
European Journal of Physics
     

PAPER

Grüneisen parameter for gases and superfluid
helium
To cite this article: Mariano de Souza et al 2016 Eur. J. Phys. 37 055105

 

View the article online for updates and enhancements.

Related content
Probing the Mott physics in -(BEDT-
TTF)2X salts via thermal expansion
Mariano de Souza and Lorenz Bartosch

-

Quantum impurities: from mobile
Josephson junctions to depletons
Michael Schecter, Dimitri M Gangardt and
Alex Kamenev

-

Collective modes and thermodynamics of
the liquid state
K Trachenko and V V Brazhkin

-

Recent citations
Isothermal compressibility in Fermi gases
in an optical lattice
Cheng-Gong Liang et al

-

This content was downloaded from IP address 186.217.236.55 on 26/04/2019 at 16:53

https://doi.org/10.1088/0143-0807/37/5/055105
http://iopscience.iop.org/article/10.1088/0953-8984/27/5/053203
http://iopscience.iop.org/article/10.1088/0953-8984/27/5/053203
http://iopscience.iop.org/article/10.1088/1367-2630/18/6/065002
http://iopscience.iop.org/article/10.1088/1367-2630/18/6/065002
http://iopscience.iop.org/article/10.1088/0034-4885/79/1/016502
http://iopscience.iop.org/article/10.1088/0034-4885/79/1/016502
http://dx.doi.org/10.1103/PhysRevA.99.023624
http://dx.doi.org/10.1103/PhysRevA.99.023624
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/684768495/Middle/IOPP/IOPs-Mid-EJP-pdf/IOPs-Mid-EJP-pdf.jpg/1?


Grüneisen parameter for gases and
superfluid helium

Mariano de Souza, Paulo Menegasso, Ricardo Paupitz,
Antonio Seridonio and Roberto E Lagos

Departamento de Física, IGCE, UNESP—Universidade Estadual Paulista, 13506-900,
Rio Claro, SP, Brazil

E-mail: mariano@rc.unesp.br

Received 9 December 2015, revised 5 July 2016
Accepted for publication 11 July 2016
Published 5 August 2016

Abstract
The Grüneisen ratio (Γ), i.e. the ratio of the thermal expansivity to the specific
heat at constant pressure, quantifies the degree of anharmonicity of the
potential governing the physical properties of a system. While Γ has been
intensively explored in solid state physics, very little is known about its
behavior for gases. This is most likely due to the difficulties posed in carrying
out both thermal expansion and specific heat measurements in gases with high
accuracy as a function of pressure and temperature. Furthermore, to the best of
our knowledge a comprehensive discussion about the peculiarities of the
Grüneisen ratio is still lacking in the literature. Here we report on a detailed
and comprehensive overview of the Grüneisen ratio. Particular emphasis is
placed on the analysis of Γ for gases. The main findings of this work are: (i)
for the van der Waals gas Γ depends only on the co-volume b due to inter-
action effects, it is smaller than that for the ideal gas (Γ=2/3) and diverges
upon approaching the critical volume; (ii) for the Bose–Einstein condensation
of an ideal boson gas, assuming the transition as first-order, Γ diverges upon
approaching a critical volume, similarly to the van der Waals gas; (iii) for 4He
at the superfluid transition Γ shows a singular behavior. Our results reveal that
Γ can be used as an appropriate experimental tool to explore pressure-induced
critical points.

S Online supplementary data available from stacks.iop.org/ejp/37/055105/
mmedia
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1. Introduction

It is well known from daily life that upon increasing or decreasing the temperature of a solid,
in general, its volume changes. The formation of ice, namely the phase transition of water
from liquid to solid, constitutes a classical example of volume change. It is worth mentioning
that in the case of water, in particular, a negative thermal expansion is observed upon
freezing, thus leading the ice to fluctuate on the surface of the liquid.

In general terms, in the case of solids, regarding solely the phononic excitations, the
phenomenon of thermal expansion is a direct consequence of the deviation of the lattice
potential from the so-called harmonic approximation. Temperature changes bring terms of the
lattice potential U with power higher than two into play, for instance

( ) = - -U x ax bx cx2 3 4, with a, b and c being positive constants and x the average atomic
displacement from the equilibrium position and, as a consequence, ⟨ ⟩x is no longer zero [1].
Thus, as an effect of such anharmonic contributions to the lattice potential, once the temp-
erature is varied the solid continuously either shrinks or dilates in order to achieve the optimal
volume where its total free energy (F ) is minimized, namely ⟨ ⟩¶ ¶F x =0.

