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Abstract This paper is devoted to obtain some norm estimates for the difference between
the two resolvent operators under the discretization of the domain 2 C R", n > 2, by finite
element method.
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1 Introduction and statement of the main result

Let 2 C R", n > 2, be a bounded domain, and assume either that the boundary 952 is
smooth or that §2 is a polyhedral domain. Let the second order uniformly strongly elliptic
operator be given by

L_Za,,() +Zb<)—+(c()+x)
i,j=1
where the coefficients a;;, b, c : 2 — R, ajj = ajj, i, j = 1,..., n are smooth functions

and A be a parameter to be specified later.
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Consider the initial boundary value problem of parabolic type

u;=~Lu, t>0 xe8
u=0, t>0, x €3, (1
ulx,0) =9px), xef2

where ¢ € HJ (£2).
Let X = L?(£2) be a Hilbert space and consider the nonselfadjoint linear operator A :
D(A)C X — X by

D(A) = H*(2) N H} (2),
Au=—Lu, Yue D(A).

In Figueroa-Lépez and Lozada-Cruz (2014) was shown that operator A is sectorial in X
and assuming that X is chosen such that Re 0 (A) > 0, we can define the fractional powers
A% and the corresponding fractional power spaces X¢ := D(A%), « > 0, endowed with the
graph norm (see Cholewa and Dlotko 2000, Section 1.3.3). X“ is a Hilbert space with the inner
product (¢, ¥)o = [, A% A%y Then, X! = D(A), X° = L?(2) and X'/? = H] ().

As usual the problem (1) can be written as an abstract evolution equation in X

1 +Au=0, t>0
[u—i—u S > 0, (AP)

u(0) = ¢ € X172,

Fujita—Mizutani (see Fujita and Mizutani 1976) made a operator theoretical study of the
finite element method applied to the initial boundary value problems for partial differential
equations of parabolic type (1).

The discretization of the problem (AP) using the finite element method has the form

iy + Apup =0,
172 (APp)
up(0) = ¢ € X,

where X }1[/ 2 c X2 N C(£2) is a finite dimensional space obtained from the discretization
of domain £2 by the finite element method, / is the largest diameter of each subdivision of

the domain and Aj : X }]/ 2. x }1,/ % is the discretization of the operator A. More details on

Ap and X ;l/ % are given in the next section.
Letu = u(t, ) be the solution of the problem (AP) and let u;, = uy (¢, p) be the solution
of the problem (1). In this context, it is natural to ask if & approaching to zero implies u,
to approximate «. To answer this question, we need to compare the solutions # and uj, in a
certain sense when 4 tends to zero. We can see that u and uj, are living in different spaces.
Using the integral representation(the Dunford—Taylor integral), we have

ut,p) = e g = 1 [ et )z, 2
27i Jpy

where I is the positively oriented boundary, running from ooe™ 01 to coe?t| of the sector
31 = {z € C: |arg(z)|] < 61} (see Pazy 1992, Theorem 1.7.7). Also, for uy, we have a
similar integral representation. With this, we can see that to compare « and uy, we need to
compare the resolvent operators (z — A land (z— A,) " of A and Ay, respectively, i.e., we
will show that (z — A,)~! converge in an appropriate way to (z — A)~'. This is a key point
to our work. With the convergence of the resolvent operators A;l to A one can show, with
a Trotter-Kato-type formula, the convergence of the linear semigroups e ‘4" to e’4. This
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Some estimates for resolvent operators under the discretization 1107

analysis has been proved to be successful when addressing to the behavior of the long-time
dynamics in different perturbation problems (see Arrieta et al. 2006; Carvalho et al. 2013).
Now, we are in a position to formulate our main result.

Theorem 1 If Assumption 1 holds, then, there exists a positive constant C and an acute
angle 61 such that for any f € X and z € Sy ¢9,, we have

Iz—A)'f— G- A 'Pufllxir <Chlflx, 3)
Iz = A7 f =@ =AD" "Pufllx <CRIflx, 4
Iz = A f— @ — A 'Pufllx < Chlzl™Y2|| fllx, 5)

where Spp, = {z € C: 01 < |arg(z)| < m,z # 0} C p(A) and Py is projection operator

172
Sfrom X to X;'".

Theorem 1 was proved by Fujita—Mizutani (Fujita and Mizutani 1976, Theorem 3.1)
and Fujita—Saito—Suzuki (Fujita et al. 2001) for a bounded domain £ C R? with smooth
boundary or §2 a convex polygon.

