
r • 

. ~ 

. '! . 
_ . .,. . .... ... 

•• 
... . 

''I 1' 
• • ' iwf 

. ' 

.. 

• N ~ A A 

. · ~ .. -... 
~ . ' 4 

j .i-
-- ,. l 

.' .. ... 
' 

" 't 

... 
". ' 

P;UBLICAÇAO DA ABCM • ASSOCIAÇAO BRASILEIRA DE CIENCIAS MECANICA~ 
. .. ... ":"' , 

V O L. XIX • No. 4 • DECEMBER 1997 ISSN 01 00· 7386 
.. 

. . 
r 



-~ 

JOURNAL Of THE ~RAZ!LIA~ ~OC!Etr Of MECHANICAL ~C! EN CE~ I 
RfVI~TA ~RA~IWR.~ D~ CIÊ~CIA~ MECÂNICA~ 

EDITOR: 
Leonardo Goldstein J~nior 
UI~ICAMP • FEM · DETF · C f'. 6m 
1JOSJ -910 Çampinas SP 
1?.1: 10191 2j9-3006 fa,- 1_019) 239-3722 

EDITORES ASSOCIADOS: 
Aoenor de Toledo Fll!llry 
rPT - lnsillulo de Pes~uisas Tecnoh\grcas 
Oh·isac. ~e Mecânica e Eieuicidat::e - AgltJoamt:ni:J .j P. Sisif:1T1a:) de ·:::omr·;;.te 
C1dade Uni\lersitarla - C.P. 7!41 
O 1 OF,4-97n Sa~ Paute SP 
r~ · :011) 268-22 11 flamat !>01 f;;x· :a11; 569-:;:;~~ 

Angela Ourivio Nieckele 
P::mliltCiã Unlversi:1<1::11? (;alêi!CéJ do Ric ~!? Janeuc 
Deparlamentc de Engen~ar:a Mecáni;~ 
R•Ja Marques de S3oj Vicente. 225 Gávea 
22~53-90·3 Ric de Janeirl RJ 
T~!. . ([!21i 239-0719 Fa•· (021j 2~4-914R 

Carlos Alberto Carrasco Allermani 
IJNICAMP · FfM - OE · C P. 612? 
13083-510 GaT•J;mas Sf' 
Tel.: 1019) 23S-8435 Fax: ror9; 239·3122 

Paulo Eigi Miyagl 
Universidade de S~o Paulo EscJI• Polilecr,;.:a 
Df.~altamenlc de E~-J~nharia M~can r.a - Mer.;,lrr.mca 
A'.·enujíl Pr~f t ... 1fdlu Mo'ae~. 2:?:3'1 
05508-~0\t $a-J Paulu SI' 
Ter· (U11i Hl~-~~80 Fax 1011; ô18·S4 / 1 /S1J· 1H~E 

Waller L Weingaertner 
Universida·je Federal ce SoniJ Gatanna 
De~-a•tamenlo de E~çenharia Mecânka · l ab·ocala"o cc MecJn;ca dt Pr~~rsac 
Gampus Un• ·,~rsrtá: io Tr Made - C P 47G 
88-J4·3 902 F Oltanópoh~ SC 
lei . [·J4R) m-9.195!234-5277 Fax (0431 2:14· t51S 

CORPO EDITORIAL: 

"-'c" ~e FaroOrlandu (PUC·RJI 
.~nto:t l::- FtctiK•so:e forle~ (Unf.) 
f•.rmanjo Alberlmi Jr. (UF SC'r 
Atarr R·OS Neto (II-IPE; , 
Benedilo Mcracs P~rQue•ro (EESC·USPj 
Caie Mari:l Costa (EMBRACOi 
Cartns Alberto de .~lm~ija (PUC-PJf 
G~rluS Alberto M3rl in !liFSCi 
Clov.s RamrrJfldo Malisk~ (UFSC'r 
ET.anJel Hocha Woiski IUiifSP-FEIS) 
Ftancrsco Emliio Baéclrc i'lhlrc iiPT-$Pl 
F:onci&:c JJ;t SimOes (UFPbj · 
3cnes•o JJsé Mencn iEfEI) 
t~lal:s ln~:l Webt!r (UNICAMP:r 
Henrrqu~ Ro1~nleld !fESC LISP) 
Jair Carros Outra : UfSCi 
João ~. Imo llerz de Jornada (UfPGol 
José Jcac de EsprnjJia (UFSC 1 
Jurancir ~l ill YanaQihala (EP USPj 
LiriJ Scrraercr IUFPGS) 
Lr.uri•;al Bo~hs (UFSC) 
l.rns C•dus s~nC(•V~I ~c~s til Ai 
Milr<ro livrijrrr (UFMG) 
Moyses l.t~deluk (C(lf'r-E-ltfRJr 
NisroJ de Car•;alho Lobo 8rum iGOf>PE·UfRJl 
Ni•1aldo lerr.os Cupini •: \JNICAMPi 
PaulO Afonso de Chvcha So·;iCIO (IT/1) 
R•l9étr•.l Martins Saldanha da Gama (LNC:' 
'Jat.jer Sl~ll€ 11 Jr (UFU) 

REVISTA FINANCIADA COM RECURSOS DO 

Programa de Apoio a Publicações Científicas 

MCT @( CNPq [!} FINEP 



RBCM - J. of the Braz. Soc .. Mechanlcal Sclences 
Vol XIX· No4 • 1997 • pp. 445457 

ISSN 0100·7386 
Printed in Brazil 

Steady, Spatially-Periodic Fully-Developed 
Turbulent Flow in lnterrupted-Piate Channels 
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Abstract 
This pape r presents numerical results for steady, spatial/y-periodic, two-dimensional, fully-developed turbu/ent flows 
in interrnpted·suiface passages. The geometry of interest consists of an array o.f interrupted piares. in an in·line 
arrangement, p/aced paral/el wilh the main flow dlrectiorr. Such a configuratiorr can be regarded as a two· 
dimmsional idealizaJio11 of rhe cores of some offset~fin compact heat exchangers. The peifonnance of severa/ /aw· 
Reynolds nwnber, two-equation linear eddy-viscosity models of turbulence is discussed in the corrtext of a time· 
averaged formulation. Sinwlarions were carried oul for a range of Reynolds numbers and one value of the p/ate 
tltickness. Numt'rical prediction.r of the friction factor and skin jrictio11 coeffi.cient along the plates are compared 
wi!h avai/ablt' experimellta./ results. 
Keywords: Turbulence, Periodic Flows, Contrai-Volume Method. Heat Exchn.11gers. 

lntroduction 
Flow passages with spatially-periodic interruptions are com.monly eocountered in heat transfer 

equipmem. sucb as compact beat exchangers (Shah, 198 I ; Kays and London, 1984 ). Compact beat 
exchangers are used in lhe cbemical. material processing, and power-generation industries. as well as in 
automobiles and aircrafts. The interruptions in lhe flow passages are intended to produce enhanced heat 
transfer rates, but lhey also cause higber pressure drops than lhosc encountered in uninterrupted 
configw·arions. Thus, the design of such heat exchangers involves an optimization problem in which the 
objective is to obtain the maximum heat transfer r.i!e between tbe hot and cold flu.ids, for fixed values of 
the associated pwnping power. Olher examples of fluld flow in interrupted passages are provided by 
coollng arrangements for elecu·onic equipment (Kakaç, et al. , 1993; Kel.kar et ai.. 1993; Patankar. 1993; 
Wang et ai .. 1997). Effective cooling of circuit boards in electrOnic devices is crucial to ensure 
reliabilir.y of sue h systems. 

The understanding of lhe fluid flow and beat transfer pbenomena that occurs in compact heat 
excbangers has motivated rescarchers for many years. Experimental data on overall heat transfer 
coefficients and pressure drops obtained frorn tests on either actual or large-scale rnodels of heat 
exchanger~ that incorporate interrupted passages bave been reported in lhe literature, examples include 
tbe works of Wíeúng (1975), Sbab (1981 ), and Kays and London ( 1984 ). Althougb this data can be 
used directly in the design of interrupted-surface heat exchangers. it cannot be used as definitive checks 
on numerical predictions because of the Jack of necessary local details. Many oumerical and 
experimental studies of t1uid flow and beat transfer in simptitied periodic geometries have also been 
reported in the literature. Most of the investigations were conce.med with ~teady-state laminar flows 
(Patankar et ai., 1977: Patankar and Prak.ash, 1981 ; Sebben and Baliga. 1996a; Fowler ct al., 1997). 
However, typical ranges of the Reynolds number in compact heat exchangers extend from a laminar 
flow regime to a low Reynolds number turbulent flow regime (Kays and London. 1984). 

Over the last decade. experimental and numerical studies of statistically steady. spatially-periodic 
turbulent flows bave also appeared in the literature. Exarnples include the works of McBrien and Baliga 
( 1988). McBrien (1989), Faghri and Asako (1990). and Kim and Anand (1994). The numerical solution 
of the problem in conjunction wilh the time-averaged fonn of the goveming equations bas become a 
common practice in tbese type of turbulent tlows, mainly due to the bigh computational effort required 
by unsteady formulations. For rhis reason, relatively few numerical i.nvestigations of unsteady turbulent 
flows in intcrrupted-surface passages have been reported. Some exarnples are the works of Ciofalo and 
Collins (1992), Ciofalo et al. (1996). and Sebben an4 Baliga (1996b). 

The present paper de~cribes lhe analysís and results for statisticaliy stcady, spatially-periodic, fully­
developed turbulent flows in lhe interrupted-plate rectangular duct illustrated in Fig. I (a). Two-
Manuscript received: January 1997. Technlca/ Editor: Anga/a Ourívlo Nieckele 
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dimensional numerical simuJations were perfonned using seven low-Reynolds numbers, two-equation, 
linear eddy-viscosity models of turbulence (EVMs). The intention in this work was to compare the 
uumerical predictious of the frictioo factor and skln frictíon coefficient to the availablc experimental 
data from McBrien (1989), and discuss the relative perfonnance of severa! low-Reynolds number 
EVMs ín lhe context of a steady Reynolds time-averaged formuJatiou. A concise descriptiou of lhe 
rationale for the cboice of eddy-víscosity based, low-Reynolds number time-averaged models is also 
discussed. The work reported here is part of an effort of parallel ínvestigations of unsteady, self­
sustained oscillatory tlows in ínterrupted surfaces of lhe type encountered in compact heat exchangers. 

Mathematical Formulation 

The problem of interest involves statistically steady, two-dimensional, spatially-periodic fully­
developed turbulent tlows in rectangular interrupted-plate ducts akin to that showo in Fig. l(a). Such 
ducts aro characterizod by geometrically identical and spatially-periodic modules as illustrated in the 
cross-sectional view presented in Fig. l(b). ln this figure, a spatially-periodjc geometric module is the 
domain indicated as ABCDA. Attention is focused in the region ABCDA because, with the assumptioo 
of statistically steady flows. the channel centerline becomes a symmetry tine and. th.erefore, the 
calculation domain can be limited to one-balf of the channel height (region ABCDA). It is to be noted 
that effects of vortex shedding have not been considered in the pre!)ent investigation, even though 
vortex shedding from the plates can occur for some combínations of the Reynolds number and 
ge.ometrical parameters of the duct. This assumption implies that the frequencies of vortex shedding are 
treated in the sarne manner as flow turbulence, and are time-averaged to allow steady time-mean flows. 
As previously mentioned, tbis consideration is often made to reduce lhe computational costs involved 
wilh au unsteady approach to the problem. It is also assumed that the fluid is Newtonian, 
incompressible, and with constant tbermopbysical properties. This assumption is commonly ínvoked in 
design calculations for plate-fin heat exchangers. with the fluid pr()perties values based on mean bulk 
temperature. 

• 2o 
A B~ 

~4 E-- · 2H (b) 
.. I 

s I 
I ex I I 

0' C• 
I I 

Fig. 1 (a) Rectangular lnterrupted·Piate Ouctj and (b) Cros&-Sectlon Vlew, Assoclated Nomenclature and a 
Representatlve Geometrlc Module ABCDA 

TypicaUy, for steady flows in interrupted passages. a spatiaUy periodic fuUy-developed behavior is 
attained aft.er a short entrance region. about 5 to I O geomelrical modules downstteam from the inlet 
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plane (Sparrow et al., 1977; Sparrow and Hajiloo, 1 980; Loehrke and Lane, 1982). ln the fully­
dcveloped regime, tbe clistríbutions of tbe velocity components repeat ideutically in successjve 
geometrical modules (Sparrow et ai., 1977). With reference to Fig. l(b), the periodic behavior of the 
time-averaged velocity componentl> can be expressed as: 

ui ( x, y )=uj( x+( L+s ).y J=u;f :c+2( L+s ),y )= ... (I) 

where (L+s) is the length of one module. 

A procedure for the solution of the flow in a single module in t.he fully developed region has been 
dcscribed by Pat.ankar et al . ( 1977). As explained by Pat.an.k.ar et al. (1977). the reduced pressure, p. can · 
be expresse.d as a linear combination of an overa!J pressure drop. which drive.~ the fl.ow in lhe 
streamwise direction. and a pressure P which is related to lhe details of the local motions in lhe 
geometric module. Thus, Lhe reduced pressure can be expressed as follows: 

p( x,y )=- f3x+ P( x,y) (2) 

where Lhe tenn f3 is a uniform value for Lhe entire periodic region. and is responsible for tbe overall 
mass flow raie through the module. ln tlte present work, f3 is treated as an adjustable paramcter so as to 
obtain a desired, or specitied Reynolds number in the problem. The pressure P behaves in a periodic 
manner from module to module. Ak:in to the velocity fielcl the period.ic condition for P(x.y) can be 
wrineu as follows: 

P{ :c,y )= P( x+( l.+s ),y )= P( x+2( L+s).y )= ... (3) 

Using Eq. (2). the time-averaged continuity and momenrum equations can be written as: 

(4) 

aui ps:- Jp d ( du; -,-, J puj-= u;1 - -+-. jl- - puiuj 
dxj dx; éf.xj Jx1 

(5) 

where 8,1 is the Kronecker delta, and the correlation pu[uj is interpreted as the turbulent stresses, 
commonly referred to as the Reynolds stresses. They are unknown elements in the time-averaged 
equations and need to be modeled in order to "close" the set of equations. 

ln thi~ work, six variations of lhe low-Reynolds number K -e model were assessed to predict lhe 
flows of interest: The Joues and Launder (1973) and lhe Launder and Sharma (1974) models, which 
will be denoted as JL and LS, respectively; lhe Jones and Launder (1973) and Launder and Shruma 
(1974) models with a modification proposed by Hanjatic and Launder (1980). which will be denoted as 
JLH and LSH, respeclively; and lhe Launder and Kato (1993) model with the closure cocfficients 
proposed by Jones and Launder (1973) and Launder and Sharma (1974), which will be denoted as LKJ 
and LKS, respectively. The low-Reynolds number 11. -w of Wilcox (1988, 1993). WL, was also 
a~sessed in the present investigation. 

Withln lhe framework of Reynolds averagiog, eddy-viscosity based models remai o the most widely 
used ''fast" engineering metbods for computing complex turbulent flows (Wilcox. 1993; Hanjalic, 1994; 
Launder. 1995). Computatíonally, EVMs offer advantages over Reynolds Stress Models (RSM), Direct 
NumericaJ Símulations (ONS), and Large Eddy Símulations (LES), due to relatively simple 
ímplementation and lower computational costs. For these reasons EVMs have been used in this work. 
Because lhe flows of interest involve interrupted-plates. separation and reattachment re~,>ions, low­
Reynolds number EVMs were preferred as it would be difficult to justify the use of high-Reynolds 
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EVM!> with wall functions in lhe modeling of such flows. Wilh regard to lhe different low-Reynolds 
number EVMs tested. the modificatioos included io lhe JLH and LSH models were proposed by 
Hanjalic and Launder ( 1980) in order to improve lhe predictions obtained with the JL and LS models in 
flow~ wilh adverse pressure gradients. The model of Launder and Kato (1993). inítia.IJy proposed for 
penodic unsteady flows witb vortex shedding. is testcd here to evaluate its performance in a steady 
formulation of lhe govcrning equations. 

The úme-averaged equations for the~e various low-Reynolds number "- e models can be written 
as follows: 

(6) 

iJc iJ [( p, ) ac] 1: 2 2pp, [ a (<li, )]2 

pu1 -=-. JJ+-- + PC'- CzrhP-+---
iJx, ax, ar axj k p axj ax. (7) 

lt is to bc noted that Eq. (7) is written in Lerms nf 'é . rather tban the dissipation E • The dissipation, 
e, is related to lhe quanrity i: by E = E:'u + 1:', where e, is the ftnite vaJue of e at the wall. The 
practice of writing lhe rate of dissipation of k. and its governing equation in terms of e . rather Lhan , 
has tJ1e computational advantage Lhat ê becomes zero at a solid wall. ln thc ubove equations. the 
~rbulent viscosit>:· )J 1 , is giveo by J1 1 ":" J v."v.Pk" f_ê, and the production tenn of tlle E equation, Pe, 
IS gJVen by Pe =J, [C,ePd l-8ij )+CJe Yk()ij /(e I k). 

Ovcrall. the six Jc - e models used hcrc. named: JL. LS. JLH. LSH. LKJ. nnd LKS. contain 
tive clo:oure coefficients that nriginated from the high-Reynolds number version, plus other dumping 

Table 1 Constants from the High-Reynolds k- e Model 

G c C/c Cu 

__ 0:_.0"'9'--_ _ 1.0 1.3 - - -,.-44---.,.-1 . ..,..92::-

l'unctions due to low-Reynolds oumber modifications. A summary of lhese variou.~ closure coefficients 
aud dumping functions is given in Tables 1 and 2, respectively. Tbe cxprcssion for lhe rurbulence 
production tcrrn. Pk , for these various mudeis is given in Table 2. 

Table 2 Constants and Expresslons Used in the Low-Reynolds k - e Models 

k - e /y j, h C Jc pk 

Jl ___l.L_ / -Jt!· R.f 1.44 ( ~ i:-)~j e'+o.ozh, 
)J., ~+ ãr; 

I r 

LS -11 
1-Jt! Rt{ 1.44 (~ ~)~ e (1<{1112/Wr ~1 

)J, 'dt7+~ ~ 
JLH --=L}_ 1- .Jt- R•f 4.44 

Pt(~+~)* e , .. o.ou1,, 

LSH -,_.!._i 1- 3 e· R•{ 4.44 11t (~+i'-) a..' e ( I•O.m Rtt ~1 
j I dt," 

LKJ -=1..}_ 1-Jt!· R<'f 1.44 

t(~+itr 1(~-~r e '+{}oz~~~r 
)J., 

LKS -J.4 I 3t!· Rt! 1.44 

1(~+~r t(~-:~ r el~<oro .... ,r llt 
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The time-averaged equations for lhe low-Reynolds number 1< - w model are now presented. 
Following Wilcoll ( 1993), lhey can be written as: 

where lhe specific dissipation rate, w, is dcfined as: 

E 
W=-

k 

(8) 

(9) 

The turbulent viscosity, J11 .is given by J.J, =cjtp/.1 w. and P, is modeled as in lhe JL, LS, JLH. and 
LSH models. The values of lhe fi ve closure coetflcienL~ of lhe k-m modcl are presented in Table 3. 

Table 3 Constants ln the k - w Model 

0.09 2.0 2.0 519 516 

Wilh relerence to Fig. I (b), lhe boundary conditions for lhe problem are lhe folJowing: Periodic 
conditioos across AD and BC: v = O and symmetry condition.s for u. k, i . and w along line AB; and 
11 =I'= k =E =0 at the surfaces ofsolid boundaries. For lhe K-w model. the boundary condition on w 
at the soüd boundaries is given by (Wilcox. 1988): 

6( 11/P) 
ú) 2 

C2wll 
(lO) 

where Ll represent~ lhe physical normal distance to lhe solid surface of the first adjacent w grid-poinl. 

Wilcox ( 1988) recommends lhat lhe location of lhe rnesh poiot.s closest to lhe solid surfaces be 
chosen so t:hat ..1+ ~ 1 : and lhat adjacent to each solid surface. atleast tive mesh points along each wall· 
normal grid line lie within ..1+ S 2.5. The quanti ty Ll+ represents a dimensionless normal distance from 
the wall, defined as: .1+ =pu~ L\ I 11 . 

With reference to lhe notation in Fig. l(b), the computations were performed for lhe following 
nondirnensional geomctricaJ parameters: 

8 
-=0.11. 
H 

L s 
-=177 -;;; /76 
H ' H 

(l i ) 

Tbe resuJ ts are presented in tenns of nondirnen1ljonal quantities: lhe Reynolds oumber, Re. lhe 
fri ction factor,ff. and the sk.in friction coefficient on the surface of lhe plate, •..,. These quantities are 
defined us: 

Re= pU(2U J 
11 

ff = {J(2U J ' 
o.spu1 

• r,.., 
-r,.,- -2 

0.5pU 

where V is the tirne-rnean streamwise averagc vclocity. 

( 12) 

Four Reynolds numbers wcrc considered: Re = 4997, 10980, 16930, and 27840. These values of lhe 
geometrical pararneters and Reynolds nurnber where chosen so as to match those considercd by 
McBrien (1989) in his experimental investigation. 
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Computational Details 

The computalional domain was confined to lhe region den01ed by ABDCA i.n Fig. I (b). 11 was 
discretiz.ed using staggered grids for lhe velocity components and pressure, as discussed by Patankar 
( 1980). A~ çan be $een in Fig. I (b), lhe calculation doma.in includes a solid region (plate), as well as a 
Ouid Oow region. A convenient melhod to treat internal Oow blockages (plates) has been discussed by 
Patankar ( 1980): lt consists of setting Lhe lluid viscosity equalto a very large number; in addition, in Lhe 
present computations. the coefficients of the discrerized equations were overwritten so as to obtain 
identicaJiy zero for lhe dependent vuri<1bles (u, v, P, k, "E ) in lhe bJocked zones. The coefficienL~ of the 
d.iscretized cquation for m were sel soas to satisfy lhe boundury condition given by Eq. (10) dose 10 
the solid surfaces. 

Ali compulations were performed with nonuniform grids. When using low-Reynolds number 
turbulence models. fine grids are needed in arder to adequately resolve the very steep gradients of lhe 
dependent variables througb the viscous sublayer. aJI lhe way to lhe wall. Furlhermore. in order to place 
tbe ftrSt gnd pomt adjaceOl to a solid boundary within the desirable normal nondimensional distance of 
~+ <;,J. the corresponding required pbysical distance, L1, can be very smaJJ, specially for higher 
Reynold~ numbers. This restriction made lhe use of uniform grids probibitive. 

The momentum equation, Eq. (5). was discretized using tbe QUlCK scheme ~f Leonard (1979). 
The SIMPLEC algorit:lun of Van Doonnaal and Railhby (1984) was used to solve Lhe discretized 
momentum and pressure correction equations. The tnmsport equations for lhe turbulent quantities k, E . 
and w were discretized using the hybrid schcme (Patankar, 1980). The use of higher arder schemes. 
such as lhe QUICK scheme of Leonard ( 1979), in lhe discrctized equations of k. i, and w can 
produce negative coefficients. which in tum, can lead to negative effectivc turbulent transport 
coefficieots and numerical instability (Lien and Leschziner, 1994). Such negative values can appear 
particularly in regions wbere tbe actual (positive) k and E values are close to zero. ln most 
circumstances, however. lhe turbulent transport equations are dominated by thcir source terms. Tbus. 
the arder of lhe schcme used in lhe discretizatíon of the convective terms in these equations is of 
relatively linle imponance, provided it is dane coosistently (Lien and Lescbziner. 1994). Based on the 
aforemeotioned JUstifications, in this work, lhe QUICK scheme wa.s used for lhe discret.ization of lhe u 
and v equations, while tbe bybrid scbeme wa~ used for lhe k, 'l and w equations. 

Four line-by-linc itcrative algoritbms were used lo solve tbe oominally linear and dcroupled set of 
equations: the tridiagonal and pentadiagonal JlUitrix algorithms (TOMA and PDMA), and lhe cyclic 
tridiagonal aod pentad.iagonal matrix algoril.hm (CTDMA and CPDMA). The cyclic algorithms are 
required for !ines of nodes aJong which the periodic boundary conditions apply (AD and BC). Detailed 
descriptions of these and related algorithms are available in the work of Sebben and Baliga (1995), for 
cxample. Genenllized block-correction procedures (Scttari and Aziz. 1973) were used for the velocity 
components and pressure correction, in order to speed up lhe coovcrgence of lhe Line-by-line 
algorithms. The block-correctíon procedure W!l!. not used in the iterative solution of the discrctized 
equatioo~ for k, 'l. and m. as it did not improve lhe overaJJ rate of convergence of these equations. 

To SUU1 lhe calculations. an initiaJ value of f3 had to be specifíed. Tbe experimental values of tbe 
Reynolds nurnbcr and friction factor rcsults of McBrien (1989) were used to obtaio init.iaJ values of f3 
using Eq. ( l 2). For each run. {3 was adju~tcd at each iteralion of the overall solution procedure, soa~ to 
rnaintain lhe Reynold~ number at lhe desired value. The procedure for adjusting f3 wa~ IJ1e sarne as that 
proposed by Kelkar et ai. ( 1993). Pollowing the recornmendations of Kelkar el ai. ( 1993), lhe value of 
f3 at the end of each SIMPLEC iteration, was modified in lhe following manner: 

where U is the averaged velocity tbat will generate lhe de~ired Reynolds number, lJ" is the averagc 
velocity of the lust available flow field, corresponding lo lhe pre&Sure gradient {3'' • and the eltp<lnent 
a is an undcrrelaxation factor set equal to 0.9. lu the end of each iteralion, after adjusting /3, lhe 
velocity field was adjusted as foU ows: 

u;=uf y 
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Convergence was considered to be achieved wben lhe sum of lhe absolute values of lhe normalized 
residues of lhe discretized equations for u. v, k. 1. and w were less than 10-1. Tbe underrelaxation 
factors for k. i , and w were set equal to 0.9. while for u and v tbey were calculatcd at eacb iteration 
using.lhe following expression: 

(13) 

where ij are nodal índices lhat cover the entire solution domain; anh are the coefficients of the 
discretized equations: Sp is part of the linearized source term (as discussed by Patankar ( 1980)): and 
áV is Lhe volume of lhe control volume. 

Results and Oiscussion 

Validation of Computations 

The finite volume method (FYM) code was subjected to numerous verification tests. in accordance 
wilh well-estabHshed guidelines, sucb as those cliscussed by Patankar (I 980). The capabilities of the 
code to solve spatially-pcriodic, fully-developed tlows is well documented in Sebbcn and Baliga 
(1996a). Steady, fully-developed turbulent Oow in a two-dimensional straight channel was the problem 
considered to test lhe implementation, in lhe computer code, of tbe low-Reynolds number versions of 
the k -E and k -w models (lhe ILH, LSH, and WL models were te~ted). Steady, fully-developed 
flows in straight channels can be predicted by solving a one-dimensional formulation. However, for 
testing purposes, two-dimensional simulations were carried out to cbeck the two-dimensional 
implemenUHions of lhe aforementioned rurbulence models. ln lhe simulations, periodic condiúons were 
imposed at lhe inlet and outlet flow boundaries. The results of lhese cnmputations were cbecked against 
lhe Prandtl-Jones correlation (Jones, 1976) which gives lhe friction factor as a funcúon of the Reynolds 
number. Calculations for Reynolds numbcrs in thc extreme range of lhe Re value~ investigated in lhe 
interrupted-plate cbannel flow problem were considered. The friction factor results. particularly lhose 
obtained with lhe ILH model, agreed well with lhe corresponding values yieldcd by lhe Prandti-Jones 
correlation. Specifically for Lhe JLH model. the v alues were wilhin 2% of the Prandti-Jones correlation 
values. Detailed description of lhese results can be found in Sebben (1996). 

The solution of tbe aforementioned tcst problems allowed an effective evaluation of the vaHdity and 
capabilities of lhe proposed FVM computer code for predicting spatially-periodic, fully-developed 
turbulent tlows in interrupted-plate geometries. 

Grid lndependence Study 

Fricúon factor results obtaincd witb lWO nonunifonn grids are presented in Table 4 for all seven 
turbulcnce models used in this work. The number of control volumes in lhe two nonuniforrn grids were 
Grid I = 72x.l 00 and Grid 2 = 144x200, in the x and y directions, respectively. A larger number of grid 
points were concentrated near lhe solid walls and plate surfaces. A typical grid pattem is illustratcd in 
Fig. 2. 

Fig. 2 Representatlon of lhe Grld Layout Correspondlng to Grld 1 = nx100 Controt Volumes 
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From Table 4 it can be observed tbat the friction factor values calculated with the 1LH model show 
the smaUest differeoces in the results obtained witb the two grids considered: These differences range 
from 0.25% to 4.5% forRe: 4997 and 27840, respectively. On the other band, tbe rcsults obtained with 
the WL model sbow Lhe biggest differences in the values obtained with the two grids: Tbese differences 
range from 13% to 25% forRe= 4997 and 27840, respectively. For the other models, these differences 
in the friction factor results are ali within 10%. It is also noted that the JL, JLH, and LKJ models are 
le.~s sensitive to grid refmement than the LS. LSH. and LKS models, respecrively. The only difference 
between the JL and LS models is in Lheir ex.pression for the damping function. j~. This statement also 
applies to the JLH and LSH models, and to the LKJ and LKS models. As expected. for each model, the 
difference between the results obtained with Lhe two grids increases as the Reynolds number increases. 
This is because with any given grid. ali the Reynolds number increases. the gradients that occur near the 
solid regions are steeper. 

Table 4 Friction Factor Values Obtained With Seven Turbulence Models: 
Grid 1 = 72x100 and Grid 2 = 144x200 Control Volumes 

ffx1rf 

R e Grld JL LS JLH LSH LKJ LKS WL 
4997 8.309 8.240 7.144 6673 7.460 7,078 8.836 

2 8.127 7.691 7.126 6.462 7.338 6.776 10.13 

10980 8.995 8.924 6693 6.449 7.660 7.590 6.729 

2 8.482 6.258 6.479 6.095 7.281 7.065 8.360 

16930 9.121 9.005 6.588 6.407 7.732 7.638 6.246 

2 8.498 6.261 6.327 6.004 7.401 7.222 7.954 

27840 9.090 8.971 6.407 6.272 7.688 7.607 5.758 

2 8.401 8.183 6.129 5.857 7.333 7.127 7.666 

ln general. the number of grid poi.nts used in the y-direction, in botb grids, was large enou~b to 
guarantee that the mesh points closest to the solid wall and plate surfaces were below the .1 =I 
values, for aU models and Reynolds oumbers smdied. In the x-direction. however, this condition was 
satisfied only in the lower range of Reynolds numbcr. For Re = 27840 and Grid 2, the normal distance 
of the grid points closest to the pi ates in the streamwise direction yielded .1- .$ 2, raiher than the desired 
.1+ .$I . 

Friction Factor Results 

Plots of tbe .ff versus Re resuJL~ . along witb the experimental data of McBrien ('1989). are shown in 
Figs. 3(a) to (g). ln these figures, tbe filled circles (• ) represcnt the experimental data of McBrien 
( 1989), the triangles (ô) represent the numerical results obtained with Grid I, and Lhe squares ( , ) 
rep1·esem the oumerical results calculated with Grid 2. 

The plots ln Figs. 3(a) to (f) show that tbe resuJts obialned wilh the JL, LS, JLH, LSH. LKJ, and 
LKS models are quite unsatisfactory, even wíth thc finer grid (denoted by ). The absolutc values of 
the di fference between the cornputed results and the experimental results of McBrien ( 1989) can be as 
high a~ 30%. Furthermore, Lhe experimental resuHs show Lhat.ffvalues decrease appreciably with Re, in 
the range of parameters studied. Howcver, the.ffvalues obtained with the JL, LS, LKJ. and LKS models 
increase witb R e, albeit only slightly. Tbe ff values obtained with the JLH and LSH models sbow a 
trend that is similar to that of the experimental resu1ts, but, quantitatively, these computed results 
decrease only very slight:ly witb R e. 1t should also be noted tbat the differences between Lhe ff v alues 
obtained with Lhe JL and LS models are rather small (.$ 5% in most cases), with the LS model 
prediclions slightly lower than those of the n.. model. This observation also applies to the ff values 
obtained witb the LKJ and LKS models, and the JLH and LSfl models. 
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Ag. 3 Comparlson Between the Experimental Frlctlon Factors of McBrlen (1989) and the Numerlcal V alues 
Obtalned wlth Seven Olfterent Turbulence Models 

Thc effect of usiug lhe Hanjalic and Launder ( 1980) modification is quite significant, as can be 
observed with refercncc to Figs. 3(a) and (c). and (b) and (d). The JLH and LSii friction factor results 
are lower than the corresponding values obtained with tl1e JL and LS models. Tbe effect of tlus 
modificatiou is more prominent at higher values of R e. with a difference of as much as 40% in the ff 
values at corresponding Reynolds numbers. 

The results obtained with the WL model (Fig. 3(g)) show lhe best agreement with the experimental 
resuJts, both qualitatively (trend) and quantitatively. However, the differences between tbe ./J values 
obtaincd witll Grid I (~) and Grid 2 ( ) are ratller large, relative t.o tllese grid-related differences in the 
results obtained witll the otllcr turbulence models. Furthermore, it was found that the WL model results 
are very sensitive to tlle placement of tlle grid points adjacent to tlle soHd boundaries. Thís statement 
applies cveo when Lhe recommendations of Wilcox (1988) (namely. normal distance from a solid 
boundary of the tirst adjacent grid poínt sbould give ,;1+ <I, and the next four nodes should satisfy 
d+ < :!.5 are met. lt should also be noted tllat in order to meet these recommendations. very fine grids 
are required in regiam; adjacent to solid boundaries. As mentioned before, for tlle case of Re = 27840, 

I 
tlle recommendation of the fírst grid point wichin á+ < I was not satisfied in the streamwise direction 
even witb the finer grid (Grid 2). 

I 

Streamline Plots 

A good qualitativc apprecíation of tJ1e tlow field behavior can be obtained from the stream.J.ine plot 
presented in Fig. 4. This streamline plot is forRe = 10980 and was obtained with tlle WJ.-. mod.el and 
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Grid 2. ln Figure 4, a very small recircuJation wne is observed al lhe plaLe leading edge a.~ the flow 
impinges the plate. Downstream of lhe plate ll'11iling edge a recirculation z.one of approrunately 5o in 
lenglh i~ also observed. The streamJines in lhe core region of the channel are more or less al igned with 
Lhe mean flow direction. 

[ (r' ~ "" ---

Fig. 4 Slreamllne Plots forRe c 10980 Obtalned wllh the WL Model 

Skin Friction Coefticlent Oistributions 
_ , 

For R e =I 0980. disllibulions of sk.in-friction coefficieot, r: :o r" I 05 pU- . on the sulface of Lhe 
plate are presented in Fig. 5. ResulLs obtained wi th the JLH model and Lhe WL model are prescn t.cd in 
this figure. lt is seen in Fig. 5 thaL up to x/H=0.68, Lhe rwo models behavc quite differenlly. with lhe 
JLH model given rise to a much longer separation zone at the pi aLe lcuding edge. Aftcr xiJ-1=0.6fl. there 
i~ a pretly good agreemcm bcLween the result.s obtained wilh the two models. 

For thc WL 1111K.id. thc r : piO! in Fig. 5 -;how' the following fenture'>: ( 1) a high po!.ILÍ\ e ,·alue o 
r " nght :11 tht> leading cdge o l th<' plate ( r/H:()l: ( iil a '>harp high oegati\'e peak of r .. in thc region o 
U S ' I H '(;, 0.0-1 : U1i) a '>CCl'l1d negative smnoth peuk of ( ,. t.hat extencls up Lo x/H = 0. 12: (il·) ; 

rt'latively :.mooth ri"'~ in r~, from r,..=-U.U/2 to r~, =0.012. roughly, in lhe regim 
IJ./2 ~ r I H 5 0.68 : (r) u ~.:onstant v alue (lf r:,. equals to 0.012 11 hnost ali the. wuy to thc p!at1 
trailing edge: 1 1·i') a '>harp ri se in r ~,. to a \alue oi' 0. ~4 at .dH = 1.77. (Thc nondimen.~ional lcngth of Lh< 
plute i ~ UH = 1.771. 
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Fig. 5 Disb1butlon ol lhe Skln-Frictlon CoeHlclent on the Surlace of the Piate for Re = 10980 

Thc aforementioncd feam res of the skin fricúon coefficient dístribution obtained witb the WL 
model compare ralher well wiLh the r ~, dístribution that can be inrerred from the plate-surface oil-flow 
visu<~li7..ation obtained expcrimemally by McBricn ( 1989). with except.ion to the plaLe tr.Uiing edge 
region. In particular. lhe smooth oil-flow pauern ln the vicinity of Lhe trailing edge of Lhe plate in the 
experimental results of McBrien ( 1989) is entirely missed by the numerical calculations, which 
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predicted a constanl v alue of r7,. almost ali the way 10 the eod of lhe plate. A photograph of tbe surface 
streamline panem obrained by McBrien (1989) for the sarne interrupted-plate duct and Re = 10980 is 
given in Fig. 6. 

Ag. 6 Plate-Surface Streamllne forRe= 10980. Maln Flow Dlrection Is From top to Bottom of lhe Plcture: 
Experimental Resulta of McBrlen (1989). 

Experimentally, lhe flow undcrgoes strong accelerations atlhe plate trailing edge region, which are 
cause.d by an oscillating wak.e and possible vortex shedding. Thls flow acceleration gives rise to the 
smootb oil-flow pattem seen in Fig. 6 in the vicinity of the ITailing edge of the plate. ln the presem 
steady-statc simulatioos, however, lhere are no wake oscillations, or vortex shedding, thus the flow over 
the plale in the vicinity of the trailing edge does not undergo any significant accele.ratioo, except at x/H 
= 1.77. 

Conclusions 

A numerical investigation of steady, spatially-periodic fuUy-dcveloped turbulent flow in 
interrupted-plate ducts has been presented in this paper. Seven versions of lhe low-Reynolds number, 
two-equation linear eddy-viscosity models of rurbulence were assessed, and the results obtained were 
compared with available experimental data. 

Comparisons of the friction factor values between the available experimental results and the 
numerical results obtained with lhe seven turbulence models showed that oone of tbe models are 
entirely satisfactory. The calculated friction factor results showed good qualitative agreement (ITend) 
with tbe experimental results with three of tbe models tcsted, namely: Lhe JLH, LSH. and WL models. 
The results obtained with the WL model sbowed the best quantitative agreement with the experimental 
data. Howcver, it was found that tJ1e WL model results are very sensitive to the number of grid points. 
and also to their location adjacent to solid boundaries. 

The sk.in friction coefficient distribution on the sutface of the plate showed good agreement wilh the 
distribution lhat can be inferred from plate-surface oil-flow visualizations obtained experimentally, 
except closc to the rrailing edge of the plate. ln this region, unsteady effects dueto wak.e oscillations or 
vortex shedding can be significative. Such effects, whicb can only be caprured with an unsteady 
formulation of the problem, may explain the poor agreement obtained in the platc ITailing edge zone. 
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At)stract 
Loral measuremew.< are of primary importaw::e for the characrerization of gas-liquid two-plwse flow.v. both jor 
processes co/llrol and numerical mode.ling validatimL lt ü a very acli1·e research field due lo the increasing nwnber 
of app/icationv in the thermohydrau/ics ofheal e.xchangers, nuclear plants. chemical processes and oil industries. 
Thi.v papu preunts lhe local mt!aS•crements ín a verrical <tpward air-water jlow using rhe e/ectrica.l resisrivity double 
probe technique. The test sectiun was 11 80 mm i.d. and 160 cm lmrg Plexigln.r pipe. Five di!ferent gas superficial 
1•elocities. ranging .from 0.02 to 0.10 mi.<. were used in combiJUITion with rwo liquid .mperficial velocities of O and 
O. 10 mls. A resisti1·itv double probe was employed .for IIU!aSuremen/s uf the radial pro files of void fractinn, bubble 
frcqucnc-y. bubble interface Vl'locity. illlerfacial area concentration mui Sauter m.ean diameter. 
Tlw eleorical resistiviry probe method consists o.f a in.~amaneous measurenumt of tht! local e.Lecrriral resistivity in 
the two-phase f!ow by means of a sensor electrode. Since the circuit is opened or c/ose.d tlepending on whether the 
sensor tip is in comact with gas or liquid, tire probe behaves in principie like a .vwitch. yielding a two-stagl' sigMI. 
However, ro obtain a true square wave tvpe signals. a proper threshold ••ollafie has lo be used lM a rriggering 
criterimL Herein rhe signal conditioninl( is discassed and rhe influence of tire thre.rlwld leve/ is amllyztll. 
With a probe H'irh two sf.ns(lrs di.çpfLu:ed axially. the bubble interface velociry could be detemlined fmm the time 
<lehJ.•· which gan1 rruuimum correlaúon between 1he sensor respnn.ses. These valtu•s of gas vl'locity in conjunction 
wilh vohl fractions could be imegrared 10 give ave roge gas superficial velocities. V alues detemtined in tltis manner 
were compared to value5 fmm rhe inler gas jlowrare measurements wul showed an average deviarion o.f /es.1· than 6% 
.for bubbly fluw. 
Keywords: Two-Phnx<' Fim•·. lnslrumertllllion, Local Measurt'mew. Rl!.vistivity Probe, Double Probe 

lntroduction 
Two-phase tlows consisting of sirmiltaneous Oow of liquid-vapor or liquid-gas are encountered 

quite frcquently in power generation systems. heat exchangers. chemical reactors, oil industry and othcr 
industrial processes. ln these two-phase tlows, severa! flow regimes are encouotered where the gas 
phase may occur in various patterns, from small bubbles to large slugs oras a continuou.~ phase with or 
without liquid fi lms or droplets. The bubble size and their distributions io these regimes vary with the 
liquid and gas superficial velocities. flow geometry and local conditions. A detailed knowledge of the 
flow regimes and local Jlow characteristics is very important in developing predictive tools. ln addition. 
theoretical modeling of two-phase tlow studies is often based on very specific local bydraulic 
conditions. An experimental verification of such analytical descriptious thus requires a very fine and 
detailed deterrnination of the relevant local parameters. 

ln the study of two-pbase t1ow thcre has been a strong need for instruments able to mea~ure lhe 
detailed distribution of various local parameters. such as the distribution of tl1e two phases. the bubble 
size dist.ribution and the bubble frequency. 

