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Relating the quark and gluon condensates through the QCD vacuum energy

E. V. Gorbaf and A. A. Natalé
Instituto de Fsica Tewoica, Universidade Estadual Paulista, Rua Pamplona, 145, 01406,Fsailo, SP, Brazil
(Received 7 June 1999; revised manuscript received 2 September 1999; published 9 Februyary 2000

Using the Cornwall-Jackiw-Tomboulis effective potential for composite operators we compute the QCD
vacuum energy as a function of the dynamical quark and gluon propagators, which are related to their respec-
tive condensates as predicted by the operator product expansion. The identification of this result to the vacuum
energy obtained from the trace of the energy-momentum tensor allows us to study the gluon self-energy,
verifying that it is fairly represented in the ultraviolet by the asymptotic behavior predicted by the operator
product expansion, and in the infrared it is frozen at its asymptotic value at one scale of the order of the
dynamical gluon mass. We also discuss the implications of this identity for heavy and light quarks. For heavy
quarks we recover, through the vacuum energy calculation, the rem;i@ﬁlpf)fv - rlz(aslw)G””GM ob-
tained many years ago with QCD sum rules.

PACS numbgs): 12.38~t, 11.30.Qc, 11.30.Rd

[. INTRODUCTION quark mass. Equalizing these two expressions we obtain in-
formation about the dynamical masses of the theory and the
The QCD vacuum energy can be computed through theondensates. In this work we use two different calculations
use of the effective potential for composite operatdts  of the vacuum energy density in order to determine the be-
This vacuum energy is a function of the masses of the theorjiavior of the dynamical masses, particularly of the gluon
[1,3]. For quarks the effective mass is a sum of the runningdynamical mass. We show that it is fairly represented in the
mass and the dynamical one and the quark condensate is gfiraviolet by the asymptotic behavior predicted by the OPE,
order parameter for chiral symmetry breakiisge, e.9., Ref.  anq in the infrared it is equal to its value at a scale of the
[4]). According to the operator product expansi@PB  orger of the dynamical gluon mass. Within this approach we
[5,6] the dynamical mass is a function of the quark conden e 4150 able to obtain a relation between the quark and gluon
sate. Therefore, the vacuum energy involves the bare quaik,,jensates in the heavy quark limit. It is opportune to recall
ma_l.f,rs]es and the ?uarg cond.enlsafe. . ial that many years ago Shifmai al.introduced the notion of a
e concept of a dynamical gluon masd is crucial to nonvanishing gluon condensd®®. Making use of the OPE

calculate the QCD vacuum energye would like to em- ghey started the successful program of QCD sum rules, where

phasize that the presence of a dynamically generated ma " . .
does not mean that gluons can be considered as massigéservable guantities can be written as a function of quark
nd gluon condensates, and one of their main results is the

asymptotic states similar to dynamically generated quarl@ ; L
mass does not mean that quarks can be observed as masgigiation between quark and gluon condensates valid in the

asymptotic states. Why quarks and gluons are not observdtfavy quark limi 10]:

as free states is the well known problem of confinemeXs.

discussed at length in Rf7], the vacuum energy is finite as

long as the gluon mass decreases at large momentum, and it — B 1 aSGWG 1
vanishes when the gluon mass is zero. The infrared diver- (i) ~ 12\ 7 my @)
gences that plagued the effective potential calculations are

also absent for a finite dynamical gluon mass. Finally, the

gluon mass is related to the gluon condensate, and a precisgis relation emerges naturally in our calculation of the
relation, as in the case of the dynamical quark mass, has beggcuum energy. We also discuss what can be learned from
obtained through the OPB]. It is also known that the gluon oy approach in the chiral and light fermion limits. In Sec. Ii
contribution dominates the vacuum energy. However, nofye setup the equations for the vacuum energy. Section II|
much is known about the infrared behavior of the dynamicakontains a discussion of our computatiodaisiaze for the
gluon mass. dynamical masses, and Sec. IV contains the vacuum energy

'On the other hand the vacuum energy can also be oRsgicylation. In the last section we discuss the method and
tained through the trace of the energy momentum tensor anglesent the conclusions.