The situation is quite distinct in the immediate vicinity of a generic phase transition,
where besides such anharmonic terms contributing to the lattice potential other sorts of
excitations like charge, spins and orbitals, as well as critical fluctuations themselves [2], can
contribute dramatically to the volume change of the solid.

From the experimental point of view, such volume changes cannot, in many cases, be
detected directly by means of standard x-ray structural data analysis due to the relatively low-
resolution intrinsic to these kinds of experiments, i.e. Dl l 10−8, here l refers to the sample
length, see e.g. [6]. In this sense, high-resolution measurements of the thermal expansivity can
be considered quite a powerful thermodynamic experimental tool for investigating volume
changes associated with phase transitions. Indeed, employing such an experimental technique,
phase transitions involving distinct types of excitations, i.e. lattice, charge, magnetic and
orbital degrees of freedom, can be precisely detected. For instance, ultra-high resolution
expansivity measurements have been recently employed to detect and explore subtle lattice
effects accompanying the charge-ordering transition in molecular solids [7, 8], spin-liquid-
like lattice instability [9], the Mott metal-to-insulator transition [2, 4, 10, 11], magnetic [12],
multiferroic [13] and superconducting transitions as well [14]. Analogously, the bulk prop-
erties of a solid can be obtained by means of high-resolution specific heat measurements [15].
Indeed, high-resolution specific heat measurements constitute one of the most powerful
experimental tools to access fundamental excitations in solids, like the effective charge carrier
mass and the entropy changes associated with a phase transition [16], to mention just a few
examples.

In his seminal paper of 1908 [17], E Grüneisen reported on a formal connection between
both quantities, i.e. thermal expansion and heat capacity, which leads to the birth of the so-
called Grüneisen ratio, abbreviated to GR hereafter. The GR (Γ) is generally defined as the
ratio of the volumetric thermal expansivity (β) to the specific heat at constant pressure (cp).

Following the definition of the GR reported in [18]

( )b
G =

c
. 1

p

Making use of the definition of the molar specific heat at constant pressure (dim
[ ] [ ][ ] [ ] )= - -c E n Tp

1 1 , namely
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( )=
¶
¶

⎛
⎝⎜

⎞
⎠⎟c n

S

T
, 2p

p

where n, p, T, E and S refer, respectively, to the number of moles, pressure, temperature,
energy and entropy, and

( )b =
¶
¶

= -
¶
¶

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

lnV

T V

S

p

1
, 3

p n T n, ,

with V being the volume of the specimen, it is straightforward to write equation (1) in the
following way [18]

( )
( )

( )G = -
¶ ¶
¶ ¶T

S p

V S T

1
, 4T

m p

where =V V nm is the molar volume. By carefully analyzing equation (4), one can see that,
following the definition of Γ presented in equation (1), dim[ ] [ ]G = -pV 1, see also [19].

Figure 1. (a) Schematic universal, pressure (p) versus temperature (T), phase diagram
for a generic substance, being solid, liquid and gaseous phases indicated explicitly. The
existence of the gas phase at finite pressure and zero temperature is a fingerprint of a
quantum Boson gas [3]. (b) Schematic proposed universal pressure versus temperature
phase diagram of molecular conductors of the κ-(BEDT-TTF)2X series [2, 4, 5]. The
red solid lines in (a) and (b) represent a first-order phase transition line, which separates
the paramagnetic/antiferromagnetic insulating from the metallic/superconducting
phase and ends in a critical point (indicated by red bullets in (a) and in (b)), indicated
by (P0, T0). Details about the behavior of the GR close to the critical end point are
presented in the main text.
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Another way of writing the GR is obtained making use the original formula proposed by
Grüneisen (see section 2)

( )
( )

( )G =
¶ ¶
¶ ¶

V
p T

E T
. 5V

V

Hereafter we make use of this dimensionless definition of Γ (equation (5)) in our discussions
unless otherwise stated.