One of the requirements of a suitable measw·ing method would be the absence of obstructions in the 
flow channel. Atleast three methnds meet this requirement: laser-Doppler anemometry. ul trasonic pulse 
transmission and particle image velocimetry. Howcver. these methods are only applicable where the 
dispersed phase is sufficiently di lute, i.e .. for low void fractions. 

ln view of the intention to measure local variables in gas-liquid flows with void fraction possibly 
ranging from r.ero to unity it is inevitable to use a probe technique. ln a recent review work. Cartellier 
and Acbard (1991) have shown that the most powerful probe techniques are elect:rical resistivity probe. 
optical probe and hot film anemometry. Among these tecbniques. the advantage of electrical resistivity 
Manuscript 1'80eived· Jufy 1996. Technicaf Editor: Angeta Ourfvio Nieckele 
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probe is that both the sensor and the detecting electronic circuit are easy to be realized. ln this work., a 
double sensor resistivity probe was used for the measurement of the radial profiles of void fraction, 
bubble frequency, bubble interface velocily, interfacial area concentration and Sauter mean diameter. 

Since the fundamental works of Serizawa et ai (1975) and Herringe and Davis (1976). continuous 
progress has been made with respect to the application of electrical resistivity probe technique Lo 
studying local two-phase tlow parameters. Progress has been done both on lhe sensor geometry and on 
tbe threshold procedure. The experimental work of Van der Welle (1985) was dedicated to lhe local 
measurement of the void fraction, bubble velocity and bubble size io air-water flows, usíng a double 
probe. Kataota et ai. (1986) introduced a local fonnulation of the interfacial area concentration and 
proposed a three double-sensor probe. Teyssedou and Tapacu (I 988) used a single probe for the. 
rueasurement of tbe void fraction profile in air-water flows. ln tbe work of Bamea and Shemer ( 1989) a 
single probe was used for the measurement of the void fraction at the centerline of a vertical pipe in 
upward air-water tlow. Kocarnustafaogullari and Wang (1991) presented an extensive work on lhe local 
measurement of lhe void fraction, ioterfacial area conceotratioo, mean bubble diameter and bubble 
interface velocity in a horizontal air-water flow, using a double probe. Liu and Bankoff (1993) 
developed a miniature double probe for the local measurement of the void fraction. bubble velocity and 
buhble size in air-water bubbly flow. ln the work of Leung et ai. (I 995) a double probe was used to the 
study of tbe axial development of the iruert'acial area and void fraction profiles. 

The Electrical Resistivity Probe Technique 

Measuring Principie 

ln principie the electrical resistivity probe method consists of a instantaneous measurement of lhe 
local electrícal resistivity in the two-phase tlow by means of a sensor electrode. A typical resistivity 
probe is depicted in Fig. I. 

uninsulated I 
lenglh v 

secood 
---+ electrode 

insu.lation 

wire 

Fig. 1 Typlcal Reslstlvlty Probe 

Basical.ly the sensor works as an identifier of a phase surrounding the probe tip. Since lhe circuit is 
opened or closed depending on whether lhe sensor is in contact wilh gas or liquid, the probe behaves in 
principie likc a switch, yielding a two-stagc signal. Such a signal shows a nearly immediate response to 
water contact wilh the probe. but a delayed response to bubble contact, due to the required dewetting 
time of the probe tip. lndeed. the sensor does not penetrate the interface without defonning iL 
Moreover, tbe instantaneous resistiviry de.pends on the fraction of the sensitive tip area wetted by one 
phase. and therefore, long sensitive length induces smooth signal transitions. Minimization of thís 
delay. i.e .. approxímation of a square wave shape. is desirable for signaJ conditioning. However. to 
obtain a true square wave Lype signal, a proper i:hreshold voltage has to be used as a triggering critcrion. 
The value of threshold voltage can be obtained by processing the data for void fraction and by 
comparing it with other reference measuring method. 

Signal Conditioning 

The most common method of signal conditioning is based on a single threshold levei whose 
intersections witb lhe raw signaJ determine tbe start and the eod of rectangular waves, produciog thus a 
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succession of gas residence times. This approach has the inherent disadvantage that signals which do 
not reach the threshold levei will be undetected. Hence the threshold levei must be set as dose to the 
liquid signal levei as possible, in order to minimize the influence of the dewetting time and to take 
accounr of small bubbles. 

No agree.ment exists in the literature. neither for the recommended threshold levei. nor for the 
resulting performance. Nevertheless. the threshold levei usually ranges from 10% to 50% of the static 
high levei signal. 

The problem is further aU!,'mented in practice by sbifts in the liquíd signaJ leveJ. This problem can 
be avoided by comparing the samples with a self-adjusting threshold levei. First the data were divided 
in many data blocks (typically 16000 samples). Before a data block entered a phase discrimination 
routine. the maximum M and the minimum N values of signal were determined in advance. The 
threshold levei Tis given by: 

T=(M-Nj ·S+N (L) 

where S ranges from zero to one. 

The main advantage of this phase discrimination method is that every data block has a Jlexible 
threshold levei, even for the sarne value of S. This is of practicaJ importance if the líquid signaJ levei 
drifls. 

Signal Processing 

As the conditioned signal consists of a tra.in of square waves, the signal has to be processed such 
that lhe local parameters can be obtained. 

The local void fraction is defined as the time average of the phase indicator function X hy: 

T 

a= lim .!..J X( x. 1 )d1 
'~'""' ""T o 

(2) 

in which X as a funclion of positioo x and time 1 equaJs one for the gas phasc and zero for the liquid 
phase. 

As lhe conditioned signal is given in discrete binary form. Eq. (2) can be written as: 

(3) 

in which N is lhe total number of samples and X( i) lhe binary sigoal 

Tbe resideoce Lime for a bubble foUows from tl1e block lengtb of the square wave signal, i.e., from 
the number of continuous samples n in the gas phase. and from the sampliog frequency.f: 

(4) 

The local bubble interl'ace velocity may be dctcnnincd from the signals of two probes placed in lhe 
flow direction. A bubble which contacts the front probe will. in general. subsequently makes contact 
with the rear probe. The time delay between these lwo contact signals is a measure for the velocity of 
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the bubble. lt is of course possible that a bubble is only pierced by one of the probes; lhis error source 
should not cause any problems provide this stochastic process is observed over an adequate length of 
time. A correlation technique will be required to determine the most probable time. delay between two 
stochastic signals. Tbe cross-correlatioo fuoction of the two probe signals a and b is defioed by: 

T 

f'm,(x,T) = lim !...Ja(x.t)b(x+d,L+'C)dt 
T -+ .. T 

o 
(5) 

where d is the distance between the probes and 'C is lhe time delay. The maximum of the correlation 
function yields the most probable time delay r0 , from which the bubble interface velocity component in 
lhe axial dire<:tion is determined as: 

d 
V;=-

To 
(6) 

For two identical signals shifted relative to each other the correlation function yields a triangular 
sbaped function. ln case of nonidentical signals, i.e., when the width of the blocks differs. the lop of the 
correlatinn function is broadened, whlch may generate difficulties in determining -r-0 . ln practice, 
however, the correlation functions show a single maximum. Jt can be shown that the error in 
deterrnining r 0 is inversely proportional to t:he number of samples within the time delay r0 , that is, if 
the sampling frequency is sufficiently large, the error in the measured velocity can be kept sufficiently 
low. 

The chord length I of a bubble follows from the block length of the square wave signal, i.e .. from 
the number of continuous samples n in tbe gas phase, and from lhe bubble interface velocity v; obtained 
from Eq. (6): 

fi I'· 
1=--' 

f 

wherefis lhe sampling frequency . 

(7) 

The transfom1ation of a cbord length into a bubble diameter remains problematic, as a certain chord 
length can correspond to a small chord in a large bubble or a large chord in a small bubble. Moreover, 
the velocüy of Lhe bubbles may differ. This problem may be overcome if the foiJowing assumptíons are 
ma de: 

• the bubbles are spherical; 

• the probe has equal probability of piercing any point on tbe projected frontal area of the bubbles; 

• ali bobbles travei in the sarne direction with the sarne average velocity. 

lf lhe probability density function of the measured chord lengths is denoted by g(l) and that of the 
detected bubbles diameter by j( d). it is shown by Herringe and Davis ( 1976) that: 

j ( d} = ~ ( g( I )-/g' ( 1.1) (8) 

The use of this equation to obtain Lhe function f(d) requires differentiation of function g(l), wbich 
can cause substa.ntial errors. duc to inaccuracies in the experimentally determined distribution g(l). On 
lhe other hand, some investigators report that bubbles which are not centrally pierced will teod to 
displace their center in such a way lhat anyhow the diameter is measured. This point of view makes the 
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second one of lhe above assumptiom ralher doubtfuJ. and in some works lhe bubble d.iameter is 
as~umed to be cqual to lhe measured chord length. so lhatftd)= g(l). 

lt must be noted that the distribut.ion functions and mean diametcrs obtained are only representative 
of derecred bubhles. The spectrum of detected bubbles will in general not be representaúve of the 
spectrum of existing bubbles. as lhe probability for the probe to dete.ct a bubble is inversely 
pmport.ional to thc cross-secrional area of tbe bubble, i.e .. db'· lf we denote lhe probability density 
function of lhe detected buhbleb by fld) and lhat of all bubbles wilh cemer passing lhrougb a unit area 
of the cross section by j(d), it is shown by Herringe and Davis (I 976) lhat: 

(9) 

where 

k = .:!...:2!... 
1C Nb 

in which nb is lhe number of detected bubbles ano Nb is tbe total number of bubbles passing tbrough a 
unit arca. The function j(d) will yield a much narrower bubble siu: range and mucb smaller mean 
diameters than thosc obtained from lhe functionfld) duc to lhe d:ivision by db'· 

The time-averaged interfacial area concentrntioo a; can be obtained by counting thc number of 
interfaces passing lhe probe per unit time N, and I<Ilowiog tbc interfacial velocity v1 and lhe anglc tf> 
between this vclocity and the normal vector of lhe interface (Kat.aota et ai., J 986): 

- 2AI I Uj{ X)- n 1 -

1 

-

1 

-
v, t·vsif! 

( lO) 

ln practicc. 11 is difficul! to determine the angle ~. However. with lhe assumption lhatlhe interfaces 
are composed of spherical bubbles. thc probe passes every part of bubble wilh an equal probability and 
lhe iutcrfacial velocity has Lhe sarne direction of lhe probe tips. lhe interfacial area concentration can be 
deterrnined (Vetau. 198 I) by: 

I 
a;( x)=4N1 -I I 

\.'; 
(li) 

The pro files of thc interfacial area concentraúon and lhe void fraction can be u.~ed to determine the 
Sautcr mean bubble diameter variaúons along the cross section. The defmítion of lhe Sauter mean 
bubble diameter al>sumes sphcrical bubbles and is given by: 

(12) 

where nt i::. lhe number of bubblcs nf si.ce Dk and N1 is the total bubble si.te classes. 

From the definitions nf vmô fract.ion and interfacial arca concentratíon for sphcrical bobbles. it can 
be shown thnt: 

D ) 
6 a( x) 

sm(X =--­
a,fx) 

(l3) 
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Experimental Results 

Oescrlptlon of the Experimental Faclllty 

A schematic diagram of the experimental facility is illustrated in Fig. 2. Tbe test section is made of 
a 80 mm 1D Plexiglas tube which is 1600 mm long. The local measurement station is located at 
UD=l5. 

The air flow was supplied from the building central air system. The ai r Oowrate was controlled and 
measure-d with a mass tlow controller BROOKS-585 1-E. The tap watcr flowrate was mea~ured with a 
rotameter. Both air and water were injected into the mixing chamber placed at lhe bottom of lhe test 
section. The bubble generator consisted of a porous plate. At the top of the test section a constant levei 
system allowed the ai r to be exhausted and lhe water to be drained. 

The. experimental conditions are summariz.ed in Table I. The gas tlowrate and superíicial velocity 
are always expressed at lhe calibration conditions (0°C and 101 KPa) . 

LID= l5 

• •• • • 

to the drain 

local probe 

porous plate 

air/water injection 

Fig. 2 Schemetlc of the Experimentei Feclllty 

Table 1 Experimental Flow Condltions 

Úquid.flowrate (m%) 

Superficialliquid 
velocity (m/s) 

Gas ftowrate (m%) 
Superficial gas 
velocity (m/s) 

0.36 
0.02 

0.72 
0.04 

o 
o 

1.09 
0.06 

1.81 
0.10 

1.45 

0.08 
1.81 
0.10 
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The Electrical Resistivity Double Probe 

The local measurement station conststs of a probe displacement mechanism. Lhe electrical resistivity 
doublc ~en~or probe and the driven voltage-~ensitive circuit. The doublc sensor probe was inserted in 
the te.st secllon thruugh a probe support rubc (3.0 x 2.0 mm) fixed to the displacement mechanism. A 
Vemier. walh graduations to an accuracy of 0.05 mm, was used to traven.e lhe probe ia the radíal 
threction. A hlgh resolution mechanism was necessary to evaluate probe positions in tlow strean1 
accurately and to ensure reproducible resuiLS. 

The design of the electrical resistivity sensor is shown in Fig. 3. For each sensor, one electrode is 
the exposed tip of an otherwise isolated wirc and the return electrode is tbe supporting tube. The inner 
electrode is a 150 ).1111 diameter stainless steel wire, accurately cut under a microscope at the tip. The 
conical tip of lhe sensor wos mode a~ shnrt a~ possible (30 JJID) to minimize lhe effect of bubble 
defom1ation. ll1e stainless steel wire was inserted into a 0.2 mm i.d. lhin plastic sleeve. This plastic 
tuhe containing the sensor was then inscrted into a 0.6 mm i.d. x 1.0 mm o.d. stainless steel tube. Epoxy 
insulauon was applied to the emire sensor and allowed to run back whilst drying. to ex pose only a small 
tip area. The ex.posed length was about 250f-1rn .. Tbe axial distance between lhe tip of the two sensors 
was 3.8 mm. 

stainless steel tube 1.0 x 0 .6 mm 
insuJating plastic 
tube 0 .5 x 0.2 mm t::::\ 
lo 

insulating epoxy 

250 ~-tm 

Fig .. 3 Deslgn of lhe Electrlcal Reslstivlty Double Proba 

Each ~ensor was driven by a voltagc-sensitive circuit consisting of a 1.5 volt battery anda 2.2 MD 
potenuometer connected in series with the prohe to the ground. Tbe potcntiometer wa~ adjusted to give 
an Oplimum output voltage for mea~urements. lf lhe sensor tip is in lhe liquid pbase, tbe circuit will be 
closed and the vultage output will be lowcr. When a gas bubble bits lhe sensor tip. lhe circuit continuity 
wiJI bc brol..cn and the..output will read a high voltage. The voltage drop across the probe during closed 
circuit (liquid signal) appmximated 0.3 to 0.4 volts. This low voltage effectively reduced 
electrochemical phenomena at the sensor. 

For each preset experin1cntal condition lhe probe signals were digiti1.ed by a data acquisition system 
utilizing a personal computer and a Keithlcy-MetraByte DAS-1401 high-speed analogue-digital UO 
expnnsion board. 

A 1ypical resistivity duuble probe rcsponsc in two-phase bubbly flow (4 kHz sample rate) is shown 
in rig. 4. lt can be observed the time shirt between the signal of Lhe 1wo sensors as a bubble passes 
through the probe. 

Owing to the large volume of dnta genemted, the sampling rate of tbe data acquisition was set at 4 
kH7. and the total sampling time was 40 s. It was found that thls combination provided a sufficiently 
number of bubblcs for the statistical analysis of the flow. On averJ.ge. 500 LO 2000 bubblcs wcre 
detected in each acquisition of raw duta. 
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IL is to be noted lhat lhe sampling rate may seen to be very low when compared wilh some 
iuvestigations carried out on vertical bubbly two-pbase tlows. However. it is important to note lhat for 
tbe present experimental conditions tbe bubble velocities are very low. and thus ii becomes essential to 
have a total sarnpling time as long as possible to get enough bubbles. This simultaneously leads to a low 
sampüng rate due to tbe overalllimitations of lhe data acquisition system. 

ln principie, lhe resistivity probe is able to detect only bubbles greater tban 250 1-1m because tbe 
exposed length of the sensor tip. Then. for a typical bubble relative velocity of 20 cm/s, even with sucb 
low sampling rate, a bubble passing the sensor tip will produce at least five samples at high levei 
voltage. 

lnfluence of Threshold Levei 

As mentioned above. a proper tbreshold levei has to be apptied to the raw signal in order to obtain a 
true square wave type signal. When the threshold levei S. defined as a percentage of the voltage gap 
between lhe static leveis. evolves from 0% to 100%. so does the local void fraction. Hence. for a given 
experimenl, it is always possible to fllld an optimum tbresbold in order to retrieve the void fraction 
determiued from another techniquc. 

Figure S shows the intluence of the threshold levei on the void fraction determination. Consider 
now the sensitivity of the void fraction to lhe choice of the lhreshold. A typical value of lhis sensitivity 
for lhe experimenlal results shown in Fig. 5 is given by: 

Mx 
- >= - 0.07 
.1S 

where both void fraction and threshold levei are expressed in percentages. 

(14) 

For example. if the threshold levei is increased from 0.2 to 0.3, the void fraction will typically 
decrease by 0.007. Tbis value of sensitivity may be compared to lhe better sensltivity results for 
resistivity probe techniques reported in lhe work of Carteltier and Achard ( 1991 ). 

Ali the experimental results presented in tbis paper were obtained by using a threshold levei S::O.I . 
The experimental uncertainty on the void fraction measurement associate wilh the lhreshold levei was 
about 0.007. The uncertaimy associate to tbe data acquisítion sample rate was around 0.013 (bubble 
diameter = 5 mm. bubble velocity = 0.25 m/s and sample rate = 4 kHz). Then tbe uncertainty on the 
void fraction measuremenl was estimated 1.0 be 0.02. that is 2 %. 
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Fig. 5 lnfluence of the ThrHhold Levei on the Void Fractlon 

Resldence Time Distribution 

The bubblc residence time histograms at lhe pipe center (r!R::{).O) and near to lhe pipe wall 
(r/R=0.75), for two different gas superficial velocities (Jg=0.02 rn/s and Jg=O.LO m/s) are shown in Fig. 
6. 

For lhe lower gas superficial velocity (Jg=0.02 rn/s), Lhe bubble residence time distribution is quite 
unifonn bOLb at tbe pipe center and near lhe pipe wall. as it was expected for u bubhly tlow. 

On lhe olhcr hand. for a higher gas superficial velocity (Jg=O.IO m/s). lhere are much more smaJJ 
bubbles at Lhe pipe center lhan near lhe pipe wall. This llow configuration is a characteristic of churn 
turbulent flow regime. where lhe large bubbles are broken down due to the turbulent liquid flow. The 
bubble residence time distribution at lhe pipe cemer shows a large number of bubbles wilh a residence 
time of lcss lhan 5 ms. For a typical bubble relative velocity of 20 cm/s, it corresponds to a bubble 
diameter of less than I mm. 

It should be noted the relatively lower number of bubbles wilh a residence time less than 0.5 ms. As 
it wa~ mentioned above, lhe resistivily probe is able to detect only bubbles greater than 250 fJ.ffi due lo 
the cxposcd length of lhe sensor tip. Then, only a few number of very srnall bubbJes ( <0.1 mm) were 
detected by the probe. 
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Fig. 6 The Bubble Resldence Time Hlstogrem 

Bubble Frequency 

The bubble ffC<!uency radial profilcs. for two different üquid superficial velocities. are sbown in 
Fig. 7. As it was expected, lhe number of bubbles passing by Lhe sarne radial position incre.ases as the 
gas superficial velocity increases. Generally. lhe bubble frequency dccreases from the center to the pipe 
wall. Nevenheless. for low gas superficial velocities, tlie bubble frequency i~ quite unifonn over lhe 
pipe radius. For a liquid superficial velocity of O. lO mls. a nat bubble frequency proftle may be 
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observed even for a gas superficial vclocity as high as 0.06 m/s. This fact could be explained by the 
transition between bubbly flow and churn tlow regime. If for no water tlow (JI = O) this transition is 
observed at a gas superficial velocity of about 0.03 m/s, for Jl = 0.1 O m/s the tlow transition is observed 
only for Jg = 0.07 m/s. 
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Fig. 7 The Radial Proflles of Bubbte Frequency 

Void Fraction Distribution 

- Jg = 0,02 m's 
-A-Jg=0,04 m's 

~ Jg = 0,06 m's 

-+-Jg = 0,08 m's 

-+-Ja = 0.10 m's 

The void fraction radial profiles, for two different Jiquid superficial vclocities, are shown in Fig. 8. 
For ali experimental conditions. the void fraction protiles are similar to the bubble frequency profiles. 
Moreover, the bubble frequency distributions are proportional to the void fraction. 

As it was expected for bubbly flow regime, i.e., for low gas superficial velocities, there is a peak in 
rhe voíd fraction distribution near the pipe waiJ. lt disappears for higher gas superficial velocities (churn 
flow regime) and the void fraction profíles become close to a paraboüc shape. 
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Fig. 8 The Radial Proflles ot Vold Fractlon 

The Double Sensors Response 

Since the double probe sensors are separated by a finite distance and a bubble is free to move in any 
direclion, a bubble that hits tbe upstream sensor is not always intercepted by tbe downstream sensor. 
Figure 9 shows a comparison between the bubble frequency measured by the front probe and by the 
rear probe. Tt is clear that some bubbles (about 10 %) were dellected by lhe front probe and were not 
intercepted by tbe rear probe. The ~ame trends were observed in the void fraction measurements from 
the two probes. 
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Fig. 9 The Bubble Frequency Oetected by lhe Front and the Rear Probe 

Bubble Interface Veloclty 

As it was mentioned above, the hubble-interface velociry may be determined from the time dclay 
betwe.en tbe signal.s of two probes placed in the flow direction. A correlation function, Eq. (5), was used 
10 determine lhe most probable time delay between two stocbastic signals. The maximum of lhe 
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correlation function yields the most probable time delay, from which the bubble interface velocity 
component in lhe axial direction is determined by Eq. (6). 

Figure I O shows a typical correlation function disoibution for different radial positions. lt 
corresponds to a bubbly ftow regime for which a very well defíned maximum was observed for ali 
radial positions. For chum flow regime, tbe correlation functions were broadened because tbe presence 
of sorne large bubbles witb greater interface velocity tban the small bubbles. Nevertbeless, ll was 
always possible to find the function maxirnum that corresponds to lhe most probable time delay. 
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Fig. 10 The Dlmenalonless Cross Correlatlon Functlons 

The radial bubble velocity profiles are presented in Fig. li. For both liqujd superficial velocities 
(11=0 and 11=0.1 O m/s), the bubble velocity decreases from the center to the pipe wall, except for the 
lower gas superficial velocities that correspond to the bubbly flow regime. where a flat profile was 
observed. The measured bubble velocities are close to the values predicted by the drift flux model 
(Zuber and Findlay. 1965). For example, the bubble velocity predicted by the drift tlux model, for JI=O 
and Jg=0.02 mls, is about 0.25 m/s; for 11=0. 10 and 1~.02 rn/s, lhe bubble velocity is about 0.37 m/s. 

Jl = O rnls 
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Fig. 11 The Radial Profllea of Bubble Interface Veloclty 
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lnterfaclal Area Concentration 

The local interfacial area concentration may be detennined from the bubble interface velocity and 
bubble frequency measurements. by using Eq. (11). This equation was obtained with the assumpúon 
that the interfaces are composed of spherical bubbles, the probe passes every part of bubble with an 
equal probability and the interfacial velocity has the sarne direction of the probe tips. The radial profiles 
of interfacial area concentration are presented in Fig. 12. Generally, the interfacial area concentration 
increases as the gas superficial velocity increases. On the other hand, it was not influenced by the liquid 
superficial velocity. lt should be noted that the interfacial area decreases near the pipe wall, certainly 
because the bubble freqoency reduction in this region. 
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Fig. 12 The Radial Proflles of lnterlaclal Area Concentratlon 

Sauter Mean Diameter 

The Sauter mean diame.ter, defmed by Eq. (12). may be detennined from the void fraction and 
interfacial area concentration, by using Eq. ( 13). The radial pro files of the Sauter mean diameter are 
presented in Fig. 13. As it was expected, the bubble diameter increases as the gas superficial velocity 
increases. For bubbly flow regime the mean bubble dianteter is approx.imately 3 mm, whlch is in 
agreement with flow visualization. 
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Average Gas Superficial Velocity 

The average gas superficial velocity may be obtained from the local measurements of the void 
fraction and the bubble interface velocity. Pirst, the pipe areais divided into eoncentric rings according 
to the radial position of the local measurement. Tbe area averaged gas superficial velocity is obtained 
by mulúplying the local void fraction and bubble interface velocity by tbe area ralio and summing tbem 
together: 

(15) 

wbere r0 • r,· and R are respectively the ou ter and lhe inner radius of tbe concentric ring and lhe pipe 
radius. 

Figure 14 shows the comparison of lhe area average gas superficial velocities obtaioed by tbe probe 
metbod and by the inlet measurements. Most of data were with a lO% error range compared to the inlet 
fiow measurement. The disagreement for higb gas superficial velocity is probably due to lhe effect of 
the overprediction of lhe bubble interface velocity for the chum flow regime, as it was mentioned 
above. 
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Conclusions 
Tbe eJectrical resisúvity double probe technique for measuriog local parameters in a two-phase flow 

has been described. Data oo tbe local void fraction, bubble frequency, bubble interface velocity, 
interfacial area coocentration and Sauler mean diameter were obtained for different gas and liqu.id 
superficial velocities in a air-water vertical flow. Fo.r the present experimental conditions, bubbly flow 
and chum flow regime were observed. 

For bubbly flow the void fractioo and the bubble frequency radial profiles showed a distinct peak 
oear the wall anda relatively tlat panem in the core (r/R<0.8). locreasing the gas superficial velocity, 
for a constant liquid superficial velocity, increased the void fraction and the bubble frequency, both in 
lhe core region and in their pealcing region near the wall For chum flow regime tbe void fraction and 
bubble frequency pro files become c!ose to a parabolic shape. 

The bubble interface velocities. obtained from the cross correlatioo function of the signal of the 
double sensor probe, are dose to the values predicted by the drift flux model. It ranges from 0.25 mls 
for bubbly flow, up to 0.75 m/s for cbum flow. The ioterfacial area conceotratioo and Sauter mean 
diameter radial profiles were obt.ained from the void fraction, bubble frequency and bubble interface 
velocity. 

Fioally, lhe area average gas superficial velocíties, obt.ained from tbe local measuremeots of void 
fractíon and bubble ve!ocity. were compared to the inlet gas flow rate and a very good agreement was 
found. 
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Abstract 
n,;s pape r is conc~med with velt>ciry jluc1uorions in a moTWdisperse dilu1e suspension uf sedimemlng particles tl1ld 
in particular wilh tlu! divergence probh:m of 1he variance with the sysrem size. Afier various scaiing argumem.r ii is 
ducribed a model for suspension jlow in which macroS<;opic 1nass tl1ld momenJum balanc~s are constrw:ted to be 
suh·ed simultaneously. The generol modt:l is adapled to study the problem of fluctuations in sedinu'nlatiun urulu 
conditiun.' of /ow Reynolds numbers and jinite Sww numbers. The impanant contribution to the particlt strl!..rs 
ass«imtd ,.,;,h ve/nciry fluctuations induud by body fon:es is de.rcribl!.d using an effective vi.scosiry. The cotfficitmts 
uf lhe scaling argumenrs for bo1h limiting case examined (inertia/ess and wlren lhe inertia of rhe particle is 
imporrarrtJ ar<' <Jiso ,-,./cular.-d. 
Keywords: Velociry Fluctuations, Sedimentation. Random Suspension. 

lntroduction 

The sedimentation of a monodisperse. dilute suspension of non-Brownian, rigid spheres under 
creeping flow conditions is one of lhe basic simple flows in sw;pensions. If l:he suspension is infinitely 

dilute tbe hydrodynamic interaclions between particles may be neglected. ln lhis case eacb particle 

senJes with lhe Stokes velocity, Us = 2/9~w 21p g where ,1p denotes lhe difference between lhe 
densiry of lhe solid particles and fluid, a is lhe particle radius. J.l is lhe fluid viscosity, and g is lhe 

acceleralion dueto gravity. Ata finite pa.nicle concentration, however. lhe mean sedimentation velocity 

ip) of lhe spberes is noticeably proponional to the Stokes seuling velocity. The proportionality factor 

f. known as the hindered funclion. is gcncrally assumed to be dependent upon lhe volun1e concentration 
of the particles q, ( = 4/JaJ n) and a monNonically decreasing function wilh j{O)=l. In lhis paper n is 

Lhe number density of the particles (i.e. the oumber of particles N per unit of volume). The mean 

sedimentation velocity in lhe suspension is theo assumed to be \U)=U1 f( IP), where ( ) indicares an 

ensemble average over ali possible particle coofiguraúons weightcd by the probability of their 
occurrence. Even in a dilutc suspension, the depar1Ure of fl ~) from unity is determined by lhe 

suspension microstructure. 

A random free suspension structure is lhe most imponant ooe for sedimentation problems, although 
yet is in some way the most difficult to handle lheoretically. ln lhis pmblem the conditional probability 

function P( x + rjx) wbich den~tes the probability of tinding a spbere with its centre at .r+ r giveo that 

lhere is oue centre<! at x, is not known a priori and can change from system to system depending on the 

condition of the real eltperiments. The t.heorctical progress lhat has been made, tak.es into account only 
the well-stirred particles distribution in a dilute monodisperse suspcnsion. ln general, lhe suspension is 

supposed to be statisticaUy homogeneous. requiring unifonn probability for ali physically accessible 

position of one sphere relative to another. Specifically speaking, lhe centre of a tesl sphere cannot bc 

locatcd wilhin an excluded volume shell a <I r J<2a of any olhcr sphere. Under this condition 

P(x+~x) is constam(: n) for J rJ~2a and vanishes for O~J r J<2a. The problcm is still complicated 
because the first effect of particles interact.ions on the mean or variance of lhe sedimentation velocity 

cannot be found simply by adding up the cootributions from ali lhe pair interactions in which the test 

sphere takes part. The procedure resulls in sums or integrals wbich are often divergent. Tbis difficulty 
Manuscrlpt r6Cflíved: February 1996. Tectmlcs/ Editor. Angela Ourfvlo Nieckele 



F.R. da Cunha: On the Fluctuations in a Random Suspenslon· ... 475 

comes from lhe fact lhat in lhe Stokes flow, hydrodynamic interactions are long-range. Evidemly, a 
sedimenting suspension containing ao iofuüte number of particles mak.es 

the integral (U)=JU(x,x+r)P{x+r jx)dr. divergent. as U(x,x+ r )=O(lllrj) and P(x+rjx)~n as 

lrl~oo · 
The convergeoce problem cao be avoided in a number of ways; at presem the most popular is the 

reoormalization tecbnique frrst introduced by Batchelor (1972). The essenoe of his procedure is to look 
for a quaotity that has the sarne asymptotic dependence oo the positioo of one particle i o the suspensioo 
configuration, aod whose meao value is k.nowo precisely involving ali spheres in the configuratioo. 
Batchelor wa~ able to show that lhe mean settling speed relative to zero-volume f1ux axes (lhat is, 
relative the containing box) io a statistically homogeneous dilute suspension of rigid particles is 
proportiooal to <P. fmdiog f( ~ )=( 1 -6.55~ )+0( ~2 ). 

The 0( ~) correction consists of a small positive effect due to the finite size of the particles 
l+054J), i.e. a degenerate quadrupole, ta•v•u( x,x+r ~x0 ,a contribution due to the near field 
hydrodynamic whicb cootains lhe fine details of lhe imeraction between pairs of panicles ( -1.551/1) , 

and a large negative contribution from the back fiow effect ( -5.5~) ( which corresponds to the Jowest 
levei of poini force approximation). These considerations have been clarified aod amplified by Hincb 
(1977), who establisbed a systernatic approach of ensemble average in whicb ao infinite hierarcby of 
linked bulk equations are constructed by repeatedly averaging with one more fued particle at each 
levei. and thc hierarchy cao be truncated by noting tbe linking terms become small for small particle 
concentration. Adding contribution from higher reflections Hinch was able to recover Batchelor's result, 
getting f( 4J )= 1- ~~ IP+O( 41 2

). Complementary techniques of renormalization are given in a number 
of other importanl articles on detennination of transport properties of suspensions (e.g. Jeffrey, 1974, O' 

Brien, 1979), and ali have confirmed Batchelor's calculation. 
The origin, significance and interpretation for overcoming the convergence difficulties with 

c.alculating the sedimentation velocity in a random monodisperse dilute suspension are now well 
understood. However a dramatic illustration of the convergence problem in such suspension is fonned 
by lhe divergence of tbe variaoce (U'2) (the sim.plest measure of tbe particle velocity fluctuations) of 
the sedimentation ve1ocity. This paradoxical situation was first noticed by Caflísh and Luke (1985), 
who showed lhat Batchelor's (1972) renormalization does not resolve tbe divergence difficulties 
associated with calculatiog the variaoce of lhe sedimentation velocity. lndeed they found that the 
variance of the particle velocily in a monodisperse suspension of spheres whose positions were 
raodomly distributed wilh uniform probability would depend on tbe linear dimension L of the container, 
i.e. the variance would be OtU.~Lia). Here U'=U- (U) is the deviation of the particles velocity 
from its average value. A first scaling analysis based on arguments of buoyancy-driven convection in 
sedirnentation was proposed by Hinch (1988); volume elements of the suspension with tbe lowest 
density rise re1ative to volume elements witb highest densiry. The scaling confirmed the result predicted 
by Caflish and Luke. 

The fluctuations io the motion of a particle in a sedimenting suspension are ao inherent property of 
such a system, but by no means the result of hydrodynamic instability of the mean Oow. lf the latter 
occurs, additional 1arge-scale perturbations, similar to secondary flows or turbulence, in tbe 
hydrodynamics of one-phase media. may be important. ln tbe present work we are interested in 
suspensions under conditions of low Reynolds number, in which the variations in the individual particle 
velocities are dueto varying configurations of neighbouring particles, i.e. statistical density tluctuations 
caused by visc.ous hydrodynarnic ioteractions. The disordered motion of tbe particles gives tbe particles 
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a statistical tendency to migrare, lhat at long time behaviouc can be characterized by rneans of a self­

induced hydrodynamic dispersion diffusivity. ln order to understand lhe problem of tluctuatiou in 
scdimentation in a reasonably simple rnanner, ancJ to bring out Lbe esseotial features. we sba!J present 

uext scaling arguments for lhe velocity tluctuations produced by horizomal density tluctuations in a 
random suspensioo. Basically. variations in lhe number density of particles over leogth sc.ales of order 
of lhe settJing box siz.e L drive convection cucrenlS. We will find lhat tbese coovection currents can 

dominate lhe motion of particles during sedimentation. 

Scaling Analysis 

Let us consider lhe situation of a dilute suspension, wbere it is natural to suppose that. for lhe 

purpose of considering the iofluence of neighbouring particles on a test particle, it suftices to replace aiJ 
other partícles in lhe suspension by poínt singularíties, such as poiol forces. Thus, the phase spacc 

operator corresponding to the density number of N point partícles randomly d.istributed in the 

suspension can be dcfined as 

N 

n(x,t)= ,Lõ(x- xil(t)) (I) 

(l• / 

whcre x(llt J is the positioo of the a '" particle at time t, N is the number of particles, and õl-x J (the 
Oirac's "delta fuocrion") is labeled a distribution or a generalísed function, defmed by the sequences 
equivaJeot to õ P =e- PA (pI 1!) 2 (LighthiU, I 958) sue h that 

(2) 

Note that lhe unconditional average at a poiot (nlx.l}) =n defines lhe mean number density of 

particles, wirh lhe average over aJl positions of X a . On the other band. the mean density given there is 

a particle at xp (conditionaJ average). is (n( x,t J) fJ =n { 1- h( x - xp )/ wirh h--+0 as (x- xfJ)--+ oo. 

Using Equation (I), lhe space-time correlatioo G(x.t) can be written as follows (van Hove. 1954) 

(3) 

where Glx.t) splits natuntlly into two parts: one that describes the correlatioo of one particle at 
different times and one that describes the correlation between distinct particles at rhe sarne times. We 

interpret this function as the cooditional probability that some test particle is located in dx at x rime t 

given that it was at lhe origin at t =O. lt is immediate to see that (n( x.O )n( x,t ))= NG( x,t). We now 
define the scattering function F(k ,t) (Rallison and Hinch, 1986) as the Fourier transform of the space­

time correlation function. Tben F(k.t) and G(x.t) are Fourier relatcd by 

G(x,t)= 8~1 I F(k.t)e-2tribdk and F(k.t)= I G(x.r)e2trik..xdx (4) 

The corresponding Fourier transfom1 sum of n(x,t) and its complex conjugate are given respectively 

by 
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N N 
n(k,t)= L,illik . .ra(' ) and ,t(k,O)= L, e -lmk . .rp(o) (5) 

a = l fJ =I 

Here lhe notation ii"lk.O)=n t-k.O). lf a dynamical quantity like e2
11ik . .r{t) is complex, the time 

correlation funclion is defined as (A'lOJAlfj) (van Hove. 1954). This is equivalent to multiply 
i{ l k.O) by ntk.r) and average over an equilibrium ensemble. (n(k,t J=íi.lk,Oj) . Hence the scattering 

funct.ion F( k. t )= ~ (n( k,t )n .. (k,O)) may be evaluated in according to lhe following expression 

F(k.t)= ~ / L,e-2Kik.[.ra(')-xp(o)J) 
\a.p (6) 

PhysicaJiy. F(k.t) may be interpreted as the autocorrelat.ion of tluctuations in the number density 
illk,t) at wave number k , and it is often called in Lhe lüerature (e.g. Rallison and Hinch, 1986) the 
dynamic structure factor of lhe suspension. 

We consider the initial condition for \n(x,tJntx.O))=NGtx,t) and ~,i'(k.t)li.(k,O))= NF(k.t) as 

being the "thermodynamic li mil", which corresponds N --7=, V --7 = with ( N I V )--7 consum t . V is the 

suspension volume. Then. following Rallison and Hjnch (1986), we deduce that 

{n(x.t )n(x,t ))=n8(x )+n2
[ g(x2 - x 1 )-! J (7} 

and 

(8) 

where g(x2 - x1 )=g( x2i x 1 )/n is the eyuilibrium pair-distribut.ion function and n=NIV is lhe 
uniform particle density numbcr. Note that thc function g~x1 -xJ)-71 rapidly as ix2 -x11fa-7= 
(dilute limil). 

ln particular, we are interested in considering the simple case in which the distribution of point 

particles exists with unifonn probability. Hence one assumes that the particles are randomly and 

independently positioned in the suspension domain, so Lhat the equilibrium configuration is simply 
described by mak.ing g(x1 -x 1 )=I into (7) and (8). Then one obtains 

n((x,O)(x.O))=n8(x) and (i/ ( k.O)íi• (k,o))= N 

With this assumption Gtx.O)=n. and F(k.O). Lhat is now called the static structure factor of the 
suspen~ion S(k), takes the unit value. 

Based on lhe above microstructure restriction. we wish to look at order of magnitude of the 

characteristic density number fluctuat.i oo n, occurring on a length scale I of the suspension in tenns of 

an volume integral of the the density number variance (n1 (x.O)) (i.e. an volume average). Hence a 

typical fluctuation in number density may be estimated as a volume average, 
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1 II (2 ) n1 - 7 n (x.O) dx 
I !xl<t 

(10) 

Substituting lhe fust equation from (9) into (lO) and using Dirac's delta definition we obtain 

(1 1) 

lf m is the particle mass. lhe statisticaJ dcnsity fluctuation PJ io the region of size l is e;<;pected to 

be PJ = 0(mn1). This result suggests lluctuatioos in the number of particles as being O( [NI. Heoce we 

could imagine that if a box of volume O( I xIxI} containiog N particles is divided into two equal parts 

by a venicaJ plane (see Pig. 1), one half of lhe box wiU contain ( ~- .{Nj particles, wbereas the otber 

half will contain ( ~ + [NI . This unbaJance drives convection currents during the sedimentation 

process. 