The main goal of this paper is to show that Theorem 1 remains valid when 2 C R" is a
bounded domain or a polyhedral domain with n > 2, which has {7" h}he(o, 1] a quasi-uniform
family of subdivisions and a reference element (K, P, ) of class C O with K a “star-shaped”
domain with respect to some ball. More details are given in Sect. 2.

Note that the norm estimates for the resolvent established in Gil’ (2012, 2013) allow us
to obtain the concrete bounds for the resolvent of A, when it is nonselfadjoint.

This paper is organized as follows. In Sect. 2, we introduce some notations and provide
the discretization of the domain £2 needed to solve our problem. In Sect. 3, we obtain the
rate of convergence of the resolvents and proceed with the proof of our main result.

2 Notations and preliminaries

In this section, we introduce some notations and we give the discretization of the domain
2 C R" withn > 2.

Since A is sectorial, we can associate it with a sesquilinear form o : X!/2 x X!/2 — C
given by

o(u,v) = (Au,v)x, u€ D(A), ve X'/ (6)
o, v)| <cilulyelvlixie, uveX'/? @
Reo(u,u) > callullyy = Slluly, ue X2, ®)

where the constants ¢, ¢ are positives and § < oco(see Brenner and Scott 1996, Section
5.6). In particular if 6 = 0, we have

Reo(u,u) > collully,. ©
Also, there are positive constants 0; and M with 8; < 7 /2 such that

S0, ={z€C: 0y < |arg(z)| <7,z #0} C p(A) and

—1 M,
l(z—A) " llzx < IER Vz € Sp.6, - (10)
Furthermore, a solution of the initial value problem (AP) is given by u(t, ¢) = e g,
t > 0, where {e =4 : t > 0} is the analytic semigroup in X '/? generated by — A (see Cholewa

and Dlotko 2000, p. 35; Henry 1981, p. 21).
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Now, we describe the discretization of the domain 2 C R" with n > 2, using the finite
element method. Thus, we will be able to discretize the problem (AP) and study the limitations
given in Fujita and Mizutani (1976) using the theory made in Brenner and Scott (1996) for
its generalization to n > 2.

For a better understanding of the work and for convenience of the reader, we recall some
definitions and results of Brenner and Scott (1996, Chapters 3 and 4).

Definition 1 Let
(i) K C R”" be a bounded closed set with nonempty interior and piecewise smooth
boundary (the element domain),
(ii) P be a finite-dimensional space of functions on K (the space of shape functions) and
(iii) N = {Ny, Na, ..., Ni} be a basis for P (the set of nodal variables).
The triple (K, P, N) is called a finite element.

Definition 2 Given a finite element (K, P, N), let the set {¢; : 1 < i < k} C P be the basis
dual to V. If v is a function for which all N; € N,i =1, ..., k, are defined, then we define
the local interpolant by

k
Txv = Y Ni(v)¢i.
i=1
Proposition 1 Let T be the local interpolant, then
(i) Zk is linear.
(i) N;(Zgv) = N;j(v), i =1,... k.
(iii) Zg (v) = v for v € P. In particular, Tk is idempotent, i.e., I%( =Tk.

Proof See Propositions 3.3.4, 3.3.5 and 3.3.7 in Brenner and Scott (1996). m}

Definition 3 A subdivision of the domain £2 C R” is a finite ccﬂection of element domains
{Ki}ien such thatint K; N int K; = @if i # j and |J; .yKi =$2.

Definition 4 Let (K, P, N) be a finite element with K C £ C R" and let F : R" — R" be
an affine map given by F(x) = Ax +1 b where A is a nonsingular matrix and b is a nonzero
vector in R”. The finite element (K P N ) is affine equivalent to (K, P, N) if F(K) =
F*P = P and F,N = N, where F* is the “pull-back” of F defined by F*(f) =fo F
and F is the “push-forward” of F defined by (F*N)(f) = N(F*(f)) = N(f o F).

Definition 5 The domain £2 is star-shaped with respect to ball B if, for all x € §2, the closed
convex hull of {x} U B is a subset of £2. The domain §2 is star-shaped with respect to some
ball if there is a ball B such that §2 is star-shaped with respect to ball B.