More generally, the GR versus temperature is roughly constant when a single energy
scale Es, for instance the exchange coupling constant in a magnetic system or the electrical
polarization in a conventional ferroelectric, governs the physical properties of the system of
interest. In such cases, for the sake of completeness, it is worth mentioning that the entropy

( )µS f T Es and the GR are given by

( )G =
¶
¶

⎛
⎝⎜

⎞
⎠⎟V E

E

p

1
, 6

m
s

s

whose dim is also [ ]-pV 1 as in equation (4); see e.g. [18] and references cited therein for
details. However, from the definition of the GR (cf equations (1) and (4)) one can directly
infer that for any pressure-induced critical point the GR should diverge. This is a direct
consequence of the entropy accumulation in the immediate vicinity of a critical point. Indeed,
it is nowadays well established that the GR shows a singular behavior upon approaching a
quantum critical point [18, 20] and close to a finite-temperature critical end-point [2, 4, 5] as
well (see figures 1 and 2). Hence, the GR can considered the smoking gun for exploring
pressure-induced critical points (see figures 1 (a), (b) and figure 2), no matter the nature of the
phase transition.

While the GR has been largely explored in solid state physics, because measurements of
the specific heat and thermal expansion measurements are quite accessible, very little is
known about its behavior for gases. This is most likely due to the difficulties posed in
carrying out both thermal expansion and specific heat measurements in gases with high
accuracy as a function of pressure and temperature. To the best of our knowledge, the only
report about the GR for gases is found in [21]. Also in classical textbooks discussions on the
GR are quite limited, see e.g. [22, 23]. Interestingly enough, recently the GR was identified as

Figure 2. Schematic universal, pressure versus volume phase diagram [34]. The shaded
area indicates a phase coexistence region, namely the region where liquid and vapor
coexists. At T=Tcrit, i.e. at the critical point of the liquid-to-gas phase transition, the
system achieves a critical volume, represented by the red bullet, and the GR diverges.
For details, see the discussion in the main text.

Eur. J. Phys. 37 (2016) 055105 M de Souza et al

4



the scaling exponent γ in supercooled liquids [24]. As discussed by the authors of [24] the
scaling exponent γ quantifies the slope of the interatomic potential and its relative contrib-
ution of temperature and volume. Hence, as pointed out by the authors in [24], a direct
connection between γ and the GR exists, thus characterizing both quantities as a gauge for the
level of the anharmonicity of the potential.

In this contribution we introduce the fundamental physical concepts associated with the
GR in a didactic way and report on a systematic analysis of the GR for gases. We show that
for the van der Waals gas the GR depends only on the co-volume b due to interaction effects;
it is smaller than that for the ideal gas (GR=2/3) and diverges upon approaching the critical
volume. For the Bose–Einstein condensation of an ideal boson gas, assuming the transition as
first-order, the GR diverges upon approaching a critical volume, similarly to the van der
Waals gas. Furthermore, for 4He at the superfluid transition the GR shows a singular behavior
at the transition. Hence, we show, for the first time, the particularities of the GR for various
gaseous systems.

The paper is divided as follows: after this brief introduction, which comprises the first
section, we discuss the most relevant textbook thermodynamic quantities of interest for this
work followed by an analysis of the GR for well-known systems like the ideal, van der Waals
and ultra-relativistic gases; 4He and the Bose–Einstein condensation (BEC). Our aim is to
give an overview of the GR and its relevance in the exploration and understanding of the
above-mentioned systems in a comprehensive fashion.

2. Thermodynamic quantities and Grüneisen relation

The Grüneisen relation, discussed in the introduction of this work, was originally [17] pre-
sented as follows

( ) · · ( ) ( )b
k

= GT
V

c T , 7T
Veff

mol

where Geff is the so-called effective Grüneisen parameter, kT stands for the isothermal
compressibility

( )k = -
¶
¶

⎛
⎝⎜

⎞
⎠⎟V

V

p

1
. 8T

Employing equations (7), (8) and the definition of cV, equation (4) can be easily deduced.
It is worth mentioning that the GR (equation (7)) holds true for solids, liquids and gases. In
accord with Grüneisen’s work [25] (equation (7)) the GR is a dimensionless parameter.