Fig. 1 Phyalcal Mechanlsm of Auctuatlons ln Sedlmentatlon 

Veloclty Fluctuations 

We shall now consider two limiting cases for the velocity fluctuations: 1) lnertialess or i-mail box 

condition and 11) Jnertial or large box. coodition. The flfSt limit is delined for length scale I sufficiently 

smaJI (large wave oumbers). which corresponds to be much Iess than lhe screening Jengtb. X • but 
much greater than the particle radius. í.e. a << I << X . lt will be show lhat this is the case when the 

fluctualions are going to depcnd on the size of the box.. Oo the other, lhe ioertiallirnit wiJJ occur for a 

Jength scale I, that is much greater than the screening length (small wave numbers), I>> X . Under lhe 
lauer condition scaling will show that the velocity fluctuation sbould be independent of the size of the 

box. The scrccning mechanism here is associated wi th particle inertia just as occurs in a dusty gas 

(Saffman, 1962 and Koch. 1990) instead of tluid inertia, so that lhe problcm is slill treated at low 
particle Reynolds numbers. Next is argued Lhe steady state of the velocity lluctuat.ions for both lirniting 

cases above. 

lnerUaless case: a << l << X 

Tuming to expression (l i ). the stat:istical fluctuations in the density number of particles willlead to 

a fluctuation in lhe weight of 0( mg[;1) . At the time scale it takes vorticity tO diffuse over the length 
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I, t = 0( p t'ff l 1 I Jl,ff ) , tbe fluctuating buoyancy force is just balanced by the viscous drag associated 

with the driven flow uí due to the statistical density fluctuations. Hence O( mg Q J = 0( u,:tr it/1 ) 

Then, one obtains 

, mg 11 
u, =0(--n212) 

Ueff 
(12) 

Here Pt:ff is the effective densi.ty, P.flwd in a liquid·suspension aud mn in a dusty gas, Jleff' is the 
effective viscosiry, e.g. Jl J1uid (I +-j- 91 in an infin itely di lute l.iquid·suspension (Einstein. 1956) and Jl 
of lhe gas for a dusty gas suspension (Saffman, J 962). 

lnertiaJ case: I>> X 

The time the particles takes to accelerate acro~s I is 1 ::(.fi:) . whcre a' is the tluctuation in the 
2 ya 

acceleration a' -0( uí I I ) caused by the fluctuating buoyance force (convection currents). lf lhe 

scaling is restrici for the case of large tluctuations. that is uí »{u1) , the tluctuating buoyancy force is 

only balanced by the inertial force like follows 0( p <:ff a'l-' ) = 0( mg [.1 ) Substituting the scale of 

a' we find that 

(13) 

lt should be noted that lhe scaling res.ults show lhat in the. inertialess limit the velocity disturbance 
increases witb ~~l.ine.ar scale I like I ': . whereas in lhe inertial lengtb scale such a disturbance 
decreases with I 4 • This aspect is summarized in Fig. 2. 

X 
(screening length) 

_Q_ »x 

lnerti.a.l region 

Fig. 2 Schematlc Diagram of the Veloclty Fluctuatlonafor lhe Two Llmltlng Cases lnvestlgated. 
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Screening Length 

There are several ways of prescnting the order of magnitude for lhe screening length X . Figure 2 
indicates that lhe maximum velocity fluctuation should occur where tbe viscous and inertial stress are 

comparoible in lhe vicinity of the length I corresponding to lhe screening lenglh X . Note that, in lhe 

present contex.t. the inertial stress (i.e. related to rhe Yelocity fluctuations) is associated witb particle 

interactions rather than gas-phase turbulence. We shall therefore find lhe order of magnitude of X for 

tui lmm:. and see whetber tbc Reynolds number based on tbe screening length and tbis velocity, Re1• is 

actualJy 0( 1 }. l t should be important to h ave in mind tbat the restriction wbich is made to low particle 

Re)-nold~ number does not necessarcly imply that the bulk flow on lhe length scaJe I cannot have a 

Reynolds number 0( I ). By noling lhe point of maximum velocity tluctuation in Fig. 2 we can write 

that. o(uí(X ... ))=OO(uí(X- )) . Then using (12) and ( 13) we find that 

I 

J.l ~ff 1 4 lj 
(14) 

Subsliruting Eq. ( 14) into Eq. ( 12) we find Lhat u;,
111

, =) .. :! ,.:,, l ~ . wbich is independent of lhe t . . ,,u 
linear size ~·. ln otht:r words it should be independent of tbe ~(zé of box L. Finally, note lhat 

P ,./});L 111111 ( /{(,, = - O /), such as we wanted to show. 
I ,Uf:fj , 

Hydrodynamic Self-Diffuslvity 

The order of magnitude of the ~lf-diffusivity may be estimated as lhe product of the variance of lhe 

pnrticles mean velocity and the correlation time (i.e. the time over which lhe particles velocity 

corrclation decays). We suppose that the particles velocity wW remain correlated by a time 0{1 I uí), 
that it takes a particle to fali through thc interaction volume of linear dimension i. Hence 

JJ,- o(,,_/~ )=o(/uí ). Now. calculating the order of magnitude of the diffusivity over lhe two limiting 

case discuss~ before, we find 

( mg I l ) o(~'g 1 t l D1 = 0 --11112 for a<<i <<X and D1 = --n4[4 for l >> X 
u~ P~ 

(15) 

The scale for lhe self-diffusivity corresponding to the screening Jength from Eq. (14) is simply 
"•11 () found to be /J" =- 01 - 1 := I r,.,, 1. ln the presenr context bolh momentum and parti ele mass are 
'"'' transported due to particle velo<.:ity fluctualions on a length scale /. Tbis justifies lhe fact that the 

nonlocaJ diffu~ivity D1 a.nd thc nonlocal kinemat.ic viscosity v~.u will have lhe sarne order of 

magnitude. 

A Dusty Gas Approach 

An interest.ing way of presenting these general scalings is by considering the particular case of 

dusty gas suspensitm, where p,ff =mn=tPPs nnd J.l.~ff =J.I. (Saffman, 1962 and Koch. 1990). For 

common dusty materiais the density ratio between particle-fluid. Ps I p, may be of the order of 
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severa! thousands. This corresponds to the siruation where particle inertia is much more significant than 

fluid inertia. Moreover. qualitative di.fference in the motion of a dusty gas and suspension in a liquid 

may be expected. ln the case of spherical particles, for example, Einstein's increased viscosity Í J.llp is 

negligible for a dusty gas, although it may be relevant for a liquid-suspension. 

The important time scale for characterizing particles inertia is the relaxation time of the parti ele r P. 

11 is a measure ~f the time for the particle to adjust to changes in the local fluid velocity, 

r,., · Ur .1!!. J o, .:.:.!.:.._ i. ln nondimensional tenns, this time defines the importam parameter associated 
Jl<• jl 

with particles inertia. the Stokes number 

St= m{j_, =l_ aU_,Ps 
6Jrj..la 2 9 J.l 

( 16) 

The ratio between particle relaxation time and time vorticity takes to diffuse across a. r ~ p 1 11: I J1 

gíves -~t=Ot~J::.Ot·':;-J>> I, for a dusty gas. Here Re=p1usai J.l is the particle Reynolds 
' \' J J ,... 

numbcr. Clcnrly. this condition suggcsts that in a dusty gns suspension the relevant incrtial contribution 

due to lhe motion of particles and tluid comes from the particle inertia rather than fluid inertia. Thus in 

the Linllting case I >> X the vclocity fluctuations must be controlled by the ine11ia associated with thc 

fluctuating motion of the particles. Physically the limit case a <<I<< X corresponds to the situation 

of very small relaxation time (or Stokes number) of which r v= Or r , I = c Jt ~ /·(--. / ...!!-. 1 b St << I. 
I ;: ( , 

1t follows Lhat a rest particle responds instantaneously to the viscous disturbances produced by the 

hydrodynamic interactions. This is the case in which particles following the fluid are equivalent to 

increasing rhe tluid density by an amoum ~.dp . On the other hand. for a moderate relaxation time 

r '-' '•:<, r . <.< .,...+-- ' I << S1 <<' <) i . the test particle has not sufficient time to react in the sarne way 
t , I .,,.,. 

to the disturbances caused by the neighbouring particles. h should cross a distance I with a smaller 

contributinn from l.be disturhance for its motion. ln the extreme case St>>~ -y, . the particle relaxation 

time is much larger than the time it takes a particle to translate through a fluid dynamic interaction. The 

fluíd dynamic interaction for sufticienlly high Stokes numbers of a gas-suspension is like Lhe one that 

occurs in a fixed bed, so that a particle pressure plays ao important role in the dynamics of particle 

volwne fraction waves. Thc latter case will not be treateJ here (for detaiJs, sce Koch, 1990). 

The use of a dusty gas approach permits formulate the goveming equations without involving any 

contribution from fluid inertia. So it is possible to treat the problem at low Reynolds numbers 

(particularly the tluid equation) with the Lagrangian equation of the particles motion. An application of 

this has been proposed by Cunha ( J 995) in which the dusty hypothesis justifies the assumption of 

ignoring t1uid inertia. 

Now Lhe approximated fom1s takcn by the prcvious general scaling are considered for the case 
where the dusty gas assumption is inc.:orporated into the cquations. The results can be expressed in 

terms of the particle concentration ~ , making n=O( ~I a1
), the terminal velocity of the particle (i.e. 

the fall speed of a singlc sphere ar low Reynolds number), U 
5 
=O( mg I J.Ul), and for the limit case 

l»x. the effective density is made Peff=mn, which gives mlptif!=O(ali1J) . Applying these 
aonditions into (12) and (13) we obtain, 

(17) 
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and 

(18) 

Again, it is seen that the velocity distu.rbance controlled by viscous effect increases with the linear 

size /, whereas that controlled by inen.ia decreases with I. A more convenient fonn to write (18) is 

determined if one notes that .{i;;= o( U s }St). Substituting this expression into ( 18) gives 

(19) 

The screening length can be estimated just as before. We therefore use (17) and ( 19) to rewrite (14) 

as follows 

(20) 

The curresponding velocity Ouctuation is found tp be u;,.ax =0(1a8u 4 )=O(uss, -i ). which 

produces a fmite value of the variance ( u'1) = 0( L;~' ~ ). Note that if the pa.rticles are inen.ia free 

(Sr;;;O) Lhe screening length is not defmed (i.e. X-4oo) for any pa.rticle concentration IP*O. Tbis 

aspect holds that velocity fluctuations will always depend on the linear dimension l, 'rll . An obvious 

cboice is to make l = L (size of the box) and apply ( 17), what inm1ediately recovers the result 

ui = O(.,U} ~LI a) . predicted by Caflish and Luke ( 1985). 

The new scaling expressions for the self-diffusivity D1 becomes 

(21) 

and 

(22) 

When the above expressions are evaluated at I = x . we find D X= 0( 1p-1 Sr · 1 ). which is 
independent of the box size. 

As a final remark we shall say that tbe scaling analysis described in the presem section has 
identitied a fundan1ental mechanism of dispersion and mixing operating ín a sedimenting suspension, 
and provided an important fouodation upon which to base the current research. 
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A Simpte Model for the lnertialess Case 

We proJX)Se now a simple Lheory for .:valuating the scaliog coefficient for the l.imiting case 

a« I <<X (i. e. inertialess). 

Let us considera settJjng conta.iner H bigb. L wide and I deep, with I < l/2. Let the particle radius 
be a and the volume concentration q> . The suspension is random and the particles are positioned 
independeotly. We adapt the scalings to oon-square container with no slip conditioos, a situatioo dose 

to real experiments. 

Now the number of particles in the box is given by '" -.- ·- '- tl r l , where !J=(lHL) is the volume of 
l'f;, 

the settling box. 

We have fouod above that typical fluctuarions in lhe number of particles are just .[,; statistical 
tluctuations. Hence lhe density tluctuations in one half of the box is found to be 

p'=~i 1TIJJq> .1/) 
3 'IJ 

(23) 

We suppose that lhe flow driven by tbis lluctuation in dcnsity is limited by the viscous flow in 

narrowest direction of /, say x. Hence, Jl. 
11 

)~ = p ·-.: .Hcrc we use the dusty gas bypothesis, with 

Jleff = J1 (gas viscosity). The goveming equatlo~' ~es the form 

d
2
u' ~8 !!a3

!p u--= ---Llp 
d.-/ 3 'IJ 

(24) 

lntegrating (24) with no slip boundary conditions: u'(O)=(O) and u'(l)=(O) we obta.in 

I I ~8 !!a3
q> u (x)=- --Llpgx(l-x) 

2p 3 rJ 
(25) 

The variance is immediately calculated by noting that 

(26) 

therefore 

(27) 

For typical experimental data (e.g. Ham and Homsy, 1988 and Nicola.i et al., J 995), 11 =- ~' I and 

L"'t' . Putting ínto (27) these data we find 

(u'2)=5!!:_"'U 2 !_ for a«l «X 
625'1' • a 

(28) 
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Note lhat t.he above estimation, even considering conditions closer to the practical experiments, 
depends on the size of lhe box, as found by lhe scaling arguments. We will compare this result wilh the 
results from numerical simulations by Cunha and Hinch (1996). 

A Macroscopic Model for Suspension-Fiow 

Macroscopic models for suspension tlows are stiU in early development Such modeling is 

important, a~ il serves to unify the subject as well as extend our understanding of the phenomena for 
parameter values which can not be covered experimentally. We wiU assume that lhe particles are 
characterizcd by a size (radius) a. Most often lhey are treated as if lhey were spheres. The solid phase 
c.xx:upies a fraction of the total volume 1/J, and the fluid phase a fraction 1 - 1/J. 

8oth, t1ujd and partjcles, have velocities which are complicated function of space and time. lt is 
impossible to attempt to describe these variables in exact detail. so it is adopted lhe continuum 
hypothesis. which assumes that the variables may be described by smooth lields which are defined as 
averages of velocities, etc. The tluid is Newtonian in its stress bebaviour. Locally. the suspension is 
statistically bomogeneous, in lhe sense lhat it is possible to find a length I whlch is larger compared 
with the average particle spacing and over which lhe statistical properties of the suspension, defined as 
ensemble averages, do not vary appreciably. The velocity fields are defined at a point, which has 
intinitesimal volume. Clearly tbis cannot be correct if one is interested in describing phenomena on tJ1e 
lenglh scale of the particle or inter-particle distance, but it is a useful bypotbesis in dealing with tbe 
avcraged motioo and transport between phases. 

When the goveming equation of particle is exanúned one notice. that lhere is no explicit reference 
to the fluid, allhough there is ro the bulk material. The particles evolve according to Newton's laws of 
motion. just as molecules. Here the fluid determines tbe nature of interactions between particles, and 
ooce these interactions are known, no explicit refereoce to the fluid is necessary. From a statistical 
mecbanics perspective tbere are no degrees of freedom associated with tbe fluid. This is not true, of 
course. at finite Reynolds oumbers where the degrees of freedom of the tluid enter explicitly. It appe-ars, 
lherefore, that a macroscopic partjcJe description as a bomogenized continuum should be pos~ible, just 
as in a molecular system. 

Basic Equations 

At lhe microstructural levei is assumed t.bat the fluid is Newtooian and lhe lhe suspended particles 
may be described by Contiouum Mechanics. ln lhe usual notation let the density be p, lhe Eulerian 
velocity u. the Cauchy stress a and the body force per unit volume or non-bydrodynamic f. At lhe 
interface between the two phases tJ1e velocities should be cootinuous and the surface stress a · n 

discontinuous only to accomodate any surface tension. The laws in lhe two phases may be cooveoiently 
combined into one as (Hincb, 1975) 

(29) 

wbere p is lhe pressure tield, e=f 1 V'u+ V' 1u) is the Eulerian strain rate and g 0 ' is a generalized 
function , with the phase indicator 3=0 if xis a point in the fluid and 3=1 if xis in t.he particle. C 
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denotes the full particle configurations. One wiU deal with the situation of p<>int partides whcrc thcrc is 

no internal angular momentum such that the conservation of angular momentum requires the stress 

tensor to be symmetric. i.e. O;; =a ji. 

As!>uming that cla~sical continuum mechanics holús at lhe microscopic levei, the microscopic mass 

and momenlllm equations 

(30) 

applied to any material p<>int (in tbe particle or fluid) can be averaged to yield the macroscopic 

equations. Using lhe phase inúicator function g defined above it is possible to average (30) over lhe 

particles (Drew, 1983; Drew and Lahery, 1993). This is closely the continuum mechanics version of lhe 
lrving-Ki.rkwood (I 950) procedure for poinL particles. The macroscopic conservation equations for 
parti ele mlllis und momcntum are si.mply 

(31) 

assuming lhat lhe density of particle, Pr, is constam for eacb part.icle. The material derivativc 

L:. = i!.. • 'r/· · \ is that following the avera.ge particle motion. Here (F) is the average 
I t ~ • .t 

hydrodynamic force per unit volume exerted on the panicles, (e}s is the average pa1ticlc strcss tensor. 

Tbis macrosc-opic particle stress can be antisymmetric owing to bolh the externa! couple and to non· 

central interparticle forces. 

A Constitutiva Equation for the Average Stress of the Particles 

The pre.~ent section is concemed with the invcsrigation in which a transition is made from Lhe 

individual particles to the bulk material. The relevant particle oehaviour must be identil1ed. The 

particles can rotate, deform or int.eract with one another. To begin it is assurned that Lhe macroscopic 

observed stress tensor, i.e. the effectivc stress ín lhe suspension, is Lhe ensemble average of the stress 

distribution in ali realizations of lhe suspension. As mentioned before, for homogeneous suspensions, 

lhis ensemble average is equivalent to a volume average over a volume which is larger enough to 

contain a statistically significant number of particles, but smaller than the scale of variations of intcrcst 

ín tbe macroscopic system. The formal expression for Lhe effcctive stress of a suspension can be lhen 

written as proposed by Batchelor (1967) and Landau and Lifshitz (1959), in lhe form 

(eu)=-!J J, eijd!J. 

Now. the volume integral may be decomposed imo Lhe portion over the fluid domain in which we 

may use tbe constitutive equaLion for Lhe tluid stress and Lhe portions over eacb rígid particle. so that 

1J= I ), +' \ 11,,. Here !?a is the volume of one particle and N is Lhe number of particles in t?. ~(t/ 
Hence 
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(32) 

The volume average velocity gradient for lhe eotire material or suspension as a whole can be 

expressed as 

(33) 

Applying the divergence theorem for the last term on the right hand side we deduce that 

(34) 

By lhe sarne proce~ure one obtains 

(35) 

The stresses in the panicle are indeterminate, but we may use the following relation, 

(36) 

to rewrite lhe stresses in terrus of the surface tractions plus the ftrSt moment of V ·a . ln Equation (36). 

a::•4 
• can be ex.pressed from Cauchy's equation as i!!!J.!...=pa,- /;. where a;=~ is tbe acceleration ur~ 7/ii-- '-" 

of the particle. Combining the results (34), (35) and (36) togetber, we find tbat 

(37) 

The first term in (37) is a purely isotropic contribution of no particular interest, and (p) 1 is the 

avcragc pressure in the fluid: the second term is the deviatoric stress that would ex.ist even in lhe 
absence of the panicles. The tbird term represents the inertial contribution associated with the turbulent 

tluctuations of lhe tluid motion (i.e. Reynolds srress) and tbe fourth term represents tbe contribution of 

the bulk stress due to the presence of the particles. From tbese calculations we conclude that tbe average 
particle stress is expressed by: 
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fluctuations. li.ke Ps=}Psf(q>){u' -u') . Attention should be paid to lhe fact that tbe transport 

mechanism here has a different physical ~1rigin, compared wilh the Reynolds stress in tluid turbulence. 

Buyevich (1972) has attempted to examine lhe hydrodynamic dispersion in a suspensi~n using an 

analogy with turbulent flow. Numerical simulations of sbearing and sedimenúng suspensions (Ladd, 

1993; Cunha and Hinch. 1996 a, b; Cunha. 1993, 1995; and Cunha and Hinch, 1995 a, b. c) and 

experimental evidence about flucrua4ons and hydrodynamic wspersion in suspensions (Leighton and 

Acrivos. 1987; Nicolai et al .• 1995; and Ham and Homsy, 1988) have given support for the 

understanding of Ouctuatioos in suspensions at low Reyno lds numbers. 

lt is instructive in trus stage to give a physical interpretation of the stresslet (S) 
3 

because it bas no 

counterpart in molecular system. It is considere<! the simple case o f computing lhe bulk stress tensor in 

a homogeneous infinitely wlute suspension of rigid spherical particles. This case corresponds to study 

lhe dynarrucs of an isolated particle, since for q>=f I, 7tra 3 -+0, ali interparticle hydrodynarruc 

interactions are neglected. For lhe ct>nwtion of non-colloidal·particles, which are torque and force free, 

undergoing shear at low Reynolds number (based on lhe particle size), lhe bul.k stress tensor of lhe 

suspension becomes (E}=-(p) 11+2Jl(e} +(S} . Now. the lhird Fáxen law (Batchelor and Green, 

1972). gives lhe expressioo for lhe stresslet (S)
0 

exerte~ by ao isolated sphere on tbe fluid 

(S)o: = 1J JC)la 3 e . Then 

(41) 

where n is lhe particle density number (=L.;= 
4

: 3 ). We find therefore lhat 

(42) 

Thc above result shows that lhe resistence of rigid particles to straining motioos leads to an 
increased rate of viscous dlssipation which, for lhe equivalent homogeoeous material, may be 

characteriz.ed as an increase in lhe bulk viscosit)', fi.rst found by Einstein (1956). ln view of this result, 

we argue tbat the general representation of lhe constitutive eqnation for (E)s may be berter represente<! 
on lhe form 

(43) 

where J.ls{IP) is the relative viscosity of lhe particle pbase. Note lhat in lhe dilute suspensioo limit 

Jls(ifl) =f4> · 

The Average Hydrodynamic Force 

The rnass and momentum balances are valid for any material and for motioo at any Reynolds 
oumber. What dis tinguishes one syslem from another is lhe form of the constitutive relations (for 
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hydrodynamic drag and stress, for example). For our applications to Low-Reynolds number flows the 

average hydrodynamic force is sirnply given by 

(44) 

The ftrst term on the right is the Archimedean force and the last is the average viscous drag. 

Fluctuations ln Sedimentation at Moderate Stokes Numbers 

ln t.h.is section Úle models described above are adapted to describe the steady stat.e of velocity 

tluctuations occurring in lhe large box limit, predicted by t.he scaling arguments. It is studied the case 

of tluctuatious much larger than the mean motion, so that if V s is a typical average velodty of lhe 

parúcles occurring on a Jengtb scale 1 of lhe suspension and V' is a typical flucruation about the 

average on tbe sarne length scalc, thcn D~:s =O(u,; I l)<<(u'u')=o(u'2 I 1). 

For lypical particles of radius less than aboul IOOttm in air, at standard atmospheric conditions, the 

parti ele Reynolds number R e= p 1v saI J.t is of order one or smalJer, indicating thM inerúal effect in 

lhe gas is smaJJ. Ou the other hand, the particles Stokes number defined as St -~ is greuter than 

one for particles larger than a few micra, indicating that the iuertia of the parú.cle fi~:gnificant. ln view 

of this situatioo aud the relarive theoretical tractability of low Reynolds numher suspensiun.~. it is 

natural to seek a theory valid in t.he asymprotic limit of Re << I and moderare Sr. Note that this 

cooditioo is physically consistent with the dusty g<ts hypothesis that we have assumed in our scaling 

arguments. ln addition, we consider the funit t-ase wh··""" th'', Péclet number is high which corresponds 
, , , ' cd I , ljJr( ljl - ( \ 

to a suspcns1on of non-Brown1an parttcles. Pe= ~ = -·-~.-1- ln the presem conlext Pécler number 

expresses the ratio of particle advection by the imposcd Oow (sedimemation) to Brownian diffusion. D 

is the ordinary diffusivity of a dilute dispersion r>f indcpcmlenl spheres of radius a as fírst derived by 

Einstein ( 1956). 

Although the suspeosion bcre will be considered dilute. fue effect of the viscous hydrodynamic 
int.eractions between the particles will play ao essentíal role. Bccause of the slow decay (like l/r) of fue 

velocity disturbance in sedimentation. fue most fluid-dynamic interactions will be long range (betweeo 

parlicles separate.d by a distancc Jarge compared with the radii a). As a result. a point particle 

approximation will be a~sumed for the description of the fluctuations. 

As in ú1e scaling arguments, fue model will be based on considering that density tluctuations drive 

convection currenls in sedimentation. We use ao extension of Boussinesq's approximation, stating ú1at 

variations of the particle phase deosity Ps~ are ignored, except insofar as they give ríse to a 

gravitationaJ force (/), =~11p,g+(t1p)g. Thus the continuity equations may be used in its conslanl 

concent:rati~)n form V · (u) s = 0 . 

Sincc our interest is in sedimentation of noo-colloidal point-particles at low Reynolds number in a 

di lute monodisperse suspeosion. we shaU discard the term of acceleration ~,,,(I · m + ar··, and the term 

associated with non-colloidal forces (x~f~) s . Purthemore in t.he prcscnt application the average 
velocity of the suspension (u}=~(us)+( 1-~)(uf )=0 (which imposes thal the fluid must move 

upwards in order to compensate for descending part.icles), and fue deviatoric stress ten$or (detined in 
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where r = x - x0 • with x0 the location of the ccn~ of particlc a. IL was as~umed Lhat the particle force 
v 

la is consw.nt within Lhe particle and <f , --=f. ' . .f, is the body force per unit volume exerted on ~11 - 1 
Lhe particles. Thc ~um b m;ldt' over ali N parlicles in an avcraging volume. 

The dipole /),, ~ J ( (T 11')rdS can be grouped as a combinaúon of ao anúsymmetric part connected ,. 
wilh Lhe hydrodyriâinic torque: and a symmetric dipole field intimately idcntificd with straining 

motions. i.e. D =- S(I + T~ . Hence ones fiod 

s~ =~f [(a·n)r+r(a·n}]dS 
2 Sa 

and T~ =~f. [(a·n)r-r(a· ll}]dS 
2 Su 

(39) 

The!>e symmetric and antisymetric ponions are called, respectively. the stresslet and Lhe rotlet of the 

particle a (see Batchelor. 1970). The term J pnulrl can be also writtcn in terms of a symmetric and 

· · · Lh " 11 · ''u anusymmeu·•c p11rt 10 e ,o owmg mamter: 

J prad13 =f J p(ra+ar)dtJ+ f J p( ra - ar)dfJ 
der. riu ria 

Thus the antisymmetrtc part T; along with Lhe anti:.ymmetric part of the acceleration term. is related to 

thc total exten1al torque exerted 4x on a parti ele a. Hence Ta= T; ~ ~ J p (ra - ar) dtJ = f e: La or 

7ft =~e Jkr 4' . Then Lhe equation for thc avcragc parti ele stress becomes •'n 

(40) 

where (s) .• =f L,:.,1sa and (L)
3 
={iL.Z.1L11 • Note that Sa =S~- fsf (mt+un}fS, and for rigid 

particlcs Lhe vclocity at particle surface i~ a rigid-body motion. Consequently. Lhe velocity tem1S in Lhe 

integrnl vanish idenrically {i.e. Sa =S~ ). Equation (40) is similar to Lhe equations for a molecular 

system (scc McQuarrie pp. 411-412, for example). Both Lhe interparticle force (xafa )j (which is an 

average stress that arises io molecular or colloidal systerns) and the tluctuation tcnns are present for 

molecular systcm. Thc acceleration and torque contributions would also bc present for finite-size 

molecules. The only new lcnn is the hydrodynamic stresslet (S) s. 

The im:rtial stress p ,tfJ(u'u'), for Lhe particles, in Lhe presem context, is associated with Lhe transport of 
particles rnomentum disturbances result.ing from a randomly and fluctuating velodty, caused by aU Lhe 
neighborhood via the viscous hydrodynamit: interactions. Ir describes the spread of momentum by 
fiuctu.ation -tluctuation interactions associated wilh particle inertia, which can be described by an 
effective or non-local viscosity. This mechanism of tlucruation is different from Lhe random motion of 
particlcs due to touching collisions lhat are chamcteristic of a gas-fluidi.zed bed. The random motion in 
a gas-tluidned could be described by a "particle temperature'' . As the particles collide lhey exchange 
momentum. This effect may be dcscribed by a "particle pressure", determined locally by continuai 
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hoth tluid and solid parts of the suspension) is an stationary random function with constant mean and 

V(e)=O becausc the suspension is assumed to be statistically homogeneous. Ta.king into account the 

ahove conditions into (43) and (44) and using (30). the equation which expresses the balance of force. 

per unit volume, in the tlow driven by density fluctuations is deduced to be 

(45) 

For convenience, the effect of the body force ~oPsK was incorpored into the modificd pressure P 
dcfined as P=<Po((P)f - psg·x). 

A self-consistent analysis (Koch. 1992) for a solid-gas suspension at moderate Stokes number . 
( I<:<SI<·~-; ) predicted that the average effect ofthe particle stress associatcd with the fluctuations can 

be described hy using a nvn-local viscosity. which depends on tbe wave number of the disturbance. 

That theory seems to be equivalent to use velocity tluctuations outside a re~t particle in the equivalem 

medium with this eddy viscosity. ln particular, we suppose that Psl/>0 (u'u'> .• is approximately a linear 

functioo of various components of the mean motion gradient driven by density fluctuations. For 

sufficiently small magnirudes of these components the hypothesis may be expresscd as 

· · a<us. 1.\ H . I' urth · · d Th . f th' . . ed p_,l/)0 (1/itt;·>.,=-r],;I:J--· ere TJ1ijkl IS o -o~ er. e amsotropy o IS tensor IS assoc1at 
o it• t • 

with lhe gravity direction. ln order to simplify the present analysis we shall neglect the anisotropy in the 

velocity fluctuaúoos and consider the siropler form. when the dynamic of hydrodynamic is isotropic. 

Thus the goveming equations take the form 

(46) 

The system studied here should be dimensionless. Now, we shall look for the bcst way of doing it. 
We coosider that a, U, and 6TCJlaU s rep.resenr respectively the characteristíc references se ales for 
Jength. velocity and force. Introducing dimensionless quantities i.nto (46) ones obia.ins 

n' g A I n•Z • o• • O n • O --+,.--.v u - v p = and v ·u ::o (47) 
110 g 61D1n 

where u * = l~, , p * 
• s 

dusty gas ilf>=mn' ). 

P _1.. x.· :\ =.!!., •' is the density number lluctuation (which for a 
6~rt•i'l()4 JS, . 11 
ano , .- ln order to simplify the ootation we have dropped ali symbols 

tJ ·hr 
denoting averaging. 

We will investigare the fluctuations on the wave number of a container /x LxH by imposing 
periodic boundary conditions. The solution of (47) for lhe periodic flucruation field may be wriuen in 

lhe form (see Cunha. 1995. for details) 

(48) 
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where I;' indicares a summation over ali reciprocai lattice vector kp, excepl where lkpi=O. Tbe 

vector k'rs the continuous wave vector (in the Fourier space) and kp is lhe inverse latlice vector whicb 

only takes on values cornmensurate with t:he inverse lattice. Thus the vector k{J represems a wave 

ber h. h d ,- ed '· (:s, /1 • ' ' ' ') ' th fi. fi. a . .. . num w 1c can be e. m a~ 1\ 11 - 1 -;- /, . w• I-'J.JJ 2,1-' .1 ultegers posJUve or negative 

(0,± 1.±2 .... ) and i} the volume of the periodic box. Again 8 denotes Dirac's "delta function". Note 

that we have drop tbe symbol (*) of the dimensionless quantities in order to simplify thc notation. 

From Equatioo ( 48) and using the propcrties of the ô fuoction we can write that 

[
J - kf3kf3J. gn( k /3 ~ -21til<p .. 

I k~ 
u(x)=~ 1:'' ? gA(k )k 2 

kp J {3 f3 
(49) 

He.rc, A( kp) denotes the Fourier transfonn of the dimeosionless nonlocal viscosity associated with the 
wave number of lhe periodic box. Since our interes.t is in wavelengths much larger than the screening 

distance X (i.e. the inertial range of rhe scaling arguments) the ratio A( kp) is found to be a function of 

the box wave oumber, Stokes number and a function of the conccntration of the partidos 

A(kp )"'2.6145(2.1tkpX)"7 for kpuSr-tq>~1 (Koch. 1992). 

With the hypothesis of isotropic fluctuations (i. e. gg= gl ) we examine the behaviour of the 

velocities tlucruations parallel ( "IÍ ) and perpendicular ( ul_) to the gravity di.rection in a similar way. 
Using the variance as the simple~. measure of the velocity fluctuations and the previous result in which 

for a suspension whosc pa11iclcs werc randomly distributed with uniform probability 

(1i1 k11 1ti . lk
1
i 1)- \'unes obtain~ l'rom (49) tbat 

(50) 

and 

(51) 

where the notation ,; ' { k11 J denotes the complex conjugare 1 = nl kfl )). The lattice sums (50) and (51) 

must be cal<.:ulated numerically. 

Results and Discussion 
A theory based on tbe mechanism that horizontal density fluctuations leads lo vertical velocity 

fluctuations in sedirneotation, has been presented. to provide a statistical description of the flucruating 
motion of sJightly heavy spheres as they sediment through a monodi.sperse dilute suspension. uodcr 

creeping tlow conditions. To illustrate the behaviour and tbeory predictions some resuhs are now 

presented. Wbenever possible. tbey are compared with recent numericaJ siroulmions and also with the 
limired experimental dara available. 

ln order to examine lhe predictioo of Eq. (27), that describes the behaviour of veloc.iry fluctuations 

for lhe limiting case a«l<<X, the quantity (U'Z)II (i.e. the dimensiooless vertical variance) was 
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evaluated and Lhen ploned versus the box parameter 1/J-!;. Figure 3 shows a comparison of the Lheory 

prediction with recent numerical simulations carried out by Cunha and Hincb (1996 b). The simulation 

results correspond to the vertical variance of sedimenting particles in a impenetrable box with sidc 

penodicity of dimensions Lx LX H, and aspect ratio 1 =3. Ali si.mulations were performed wilh the 

particles located randomly and independenlly in the impenetrable box. just as assumed by thc presem 

the01y. The comparison shows that Eq. (27) predicts weU lhe behaviour of the vertical variance, 

allhough giving results slightly larger than Lhe simulations. It is seen Lhat thc variance is a 

rnonotonically increasing funclion of lhe scaling 1/Jft when particle inertia is assumed very small. Thc 

discrepancy between the theory and simulation is attributed to Lhe small deviation (i.e. statislical 

tluctuations) from unity of the suspension structure factor in the computer simulations, while it was 

assumed exactly equal to unity by our simple theory. Pigure 3 shows that the values of the relative 

vertical t1ucrualions, Jv1 > 1 L' , are appreciably large, 0( 1 j, and are thus in qualitative agreement with 

lhe experiments carried out by Ham and Homsy (1988) (where. lhe tlucrualions were ranging between 

25% to 46% of the mean for a di lute suspension), and with those mea~urements of fluctuations recently 

reported by Nicolai et ai. ( 1995), who found a reJative fluctuation of 77% of the mean for 1/)=5%. On 

the other hand. this order of magnitude is substantially less than the theoretical prediction, vr;:!"; ~ nu,. 

found by Koch and Shaqfeh ( 1991) for parti ele and fluid frec of inerlia. 
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Fig. 3 Dimensionleu Vertical Variance as a Functlon of the Box Parameter. Numerical slmulation of Cunha and 
Hinch (1996 b); dashed line theoretical prediction of the present worl< 

The most striking aspect of the result shown in Fig. 3 is related with Lhe variance in Lhe scttli.ng 
velocity. When particle inertia is negügible, it depends upon the size of the box with Lhe variance 

increasing linearly when the size of Lhe box is increased. ln view of this. Cunha and Hinch ( 1996 b) also 

performed numerical simulations of sedimenting particles in a finite box with period.ic sides to 
investigare if an initial random independently distribution of particles could evolve in Lime to a 

suspension structure that produces fluctuations. independent of box size. ln particular, they wondered 

whether the conveclion currents which dominatcs the sedimentation proccss on Lhe length scale of the 
senliog box, would be able to produce horizontal uniform density so thaL lluctuations in velocity 

would decay in time. Surprising.ly. they discovered that Lhe velocity variance will always be limited by 
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l.he box :.iz.c. becau~e the probability density i o lhe bulk of l.he suspension changes just slightly from the 

random and indcpeodem !nitial configuration for a monodisperse suspension of rigid particles. 

Bolh lhe present theory and scaling arguments bave sbowo velodty fluctuations increasing in a 

predictable way lhat agrces witb Callish aod Luke's ( 1985) l.heory aod lhe oumerical simulations of 

Cunha and Hinch (1996 b). Ladd (1993) and Koch ( 1994), while tbe receot experiments by Nicolai and 

Guazzelli (1995) have showo lhat lhe fluctuatioos are independent of lhe settling boll size. Eventually, 

for the understanding of this embarrassing feature. some effort should be made to investigare lhe 
difference between placing the particles at random and independently in lhe lheory und in the procedure 

of stirring the suspension in laboratory. 

Now it is shown a quantitative evaluation of the present theory lhat predicts velocity fluctuations 

for the limiting case I>> X (i.e. inenia range at moderate Stokes number). To this end the lattice sums 

(50) and (5 1) were evaluated numerically. 1t was considered the simple case io which l.he ratio of 

viscosity. A, is isotropic. Again the densicy number flucruations (nr k iJ )n• f k 13 I) were supposed to be 

conslant, walh its v alue equal to lhe number of particles N tbat correspoods te> a random suspensioo witb 

uniform probability. The numerical calculatiun of the lattice sums were lhen perfonncd using a oumber 

of boxes for Lhe periodíc lattice system corresponding to 125. This oumber of boxes was sufficient for 

producing a rapid convcrgcnce of the series, with error less than 1% i o comparison wíth test rcsuJts 

using larger number of bo"es. The scaling Sr -
112 ~ -l/4 1 L.l a , -

114 was evaluated for various 

comhinations of l.he Stokes numbers. concentration of particles and lhe linear size ..b.. keepiog lhe ,, 
aspect ratio of tl1e lxu H I L= 3 . 

Figure 4 ~hows the steady state of lhe vertical variance as a function of the scaling 

sr -lll ~-lN r 1..1 o t-114 . Thc tbeory indicates thatl.he venicaJ variance is going to be índependent of the 

•o 

~ 
·;~ 

~ 
ti: 

.•. 
.... ·· 

~ · 

~ 

~ 
> 

/ ~ 
5 
> 

H 
-·3 
L 

o 
o 0.2 .. •• •• u ,. 1f 

St 112 <1> ,,. (Lia)·'" 
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box size and it scales like ~w -' .1 4S./I .~· ' ':" 
1

' 1 ,. " ".The results are qualitatively similar 

with Cunha's símulations (1995). The theory has also predicted lhat particle inertia can dimioish 

velocity fluctualions ín sedimentation even wi th no change in the suspension structure. ln víew of this , 

rhe effect of particle inertia can be seen as a screening mechanism. which yields finite values of the 

varíance in a random sedimenting suspension as the size of lhe container becomes large. L-+oo . ln 
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. r--
addilion, Fig. 5 shows lhe ratio <?f velocity tluc.tuations. /<u'~)~ I v(u': )J. function of the scaling 

St -ln~ _,,
4 

1 LI a F114 • According to this resullthe ratio of flJctuatJOns is insensitive to the variations of 

lhe scaling; it is roughly consuull and equals to 3.72. This behaviour is in qualitative agreement wilh 
numerical simulatíon results for limited bo:\ size at moderate Stokes number of Cunha (1995), who 
found values for lhe ratio of fluctuatíons appro:\imately equal to 2.5. Clearly, more work shall be done 
in tbis part in order to examine more precisely the ratio of víscosity A. for anísotropic situation. 
Experíments to measure the effective viscosíty are needed to fully understand and explain fluctuation 
bebaviour when particle inertia is important. We are unaware of experimental resul ts availablefor a 
suitable comparison with our predictiom;. 

HopefuUy, lhe work presented in lhis article will provide a usefuJ too! for understanding the 
mechanism of fluctuations in sedimentation. The predictions of the simplified models should help to 
design an efficient numerical simulation. Proceeding in this way, predicting mixing in sedimentation 
should be possible. 
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Fig. 5 Ratlo Between the Vertical and Horizontal Veloclty Fluctuatlons vs the Scallng Factor. <> St = 10 and Q = 
2%; + St = 10 and 111 = 3%; St = 10 and <1> = 5%; x St = 20 and <1> = 3%; 6 St = 5 and $ = 3%. 
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Abstract 
The problem uf non-darcian rransient fi/m condm.rorion adjacent w a vertical flat plate embedded in a poruus 
medium has bun conJidered. The goveming equarionfor lhe boundary layer rhickntss was obtained by an integral 
method mtd solved approxima.tely by tlle mt.thod of integral rela.tions. Ir is .1hown tltat the results are in good 
agruml'nl wiL!J tiW>'t: ubtubti!d eAa<:tly by the merltod of charactcrlstics. 
Ke-ywords: Tra.nsienJ Fi/m Contknsarion. Porous Medi um, Ccnvection, Boundary Layer. 

-- Nomenclature 

a 

A 

B 

c 

o 

E 

F 

g 

G 

Gr 
h,g 

H 

Ja 

dimensionless time 
function 
shape factor defined by 
Eq. 7.b 
shape factor define<! by 
Eq. 7.c 
parameter defined by Eq. 
23 
specifte heat at constant 
pressure (kJ/kg C) 
shape factor deflned by 
Eq. 10.b 
emplrical constant 
associated with the 
porous inertla 
welgthing functlon 
shape factor defined by 
Eq. 17.a 
acceleration of gravity 
(m!s2

) 

shape factor defined by 
Eq. 17.b 
Grashof number (Eq. 2) 
latent heat of 
condensation (kJ!kg) 
shape factor define<! by 
Eq. 17.c 
Jacob number 

lntrodution 

kc = thermal condutívity 

K 
(kW/m RC) 
permeablllty (m2

) 

:: helght of the plate (m) 
m local mass !lux of 

condensate (kg/m2 s) 
n 1 for the method of 

characterlstics 
O for method of integral 

relations 
Nu.= Nusselt number (Eq. 24) 
Ra = modified Raylelgh 

number (Eq. 9.b) 
I = time (s) 
T temperatura (gC) 
u = longitudinal velocity 

component (mls) 
v normal velocity 

component (m/s) 
X longitudinal coordinate 

(m) 
X dimensionless 

longitudinal coordinate 
y :: normal coordlnate (m) 

Greek Slmbols: 
a. "' thermal diffusivity (m2/s) 

õ film thickness (m) 
6 dimensionless film 

thickness 
& porosity 

ll dynamic viscosity 
(kg/m s) 

9 dimensionless 
temperatura 

p :: density (kglm') 
a shape factor defined by 

Eq. 7.a 
a• = heat capaclty relation 

define<! by Eq. 1 
'( dimensionless time 
ç dimensionless normal 

coordinate 

Subscrlpts: 
I denotes quantíties 

associated with Uquld 111m 
c denotes composites 

quantitles of the fluid 
filled porous medium 

s = saturation 
ss steady state 
w wall 

Cheng and Pop ( 1984) considered Lhe problem of Darcian transient free convection adjaccnt to a 
vertical semi-infinite fiar plate embedded in a porous med.iurn with a step incresse in the wall 
Manusctipl receíved: Jsnuary 1995. T&ehnical Editor. Carlos Albet10 Carrasco Altemani 
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temperature and surface heat flux. The goveming equation for the boundary layer thickness was 
obtained by an integral method. The equation was solved exactly by tbe method of characteristics and, 
approximately, by the method of inr.e~:,>ral relations. The results based on the method of integral relations 
are in good agreement with those based on the method of characteristics. 