For example, any convex domain §2 C R” is star-shaped with respect to each ball B C 2.

Lemma 1 If a bounded domain 2 C R" is start-shaped with respect to a ball B C $2, then
it satisfies the cone condition and has a Lipschitz boundary with the parameters depending
only on diam(B), diam(£2) and n.

Proof See Lemmas 3.2.3 and 4.3.5 in Burenkov (1998). O

Definition 6 Let £2 C R” be a given domain and let {7" h}he(Q 17 be a family of subdivisions
such that

max{diam(7) : T € 7"} < h diam(£2).
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(i) The family {7 }he(o,1] 1s said to be quasi-uniform if there exists o > 0 such that
min{diam(By) : T € T"} > p hdiam(£2), Vh € (0, 1],

where Br is the largest ball contained in 7 such that T is star-shaped with respect to Br.
(ii) The family {7 h}he(o,l ] is said to be non-degenerate or regular if there exists p > 0
such that for all 7 € 7" and for all i € (0, 1],

diam(B7) > p diam(T). (11)
Remark 1 1If a family is quasi-uniform, then it is non-degenerate, but not conversely.

Definition 7 A reference element (K, P, ) is said to be a C”" element if r is the largest
non-negative integer for which the finite element space satisfies

vii=1C(@)) < CT @) n W (@), (12)
where 7" : C/(2) — L'(£2) is the global interpolation operator defined by

1", :=Tjv, forT eT" he (0, 1],

and I’; is the interpolation operator for the affine-equivalent element (7', Pr, N7).

Let Py be the set of polynomials in n variables of degree less than or equal to k with
dim(Pe) = ("}%).

Theorem 2 Let {7 h}he(o,l] be a non-degenerate family of subdivisions of a polyhedral
domain 2 inR", n € N. Let (K, P, N) be a reference element satisfying

(1) K is star-shaped with respect to some ball,

(il) Pru—1 € P S W"™(K),

(i) N € (C'(K)Y',

@iv) p € [1, oo] and eitherm —1 —n/p > Owhen p > lorm —1 —n > O when p = 1.

ForallT € T" h e (0, 1, let (T, Pr, N1) be the affine-equivalent element. Then, there
exist a positive constant C depending on the reference element, n, m, p and the number p in
(11) such that for 0 < s < m,

1/p
> v =Tl < CH" S |ulwmp 2y, Yu e W™P(82). (13)
reTh

Moreover, in the case p = 0o, for 0 < s < I,

may [[v = Tpvllysesr) < CH" P olynng), Yo e WHP(@). (14)
€

Proof See Theorem 4.4.20 in Brenner and Scott (1996). ]

Theorem 3 (Inverse Estimate) Let {7 h}he((), 1] be a quasi-uniform family of subdivisions of
a polyhedral domain 2 C R". Let (K, P, N') be a reference finite element of the class C”
such that P C Wl’p(K) N W™4(K) wherel < p,g <ooand0 < m < I. ForT € Th,
let (T, Pr, NT) be the affine-equivalent element, and yh = {v : vis mensurable and v|1 €
Pr,VT € Pr}. Then, there exist a positive constant C = C(, p, q, p) such that

1/p 1/q

m—I4+min(0,% -4
Dl | <Ch (05-%) D lymary | - Yvevh. a5
TeTh TeTh
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Proof See Theorem 4.5.11 in Brenner and Scott (1996). O

Remark 2 In the event that the elements in the previous results form C” elements for some
r > 0,thenfor0 < s <r+ 1, we have

D v =Tl = v =TI ) (16)
TeTh

max ||U — I¥U||Wr,oo(T) = ||‘U _IhU”WS.OO(Q) (17)
TeTh

and
/e

2 Woley | = IWllwse,  fore = p.q. (18)

TeTh

Substituting these expressions in the left-hand side leads to estimates of the form
lo = Z"vllwsr2) < CR" S Julwmr (@), (19)
forall v € WP (£2) and 0 < s < min{m, r 4+ 1} and
v —Z"|lwseoiy < CR™ P ol ymp (o), (20)
forallv € W™P(£2)and 0 < s < min{l, r + 1} and

m—z+min(o,%—g)

lvllwer@y < Ch vl wma(2), 2D

forallv e V" and 0 < s < min{m, r + 1}.