2.1. Phononic Grüneisen parameter

Although this work is focused on the properties of the GR for gases, for the sake of com-
pleteness, in the following we discuss briefly the lattice Grüneisen parameter, obviously
present only in solid-state. In the frame of the Debye-model, the lattice (or phononic) Grü-
neisen parameter Gpho reads

( )G = -
Q
V

d ln

d ln
, 9pho

D

where QD stands for the Debye temperature of the solid. A simple analysis of equation (9)
reveals that the bigger the lattice Grüneisen parameter, the higher the volume dependence of
the vibration modes of the lattice. Strictly speaking, as mentioned above, the lattice Grüneisen
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parameter is a measure of the volume dependence of the anharmonicity of the lattice
vibrations, which in turn is responsible for the lattice contribution to the thermal expansion in
a solid.

In general terms, the vibrational free energy, entropy, specific heat and thermal expansion
originate from sums of contributions fi, si, ci and ai from independent vibration modes of
frequency ( )w Vi , respectively. Hence, the so-called mode Grüneisen parameter is defined in
the following way

( )w
G = -

V

d ln

d ln
. 10i

i

Thus, according to equation (10), vibration modes whose frequency, wi, decreases or softens
as the volume of the solid decreases will result in a negative Grüneisen parameter and, from
equation (7), such vibration modes, in particular, will be responsible for a negative
contribution to the overall thermal expansion of the material [26].

As a matter of fact, the so-called mode Grüneisen parameter can be related to the
interatomic/intermolecular potential via the elastic force constant, namely ºk U rd d2 2,
which in the frame of the harmonic approximation is proportional to w2.

2.2. Electronic and magnetic contributions

More generally, in addition to the ordinary phononic background contribution to the thermal
expansion of a certain solid material, other contributions, whose origin might be electronic or
magnetic, have to be taken into account in an accurate estimate of the GR. This is the case
especially at low temperatures, where such contributions may dominate the thermodynamic
properties [6]. Hence, in such cases the Grüneisen usually is written in the following way

( )
k

b b b
G = G + G + G = + +

⎛
⎝⎜

⎞
⎠⎟

V

c c c
, 11

T
eff ph el mag

mol ph

ph

el

el

mag

mag

where bph (cph), bel (cel) and bmag (cmag) refer to the phononic, electronic and magnetic
contributions to thermal expansivity β (specific heat c), respectively, while Gph, Gel and Gmag

are the respective Grüneisen parameters.
Strictly speaking, when various contributions to the GR have to be taken into account the

GR reads [27]

( )
å
åk

G =
G

G

V c
, 12i i i

T i i

where i refers to the ith contribution to Γ.

2.3. Typical values for the Grüneisen parameter

At this point, it is useful to discuss the GR in quantitative terms. For the critical temperature
of the ordinary metal-to-superconducting phase transition in the molecular conductor κ-
(BEDT-TTF)2Cu(NCS)2 G » 40 was obtained [28]. The latter is roughly by a factor of twenty
bigger than those obtained for ordinary superconducting materials such as Pb, with a Γ=2.4
[29] or even bigger than those measured for the well-known high-critical temperature cuprate
superconductor YBa2Cu3O7 with Γ=(0.36 ∼ 0.6) [30]. Such a simple comparison reveals
the high-sensitivity of the superconducting transition temperature to application of external
pressure in the above-mentioned molecular metals, as discussed in detail in [31]. Regarding
the GR close to p-induced critical points, a huge value of G 100 was deduced
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experimentally in the immediate vicinity of a quantum critical point in heavy fermions [20],
close to the critical end-point of the metal-to-insulator Mott transition [2, 4] and at the g a
structural phase transition of cerium [32].

2.4. Magnetocaloric effect—magnetic Grüneisen parameter

For the sake of completeness, analogously, if the tuning parameter of the phase transition is an
external magnetic field (H), the magnetic Grüneisen parameter, frequently also called mag-
netocaloric effect, reads [18]

( ) ( )
( )

( )G = -
¶ ¶

= -
¶ ¶
¶ ¶

M T

c T

S H

S T

1
, 13H

H

H

T

H

where M refers to the magnetization and cH to the specific heat under constant external
magnetic field, being dim [ ] [ ]G = -TeslaH

1. Furthermore, it is worth mentioning that it is well
documented in the literature that for a magnetic field-induced quantum critical point, due to
the enhancement of the entropy in the critical region a sign change of GH is expected [33]. The
latter is one of the fingerprints of a magnetic field-induced quantum critical point.