is a function of the quark and gluon condensates and the bare

Il. THE EFFECTIVE POTENTIAL FOR COMPOSITE
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dress: gorbar@ift.unesp.br For a non-Abelian gauge theory the effective potential has
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FIG. 1. Two-particle irreducible vacuum diagrams contributing
to the effective potential.
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whereS, D, andG are the complete propagators of fermions,
gauge bosons, and Faddeev-Popov ghosts, respectigly;
Dy, andG, the corresponding bare propagatdrs(S,D,G)

is the sum of all two-particle irreducible vacuum diagrams,

depicted in Fig. 1, and the equations

oV oV oV

55 6 ° ©)

are the Schwinger-Dyson equatiofiSDE) for fermions,
gauge bosons, and ghosts.
We can represent,(S,D,G) analytically by

1 1
IV(S,D,G)= 5 THI'SI'SD)~ 5 Tr(FGFGD)

1 1
- gTr(F(S)DF(S)DD)+ gTr(r<4>DD),

(4)

wherel', F, I'® andT'® are, respectively, the proper ver-
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FIG. 2. Diagrams contributing to the gluon polarization tensor.

=
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1 1
MN"=ISI[S+FGFG— zr<3>Dr(3>D— Er<4>D. (6)

The diagrams contributing tbIT are shown in Fig. 2, and
this self-energy is the one that admits a massive solution as
described by Cornwall7]. The Landau gauge expression for

the complete gluon propagator is
—_— g .
p®—II(p?)

The complete fermion propagat® is related to the free
propagator by

prp”
p2

v

D#¥(p?)= -

)

St=5'-3, ®
whereSy;=1/(p—mg) (Mg is the bare quark magand, is

the Schwinger-Dyson equation for the quark self-energy,
which is given by

>=—9SI'D, 9
wherey is the bare vertex.

The vacuum energy density is given by the effective po-
tential calculated at minimum subtracted by its perturbative
part, which does not contribute to dynamical mass generation
[1,3.7

<Q>:Vmin(SaDaG)_Vmin(SpaDpaGp)y (10)
whereS, is the perturbative counterpart 8f etc.

Vmin IS Obtained substituting the solutions of E(®). into
(2). It is opportune to recall that we shall compute the
vacuum energy by usingnsaze for the dynamical masses.
Although theseAnsdzeare consistent with the OPE they are
simple approximations to the full solution of the Schwinger-
Dyson equations. However, since we calculate the potential

tices of fermions, ghosts, trilinear and quartic gauge bosoRy jts stationary point, the result depends significantly less on

couplings[2]. In Eq. (4) we have not written the gauge and
Lorentz indices, as well as the momentum integrals.
The complete gauge boson propagdiois related to the
free propagator by
D 1=D,'-1I", (5)
wherelIl" is the gluon polarization tensor, which is obtained
from Egs.(2) and(3), and described by

the approximations used, as was noticed for the vacuum en-
ergy calculation in the case of fermiofikl]. If we use the
corresponding Schwinger-Dyson equatio¥s,, can be di-
vided into two partgas will become clear in the following

f
min

9.
min»

V=V +V (11)

where the label$ and g indicate the fermionic and gluonic
parts of the vacuum energy. The quark contribution to the
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effective potential obtained by substituting the solution of 4 2. y2 2_
X . : X P P +2 2 Emo
6V/8S=0 into Eq. (2) and (in Euclidean space withP <Qf>:2Nf iRl el e
=-p?) is equal to[11] (27) Pe+mg/  P+X
. — , ZNJ' d*P P2+m?| m?—mm,
d*P P-+ - - —In
mm—ZNJ —In > +2 >Mo , (2m)* P2+m3/  P2+m?
(2m)* P2+mi)  P?+32
(12) 17)

wheremf mf(PZ) is the running quark mass, which is the

whereN is the number of colorquarks are in the funda- perturbative solution of the fermionic Schwinger-Dyson
mental representation of SN{]. equation with bare quark mass,. Note that Eq.(17) has

