθ
α − φ−1K̂α̂∇σ θ̂

α̂ (3.28)

+ φ−1Lα

[
−
1

2
(Pm + ∂σx

m)(γmθ)α −∇σcα +
1

4
φ−1(∇σθγ

mθ)(γmθ)α

]

+ φ̂−1L̂α̂

[
−
1

2
(Pm − ∂σx

m)(γmθ̂)α̂ − ∇̂σ ĉα̂ −
1

4
φ̂−1(∇̂σ θ̂γ

mθ̂)(γmθ̂)α̂

]
,

– 12 –
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and the resulting gauge-fixed action is

S = Sc +

∫
dτdσQ

[
βa+ β̂â− φ−1Kα∇σθ

α − φ−1K̂α̂∇σ θ̂
α̂ (3.29)

+ φ−1Lα

[
−
1

2
(Pm + ∂σx

m)(γmθ)α −∇σcα +
1

4
φ−1(∇σθγ

mθ)(γmθ)α

]

+ φ̂−1L̂α̂

[
−
1

2
(Pm − ∂σx

m)(γmθ̂)α̂ − ∇̂σ ĉα̂ −
1

4
φ̂−1(∇̂σ θ̂γ

mθ̂)(γmθ̂)α̂

] ]

= Sc +

∫
dτdσ

[
−Kα∇σλ

α −
1

2
φ−1(Pm + ∂σx

m)(∇τθγmθ) +
1

4
φ−2(∇σθγ

mθ)(∇τθγmθ)

− K̂α̂∇̂σλ̂
α̂ −

1

2
φ̂−1(Pm − ∂σx

m)(∇̂τ θ̂γmθ̂)−
1

4
φ̂−2(∇̂σ θ̂γ

mθ̂)(∇̂τ θ̂γmθ̂)

−
1

2
(Lγmλ)(Pm + ∂σxm + 2φ−1θγm∂σθ)−

1

2
(L̂γmλ̂)(Pm − ∂σxm − 2φ̂−1θ̂γm∂σ θ̂)

+ β∇τφ+

(
N−φ−1λα∇σcα−

1

2
φ−1(Pm+∂σx

m)(λγmθ)α +
1

4
φ−2(∇σθγ

mθ)(λγmθ)

)
a

+ β̂∇̂τ φ̂+

(
N̂−φ̂−1λ̂α̂∇̂σ ĉα̂−

1

2
φ̂−1(Pm−∂σx

m)(λ̂γmθ̂)α̂ −
1

4
φ̂−2(∇̂σ θ̂γ

mθ̂)(λ̂γmθ̂)

)
â

]

=

∫
dτdσ

[
Pmẋm + wα∇τλ

α + ŵα̂∇̂τ λ̂
α̂ + β∇τφ+ β̂∇̂τ φ̂

−
1

2
φ−1(Pm + ∂σx

m)(∇τθγmθ)−
1

2
φ̂−1(Pm − ∂σx

m)(∇̂τ θ̂γmθ̂)

+
1

4
φ−2(∇σθγ

mθ)(∇τθγmθ)−
1

4
φ̂−2(∇̂σ θ̂γ

mθ̂)(∇̂τ θ̂γmθ̂)

− (Lγmλ)(Pm + ∂σxm + φ−1θγm∂σθ)− (L̂γmλ̂)(Pm − ∂σxm − φ̂−1θ̂γm∂σ θ̂)

+

(
N − φ−1λα∇σcα −

1

2
φ−1(Pm + ∂σx

m)(λγmθ)α +
1

4
φ−2(∇σθγ

mθ)(λγmθ)

)
a

+

(
N̂ − φ̂−1λ̂α̂∇̂σ ĉα̂ −

1

2
φ̂−1(Pm − ∂σx

m)(λ̂γmθ̂)α̂ −
1

4
φ̂−2(∇̂σ θ̂γ

mθ̂)(λ̂γmθ̂)

)
â

]

where N = Qβ and N̂ = Qβ̂ are Nakanishi-Lautrup fields.