3. Applications and discussion

Below we discuss the GR ratio for various gases and make a detailed discussion for each
particular case of interest.

3.1. The ideal gas

We start with the simplest example. For an ideal gas, well known from textbooks, the
equation of state is given by

( )=pV nRT , 14

and the (internal) energy in turn, reads

( )=E nRT
3

2
, 15

where R refers to the universal gas constant. Employing equations (14) and (15) and making
use of the definition for the GR discussed in the introduction of this work (equations (1) and
(4)), one obtains Γ=2/3. Thus, for the ideal gas Γ is a constant. Analogously, the same
result, i.e. Γ=2/3, is obtained for the free electron gas at zero temperature, where
E= Vp3 2 . This result can be easily understood by considering the physical definition of the
GR, which quantifies the degree of the anharmonicity of the potential. Since for both ideal
and free electron gas the intermolecular interaction is not taken into account and thus no phase
transition takes place, a constant value for the GR is expected in these cases. With respect to
the value 2/3, it is a direct consequence of the number of degrees of freedom in the system.
To make this clear, for the monatomic ideal gas, remembering that - =C C Rp V , the GR can
be written in the following way [35]

( )G = -
C

C
1. 16

p

V

Now, considering the relation ( )= +C C f f2p V , with f being the number of degrees of
freedom (for the ideal gas f=3; namely three translational degrees of freedom as we consider
a monatomic gas), from equation (16), Γ=2/3 is obtained for the ideal monatomic gas.
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For the sake of completeness, below we derive the GR for the ideal gas employing the
partition function

( )p
= ⎜ ⎟

⎡
⎣
⎢⎢

⎛
⎝

⎞
⎠

⎤
⎦
⎥⎥Z V

mk T

h

2
, 17

N
B

2

3
2

where N here refers to the number of particles.
Making use of the well-known relations, namely

( )
*b

=
¶
¶

⎛
⎝⎜

⎞
⎠⎟p

lnZ

V

1
, 18

T

and

( )
*b

= -
¶
¶

E
Zln

, 19

with *b = k T1 B
1, the GR (cf equation (1)) can thus be written as follows

( )

( )
( )

*

*

G = -
-

b

b

¶
¶

¶
¶

¶
¶

¶
¶

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦

V
Z

Z

ln

ln
, 20

T V

T

1

making the inner derivatives, one obtains

( )
*

*

G = -
-

=
b

b

¶
¶

¶
¶

⎡
⎣⎢

⎤
⎦⎥

⎡⎣ ⎤⎦

⎡⎣ ⎤⎦
V

N

V V

k N
3

2

, 21
T

T

N

Nk

V

1

3
2 B

B

we then achieve the same value obtained for the GR, namely

( )G =
2

3
, 22

employing the equation of state as discussed above.

3.2. The van der Waals gas

In the case of the van der Waals gas, the equation of state reads

( ) ( )+ - =
⎛
⎝⎜

⎞
⎠⎟p

N a

V
V Nb nRT , 23

2

2

where a and b stand for the cohesion pressure and co-volume, respectively; while N refers to
the number of particles of the gas investigated. The van der Waals gas energy is given by

( )= -U U
N a

V
. 24ideal gas

2

Making the derivatives of equations (23) and (24) the GR for the van der Waals gas is
obtained

1 Since β was used to label the volumetric thermal expansion coefficient, in order to avoid confusion we make use of
*b for labelling k T1 B , where kB is the Boltzmann constant.
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·
( )

( )G =
-
V

V Nb

2

3
. 25

Interestingly enough, as can be directly inferred from equation (25), the GR depends
solely on the co-volume. This means that the cohesion pressure is not relevant and the GR for
the van der Waals gas is governed only by the radius of the gas particles. Yet, from
equation (25), one can deduce that measuring the Grüneisen parameter of a real gas, the co-
volume b of the investigated gas can be immediately obtained. Furthermore, upon pressur-
izing the gas, b increases and, in particular, when b achieves the gas cloud critical volume
[34] Vc=Nb the GR diverges, since the denominator of equation (25) tends to zero
when V Vc.