The problems of transient film condensation over a vertical surface in a porous medium with 
constant wall ternperature have been treated in a similar fashion by Cheng and Chui (1984) when lhe 
tlow is Darcian, while the non-Darcian transient fllm condensation was invesúgated by the authors 
(Ebi.numa and Nak.ayan1a, 1990a,b). using the method of characteristics. 

ln this work, consideration is given to tbe non-Darcian transient film condensation in a porous 
medium adjacent to a vertical surface, when its wall temperature is suddenly cooled below the 
saturation temperature antl remains constant thereafter. Tbe governing equatioos for lhe growtb of the 
bouodary layer film th.ickness are obtained by tbe Karman-Poblhausen integral methods using the Ergun 
model ( 1952), which accounts for the porous inertia effects by a velocity squared term, k:oow as the 
Forchheimer term (1901). These equations for the film thickness tum out to be first-order partia! 
differential equations of the hyperbolic type and solved approximately by tbe method of integral 
relations (Cheng and Pop, 1984). The results show that the bouodary layer thickness increases 
monotonically with time and approaches asymptotically the steady state condition, where the ftlm 
thickncss remuins constnnt. 

Analysis 

Figure 1 shows the physical model and the coordinate system considered to analyze the problem of 
non-Darcy transient film condensation over a vertical surface. 

U nder lhe sarne assumptions made by Cheng and Chui ( 1984) and lhe authors ( 1990a,b ), lhe energy 
equation with the aid of the continuity equation can be integrated across the condensate ftlm th.ickness 
to give: 

y,v 

Tw 

x,u 
Fig. 1 Model end Coordlnate Systems 

()i' a 0
- (T- T ) dy + 
() t o J 

(I) 

where x and y are the coordinates along and perpendicular to the venical surface; t, the time; T and 1's 
are the temperature and saturation temperature of the condensated, respecti vel y; ac = ( p c P Jc j ( p c P ), 

anda, =-kc/( pcP Jt ; ( p cp)and kc are the heatcapacity and thermal conductivity, respectively. The 

subscript I denotes quantities associated with thc liquid film and c denotes composite quantities of tbe 

fluid fiJied porous medium defined by Lhe porosity relation between tbe quantities associated with the 

porous medium and the saturated liquid. The Darcian velocity in the x-direction given by the Ergun 

model (1952) is: 
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(2) 

where p and J.1 are 9}e de~sity and t11e viscosity of the condensate, respectivcly; K, permeability; 
Gr = p( p - p , i,t:EK 1 • I Jl" is the modified Grnshof number represenling lhe relative significance of 
lhe porous ioertia; E. tbe empirical constant asliociuted wilh lhe porous inertia which becomes quite 
significant as lhe Rayleigh number increu~es, and g is lhe acceleration of gravity. 

The initial and the boundary conditions are: 

I :: 0 ê=O T = Ts 

I> 0 y=O T= Tw 

y =Ô T= Ts 

and 

(3.a) 

(3.b) 

(3.c) 

(3.d) 

wherc hft is the latent heat of condensation and m is the local mass flux of the condensate related to 
the film thickness through: 

a J.s as m=- pudy + Ep-
dx o dt 

(4) 

whcrc E is lhe porosity. Substituting Eq. (4) into Eq. (3.d): 

(5) 

Substituting Eqs. (5) and (2) into Eq. (I). the following dimensionless form can be obtained: 

where 

and 

a = a 0 / E. A= fo~Ç)dÇ . 8=-8'(0) 

Ç=yll>, ~=ôll, X;;;:r/IRa. r=a~ tlai 2 

.la = c1, (Ts - Tw )!hfg • Ra = K(p - Pv) gi!Jl ex~ 

(I+ 4Gr)1i1 - I 
D = "-----'-----

2 Gr 

(6) 

(7a.b.c) 

(8a,b,c,d} 

(IJa,b) 

(1 Oa,b) 

The pnme denote differentiation wilh respect to Ç; I. lhe beiglh of lhe plate; Ja. lhe Jacob number; 
R a, lhe modified Rayleigh number; T W' the wall temperdture, and D a sbape paran1eter determinated for 
a givcn Grashof number. 

The initial und the boundary condítions (3a,b,c) bccome: 
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6 =0 8=0 

<>0 8=1 

8=0 

( lla.b) 

(12) 

(13) 
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Nuw. we shall adopt the sarne temperature profilc assumed by Cbeng and Chui (1984) and by the 
authors ( 1990a.b ), namely: 

(14) 

The shape factOrs A and B can be expressed in term of C as: 

A=(4 - C )/6 B=-C (15a.b) 

The dimensionless parameter C is negative. and associated witb tbe temperntu~ gradient at tbe 
wall. which ~mains to be determined from Eq. (5) as Eq. (6) is integrated. 

Substituting Cqs. ( 15.a.b) into Eq. (6) lhe n:sult can be expressed in Lhe fvllowing funn: 

dó +DF ()t. 
J1: ax 

where, 

c 
Gfl 

F=GIH. G=(4-C)/6+11Ja. H = (4 - C)/6+llcrJa 

(16) 

(17a,b,c) 

ln applying the method of Integral Relations (Cheng and Pop, 1984). we first multiply Eq. (16) by a 
weigbúng function /(X). The resulting equation is integrated with respect to X from X=O to X=l, lo 
give: 

.!!._ r' fi X) 6(X. 1: J dX + DF[ft I) 6( I. 1:) - r'/ (X) fl(X:r) dX] =- .!!_ r' j(X) dX (18} 
d r Jo Jo G Jo 6(X, 1: J 

We now assume that the weigbting fw1ction f und dimensionless film thickness 6 are given by 
(Cheng and Pop. 1984 ): 

f { X) = X (19) 

6( X : r)= a( r ) X Y: (20) 

Substitulion o r Eqs. ( 19) and (20) into Eq. (J 8) and integrating yields: 

da(T) 5 • 5C 
a( 1:) -- + - D f a( -r) = -

d-r 6 3H 
(21) 

Equation (2 1) wilh Lhe initial condition Eq. (I I) has a closed form solution. With lhis expression for 
a(rj. Eq. (20) givcs: 

(22) 

ln order to determine the value of parameter C. we substilute Eq. (22) into Eq. (5) in considerat:ion 
of Lhe sleady state oondit:ion (i. e. T-+<->), and utilizing Eq. ( 14) to obtain Lhe sarne expression as in 
Cheng and Chui ( 1984) and lhe authors (I 990a). namely: 
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C= {3(la + 2) J[9(Ja + 2)2 
• 4Ja(2Ja + 3)1} /la (23) 

The surface heat flux is easily obtained by utilizing Eq. (22) and represented in terms of local 
Nusselt numher as: 

Nu~fRa.c = {(cDG/2)/[I · exp[·(5/3)D(G/H)rl]} (24) 

IL is interestíng to note that as T-+oo, Eqs. (22) and (24) become identical to those obtained by the 
authors ( 1990a), for lhe steady state condition, using the method of characteristics. 

The growlh of lhe ftlm lhicknes~ with time (represented by Eq. (22)) is shown in Figs. 2 and 3 for o 
= 1.0 and 0.6, respectively. ln eacb figure lhe results obtained for two values of Ja (1.0 and 0.1) and 
t.hree v alues of Gr (0.0. 1.0. I 0.0) are presented in <.olid I ines. ln similar fashion . lhe variation of lhe 
local hcat flux wíth time (represented by Eq. (24)) is plotted in Pigs. 4 and 5 • for lhe same values of o. 
Ja and Gr. Figures. 6 and 7 show lhe growlh of the film thickness along lhe vertical surface during lhe 
transient period until lhe steady state condit.ion ( 'tu) is attained for o = 1.0 and 0.6. respectively. ln 
each figure lhe cases forJa= 0.1 and Gr = 0.0. 1.0 and 10.0 are considered. The exact solutioo obtained 
by lhe method of characteristics is also prescnted in dashed line, for comparison. 

Both methods show that, for fixed valucs of Ja . lhe dimensionless time required for the steady state 
condlti011 incresses wilh increasíng Gr values and decreasíng o valucs. lt is important to note that, for 
fixed valucs of Ja and o. the exact solution by the melhod of characteristics fits thc san1e points as in 
traosíent period and the influence of Gr parnmeter is on the time required to reach steady state. For the 
approllimate ~olution by lhe method of integral relations, tbe time required is obtained asymptotically. 
So, lhe approllimate solution needed only ooe equation to represem lhe transient film condensation in 
porous medium. while thc exact solution needed two equations, for the transieot and steady state 
periods. Thus. for lhe transient film condensation problem, lhe results based oo the melhod of integral 
relations agree fairly well wilh lhe exact solut.ion obtained by thc method of cbaracteristics. 
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Fig. 2 Growth of Fllm Thlcknen With Time for a= 1,0 
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Concludlng Remarks 
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The problem of ooo-Darcy film condensatioo in a porous medium has been solved approximately 
by the method of integral relations. The governing equation for the film thick:ness (Eq. (22)) has been 
reduced to an analytical function of X and 't. The equation reveals !hat the leading edge effects (Cheng 
and Pop. 1984) im:rea.se with the ioertia effects. Thus, the time to reach the steady st.ate conditioo 
increases as thc inertia effects become significant. 

o••o 
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Fig. 4 Local Heat Flux aa a Functlon of Tlme for Q = 1,0 
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Fig. 5 Local Heat Flux as a Function of Time for o = 0,6 
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Fig. 6 Growth of Fllm Thlckness Along the Vertical Surface for cr = 1,0 
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Fig. 7 Growth ot fllm Thiclme .. slong the vertical surtsce for a= 0,6 
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Abstract 
Thi,, ptt{Jt'r presents an adaptiv~ procedure to mi11imiu ~rrors tlutt occur in the discretizarion of cu111ed boundnrits. 
lniti<tlly thl' boundary is represenud exactly by a b-splint fimction. Then, the cu111e is aprox.im.ated by a stríes of 
tJuculmtic elements. An error mecuure a~·aiLr the di.fferenu ~twun the aproximared curve and 1M original oM, 
refininR areas of major uror. 
Keywords : Numerical Method.r, BnuJUÚJry l:Jement Methods. 8-Sp/ines. Adaptive Procedure,r. 

Resumo 
Esre artigo apresenta um pmcedimemo adaptativo para minimizar os erros obtidos na discretização de comomo.t 
c:un•n.r. Inicialmente o ccmlomo ! representado exatamentt pnr uma fullfãO b-5pline. A curva é então aproximada 
por uma ,rclrie de 1!/l!mrntos quadráticos. Um mt.didor de erro avalie a difrrenfO entre a curva discretizoda t a 
original. rt/inanclo as Órt!as de maior tncidêncw de erro. 
Palavras-chavt.: MltcxkJs Numéricos, Método dos Elemtnlos de Contorno. 8 -Splines, Procedimen10s Adapra1ivo.r. 

Introdução 
Um dos fatores causudores de erro no MEC consiste na avaliação incorreta da geometria, 

especialmente nos pontos de descontinuidade de tangente. Em geral. a malha é refinada por iospeção 
visual. nem sempre levando a uma boa representnção. Este ripo de erro é muito freqüente no MEC, 
onde funções de interpolação Lagrangeanas para a geometria podem introduzir descontinuidades de 
tangente que por não exhtirem. devem ser minimizadas (Ver Fig. I ). 

Quando o canto realmente existe. ele deve ser considerado como tal. Várias técnicas foram 
desenvolvidas para se considerar descontinuidades de tangente. Inicialmente elementos conúnuos foram 
utilizados. Neste c.:aso. mesmo um refinamento excessivo na vizinhânça do canto não levava a respostas 
boas. pois forçava a continuidade de forças de superfrcie na vizinhança dos cantos, gerando erros 
inaceitáveis. Estes erros foram inicialmente reduzidos através de procedimentos nos quais os cantos 
eram substituídos por curvas suaves de raio de curvatura pequenos (Jaswom e Symm, 1977). 

Em uma tentativa de ser mais rigoroso, Brebbia ( 1978) desenvolveu uma técnica na qual se utilizam 
dois nós muito próximos e posicionados entre 2 a 5% da extremidade do elemento de canto. Esta 
Lécmc.:a. além de aumentar a dimensão do sistema de equações. gera especiais dificuldades quanto à 
colocação ótima desses nós. Na época. como os procedimentos de integração para elementos quasi­
singulares eran1 poucos conhecidos. erros de integração se somavam aos intrOduzidos pelo 
deslocamento dos nós geométricos de sua posição correta, tomando os resultados muito pobres. 
Manuscript recelved: February 1996. Technical Editor: Agenor de Toledo Fleury 
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Mais recentemente, Cabral (1992) incorporou as b-splines no MEC, uúlizando elementos iso­
paramétricos com a subsequente inclusão das b-spl.ines como funções de interpolação. Essa 
consideração, apesar de retirar os cantos, requer a alteração da fommlação iso-paramétrica original do 
MEC. 

Neste artigo, apresenta-se uma maneira de se utilizar uma sptine no MEC sem alterar a sua 
formulação original. Mostra-se um pré-processador geométrico que gera uma spline que passa por 
pontos especificados. Posteriormente o procedimento aproxima essas spHnes por meio de funções 
quadráticas. para processamento em um programa do MEC iso-pararuétrico, quadrático convencional. 

Splines 
O conceito de spline de forma genérica designa uma curva formada por uma série de funções 

polinorniais concatenadas urnas às outras, e que obedecem a determinadas condições de continuidade 
entre as diversas partes. Essas funções requerem para sua representação apenas o armazenamento dos 
diversos coeficientes das funções e dos pontos específicos por onde ela aproxima ou passa. Por outro 
lado a utilização de uma função trigonométrica. exponencial ou logarítmica, requereria um esforço 
computacional maior. 

Existem vários tipos de splines na literatura, incluindo-se a Padrão (ou Natural), Overhauser, Bezier 
e B-splines. As duas primeiras são splines de inte.rpolação e as outras são de aproximação, conforme a 
curva passe ou não pelos pontos fornecidos. Para um estudo mais amplo sobre o tema o leitor pode 
consultar De Boor (1978). 

Definição 

Seja X=(Xo. X) ..... XN) um vetor real, tal que X i é menor ou igual que X i+ I (De Boor (1978)). 

A função Sé chamada sptine de grau M-1 (ordem M) se ela satisfaz as seguintes condições: 

a. S é uma função polinomial de grau M-1 em cada sob-intervalo <Xt. Xt+ 1) 

b. S e suas derivadas de ordem I, 2 ..... M-2 são todas contínuas. ou seja, Se Cm- 'l .. 

Os pontos por onde a spline passa são chamados nós e os sob-intervalos entre estes são chamados 
segmentos da spline, conforme a Fig. 2. 

Segmentos 

X . 1 I+ 

X . 1 1-
X . 

I 

Fig. 2 Exemplo de Spllne de Interpolação 

As splines quadráticas são usadas para representar curvas com curvatura constante, ao passo que as 
cúbicas são as mais simples para curvas concatenadas com várias curvaturas difere.ntes e por isso são as 
mais usadas na computação gráfica e nos sistemas CAD/CAM. 
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Fig. 1 Ilustração de Má Representação de Geometria por Elementos Lineares e Quadráticos 

Posteriormente, foram desenvolvidos procedimentos que permitiam considerar corretamente cantos, 
desde que as forças de superfície à esquerda e à direita, ou pelo menos uma delas. fosse conhecida. Este 
procedimento foi denominado nô t!uplu e é discutido, por exemplo, em Mau~ur. Halbritter e Tdles 
( 1978). 

O primeiro procedimento geral para considerar corretam.ente o problema de forças de superfície 
descontínuas em cantos foi desenvolvido por Chaundonneret ( 1978), para elasticidade bi-dimensional. 
Duas equações extras para pontos onde forças de supert"ície podem ser descontínuas foram obtidas 
através da lúpótese da wlicidade do tensor de tensões, juntamente com a condição de invariância do 
traço do tensor de deformações. Desta forma foi possível considerar as incógnitas e.xtras que aparecem 
quando descontinuidades de forças de superfície existem. Um procedimento equivalente para problemas 
de potencial foi proposto por A1arcón, Martin e Paris ( 1979) que obtiveram equações extras da condição 
de unicidade do fluxo total em cantos. 

O procedimento mais difundido hoje em dia é o proposto por Patterson e Shcik ( 1981 ), no qual 
pontos de colocação e nós funcionais são deslocados para o interior dos elementos. Estes elementos são 
denominados descontínuos. 

Pontos de colocação não coincidentes com nós funcionais também têm sido utilizados para gerar as 
equações extras necessárias. Yenturini ( 1983) adotou um procedimento computacionalmente simples 
que consiste em usar pontos de colocação fora do domfnio. Uma outra alternativa é utilizar o 
procedimento sugerido por Mustoe, Volait e Zienkiewickz (1982) onde os nós geométricos e funcionais 
coincidem e os pontos de colocação são deslocados para o interior do elemento. Estes elementos têm 
sido referidos na literatura (Marques e Mansur (1987) e Mansur e Ferrei.ra (J982)) como elementos de 
colocação não nodal. 

A preocupação demonstrada pelos pesquisadores no decorrer dos anos com o tratamento correto de 
cantos decorre da sensibilidade da análise numérica a uma má representação dos mesmos. Cantos 
inexistentes devem a todo custo ser evitados. ou pelo menos minimizados. Is to pode ser conseguido 
utilizando-se procedimentos que permitam que duas curvas diferentes tenham a mesma tangente. Os 
polinômios de Hermite, amplamente utilizados no Método dos Elememos Finitos (MEF), podem 
garantir a continuidade de derivadas. 

Em processos de fabricação industrial utilizam-se curvas que evitam a introdução artificial de 
cantos inexistentes. A curva mais utilizada para a geração de contornos suaves é a spline. No começo 
deste século, as splines tinham uma conceituação genérica c se traduziam em instrumentos mecânicos 
necessários para o desenho e o projeto de navios e aviões. Durante a década de 40 e, posteriormente, 
com o desenvolvimento dos computadores digitais e do Projeto Assistido por Computador (CAD), as 
splines ganharam uma fundamentação mais matemática, ao mesmo tempo em que seu uso foi 
crescendo. 

A utilização de splines (b-splines incialmente) no MEC contudo. demorou bastante, uma vez que os 
programas inicialmente desenvolvidos aproximavam geometria, deslocamentos e forças de superfície 
em termos de polinômios de Lagrange. 
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Algumas Variantes das Splines Cúbicas 

Existem diversos tipos de splines geradas pela teoria matenu'itica, de acordo com as diferentes 
funçôes polinomiais e as diversa~ condiçôes de continuidade entre os segmenlos: 

Hennite: São polioômios definidos pela especificação dos nós por onde a splioe atravessa e pelas 
suas derivadas nesses pontos. Possuem, portantO, uma continuidade da derivada primeira ao longo de 
toda a curva e são splines de interpolação. 

Natural ou Padrão: São formadas pela condição de que os sucessivos segmentos possu~ derivada 
primeira e segunda conúnuas, e nos nós inicial e final a derivada segunda seja igual a zero. E um caso 
especial dos polioômios de Hermite. São pouco usadas porque não permitem uma perfeita modelagem 
da curva. Alterando-se a posição de um ponto se modifica toda a curva. 

Overhauser: É uma spline de interpolação na qual se tem um controle local. e que é formada pela 
utilização de duas funçôe~ de ponderação parabólic11-s f, e f,. Na 1;ua fom1a paramétrica, um segmento 
Overhauser entre dois nós Pt e P2 é definido como sendo: 

S( I)= (/-I )ff +I./] (I) 

Bezier: Este tipo de spline é muito semelhante à definida pelos polinómios de Hermite diferindo 
destas na definição da tangente no nó inicial e final. Essas são determinadas a partir do primeiro e 
último segmento calculado. Da mesma maneira que a Overhauser, necessita de 4 pontos de controle 
para definir cada segmento, sendo uma splioe de aproximação. 

B-Spbnes: Podem ser de aproximação ou interpolação e sempre as derivadas de primeira e de 
segunda ordem são contíouas.Cada segmento é definido por quatro pontos de controle, com os quais se 
pode modelar a curva. Possui também um controle local, isto é, a posição de um trecho da curva 
depende somente das coordenadas dos pontos de controle mais próximos. As b-splines são mais 
suaves que as outras splines, e possuem mais flexibibdade para representar as características das 
diferentes curvas. não permitindo excessivas oscilações ou flutuações, que muitas vezes as outras 
apresema.m. Por este mo ti v o é a que será utilizada. 

Existem ouu·as formas de splines: Beta-Splioes, Rational-Splines, Taut-Splines, etc, para diferentes 
formas e aplicações que não são tratadas neste artigo. 

8-Splines 
As b-splines podem ser divididas entre spl.ioes de interpolação e spbnes de aproximação. Na 

primeira, a curva <ttravessa os nós especific<tdos, ao passo que na segunda, esses nós servem como 
pontos de controle para se modelar o cornportan1emo da mesma. 

A b-spline é definjda como sendo uma função polinomial que é uma combinação linear de funções 
de base: 

sendo: 

P;fw) =coordenada (x ou y) de um ponto da splioe localizado no segmento i. 

w = coordenada natural que varia entre O e I dentro de cada segmento. 

Eo. F.1, Eze Et são as funções de hase linearmente independentes. 

\'} são as coordenadas dos pontos de controle para cada segmento (j=i-l,i,i+l.i+2). 

(2) 
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v. 1 1-
v i+1 

P. 
I 

V . 
I 

V . 2 I+ 

Fig. 3 8-Spllnes Geradas a Partir ele Pontos de Controle 

B-Splínes Cúbicas e Uniformes 
Neste artigo serão utilizadas as b-splines cúbicas com espaçamento uniforme entre os nós. Nesse 

caso. os nós são pontos correspondentes aos valores inteiros da coordenada natural (w::O ou w=l), com 
o parllmetro w variando de O a I de um nó para o outro. A razão disso é a sua longa utilização na 
engenharia pelas propriedades que apresenta. 

Para esse ca~o. definem-se as funções de forma como sendo: 

w3 lt.2 w 1 
E0 ( 1•)=--+ ---+-

6 2 2 6 

WJ 2 
E1f w J=--w2 +-

2 3 

w3 w2 w I 
E2t w )=--+-+-+-

2 2 2 6 

(3) 

Para o cálculo de uma b-spline de aproximação, escolhem-se 4 pontos de controle para cada 
segmento, varia-se w de O a 1 e calculam-se os pontos da spline dentro do segmento. Pard segmentos 
consecutivos, 3 pontos de controle permanecerão os mesmos do anterior. Essa condição garante a 
continuidade da curva. Para m segmentos existem m+l nós e são necessários m+J pontos de controle 
disúntos. 

Propriedades 
Uma c;tructerfstica muito importante da b-spline é que qualquer usuário com um núnimo de 

trei.namemo pode modelar uma curva de um;~ forma prática e intuitiva, o que explica o seu uso nos 
sistemas CAD/CAM. Além do mais, a curva possui uma série de propriedades que garantem a sua larga 
utiljzação nos problemas de engenharia a saber: 

Pontos de Controle: são pontos existentes fora da curva e que afetam a forma da mesma de uma 
maneira intuitiva e narural , permitindo uma perfeita modelagem. 

Controle Local: Uma característica importante das funções b-splines é que os pontos de controle 
pennitem uma alteração local da curva. Alterando-se a posição de um ponto de controle. somente se 
altera a posição do trecho da curvu mais próximo à este, conforme a Fig. 4. 
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(4) 

Particularizando-se a Eq. (4) para os pontos P 1 (w=O) e P2 (w= /) e colocando-se sob a forma 
matricial, vem: 

(5) 

Da mesma forma para o segundo segmento: 

(6) 

Agrupando na mesma matriz, vem: 

(7) 

No método inverso, são dados os pontos P,, Pz e P1 e deseja-se calcular os vértices, para 
posteriom1ente ser desenhada a b-spline. Porém, ta1 procedimento leva à indeterminação do sistema de 
equações, pois têm-se 5 incógnitas para três equações. 

O problema da indeterminação se resolve introduzindo o critério de Yamaguch.i (1978). que coloca 
duas condições extras para tornar o sistema equilibrado. Para splines abertas, o critério consiste em 
tomar: 

V0 =V1 

Vn+l =Vn 

Para splines fechadas: 

Vo =Vn 

v"+1 =V1 

(8) 

(9) 

O sistema então se torna perfeitamente determinado. e no caso considerado. n=3 e spline aberta, 
vem: 

(10) 
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Fig. 4 Controle Local da 8-Spllna com a Alteração da Posição do Vértice v2 

lndependl!nciu de Eixos: As curvas b-splines são independentes do sistema de coordenadas 
Jtilizado para descrever os pontos de controle. 

Ordem de Continuidade: As b-splines cúbicas apresencam continuidade da primeira e da segunda 
jerivada. 

Representação Múltipla: Com a b-spline pode-se representar curvas fechadas ou abertas. Para as 
;urvas fechadas o~ último~ 2 pontos de controle deverão coincidir com o primeiro e o segundo. 

Variação Mfnima: A b-spline consegue representar funções lineares de fonua exata, e garante que a 
: urva seja suave, não apresentando mais oscilações ou ondulações além das quais apresenta a própria 
=unção. 

Nas extremidades, a curva pode ser modelada confonne o desejo do projetista, e assumir diferentes 
ingulos. suavizando ou introduzindo pequenos vértices nessas regiões. 

Método Inverso 
A presente seçilo discute a implementação de splines de interpolação, uma vez que o problema cm 

~uest.ào consiste em representar o contorno de um detenninaclo corpo ou de uma curva suave com 
!quação <:onhccida, partindo de um ponto inicial conhecido e chegando ao ponto final igualmente 
:onhecido. 

A modelagem da curva pode ser feita atravé~ da definição de um terceiro ponto entre os dois, ou 
·:u.endo-sc uso dos pontos de controle. 

Para se transfonnar a b-spline em uma ~;urv<~ de interpolação. é necessário fazer uso do chamado 
1-fétodo Inverso. proposto por Yamaguclti ( 1978). Por este método. são fornecidas as coordenadas por 
mde se deseja passar a spline, e este calcula a partir desses pontos os pontos de controle. 

Seja o problema no qual, a partir de 5 ponto~ de controle, deseja-se construir uma spline dados os 
xmtos PI. P2 e PJ de cada trecho, confonne a Fig. 5. 

Fig. 5 Traçado de uma Spllne com 5 Pontos da Controle e Dois Segmentos P1·P2 e P2-P3 

Pardo segmento P l-P2 a equação que rege a b-spline é dada por: 
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Para ~ resolver o sistema. deve-se inverter a malfiz do sistema indicado pela Eq. ( 10). o que é 
fácilmentc realizado para matri7.es de ordem 3 ou 4. A existência da inversa é garantida pelo fato das 
funções de fom1a constituírem uma base para o espaço das splínes. 

Quando o critério de Yamaguchi é apliCildO para splines fechadas. pode aparecer uma 
de~conlinuidade na derivada de segunda ordem entre o último Lrecho e o primeiro, isto pela própria 
condição de se fa1.er coincidir os pontos de controle. 

Auto-Adaptativldade de Geometria 
Usualmente, utilizam-se como funções de interpolação no MEC as funções de Lagrange com 

elementos isoparamétricos Lineares, quadráticos ou cúbicos para a interpolação da geometria e das 
condiçõe.~ de contorno. E..~as funções. conforme já foi comentado. não garantem continuidade de 
tangente. Se e!>ta continuidade for importante para a análise numérica. a geometria será melhor 
representada auavés de splines. 

Sendo as.sim. foi desenvolvido um pré-processador geométrico que gera uma b-spline pelo método 
inverso passando por pontos pré-determinados. Posteriormente, após ser gerada, a curva b-spline é 
apmxim,\dli sucessivamente por meio de funçõe~ de aproximação de segundo gruu, cada uma contendo 
3 pontos da spline. 

Há um erro de aproximação, pois uma curva b-spli.ne é capaz de representar com exatidão uma 
curva de 2" grau. porém a inversa não é verdudeira, conforme pode-se ver na Fig. ó. 

8-spllne 
Curve paramétl'k:a ele 

"'9Undo grtou 

Fig. 6 Aproxlmaçiio de uma Spllne por Melo de uma Funçio de 2• Grau 

Umu maneira de se minimizar essa diferença consiste em se utilizar um medidor de erro que 
idemifique o grau de discordância entre as curvas e aproxime a b-spline por quantas funções sejam 
necessárias para minimizar essa discordância. conforme pode-se ver nas Figs. 7 e 8. 

lmplementou-!>e, portanto um estimador de erro que mede o quanto as funções de 2° grau se 
afastam da ~pline. Caso essa diferença seja maior que wna detemrinada tolerância. novas funções de 2" 
grau são inseridas. até se conseguir uma margem de erro pequena. 

Aproxtmaçio por 
duulunç6M 

Ag. 7 Aproxlmaçio por Duas Funções de 2" Grau 
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Fig. 8 Aproxlmaçlo por Várlaa Funções de 2• Grau 

O medidor utilizado consiste em se efetuar nas extremidades e no meio do elemento quadrático o 
produto escalar entre os vetares unitários tangentes às parábolas (funções de 2o grau) e às splines, 
verificando desse modo a diferença angular, conforme a Fig. 9. Se este for maior que uma determinada 
tolerância, deve-se redividir a spline com mais elementos quadráticos, caso contrário, pode-se passar à 
resolução do problema pelo MEC. A tolerância foi fixada em VI O, ou seja, a diferença angular máxima 
entre os vetores deve ser de aproximadamente 5 graus. 

Pode-se resumir o procedimento nos seguintes passos. 

• I: Entrada de n pontos por onde se deseja que a spline passe. 

• 2: Modelagem da curva por b-splines até se obter uma forma satisfatória. Esta modelagem pode 
ser feita introduzindo-se mais pontos de interpolação dentro da curva ou alterando-se a posição 
dos pontos de controle. 

• 3: Calcula-se para a b-spline a coordenada do ponto médio do trecho da spline a ser aproximado 
pelo elemento quadrático. 

• 4: De posse de 3 pontos, gera-se uma função quadrática para cada segmento. 

• 5: Para cada função de 2° grau, calculam-se os vetores tangentes à spline e à função nos pontos 
inicial, do meio e final. Obtém-se o cosseno do ângulo entre eles pelo produto escalar. 

• 6: Se houver algum valor que e.steja acima de uma tolerância préviamente definida, rediscretiza-se 
o segmento da spline a partir do nó central, dividindo-o em dois, e retorna-se ao passo 3, gerando 
duas novas funções. 

Fig. 9 Medidor de Erro para Geometria Entre B..Spllne e uma Funçlo laoparam6trlca de 2• Grau 



R.B.V. Pessolanl et aJ.: Procedimento Adaptativo para Geometria ... 513 

Exemplo 1 

Como demonstração da técnica apresentada. seja a spline que foi gerada por interpolação de quatro 
nós indicados na Fig. I O. Des~ja-se aproxima-la por elementos quadráticos, porém pelo fato da curva 
ser assiméuica. deve-se tomar especiais cuidados na sua discretização. 

Calcula-se a coordenada do ponto central da spline, e com esta gera-se uma função de zo grau, 
conforme indica a Fig. I I a. e compara-se com a curva, verificando-se a grande distância entre elas. A 
partir dos pontos centrrus dos dois segmentos da b-spline. outras duas funções são geradas. conforme 
indica a Fig. I I b. e comparadas. 

Nas Figuras I 2 e 13 indicam-se os outros refinamentos e a aproximação final. Deve-se observar que 
a partir da 4• iteração, o programa se dedicou única e exclusivamente a gentr mwas funções na região de 
curvatura máxima. ao redor do ponto (2.77. 7.98), que é a que apresenta maior dificuldade para as 
aproximações. Na 6• iteração, pode-se ver que as funções de 2° grau geradas representam já com grande 
precisão a curva b-spline original. provando a eficiência do medidor de erro de geometria. 

Na Tabela 1 indicam-se as coordenadas inicial, do meio e final dos elementos quadráticos gerados. 
bem como a indicação da medida de erro nesses pontos. A tolerância utilizada foi 0,1 O. Note-se que na 
6" iteração. o medidor ainda identifica a necessidade de se refinar mais a região de curvatura máxima. 
apesar de visualmente a aproximação já ser satisfatória. 

O programa efetua então as iterações 7 , 8 e 9, gerando mrus 6 elementos quadráticos na região do 
elemento 4 da Fig. 13 (b). Os elementos com as suas medidas de en·o estão mostrados na Tabela 2. 
Apesar de o erro ter diminufdo consideravelmente, este ainda é superior it tolerância. Porém. não será 
feita uma nova iteração, para não se gerar elementos muito pequenos. o que poderia ocasionar erros 
numéricos na resolução do problema pelo MEC. 

Pontoa 
Dados 

Fig. 10 8-Spllne Traçada a Partir da Interpolação de 4 Pontos Dados 

la Iteração: uma função 2a Iteração: duas 

Pio médio (2.n, 7.98) 

Fig. 11(a} Primeira Aproximação com uma Função de 2• grau, e (b} 2•1teração com a Subdivisão da Primeira 
Função em Duas 
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3alteraçlo: Quatro fu-1ç6es 4alteraçlo: aels t\mç6es 

Rg. 12(a) :t-lteraçio com 4 Funç6es de r Grau. Indicam-se as regiões de maior erro que provocam a 
discretização das funQÕ9S 2 e 3 gerando e (b) a 41 aproxlmaçAo com 6 tunç6ea. Indica-se a região mais critica onde 

será necessário um novo refinamento, que é a região do ponto de máximo. 

6alteraçlo: sete funç6ea 6altaraçlo: oito fW"~ç6ea 

Rg. 13(a) SJ Discretização com 7 Funç6es. ln<Jica.se a Necessidade de uma Nova Subdivisão na Região do Ponto 
Máximo e (b) a 6l Aproxlmeçio com 8 Funç6es. 

Tabela 1 Medidor de Erro para os Pontos das Funções Quadráticas Geradas, com a 
Indicação dos Pontos onde o Erro é Maior que a Tolerância Adotada 

Ponto 1' 2• 31 4• s• 6' 
lteras;ão lteras;ão Iteração Iteração ltera~ão ltera~ão 

(0,0) .413 .039 .025 
(1.15,1.79) .001 
(1 .94,3.81 ) .061 .01 .046 .008 
(2.19,4.83) .009 
(2.39,5.88) .028 .009 .021 .001 
(2.47, 6.39) .002 
(2.56, 6.96) .015 .004 .022 
(2.65, 7.46) .011 
(2.n ,7.98) .950 .257 .555 . 156 .70 .105 .979 .076 .567 .158 
(2.92, 8.16) .729 
(3.00, 7 .97) .107 .131 .01 
(3.07, 7.7) .016 
(3.12,7.45) .135 .107 .004 .009 
(3.21 , 6 .29) .006 
(3.29.6.38) .071 .08 o .004 
(3.42, 5.37) .002 
(3.55,4.24) .041 .056 .002 o 
(3.78,2.11) .01 

14,0~ .069 .039 .002 
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Tabela 2 Iterações 7, 8 e 9, com a Discretização da Região de Curvatura Máxima 

7~ 8' 9ª 
lte ra~ão Iteração lteras:ão 

(2.77,7.98) .142 .042 .006 
(2.78,8.03) .035 
(2.79,8.05) .014 .048 .029 
(2.80,8.09) .040 
(2.82,8.12) .144 .103 .194 .062 .135 
(2.84,8.15) .048 
(2.86,8.17) .019 .303 .039 
(2.89,8.17) .297 
(2.92,8. 16) .697 .126 .334 .018 .018 
(2.95,8.11) .068 
(2.98,8.05} .091 .005 .007 
(3.00,8.00) .011 
(3.00,7.97) .119 .022 

Exemplo 2 

Para demonstrar a aplicabilidade da fonnulação em problemas do MEC. seja o problema de uma 
placa c.:om furo no centro, unifonnemente tracionada, como mostra a Fig. 14 .. 

1 ,OKg/m 
r--r,.,..------=-r.----------r------,r~---..r~r ( 1 o. 1 o) 

%1~--------------------~ 
o c 

E 

~·L A B 

(o O) _ ... _ _ ... _ .. .. - .. - A ' ~/////////////////////////////////////////, 

Fig. 14 Exemplo 2. Ralo do Furo: 1m 

A discretização do furo deve ser feita com muito cuidado. Sendo o furo circular e o elemento 
quadrático. há uma pequena diferença entre as duas curvas, e se não há uma boa avaliação, podem se 
introduzir erros devido a não continuidade da nonnal entre as curvas. Especialmente importante é a 
manutenção do angulo de 90• juJJto às extremidades. Aplicando a formulação e colocando uma 
tolerância de 0.00 I chega-se à necessidade de se colocar tres elementos quadráticos de tamanhos 
diferentes para representar a região do furo, conforme se ilustra na Fig. 15.b. Repare-se que a utilização 
de dois elementos de menor tamanho nas ex.tremidades, deve-se ao fato de se querer preservar o ângulo 
de 90•. Na Figura 15.a mostra-se como seria a aproltimação com um elemento quadrático. Nota-se a 
diferença entre as curvas. 
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... 1.1 

LI 8.6 

0.4 D.4 

1.2 

1+---~--------~--~--~ 8+---~--~----+---~--~ 

I 1.2 8.4 ••• ... • 8.2 1.4 .. , ... 
Fig. 1S(a) Aproxlmaçlo eom um Elemento Quadrlitleo e (b) Trh Elemento• Dlstrlbuldos de Maneira Nio 

Uniforme 

A seguir na Fig. 16 mostra-se uma comparação da solução (Pessolani (1996)) do MEC para 75 
elementos quadráticos coma malhas idênticas. mas tomando como base as discretiz.ações das Fig. l5(a) 
e l5(b) para a região do furo. Repare-se que a utilização da discretização recomendada pela formulação 
conduz à uma maior precisão da resposta. 

Valores da Força de auperfíeie Y na r.glio 
do furo 

4 
3.45 (Disc. da Fig. 16 aJ 

~ Erro1S'Io 

3 ,5 

3 

2,5 

2 

1,5 

3.05 (Oisc. da fig. 16 bl Erro 
\.6'1. 

Valor Teorico = 3,v.: 

1,5 2 

Fig. 16 Comperaçlo enu. a Soluçlo eom a Discretlzaçio do Furo Tomando como Base a Fig. 16(b), e a Linha 
Mala Fina a com a Dlacretlzaçio do Furo Tomando como Baae a Fig. 16(a). 

Conclusão 
O Método dos Elementos de Contorno é bastante sensível a uma má representação de cantos. 

Atualmente existem técnicas muito simples e precisas para lidar com o problema, já sobejamente 
conhecidas pela comunidade que 1rabalha no assunto. Entretanto, a questão de pequenos ângulos 
inexistentes introduzidos pela discretização com elementos Lagrangeaoos não tem sido suficientemente 
e~tplorada. Em geral, a~ discretiz.ações são verificadas por inspeção visual, não havendo nenhum 
procedimento matemático padronizado que indique se a discretização é suficiente. 

Neste artigo um procedimento simples foi proposto, fácil de automatizar e que se aplica à 
aproximação de qualquer curva por meio de um conjunto de elementos Lagrangeanos. 
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Em particular, foi mostrado um pré-processador geométrico, que transforma uma curva b-spline em 
um conjumo de elementos quadráticos. 

O exemplo analisado evidenciou a simplicidade. eficácia e aplicabilidade do indicador proposto. 

Como sugestão para aprimoramentos, seria interessante ter algum controle, como por exemplo a 
medida da área entre as curvas. que parasse as iterações no momento em que o tamanho do elemento 
fôr muito pequeno relativamente aos demais. Isto seria t1til para evitar erros numéricos no MEC devido 
ao mau condicionamento do sistema de equações ou ao cálculo das integrais de contorno. 
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Abstract 
fme/ligl•nt cuntrul rechniques. such (IS fuzzy logic. neuralnerwork arul genetic algorithm are recenrly showing a lot 
uf promíse in the apf>lícatlon uf varimu engineering sysrems. The paper describes tlte colltml ,ftrategy development, 
design and experimental perfonnance evaluation of a fuzzy lugic based variable speed wfnd generario11 system rhat 
uses cage type induction generator and double-sided PWM converters. The system canfeed a uril11y grid mainrai11ing 
unity power faci<JT ar ali condition.s. ar can supply to an autommwus load. Thl' fuu.y logic bascd contml of the 
system helps to optimize the efficiency and enhance the performance. A complete 3.5 kW gerteratíon system has bten 
developed, designed and thoroughly eva[uated by laboratory tests in arder to validate the predicted performance 
improvements. The system gives excellent perfonnance. and car1 easily be translated to a larger size in the .field. 
Keywords: Wind Ge.neration. f"uu.y Control. Vertical A...:is Turbilll', Jntelligent Comrol. 

lntroduction 
A wind electrical generation system is lhe most cost-competitive of aU ú1e environmentaliy clean 

and safe rcnewable energy sources in the. world. Of course, the installation of wind powered electrical 
systems depends on the local wind resources. its availability is somewhat statistical in nature and must 
be supplemented by additional sources to supply Lhe demand curve. Wind systems are also competitive 
wiú1 fossil fuel geoerated power. and much cheaper tban nuclear power. Altbough lhe history of wind 
power goes back more than two cenruries, its potential to generate electrical power began to get 
anentinn from the beginning of this century. Ouring the last two decades. wind power has been 
seriously considered to supplement the power generation by fossil fuel and nuclear methods. ln recent 
years, wind power is gaining more acceptance because of environmental and safety probleros of 
conventiooal power plants and advancement of wind electric generation tecbnology. The world has 
enonnous resources of wind power; it bas been estimated that even if 10% of raw wind potential could 
bc put to use, ali tbe electricity needs of the world would be met (Ewca, 1991 ). There are currently over 
1700 MW of wind generators installed worldwide with generatioo of 6 billion kWh of energy annually, 
lhe generation will grow up to 60 bill ion kWh by lhe year 2000. 