After using the scale symmetries to gauge-fix φ = φ̂ = 1 and applying the auxiliary

equations of motion for (Aτ , β, a,N) and (Âτ , β̂, â, N̂), the action of (3.29) simplifies to

S =

∫
dτdσ

[
Pmẋm + wαλ̇

α + ŵα̂
˙̂
λ
α̂

(3.30)

−
1

2

(
Pm + ∂σx

m −
1

2
∂σθγ

mθ

)
(θ̇γmθ)−

1

2

(
Pm − ∂σx

m +
1

2
∂σ θ̂γ

mθ̂

)
(
˙̂
θγmθ̂)

− (Lγmλ)(Pm + ∂σxm + θγm∂σθ)− (L̂γmλ̂)(Pm − ∂σxm − θ̂γm∂σ θ̂)

]
.

As in the superparticle action, one can relate (3.30) to the GS superstring action in con-

formal gauge by adding the BRST-trivial term

Q

[
−wθ̇ +

1

2
(wγmξ)(λγmθ̇)− ŵ

˙̂
θ +

1

2
(ŵγmξ̂)(λ̂γm

˙̂
θ)

]
= −wαλ̇

α − ŵα̂
˙̂
λ
α̂

(3.31)
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and shifting

Lα → Lα−
1

4
(Pm+∂σx

m+θγm∂σθ)(γmξ)α, L̂α̂ → L̂α̂−
1

4
(Pm−∂σx

m− θ̂γm∂σ θ̂)(γmξ̂)α̂

(3.32)

where ξα and ξ̂α̂ are spinors satisfying ξαλ
α = 1 and ξ̂α̂λ̂

α̂ = 1. One obtains

S =

∫
dτdσ

[
Pmẋm −

1

2

(
Pm + ∂σx

m −
1

2
∂σθ

mθ

)
(θ̇γmθ) (3.33)

−
1

2

(
Pm − ∂σx

m +
1

2
∂σ θ̂γ

mθ̂

)
(
˙̂
θγmθ̂)

+
1

4
(Pm + ∂σx

m + θγm∂σθ)(Pm + ∂σxm + θγm∂σθ)

+
1

4
(Pm − ∂σx

m − θ̂γm∂σ θ̂)(P
m − ∂σx

m − θ̂γm∂σ θ̂)

− (Lγmλ)(Pm + ∂σxm + θγm∂σθ)− (L̂γmλ̂)(Pm − ∂σxm − θ̂γm∂σ θ̂)

]
,

which after integrating out Pm is equal to

S = SGS +

∫
dτdσ[(Lγmλ)Πm + (L̂γmλ̂)Πm − (Lγmλ)(L̂γmλ̂)] (3.34)

where SGS is the GS action in conformal gauge

SGS =

∫
dτdσ

[
−

1

2
ΠmΠm −

1

2
∂τxm(θγm∂σθ − θ̂γm∂σ θ̂) +

1

2
∂σxm(θγm∂τθ − θ̂γm∂τ θ̂)

+
1

4
(θγm∂τθ)(θ̂γm∂σ θ̂)−

1

4
(θγm∂σθ)(θ̂γm∂τ θ̂)

]
, (3.35)

∂ ≡ ∂τ − ∂σ and ∂ ≡ ∂τ + ∂σ, and

Πm = ∂xm +
1

2
(θγm∂θ + θ̂γm∂θ̂), Π

m
= ∂xm +

1

2
(θγm∂θ + θ̂γm∂θ̂).

As in the superparticle, the role of the second term in (3.34) is to impose the constraints

Πm(γmλ)α = 0 and Π
m
(γmλ̂)α̂ = 0, which implies that ΠmΠm = ΠmΠ

m
= 0 and that

λα = Πm(γmκ)α, λ̂α̂ = Π
m
(γmκ̂)α̂ (3.36)

for some κα and κ̂α̂. With this parameterization of λα and λ̂α̂, the BRST transformations

of (3.15) reduce to the usual GS kappa transformations

δθα = Πm(γmκ)α, δθ̂α̂ = Π
m
(γmκ̂)α̂, δxm =

1

2
(δθγmθ + δθ̂γmθ̂), (3.37)

δΠm = δθγm∂θ + δθ̂γm∂θ, δΠ
m

= δθγm∂θ + δθ̂γm∂θ̂.