As we have done for the ideal gas, for the sake of completeness, below we derive the GR
for the van der Waal gas employing the partition function. The latter, for the van der Waals
gas, reads [36]

( )
( ) ( )= - + +

-
+

p

⎡

⎣

⎢⎢⎢

⎤

⎦

⎥⎥⎥Z N N N N
V Nb N a

Vk T
ln ln ln 26

h

mk T2

2

B2

B

3
2

and can be rewritten in the following way

{ }
[ ( )]

[ ( )] ( )p

= - + -

- - +

Z N N V Nb

N h mk T
N a

Vk T

ln 1 ln ln

3

2
ln ln 2 272

B

2

B

Hence, making use of equations (20) and (27) the GR can be easily calculated

{ }
( )

( )*
G = -

-

- +

b
¶
¶ -

¶
¶

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦

V
Nk T

, 28
T

N

V Nb

N a

k TV

T

N a

V

1

3
2 B

2

B
2

2

which simplified, reads

{ }
( )( )

G = -
-

-

¶
¶ -

V
Nk

, 29
T

k TN

V Nb

N a

V

3
2 B

B
2

2

thus, the GR for the van der Waals gas (equation (25)) is obtained.
Still considering the van der Waals gas, it is useful to analyze the behavior of the GR for

the Joule–Thomson effect. For the latter, the temperature gradient is given by

( )D = -T
N a

c V
. 30

V

2

Combining equations (25) and (30), the GR (GJT) for the Joule–Thomson effect can be
obtained, namely

( ) ( )G =
+ D

2

3

1

1
. 31

bc T

Na

JT
V

Interestingly enough, as can be deduced immediately from equation (31), in the Joule–
Thomson effect the van der Waals GR assumes a value closer to that obtained for the ideal
gas, i.e. Γ=2/3, when the second term in the parenthesis of the denominator tends to zero.
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3.3. Bose–Einstein condensation

The Bose–Einstein gas is of particular interest because, in contrast to the Fermi–Dirac gas, it
can undergo a phase transition even though the particles do not interact with each other. As is
well-known from the literature, the Bose–Einstein condensation is a direct consequence of
how the particle occupancy takes place in the case of bosons. To make this clear, let us recall
the average number ⟨ ⟩N of particles in an allowed state l

⟨ ⟩ ⟨ ⟩ ( )
( )* * å å=

-
=

-
=

b m b-
⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝⎜

⎞
⎠⎟N

e

z

e z
n

1

1
, 32

l l
l

l l

where *= b mz e is an effective pressure, the so-called fugacity. Since 1 *  ¥be l , i.e. all
states are accessible in this range, to keep ⟨ ⟩ >N 0, there is a constraint to the fugacity,
namely  z0 1. In addition, a simple analysis of equation (32) reveals that μ should be
either zero or negative. Physically, as a consequence of such constraints, one can say that it is
easy to tot up additional particles to the gas.

A particular situation is found when l=0, i.e. 0=0. In such a situation
lim ⟨ ⟩  ¥ nz l0 and a phase transition into a Bose–Einstein condensation takes place [37].
Here we are interested in estimating the GR for the condensate. In the case of the Bose–
Einstein condensation of an ideal boson gas, the specific heat for T Tc is given by [38]

( )= + +⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠c Nk Nk

T

T
Nk

T

T
1.496 0.341 0.089 , 33v

c c
B B

1.5

B

3

and, in accord with [3] for >T Tc

( )

( )
( )¶

¶
=

¶

¶

⎡
⎣⎢

⎤
⎦⎥p

T

k T

T
, 34

N

V

g z

g zB
5 2

3 2

where ( )g z5 2 and ( )g z3 2 are the so-called Bose functions.
At this point, it is worth mentioning that only those particles which do not take part in the

condensate contribute to the energy of the Bose gas below Tc [39]. Thus, for <T Tc, the
specific heat of those particles is given by [38]

( )=
⎛
⎝⎜

⎞
⎠⎟c Nk

T

T
1.926 ; 35v

c
B

1.5

and [39]

[ ( ) ] ( )¶
¶

=
¶

¶

-p

T

m k T g

T

0.0851
, 36

1.5
B

2.5 3

where m refers to the mass of the gas particle, g is the degeneracy,  p= h 2 with h being the
Planck constant.