Traditionally. wind generation !'>ystems used variable pitch constant speed wind rurbines (horízoora1 
or vertical axis) that were coupled to squlrrel cagc inducúon generators or wound-fie1d synchronous 
generators and fed power to utility grids or autonomous Joads. The recent evolution of power 
semiconductors and variable frequency drives techno1ogy has aided the acceptance of variable speed 
generation systems. Ln spite of the additional cost of power e1ectronics and control, the total energy 
capture in a variable speed wind lllrbine (VSWT) system is 1arger and. therefore. the Life-cycle cost is 
lower. The following generdlor-converter systems have been popularly used: 

• Doubly fed indm:Lion generator with cascaded converter slip power recovery; 

• Doubly fed induction generator with cycloconvener s1ip power recovery; 

• Syucbronous generator wiú1 line-comroutated and 1oad-conunutated thyristor couverters. 

ln addition to the above scheroes, squirrel cage generators with shunt passive or active VAR (volt 
ampere reactive) generators have been proposed which generate constant voltage constant frequency 
power through a diode rectifier and line-commutaled thyristor inverter, variable reluctance machines 
and doub1y stator-fed induction machines have also been proposed in wind gencration systems. The 
major problems in such traditional power conversion schemes are the poor Line power factor and 
hannonic distortion in tine and machine currents. The recent IEEE Standard 5 I 9 severelv restrict to line 
harruonic injection. Therefore, to satisfy the stringent harmonic standard and pooi- power factor 
problero. active type V AR and hannonJc compensators can be installed with large additiona1 cost. 
Manuscript received: August 1996. Technical Editor: Agenor de Toledo F/eury 
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Again. the convenlional control principies used in these systems make the response sluggish and give 
noo-optimum perfonnance. Double-sided pulse width modulated (PWM) converter system has been 
proposed in arder to overcome some of the above problems (Sukegawa, 199 I). 

There are severa I types of wind turbine designs which are usuaUy classiiied in (I) horiz.ontaJ-axis, 
somewhat similar to the "Dutch" windmilh, because the rotor spins around a horizontal axis. and in (2) 
vertical-axis, where lhe most common is lhe ''Darrieus" configuration, shown in Fig. I. Unlike 
conventional wind turbines, which must be reorienred a.~ the wind changes direclion, vertical-axis wind 
turbines are omnidirectional. Their vertical axis of rotation also perruits placing the drivetrain at the 
bottom so as to lransmit power directly lO lhe ground levei and mucb easier to service. Despite their 
advantages, Darrieus rotors have inherent characterislics that have beeo discouraging a widespread use. 
There are altemated tensions on the blades, with torque pulsalions. leading to fatigue of the turbine 
material. Such pulsations also cause dynamic instabilities for lhe control system. Tbe turbine is not self­
starting and the power electronics system must be able to motor up the turbine to the operating speed. 
During thc past few years, lhere has been a lot of technnlogical advances that might bring Darrieus 
turbines to lhe public atteotion again. There are new materiais for mecbanical design, like CFRP 
(carbon tiber reinforced polymer) and GPRP (glass fiber reinforced polymer). and severa! sort of 
polyesler tibers for strength reinforcement. Today. the power electronic system5 are much more 
efficien~ aml uble to smoothly vary the generator speed. Very fast microprocessor systems allow the 
implcmcntation of new control tcchniques, which can be' useu for optimiation aml t::nhanc;emem of l:he 
conu-ol system. 

Fig. 1 Vertfeai-Axla Wlnd Tu mine 

This paper describes a vuriable speed wind generation systcm with squirrel cage induction generator 
and double-sided PWM converters, where fuzzy logic based intelligent control has been used 
extensively to optimize efficiency and lo enhance lhe system performance. An extensivc sirnulation 
study. in lhe beginning, validated alllhe control algorithms. Finally, a 3.5 kW labonuory drive system 
was designed and testcd to evaluate lhe perfonnance. 

Power Circuit and Control Strategy 

A qualitative explanation of the blcx:k diagram in Fig. 2 is given bere in order to show the functions 
for lhe power circuit and lhe control system. The lUmine (vertical type) is coupled to the induction 
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generator through a speed-up gear ratio. The variable frequency variable voltage power generated by 
the mach.ine i$ rectified to de by an JGBT PWM bridge rectifier that also supplies lagging excitation 
current to lhe machine. The de link power is inverte<! to 60 Hz, 220 V ac through a JGBT PWM inverter 
and fed to utility grid at unlty power factor. as indicated. The line power factor can also be programmed 
to be leading or lagging for static V AR compensation, if desired. The generator speed is controUed by 
indirect vecror control with Iorque control and synchronous current control in the inner loops (Bose, 
1986). The machine nux is controlled in open loop by control of id , current, but ín normal condition, 
the rotor flux is set to the rated value. for fast transient response. The line-side converter is also vector­
controlled using direct vector control and synchronous current control in the inner loops (Sukegawa, 
1991 ). The output power Po is controlled by the feedback loop of lhe de link voltage V d . Since 
increase of Po causes decrease of V d , the voltage loop error polarity h as been inverted. The tight 
regulation of Vd \\oÍthin a small tolerancc band requires a feedforward power injection in Lhe power 
loop. as indicated. The ínsertion of filter inductance L, creates some coupling effect which is 
eliminated by a decoupJer in the synchronous current control loops. The system uses lhree fuzzy 
controllers (FLC-1. FLC-2 and FLC-3) whicb will be explained !ater. The power can be contro!Jed to 
flow easíly in either direction. A verticaJ wind turbine requircs start-up motoring torque, as the speed 
deveJops. the machine goes into geoerating mode. The machine can be shut down by regenerative 
braking. 
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Fuzzy Logic Control System 
Neglecting losses io thc system, the tine power (i.e. , turbine power) with generator speed at 

different wind velocity can be given by the curves in Fig. 3. Lf. for ex.ample. the wind velocity is ata 
certain level, Lhe max.imum output power will be at the peak value for that conditions, but if the wind 
velocity cbanges to another leveJ, the generator speed must be changed in order to corre.spondly track 
lhe maximum power point i.e. , maximize Lhe turbine aerodynamic efficiency. Thls control function is 
performed by Lhe fuz.zy controller FLC-1 based on real time search. Since the wind velocity is 
unknowo (no anemometers are used). FLC- 1 changes tbe generator speed incrementaiJy and observes 
the power Po. By searching operarion, it settJes down to the optimum generator speed condition. Figure 
4 shows lhe block diagrarn of fuzzy controller FLC- 1. 

With incrementation (or decrementation) of speed. the corresponding incrementation (or 
decrementation) of output power Po is estimated. 1f ô.Po is positive with the last positive variation of 
generator speed (ÔWr • ) , the sem·ch is continued in the sarne direction. li, on the other hand, +ÕCUr • 
causes - ó.Po, lhe direction of search is reversed. The speed oscillates with small increment when it 
reaches the optimum condition. The vmiables LU'" (variation of power), Õú),. • (variation of speed) and 
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variatiou of speed) are des(.Tibed by triangular membership functions shown in Fig. 5, and the cootrol 
laws are giveo by the rule matrix in Table I . A typical rule reads as: 

IF 6Po is PM (positive medium) AND Lóro,' is P (positive) THEN óro,· is PM (positive medium) 

' ' ' ' 

/=~~ 
'/ ~llOSPEED 

/ 

TUAOINE ROTATIONAL !M'EEO 

Fig. 3 A Typlcal Famlly of T"'rque/Speed Curves for a Flxed Pitch Wind Turblne 
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Fig. 4 Block Dlagram of Fuzzy Controller FLC-1 

Table 1 Rule Matrlx for Fuzzy Controller FLC-1 

p ZE N 
6PoPu 

PVB PVB PVB NVB 
PB PB PVB NB 
PM PM PB NM 
PS PS PM NS 
ZE ZE ZE ZE 
NS NS NM PS 
NM NM NB PM 
NB NB NVB PB 

NVB NVB NVB PVB 

Tbe membersh.ip funclions for 6P0 and óro,' are asymmetrical, giving more sensJtiVIty as the 
variables approach the zero value. Note that at any instam, more thau one (at lhe most four) rule will be 
valid. lo the implementation of fu:z.zy control, tbe input variables are fuzzified, the valid conu·ol rules 
are evaluated and combined, and finally the output is defuzzified to convert to the crispy vulue. The 
fuzzy conrroller output óro,' signal values are accumulated to generate the actual speed command 
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signal. The output toro,. · is added to some amount of Uro, • signal in order to avoid ·local mini ma due 
to wind vortex and torque ripple. The controller operates on per-uni! basis so that the response is 
insensitive to system variables and the algorithm is universal to any system. The scale factors KPO and 
K\VR. shown in Fig. 4, are funclion of generator speed so that thc control becomes somewhat 
inscnsitive to speed variation. The whole fuzzy controller is designed (rom lhe heuristic knowledge of 
the system. lt is extensively iterated by system simulation study and theo fine-tuned by 
experimentation. The advant.agcs of fuzzy control in this case are: (I) it pro vides adaptively decreasing 
step size in the search that leads to fast convergence, (2) the controller will accept noisy and inaccurate 
signals, (3) it does not need wind velocity information. and (4) the system parameter variation does not 
affect the search. The turbinc-generator can bc Iooked upon as the inverse of a motor-blower system 
wbere the generated power is given by lhe equation of cubic relation of speed CP. = Ko),' ). Therefore, 
the generator is running at light Joad most of lhe time wilh variable wind speed. AI light load, the rotor 
flux can be reduced from tbc rated value to decrease the excessive core loss and thereby improving the 
efficiency of the machine-converter system. The efficiency optimization can be done oo the basis of on­
line search of rotor flux (Kirschen, 1984) and it is implemented here by fuzzy controller FLC-2 whicb is 
described in (Sousa, 1995). At a ccrtain steady state wind velocíty V. and at thc correspond.ing 
optimum speed ro, • established by the controller FLC- 1, the rated rotor flux is reduced by decreasing 
lhe excitation current id s . This causes the increase of the Iorque component of current (i. , ) by the 
speed loop f(>r lhe sarne developed torque. As the flux is decreased. the machlne iron loss decreases 
with the auendant increase of copper loss. However, the total converter-machine systcm loss dccrcases, 
resulting in an increase of total generated power Pu. The search is continued until lhe system settles 
down at the maximum power point. Any attempt to search beyond will force the controller to return to 
the maximum power point. It has been shown that efficiency improvement as mucb as 10%-15% is 
possible by thc fuzzy controller FLC-2. The principie of FLC-2 is somewhat similar to that of FLC-1 
and ii starts when FLC-1 has completed its search at the rated flux condition. Figure 6 explains the 
block diagram of FLC-2. The membership functions of lhe input and output variables and the rulc table 
are not shown. The system output power P, (k) is sampled and compared with lhe previous value to 
determine the increment óPn . ln addition. the last excitation current decrement (Ló.i. , • ) is reviewed. 
On these basis, the de_crement step of i4, is generated through fuzzy infcrence and defuzzification. 
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As before, FLC-2 handles the signals in per-unit basis and the scale factors KP and KIDS are given 
by lhe linear equa.tions as follows: 

(I) 

(2) 

where a. b, c, . c1 and c~ are constants and T. is the estimated torque. The FLC-2 control will induce 
pulsating torque (Sousa. 1995) in the generator shaft but it will be bighly attenuated by the torque 
control loop and the fuzzy controUer FLC-3, wbicb wW bc explained later. lf the wínd velocity changes 
during or at the end of FLC-2. FLC-2 control is abandooed. lhe rated flux is establisbed, aod lhe control 
retums to FLC-1 in steady stale. 

KIDS 

FUZZY 
lNFERENCE AND 

DEFUZZIFICATION 

Ag. 6 Block Dlagram of Fuzzy Controller FLC-2 

As iodicated in Fig. 2, the generator speed control loop uses fuzzy controUer FLC-3 to get robust 
performance against turbine oscillatory torque, effect of wind vortex and pulsating torque induced by 
FLC-2. Tbcrc is also lhe possibility of mechaoical resonance of rurbine-generator system in the absence 
of robust control. Ali tbe disturbaoce torque. compoueuts are essentially modulated inversely so that 
lheir effect on the system is minimal. Wilh fuzzy control, the speed control loop also gives deadbeat 
response (Sousa, 1994) when the speed command is chnnged. The block diagram of FLC-3 is shown in 
Fig. 7. and the corresponding role matrix is given in Table 2. Tbe membership functions of the fuzzy 
variables are not shown. The fuzzy contrai is essentially a proportional-integral (PI) control where lhe 
gain factors are nonlinear and are adaptively controlled t.o get the robust response. The speed loop error 
(Ew,) and the error cbange (áEro,) signals are converted to per-unil signals by the constant scale factors 
~ and Kc E • respectively, and then processed through fuzzy contra! to generate the signal ô T, • 1 P u , , 
as indicated. lt is then multiplied by the constaot scale factor KT and accumulated to geuerate lhe 
torque commaod signal T, • . A typical contrai ruJe can be read a~ 

I F error Ero,, •., is PS (positive small) A N D change in error áEc:o., r. , is PM (positive 
medi um) T H E N the torque increment ôT. • , •., is PL (positive large) 

The membership functions of the fuzzy variables and rhe rule matrix wcre extensively iterated by 
simulation study untillhe performance wa~ best. 
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FUZZY 
CONTROL 

Fig. 7 Block Olagram of Fuzzy Controller FLC-3 

Table 2 Rule Matrix for FLC-3 

NVL NL NM NS ZE PS PM PL PVL 

% J NVL ZE 
NL PS 
NM PM 
NS PL 
ZE 

NL PS 
NM PM 
NS PL 
ZE PVL 

Coordination of System Control 
The system has a complex start-up, control sequencing and shut-down operations, as indicated by 

the diagram of Fig. 8. As the wind velocity develops beyond a th.reshold value. the system goes through 
start-up procedure a~ follows: 

• Close the tine circuit breaker. The de li.nk capacitor charges through the diode rectitier that is 
integral with the line-side converter anda series resistor, which is by-passed when the capacitor is 
fully charged. 

• Start the machine-side converter and build the rated tlux in the machine. 

• Start the turbine-generator in speed control mode with the fuzz.y controller FLC-3. As tbe 
generated power flows in the de link, its voltage begins to rise. The fuzzy controller FLC-3, from 
now on, operates ali the time until the system is shut down. 

• As the de link. voltage v. reaches beyond thc threshold value, the line-side converter is enabled 
and the de voltage controlloop is activated. 

After the start-up sequence, as the system tends to attain steady state condition (IM>ol < €), the fuzzy 
controller FLC-1 is activated. Tbe gcnerator speed gradually builds up until the maximum power is 
gcnerated for thc given wind velocity condition_ Lf the wind velocity changes slowly, the generator 
speed tracks it dueto tbe FLC- l control. When the FLC- 1 control reacbes the steady state, as indicated 
by small oscillation of c.o, about the optimum Po point, the control is transitioned to FLC-2 mode. At 
steady state of FLC-2, the current id• oscillates about the maximum power point. lf wind velocity 
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changes io cither control mode. as indicated by large iocrement (or decremeot) of power M o. or there 
is a correspooding incremenl (or decremeot) of torque ~T. • , the cootrol transfers to non-fuzzy 
operation mode wilh the rated machloe nux. as indicaled in lhe figure. Wben steady state wind velocity 
is reached in non-fuzzy mode (I& . I <E, ). lhe conlrol is sequeoced through FLC-1 and FLC-2 modes, 
rcspectively. lf fault is developed during any operation, or tbe generatioo system is to be stopped, lhe 
shut-down mode is activated. Note lhat if lhe line side converter is tripped, a dynacnic bra.ke (chopper 
witb load resistor) is switched imo the de link lO limü lhe de voltage within lhe safe range. 

T,.: I 24 Stt 

r~ • 1 24 msec 

• Keep O>,' 
• Keep i.'= i._' 
oRecord tl.P. 

Fig. 8 Control Sequenclng Dlagram 

Development of Hardware and Software 

•Any fauh 

As mentioned before, a complete 3.5 kW laboratory breadboard wind generarion system was 
designed lO validate ali lhe conlrol laws before building lhe 200 kW field prototype. For field 
application. the converter-machine system is to be ~caled up. but lhe cootrol hardware and software 
remain the sarne. The control hardware and software for the project are quite complex and the detailed 
descripúon is beyond lhe scope of this paper. Basically. lhe control hardware is based on two Texas 
lnstruments TMS320C30 type digital signal processar boards which are placed in lhe PC slots wilh lhe 
VO ~dware (Simões, 1996). The 32-bit floating point DSP has 60 nsec instruction cycle time, and lhe 
advanfuge of noating point computation is lhat no scaling is needed. The multi -tasking software, 
princm!!Jly based on C language, is str.itegically distributed betweeo the two DSPs. The system control 
parameters are transported between lhe two DSPs using lhe rwo independentJy working serial ports. 
The systcm uses a PWM chip that is basically a hybrid ASIC lhat incorporates dedicatcd digital 
hardware and RlSC microprocessor. lt receives the voltage commands from lhe synchronous current 
control loops, vector rotates into stationary d' -q• frame with lhe help of vector angle information, 
converts the signals into a-b-c frame, and finally sinusoidally modulated PWM signals are genenued for 
gating lhe bridge converter. The lock-out time. device switching times and current polarity signals for 
elimination of waveform distortion can be programmed in lhe chip. Since a wind turbine could not be 
available in laboratory, it was simulated in real time in DSP by solving lhe turbine model given on Fig. 
9 (Simões. 1997). 
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T_ =T.(Acos(w.t) + Rcos(2w.l) + Ccos(4w.l)) 

T M ~ C,lÃ)[ 0.5 p!t R.' ] v..,' 
11 _, T~ 

WfND '-------------1 TURBINE TORQUE 

VF..I.OCITY 

Fig. 9 Turblne Model B .. ed Oynamometer 

By giving command of wind velocity V. (a software variable). and knowing the geDerator speed 
c.o,. the equatioDs are solved to generate the turbiDe torque T .. · (= T,. +Tos c ). This signal is fed to a 
7.5 hp four-quadrant laboratory dyna.mometer through a DIA converter. The dynamometer generates 
this prognunmable torque on the sbaft of the generator under test; the wind turbine inertia was DOI 
considered OD lhe model, because it would lead to extremely slow responses, Dot practical for lhe 
laboratory implementation. The system inertia is the one actually present on the macbine plus the 
dynamometer shaft. 

Experimental Study 
Figure 10 sbows the experimental set·up used tu validate the contrais. The CODverters were built 

using POWEREX IGBT inteUigent power modules type PM50RSA060. BasicaUy, it is a six-pack plus 
brake hybrid module incorporating the gate drive and protection circuitry, and has the ratiogs of 600 V, 
50 A (inverter peak current). The inducúon machine was an ordinary NEMA Class B type. with 220 V, 

ISOI.AllON l·PHASE 
TRANSfORMEI( GIUD 

SOO IIII 

Ag. 10 Ex.perlmental Set-Up Used to Valldate lhe Controla 

3.5 hp rating. The de link voltage was designed to be 300 V considering the voltage rating constraint of 
the IGBTs. Since lhe ooe-side converter has to always run in PWM (step-down) mode. lhe ac line 
voltage was appropriately reduced by a transformer. A 7.5 hp four-quadnmt laboratory dynamometer 
was used to emulate lhe wind n~rbine (programmable shaft torque), as mentiooed before. Figure 11 
shows the static characteristics of the wind turbinc at differeot wind velocity where the turbi:ne 
oscillatory torque components were intcntionully suppressed. Basically, these are famiües of curves for 
turbinc output power, turbine torque and line-side output power as function of wind velocity and sets of 
wind velocities. For example. for a fixed wiod velocity, as lhe generator speed increases, tbe torque and 
power outputs first increase and tbcn dccrea.~e. II the generator speed remains consU!nt and the wind 
velocity increases. the turbine power, turbine torque and line power wiU increase and tben will tend to 
saturate. The slope of increase is higher with higher generator speed. The fuzzy oontrollers were fine­
nmed during experimentatioo. Figure 12 shows the performance of the system wilh FLC-1, FLC-2, and 
FLC-3 when thc wiod velocity is ramped up and down. The turbi:ne was modeled with oscillatory 
torque and sorne turbulence wa~ added with the wind velocity to verify the robustness of controller 
FLC-3. As the geoerator speed is increascd by FLC-1. the tine output power gradually increases, but the 
Line power indicates some dips which require explanation. As generator speed command is iocremented 
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by FLC-I. Lhe machíne accelerates to the desLred speed wilh the power extracted from Lhe turbi.ne 
output power. As a result. line power temporarily sags until boosted by lhe ru.rbine power at steady 
state. Wíth a large i.ncrement of ~-peed commaod. the direction of P0 can even reve.rse. ln order to 
prevent such conditions. the maximum speed command i.ncrement was limhed to a reasonably small 
value (75 RPM) (that íncreases the search time) and had a ramp shape. The sJope of Lhe ramp can be 
adjusted to comrol the power dips .. Note that the speed command decrement will have an opposite 
effect; í.e .. Lhe generator tends to decelerate. givíng bumps m lhe output power. ln order to test lhe 
robustness of Lhe fuzzy speed controlJer FLC-3, the oscillatory torque components were added to lhe 
dynamomcter wind turbíne model. Figure 13 shows the smooth speed protile (top) at 900 rpm with 
oscíllatory tOrquc (bottom) that swings from 4.35 Nm to 5.65 Nm with average value of 5 Nm. Tbe 
addítional pulsatíng torque imroduced by FLC-2 is also highly attenuated by the FLC-3 controller. 
Next. the turbíne-generator system was operated at constant speed (940 rpm) and the wind velocíty was 
varied. At each operating point.. the FLC- 1 and FLC-2 controUers were operatcd in sequence and the 
corresponding boost of power was observecl From these data, the respective efficícncy Lmprovement 
was calculated and ploned in Table 3. The table mdkates that the efficiency gaín is significant with 
FLC-1 control compared to that of FLC-2. The gain due to FLC-1 falis tO z.ero near 0.7 pu wind 
velocíty where the generaLOr speed is optimum for that wind velocity, and then rises. The gain due to 
FT..C-2 decreases as lhe wind velocity i.ncreases bec.ause of higher generatOr loading. During ali the 
operation modes, the linc currcnt was sinusoidal with unity power factor, as sbown in Fig. 14. Thc out­
of-phase current wave indicates that the system is in generation mode. 
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Ag. 14 Une Slde Voltage and Current Waves Showlng Unlty Power Façtor OperaUon 

Table3 Power Enhancement Due to Fuzzy Loglc Control 

Wind Powerfor À Po À Po Efficlency Elfloíency Total Average Average Total 
Velocily fixed ro , · dueto due 10 dueto dueto efficiency efficiency efficiency average 

(pu) (0.575pu) FLG-1 FLC-2 (pu) FLC-1 (%) FLC-2 (%) dueto dueto dueto effioienoy 
(pu) !uzzy FLC-1 {%) FLC·2 (%) (%) 

contrai % 
05300 00581 0.0626 00343 107.67 28.45 136.12 
0.5691 0.1250 0.0990 0.0466 79.25 20.81 100.06 
0.6083 0.1740 0.0893 0.0390 51.36 14.82 66.18 
0.6475 0.2383 0.0643 0.0321 27.01 10.63 37.64 
0.6866 0.2941 0.0269 0.0250 9.17 7.78 16.95 
0.7258 0.3302 0.0024 0.0193 0.73 5.81 6.54 35.525 8.616 44.141 
0.7650 0.3604 0.0064 0.0183 1.77 5.00 6.77 
0.8041 04330 0.0399 0.0151 9.21 3.20 12.41 
0.8433 0.4500 0.0890 0.0145 19.78 2.69 22.47 
0.8825 0.5000 0.1522 0.0132 30.44 2.02 32.46 
0.9216 0.5300 0.2135 0.0124 40.28 1.67 41.95 
0.9608 0.6250 0.3099 0.0041 49.58 0.44 50.02 

Conclusion 

A complete fuzzy Jogic based 3.5 kW variable speed wind generation system has been designed and 
the performance was evaluated thoroughly in laboratory. The power circuit was based on ioduction 
generator and double-sided IOBT PWM converters, and thc control hardware was based on dual 
TMS320C30 DSPs. The system uses three fuzzy controllers: a controller that tracks the generator speed 
with the varying wind velocity to optimize the turbine aerodynamic efficiency. the second controller 
progran1s the machine flux at light load to optimize the generator-converter system efficiency, and the 
thlrd controller gives robust performance of the generator speed control system. Tbe advantages of the 
fuzzy control are that the control algorithms are universal, give fast convergence, parantet.er insensitive 
and they accept noisy and inaccurate signals. Tb.e perlormance of the system was found to be excellent 
with all the controls. A higher power unit for field installation can use the sarne controller as longas the 
power circuit rating is boosted. 
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Abstract 
The Floating Production Storage a:nd Offloadíng Sysrem (FPSO's) is a modem concept for floating offshore oil 
exploration units. moored ín deep water. 'Turret' a:nd 'Mono-Buoys' are similar types of Single Point Moorirtg 
systems (SPM 1 envisaged for úte stationkeeplng task. Neverthless, the highly non-linear dynamic nature o.f this kind 
of system may give rise to a rich behiiiiiour scenario Útal may comprise Jrom simple pitchfork point equilibrium 
bifurcations to Hopf bifurcalions (limir 'ycles). or even clzaotk regimes. Standard linearised stability analysis may 
be 1101 .<z4jirienr an.ymore to deal with the design prob~m. Bifurcarion tlteory and modem system dynamicsjonn then 
a prnper Iheoretical basis for the anolysis. This poper addresses the stability problem and dis<'Ltsses a numlur of 
interesting dynamic behaviors rhat arise in sready current. A self-excited autonomous and dissipative non-linear 
system of equatiotu govems lhe system dynamics. A classical 'hydrodynamic derivarives' model fimn the çore for 
hydrodynamic forces descriptiorL Following Papou/ias and Bemitsas ( 1988). some classical results on the stability 
problem are recovered. Tlten, reinterpreting tlu: equilibrium analysis, ii is alro slzown l/tal bifurcarion theory enabLes 
one not only UJ predict b111 also to qualify equillbrium pitclifork bifurcation scenarios. if super- or sub-criricaj, Ir 
i.~ shown rltar lhe a/gebraic sign of rhe third-orde.r derivative ofthe lateral force with respect to the lateral 
componenr of rewrive veluclry govems tlte fypt of bifurcaiion scenario. Wllen sr.per-critical pitchfork bijurcation 
sreMrio is preset~t a condition for struclllra/ stabiliry loss is established and dlscussed. Hopf bifurcations (limit 
cycles) are also presented and discussed. 
Keyword.s: System Dy1~amicS, Bifurcation Theory, Moorin.g S,vstem 

lntroduction 
The Floating Production Storage and Oftloading System (FPSO's) is a modem concept for floating 

offshore. oil ex.ploration units, moored in deep water. A tanker is moored offshore and oil is stored 
before being transported by sbuttle tankers that periodicaUy are coonected to the mother ship in a 
tandem formation. Tbe vessels are subject to lhe environmental loads. due to the concomitant action of 
ocean currents, waves and wind. Single Point Mooring (SPM) syst.ems are alternatives to conventional 
spread systems, envisaged for lhe stationkeeping task. The primer motivation of such systems is to 
allow tbe sb.ip to be aligned witb tbe 'resultant' of the environmentaJ forces, diminishing rnotions and 
strucruraJ loads on tbe mooring !ines, bawsen; (tbe cable tbrough which the ship is attached to tbe 
mono-buoy) and risers. 

The conventionaJ SPM system is a mooring systero composed by a mono-buoy, rooored to tbe sea 
bed by means of cables and chains and to which the FPSO, a speciaJiy converted tanker. is attached 
tbrougb a 'bawser cable' . Not only i:he lengi:h but also i:he elastic characteristics of i:he cable and the 
attachement point position are important control paramelers, cooceming lhe stability and tbe dynamics 
of lhe system. ln this paper we shaU refer to roono-buoy systems (or 'bawser cable' systems) symply as 
SPM. 

The 'Turret' type is a speciaJ kind of single poínt mooring system composed by a huge bearing 
system, fixed directly to lhe ship, the hawser cable being eli.minated. and moored to tbe sea-bed, as 
shown .in Fig. l. 

lf wind and waves actions are not considered and if ocean current is taken as steady, a self-excited 
autonomous non-linear system of ordinary dífferential equations can be shown to govem i:he system 
dynamics. The highly non-linear dynamic nature of this kind of system gives rise to a rich behaviour 
scenario that may comprise from simple pitcbfork point equiübrium bifurcations to Hopf bifurcations 
(linút cycles), or even chaotic regims. Bifurcation tbeory and modero system dynamlcs may form a 
proper tbeoretical basis for tbe analysis, aJthough standard linearised stability anaJysis remains suitable 
for preliminary design purposes. 
Manuscript receíved: Augus/1996. Technica/ Editor: Agenor de Toledo Fleury 
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Fig. 1 FPSO Moored et • 'Turret' Syatem Wlth • Shuttle Tenker ln Tendem Formlltion (Cortesia: Orcina Cabia 
Protectlon) 

Undcr tbe bifurcation theory approach some researcb work ha~ been dooe in tbis subject, primarily 
motiva1ed by a close-related problem of a towed ship in eitbcr a straiglh course or maneuvering in a 
port site. Bernitsas and Kekridis (1985) treaL Lhe towed-ship problem. Papoulias and BerniL~as (1988) 
take Lhe single point mooring problem into attention. Recenlly, Bernitsas and Gana-Rios (1995) have 
studied the dynamics of some offshore spread but slacken mooring syl.tems, that exhibit the sarne sort 
of dynamic behavior. Under such an approach the general equation of molion is derived oo a 
"hydrodynamic deri.vative" model basis, in which Lhe hydrodynamic forces due to the relative motioo 
with rcspect to the water are represented through Taylor series expansions given in tenns of relative 
velncity components. 

Fnllowing Papou lias and Bemitsas (I 988) this paper recovers and cnlarges Lhe analysis, addressing 
the stability problem agaio nnd discussing a oumber of interesting dynamic bchaviors Lhat arise for a 
'Turret'or a SPM in steady current. Under a third-order modeJ of the "hydrodynamic derivatives" type, 
it is shown t:hat bifurcation theory enables one not only to predict but also to qualify point equilibrium 
instability. Two excludent pitclifork bifurcatwn M:enarios are shown to exist: sub- and super-rritica/. 
As well known. lhe position of moori.ng tine anachement at lhe ship is the control parameter goveming 
equilibri.a bifurcation. lt is also shown, in this paper. that this parameter can be responsible for a loss of 
structural stabili!y of the sysrem, switching bifurcation scenarios, whose type is controled primarily by 
the 'hydrodynamic derivatives' coefficients. The sign of the third derivative of the lateral force with 
respect to the lateral velocity, for instance, is shown to govern the type of bifurcation scenario that 
would appear. The occurrence of Hopf bifurcations (llmit cycles) are also exemplified and discussed. 

The Governing Equations 
We follow closely Papoulias and Bemitsas (1988). A classical "bydrodynamic derivatives model", 

extracted from maneuvering theory, see, e.g., Abkowitz (1972), is uscd in order to simulate the action 
of tbe relat:ive current on Lhe ship. Waves and wind are not considered in the present paper, neither are 
the hydrodynamic forces actiog directly on the mooring lines of the 'Turret', for instance. lt is also out 
of the scope of Lhe prescnt work to discuss lhe pertinence of this type of hydrodynarnic model, 
although. a~ we slutU show, Lhe stability and dynnmic scenarios are strongly dependent on the 
hydrodynarnic coefficients. A oumber of altemative approachs does exist; see e.g., Faltioseo et aJ., 
( 1979} and Whichers (1988). However, we are primarily interested in discussing the stability problem, 
rather Lhan Lhe robustness of Lhe hydrodynarnic model, at least at the present moment. 

Let. lhen Oxyz be a rigth-handed fixed referenee frdJTie., x being oriented in the opposite sense of 
the current velociry vector and z pointing upwards. Lct GXY be a coordinute system attached to the 
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floating unit, where G is the center of mas~. X being oriented towards the bow. We restrict ourselves to 
the molion in lhe horizontal plane.Let be, also. 

u. v the relative vclocity components of G with respect to the water. in the AX c A Y directions, 
re~pectively: 

!J1 the yaw angle (xGX) 

.i:,): the relutive velocity components o f G with respect to the fixed frame; 

P the point of mooring: 

U lhe current velocity intensity: 

X P the distance GP; 

I the distance OP. where O is the fixed poim where the bawser is attached (SPM case); 

m the tloating unit mass; 

h the moment of inertia wi th respect to GZ; 

T lhe tension in the cable (SPM cu:.e) or thc mooring rcstoring force ('turrct" case). 

+N,r 

Fig. 2 Reference Frames and Geometrlc Oeflnltlons 

Being v the velocity vector of G we have: 

v= ( u cosljl - v sen yt- U )i+ ( u sen yt +v cos yt )j 

or else, 

.t := 14 C()l' VI - V SCI!lj/ - lj 

j ;::;; LI St'll VI + v cos yt 

For further reference, we also wrile lhe inven;e form of (2). 

LI "" ( x + U )co.ny + y sen VI 

v=-( x + U )scn Jll + j.•cos.VI 

y u 

X 

o 

( I ) 

(2) 

(3) 
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Let also, by definition. 

r= 'ÍI 

and the following gcometrical relations (see Fig. 2) 

m=y+ljl 

/ 2 . 2 ( )2 = ( y + X p sen ljl ) + X + X p CO.V lj/ 

1 
COS y = --( X + X p COS lj/ ) 

I 

noticing that (5), (7) and (8) are strictly valid only for l ;t: O, being ynot defíned for 1 =O. 

(4) 

(5) 

(6) 

(7) 

(8) 

Tbe acceleration of the center of mas$, with respect to an inertial reference frame. but written in the 
v esse I' s frarne. reads a = ( u- v r )l + { 1: + ur.)J. 

The equations of motions are theo written. 

-A 11 u +A 2.Zvr + Tcosm+ X( u. v,r) = m(u- vt) 

-A3J~·- A 11ur- A 23r- Tsenm+ Y( u,v,r )= m(v+ur) (9) 

~A33 r- A32 ( v+ ur )+ N( u,v,r )-Tx, senm = lzr 

where X(u.v,r), Y(u.1•, r) e N(u.v.r) are velocity dependent hydrodynanúc forces acting oo the floating 

unit and A mn is the added inertia tensor. symmetric by coostruction (see, Newman, 1978, e.g.). 

The SPM Case 

ln the SPM case let T. the tension io the cable, be given (Papoulías and Bernitsas, 1988) by 

(10) 

wb.ere t,. is the original lenglh of the cable (unloaded) and .:lb the linút strength, being p and q 
empírica! constants. By defining the state vector 

x = (u.v.r.t.r.mr (li) 
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Equations ( I 0). (l i) and (9) are transfonned into a system of six first-order ordinary differential 
~uations (Papoulias and Bemitsas, 1988), 

x I ( ?2 23 2) 1= 11 F,(r1 ,x2 .x3 )+Tcosx6 +!m+A· )x2x 3 -A x 3 
m+A 

· (I + A .H) ( ) 
Xz e:: I. L> F2(x1.x2.x3 )-Tsenx6 - (m+A 11 

)x1x 3 

Av ) -0 (F3 ( x 1.x2 ,x3 )-A23x 1x3 -TxP senx11 

· A
32

(. 11 ) x.l=- 0 f 1 (x1.x1 ,x_j)+(m+A )x1x1 -Tsenx6 

( m + All )( H ) 
+ D FJ(X1.x2.x3 )-A ·x1x3 - Txpsenx6 

X4 = ;. z U/1 x6 -X J COS.f6 +U cosx5 +XpX.1 .fCII X6 

.i-_5 =~(x1 u nx() +x2 cosx6 - U senx5 +.x1,.t3 cosx11 ) 
x, 

X6 = XJ + ;tj
4 

(x, SCn X6 +X2 COS X6 -lj SCII X5 +X pX.l COS X6) 

wherc L> = ( m + A~~ ){ I 2 + A J~ ) -lA 0 ) , and 

_ I ~ 1 .3 
F,( .r, .. r:!_.ÃJ )- X,x, +2 xu .. xl +6XUUII;(I +111XzXJ 

_ . I 3 I 3 
Fz( x 1.xz.XJ)- Y,,.12 +6 Y,,wx 2 + Y,x3 +6 YrrrXJ - mx1x 3 

I 1 I J 
F_?( x1.x2.X3 ) = N,.xz +ÓNvvvXi + N,x3 +6NrrrX.J 

( 12) 

( 13) 

are lhe .. generaliz.cd" hydrodynamic forces given in terms of rhe welJ known hydrodynamic derivatives, 
up tu lhird order. wherc we rake lhe subscripts for partiaJ derivatives. We notice lhat ( 12) is a nonlinear 
dissipative and autnnomnus dynamic system. 

The 'Turret' Case 

Another set of state variables. apropriate for lhe 'Turret' case, could be used instead. Let 

x =(u,v,r,x.y,IJIY (14) 

From (2). (3), (4). we gec, 
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·. I ( 22 23 2) ;.I=--
1
-
1 

FJ(x1.x2 .x3 )+Tmsw+(m+A )xzXJ - A XJ 
m + A 

· I /7 + A 
33 

) ( 11 ) 
x1 = 

0 
,F1 (:c1 .x2 .. t3 )-Tsenw -( m+ A )x1 x.1 

AlJ ' ) -nt F,~( x,.xz .x_~ )-A 1.1 x 1x3 - Tx,. senw 

32 
. A ( ' 11 ) x_~ =-0 f2(x,.xz.x3 )+(m+A )x1.r3 -T.venw 

(15) 

(m+A
21 

)( ) + 
0 

FJ(x,,x2.x1)-A 21x 1x3 -Txpsenw 

x 4 = ;. 1 tos x6 - x 2 sen x6 - U 

x5 =x1 senx6 +x~cosx6 

x6 = x,~ 

witll.agaiu. D=(m+AJ~ }(lz +A"-' )-tA 0 ) .and 

when I > O, W = l [ x s + x . sen x6 ) 
x +arcsen · P · 

11 I ' 

X~+X Sf!IZXÓ 

x6 -arcsen( · ~ )+rr: (16) 

when I =0. 

( 17) 

Stablllty Analysis 

Standard Linear Anatysis 

Let lhe goveming equations be written 

x=f(x) ( 18) 

lf i is a fixed poínt lhcn. 

f(iJ=O (19) 

Let Çr 1) = xt t )- i be a pcrturbation around lhe fixed point. Then 

(20) 



C.P. Pesce et ai.: Stabiüty and Dynamics of Offshore Single Polnt ... 537 

with 

A=:Df(iJ (21) 

being lhe Jacobian of f at x. Fmm Linear systems theory. asymptotic stability exists if ali the 
eigenvalues of A are in tbe complex. left plane. We could use the Routb Hurwitz criterion. for 
instance, in order to determine the condirions under which this necessary and sufficient condition is 
fully satisfied; see, e.g .. Fernandes and A.ratanha ( 1996). 

For a giveo fJoating uoit, being known the hydrodynamic coefficients, the control parameters for the 
SPM case are (U.x,.l...,). For the 'turret' case (U,xl"{J) are lhe parameters, where {3 indicares a subset of 
pararneters characterizing the mooring restoring tunction. Besides changcs in x, these parameters are 
responsible for qualitaüve variations i o the stability and in the dynamic behavior of the system. As we 
havc noticcd before, we treat a nonlinear dissipalive and autonomous dynamic systern, in a hexa­
dimensional space. Therefore equilibrium bifurcations, Hopf bi.furcatioos. and even chaotic regimes can 
be expected. We should remember that nonlinear dissipative terms can lead to Hopf bi.furcations, 
mak.i.og the system struclurally unstable. as well as nonünear, restoring forces to equilibrium 
bifurcatioos. Different scenarios, where a number of atractors compete with each other, can lead to 
chaos.Wc also ooúce that. in lhe SPM case the desirable equilíbrium is obviously given by 

x = ( U .0,0,10 ,0,0 l (22) 

where 

(23) 

is lhe stretched length of the cable in this position, whereas, io the 'Turret' case the desirable fixed point 
is 

x = (V .0,0.0.0.0) (24) 

Equilibrium Bifurcatlons 

We take U as invariant. The array of control parameters will be denoted by 

(25) 

in lhe SPM case and hy 

(26) 

in the 'Turret ' case. The dynamical system will be writen in the form 

i=f( X,f.l) (27) 
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Supercrltical Pitchfork Bifurcatlon 

There is an obvious plane of symmetry. condition under which pitchfork bifurcations usually arise. 
According to Papou lias and Bem itsas ( 1988). the equilibrium equalion can be reduced to (see Appendi x. 
A) 

l11i~ equal.lon can be rewritten in the form of a cubic equation in v 

wbere. as delined in Papou lias and Bernitsas ( 1988). 