Now, we are able to define the discretization of the domain £2, which will allow us to
obtain the proof of our main result (Theorem 1).
We assume the following hypothesis about the domain £2.

Assumption 1 Let £2 C R” be a polyhedral domain with n > 2 which has {7" h}he(oﬁ]]
a quasi-uniform family of subdivisions with positive constant p and let (K, P, \) be a
reference element of class CP satisfying

(i) K is star-shaped with respect to some ball,

(i) P; € P € W>>®(K) and

(i) N € (CYK)), L € 2.

With this assumption and (12), we can define the finite element space

X, = {T" v ect@),v],, =0 c X2 nC(®).
which has finite dimension and Z” is the global interpolation operator.

We can see that in Assumption 1, we still do not know the value of £. This value, ¢, comes
from the inequality m — £ —n/p > 0 with p € [1, oo] for v € W"-?(£2) from Theorem 2.
Inourcase,m =2 = pandn > 2,then £ < 1. Thus, £ = 0.

From Assumption 1, Remark 2 and Theorems 2 and 3, there exist positive constants C
and C such that

lv = "]l 20y < Ch2 vl y220), Yo € X', (22)
||U _Ihvnwl,Z(Q) < Ch|U|W2,2(Q), Yv € Xl, (23)
AL 1/2

ol < Ch vl Yo e X,/% (24)
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Some estimates for resolvent operators under the discretization 1111

In this framework, Ay, : X,ll/2 — Xill/2 given by

(Antn. Yi)x = o (. ¥n). bn. v € X,/

is the finite element approximation of A. Thus, the discretization of problem (AP) can be
written as (1).

Definition 8 The orthogonal projection P, : X — X }11/ % with relation to the inner product

of X is defined by
(Png,v)x = (g, v)x, Yve X% (25)

The following result follows immediately from the above definition.
Lemma 2 The orthogonal projection Py, satisfies
1P fllx < IIfllx, VYhe(0,1].
Lemma 3 If (7) and (9) hold, then there is a positive constant C such that
I Phv — vlxs < Ch* vl o). YveX and s=0,1/2. (26)
Proof First, we see the case s = 0. Given v € X ! we obtain
1Py = vl < [(Pho = v, Pyo —v)x] < lxn = vlixlPro = vlix,

XhEX;l/z lxn — vllx. Thus, using (22)

h

where y;, = Ppv € Xi/z. Then, || P,v — v||x < min

and the embedding of X! in X the result follows.
Now, let us consider the case s = 1/2. Recall, the definition of the projection operator
Py : X — X'/2 which Apuj, = Pyv for some v € X. Thus, from (7) and (9), we have

|| Ppv — v||§(|/2 < Reo(Pyv—v, Py —v) =Rec(Ppv — v, v, —v)

< cillPrv — vl x12llvp — vl x1/2,

. (&) .
where v, := Ajuy. Then, || Ppv — v x12 < min, 172 — |lvp — vl x1/2. Thus, using (23)
P
we obtain
cl c1C
I1Phv = vliy12 < —I17"0 — vlixi2 < ——hlvlg2(g).
) &)
Since X! is dense in X, hence the result follows. O

Definition 9 The map P, : X'/? — X }1/ ? defined by

od 1/2
o(Ppv, x) =0, x), Vx €X,/

is called the elliptic projection in X /2.

Lemma 4 If (7) and (9) hold, then
(i) The map Py is well defined, i.e., for all v € X'/2, there is a unique vy, € X;l
that

/2 such

o(—vpx) =0, Vxex, > Q7
(ii) There is a constant C > 0 such that
IPivlixi2 < Cllvllxie, Yo e X2 (28)
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1112 R. Figueroa-Lépez, G. Lozada-Cruz

Proof (i) Let v € X'/? and define

1/2

F(x):=0(,x), FeX,/ 9" (29)

Since o is a continuous and coercive bilinear form in X/2 and X ;l/ 2 c X2, follows that o

is a continuous and coercive bilinear form in X ,11/ 2, By Lax—Milgram (see Brenner and Scott

1996, Theorem 2.7.7), there exists a unique vy, € X,ll/2 such that
1/2
on x) = F(0. Vx e X, (30)