Employing equations (33), (34), (35) and (36), the GR of the condensate can be
estimated.

It turns out that employing such expressions both below and above the Bose–Einstein
condensation temperature GR=2/3, as in the case of the ideal gas. An alternative equation
of state was proposed in [40] considering that in the ground state the system holds the kinetic
energy associated with the gas cloud right at the condensation temperature. The proposed
equation of state below the condensation temperature reads [40]
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[ ( ) ] ( )= + -pV cVT T T Nk T0.513 1 , 37c c
5 2 3 2

B

where ( ) ( )p=c g k m1 25 2 B
5 2 2 3 2. Thus, making use of equations (35) and (37) the GR

follows a linear dependence with T below Tc. In what follows, we discuss the BEC in analogy
with a liquid-to-gas phase transition. The critical volume (v*) is given by [41]

( )
( )*

*
l
x p

= = =
⎡
⎣⎢

⎤
⎦⎥v

n g g

h

mk T

1 1

2
. 38

3

3 2 B
1 2

3

Considering the transition as being of first order, the Clausius–Clayperon equation can be
used

( ) ( )*
=

D
D

=
-T

p

v

s

T v v

L

d

d
39c 0

whereDv,Ds and L, refer to the volume change, entropy change and latent heat, respectively.
The GR reads

( )
( )

*
G =

-
Lv

T v v c
. 40

c v0

From equation (40), when *  G  ¥v v0 ; a similar result to that obtained for the
van der Waals gas. In other words, if one considers the Bose–Einstein condensation as a first-
order transition, the GR diverges upon approaching a critical volume of the gas cloud.

From the experimental point of view, immense efforts have been expended by different
groups to measure the thermodynamic properties of a Bose–Einstein condensate. In this
regard, we refer to measurements of the specific heat of a weakly interacting gas [42] and the
influence of pressure on a Bose–Einstein condensate in two dimensions [43].

3.4. Grüneisen parameter in the vicinity of the 4He λ-phase transition

Due to its exotic behavior, theoretical and experimental investigations of the physical
properties of the 4He isotope have been a topic of great interest since the middle of the 20th
century until nowadays. Seminal works include the reports by Fairbank and Kellers on the λ-
like (superfluid) transition [44] as well as the detailed report by McCarty [45], who inves-
tigated the helium physical properties in a broad range of temperature and pressure. Fur-
thermore, it is worth mentioning experiments of dielectric constant [46], thermal expansion
[46] and specific heat [47–49], whose results will serve as the basis for the estimate of the GR
to be discussed in the following.

Here, for the estimate of the GR under pressure the results of Graywall and Ahlers [50]
were employed. The expression for the specific heat in the immediate vicinity of the λ-like
transition, reported in the literature by Fairbank and Kellers [44], is given by

∣ ∣ ( )= - - - Dlc T T4.55 log 5.20 , 41p 10

here Δ is a phenomenological parameter and it is assumed to be 1 at the normal-liquid phase
(t > 0) and 0 at the superfluid phase (t < 0), where t refers to the reduced temperature; Tl
stands for the from normal-liquid-to-superfluid phase transition temperature, dim
[ ] [ ] [ ][ ]=c J g Kp . Equation (41) fits the specific heat data [44] in the vicinity of the λ

transition. The logarithmic dependence on temperature fits better the experimental data and
the value is given in specific heat units, namely J/K.

We stress that equation (41) is in perfect agreement with experimental results [47] in the
temperature range ∣ - lT T ∣ ∣ ∣ = t 200 mK. However, in our analysis we stick to the region
∣ ∣ t 10 mK, see the detailed discussion below. Yet, we stress that the expression employed
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for the specific heat fits was taken from an experiment carried out at constant volume. Here
we assume cP = cV so that equation (1) can be used in our analysis, since as T 0 one
has c cP V .