À. = -<i _( _N_._-_x....:I'_Y._,._)_ 

( N ~~~· - X/> Y.w ) 

(28) 

(29) 

(30) 

We should notice that this control parameter depends on a ratio between two difere11Ces. Thus, 
crrors in evaluating the hydrodynamic coeffi cients can be highly amplitied. At the bifurcation point 
I ii0 • À. o J both 

J(v.ÃJ=O 

fv(v. À.)= df = O 
iJii 

must be satisfied. Theu, from (31) 

and. frorn (31 ). Â.=O. Therefore 

(v0 .Ã0 J = (0.0) 

and hence. from (30) 

that is lhe criticai v alue bt:low which supercritical pitchfork bifurcation occurrs . 

(31) 

(32) 

(33) 

(34) 

On thc other band. taking ( x. j·.ljt )= (0.0.0) in (3) we have lhe equilibrium values for the re lati ve 
velociry components given by 

u =ii=Ucosiji 

v = v= -U sen Iii 
(35) 
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After equilibrium bifurcation occurs, v= ±..fi , and so, 

- .Ji sen lJI =±-
U 

(36) 

gives the new eq.yílibríum .positions. lf À is negative Lhere is no real stable bifurcated solutions. Notice, 
also. that À~ U must he satisfied, as weU. ln other words, at íji = ±Jr/2 structural stabi li ty is broken. 
We shall rerom to this point later on. 

Structural Stability and Subcrltlcal Pltchfork Blfurcation 

The previous analysis, recovered from Papoulias and Berrutsas (1988), takes the hydrodyoamic 
derivatives given in tenns of the relative velocity component v, defined by Eqs. (2) and (3), as usually 
done in mariue bydrodynamics. We can lhink of reconducting such a reasoning. but now in tenns ofthe 
heading angle lJf . perhaps enhancing our pbysical understanding. As a direct resuJt, a condition for 
stability loss conceming supercrítical pitchfork equilibrium bifurcations is discussed, and a new type, 
lhe subcritical one (or cathastrophic) appears vividly. For, taking (3). solved in terms of ( u. v) we get, 

()v 
-=-u 
iJ1jl 

au (37) 

-=v 
alf 

I 
validfur ull states. Jf we assume (.i .. H= ( 0,0 )· • as in a captive mode.l experiment. where a restrained 
small-scalc model of the vessel ís driven by a çonstaot current velocity U. being measured tbe 
hydrodynamic forces and moment (X I c 1. Y1 c 1• N 1 c 1 ) , acting upon the modcl , from Eq. (3) we get1 

U = U COSIJI(c) 

v=-U.ven'lf1''1 
(38) 

We can think of ( x lcJ.yl cJ,NrcJ .l-as functíons of IJI=lJ!IcJ(u,v)=arctan(-v/f.!)and U. sucb 
that 

x1cJ = x1"'r"':u) 
y' c) = yl t'} ( lJI: {} ) 

N1,.1 = N1' 1('1f:U) 

Accordingly, with the use of (37), we get 

:1 (c) :1 (c) :> 
yl c! _ dY _ aY alJI _ 1 yf <) ,, - ---a;--~a;--~ VI 

lhat. after (38) is used. reads 

1 The subscript c ~tands for captive 

(39) 



540 J . of the Braz. Soe. Mechanical Sclences- Vol. 19. December 1997 

Y.(r/ = _ I .A l' ) 
• I ) r~ Ucos!p ,. 

(40} 

leailing. as t:an be ea.~ily verified. to 

(41 ) 

Analogously, 

(42) 

and abo. 

(43) 

&juations (40)-( 43) are vaHd onlr under (.i-.i)= { 0 ,0). i.e. if (38) holds. Substituting (40)-( 43) in 
(28) it follows at equilibrium ( lP = lP c J ( ü. ii) = lP ). that2 

- I 1- } - 1 J-
x,.fY'I'ran!p+ ÓY'I'V'jltall' lP = NV'tanljl+ ÓNijlllllllwn lP (44) 

Nolice that (44) is satisfied for aoy iii . panicularly at Vi= O and Vi = tt. fixed points. For these 
two fixed points we may have super- (as prcviously preseoted) or sub-critical pitchfork bifurcations. 
But. as we shall see, confLrming results presented in lhe last section. if super-critica! pitchfork 
bifurcalion scenario exists. li/ = ±rr/2 will be an unstable solution, leadiug to a fonner (locally) suh­
criticul bifurcation. when the dynamic systcm looses strucrura.J stability. 

Firstly we shall rcstrict ourselves to a local analysís around 1J1 = v. Obviously, lhe same reasoning 
can be applied around 1Jf = rc as well. Equation (44) cao then be written. 

(45) 

or else. 

(46) 

where 

(47) 
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plays lhe role of the À parameter, prcviously defined. As before, Eq. (46) admits up tO three roots 

(48) 

Let, now. M ( 1f1 ) be a cubic restoring moment, sue h that 

(49) 

and take a non-dissipative one-dimensional dynarnic system (one degree of freedom) 

tlj! + M t 11'' = 0 (50) 

as representing our sy,tcm around lhe considered fixed point. Equation (50) can be put in lhe form 

ip· + IXIIf/ '
1

- À, Vfi = O (5 I) 

where 

(52) 

Two possibilities do exist: ( i ) a> O ; ( i i) a< O . Let us analyze lhe altematives lhat appear: 

r .r , > N , ; ' l ' ., : ir Y > o 
( i} lf a> O; or. equivalently, ./ 1 ,v""' I, ~~"' -. _'IIIJI'I' ; two different situations alise: 

l 1 1• < :\1/Tiitt;i,;)VW~': 1r>,w:r,, ·<0 
( i a ) if À. ,. <O: 

ln this case iii = O is lhe only fíxed pnint. stable. a Cf'llll!r . 

As a >O , and r. <v always, so lhat. from (40), 1 '11 >v IJ u ->v w1u cu~ 'I' >v, we then 
have the following condition, 

N N 
X > ___!!_ = _> 

P r., r. 

( i b ) if ..t.- >O, conversely, we lhen have. 

N N 
X <___!_=_v 

P rljl r. 

ln lhis case three are lhe flx.ed poinL~. 

lj =O : a saddle point (unstable, therefore) 

iii = ±,[i; : nodes (stable) 

This situation corresponds to the supcr-critical bifurcatioo, previously studied. 

(53) 

(54) 
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{

Xp<Nijllll1jljYWIJI;ifYljf'lflii>O . . .. 
( i i ) lf a< O; or. equivalently. N /Y. . ;r l' 

0 
; agrun, two different SJtuauons 

xp> 'lfllllfl WIJI•IJ .lif'lf'l'< 

arise: 

( i i a ) If À. ~ <O: 

fii =O is lhe only fixed point, unstable, a su.ddle point. 

As a < O, and, as menlioned before. )' < IJ always, so lhat. from (40), r'l' >O ii l · > fJ and 
coslJI >O, we then h ave valid thc following condition. 

N"' Nv 
xp<--=-

Yv, Y,. 

( i i b ) lf À,> O. conversely. we then have, 

N"' N,. 
X >--=-

p Y'i' Yv 

ln this ca~e three are lhe fixed points. 

fii =O :a center (stable) 

iii= ±A : sculdle points (unstable). 

(55) 

(56) 

Notice that .:i., =O is a bifurcati<m point. therefore. The stability condition x P > N VI /Yw is a 
necessary eondition, eilher for a> O or a< O . Tbis condition (SJ). is lhe sarne one that has been 
previously achieved, (34). lt is also lhe same necessary condition that emerges if lhe Roulh-Hurwitz 
criterion is applied to the linearised f>ystem. (see Fernandes. 1995). 

lf x P < N IJI/Y.., and if a > O • tbe pitchfork bifurcation is of the supercritical (smooth) type, 
wbereas, if a< O it is of lhe .mbcritical (calhastruphic) type. Notice lhat the si.gn of the third-order 
deril'Gtive r,.,.,,. thal under equilibrium hyporheses is relmed 10 >·;,,W~' as given by (41 ), controls the 
bifurcation sana rio. if super- or sub-crifical. 

Summari.:.irrg. stability around iii "' O exists if lhe necessary condition (53) holds. Otherwise 
( x P < N"' fYv1 ). two bifurcation scenarios arise: 

( i ) rx >O : supercritical bifurcation and then a new equilibrium point is reached: 

Iii = ±A {local analysis); sen W = ± ~ (global analysis); 

( i i ) a <O : subtriti.cal bifurcation. The system would nol reach. (smoothly) another point of 

cquilibrium. As a maner of faeL looking at the 01iginal equation, iii= 1C would be reached as 
lhe new stable l'ixed poinl. of the center type. 

Nolice lhat. allhough somewhat simplifie<llhe present analysis do considcr tcrms up to the lhird­
order, retaining all lhe features of the system regarding equilibriuro point stability analysis. This kind of 
feature is unaeessible under lhe Roulh-Hurwitz criterioo applied to lhe lineruised equations. Notice also 
lhat dissipation te1ms. not considered in this simplified analysis, wiU trru1sform cemers in swble foci. 

Another important point is lhaL even when a supercritical (smoolh) bifurcation occurs, there is a 

limit valuc for a stable bifurcated equilibriurn, namely iii = ±!C/2. This corresponds w the condition 
À= U 2 • as already mentioned. Tn fact. (44) can be writ.ten in the form (50), with the restoring momeot 
given as 
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{57) 

Whenever ljl ~ ±JC/2 the restoring momenr changes sigo suddenly, Lranfonning itself into a 
repulsive moment. Thus stability is broken at ljl ~ ±n/2 and. usually Vi = 1t will be the néw atractor 
point. This is in fact a loss in the stroctural stability for the dyoamic system, considering up to the thir 
d-<Jrder hydrodynamic coefficients. Notice also that. from (40)-(43) io (30). and comparing it to (47), 
that. 

(58) 

wbere the pararneter À. c is determined for ljl =Vi from (47). The bifurcated equilibrium Eq. (36) can 
then be tnmsfonned into 

tan-yi = ±P•c(Yi) (59) 

This equation, together with the definition (47), shows clearly that, for each yt =Vi , there is a · 
"tuming point", .r pi = x 1,1 ( yt) = N 'l'vilf JY~'If!VI , conceming the loss of stability for supercritical 
pitch.fork bifurcations. Additionaly, thts latter fonn has the advantage, if compared to (36), of being (at 
least explicitly) independent of U. The above discussion will be clearly exemplified in the next sectioo. 

Figures 3 and 4 i llustr.Jte the present local analysis, where M ( yt) is the restoring momeot. 

Q. 

M(\V) 

(i) 

Fig. 3 Pltchtork Bllurcatlon Diagram. 

Supercrttlcal Caae: a> O; xp > N.,...,IY .,,.;. Y ••• > o. Local Ana1yele Around Vi = O. 

(i.a) À , <O: x, > N,/Y, = N,jY., (l.b) À • >O: Xp < N.,IY, ~ N,jY., 
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(i1.a) (ii.b) 

M(\V) 

(ii) 

~--

Fig. 4 Pitchfork Bi1urcation Oiagram. 

Subcrltical Case: ex< O: x. < N • .,.IY ...,.,; Y...,.. >O. Local Analysls Around iii =o. 
(il.a) ~ < 0: Xp < N.;Y. = N,/Y,. (ii.b) À,> O; Xp > N.,IY, = N,/Y,. 

Examples on Stability Analysis and Bifurcations 

The Studied Cases And Their Hydrodynamic Derivatives 

Two differeot tankers moored at either a SPM or a 'Turret' type systems have been takeo. Table I 
shows Lhe particulars of these vessels. The characteristics of both the hawser cable. for the SPM case, 
and the restoring mooring force function. for the 'Turret' case, are sbown in Table 2. Table 3 presents 
the nondimensional hydrodynamic derivalives, extracted, respecúvely frorn Tak.ashina (1986) and 
Bemitsas and Kekridis ( 1985). IL shouJd be noticed that the Takashina coefficients were obtatine<l by 
means of captive model experiments, in cither static drift tests at Froude number 0.066, or yaw 
rotating tesrs (for fow· differeot constant yaw rates Vt =r= consram ). It should also be pointed out that 
Tak.ashina's nondimensionalized parameters differ somewhat from Bernitsas and Kelcridis, as shown in 
Table B l. Appendix 8. For comparison purposes Table 3 shows, for the Takashina tanker. the 
nond.imensional hydrodynamic derivatives in both forms. Notice. however, that equalions of moúons 
are invarianr in form, under both nondimensionalization procedures. the velocity being always equal to 
uoity. Both have been considered as linear. 

Table 1 Tankers Partlculars 

Lengih(Lbppf(m\ 
Breadth (m) 
Draft(m) 
Displacement (m3

) 

_ Mass(t)L_ ______________ _ 

Tanker (1) 
270 
44.8 
10.8 

90699 
92967 

Tanker (2) 
325 

310669 
~~ 
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Table 2 Hawser Breaklng Strength for the SPM and Restorlng Force 
Characteristics for the 'Turret' System 

Hawser Breaking Turret System Restoring 
Strength3 Coefficient 

Se K 
__________ 1_:!22=0~0.~k~N'--------~33.0 kN/m.,__ __ _ 

Dimenslonless (A) 
Dimensionless (B) 

8.0 6.0 
0.2252 0.194 

Table 3 Tankers' Dimensionless Parameters and Hydrodynamic Derivatives4 

Tanker1 Tanker2 
(A)s (B)a (B) 

m 2.258 ·o.o9o3 0.0181 

1, 0.14112 0.00564 

! ~ +A" 0.00222 

A"" 0.050xm 0.004516 0.0009 
A,.,. 0.650xm 0 .05871 0.0171 

Arr 0.043xm 0.003884 

Avr -o.o 
A,. -o.o 
x. ·0.01 -0.0004 -0.003 

Y,. -0.285 -0.0114 -0.0261 

Y,. 0.00365 

N, -0.030 -0.0012 -0.0048 

N,, -Q.0028 -0.00011 -0.0105 

Y,.., -0.894 -0.21456 -0.045 

N,·vv ·0.0093 ·0.002232 0.00611 

N,,. 0.00611 

Stability, Bifurcatlons And Dynamlc Behaviours 

545 

Consider the fixed point corresponding to Vi = O. The necessary coodition for stability is given by 

Eq. (53). If applied to tanker (1). irrespective if SPM or 'Turret' cases are considered, we get x,JL > 
N/Y,. = 0.0028/0.285 = 0.009824. But, in the present case. Nw/Y,'V'' = 0.009310.894 = 0.0104, and so 

(q = 1.0; p = 5.0): i.e .. linear and 20% streching at rupture. 

Only shown hydrodynamic derivatives actually used in thc presenttime domain simulations. 

Value.s according to Takashina ( 1986), and Table 2, colunut {A). Notice that i.n rhat paper the Taylor expansion 
coefficients (n !) that appear in the defínition of lhe hydrodynamic derivativcs are implicitly considere<! in the 
equation of motion. ln other words, these values ~hould be corrected by lhe correspooding factor if tlte 
hydrodynamic forces are calculated as in Eq. ( 13}. 

V alues calculated from column {A) but already corrccted according to Table 2. column (8}. 
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N.IY. < N,., . ./Y,., .. Notice. also that, in the present case, Y,., , <O, sue h that, for CCJSVI > O, we have Y "'"'" > 
O. This implies that the stahi lity condition (ia) (a> 0: À,.< 0). can be written as (x,IL > N •• ,IY., .• ; x;r 

> N,IY,). i.e., x/L > 0.0104. Condition (ib) (a > 0: À,. > 0) , for its tum. would be written (x/L > 

N.,,IY.,,: x,IL < N,IY,.). i. e .. this would ncver occur, in this case. ln words, only the sulx:ritical pitchforl: 

scenario may appcar, and supercritical bifurcalion willnever occur. Jn fact, condition (iib) (a< 0: À,.> 

0) or (x/L < N,.,.,IY,.,.,.; );,IL > N,/Y.). Fig. 4. corresponding to a 'marginal stability' around 'ii = O, holds 
whcnevcr 0.009824 < xiL < 0.0104. and condition (iia), corresponding to (a < O; À.,. < 0), or (X/L < 

N.,.,/Y,.".; xjL < N,IY,.) (corresponding to be iii ::O an unstable fixed point) appües if xjL < 0.009824. 
Tah/p 5 summarizes rhe sta/Ji!ity annlysis. Figure 5 shows a numher of time domain simulations, 

starting from thc desired equilibrium position hy mean~ of a smaU pcrturbation in thc tranversal relative 
velocity 1·. Thc time domain simulations have been performed by means of MATLAB/SLMULINK 

wde, using a fifth-ordcr Runge-Kutta imegration schcmc. We see that VI = O is a stable equilibrium 
point for x,!L = 0.0 11. in accordance to Table 4 (i.a). We see also that VI= n is the atractor for the two 

nther conditions exemplificd. lt should bc noticed thut I 00 units of dimcusionless rime corresponds 10 

ahout 7.5 hours in real se ale, for a current speed of I mls. 

A~ a conclusion, ranker (I) cw1 be conswered ·srable ·• sine e for pmctical reasons x,IL 2: 0.25. i o 
generaL lf the connecúon point is moveu aft. only subcriticaJ bifun:ation shall appear, thereforc. 

Table 4 Stabllity Scenarlos for the Tanker (1) Concernlng iii "' O 

x.,..t <0.009ã2 
0.00982 < x.IL < 0.0104 
~/L> 0:..:.0..;..1 04:;..;_ __ 

Stability Bifurcation 
parameters scenarlo 
(a < o:).,< O) (ii.a) 
(a< O:).,> O) (ii.b) 

_ ___ la> O; ~Ac._<~O)'-------'<:.:.:I.a"') __ 

o~[ U-1 

"''0011 
-~-

., 
~-1 ~ 

25 

-3 

-35 

-'~o :100 400 0,00 800 
Oi~T~Qn~;loni~SS T1ne 

11100 

Situation 

Unstable 
Subcritical bifurcallon ' 
Stable 

Fig. s Subcrltlcal Pitchfork Bifurcations for Tanker (1) ln SPM; xtfL as a Parameter. 
Dimenalonleaa TI ma t' = tUIL Hawser Length: /,/1. = 2. 

lnltlal Conditions. X r= uiU = 1; x, =viU = 0. I ; X~ • r UU = 0; X• =VI.= 2; ~ =r= O; J4l = w =O. 

"MarginuJiy ~table" 
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For the tanker (2), however. we get N/Y,. = 0.0105/0.0261 = 0.4023 and Nw/Y,,. 

0.0061/0.045 = -0./358. Hence. we have N,./Y ••• < N./Y, .. Notice tbat, even in the preseot case. Y..,... < 
O. such that. for cos'lf >O, we bave Y""" >O. The stability condition (ia) (a > O; )...< 0), or (~,IL > 

N,,,.,IY..,v: x,JL > N/Y.), leads to x,JL > 0.4023. Condition (ib) (a> O; ).,. > 0). or (x,IL > N..,./Y ... ; x,JL 

< N,IY.), gives -0./358 < x,JL < 0.4023. in thi ~ case. ln words. supercritical bifurcation scenario is now 
present. On the other hand. condition (iib) (a < O;).,.> 0) or (x,IL < Nw/Y,., .• ; x,;L > N/Yv). that would 
correspond to a ·marginal stability' around Iii = O. cannot hold. and condition (üa) (a< O;).,.< 0), or 

(x,IL < N, ... ,IY ,.,.,; x,JL < N,IY.) (corresponding to be Vi = O ao unstable ftxed point) applies if x,JL < -
O. I 358. Table 5 summarizes lhe stability analysis. 

Table 5 Stability Scenarlos for the Tanker (2) Concernlng Vi = o 

Xp/l.. <-0 .1358 

Stabllity 
parameters 

Biturcation 
scenario 

Situation 

Unstable 
-Q.1356 < Xplt < 0.4023 
!ell. > 0.4023 

a < O;.l..-< 0 
a > O;i.,.> O 
a > O;&< O 

(ii.a) 
(l.b) 
(i. a) 

Subcri1ical biturcation 
Stable. ___ __ _ 

Condition (iib) cannol hold and so, subcritical bifurcation will never occur in tlús case. 

05 

-35 

~0~----~~~----~10~0----~15~0-----2~0~0----2~50 
D1mens1onless Time 

Fig. 6 Supercrltlcal Pltchfork Blfurcatlons (Showlng Some Ceses Wlth Subsequent Lose of Structural Stablllty) 
for Tanker (2) ln SPM; K,/L as a Parameter. Dlmenslonless Time t' = tUIL. Hawser Length: /,,l = 2.5. 

lnitlal Conditlons: x, = u/U ,. 1; Xz .. viU .. 0. 1; x, =r UU =O; x. = f = 2.5: x, = r • O: x~ ., w =O. 

Figure 6 shows a number of time domain simulations, also starting from Lhe desired equilibrium 
position by means of a small perturbation in the tranversal relative velocily v. 

Notice, however, that if supercritical bifurcaLioo occurs. i.e. condition (ia) traosforms into (ib), 
stability around thc bifurcated equilibrium position breaks down whenever À > U', i.e. if Vi ~±rrn 
(otherwise Eq. (36) would bave no real root-.). This fact can be also intcrpretcd as a loss of structural 

stability. regarding the system equations. Look.ing at Fig. 6 we see that Jhis siruation happens for x,JL = 
0.28, as could be predicted. and now Vi = n is the new atractor. 
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ln facL. from (30) and (36). under the condition À= U', wc gel from Table 3, 

(
.>:")• (N,,.,.+6N,.) (0.00611)+6x(-0.0105) - = = =02822 
l. (Y, ..... +6Yv) (·0.045)+6 x(-0.0261) 

confinning tbe numetical simulations (sce Fig. ó). Table 5 must then be corrected, in order lo accoum 
for the loss of stability of superctitical pilcbfork bifurcations. This is shown in Table 6. Figure 7 refers 
LO Eq. (36). showing. as in Papoulias and Bemitsas (1988). iii as a function of xlf-. 

A~ menlioned bcfore tl1e present stability analysis, conceming the dcsirable equilibtium position 

iii= O , does not depend on Lhe type of mooring system used, if SPM or 'Turret'. Figures 8 a.nd 9 sbow 

lhe time domain simulations for the corresponding 'Turret' cases. Conditions are the sarne. Stabiljty 

behavior is uochanged. as predicted but.. tlle time histories, although similar, are not. Particularly. for 

tanker 2 a limü-cycle (Hopf bifurcaúoo). around the atractor iii= 1r. is got for xlf- = 0.28. 

Table 6 Stabllity Scenarios for the Tanker (2) Concernlng Iii= O , Conslderlng 

'Unstable' SupercrltlcaJ Blfurcations 

Stablllty Bifurcation Situation 
_ earameters scenario 

x.,ll <·0.1358 a>0;Àc>0 (ii.a) Unstable 

..0.1358 < Xpll < 0.2822 a>O:Àc>O (i.b) unstable ·unstable" supercri1ical 

À>tf bdurcahon 

0 2822 < Xp/t < 0.4023 a>0;Àc>0 (l.b) stable "Stable" supercritlcat 

Â.<tf 
bifurcation 

Xp/t > 0.4023 a>O:À-,<0 (i. a) Stable 

2 

1.5 
_ Stable Equtltbnum 

. _ Unstable Equtlibnum 

\V 

0.5 

o 

-05 

-1 

-1 5 

·a2s 0.3 0.35 0.4 045 05 
xp/L 

Ag. 7 Dlagram of Supercrltlcal Pttchforl( Bifurcation for Tanker (2) 
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0.5 U=1 

xp=0.011 
0~~=-----------------------~ 

-0 5 

-1 

~-1 5 xp=O 009 

-2 xp=0.007 

-2.5 

-3 

-3 5 

-40 200 400 600 800 1000 
D1mensionless Time 

Fig. 8 Subctltical Pltchfork Blfu.rcations for Tanker (1) ln 'Turret'; x.,llas a Para meter. 

·~-2 

-3 

-4 

Dlmenslonlesa Time t' = tUIL lnltlal Condltions: x, "'uiU"' 1; 
Xz ,.. viU = O. 1; KJ = r LAJ =O; x, = A'l1. = -x,; Xs = yll. ,.. O; x.,. lf = O. 

U=1 

xp=0.41 

xp=0.39 

xp=O 29 

Dimensionless Time 

xp=O 28 

Fig. 9 Supercritical Pltchfortc Blfurcatlona for Tanker (2) ln 'Turret'; x,IL as a Parameter. 
Dlmenalonleas Time t' =tU I L. lnltlal Conditions: x, ~ u/U"' 1; 

K2 = VIU = 0. 1; XJ = r lAJ = O; X. = A'l1. = -xp/l.; Xs = y/L = O; x, = l/1 = 0. 
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~=O 35 
U:l 

200 300 
D•mens•onless T1m& 

'fwor-- o 045 

Ywv=O 0<15 

400 500 

Fig. 10 Effect of YvwSign ln the Pltchfork Blfurcatlons Scenarfo for Tanker (2) in SPM; x,IL ::: 0.35. 
Olmensionless Time r= rUI L lnltial Condltlons: x, = u/U = 1: 
X:~= v/U = 0.1; X3=fL/U = 0; X.;= I =2.5; X6 =: Y= 0; Xg«(J)=: 0. 

Figure 10 exemplifies as the sign of the third-order derivative Y,."" rnay cbange tbe whole picrure. If 

sign is reversed sucb tbat Y, .•• = 0.045. the supercritical scenario, for which condirion (i.a) (a> O;~< 
O) is now wrirten (N/Y,. < x/L < N, .• /Y ... ), will 1wt be possible anymore. ln fact, now N/Y. = 

0.0105/0.0261 = 0.4023 and N,,..,IY ••• = 0.006/10.045 = 0.1358. Hence, we have N,.,./Y ••• < N/Y •• such 
Lhat (i.a) cannot hold. lnstead, subcritical pitchfork bifurcation scenario will appear, conversely. 

Explicitly, condüion (iib) (a< O; ).,. > O) or (x/L > Nw/Ywv; x/D > N/Y.), would correspond to a 

' marginal stability' around Vi= O, and condition (üa) (a< O; À,.< 0). or N..,/Y,., .• < x/L < N/Y. 
(corresponding to be Vi = O an unstable fixed poi.nt) applies if O. 1358 < xP /L < 0.4023. Notice, 

however, that tbis is a local analysis and gives no information concerning lhe existence or not of otber 
atractors and if structural stability is preserved. 

Fioally, Fig. 11 shows time-histories corresponding to tanker (2), for different valucs of hawser 
cahle length. tak.ing x,/L = 0.7 (the attatcbement point on a bridge at the bow). According to Table 7, 
lJI = O is a stable fixed poi.nt. Neverthless. a Hopf bifurcation may appear, leading to a steady limit 
cycle. This behavior can depend also on hawser cable lengtb. A "dynamic bebaviour map", as shown, 
for example in Papoulia~ and Bemit~a~ (1988). could be constructed. describing as a function of xrfL 
and 1./L. the k.ind of dyoamic bebavior that migth be expected. 

1.-r-5 

150 200 250 
Dtm€tnSioNess Time 

Fig. 11 Hopf Blfurcatlons (Limlt Cycles) for Tanker (2) ln SPM; lw/L as a Parameter. 
Dlmenslonless Time r= fUIL. Xv = ·(J.001: x,IL = 0.7. lnltial Condltlons:: 

x, = u/U = 1: x2 = viU = O. 1: x3 = r L/V = O; x4 = 1./L; X5 = y = O; X5 = w = O. 
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Conclusions 

Swbility analysis of Síngle Poínt (SPM) and 'Turret' Mooring Systems for Floaling Production 
Storage and Offloadjng Systems, under lhe action of steady oceao currents, has been performcd by 
means of bifurcation theory. Theoretical results previously publishcd by Papoul ías and Bemitsas 
(1988), have been recovered and discussed. The most important result is lhe necessary conilltion for 
stabílity, govemed by lhe longituillnal position of the attachement poínt. Stability analysis has been 
enlarged somewhat, showing how bifurcation t:heory applied to a th.ird-order modeJ, based on the 
standard ' 'hydrodynamjc derivatives" type, is able to qualífy two dis tinct equilibría bifurcation 
scenarios of the super- and sub-criticaJ pitchfork type. /t has heen shown that the sign of rhe third-order 
hydrodynamic derivative of lateral force wirh respect to the lateral component of relative velocity 
govems rhe type of bifurcation scenario. UsuaJJy t:hird-order hydrodynarruc coefficientes are smaJJ, and 
experimental errors can easily lead to changes in algebraic sign, conducting to a totaJiy dttferent 
bifurcarion scenario. 

Addítionally, when super-criticai pitchfork bifurcation scenario is present, a conilltion for structural 
stability loss has been established and discussed as weU. Finally, some practical examples, takíng two 
tank.ers of different size, moored eilher in SPM or ín 'Turret' configurations have been presented, 
ilustr.uing the features predicted by bifurcation analysis. through a numbcr of time-domain simulaliuns, 
performed with a fifth-order Runge-Kutta mtegrat1on scheme. Some examples, concerning lhe 
appearancc of Hopf bifurcations have also been presenred and discussed. 
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Appendix A 

ln fact, using (10), (1 I) and (9) under equilibrium assumption, Eqs. (19) can be written, 

X(ü. v,i') + mrv + f cosw =0 

Y(il,v.T )-mrii- Tsenm =0 

N(ü. v.'i)- Tx P senw =0 

The second and rhird equations are. then combined, leailing to 

Xp {Y(ü.v.F)- mrii} = N(ii.v,F) 

(60) 

(61) 

As equilibrium is assumed. tbe angular velocity is nu li (r =O) . Taking tbe hydrodynamic 
derivatives up to third order. we then have, at equilibrium. 

N - I N -3 
VV + 6 V\'VV (62) 

Appendix 8 

Table 81 Nondlmensionalizers Parameters 

Type (A) (B) 
of According to According to 

Variable Takashina (1986) Bernitsas and 
Kekridis {1985} 

Velocity u u 
Length L L 

Mass 8 0.5p L2 T 0.5 p L3 

tnertla or mass 0.5pL'T 0.5 p L5 

Force 0.5 p L T U2 o.5 p L 2 u2 

T is the drafr 
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Abstract 
Vertical fnrt'n >l'f'rt' measured on a Jwrizontal circular cy/inder in a /aborarorv wave jlume. The flume, ar rhe time of 
mt'a.wremenrs. wa.f 14 m long, I m widl' and ctrca 0.75 m dup. The lengtlt of rhe rylinder was circa I m. Ir was 
pnsititmed ltoritontally along tht! transvust! direction of lhe tank. The diameter was 0.15 m. Twn lmmersions of rlte 
renurline wtre rtlasidut'd: 0.15 and 0.185 m. Regular ruifact wave.s were generalt'd by a plunger. The range oj 
frequl!nâes was ctpproximately from 0.5 to 2.3 H;;. Their amplitudes weu berween npflroxltllilttly 0.015 and 0.03 
m. Thl'se dimensions o/ the cylindu and characreristic.r of rire ... aves are typic.ol of a semi·submersibll' pontoon in 
real cunditinn.r. n"r' a genme/ric .rca/e factor of abo1n I:/()() is con.sidered. The vertical force wa.r mcasurcd with a 
srrain-gage rran.rducn, and /lu• wave elevarion with 11 resistance wave probe. The analogical signals were converted 
itUo digira/ and plotttd. The e.xperimental result.r wue compared agalnsr Morlson 's equatio11 ( 1950) predictions. As 
expecl<'<i. it was observed thatthe Morison's equarion results adheres to rire experimental ones in irs frequency range 
of validiry. The depth of the tank is sma/1 compared lo the wave lengrh in tire lmver raJige of freqmmcies. Tlris wmer 
depth limitutian h<tS bun considered when app/ying Morison's equarion. 
Keywords: Waveo Forces, lmmersed Bodíes. 

lntroduction 
Morison et alii (1950) proposed an equation to predict the transverse force on a fixed vertical 

cylindcr submitted to regular waves. 

This formula was generalize<~.. and nowadays it is usual to apply it to moving cylinders under the 
action of currents and waves. 

The fonnu la has one tenn proportional to t.hc flow acceleration, related L<l inenial effects. and other 
tenn proportionul to the tlow velocity squared, related to drag. 

For a fixed body under Lhe effect of waves, it reads: 

F = (p'V +m, 'y.J'+C0 ~pSUIUI 2 
(I) 

where p is the water densiry. 'V is the displaced volwne of the submerged pan of lhe body. m. is the 
added mass. U · is lhe flow acceleration, c~ is the drag coefficient, S is t.he projected arca of the body in 
the nonnal plane to the flow, U is the velocity of t.he flow. 

The inertia tenn includes the non-disturbed incident wave effect, given hy the displaced mass tenn. 
and lhe diffraction effect, given by the added mass term. 

The expression for the drag term is consequence of empirical obscrvation. For a certain flo w regime 
(laminar or turbulenl), and for bluff bodies. lhe force divíded by tbe velocity squnred does not depend 
significanlly on lhe Reynolds numbcr. ln fact, for circular cylinders lhe coeflicient c. is typically 
constant for turbulent flows. equal to 0.6. 

As for the inertia tenn, its expression can be obtained by Potential Thoory. assuming that aJl viscous 
effects are considered in the d:rag term. Possible interferences between inertial and viscous effectS are 
ignored. This derivation is presented in lhe foUowing sections. 

Manuscnpr r8C6iv9d: Septemoor 1996. Technieal Editor: Paulo E'tgi Miyagi 
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Formulation of the Potential Flow Problem 

The problem of determining wave forces on a fixed body acted oo by reguJar waves is formuJated in 
Lhe present section. 

Viscous effects are here ignored. 

The fluid is assumed Lo he incompressible and inviscid. and the flow potentiaJ. 

Let <1> be the Lotai potcntial of Lhe tlow, <I>' Lhe incident waves potential, and <j>0 Lhe perturbation 
potential dueto the presence of the body, that is. the djffraction potential: 

(2) 

Mass conservation must apply throughout the fluid domain, and this is assured by Laplace's 
equation: 

(3) 

Momentum conservation enables the calculatíon of the pressure by Bemouille's equation: 

( ) éJdl(x.y;r) 'lv ( )l1 () px.y;r =-p. ar ·-pl ipx.y;t - pgy+Ct (4) 

where the third tcm1 of the second member is hydrostatic and will thus not be considered when 
evaluating the hydrodynamic forces, and the constant C(t) will be assumed nuJJ. 

Since Lhe incident waves are themselves a solurion of the problem in Lhe absence of Lhe body, 
potentiaJ <I>' aJonc must satisfy Laplace's equation. and consequently so must potential <1>0 aJone. 

Just steady-state solutions are sought. 

As for boundary conditions. one has: 

(I) cinematic free-surface condition. requiring that no waLer '"splits" out of the free-surface. and 
that no "boles" are created: 

(2) dynamic free-surface condition, requiring thc pressure oo that surface to be uniform and 
constant (atmospheric pressure); 

(3) hottom condition. applied to a plane bottom, requiring lhe nom1al component of the flow 
velocity to be ouJI (impermeable bottom); 

( 4) body condilion. similar to the bonom condition. but applied to the body surface. 

ln adrution. a rarualion condition must be applied. requiring that the diffraction potential is due to 
waves that propagate from thc body ourwards. 

Conditions (I) and (2) are expressed in tem1s of two variablcs: the wave potentíaJ, cp, and the wave 
elevation in respect to Lhe undísturbed free-surface plane, 1). These conditions may be combined to give 
another one in terms solely of Lhe wave potentiaJ. 

Conditions (I) and (2), as weU Ule combined free-surt'ace condition. apply independently to 
potentíals cp' and <j>0 and to corresponding wave elevations TJ' and rt, here the superscripts I and D 
meaning "incidenl waves" and "díffmcted waves". Condition (3) aJso applies independently to 
potentíaJs $' and <b0 • Coudilion (4) applies just for their sum. 
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The problem is difficult to solve. mainly because part of the boundaries. specificaily the free­
surface is uuknown. and because the free-surface coudiúons are uou-liuear. 

A simplifying hypotheses is adopted. reslricúng lhe solution to that of "small" wave amplitudes. 
The problem is then lineariz.ed a.round the non-deformed free-surface plane. 

Consider two-dimensional problems, with axis x being lhe direction of propagation of waves, and 
axis y being vertical. positive upwards. The undistu.rbed free-surface is supposed to be at y=Ü. 

The linearized hydrodynamk pressure is restricted to lhe first term in the second member of (4). 

The linearized free-surface conditions read: 

Dynamic condition: 

' a~'·0 '1'} =---- on y=O 
g dr 

Combined cinematic and dynamic condition: 

The bottom boundary condition reads: 

di/J/ ,D 
--=0 on y =-h 

dy 

being h lhe water depth. 

The body boundary condition is: 

(5) 

(6) 

(7) 

(8) 

being "n" the normal direction to the body surface. (Bclow the normal versor ii will be supposed to be 
directed outwards of the body). 

Solution for the Problem ln the Absence of Body: Airy Wave 
Since just harmonic steady solutions are here considered, one may use complex notation, and write 

a generic variable 8( I) = f) a c os( -(t)( +O 9). where 8 (J is its amplitude, W its frequency and 58 its 
phase. as: 

e( r)= Re{e a exp[-i(~ - ôe )J} 
=R e{ e a exp(iô8 )exp(- i{IX )} = R e{ e A exp(-iox )} 

being e .. , = B,, exp(io6 ) the so called complex amplitude. with its absolute value equal to the real 
amplitude, and its argument equalLo the phase. 
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One Meady solution for lhe linearized problem in the abseoce of body is the linear small amplitude 
prngressive wave, also called Airy wave. lt is presenred nexl. 

The incidem wave elevation is: 

'l~(x:t) = Aexp(ikx) (9) 

where A is lhe wave amplitude, k= 1!f is the wave number. wilh Â. lhe wave length. and where k and 
w are related by the so called díspers'ion relation: 

ol 
k umll(kh) =­

g 
( lO) 

Thc above wave propagates in lhe positive x-direction. ln fact. its phase remains constant for 
l ~,_, - c•• )= constam. that i~. when the differential of this quantity i~ nu li: d ( ü - ca ) =O. resulting in a 
pha'-(' velocity equaJ to 

dx (I) g tanh( ld1) 
c=-=-= 

dt k k 
(li) 

The im:ident wave potential is: 

I .gA COsh[k(y +h)] . 
~11 (x,y:t)=-l- () e.rp{rkx) 

w coslt klt 
( 12) 

Fluid particles velocities may be evaluated from \': = u/ + •) = 'ilq/, giving for instance for the y­
direction component: 

I . kgASinh[k(y+ h}] . ) 
,. " = -1 -- e.xp( 1kx 

w cush( Jd1) · 
(13) 

- . i},: 
Ftuid particles accclerations may be evaluated from ii "' Iii + ,··; -= 7j; . giving for instaoce for thc y-

direction component: 

sinh[k ( y +h}) 
' .I = -kgA ( ) rxp(ikx) 

coslr kh 

F'or unlimited deep waters ( kh ~ oo ). one has: 

z 
. in ( 10): tunh( kh) :: I . so that the dispersion rclation reads k = ~ 

~ 

. in ( I I) the wavc vclocity resulting in c= H ; 

( 14) 

. (C/'.Ihl.(( .l + h) ] t' lf•[t.t_ l' +fl)] + o•\ f>[- .1.1 l'+fl)] t' \f1[qy+ iiJ] 
. m ( 12): - ---- = :: =-t>.lp(A,·) 

( "·'"( "") 1'\'fl( /.:h) + i'\ fi( - kh) 1'.\f'( kh) . 
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sinh[k(y+h)] 
in ( 13) and ( 14). similarly to the above approximaúon: ( ) - exp( /..y) 

cosh kh 

The Linearized Wave Force Acting on the Body 

As for the steady solution of the problem in the presence of the body, the force exerted by the 
waves on lhe body may be evaluated considering the linear hydrodynamic term of the Bemouille's 
equaúon, as below: 

f:,, = Fc ./ + 1-"y.A] = Jf (-p 1l)iidS=-f.úlp ff~ 1 iidS-iwp ff 1P 0
iidS (15) 

hodr' ' 1-.oih·· ,. hoc/,·' s 
,,ur{ac~· ,wr./iu t: ,,urÍa• ( 

Approximation Leading to the lnertia Term of Morison's Equation: the 
Froude-Krylov Term 

The first term in the last member of (15) is called "Froude-Krylov" term. It may be readily 
evaluated since the incident wave potential is known. 

lf the body is "small" in lhe x-direction, say. less than one fifth of the wave length, the phase of the 
wave over lhe body is approx.imately constant, and its value on lhe center of lhe body, x= X c. may be 
taken. 

lf. in addition. the body is assumed to be "small" in lhe y-direction, another simplification may be 
done. 

For the y-componeot of the force, for instance. Lhe body may be approximated by thin verúcaJ 

slrips, each one of width Ãr . The upper face of each strip is at y = Yu • and the lower face at y = y1• 

Its height is <1y = y, - y1 and its center at .' , = ·'·" ; _,., . The normal to the upper face of lhe strip is 

n y = 1 and 10 lhe lower face is n y =-I . For each strip. one has: 

Froudt 

My~~rylav = -wp[q,~ (x,., Yu )- 41~ (xc-, yJ)}ix = 

= -pgA 
1
( ) exp(ikxc \fcosh[k(y., +h)]-cosh[kh +h))}L1x = 

cosh kll 'l 

= -pgA 
1
( ) exp(ikxc )L 

cosh kh · 2 

l
exp[ k( Yc +;+h )]+exp[. -k( Yc +; y+h )]-}L1x = (l

6
) 

-exp[ {Yc- ;v +h )]-exp[ -k( Yc- ; +h)] 

= - pgA 
1 

exp(i!ac ).!... · 
cosh{kh} 2 

{e.tp[k(yc +h)]-e.xp[- k(Yc + h)J}[ exp( k ; )-exp( - k ;v )}1x 

= -pgA cos:(kh) exp(ikxc)sinh[k(Yc +h){exp( k A;)- exp( -k; J ]Âl' 
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Now, lhe approximaüou 

( .1v) ( .1v) l!.lp k 2 -exp -kl ;: /u.ly (17) 

.1v MI' 
may bc adopted for k.....:.. = - -- <<I . z À. 