To computeVy,;, we make an approximation which con- been written for a unique fermion of massg . If we con-
siderably simplifies the calculation. This approximation fre-sider n; fermions of the same mass it should be obviously
quently performed to solve the gluon polarization tensor ismultiplied by n¢. There is only one divergence {);) that
due to Mandelstarfil2] and consists in neglecting the ghostsis associated to the bare quark mass renormalization as will
and the diagram with quartic coupling. The neglect of ghost$ge discussed afterwards. For gluons with dynamically gener-
diagrams was shown to be reasonable, because their conttited mass the gluon contribution to the vacuum energy is
bution is numerically sma[l12]. These approximations, with free of divergence§7,14]. As long as we have appropriate
the use of the Landau gauge, were shown to be satisfactogkpressions fo and Il the calculation of() is an easy
in the lengthy and detailed work of Brown and Penningtontask.
[13]. Although it may seem rough this approximation has
been verified to be phenomenologically consistent in Ref. || THE SELF-ENERGY OF QUARKS AND GLUONS
[14] as long as the vacuum polarization tensor involves a
mass scale. Furthermore, as can be easily verified, by ex- To compute the vacuum energy we need reasondbie
panding the integrand in EGL5) in powers ofll we obtain saze for the quark and gluon self-energies. In the case of
a result similar to the Cornwall determination of the vacuumaduarks the high energy behavior of the dynamical mass given
energy in the case of a pure gluon thefy Therefore, only by the OPE ig5,6]
the diagram with trilinear coupling should be considered in

. . . . . 3 N2_
Eq. (4), i.e., the gluon polarization tensor is given by mdyn(Pz)Z (8N 2(p2)< ¢¢> (In P2/A2) ¥
1 (18)
N'=—--r®preép, (13 _ _ _
2 whereg?(P?) is the running coupling constant
With this approximation the two-loop gluon contribution in 2(p2) = 2b (19)

Eq. (4) is reduced to In PZIA(%’

whereb=2472/(11IN—2n;). In the framework of SDE the

V9 =—Tr(F(3)DF(3)DD) (14)  same behavior was found in R¢fL5]. As well known the
asymptotic behavior of the running quark mass is the follow-
ing:

Finally, we obtain[14] _
INPZ/AG| ™
MM P2 ~m(ud)| ——| . (20
—1) In ,LLZ/AQ
(0g=- D[ IF “In
’ (2m* P2+H P2 where Ag is the QCD scale,y,,=9C,/(1IN—2ny), C,
=(N2-1)/2N is the quadratic Casimir of the fundamental
E I (15) representation, anah(«?) is the running quark mass at the
3 P2(P2+11) | scaleu? (a mass scale where perturbative QCD can be safely
applied, and is related to the bare mass by
varéeDre all the quantities are in Euclidean space ldrd3 for me(w)= mo(A)Zrﬁl(M,A), (21
Thus, according to Eq10), the vacuum energy is whereA is a ultraviolet cutoff an(Z,;l(,u,A) is a renormal-
ization constant for the bare mass term
OY=(Qs)+{(Qy), 16
(@)=(Q0)+(Qg) (16) . 0 u2IAZ|”
2o (wN)=| —F— (22)
where(€;) is [see Eqs(10) and(12)] In A“TAG
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A discussion of the renormalization procedure applied to thevhere 5 is a mass scale which in principle can be related to
effective potential for composite operators can be found irthe quark condensate, since in QCD, according to(E§),
Ref. [16]. at some large mass scalu¥Ag) we must havez®
Equations(18) and(20) involve the high momentum part o[3(N2— 1)92(M2)/8N2]<—Jl//>#- The above Ansatz is
of the self-energy. To establish oAnsatzfor X for all P, equal to the one used in RdfL6], where the full effective
we recall a few points on the infrared behavior of the quarkyotential was computed ang was considered a variational
mass. There are several arguments in favor of the relatioparameter to be phenomenologicaly adjusted. In our case we
[17] calculate the minimum of energy. Therefore, olinsatz
o must approach as close as possible the actual solution of the
S(P?2—0)~(— yyp)*3 (23)  Schwinger-Dyson equation. Consequently, to be also com-
patible with the low energy phenomenolod¥g. (23)],
for massless or very ||ght quarks_ For hea\/y quarks we ha\/é/hiCh sets a scale for all the chiral observables, we set