From (29) and (30) follows the result.
(i) For v € X172, we obtain

< -~ ~ ~
a2l Prvllyie < lo(Pru, Ppo)| = lo (v, Pro)| < cillvlixizl| Prolixie.
Therefore, ||ﬁhv||X1/z < Cllvllx1/2, where C = ¢y /ca. O

Theorem 4 If Assumption 1 holds, then there exists a constant C > 0 such that

lu — Puullx < Chllullxi2, ue X2, (31)
lu — Prullyi2 < Chllullyr, ue X', (32)
lu = Phullx < Ch*llullxr, ueX'. (33)
Proof We denote by i := Pyu, i" := T"u and e := u — ii". From (27), we have
172
ole,on) =0, Ve € X}/ (34)

Hence, putting ¢, = al — it using (9), (34), (7) and (23), we obtain
2 1 cl “h
lellgi < a|‘7(67e+¢h)| < a||€||xl/2||14 —i'llxi2 < Chllellx 2 lull g2,
which implies (32). We recall that

(e, P)x|
lellx = sup ———.

35
osurx 9lx 35)

From theory of elliptic operators (see Friedman 2008), we know that given ¢ € X, there is
ay € X2, such that

Reo(v, %) = (v, ¢)x, Yve X'/2 (36)
Moreover, ¥ € H 2(.Q) and
1Vl 22y < Cliglx. (37
Now, substituting (36) and (37) in (35), we have
|Rea (e, V)l
lely <€ sup eV (38)

ozyex! Vln2e)

But, again using (34), we obtain

Reo(e, ) =Reo(e, ) —Reo(e, yu) =Rea(e, ¥ — ¥u), Yyn € X,/ (39)
From continuity of o and (39), it follows
|Reo(e, ¥)| = Rea(e, ¥ — )l < cillellxinlly — Yinllxire. (40)
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Some estimates for resolvent operators under the discretization 1113

Choosing v, satisfying the inequality (32), we obtain
1V = vnlixiz < ChlY | g2q)- (4D
Then, from (38), (40) and (41), we have

lellx12ChllY Il 2o
0#£ypex! ||W||H2(Q)

llellx < Ccy

Thus,
lellx < Chllellxe. 42)

Since |le|| y1/2 < |lul| 12 by the definition of & " and (42), we obtain (31). Finally, replacing
(32) in (42) it follows (33). O

Lemma 5 If {7),}5e0,1) is quasi-uniform family of subdivisions, then there exists a positive
constant C such that

I Phvllxi2 < Cllvllgiz, Yhe (0,11, ve X2 (43)

Proof Since ||th||xl/2 I Pyoll% + IV (Py — Dvl|3 + IIVv]%, we only need to show that
there exists C > 0 such that

IV(P, — Dvllx < Cllvliyiz, Yve X2

In fact, denote Phlxu/z =1In, xn:= Py € X,ll/ . Now, from (24) and (31), we obtain
h

IV(Py — Dollx = IV(Py — In)(w — xi)llx < IVP@ — xi)llx + IV — x)llx
< Ch P — xw)llx + Ivllxr2 + Nl i
<Ch v = xulix + 2lvllx12 < (€ +2) iy,

for all v € X'/2. Therefore, from Lemma 2 the result follows. O

3 Proof of the main result

In this section, we present the proof of our main result. For this, first we will establish some

results that will be needed.

Lemma 6 If (6), (7) and (9) hold, then there exists a positive constant 8| such that
lzlllelx + llelZe < 81 Voe X2 VzeSpy. (44

Proof See Lemma 3.3 in Fujita and Mizutani (1976). O

Lemma 7 Under the hypotheses of Lemma 6. Given z € S g,, there is a constant §; > 0
such that

lzllenl% + lenl% < 811G — Aen, en)xl, Von € X,/ (45)
Furthermore, S 9, C p(Ap) and the following inequalities are valid
Iz — A~ fallx < 81l fullx/lzl, (46)
Iz =AD" fullxiz < Sill fullx /1212, (47)
1ARG — A~ fullx < (48D fallx. (48)

forall fy, € Xh 2and z € S0.6,-
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Proof See Corollary 3.4 in Fujita and Mizutani (1976). O

Remark 3 Givena € X and z € Sp g,, then
1A%z — A 'allx < Calzl™ ™ |lallx. (49)
where C, = C(1 + 61)“6%_“, forall z € Sp,g,, 0 < a < 1. Moreover, (49) is valid when we

replace A by Aj,.