Subsliruúng ( 17) in (16). nnd recognizing lhe 
expression. it resuhs: 

acceleralion r~ (expression 14) in lhe rcsulting 

' l"i(th• 

..lF - A.nl.w "' p..lr.:h T I ( r ,. ) 
' ' - \ t. ' 

(18) 

Summing up ali lhe conrribulions from ali suips. and adnúttin~ thal the suips ceoters are all at about 
lhe 'ante heighr y = ' • . 1he ~ectional force resullS: 

(19) 

where A is the sectional area of lhe body. and where the acceleration is determioed at lhe geometric 
ccnt~r ~-• ,. . _, ,. J of r h i~ 'ection. This force corresponds to lhe pv U' term in ( I). once a 20 flow and lhe 
y-direcllon are considt:red. 

Approximation Leading to the lnertla Term of the Morison's Equation: 
the Dlffraction Term 

The second term in ( 15) is difficult to evaluate. since the porential ~P 0 is unknowo. 

However. i1 is possible to relate this problem lo that of á freely oscil lating body in the absence of 
inctdcnt waves. catJed radiarion problem. 

Supposc, for instance. thal the 20 body considercd so far is oscillaling harmooically with frequency 
w and unil amplitude along the y-dkrcction. One is concemcd about tJ1e determination of the 
corresponding radiation potential, <iJ: . This problem can be formulated, up to first order 
approximatioos, by the Laplace equarion (3). the combined free-surface boundary condition (6) and lhe 
bottom boundary condition (7). A~ for the body boundary coodition. one has in lhis case: 

• R 
(}lp :l. A = \' 

dn " 
(20) 

wherc 1'11 = j ·ti = 11 ~ is Lhe component of the veloci ty of the body normal to its surface. 

Rewming to the diJTrac1ion problem. the y-compo nenl of lhe second lerrn in (15) may be thus 
written : 

F diffro.:rion _ ·mn f '"V d ·- ·,V> J,._o ~:.A d 
v.A - - 1___,.,. 'I' A n2 s- - 1___,.,. 'I' A~ S (2 1) 

b<>tly'., body' f 
t'fmtour cmuour 
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Applying Green's second identity'. and afterwarrls lhe body boundary condition (8), one has: 

Fdi(frartirm . f .t.R arp~d . [ A.R ~~ds . r R O,t,l-1 
v.'A =-I(J){> j '~'Z.A On S=I(J){> J '~'2.A On =I(J){> J l!> 2..4v'~'A·II~S (22) 

bndy's body's body's 
contour ctmlour contowr 

Deing the 2D section symmetric in respect to y, as is the casé offor instance a circular section, thcre 
will be no contribution for lhe y-component of the force from the 'Vrp 1 ·(n,i 1 term. ln thjs case. (22) 
reads, after expressing n2 again in terms of the radiation potential rp 1 : 

F dljjraction _ · mn f {o !lo I ~ ).t. R ()rp L d . 
A -/"""" v'I'A'1'1'1'--J 

I' .. ~ d/1 (23) 

hody'~ 

~ ·rmtour 

The above eJtpre~sion is known as Haskind's relation. and it enables lhe determlnat.ion of lhe 
d.iffraction force b~~:u un lhe k.nowledge of the radiation potential instead of the diffracuon potential. 

Consider now the sarne approx.imat.ions adopted in Lhe last section. lhat is, that the body width and 
height are small relatively to the wave length, enabling lhe incidenl wave phase and immersioo decay to 
be t.aken as uniform for lhe whole body section. 

ln this case, V rp 1 • J may be pu L out of the integral in (23). 

11 

The coefficiem ln • -P J ,:.A df~A dS is related lo lhe radiation problem conceming oscillation in 

t>o<l.v's 
{'(NtiUIIf 

the y-direction and force also in the y-direction. lt may be expressed by lhe sum of a tenn in phase with 
lhe body acceleration and of a term in phase with the body velocity: 

(24a) 

where 

1 l f R ~L l a 22 = mz Re - p J f/J],A -;;;-ds 
bod,r'x 
t•tmtour 

(24b) 

J ( rp 0 a;! -~: O:~ }s: O, once lim</Jf -') O and /im~D ~O atlarge dislances from lhe body, by 

bodv's 
contnur 

(6\.(rpD~: -</Jf~D) =(</Jot~2 </Jf-~:!i...~o) =0. 
an dll free g g frt'e 

Slll.face surfac-. 

f ( rp 0 ~ -</!f ~D )ds=O 
b<:>rrom 
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·1; •:< T, 1 1; I T, <<I • }: lhe flow reverses beforc the fluid particles can reach lhe olher side of lhe 
cylinder. not enabl.ing the occurrence of separatioo and wake. and. consequenlly, viscous effects 
can be igoored: 

T, ~> T, 1 T, i 1; » ' " ): lhere is enough time for lhe fluid particles to surround lhe cylinder before 
flow reversion. and separation and wa.k:e do occur, being lhe viscous drag significant. 

One has: 

(29) 

Thcrefore lhe relative importance between inertial and viscous tenns can be cvaluated by lhe A/d 
quotient. which in fact is lhe Keulegan-Carpenter oumber. 

For A<<d one has the inertial regime. and the viscous drag can be neglected. 

For A>>d one has lhe viscous drag regime, and inertial effects may be neglected, due to lhe fact 
lhat in this case tbe body is "small". causing a "small blockage" of lhe fl ow. 

For intermediate values of A/d, bolh effects rnay be imponant. Tbe formu la is generally used in this 
case simply considering lhe validity of supcrposition of effects. 

Frequency Range of Validity of Morison's Formula 
The flow acc:elerat.ion U' and velocity U used in Morison's formula are to be taken as typical values 

for lhe undisturbed incident wave (not diffracted) along lhe J;ection of the cylinder. Thcse values are 
generally ta.k:en on lhe centertine of lhe cylinder. 

Therefore its validity is restricted to situations where the wave characteri$tics do not present an 
intense variation along lhe secríon. 

The criterion most frequeotly uscd is lhat the formula may be appüed fnr * < 0.2 

Taking account of lhe dispersion relation (I 0), the above criterion reads in terms of frequency in Hz 

( f =!!!.... ). for unlimited deplh: 
2Tr 

, 
2rrf•d 02 < . . 

g 

or. in cerms of frequency range, Morison's equation holds for su fficiently low values of frequencies. 
such thac 

f < ~ g = 0559 
lOm:! Jd 

The mJ1er restriction rcfers to "small'' body heights in respect to the wave length Â . 

lmagin.ing Lhat "d" and ·' .dy ·• are of lhe same order. the consequence nf adopt.ing 

(30) 

(31) 
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is lhe so culled "added-mass", and 

1 I( ·{ J R ~:.... ]) bn = ()) Re _, -p lxxN~2,A ---;;;;-tis 

CrJntour 

(25) 

is lhe so called ''damping". 

The added mass and the damping may be calculated just considering lhe radiation problem. This is 
a much more "treatable'' problem. since lhe radjation potentiaJs are null at large distances from lhe 
body. which is not lhe case of lhe incidem wave potentiaJ in lhe diffraction problem. For 20 numerical 
solutions in inlinitely deep waters see for instance Frank ( 1967) and de Conti ( 1980). 

With this upproximarion. (23) rcsu lts: 

F diJfm..rlim I ;,., 1 ., . ..r. )v"'' 1:1 , ~ ::-(-.-1 ... aJ: -tuvn I"' A · . 
" -1(1)) . .f.l, .) .. J 

=(-irúf, , +fh,)VI/J~ ·Ji 
-- -- . I '• y, I 

(26) 

=u_,_:-,·1
1 (1, ·"• )+h.:'_.,.',(,, ,_,.,_·) 

The atltled mass tem1 in (26) com:sponds to lhe 111))' term in ( I). The damping tenn in (26) is not 
present in Morison's equution. which utlmits lhatlhe potentiaJ damping is negligible face to lhe viscous 
damping. 

The lnertia and the Orag Regimes 

The quotient bctween lhe wave amplitude and lhe cylinder diameter may in<.licate wbether the most 
imponant cffect is inertiaJ or viscous, as exposed below. 

Consider t.he rypical lime for a fluitl particle to surround lhe cylinder in tbe wave flow. TI1is cao be 
cvaJuated by dividing hnlf the cylinder perimeter by the particle velocity: 

(27) 

01'1 
where d is lhe cylinder diameter, and was assurncd to be the order of lhe particle velocity in the 

1 
wave flow. 

The flow reverses after each time lag equal to haJf lhe wave period. lhal is: 

(28) 

Comparing T, and T,. one has lhe following possibilities: 
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similarly to (30). couJd be sougllL. One wnuld have: 

.11' lrLil' 
k .......... = -· < 021C = 0.63 

2 À 

so lhat tJ1c approximation 

II.J4- UXI 
would lead to a maximum errar of =. 3% . 

134 

(32) 

This shows lhat lhe restriction in (31) also guarantees small deviation~ from the exact predictions. 

The Experimental Tests 
Thc experimental tesll; were conducted in a wave flume. There was a plunger-type electricaJ1y 

driven servo-comrolled generator LO one of its cxtremities. anda wave absorber Ln lhe other (see Fig. 1). 

Fig. 1 Experimental Arrangement 

The flume was at lhe time of measurement~ 14m long. 1 m wide and circa 0.75 m deep2
• 

Regular waves in lhe range of 0.5 to 2.3 Hz wilh amplitudes up to 0.03 m were generated. 

The tested model was a circular cyhnder wilh a 0. 15 m diameter, and circa I m lenglh, whose 
c:limension~ are typical of a semi-submersible pontoon in real conctitions, oncc a scale factor of about 
I : I 00 is considcred. 

This model was arranged borizontally in the transverse directioo of the flume. The tlow resulted 
thus appmximate ly 2-dimensional. Two immcrsions of tbe cemerline of the cylinder were considered: 
O. 15 and 0.185 m. 

Thc vertical component of the force was measured by a strc1.in-gage transducer and the wave 
elevatioo by a resistance wave probc. Tbe analogical signaJs were converted into digital and plorted. 

11 was observed a linear behavior of lhe force in respect to the wave amplitude. in the range of 
frequend es considered. This indicated lhal the drag should not bave had a signiticant role. 

Tbe q uotienL between vertical sectional force and wave amplitude versus wave frequency was 
ploued for both inunersions (see Figs. 2 and 3). These figures also present estimations using Morisoo's 

2 
Nowadays lhe Oume-lenglh has been exlended to nboul 25m. 
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formula. Two Morison's plots (theoretical) are shown: one consideríng unlim i ted water depth, and lhe 
olher considering limited water depth. 

0,12 

0,10 

Ê 
F o,o8 
~ 
01 

..liC 0,06 -< 
:.., 0,04 
[" 

0,02 . 

0,00 

0,00 0,50 

• 

• experimental 

ii 

• 
C theoretlcal ( unlimited water depth ) 

A theoretlcal ( llmited water depth ) 

upper llmlt of experimental uncenaintles 

lower llmlt of experimental uncertalntles 

1 ,00 

frequency (Hz) 

1,50 2,00 

Fig. 2 Vertical Force Versus Wave Frequeney tor lmmerslon Equal to 0.15 m 

0,08 

Ê 0,06 
E .. 
E ;::: 
~ 0,04 --<C .. 
...I 

~ 0,02 

0,00 . 

0,00 

' I 

0,50 

~ 
I • 

D 

• 
• 

• experimental 

C theorelical ( unlimited water depth ) 

A theoretlcal ( llmlted water depth ) 

upper limlt of &)(perimental uncertalnties 

lower limit ot experimental uncertainties 
I 

1,00 1,50 2,00 

frequency (Hz) 

2,50 

Fig. 3 Vertical Force Versus Wave Frequency for lmmersion Equal to 0.185 m 



564 J . or the Braz. Soe. Mechanical Sciences • Vol. 19. December 1997 

lt shall be noted lhat just lhe inertial tenn of lhe Morisoo's equation has been calculated. being Lhe 
dl-ag tenn neglected. This was due to lhe fact that for the present tcsts the quotient A/d did not exceed 
(0.033/0.15) << I. which is, as seen abovc, a typical inertial regime. 

Analysis of the Results 

The range of measurement uncertainties. which amounrs ±8.5% . i~ indkated in Figs. 2 and 3. They 
were estimated considering lhe foUowing effects: 

• errors associated to instruments calibration; 

• errors associatcd to data acquisition: 

• errors due to spurious wave rcflection: 

• errors due to pcrturbations in lhe wave profile. 

However ii is known lhat there is another important uncertaimy for the lower Limit of the frequency 
range. Th.is is associated to lhe shortness of lhe !lume. with consequent wave rellection, and limitation 
of lhe wave register length. This crror has not beeo indkatcd in Fig~. 2 wtd 3. but çertainly enlarges lhe 
uncertainty range for frequencies below 0.6 Hz. 

The crüeria for the range of validity of Morison's equation (Eqs. 30 and 31) state that the upper 
frequency for its applicaLion should be about 

0559 
fmax = r;;-:-;: H:.=. 1.45 H<. 

-vO.J5 

lt should be also noted that the fom1ula for unlimited waters is a good approximation for wave 
lengths typically smallcr than twice the water depth. that is, for wave frequencies such that 

f = J 8 > J g =. 0.883 =. I H:. 
br.t 4rch Jh 

Then, for smaller frequencies. thc curve for limitod waters is theoret.ically more adequare. 

Jn fact. Figures. 2 and 3. respectively, relative to the smaJJer and higher immersions, indicare: 

. thnt the experimen!al result' are adherent to Morison's prediclion~ until at least 1.5 Hz; 

. lhat it does make a diffcrence Ulk.ing account of Lhe deplh Limitaúon for low frequencies. 

As for the addcd mass. it was evaluated by the analytical-numerical methodology described in 
Frank (1967), which applies to infinitc water depth. Kelvin source singularities are distributed along the 
body contour. Thesc singulariLies satisfy the lineariz.ed free surfuce c~mditions. the infinitc condition 
and lhe radiation condilion. Tbe imensity of lhe singularities is dctcrmined by lhe imposition of thc 
bod~· boundary condition in various points of its contour. 

Graphics for Lhe: sectional added mass coef:ficient ( a22 ! pTU/2 /4) and for Lhe damping coefficient 

~2 I mpTUIL 14 versus fTequency are presented in Figs. 4 and 5, respectively for the immersions 0.15 

and 0.185 m. 

The added mass coefficiem is scen to vary considerably with the frequency. and this variation is in 
fact ~ignificant when estimating the diffraction force. 

Sometimes Lhe udded ma$S is approximated for its zero frequency · infinite tlow value. instead of 
considering lhe actual frequency of oscillation and the existence of a frcc-surface . This approx.imated 

v alue for the circular cylinder is ( au I pTU/214) = 1.0. 
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The above approximation implles in errors, Jor instance for the lower immersion at a frequency 

around 0.9 Hz (see Fig. 4), of about 
2

·
0

-
175 = /4%. It was observed lhat errors like that may cause 

175 
theoretical resuhs to drop out of tbe experimental uncertainty range. Tberefore. tbis approximation was 

not adopted in the present paper. 
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Moreover. ln lhe case of having a circular cylinder in a free-surface flow, tbe limit added ma.-.s 
coefficient for zero frequency is circa 1.2 for a immenüon-diameter ratio of 1.0 (Fig. 4), and circa 1.15 
for a immersion-diameter raúo of L23 (Fig. 5), and not 1.0, as in infinite tlow. 

This i<> explained by the fact that thc frec surface cond.ition (6) reads at the zero frequency limit as: 

a~ff =o o ()y - ()11 y = ' 

and Lhe free surface acts as a rigid impermeable plane. The flow limited by this "rigid free-surface" is 
equivalent to that of the original cylinder and of another cylinder which is Lhe specular image of the 
former, in respect 10 plane y=O. both oscillating with opposíte phases. This is not. of course, Lhe infinite 
flow approximation. 

As for the potential damplng effect. despi te having be.en neglccted, it is not that small in comparison 
to the added mass effcct for tbe lower frequencies. specially around 0.4 Hz. as may be seen in Figs. 4 
and 5. 

Conclusions 

Despitc the limitations of Morison's equation, it has proveu to give reasonable predictions, 
concerning vertical forces. for pontoon-like structures, at least for wave lengths larger than 4.6 times the 
body width. This is in accordance to Lhe usual criterion, which recommends a factor of 5.0 times. 

lt was observed that it is important to ta.kc into accoum the variation of added mass with frequency. 

Tht! fiume length is not adequate for expcrimcntation with low frequencies. especiaUy in the range 
up to 0.6 Hz. lo tbis sense, Lhe lengthening of the flume (which has jus! been provided) shall be 
convenient. 
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Abstract 
This work prl!senrs an expaimental study OTI lhe lift! of abrasive di ses in cut·ofJ rype operalion.< with two conditiollS 
of cutting speed. The cutlinK time is .vhowfl with a compararlve analysis of r !te nming speed. 
Keywords: Abrasive Discs. Cut-OffType Operalions. Culling Speed. 

Resumo 
Esre rraballto apreuma um eswdtl experimenral sobre a vido de discos abrasivos em operações do tipo "cut-ofT' 
com duas condições dt• velocidade de corre. O Tempo de corte é apresentado com uma análise comparativa da 
velocidade de corfl'. 
Palavras-cluwe: Discos Abrasivos. Operações do Ti(>O "CLII·Ofj", Velocidade de Corte. 

Introdução 
O corte com discos abrasivos é um dos métodos mais antigos e devido à sua simplicidade 

operacional, ainda é um dos mais utilizados na indústria que trabalha com materiais metálicos. 

Atualmente, os discos abrasivos são disponfveis em todos os níveis de preço e qualidade. O segredo 
na obtenção do bom desempenho do disco abrasivo está em quando e como utilizar o disco abrasivo 
correto para o trabalho. Este desempenho pode ser determinado pelo volume de material que estes são 
capazes de remover, em relação ao volume de disco abmsivo gasto num determinado tempo e segundo 
determinadas condições de trabalho (Snee. 1991 ). 

/\s diferenças de qualidade na fabricação de um mesmo tipo de disco abrasivo pelos diversos 
fabricantes. e o desconhecimento de seu desempenho. agravam a determinação das condições ótima.s de 
t:rabalho, tomando difícil a escolha de uma nova operação de corte, em função do tipo de disco abrasivo 
e do material a ser cortado. Estas dificuldades fazem com que os critérios para utilização de discos 
abrasivos no meio industrial não estejam devidamente estabelecidos, como na usinagem com 
ferramentas de arestas cortantes definidas. além de serem pouco estudados. Portanto, há pouca literatura 
formal sobre este assunto. 

Muitos usuários utilizam discos abrasivos de forma inadequada por falta de informações técnicas 
sobre este processo, o que eleva, evidentemente. o custo do corte e prejudica seu desempenho. A 
avaliação do custo de discos abrasivos é difícil de ser feita e seu desempenho depende das condições de 
trabalho. 
Manuscript r8C6ived: February 1996. Technical Editor: Pauto Eigl Miyagl 
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Normalmente. o cone em operações do tipo "cut off' são realizadas por máquinas com relação de 
transmissão llnica enlre o motor de acionamento e o eixo árvore. que supona o disco abrasivo. Desta 
forma a velocidade de cone V, [mls]. quando o disco abrasivo é novo. é ah.a e diminui na mesma 
proporção que ocorre a perda diametral do disco abrasivo. Isto afeta substancialmente os fenômenos de 
curte, comprometendo a capacidade de remoção do disco abrasivo (Bianchi et ai .. 1996). 

Este tmbalho tem como objetivo apresentar os resultados experimentais obtidos sobre a orimização 
do tempo de cone com discos abrasivos, quando submetidos a diferentes condições de velocidade de 
corte. Controlando-se a rotação do motor de acinnamento, foram realizados dois ensaios. Em um deles 
manteve-se a velocidade de corte constante (aumentando-se a rotação do disco abrasivo 
proporcionalmente à sua perda diametral) e no outro utilizou-se a velocidude de corte variável e 
proporcional à perda diametral do disco abrasivo. 

Fenomenologia do Corte com Discos Abrasivos e Parâmetros de 
Avaliação de Desempenho 

Para a constatação da otimização do tempo de corte com discos abrasivos em função da velocidade 
de rorte, a unáli~e de algun.ç parâmetros relacionados aos processos abrasivos facilita ::1 estimatív::1 da~ 
vantagens econômicas que podem ser obtidas de acordo com as condições de trabalho utilizadas, além 
de mostrar a sua adequação no meio industrial. Por falta de literarura técnica especffica sobre discos de 
cone, diversos conceitos utilizado~ no processo de retificaçào foram adequados a e~te trabalho. 

O corte de materiais em operuçõe~ do tipo "cut-off' consiste em pressionar um disco abrasivo 
contra o material a ser cortado, usualmente fixado numa morsa. A velocidade de penetração do disco 
abrasivo no material é denominada taxa temporal de penetração do disco abrasivo no material V f [m/s]. 
Na Figura 1 é apresentado o desenho esquemático da fenomenologia de corte com discos abrasivos para 
operações do tipo ·'cut-off' e as principais variáveis envoh-idas (Bianclli et al .. 1996). 

A taxa de remoção de material no tempo Q.lmm'/s] representa o volume de material removido por 
unidade de tempo, que é determinada pela equação: 

(I) 

onde l\ fmm2j é a área de contato num dudo instante entre o disco abrasivo e o material. 

-- Nomenclatura 
A = área de contato num o · = taxa de remoção N número de cavacos w 

dado instante entre o especifica de material arrancados por unidade 
disco abrasivo e o no tempo [mm3/mm.s) de tempo [Nll/s 
material [mm2

] Hoq = espessura equivalente = largura do disco abras1vo 
b largura média do topo de corte [mm) [mm) 

dos grãos abrasivos (mm) h .... = espessura teórica vs velocidade de corte (m/s) 
c número de grãos máxima do cavaco v, = taxa temporal de 

abrasivos por unidade de (mm) penetração do disco 
área (Ng/mm2

) K. pressão especifica de abrasivo no material [m/s) 
d, diâmetro do disco corte (N/mm2

) Zw = volume de material 
abrasivo (mm) K, = tensão de escoamento removido [mm~ 

d, = diâmetro do material do metal da peça Zg volume de disco abrasivo 
[mm] [N/mmt) gasto [mm~ 

Fng = força tangencial de corte I c comprimento de contato 5 = penetração do disco 
num grão abrasivo (N] entre o disco abrasivo e o abrasivo no material 

G = relação[ .. ) material [mm] (mm] 
0...= taxa de remoção de L espaçamento médio ).1 = coeficiente de atrito entre 

material no tempo entre os grãos abrasivos o grão e a peça H 
[mm3/s] (mm) 
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disto 

d, 

Material 

Fig. 1 Fenomenologia de Corte para Operações do Tipo wCut·OffM jBianchl et ai., 1996) 

A densidade de grllos abrd.'livos da supcrffcie de curte do db~.:u abra~ivl• , uum dt:Lc11uiuado instante 
do corte, depende desta área de contato. No corte de materiais com secção ll"ansversal circular a área de 
contato varia com o diâmetro do disco abrasivo d.(mm], diâmetro do material de I mm], largura do disco 
abrasivo 1 [mmj e com a penetração do disco abrasivo no material S [mmj, segundo a equação (Abrão, 
1991): 

A= 2·1 { d; }arcco 
[r~·H~l-6]' -[r~J' -[1-r] 

['[d; l([d; Hd: l-61] 
(2) 

O comprimento de contato I, [mm(, entre o disco abrasivo e o material, influencia no número de 
grãos abrasivos, que afetam a geometria c a remoção dos cavacos arrancados. O comprimento de 
contato é obtido pela relação entre a área de comato e largura do <tisco abrasivo. confonue a equação: 

I=~ 
c I 

(3) 

Sendo a largura do disco abrasivo constante. o comprimento de contato é <tiretamcnte proporcional 
à área de contato. 

Durante o ~.:orte de materiais ciJJndricos. a área de contato inicialmente tende a crescer 
proporcionalmente à penetração do disco abrasivo no material. até um comprimento de contato 
máximo. Posteriormente a área de contato decresce até o fínal do cone. O disco abrasivo tende 
progressivamente a desgastar-se, diminuindo seu diâmetro. 

No infcio do cone. quando o <tisco abrasivo ainda é novo, há uma maior densidade de grãos 
abrasivos alivos oa superfície de corte deste, devido ao maior comprimento de cootato. Desta fom1<1. 
cada grão abrasivo remove menos material e o cavaco arrancado possui menor espessura. 

O disco abrasivo desgasta-se durante a remoção de material, acarretando a diminuição do número 
de grJos ati vos na sua superfície. Com menor densidade de grãos ativos. cada grJo abrd.,iV<) remove um 
maior volume de material com espessura maior, comparativamente ao ca.~o anterior. 
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Para um mtlsmo Lipo de disco abrasivo, a manutenção do número de cavacos arr.mcados por 
unidade de tempo N [Nu/sj dependtl do número de grãos abrasivos por unidade de área C [N2/mmt). 
largura do di~co abrasivo e da velocidade de çorte do disco abrasivo. O número de cavacos arrci.Ucados 
por un1dade de tempo é obtido pela equação (Malkin. 19H9): 

N = C.r.V1 
(4) 

Com u perda diametral do disco abrasivo, há uma diminuição contúlUJ:I c.lu velodc.ladc de corte. Isto 
provoca uunbém a diminuição progressiva do número de cavacos arrancados por unidade de ttlmpo. 

A espessura equivalente de corte heq [mmj reprc~enta a espessura da camada c.le material que é 
arrancada pelo disco abrasivo numa volta wmplcta. Trata-se de um parâmetro que permite quantificar 
uma condição de trabalho. A ~pe:.sura equivalente de corte é definida como sendo a relação entre a 
taxa de remoção específica de material no tempo Ow' [mm'/mm.sj e a vt:loc1c.lade de corte do disco 
abra<;ivo. expressa por (Peters e IJt:çncut, 1975): 

(5) 

sendo o taxa de remoção espcdfica de material no tempo Q. obtida pela relação entre taxa de remoção 
c.lt: material Ow (mm'/s) e a largura do disco abrasivo 1. Dividindo-se Eq. ( I ) porte combinando-a com 
a~ Eqs. (3) e (5). a espessura equivalente de corte pode ser expressa por: 

(6) 

O parã.metro h,. foi escolhido para que se possa realizar uma análi!>e comparativa dos resultados 
entre as du~ condiçõe:. c.le trabalho (V, constante e V, variável). 

A espe~sura teórica máxima du cavuco h..,., [mm) é diretamente proporcional ao parâmetro 
espessura ..:qui valente de corte. conforme a equuçãu (Bianchi et ai.. 1992): 

(7) 

onde L Lmm j é o espaçamento médjo entre os gr:los abmsivos. 

Portanto. aumentando-se V r ou diminuindo-se V~ há wn awnento na espess~r ra máxima do cavaco 
arrdllcado. Todavia. variando-se a espessura do cavaco arrancado, altera-~e a força tangencial de corte 
num grão abrasivo F.,, lN). E.~ta força tangencial de cone pode ser expressa pela equação (Bianch.i , 
1992): 

(8) 

sendo b Lmmj a largura médja do topo dos grãos abnlsivos. K. fN/mm~ l a pressão especifica de coite, 11 
o coeficiente de atrito entre o grão e a peça c K. (N/nun1l a tensão de escuan1ento do metal da peça. 

Outro parâmetro utilizado para a detenninnçào do comportamento de discos abr<~.~ivus é a relação G 
. definida como sendo a relação entre volume de material removido e volume de disco abrasivo gasto 
(ferramenta). detem1inada pela equação (Hahn, 1955): 

Zw G=-
z.~ 

(7) 
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sendo Zw [mm' ) e Zs [nun,l o volume de material removido e o volume de disco abrasivo ga~to, 
respecú vamente. 

Esta relação caracteriza o desgaste de um disco abrJSivo sob determinadas condições de trabalho. 
Se o desgaste do disco abrasivo for grande com relação ao desgaste de material, a relação G é pequena. 
Isto significa que a perda volumétrica do disco abrasivo é grande. Assim, o custo do cone é maior. No 
caso do disco abrasivo desgastar-se lentamente, a relação G é alta, sendo o desempenho do disco 
abrasivo melhor. tomando o corte mais econômico (Biancbi, 1992). 

Mecanismos de Desgaste em Discos Abrasivos 

Durante a operação de corte ocorre o macro e micro desgaste dos grãos ahmsivos e ligante da 
superfície de corte do disco abrasivo. decorrentes da interação do disco ubra.~ivo com a peça. 

Na Figura 2 são apre~entatla.~ ~ formas de ocorrência do macro e mi<:ru desgaste da superfície de 
l'One dn' tlío,,·o, ~tbra'l\ "' 

a) Desgaste geraào pelo cavaco 

--vs 
I calor I 

b) Desgaste térmico 

""' 

-

\ disco abrasivo 

_ci~ _ 
\. -:._/' 

I 

./ material 

c) Combinaçao entre desgastes térmico e gerado pelo cavaco 

- ~ . 
Vf 

/ 

Fig. 2 Formas de Ocorrência do Macro e Micro Deagaate da Superfície de Corte dos Discos Abraslvoa. 

O micro desgaste corresponde ao desgaste das arestas ativas no topo dos grãos abrasivos durante o 
corte. em decorrência do atrito entre as arestas dos grãos abrasivos com o material. Durante o corte. os 
grãos abrasivos vão se desgastando e lentamente aumentando suas áreas de topo, aumentando as forças 
de corte e geração de calor. 

O macro desgaste ocorre pelo desgaste do ligante, que retém os grãos abrasivos na superfTcie de 
corte do disco abrasivo. O desgaste do ligante pode ocorrer termicamente, pela geração do cavaco 
arrancado ou pela combinação entre ambos. 
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O del.gastc t~nuico (Fig. 2b) ocorre pela ação do micro desgaste. As arestas no topo dos grãos 
ahr.tSivos vão se desgastando e. consequentemente. há o aumento da~ força~> de corte e temperatura na 
reg1ão de contato. Uma parte desta energia tém1ica é conduzida em direção ao centro do disco abrasivo. 
passando pelo~ grãos abrasivos e ligante. Quando a temperatura de uabalho é elevada. há a deLeriomção 
térmica do ligante que perde parte de ~ua capacidade de retenção dos grãos abrasivos. Assim, a força 
máxima de retenção. que o ligante exerce sobre o grão abrasivo, diminui. No inswnte cm que as forças 
de corte .são maiores que a de retenção do hgantc sobre o grão abrasivo, há a liberaçi'io deste. Os discos 
abrasivO!. utilizados neste l!abalho, sào confeccionados com ligante resinóidc, que é muito sensível à 
açào da erosão do ligante pelo cavaco. 

O cavaco arrancado pela intcração do gr11o abrasivo com o material incide. ao sair. na parte do 
ligante que e~tá a frente do grão abrasivo. na dircção de movimento do di~co abrasivo (Fig. 2a}. 

O atrito entre o cavaco e o ligante provoca, continuamente, o desgaste do ligante e este desgaste 
diminui a capacidade de retenção do grão abrasivo. 

O macro desgaste combinado com o micro desgaste (Fig. 2c) é a combinação entre os tipos de 
desgaste já de~critos. 

Descrição do Banco de Ensaios 

O banco de ensaios desenvolvido é c.:umposto de uma máquina de corte do tipo ··cut-off', com 
capacidade pMa discos abrasivos de até 254.0 mm de diâmetro. montada sobre uma base rigidamente 
lixau~1 ao solo. Foi utilizado um motor de indução trifásico com potência de 2 c.:v e rotação nominal de 
3.480 rpm (freqUência 60 Hz). A rotação do motor é l!ansmitida ao eixo árvore. com relação de 
transmissão de 2,2: I para a obtenção da.\ rotações nece.~sárias. de acordo com as condições de trabalho. 

Um sistema de polia e peso foi montado para auxiliar o controle da força aplicada do disco abrasivo 
contra o material a ser cortado. A força aplicada era controlada manualmente pelo operador de tal forma 
que a rotação do motor fosse mantida constante durante o corte. Este si stema é constiruído por um peMI 

que traciona um cabo de aço. Ligado l'l máquina utmvés de uma polia. 

O controle da rotação do disco abrasivo foi realizado por um conversor de freqUência digital, que 
indicava a f'reqiiência instantânea do motor em todos ensaios. A força de cone aplicada. do disco 
abrasivo sobre o material, foi controlada de tal forma que a rotação do motor, para uma determinad<~ 
velocidade de co11e. ficasse mantida constante. Assim, as forças de corte foram controladas para que 
não houvesse perda volumétrica do disco abrasivo pela ação de sobrec.:arga nos graos abrasivos, que 
poderiam provoc.:ar 11 liberação antecipada destes. Este fato é indesejável uma vez. que pretende-se 
analisar o influência da velocidade de c.:orte nn desempenho do disco abrasivo e não submetê-lo à forças 
4ue provoquem a expulsão do grão abrasivo da superfície de corte dn disco abrasivo. Isto provocaria 
uma perda diametml maior do disco abrasivo pelo aumento da espessura do cavaco arrancado (aumento 
V f} alterando a relação G, principalmente pur se tratar de discos abrasivos confeccionados com ligante 
resinóide. que é sensível ao desgaste provocado pela erosão elo cavaco arrancado sobre o ligante e a 
açào da temperatura na regiào de corte. 

Para a reali.l.llção deste trabalho. foram utilizados dois diseos abrasivos idênticos (AR 302) e barras 
de aço !refilado ABNT 104S (com diâmetro de 12.7 mm e I metro de comprimento). como material a 
~e r cortado. 

No primeiro ensaio manteve-se constante a rotação do disco abras1vo. variando-se assim sua 
velocidade de corte através da perda diameú·al do disco abrasivo. 

No outro ensaio houve aumento na rotação do disco abrasivo. proporcionalmente à perda diametral 
do disco abmsivo. mantendo-se coustaote a velocidade de corte. 

Em ambos os casos. foram realizadas séries de 10 cones e em c.:ada uma delas cronometrado o 
tempo de cone. No final de cada série. foi medida a perda diametral do disco abra!>ivo e calculado o 
tempo de corte médio. 

Sendo constante o espaço percorrido pelo dism abr.tSivo dumnte o cone. este foi dividido pelo 
tempo de ~:nne médio para a determinação da taxa temporal de penetração do disco abrasivo no material 
(Vt). 
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Estas séries foram repetidas até que o diâmetro do disco abrasivo chegasse a 170,00 mm, que 
corresponde à máxima utilização possfvel do disco abrasivo para cortar o material. 

A relação G foi determinada medindo-se o volume de disco abrasivo gasto. a partir da perda 
diametral, e o volume de material removido. pelo número de cortes. 

Resultados e Discussão 

A Figura 3 apresenta a~ relações entre velocidade de corte e volume de material removido e disco 
abrasivo gasto durante os ensaios. 
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Fig. 3 Relação entre Volume de Material Removido e Volume de Disco Abrasivo Gasto 

Nesta figura. pode-se notar que o volume de material removido e volume de disco abrasivo gasto 
são praticamente iguais quando utilizou-se velocidade de cone constante ou variáveL Quando a 
velocidade de cone é variável. há uma tendência de decrescimento das curvas de forma quase linear. 
tanto de material removido como de disco abrasivo gasto. A relação G é obtida através da tangente das 
curva~. que corresponde ao coeficiente angular das retas. 

Observa-~e um comportamento crescente e quase sobreposto para ambas as curvas, mosu·aodo uma 
sernelliança muito próxima na relação do volume de material removido com o volume dos discos 
abrasivos gastos. mesmo sendo os discos abrasivos submetidos à diferentes velocidades de corte. O fato 
da velocidade de corte ser variável. não afetou a relação entre o volume de material e disco abrasivo 
gasto. 

Os coeficientes angulares das retas <.la Fig. 3 são praticamente os mesmos, sjgnificando que os 
desgastes (material e disco abrasivo) são proporcionais e o comportamento <.la relação G é constante e 
idêntica para ambos os casos. Desta forma, não houve influência da velocidade de corte no 
comportamento da relação G, quando foram controladas as forças de corte pela rotação do motor de 
acionamento. Este fato já era esperado pois não houveram sobrecarga~ nos grãos abrasivos que 
proporcionassem a liberação antecipada destes da superfície de corte do disco abrasivo. 

Com velocidade de corte variável. o número de cavacos arrancados por unidade de tempo é 
progressivamerue diminuído. Um número menor de grãos abrasivos remove menos cavacos com maior 
espessura. Portanto, o volume de material removido diminui com o tempo de corte. 

Quando a velocidade de cone é mantida constante, o número de cavacos arrancados por unidade de 
tempo também é constante e com espessura de cavacos menor. Desta forma o tempo de co1te é menor e 
as forças por grão abrasivo são melhor distribuídas. Isto pode ser confmnado através da análise da Fig. 
4, onde o volume de material removido na uuidade de tempo é maior quando a velocidade de cone é 
constante. 
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O comportamento da velocidade é idêntico até o diâmetro do disco abrasivo (254 mm inicial) 
chegar a 241 mm. A partir deste valor, o tempo de corte passou a sofrer alterações pela ação das 
modificações nos fenômenos de corte. A diferença no tempo de corte entre as duas situações ensaiadas 
(velocidade de corte constante e variável) é de 49.63%. 
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Fig. 4 Relação entre Volume de Material Removido e Tempo de Corte 

Na Figura 5 é apresentada a relação entre V r N s com o tempo de corte. 
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Fig. 5 Relação entre Vf N 8 e Tempo de Corte 

160 

Pode-se notar que para ambos os casos as curvas tendem a ser crescentes, porém de formas 
disúntas. Diminuindo-se progressivamente o diâmetro dos discos abrasivos, o número de grãos 
abrasivos ativos no comprimento de contato. diminui. Ocorre então a geração de cavacos com maior 
espessura. Desta forma. as relações V r N s tendem a ser crescentes para ambos os casos pelo aumento 
da espessura do cavaco. em conseqüência da perda diametraL 

Quando a velocidade de corte é variável. a inclinação da curva é menor e o tempo para remover um 
determinado volume é maior. Isto ocorre pelo menor número de cavacos arrancados por unidade de 
tempo. A relação Yr Ns cresce predominantemente pela diminuição de V

5
. O comprometimento 
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ténnico do material cortado é maior e a taxa temporal de penetração do disco abrd.Sivo no material é 
menor. 

Para velocidade de corte constante, a inclinação da curva é maior e o tempo de corte menor, pelo 
maior número de cavacos arrancados por unidade de tempo. Neste caso, a relação V f N & cresce de 
forma mais acentuada. O crescimento da relação V t N s ocorre somente pelo aumento de V f• que 
proporciona o aumento da espessura equivalente de corte, e consequentemente da espessura do cavaco 
arrancado, e necessita de um menor tempo para a remoção de cavacos. lsto evita aquecimento excessivo 
da peça pelo menor tempo de contato. 

Aumentando-se a taxa temporal de penetração do disco abrasivo no material, aumenta-se a 
espessura equivalente de corte, que é proporcional a espessura máxima do cavaco arrancado. 

Conclusões 

Deste trabalho pode-se concluir que o volume de material removido e a perda diamerral dos discos 
abrasivos são praticamente iguais quando se utiliLa velocidade de corte constante ou variável. 

A velocidade de corte in.llucncia significativamente o tempo de corte, pelas moditicações da 
fenomenologia de com: provocada pela superfície de corte do disco abrasivo no material Para 
"elocidade de corte conl.tante, o número de cavacos arrancados por unidade de tempo é constante e com 
espessura menor. Para velocidade de corte variável, o número de cavacos arrancados dinúnui com o 
tempo de corte e a espessura do cavaco é maior. 

A velocidade de corte não inlluencia no volume de material removido e volume de disco abrasivo 
ga.,to. mas afcta diretnmente o número de cavacos arrancados por unidade de tempo. 

A espessura equivalente de corte heq. que está dirctamente relacionada com a espessura do cavaco 
arrancado pelo disco abrasivo, foi observada durante os ensaios através de relação V f /V 5• Portanto, 
trata-se de urna relação que. neste trabalho, foi analisada experimentalmente e pode-se verificar que 
eJterce influência no comportamento do disco abrasivo. 

A relação V r Ns aumenta com o tempo de corte para as duas condições de velocidade de corte. Para 
velocidade de corte variável. a relação V r N 

1 
aumenta de forma lenta. O tempo de corte é maior. 

aquecendo mais a peça pelo maior tempo ae contato. Para velocidade de corte constante, a relação 
V f N s cresce de forma mais acentuada. que corresponde ao aumento de V r Neste ca~o os danos 
térmicos são menores. 

A otimiz.ação da vida dos discos abrasivos, controlando-se a rotação do motor de acionamento, é de 
fácil implementação no meio industrial e pennite ganhos l>ignificativos no tempo de corte (49.63%). 