S (P2 0)~my(P?)| 2. (24) n=(— )= (28)

(b) In the case of a light fermiorl{) (i.e.,m;< ) we define
These equations provide an idea aboutAnsatzwe should

use for the quark self-energy. Actually, there is a full numeri- In |:>2/A(2g T m
cal solution of the quark Schwinger-Dyson equations with mi (P2 =m¢(7%)| 6( 5°—P?)+ ——
bare massive quarks performed by Maris and Rodd@% In 7°/Aq

and they verify that for very heavy quarks the self-energy is

given by Eq.(24) at low momentum and behaves as E2f) X 0(P2— 7?)
for a momentum scale larger than the current mass, i.e., the

contribution of dynamically generated mass to the total mass

is negligible for heavy quarks. For light quarkan{  which has the correct low and high energy behavior, and use

<(—¢p)*®) the self-energy is a sum of the dynamical massthe Ansatz

which dominates in the low momentum region but the ) )

asymptotic behavior of self-energy is still given by E20). 2= my(P%) + Mgyn(P). (30)
Only at the chiral limit3 is fully described by the dynamical
mass function. This behavior does not change when we co
sider gluons with a dynamically generated m&%9|, al-

: (29

The numerical solutions of the Schwinger-Dyson equations
18] show that when the bare mass is much smaller than the
H 2 H 2 2

though we obtain smaller values for the dynamical uarkdyn""m'c"’lI ”?aSSE(P ) start_s fa_llmg as P just afterP
g ¥ quare. »?, changing to the logarithmic behavior wheyi/P? be-

masses(at P>—0) in this case[20,21]. For large gluon
masses the signal of chiral symmetry breaking may disap(-:ornes of the order of the bare mass. Equalid® repro-

pear when we solve the Schwinger-Dyson equation in thé;iuces this behavior and can reasonably represent the masses

lowest order{21], but we consider this as a failure of the of the quarksu, d, and's with a suitable choice of bare
method for solving gap equatiorig0] at the lowest order M&SSES . :
and still assume that Eq&l8) and (23) are valid. (c) For heavy fermionsk{f) we introduce

Our Ansatzbased on the solutions of Rgfl8] has the
form

InPZ/AL| ™

——2|  (P*—m?)
Inmf/Aq
2 (P?)=my(P?)+mgy(P?), (25) (31)

which is a sum of the bare and dynamical mass. According’here the basic difference with Eq9) is the choice of
to the numerical solutions of RefL8] and in agreement with arguments of the functions. Fromzthe results of RefL8]
the Ansatzalready used in Refd11,16 we can have the We could be tempted to sef,¢(P9)=mys, which is of

ming(P?)=my| (m;—P?)+

following expressions. course the leading contribution ®(P?) for very heavy
(a) In the chiral limit(CL) quarks. However, notice that E¢L7) would give (Q)=0
with this approximation, and we must stick to E@5) to
P2)=m,.(P?), 26 qbtain the correct result as will be discussed in the next sec-
2CL( ) dyn( ) ( ) tion.

Equationg25)—(31) give a quite reasonable fit for the full
numerical solutions of the quark Schwinger-Dyson equa-
tions. Thed functions separate the regions where techniques
such as the OPE and renormalization group are reliable from
the ones where nonperturbative effects are present and we
can at most rely on phenomenological models. Being a varia-
tional parameter the scale can be adjusted in order to fit
, (27 observable chiral parametdrk6]. Moreover, the freezing of

where

')’m_l

1 1
2Py
7]26’(77 P)+P2(

2/A2
InP2/A2

2y _ .3
Mgyn(P“) =7 W
Q

X O(P?— 7°)