Using the BRST transformation of the shifted Lα and L̂α̂ in (3.32),

δLα = θ̇α +
1

2
(λγm∂σθ)(γmξ)α, δL̂α̂ =

˙̂
θ
α̂

−
1

2
(λ̂γm∂σ θ̂)(γmξ̂)α̂, (3.38)
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the kappa transformation of the L-dependent term in (3.34) is
∫

dτdσ
[
Πm(λγm∂θ)α +Πm(λ̂γm∂θ)

]
=

∫
dτdσ

[
ΠmΠm(κ∂θ) + Π

m
Πm(κ̂∂θ̂)

]
, (3.39)

which cancels the kappa transformation of the GS action in conformal gauge. So the

BRST transformations of Lα and L̂α̂ in (3.38) replace the kappa transformation of the

two-dimensional vierbein, δe = κα∂θ
α and δê = κ̂α̂∂θ̂

α̂, in the usual reparameterization-

invariant GS action.

4 Twistor-like supermembrane

In this final section, a purely bosonic classical action for the d=11 supermembrane will be

proposed which reduces under double-dimensional reduction to the purely bosonic classical

action for the d=10 Type IIA superstring. Although it will not be attempted here, it

should be possible to follow the same procedure as in the previous sections to gauge-fix

this classical twistor-like action to the pure spinor [17] and GS [18] versions of the d=11

supermembrane action.

4.1 d=11 superparticle

Just as the GS or pure spinor superparticle in ten dimensions describes d=10 super-

Maxwell, the GS or pure spinor superparticle in eleven dimensions describes d=11 su-

pergravity. This was verified in light-cone gauge for the d=11 GS superparticle, and was

verified covariantly for the d=11 pure spinor superparticle in [17, 19, 20]. The classical

twistor-like action for the d=11 superparticle is the obvious generalization of (2.8) and is

given by

Sc =

∫
dτ

[
PM ẋM + wB∇λB −

1

2
LBPM (γMλ)B

]
(4.1)

where M = 0 to 10 is an SO(10,1) vector index, B = 1 to 32 is an SO(10,1) spinor index,

λB is a d=11 projective ‘semi-pure’ spinor satisfying the identity and local scale symmetry

λB(τ)γMBCλ
C(τ) = 0, λB(τ) ∼ Ω(τ)λB(τ), (4.2)

wB is its conjugate momentum satisfying the gauge symmetry and scale symmetry

δwB = ΛM (γMλ)B, wB ∼ Ω−1wB, (4.3)

∇λB = λ̇B + AλB where A is a worldline gauge field transforming as A → A − Ω−1Ω̇

under the local scale transformation, and LB is the Lagrange multiplier for the twistor-

like constraint PM (γMλ)B = 0. Note that a d=11 projective ‘semi-pure’ spinor satisfies

λγMλ = 0 and has 22 independent components, whereas a d=11 projective pure spinor

would satisfy both λγMλ = 0 and λγMNλ = 0 and contain 15 independent components.

Following the same procedure as in section 2, the action of (4.1) can be gauge-fixed

either to the d=11 pure spinor superparticle action

S =

∫
dτ

[
ẋMPM + wBλ̇

B − pB θ̇
B
]

(4.4)
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with the BRST charge

Q = λB

(
pB +

1

2
PM (γMθ)B

)
, (4.5)

or to the d=11 GS superparticle action

S =

∫
dτ

[
PM

(
ẋM +

1

2
θγM θ̇

)
+

1

2
PMPM − LBPM (γMλB)

]
(4.6)

with the kappa transformation

δθB = PM (γMκ)B, δxM =
1

2
δθγMθ, δLM = θ̇B, (4.7)

where λB = PM (γMκ)B.

4.2 d=11 supermembrane

The purely bosonic classical d=11 supermembrane action will involve the worldvolume

variables (xM , PM ) and (λB, wB) together with the twistor-like constraint

PM (γMλ)B +
1

2
ǫjk∂jxM∂kxN (γMNλ)B = 0 (4.8)

where ∂j = ∂σj for j = 1, 2 and (τ, σ1, σ2) are the coordinates of the worldvolume. Using

the d=11 γ-matrix identity (γM )(BC(γ
MN )DE) = 0, one finds that the commutator of

the constraint of (4.8) with itself closes to an algebra if one also imposes the additional

constraints

∇jλ
B = 0 and (λγMNλ)∂jxM = 0 (4.9)

for j = 1, 2 where ∇jλ
B ≡ ∂jλ

B +Ajλ
B and (Aτ , A1, A2) is a worldvolume gauge field for

the scale symmetry.