Regarding thermal expansivity experiments, the work of Niemela and Donnelly [46]
provided the data set in the T-range from 1.35 K to 4.9 K. Nevertheless, here the only results
within the region ∣ ∣ t 10 mK are taken into account. The volumetric thermal expansion data
are nicely described by the following expression [46]
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∣ ∣
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with, for the sake of completeness, the coefficients ai and bi presented in table 1. Employing
equations (41) and (42), the GR as a function of temperature can be obtained, with the results
in the range ∣ ∣ t 0.001 K depicted in figure 3. Note that a clear singularity of the GR is
observed in the immediate vicinity of the λ transition for the isotope 4He. A blowup of the GR

Figure 3. The Grüneisen ratio as a function of the reduced temperature t for 4He in the
immediate vicinity of the normal liquid-to-superfluid phase transition.

Table 1. Parameters ai and bi used for the estimate of thermal expansion expression of
4He (equation (42)) for t > 0 and t < 0, after [46].

i ai (T < Tl) ai (T > Tl) bi (T <Tl) bi (T > Tl)

1 −0.00757537 −0.00794605 0.00379937 −0.0303511
2 0.00687483 0.00507051 0.00186557 −0.0102326
3 – – 0.00488345 −0.00300636
4 – – – 0.00024072
5 – – – −0.00245749
6 – – – 0.00153454
7 – – – −0.00030818
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even closer to lT together with the normalized Grüneisen parameter is shown in the inset of
figure 3. It is worth mentioning that for the temperature range ∣ ∣t > 1 mK (not shown), at
ambient pressure, the GR does not present singularities, being instead roughly described by a
constant function. For the range t < 0, i.e. below the superfluid transition, we were able to
perform calculations of the GR as a function of temperature and pressure, whose results are
presented in figure 4. By doing so, we are now interested in following the pressure
dependence of the entropy of 4He in the superfluid phase. Hence, we make use of the function
for the superfluid helium entropy derived by Greywall an Ahlers [50], which in turn is in good

Figure 4. The Grüneisen parameter as a function of pressure under various t, as
indicated in the labels. Solid lines are a guide to the eyes. For details see the main text.

Figure 5. Entropy of 4 He as a function of temperature for various values of applied
pressures [52]. The entropy enhancement is related to the increase of the interaction
between rotons, see the main text for details. A.P. stands stands for ambient pressure.
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agreement with experimental data published in the literature [51]. Interestingly enough, as can
be seen in figure 4, the GR is clearly enhanced under pressure.

Based on the discussions presented in the introduction of this work the GR can be used as
an indirect method to measure the interaction between particles in a gas, fluid or solid. In the
model proposed by Tisza [53], the so-called rotons are essentially a bounded pair of helium
atoms, which are formed in the superfluid phase. In analogy with a classical rotor, such rotons
have translational and rotational degrees of freedom. From the sound velocity data the entropy
at the superfluid phase was derived by Maynard [52].

Figure 5 depicts the entropy as a function of temperature for various pressures. Note that
the entropy increases as the applied pressure is increased. Such behavior is a direct con-
sequence of the enhancement of the interaction between rotons as pressure is applied. The
roton gas is also discussed and presented in detail by Pathria in [3]. Employing the expression
of the Helmhotz free energy it is straightforward to obtain the GR of a roton gas as a function
of temperature and pressure (not shown), with the results being in perfect agreement with
those depicted in figure 4.

4. Conclusions

To summarize, we have derived the Grüneisen ratio for various gases and superfluid 4He. We
have shown that for the monatomic ideal gas as well as for the free electron gas a constant
value, namely Γ=2/3, is found for the Grüneisen ratio. For the van der Waals gas the
Grüneisen ratio diverges when the gas particle co-volume achieves a critical value. We also
have shown that Γ for 4He diverges near the so-called λ transition, namely from superfluid to
normal liquid. Our analysis show that the application of pressure increases the system
entropy, in perfect agreement with Tisza’s theory based on rotons. Using the textbook Bose–
Einstein distribution for gases and considering the boundary conditions for the realization of a
Bose–Einstein condensation we have obtained Γ=2/3 for the non-interacting boson gas.
Yet, an analysis of the Bose–Einstein condensation in analogy with the classical liquid-to-gas
transition reveals that when the gas cloud volume achieves the critical, the Grüneisen ratio
diverges. A calculation of the effects of interaction on the Grüneisen ratio for the Bose–
Einstein condensation constitutes a topic of interest and will be explored in another work.
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