054012-4



RELATING THE QUARK AND GLUON CONDENSATES . .. PHYSICAL REVIEW D 61 054012

the coupling constant at the scadeis also implicit in Eq. gluon mass is going to be modified by a factor (1
(27). Although there are arguments in the literature showing+ agn;- - -). Therefore, for heavy quarks their contribution is
that this freezing may already occur at the gluon mass scalemall due to the smallness of the coupling constant at the
[20,22, we do not expect substantial differences in our cal-scale of heavy quarks. However, for light fermions this is no
culation due to this approximation as will be discussed in thdonger true. Unfortunately there is not enough information on
conclusion. the infrared behavior of the gluon propagator to do better
We can now turn to thénsatzfor the gluon polarization than this. Therefore, we are forced to consider phenomeno-
tensor. The behavior dfl away from the high momentum logically the contribution of fermions. The other contribution
region is much less known and is more controversial. Nonto the gluon mass is proportional to the fermion condensate

perturbative solutions for the gluon propagator have beeRn( its masgnf<%r/,>, which could be important for heavy
searched for a long time, but only recently it became morgyuarks but as we checked is numerically small compared to
common to talk about a pOSSible infrared finite behavior Ofthe contribution proportiona| to the g|u0n condensate and
this propagator. As discussed in Rgt4] there are several pyre gluon loop. Equation@5) and(33) are the basic ingre-

forms proposed in the literature for the gluon polarizationdients of the vacuum energy computation that we present in
tensor in the infrared, which appear due to different approxithe next section.

mations performed when solving the Schwinger-Dyson
equation for the gluon propagator, and there is an indication |, e GLUON SELF-ENERGY AND A RELATION

that the vacuum energy is minimized for gluons with a dy- perwWwEEN THE QUARK AND GLUON CONDENSATES
namically generated mag#4]. A strong support for this pos-

sibility comes from the gluon propagator simulation in lattice ~ As discussed in the beginning our main goals are to study
QCD[23]. These results may be considered preliminary andhe infrared behavior of the gluon propagator and obtain a
large lattice studies must be pursued, but they definitivelyelation between the quark and gluon condensates similar to
show signals of a gluon mass scale up to reasonably lokq. (1) through the vacuum energy analysis. For this we
momentd 23]. We shall assume here that gluons have indeedecall that the vacuum expectation value of the trace of the
a dynamical mass as predicted by CornWall many years energy momentum tensor of QCD[i&5]

ago, and to obtain aAnsatzfor the gluon polarization tensor

we are guided by the OPE again. The OPE can teach us only _ B(9) Y —

about the high energy behavior of the dynamical mass which (@)= E<GWGM ) Z’ M= )1+ ym),

is given by[8] (35)

2 wy where the perturbativ function up to two loops is
Mgpe P?)~ — 34!;177 <(as/7T)G2 G,w>' (32) p 8(9) p p
(N"~1) P B 1 1ag
——=———|(1IN-2n)+ ——(34N2—10an

For the infrared we assume thdt freezes at the value pre- 29 24 @ 4

dicted by Eq.(32) at some scale which should be deter- N2—1

mined. This freezing is consistent with the prediction of Ref. —3n; ) , (36

[7] of a constant gluon mass in the infrared. Therefore, we N

assume

with as=g%(u)/4m. Equation(35) is related to the vacuum
2 energy through

M(P2)= p20(xu2~ P2+ Z20(P2— xud),  (33) .
i (Q0)=2(0,,). 37
where
When we compare this last expression §6¥) with the one
34N7? | ag , vz of Sec. Il we can fix the behavior of the dynamical gluon
m<?6“ G,uv> (39 mass as well as we can obtain a relation between the quark
and gluon condensates.

The calculation of the vacuum energy using the ansatze of

Notice thaty in Eq. (33) is a variational parameter to be the previous section is straightforward. However, it is more
determined in our calculation. It defines the scale that sepa- P 9 ) ’

rates the perturbative and nonperturbative reg@ This convenient to present the results of the calculation in differ-
choice ofAnsatzis fully based on the result of the operator ent parts. The_gll_Jon contrll_)utlon to the vacuum energy 1s
product expansion for the gluon propaga8t and on the obtained substituting Eq33) into Eqg.(15), and the result is

phenomenological estimates of the dynamical gluon mass

2_
Mg_

[7,14]. Note that this is ar\nsatzin the case of a pure gluon (Qg)=— 3(N?-1) [X;l_ Zin(x+1)— E+X2 In y
theory. Of course, fermions modify this result. There are two ' ° 3272 2 3 6

types of fermionic contributions to the dynamical gluon )

mass. One is proportional to the gluon condensate but ap- +(3X +2)In( 24 1) |t (39)
pears only at the next order in the coupling constant, i.e., the 6 X K
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where u, is given by Eq.(34).
Because of the form of thénsatzfor the quark self-

energy its contribution to the vacuum energy has to be com-

puted only numerically. In the chiral limit we seby=m;
=0 into Eq.(17) and easily verify that