The twistor-like version of the d=11 supermembrane action will therefore be defined as

S =

∫
dτdσ1dσ2

[
PM ẋM + wB∇τλ

B (4.10)

−
1

2
LB

(
PM (γMλ)B +

1

2
ǫjk∂jxM∂kxN (γMNλ)B

)
+K

j
B∇jλ

B + J
j
M (λγMNλ)∂jx

N

]
,

where LB, K
j
B and J

j
M are Lagrange multipliers for the constraints of (4.8) and (4.9).

Although it should be possible to verify (4.10) by gauge-fixing it to the pure spinor and

GS supermembrane actions of [17] and [18], it will instead be verified here by performing

a double-dimensional reduction and comparing with the twistor-like Type IIA superstring

action of the previous section.

Under double-dimensional reduction, the x10 coordinate of d=11 spacetime is compact-

ified on a circle of circumference 2π, and the σ2 direction of the worldvolume is wrapped

around this circle. One can choose the parameterization σ2 = x10, which implies that

∂τx
10 = ∂1x

10 = P 10 = 0, ∂2x
10 = 1, ∂2x

m = ∂2P
m = ∇2λ

B = ∇2wB = 0 (4.11)

– 16 –
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for m = 0 to 9 and B = 1 to 32. With this parameterization of σ2, the constraints of (4.8)

and (4.9) reduce to

Pm(γmλ)B + ∂1xm(γmγ10λ)B = 0, (4.12)

∇1λ
B = 0, (λγmnλ)∂1x

n = 0, (λγmγ10λ) = 0.

Splitting λB → (λα, λ̂α) for α = 1 to 16 where λα = λB + (γ10λ)B and λ̂α = λB −

(γ10λ)B are d=10 Weyl and anti-Weyl spinors, the constraints of (4.12) take the form

(Pm + ∂1xm)(γmλ)α = 0, (Pm − ∂1xm)(γmλ̂)α = 0, (4.13)

∇1λ
α = ∇1λ̂α = 0, (λγmnλ̂)∂1x

n = 0, λγmλ− λ̂γmλ̂ = 0,

Furthermore, the d=11 semi-pure spinor constraint λAγMABλ
B = 0 implies that λα and λ̂α̂

satisfy

λγmλ+ λ̂γmλ̂ = 0 and λαλ̂α = 0. (4.14)

Since λαλ̂α = 0 together with the first line of (4.13) implies that (λγmnλ̂)∂1x
n = 0, the

above constraints imply

λγmλ = 0, λ̂γmλ̂ = 0, ∇1λ
α = ∇1λ̂α = 0, (4.15)

(Pm + ∂1xm)(γmλ)α = 0, (Pm − ∂1xm)(γmλ̂)α = 0,

which are precisely the twistor-like constraints of (3.11) for the d=10 Type IIA superstring.

The only subtlety is that the d=11 semi-pure spinor constraint implies that the zero

modes of the left and right-moving Type IIA pure spinors, λα
(0) and λ̂(0)α, satisfy the

constraint λα
(0)λ̂(0)α = 0 which is not a constraint of the d=10 Type IIA superstring.

However, it will now be argued that because λα
(0)λ̂(0)α is BRST-trivial, the only effect of

this new constraint is to trivially double the cohomology of the Type IIA superstring. To

see this, note that the new constraint modifies the Type IIA superstring BRST operator to

Q′ =

∫
dσ(λαdα + λ̂αd̂

α) + rλα
(0)λ̂(0)α (4.16)

where r is a constant fermionic ghost for the constraint and Q =
∫
dσ(λαdα + λ̂αd̂

α) is the

original Type IIA BRST operator of (3.21). Since rλαλ̂α = [Q, r θαλ̂α], one can write

Q′ = e
−r θα

(0)
λ̂(0)αQe

+r θα
(0)

λ̂(0)α . (4.17)

Defining r to annihilate the ground state and its conjugate momentum s to satisfy {r, s} =

1, (4.17) implies that any state V ′ in the cohomology of Q′ satisfies

e
+r θα

(0)
λ̂(0)αV ′e

−r θα
(0)

λ̂(0)α = V1 + sV2 (4.18)

where V1 and V2 are states in the cohomology of Q. So the cohomology of Q′ is a trivial

doubling of the Type IIA superstring cohomology because of the extra fermionic ghost zero

mode of s. If one wants to obtain a single copy of the Type IIA superstring cohomology, one

can restrict to states V ′ satisfying [r, V ′] = 0, which is analogous to the usual [(b(0)−b(0)), V ]

=0 condition in bosonic closed string theory.
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