Proof of Theorem 1
Let z € So, and f € X. Define w = (z — A)~! f and w, = (z — Ap)~' Py f, where
w € D(A) and w, € D(Ay). From (25), w and wy, satisfy

2w, @)x —a(w,¢) = (f,¢)x, Yo € X'/? and
1/2
Zwn, on)x — o (wn, on) = (f, endx, Yon € Xh/ ,

, respectively. If we call e, (z) = w(z) — wp(z) and we use the two previous equalities, we
obtain

1/2
2len, pn)x — o (en, ) =0, Yoy € X%, (50)

Thus, given ¢, € X ;l/ 2 along with (44) and (50), we have

lzlllenllk + llenll% s < 81l zllenl — o (en, en)l
= 81lzen, en + gn)x — o (en, en + @n)l.
Putting ¢, = wy — w" and using (31) and (32), we obtain
"

2 2 ~ ~h
zlllenlly + llenllye < d1lzlen, w — w")x — o (ep, w — W)

iy ~h
<Sr(lzlllenlix lw — w™ [l x + cillenll xi2llw — W™ | x1/2)

< 81Chlzlllenllx lwlixi/2 + S1c1Chllenll 12 lwll g2

< Gah(lzlllenllx lwll xi2 + llenll xi2llwll g2 (2y)- (1)

where C3 := max{C§;, Cdic1}. Onthe other hand, from (9) and (6), we have thatker(A) = 0.
Thus, using the inequality (1.3.26) in Zheng (2004, p. 14) and (10), we get

lwll 20y < CallAwllx < Csll fllx. (52)
where Cs5 := max{Cy4, C461}. Using (49) with @ = 1/2 and (52) in (51), we have
lzlllenllk + llenll iz < C3h(1lzlZllenllx |l fllx + Csllenllxi2 ]l fllx)
< Cohll fllx Uzl Pllenllx + llenllxi2). (53)
where Cg := max{C3§;, C3Cs}. Thus, from (53), we obtain
lzlllenllk + len iz < Cohll £llx Izl llen + nllx + llen + @nllxi/2)
Cohll fllx (2" lw — b [lx + llw — @" [ x1/2)
Cohll fllx Izl Chllwlix12 + Chllwl g2 ()
CeCR2|I fllx 1z llwllxi2 + 1wl g2 (2))
CeCR2|Ifllix @il fllx + Csliflx) < CR2IIfI%.  (54)
where C7 := max{CCd1, C¢CCs}. From (54), it follows (3) and (5).
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Some estimates for resolvent operators under the discretization 1115

Finally, we will show (4). Let A* be the adjoint operator of A. A* is a accretive operator
associated with the sesquilinear form o*(u, v) = o (v, u) (see Henry 1981, p.203). Since
D(A*) = D(A) for g € X and z € Sy ¢,, we define

v=(z—A""'g and v, = (z— A} Pug.
Applying (3) and (5), and substituting A and A, by A* and A7, respectively. We have

[(en, &) = lz(en, v) — o (ep, V)| = |z(ep, v — vp) — o (ep, v — vp)|
< C(zlllenllx v — vallx + llenllxrzllv — vallx12)
< CRA(Z N f Ixvlixiz + 1F Ix vl ey
< CR2| flixlglx- (55)

Using (35) and (55), we obtain (4). ]
The following remarks follow from Theorem 1.

Remark 4 We can see that (3) and (4) hold for z = 0.

Remark 5 From (49), the inequality of (46) and of Lemma 2, we obtain

lwllx + lwallx < 81l fllxlzl™" + 8111 Py fllxlzl ™!
Csli flixlzl ™" (56)

Using (4) and (56), given « € [0, 1], we have

len@llx < Cllen@ I llen@ Iy < Cah™ 121 I fl1x- (57

len(2)11x

NN

Remark 6 From Theorem 1, Lemma 3 and (52), we get

Iz = A ' Pof — Pu(z — A7 fllxs < llen(@llxs + [ Paw — w]xs
S CR75| fllx + Ch* X lwll g2y < CH* I flix. (58)

forall z € Spg,, f € Xands =0, 1/2.
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