4

N 2, 2
(QpyeL=— 167’2 21n 2—1+2JA " dz z( In(1+ h/z)
w 1
h/z a9
TTiniz) | (39
whereh is given by
2/A2 2ym—2
h:zZ( In(znz /AZQ) w0
In(7?/A3)

PHYSICAL REVIEW D 61 054012

N< _Z¢> nmf( 77)

(42
872 Ym

<Qf>hf:_

Note that the renormalization group invariant quantity

m¢(— ¢iy) appears after the mass renormalization. For light
fermions the terms proportional to the bare masg(n);
are significantly smaller in comparison with the terms due to
the dynamical mass. For heavy fermions, i.e., for masses
larger than a few GeV, all terms it€};),; other thanm

(— ) can be neglected without affecting considerably our
forthcoming numerical estimates.

To determine the parametgrwhich separates the pertur-
bative and nonperturbative regions of the gluon self-energy
and to find a relation between the condensates, we consider
the equality

Q) =(Qg)+(Qy). (43)

When we consider bare massive fermions there is an essewe fix the parameteg by working with the theory without
tial modification in the calculation due to the mass renormalfermions. We obtain the following expression:

ization. We initially consider the case wheme;<% and

work with the Ansatzof Eq(30). Expanding the high energy

part in powers of 12, we verify that Eq.(17) reduces to

N
<Qf>lf:_ Q

72 z+(p+mp?  p(n+my)
dz 2 In —
Z+ 172

z+m?

[z z Ym=1

+m0(A)1] o |nA—2
Q

7722

h7?lz
1+h7n?lz

z+(p+m)®  p(n+my)

A2
+f , dz In(1+h»?/z)—
7

772
dzZ In
872 jO Z(

T <_Z¢>nmf(7])
Ym

_ hypirz )
1+h7n?/z

z+m? z+7?

A2
+f2dz In(1+h#?/z)
n

: (41)

where we kept only the leading term in in the ultraviolet

B(9) , 3(N*-1) ,x—1 1
@(GWGU:— 3272 I >~ 3ih(x+1)
1 3x%+2
I
(6 X )lnx—l- 6
XIn(x?+1)]|. (44)

Substitutingmy given by Eq.(34) and considering thg(g)
function up to one loop we obtain

x—1 1I 1 1, |
> 3 n(x+1) g X7 |Inx
3)(2+2| 2+1)|= 45
which gives
x~0.966797. (46)

This value, being so close to 1, means that the gluon mass
given by Eq.(34) is a reasonable scale to separate the per-
turbative and nonperturbative behaviors of the gluon propa-

part as well as the terms independent of the bare mass. dator. In the following we assume a complete cancellation of
numerical evaluation of the above expression shows thaf(),) with the part of(2() coming from the gluonic con-
(Q¢)i¢ has a very small variation witin; up to masses of the tribution to the3(g) function when we use the above value

order of 100 MeV when we assumg~230 MeV with the

minimum becoming 5% deeper for masses of this order.

of x. The phenomenological value of the gluon mass ob-
tained in this way is also consistent with previous estimates

For very heavy fermionsni;> ) the Schwinger-Dyson [7]. It is important to recall that in the OPE calculation of the

equations tell us thdtl8,19 3 (P?)~m(P?), and it is not

gluon polarization tensor fermions do not contribute at lead-

difficult to see that the fermion mass effect is basicallying order to the term proportional {§«s/7)G*"G,,,), and

erased from the vacuum energy E7) apart from a term

this cancelation is indeed complete.

coming from the mass renormalization, which survives no We can now consider the presence of fermions. The case
matter how small is the contribution from the dynamical of heavy quarks is the simplest one. Using E(), (38),

mass. Therefore, for each heavy fermion of magswe
obtain

and (42) and taking into account the cancelation mentioned
above, forn; heavy fermions of equal mass we obtain

054012-6
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Ns | ag nemg  — different way to the case of heavy fermions. For heavy fer-
—( —GMY [ . . . .
78\ 7 G Cuv 2 (=) (1+ ym) mions we used the identity between two ways of calculating
the vacuum energy to obtain a relation between the conden-
NN — i), me(77) sates. Here, vice versa, we use it to obtain information on the
=— > K , (47)  AnsatZor the gluon polarization. In what follows we modify
87 ¥m our Ansatzfor the gluon mass performing the following re-
. placement in Eq(34):
entailing
_ 1/a 4_ 4014
M~ g~ ;<fewew> - 48) o Hgl LT asihic) 51

wherec is another parameter to be determined through Eg.
(43). The parametrization in E¢51) was chosen because the

fermion contribution to the gluon mass proportional to the
gluon condensate should dependrgrand «a.

) In the chiral limit we have to compute numerically the

Neglecting the second term of thefunction, what is totally
acceptable because, is small on the scale of heavy quarks,
we obtain

k=12 (49 integral in Eq.(39). Assuming thatn» and Aq may vary
around the values 0.2 and 0.3 GeV, we verified that the in-
] ) ) tegral in this equation contributes at most 10% of the total
which givesk~11.9,12.6, 13.2, respectively, for one, tWo, yalue between the brackets of E®9), i.e., only the low
and three heavy quark flavors. Thus, by calculating thnergy region contributes effectively to the vacuum energy.
vacuum energy as a function of the quark and gluon condens \ye neglect the high energy part ¢f);) and take into
sates we have reproduced the old result of RE]. Note  5ccount the cancellation already discussed for the gluonic

that this result appears naturally due to the cancellation b&sgntributions in Eq.(43) we obtain for the chiral broken
tween the gluonic parts of the vacuum energy and the fac[Shase

that we can neglect the heavy quark contribution to the glu-

onic part of the effective potential, because the heavy quark
contribution to the gluon mass proportional to the gluon con- 1 /as
densate appears in the next orderagf. We would like to 96\ 7
note that the nonleading terms neglected in the operator )
product expansion, for example, the gluon condensate con- _3n N _1”
tribution to the quark self-energy Xomg((as/ N

mGH'G,,)! P4 and vice versa the quark c%densate contri- )
bution to the gluon polarizatiodI=m(— )/ P? may __3(N*-1) [X_l

1+yy— ——
" 2772ym

Ag

2_
4| 34N?— 10NN,

—2n;+

G’“’GM,,>

slightly modify our results, but even if we were intended to 327°

introduce them in the calculation we should remember that

we do not have a reliable phenomenology to correctly de- _(}_ Z)In "

scribe their behavior at low momenta. 6 X X
The identity between the two calculations of the vacuum

energy can also provide some information on the gluon

propagator in the case of massless fermions. The physically

interesting case is the one where the bare mass is zero but the

chiral symmetry is broken dynamically. It is known that chi-

ral symmetry breaking happens when the gauge couplingVith n¢=1, as~ac, x given by Eq. (46),

N7z*2In2—-1)

1672 %2

X pg(1+ agnec) —

exceeds a critical value {(as/ T)G*'G,,)=(0.01) GeV} [10], and (- )
=(0.23 GeV)’;[29], we obtainc~8.7. This large value of
o (50) means that the next order term in E84) in the case of light
¢ 3C,’ fermions cannot be neglected. It would be interesting to

compute the next order contribution to the dynamical gluon
In principle this valuglor a larger on¢27,28,21) should be  mass through the OPE including the effect of fermions and
introduced in the3(g) in Eq. (52). Unfortunately we do not see how it compares to our estimate. Another numerical re-
know the behavior of the8 function in this region. In this lation between the quark and gluon condensates could also
case we will use Eq(36) at the extreme of its domain of be obtained for the case where the quarks have a small bare
validity, which is the best that we can do at the momentmass, using the values gfandc determined above and Eq.
However, we still have another problem becauseAnsatz  (41) for the fermionic contribution to the effective potential.
for the gluon polarization is valid only at leading orderag ~ However, such relation will be useful only with a better
(we do not explicitly take into account the fermionic contri- knowledge of the nonperturbatiy&function and of the next-
bution to the gluon polarization tensor, while we need toto-leading order determination of the gluon mass through the
compare it to the two-loogB function. We proceed in a OPE.
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V. CONCLUSIONS quadrilinear vertices and ghosts, the final result is similar to

Starting from the effective action for composite operatorsthe Hartree approximation made by Cornwall in his calcula-

. . ion of the vacuum energly7], and both calculations reduce
[1] we determined the QCD vacuum energy as a function O[he two-loop contributions to a term whose main contribu-

the _dynamlcal quark and gluon masses. The ultraviolet bet'ion to the effective potential is proportional F. In a more
havior of these masses can be related to the quark and glugn

condensates through the operator product expansion, and tﬁgorous calculation the two-loop effective potential should

. o € calculated including all diagrams, as well as the full ver-
same is expected for their infrared parts, although, concerr .
. . . ices because they are fundamental for cancellations present
ing this low energy behavior, we do have to rely on phenom- he full calculation[26]. A d the effecti
enological data. With this procedure we obtain the vacuun)’ the full calcu at!o_n[ |. As we computed the e ective
ener describéd as a function of the condensates and ba[?otennal at the minimum of energy we escaped from this
9y = ; . —very difficult task, and also minimized the effect of the ap-
guark masses. Equalizing this expression to the one obtaine Toximations[11]
from the trace of the energy momentum tensor we were ablB I~ . .
. : : i Another point that could be discussed at length is the
to fix the behavior of the dynamical gluon mass. We verified ; . 8 ; X
o P uestion of the dynamical mass&ssdze It is obvious that
that the gluon polarization tensor is fairly well representedq

the desirable scenario would be a full numerical solution of
t)nyatsr;e,ﬁ}?/z%tzgv € IQa2/3€4)cri]:s:[Egéf’r?;]b;niégfg Euges%lug?atethe Schwinger-Dyson equations concomitantly with the ef-
g Y Ed . . P fective potential, but this is also an enormous work. The
perturbative af‘d nanperturbative behgwors of the gluor}é\ns"azewe used are in agreement with the phenomenology
propagator. Itis remarkgble that our simple ansatz for th%t low momenta and the OPE at high momenta. Notice that
dyr;%rpﬁ::;glt#c;?m%ansssv%g?s Srggzcaec?ct)r?g (;(IadSlrjgéult of QCDthe important point is the connection between the dynamical
vy = P v masses and the condensates, and it is not relevant what
sum rules my(—¢ih)~(1/11.9X(as/m)G**G,,) [10]  mechanism generates the condensates or masses as long as
which in our case comes naturally from the effective potenthe rejation predicted by the OPE between the condensates
tial calculation. Note that this formula has been derived aly§ the masses holds.
one-loop and is essentially similar to the result of Shifman  gina|ly, the idea of the calculation is very simple, and we
et aI.|n_ the sense that it is a consequence of the behaw_or Qfere able to recover, within the approximations of this
two-point functions. However, the concept of dynamical nethod, the relation between quark and gluon condensates
gluon mass is relevant here, without it we cannot compute ag,, heavy quarks obtained by Shifmanal. many years ago
effective potential free of ambiguiti€ss a spurious infrared [10] and verify that the vacuum energy is well described by

cutoff). We also discussed how the ansatz for the dynamica) qynamically massive gluon, whose momentum dependence
gluon mass could be improved and how it can be tested with gisplayed in Eqs(33) and (34).

the next-to-leading order calculation of the OPE.

The method proposed here can be improved in several
ways. We certainly need a description of tBefunction in ACKNOWLEDGMENTS
the nonperturbative region, without this we do not believe
that we can go far away with these calculations in the light We would like to thank V.P. Gusynin for valuable re-
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