Usualmente as máquinas utilizadas em operações do tipo "cut-off' não possuem controle da rotação 
do eixo árvore. Isto faz com que a velocidade de corte seja sempre variávd, aumentando o tempo de 
corte. Isto toma o corte oneroso pela diminuição do número de cavacos arrancados por unidade de 
tempo. ~Uma análise financeira especffica para cada caso industrial. pode ser útil para economia e 
melhoria no desempenho de discos abrasivos. já que para a utilização de velocidade de corte constantes 
são necessários investimentos na aquisição de um conversor de freqUência e equipamentos de proteção 
para a máquina e, principalmente. seu operador. 
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Abstract 
71tis work, present.( the concepts and definitions o.f a combined machining process, so calfed turn·mil/ing. Severa/ 
metlu>ds of t:urn-milling are presented wilh major emphasis on the orthogonal process, studied experimental/y. Test 
specimens made of AB.fl/7' 52100 bearing steel. with average hardness of60-6/ HRc wert machined. The cutting tool 
material applii•d was míxed ceramic inserts. SeveraJ fee.d rate, wol diameter and rolational speecls of workpiece and 
too/ were tested. Tests were conducted vn {l CNC lathe whiclt had a milling lteali coupled to it. This coupling was 
malie on the transverse carrier, figuring an onhogonal exposure of the rotating axes for workpiece and too/. thus 
cltaracterizing orthogonal turn-milling. The achieved results showed that work quality and low roughness values can 
be obtained; howewer. the tech1talogy must be better investigated. 
líeywords: Machining. Tam -Milling. Mixed Ceramics. 

Resumo 
Este trabalho procura apresentar os conceitos e defini~·ões a respeiw de um processo de usinagem combinado, emre 
torneamento e .fresamento. denominado de Jresotorneamenfo. Desta forma, siü> apresentados os método.< de 
fresotorneamento. dando-se ênfase ao método ortogonal. que fui objeto de análise experimenwl. Neste aspecto. 
foram usinados corpos de prova de aço rolamemo ABNT 52100, com 60-61 HRc de dureza. Utilizou-se pastilhas de 
certi.mica mista, variando-se os paréimetros: avanço, diéimetro da fresa, rotações da peça e da ferramenta. A 
màquina empregada no.1 ensaios foi um torno CNC, ao qual .foi acoplado um cabeçote .fremdor. Este acoplw11ento 
foi .feiro no carro transversal. configurando os eixos de rotação da peça e ferramenta na disposição ortogonal. 
caractaiztmdo, portamo, um fresotomeamento ortogonal. Os resultados alcançados mostraram ser poss{vel atingir 
boa qualidade de tra})aJho e rugo.<idalie baíxa, todavia, ainda há necessidade de um melhor entendimento do 
fenómeno. 
Pakzvras-ch.izye: Usinagem. Fresotomeamento, Cerâmica Mista 

Introdução 
Fresotorneamento é um processo combinado de usinagem. em que uma fresa usina urna peça 

rotativa, segundo várias possibilidades (Fig. 1 ). 

a) 

b) 

c) ~d) ffl·· ' ~ <).• ; 
u . 

Fig. 1 Freaotorneamento: a) Ortogonal Externo Concordante; b) Fresotomeamento Coaxial Interno 
Discordante; c) Fresotorneamento Excêntrico e d) Fresotomeemento Periférico (Sandvlk, 1994) 

Manuscripl received: Seprember 1996. Technicaf Editor: Leonardo Goldstein Jr. 
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Este processo pode ser utilizado para usinar peças excêntricas, superfícies cônicas, cilíndricas e 
furos internos. O processo requer máquinas ferramenta, com funções peculiares ao processo, como por 
exemplo, tornos adaptados para este tim. 

O princípio do fresotorneamento é obtido através dos movimentos relativos da fresa e peça 
simultâneamente, onde a velocidade de corte (v.) é dada pela velocidade periférica da fresa. A rotação 
da peça (n.), em combinação com o avanço axial da ferramenta (t). resulta na velocidade de avanço (v(). 
Porranw. o fresotomeamento é um processo de usinagem composto por dois movimentos: o de corte e o 
de avanço, sendo que, o movimento de avanç.o é subdividido em movimentos axial (devido ao 
deslocamento linear da ferramenta) e rotacional (devido à rotação da peça). 

Pode-se dividir o fresotomeamento em dois métodos (fig. 2): 

• Ortogonal: o eixo da ferramenta é disposto de forma ortogonal em relação ao eixo de rotação da 
peça. 

• Coaxial: o eixo da ferramenta é disposto de forma paralela em relação ao eixo de rotação da peça. 

FRESOTOR ­
NEAMF.:"'TO 

ORTOGONAL 

COA.XfAT, 

EXTERNO 

COAXIAL 

TNTERNO 

DISCORDANTE CONCORDANTE 

Fig. 2 Possibilidades de ArranJo para Fresotomeamento (Schul~. 1990) 

Os cavacos fom1ados no processo de fresotomeament.o ortogonal. obje10 do presente trabalho. 
diferenciam-se daqueles formados por outros processos. No torneamento os cavacos apresentam largura 
e espessura constantes e no fresamento apresentan1 a forma de vírgula, com largura constante e 
espessura variáveL No fresotomeamento ortogonal os cavacos formados apresentam larguras e 
espessuras variáveis (Wand, 1985; Schulz e Daniel, 1993) (Fig. 3). O volume de material usinado por 
an1bas as arestas (principais e secundárias) é dependente dos parâmetros de usinagem, tais como 
excentricidade. número de dentes, velocidade de avanço, velocidade de corte, etc .. 

Com a finalidade de se determinar a secção de corte. desenvolveu-se na TH Aachen (Kõnig e 
Wand, 1985; Wand, 1985; Kõnig e Wand, 1986) um programa para simulação do processo. que 
determina a espessura e a largura do cavaco, em função do ângulo de rotação da fresa (Fig. 3). 
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Fig. 3 Varlaçio da Eapeaaura do Cavaco ao Longo da Aresta, Durante o Giro da Freaa 

(Adaptado de Wand , 1985) 
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Wedeniwski ( 1984) descreve o processo de formação do cavaco. no qual a espes~ura aumenta até 
um máximo, para diminuir no final. Para a largura. há um comportamento semelhante. Além disto, ele 
apresenta a influência dos vários parâmetros de usinagem, na formação do cavaco. Sorge ( 1983) 
descreve a geometria do c-avaco. de maneira qualitativa, e despreza o volume formado pelas arestas 
secundárias. Ele apresenta uma fórmula para a determinação do comprimento do cavaco, cm função do 
número de dentes da ferramenta e da relação de rotações entre a ferramenta e a peça. Lehrnan (1992) 
descreve também a geometria do cavaco, formada pelo processo de fresotomeamento (Fig. 4). 

Fig. 4 Geometri a do Cavaco Formado pela Aresta Principal de Corte 
(Adaptado de Lehman, 1992) 

Fresotorneamento Ortogonal 
O fresotorneamento ortogonal pode ser conduzido de maneira centralizada ou excêntrica (Fig. 5). 
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Fig. 5 M•todo Excintrlco e Centralizado de Fresotorneamento 
(Sandvlk, 1994 ) 

O fresotomeamento cent.ralizado faz com que o avanço por volta(!) seja limitado pelo comprimento 
da aresta cortante (I) e ao se empregar o método excêntrico. pode-se utilizar avanços maiores. que 
atingem seus valores máximos na configuração mostrada na Fig. 6. caso C, onde "e" é a excentricidade, 
permitindo a retirada de maiores volumes de cavaco. Ponanto, o avanço axial pode ser aumentado. até 
alcançar um valor igual ao comprimento projetado da aresta secundária na peça, sem que a mesma 
perca sua forma cillndrica Neste caso. atinge o seu valor máximo, porque o contato entre a peça e as 
arestas secundárias. alcança seu comprimento máximo. Pode-se calcular, de maneira aproximada o 
avanço máximo possível. como sendo (Kõnig e Wand. 1984): 

Aumemando-se ainda mais a excentricidade (Fig. 6-D). o avanço máximo poss1vel de ser 
empregado volta a um valor mínimo, pois nesta excentricidade, já não é possível se obter superfícies 
cilfndricas, uma vez que praticamente não há mais contato entre a superffcie cilfndrica da peça e as 
arestas secundárias da ferramenta. 

Diretamente dependente do valor da excentricidade é o valor do raio do contorno (R) (Fig. 6). No 
modo centralizado, o raio obtido na peça é a reprodução do próprio r.tio da pastilha, que aumenta de 
valor à medida que se aumenta a excentricidade. 

J 

~J 

Fig. 6 Poulbilldadea de ArranJo no Fresotomeamento Ortogonal 
(Kõnlg e.Wand, 1984) 
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Dos quatro casos apresentados na Fig. 6, o caso "C" é, portanto, o que possibilita a maior taxa de 
remoção de material. Desta forma. tem seu emprego mais recomendado para peças de dimensões 
grandes, onde se necessita alta taXa de remoção de material (Strate. 1984). 

Influência do Desvio Axial na Qualidade da Superfície 

Normalmente as arestas de uma fresa possuem tolerância de posicionamento das pastilhas nos seus 
respectivos alojamentos. Assim, ocorrem irregularidades na estrutura das superfícies. A geometria da 
superfície é gerada somente pela aresta de corte mais próxima da peça (Fig. 7). Em ensaios realizados 
por Daniel (1994) com fresas de dois dentes, o desvio de posicionamento axial relativo de um dente a 
outro influenciou a rugosidade, conforme mostra a Fig. 8. 

Situação ideal 
desvio O 

Pequeno desvio 
axial 

I 2 

Desvio axial 
máximo 

Fig. 7 Influência do Desvio Axial na Qualidade de Superffcle 
(Daniel, 1994) 
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Fig. 8 Influência do desvio axial entre dois dentes na qualidade de auperffcie 
(Daniel, 1994) 

Percebe-se da Fig. 8. que se bem posicionados os dentes da fresa, uma ferramenta com duas arestas 
cortantes proporciona um melhor nível de rugosidade do que uma fresa de apenas um dente. Na pior das 
hipóteses, proporciona uma rugosidade semelhante à uma fresa de apenas um dente. 

Influência da Velocidade de Corte no Processo 

A dureza da ferramenta de corte deve ser cerca de três vezes maior que a dureza da peça 
(Nakayaroa, 1988). isto implica que, para se usinar aços endurecidos, um dos campos promissores para 
a utilização de fresotomeamento, deve se utilizar ferramentas de dureza elevada. Porém, tais 
ferramentas tem a desvantagem de serem f.rágeis (Ferraresi. 1989), tendendo a trincar sob velocidades 
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de corte slm.ilares às usadas pelo metal duro sem cobertura. Portanto, deve-se usar velocidades de corte 
para a usinagem de aços endurecidos em tomo de 200 a 600 mlmin, o que caracteriza a operação como 
usinagem em alta velocidade (Schulz e Moriwaki, 1992). As tensões de escoamento do material 
diminuem com o aumento da temperan•ra, e a deformação plástica, que envolve escorregamento dos 
contornos de grão, faz com que o material se comporte como um tluido viscoso, facilitando o corte. A 
temperatura, já elevada pelo efeito da deformação plástica, aumenta ainda mais com o aumento da 
velocidade de corte, facilitando as condições de deformação, na região de aderência, diminuindo o 
esforço de corte (Machado, 1991 a.b). 

As velocidades de corte que proporcionam uma vida econômica da ferramenta devem estar dentro 
de campos relativamente estreitos, pois para o corte de materiais duros as ferramentas empregadas são 
em sua maioria extremamente frágeis, e os materiais frágeis apresentam um aumento da tenacidade e 
uma diminuição da dureza com o aumento da temperatura. Em decorrência, a faixa de velocidades na 
qual é viável a usinagem de materiais endurecidos é mais sensível à variação da velocidade de corte, do 
que em casos de usinagem de materiais não endurecidos. 

Influência do Avanço I?Or Dente na Vida da Ferramenta 
Os avanços recomendados. para a operação de fresotomeamento. se situam entre 0.10 e 0.15 mm/v. 

segundo relatado por Schulz e Kneisel (1994). 

Justificativas para o Emprego do Fresotorneamento 

O fresotorneamento pode ser empregado com vantagens nos casos em que (Sandvik, 1994): 

• é difícil o controle de cavacos provenientes da usinagem de grandes diâmetros. em materiais 
dtícteis, uma vez que, o fresotomeamento produzirá cavacos curtos, em qualquer material; 

• usinagem em peças com estruturas instáveis (peças delgadas); 

• necessidade de se ter uma vida da ferramenta que dure pelo menos a usinagem completa de um 
componente; 

• operações de acabamento em peças de grandes diâmetros. tratadas termicamente, e não 
possíveis de serem usinadas por torneamento, pois permite que a rotação da peça seja pequena. 

Além disso, apresenta as seguintes características (Schulz, 1990): 

• possibilita altas velocidades de corte, superando os fatores limitantes do torneamento e 
fresamento, como por exemplo a força centrípeta na placa e na ferramenta, respectivamente; 

• há pequenas oscilações de frequência no eixo árvore devido à baixa rotação da peça, 
possibilitando a usinagem de peças de parede fina, sem deformaçõe.s por forças centrípetas. 

A origem do desenvolvimento do processo de fresotomeamento se deu no fim do século dezenove. 
Tilghman ( 1889) substituiu a ferramenta de barra por uma fresa frontal, a fim de reduzir o efeito da 
temperatura, no corte interrompido. Na primeira metade deste século, o fresotorneamento continuou a 
ser desenvolvido. Nos anos 50 foi empregado pela primeira vez o fresotomeamento ortogonal. A partir 
do início dos anos 80, o processo começou a ser pesquisado nas universidades e a partir dos anos 90. o 
fresotomearnento ortogonal começou a ser empregado com altas velocidades. As primeiras publicações 
apresentando resultados de pesquisas conduzidas em fresotomeamento surgiram em l 983 (Sorge. 
1983), resultado de pesquisas iniciadas na TH Darmstadt. Posteriormente surgiram outras publicações 
analisando diversos aspectos do processo (Strate. 1984; Kõnig e Wand, 1985; Svenningson, 1989). 

Procedimento Experimental 

Materiais e Equipamentos Utilizados 

Os corpos de prova usados ao longo do ensaio foram previamente manufaturados em um tomo 
paralelo universal mecânico. Usou-se, para isto. barras laminadas de aço ABNT 52100. com 50 mm de 
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liârnetro. classificado como aço rolamento, para aplicações onde se necessita de têmpera profunda, tais 
orno rolos, esferas, agulhas, e pistas internas e externas (Silva e Mei, 1988). 

Após a usinagem, os corpos de prova foram submetidos a tratamento térmico de têmpera e 
evenimento para a dureza de 60-61 HRC. 

O material possui a composição qufmica apresentada na Tabela 1, obtida através de análise química. 

Tabela 1 Composição Qufmlca do Aço ABNT 52100 

C SI Mn P S Cr Ni Mo Cu AI 
1,040 0,190 0,310 0,016 0,010 1,500 0,090 0,030 0,130 0,030 

A Figura 9 mostra a geometria do corpo de prova, bem como suas dimensões em milfmetros (mm). 

i~ ' Ú • ··i - -···- .. . -- - ,?, O- ••o • H----.-. ~- :l .......... 
" "' 

"" ~J ,,_j -"-

r..!!;1 
- ~Q 

-

1f,ú 

170 

Fig. 9 Forma Geométrica e Dimensões do Corpo de Prova em mm 
(Sem Escala) 

Para a realização dos ensaios foram utilizadas pastilhas de cerâmica SPK · FeldmühJe, com formas 
tamanho SNGN 12 04 12 T 020 20, à base de óxido de alumínio com carbeto de titânio disperso na 

Clatriz (A1,01 I Ti C) (Catálogo SPK, 1990). 

Foram utilizadas fresas específicas para o processo. Para isto, procurou-se seguir as recomendações 
le Schulz e Moriwaki (1992) (Tabela 2). O material empregado para confeccionar as fresas foi aço 
I.BNT 52100, temperado e revenido à 58 HR.c. 

As fresas são duplo negativas, ou seja os ângulos de saída dorsal y. e de saída lateral y, são 
1egativos. Neste tipo de fresa são usadas pastilhas neutras, tornando-as adequadas à usinagem de 
rmteriais endurecidos ou que requeiram maior resistência ao impacto. Este tipo de locação da pastilha é 
X-igência dos materiais cerâmicos, que desta forma trabalham sob compressão, situação em que são 
11ais resistentes à fratura. 

As características das fresas utilizadas estão apresentadas na Tabela 2. 

Tabela 2 Características Geométricas das Fresas 

Procedência 4'[mm] Àngulode Angulode AngÜ.Io de Número de Fixação 
salda yQ (•) inclina~o ~ !'2 posiçã.2..1.J..tl arestas(~ 

Confeccionada 24 ·6 - 4 90 1 cone morse n• 3 
Confeccionada 52 ·6 -4 90 cone morse n• 3 

Os seguintes equipamentos foram utili~ados: 

• Tomo ROMI CNC ECN 40 li (Potência do motor principal. 15 kW); 

• Cabeçote fresador adaptado de um cabeçote retificador, com: 
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• Motor balanceado dinamicamente(Potência- 7,2 k:W) 

• Mancai rom rolamentos axiais (Rotação critica - n""'··= I 0.000 rpm) 

• Rugosímetro modelo SURFT'RONIC (Cut-off = 0,8 mm) 

• Durômetro, marca BRIRO. 

Metodologia dos Ensaios Realizados 

O cabeçote fresador foi montado sobre o carro transversal do tomo, de maneira que o centro do 
manca! ficasse perpendicular ao eixo árvore, configurando assim, o fresotomeamento ortogonal. Da 
mesma maneira, os eixos da ferramenta e da peça eram coplanares, ou seja, a excentricidade "e" (valor 
dimensional entre os planos que contém o eixo de rotação da peça e ferramenta, respectivamente} foi 
nula. 

As condições dos ensaios foram as indicadas na Tabela 3. 

Tabela 3 Condições dos Ensaios ReaJizados 

Ensaio Frêsa :.:.o:__.......,,..,...--
1 41 =52 mm 

Z = 1 

2 

3 

4 

'Yo = ·6° I Às ::. • 4 ° 
pastilha - Al20:1liC 

41=52 mm 
Z=1 
'Yo = -60 I À.o = • 4 o 

pastilha - Al20a/TIC 

41= 24 mm 
Z =1 
"(o= ·6° I À.s =· 4° 
pastilha - AI20fliC 

41= 24 mm 
Z=1 
'Yo = ·6° I À.s = · 4 ° 
pastilha · Al20fliC 

Resultados e Discussão 

Parâmetros de corte 
lt= 50 mm 
V c = 288 m/min 
ap = 0,1 a 2 mm 
f = 0,12 mm/v 
v, =10,8 mrn/min 

1, =50 mm 
Vc = 288 rn/min 
a0 =0,2mm 
v, = 10,8 mmlmin 
f=variável de 0,96 à 0,012 mm/v 

lt= 50 mm 
V c = 309 rn/min 
ap =0,2 mm 
v

1 
= 10,8 mm/mim 

f=0,06 mm/v 

1,= 50 mm 
V c= 309 rn/min 
ap =0.05 mm 
1=0,01 a O, 1 mrn/rot. 

np= 90 RPM 
nt= 1760 RPM 
concordante 
n,/np=19,6 

np = 11,2 a 850 RPM 
n,= 1760 RPM 
discordante 
n1lnp= 157,1 a2,1 

np= 180 RPM 
n, = 4098,5 RPM 
discordante 
n,!np = 22,8 

np= 600 RPM 
n, = 4098,5 RPM 
discordante 
n,lno = 6,8 

Os ensaios foram conduzidos utilizando-se duas fresas com diâmetros de 52 e 24 mm, possuindo 
apenas um dente., visando eliminar possíveis influências do desvio axial. A princfpio os ensaios foram 
conduzidos com a fresa de $ 52 mm e, em vista dos resultados obtidos, projetou-se outra fresa com ~ 24 
mm. 

Os ensaios foram realizados na seqüência apresentada na Tabela 3. À medida que se obteve 
beneffcios, este foi repassado para o ensaio posterior, visando ao final, resultados melhores. Não houve 
uma necessária dependência entre os ensaios, sendo que alguns deles tiveram caratcr observatório, de 
fonna isolada. 

Ensaio 1 

Este ensaio objetivou verificar o comportamento da rugosidade em função do aumento da 
profundidade de corte. Os parâmetros velocidade de corte. avanço e rotação da peça, foram 
determinados após uma série de ensaios prel.iminares, tendo-se como base o trabalho de Scbulz e 
Kneisel ( 1994). 
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A Figura lO mostra que a rugosidade média R. auf!lentou de maneira aprox.imadamente linear até 
cerca de 0.52 mm de profundidade de corte. A partir deste ponto as características da curva mudaram, o 
que leva a crer que até 0,52 mm a rugosidade foi função predominantemente do processo e, a partir 
deste ponto passou a assumir características originadas da rigidez do cabeçote fresador e de uma 
possível elevação das forças de usinagem e da maior área de contato ferramenta-peça. 

o 
0,1 O 0,13 O, 17 0,23 0,30 0,40 0,52 O, 70 0,90 1 ,20 2,00 

ap [mm) 

Fig. 10 Influência da Profundidade de Corte ap na Rugosidade Média A. 

Ensaio 2 

Neste ensaio foram alterados os parâmetros: sentido do movimento (discordante), a rotação da peça 
foi variável e a velocidade de avanço v, foi mantida constante em 10,8 mm/min. 

Para as condições utilizadas neste ensaio, observou-se que à medida que se aumentou a rotação da 
peça, a rugosidade diminuiu (Fig. II). Este fato se d;í tendo em vista que, mantida a velocidade de 
avanço constante e variando-se a rotação, variou-se o avanço por volta. Neste caso. o avanço por volta 
variou de 0.96 à 0.012 mm/v (rotação da peça variando entre 11,2 e 850 rprn, respectivamente). 

A velocidade de avanço foi mantida constante em função das baixas velocidades de rotação na peça, 
pois com avanço constante, os tempos de corte seriam muito altos. Foi usado o mesmo valor da 
velocidade de avanço, utilizado no ensaio anterior. ou seja, Yr =- 10,8mm/min 

Optou-se pelo método discordante para se investigar o efeito deste movimento, uma vez que. no 
fresamento convencional, consegue-se melhores resultados (R, menor) com o sentido concordante (ver 
Tabela 4). 

Tabela 4 Efeito do método discordante 

Ensaio f (mm/volta) ap (mm) 
1- cone. 0.12 0,2 

__ 2- disc:._____Q, 12 (vr= 10,8 a ~o RPM)'---- - _Qg_ 

Ra (J..Lm) 
1,25 (interpolação) 
2,3 (interpolação) 
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3 .---------------------------------~ 

2,5 =i= 

2 

1,5 - -

0,5 -

0 ~--------------------------------__J 
11.2 150 180 212 850 

Rotação [ rpm) 

Fig. 11 lnflu6ncla da Rotaçio da Peça na Rugoaldade Média R. 

Ensaio 3 

Para as mesmas condições do ensaio anterior apenas o diâmetro da ferramenta foi alterado a fim de 
se verificar o comportamento da rugosidade. A velocidade de corte foi alterada em 7%, em função do 
jogo de polias disponível. A rotação da peça neste caso foi de 180 rpm. Observou-se, que com o 
decréscimo do diâmetro da ferramenta em 117% a rugosidade decresceu em 17% (fabela 5 ). 

Tabela 5 Influência do diâmetro da fresa 

Rotação da peça Diâmetro da ferramenta Rugosidade 
[mm) ___,['--::m=-=m.;.L] _____ __:....:Ra=-!,C[~'"'mj __ _ 
180 52 2 

------~18. 0 ______________ ~2~4 ________________ 1~7 ______ __ 

Ensaio 4 

Neste ensaio procurou se utilizar uma profundidade de usinagem menor que 0,1 mm, uma vez que, 
observou-se no ensaio I , que a rugosidade média é menor quanto menor for esta grandeza (Fig. lO). 
Assim, utitizando-se um ~ = 0,05 mm (a peça sofreu uma pré-usinagem para a uniformização 
geométrica da superfrcie), procurou-se, mantidos os demais parâmetros do ensaio 3, verificar o 
comportamento da rugosidade média, quando se altera o avanço. 

A rotação da peça foi aumentada para 600 rpm, tendo em vista os resultados observados no ensaio 2 
(quanto maior a rotação da peça, menor a rugosidade). 

Os resultados estão mostrados na Fig. 12. Observa-se desta figura que, à medida que se aumenta o 
avanço, piora a rugosidade médja da peça. 

s -

~ • 
3 I 

R. [lJ.m] ~ 

2 

o 
o.o1 o.o2 o.oa o.o. o,os o.oo o.o1 o.oe o.os o.1o 

F [mm/volta 1 

Flg.12 lntl~ncla do Avanço Axial na Rugosidade Média R. 
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Com relação à influência da profundidade de corte, nota-se que, comparando os resultados do 
ensaio 3, para as condições f = 0,06 mm/v (v,= 10,8 mrn/min à 180 rpm) e a. =0,2 mm (Tabela 5) com 
os resultados do ensaio 4. para as condições f = 0,06 nun/v (v r =36 mm/min à 600 rpm) e a.= 0,05 mm 
(Fig. 12). que os resultados obtidos para a rugosidade foram semelhantes (R.-1, 7 1-1m). Este fato 
necessita ser melhor investigado, pois, em primeira instânci11 indicaria que, para o método discordante. 
a profundidade não alteraria os valores finais de rugosidade, todavia, as rotações da peça foram 
diferentes, sendo que, no último caso, a velocidade efetiva foi maior. 

Em resumo, os ensaios de I a 4, realizados com várias combinações de avanço, velocidade de corte, 
rotação da peça. diâmetro da fresa, etc., procuraram verificar o comportamento da qualidade superficial, 
aqui caracterizada como R., quando se utiliza o processo de fresotorneamento. Destes ensaios observou­
se que: 

• A profundidade de corte ap mostrou ser um parâmetro de grande importância no fresotomeamento 
ortogonal concordante. Observou-se uma tendência de piora da rugosidade à medida que a 
profúndidade de corte aumentou (Fig. 10). Isto pode ter ocorrido devido à uma possível elevação 
das força~ de usinagem e da maior área de contato ferramenta-peça, e também devido ao fato que 
o cabeçote uti1i7..ado não tinha rigidez suficiente para usinar em profundidades maiores. Em 
trabalhos fururos, pretende se projetar um cabeçote mais rígido. 

• O fresotorneamento discordante. da mesma maneira que o fresamento convencional, piorou a 
rugosidade (Tabela 4). 

• À medida que, mantidas a velocidade de avanço e a profundidade de corte constantes, se 
aumentou a rotação da peça, diminuindo porumto a relação n,!nP, diminuiu também a rugosidade. 
Isto ocorreu porque, à medida que se 11umentou a rotação da peça, uma vez mantida a velocidade 
de avanço constante, o avanço por volta diminuiu, diminuindo. conse-qüentemente, a espessura do 
cavaco e as forças de usinagem. melhorando o acabamento. mostrando que a variação do avanço, 
da mesma maneira que no fresamento normal. melhora a rugosidade. 

• A diminuição do diâmetro da fresa mostrou ser benéfica ao acabamento superficial, pelo fato que, 
fresas de menor diâmetro, permitem rotações maiores (maior rigidez) e este fato parece estar 
relacionado com a melhoria da rugosidade. embora a melhoria no acabamento não tenha sido 
substancial. Tal fato tan1bém foi citado por Daniel (1994). 

Embora todos os ensaios tenham sido conduzidos sem fluído de corte, após o témlino da usinagem 
era possível a manipulação da peça sem o auxilio de qualquer proteção, sugerindo que a menor porção 
de calor gerada fica com a peça. 

Conclusões 
A pesquisa sobre o processo de fresotomeamento é recente e o estudo da sua tecnologia está ainda 

em desenvolvimento, merecendo ser melhor compreendido e estudado. objetivos estes parcialmente 
atingidos neste trabalho. Face às potencialidades do processo, procedeu-se a alguns ensaios 
experimentais, envolvendo alguns parâmetros do p~ocesso e o estudo de sua influência no acabamento 
da peça, aqui caracterizada como rugosidade. A semelhança de outros processos de u.~inagem 
c.onduzidos com ferramentas tendo geometria de corte defmida. verificou-se a piora da rugosidade com 
o aumento do avanço, aumento da profundidade e o aumento do diâmetro da ferramenta. 
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Abstract 
Thf' influmu oj corbon adiJilion and lhe geometry of lhe applietl bending leSl on lht' jracrure ótlumor of magnuia­
carbon rtjraCtory bricks, with 5, 8 e 17 wl% of carbon. were studied. The R Curve bfhavior Wl'Lf t>valua1ed in 
!iamplts haviflg a single-edge tultch. Jmder three and jour poinl bending test conditions. The II'SIS were undertaken 
Jmder l'OnlrO!It!d displacement and stabls crack propagation conditions. A compCirisofl between /IVo different 
a tlcuüllion proc·edures. were madf. 11 is prese11111d a sn procedure criterhun conceming lhe geometry vf bnuiing tesl 
and lhe calculation apprvach applied for lhf determinatirm of R·Curve, with the objective <~f decreasing lhe 
tmcertainty i11 tht! IPU!Cisurt!d ~·alu .. s. Expltlnllti<>riS for 1he R-Curve sho.pe were also given. 
Keywords: Refractory. MxO. Carbon. R-Cun't'. 

Resumo 
Atmwra.r a partir d~ 11jolos rejrarários de MgO·C. com 5, 8 ~ 17% t'm ~so di' carbono. fnronr usadils para wn 
esrudn dtJ itifluirrcia do I~Or de carborro e da geometria de msaia empregada. O compnnonremo de Curva-R foi 
avaliado para corpos de pro~·a. com entalhe plano. em e11sC1ios d~ fl~xão a trPs ~ quatro pomo.f. As cun:as de carga 
l'ersus dnlocanrm/ll foram obtidils sob condiçllo dt~ propagação esJável de trinca e com controle de cks/ocamento. 
Foi feita uma <'omparação tmlre diferentes procedimerrtos de cálculo da Curva-R. É apresemado um conjunto de 
critlrlos para a detuminoçãn da Curva-R para refralários cer{Jmicos. no que :re refue ao tipo de ensaio e ao 
cálculo emprl'gado. vis011do diminuir a incute'(JI rros valores medidos. É também expliccrda <r forma das Curvas· R 
obtidas. 
Palavras-.chaves: Refraulrio, MgO. Carbono, Cun1a-R. 

Introdução 
Refra!Mios de MgO-C tem sido bastante utilizados na indústria de fabricação de aço devido a sua 

alta resistência ao choque térmico e à corrosão. O carbono, devido as suas características de não 
rnolhabilidade, confere ao refratário uma maior resistência à penetração da escória e do metal üqu1do. O 
aumento na resistência ao dano por choque térmico deve-se ao aumento da energia total de frarura. 
provocado pela ação de mecanismos de teoacificação com a sua adição. A influência da adição de 
carbono no comportamento mecânico dos refnuArios de MgO-C, quanto à fratura, pode ser 
caracterizada com a determinação do comportamento de Curva-R, definida como a curva de resistência 
à propagação de trinca, R (a), em função do seu tamanho, a (Pandolfelli et aL, 1995). Além disso, é 
necessário estabelecer um critério. referente ao tipo de ensaio e ao procedimento de cálculo a ser 
utilizado. 

Métodos e Materiais 
O comportamento de Curva-R indica a evolução da tenácidade de um material durante a propagação 

lenta e estável de uma trinca, ou seja quase-estaticamente. Esta condição pode ser obtida através do 
controle da taxa de deflexão imposta ao corpo de prova. durante um ensaio de flexão. assim como das 
geometrias do entalhe e do teste. O cri tério usado para a obtenção desta condição encontrd-se de acordo 
Manuscripi1'8C61ved: Oclober 1996. T echnlcal Editor: Leonardo GolcJsrein Jr. 
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com as adaptações feitas á norma ASTM-399, acrescidas ao estabelecido por Nascimento, Pandolfelli e 
Rodrigues (1993). Foram empregados dois tipos de ensaios de flexão, isto é, a 3 e 4 pontos e 
comparados diferentes procedimentos de cálculo para a obtenção da Curva-R. 

A Curva-R foi determinada baseando-se na Mecânica de Fratura Linear Elástica. especificamente 
no balanço energético. A taxa de liberação de energia elástica armazenada. G, e a resistência à 
propagação de Lrinca, R, são deftnidos como (Broek. 1987): 

(I) 

e 

R=G (2) 

onde, C é a flexjbilidade, P é a carga aplicada, a é o tamanho de trinca, b é a largura do corpo de prova, 
K, é o fator de intensidadede de tensão e E'=Eirl-v2 j, sendo E o módulo de Young e v o 
coeficiente de Poisson. Define-se K, como: 

(3) 

onde, Y(a!w) é um fator de forma. w é a altura do corpo de prova, a é a tensão aplicada, defuúda de 
acordo com o tipo de ensaio empregado. 

O procedimento de cálculo empregado utli7.a a função Y(a) indicada por Wilson ( 1970). a seguir: 

Y(aJ=0,665· a·(l - a)3 
[ ]

-112 
(4) 

onde, a = a/w, é o comprimento relativo da trinca Os valores mais indicados para a aplicação da 
equação 4 encontram-se na região de a entre 0,50 e 0,80, podendo ser usada até a = 0,9, com um 
mínimo de erro. A função Y2 (a) possue integração analítica. 

-- Nomenclatura 

a : tamanho da trinca G = taxa de liberação de s = distância entre apoios 
A = área projetada da energia elástica u = energia consumida na 

fratura armazenada fratura 
b = largura do corpo de K, = fator de intensldadede w = altura do corpo de 

prova de tensão prova 
c = flexibilidade K~c = fator critico de y = fator de forma 
c =carbono intensidade de tensão Y(a) :. tator de forma 
C o = flexibilidade calculada p : carga aplicada Y(alw)= fator de forma 

para um corpo sem ~ = carga aplicada ()( = tamanho relativo da 
entalhe trinca 

O, = deslocamento do ponto Pmw: = valor médio da carga a' = tamanho relativo da 
de carga máxima trinca 

Dmn.< = valor médio do R = resistência à Ywnf = energia total de fratura 

deslocamento máximo propagação de trinca 

E = módulo de Young R(a) = resistência à Yw()j = valor médio da energia 

e = distância entre os propagação de trinca total de fratura 
pontos de carga R(a) = resistência à v = coeficiente de Poisson 

E' : módulo elástico propagação da trinca 
cr : tensão aplicada 

R = valor médio de R 
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Substituindo-se a Eq. (3) na Eq. (1), rearranjando-se os termos e integrando de um lado em a e de 
ourro em C, obtem-se que: 

f y2(a')·a'·da'= f [a2. : .:.w2 ·C -Ev2 J}dc 
o co 

(5) 

Substituindo-se a Eq. (4) na Eq. (5), integrando-se e resolvendo-se para a, obtem-se uma expressão 
geral para o tamanho relativo de Erinca. em função da flexibilidade, como se segue: 

a( c J= 1- [1 + ( / · ~2 
2 )·(~)·(c- c0 )]-

112 

(0.665r ·a ·2·b·w 1-v 
(6) 

onde C representa os valores experimentais instàntaneos da flexibidade e Cil simboliza a flexibilidade 
calculada para o mesmo corpo, porem sem entalhe. Os valores de C são obtidos experimentalmente, 
aplicando-se a técnica. aqui denominada de Linhas Radiantes (HObner, 1991 ). Nesse caso. os valores de 
C são determinados a partir dos recíprocos da inclinação das retas, traçadas da origem até os diferente.s 
pontos da curva de carga versus deslocamento, ( P; . Di ) . Essa curva é obtida arravés de ensaio de 
tlexão, co~ c·•rregamen~" •~nico e propagação quase-estática de trinca. Deftne-se C( P;. DL) através da 
relação: C( P;. Di i = D; I P; Os valores de Co são calculados. de acordo com a geometria do ensaio de 
flexão empregado, através da seguinte relação: 

C =[(S-e/ ·(S+2·e) ] 
o 4 . E' . b . w3 

(7) 

onde, S e e são as distâncias enrre apoios e entre os pontos de carga. respectivamente. O valor de e é 
igual a zero para ensaios de flexão a 3 pontos. 

Os valores de módulo elástico utilizados neste trabalho foram obtidos através de um programa 
computacional iterativo, no qual combinam-se as Eqs. (6) e (7). Partindo-se de um valor sugerido para 
E', verifica-se se o valor calculado de C0 (Eq. (7)) gera, através da Eq. 6, o correto valor do tamanho 
relativo do entalhe, a0 . Para isso, a Eq. 6 tem de ser ocupada com o valor de C igual à flexibilidade 
inicial do corpo de prova. com entalhe. Esse valor de C é obtido do recíproco da inclinação da região 
elástica da curva carga versus deslocamento para o corpo com entalhe. Sendo o valor de a 0 não 
satisfatório. varia-se o valor de E' e se repete o procedimento até que se obtenha o valor correto para o 
tamanho relativo do entalhe. Assim. o correspondente valor de E' será adotado como o valor correto 
para aquele corpo de prova. 

Os valores de R são, tinalmente, obtidos combinando-se as Eqs. (2), (J). (3) e (4), que resulta na 
seguinte expressão: 

R( a) = 
[
(0.665 l ·a 1 · w·(J -v2

)] 1 

E (1-a/ 
(8) 

onde cr é substituído de acordo com o tipo de ensaio de flexão empregado. O valor de a é calculado 
através da Eq. 6. como explicado ante.riorrnente. Deste modo obtem-se finalmente a Curva-R. 

Outro parâmetro muito importante dentro do conceito da fratura quase-estática é a energia total de 
fratura.. r wof. que é deflllÍda por (Pandolfelli et ai. (1995); Nakayama (1965)): 

(9) 
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onde, U ~ a energia consumida na fratura. A é a área projetada da fratura (secção t:ransversal do corpo 
de prova no plano do entalhe) c R é o valor méclio de R calculado sobre todos os pomos da Curva-R 
(Pandolfelli et ai.. 1995). 

Os corpos de prova utilizados foram cortados e retitlcados a partir de tijolos de MgO-C. com 5, 8. e 
17%-p de carbono, para os ensaios de flexão a 3 e 4 pontos, com dimensões de 35x35x 180 mm3

• Parte 
do carbono presente no material vem do piche, que é usado como ligante, e parte vem da adição de 
grafite na forma de flocos. Os tijolos empregados neste estudo foram curados a uma temperatura de 
400 °C. Os entalhes com profundidades relativas entre 0,40 e 0,47, foram feitos com o amo1io de um 
disco de corte diamantado de 400 1J.111 de e~>pessura. Os ensaios foram realizados numa máquina 
universal de testes mecânicos, MTS-810, Modelo-458.20, configurada para ensaios de flexão a 3 e 4 
pontos. de acordo com adaptações feitas à norma ASTM-D-790. Usou-se uma célula de carga de 50 k.N, 
reduzida eletronicamente para 2,5 kN. A distância entre apoios foi de S = 140mm. Para a flexão a 4 
pontos utilirou-se e = 70mm. de distância entre os pontos de aplicação de carga. As velocidades de 
deslocamento do atuador usadas para cada composição são mostradas na Tabela I . Essas velocidades 
são aquela<~ que permitiram a propagação quase-estática da trinca. em cada caso. 

Tabela 1 Velocidades de deslocamento usadas durante os ensaios de flexm a 
3 e/ou 4 pontos, para a condlcjb de propagacjb estáfel de trinca, 

para corpos de prova com diferentes teores de carbono. 

5 
8 
17 

Velocidade de deslocamento 
(1.1m/min) 

0,5 
1,0 
10,_0-:_ ______ _ 

De mane1rn a deduzir das curvas resultantes, de carga versus de~>locarnento. a influência das 
acomodações e deformações dos acessórios de ensaio. foram realizados ensaios de máquina versus 
máquina para caracterizar esses deslocamentos parasitas. Esses ensaios são similares aos de flexão a 4 
ponto~. sendo que. neste caso. os roletes de apoio são ajustados de tal modo que se alinham com os 
roletes de aplicação de carga. Entre os pares de roletes superior e inferior é colocado um corpo de prova 
de mesma composição daquela em estudo. As velocidades de deslocamento empregadas foram as 
mesmas dos ensaios de flexão a 3 e 4 pontos (ver Tabela 1). Com isso, possfveis afundamentos dos 
roletes na superffcie do corpo de prova também fica caracterizado. 

Portanto, as curvas finais de carga versus deslocamento que foram utilizadas para o cálculo da 
Curva-R, foram corrigidas no eixo dos deslocamentos, do deslocamento extraído da curva de máquina 
contra máquina. para mesmos valores de carga aplicada. Com isso a parte superior das curvas se 
deslocam ligeiramente para a esquerda, gerando valores de flex.ibilidade menores do que aqueles se não 
houvesse tal correção. 

Resultados e Discussão 
Os valores médios calculados do módulo elástico, E. são mostrados na Tabela 2. 

As Curvas-R apresentadas nos resultados deste trabalho são curvas médias obtidas a partir de quatro 
curvas relativas a corpos de mesma composição. Portanto, para cada composição, caracterizada por um 
tipo de ensaio. obtêve-se a Curva-R méclia representativa do comportamento daquela composição. 
Como exemplo, a Fig. I mostra as quatro Curvas-R referentes ao material com 17 %-p de C e ensaiado 
por flexão a 3 pomos. A Curva-R média dessa composição, para ensaio de tlcxão a 3 pontos, aparece na 
Fig. 2, em comparação explicada abaixo. 

A Figura 2 apresenta os resultados sôbre a intluêncja do:; ensaios de flexão a 3 e a 4 pontos na 
Curva- R. exemplilicada através da composição com 17 %-p de C. Foi empregado na sua obtenção o 
critério inclicado por Magoo, Rodrigue1> e Pandolfelli (1995), de desprezar os pontos da curva carga 
ven.u~ deslocamento. para os quais os valores de carga obtidos representassem uma queda maior do que 
92% do valor da carga máxima atingida pelo corpo de prova O que se vê na Fig. 2 são as Curvas-R 
médias, corno descrito anteriormente. 
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Tabela 2 Valores Médios de E 

Teor de C -"'(o/c=o),__ _ ___::E:.J..(G;:;;.;P":'aJ..)_ 
5 24 ± 2,1 
8 28 ± 7,7 
17 13 ± 9,6 

CURVA·R - FLE.XÂO À 3 PONTOS 17% DE CARBONO A . I 
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Fig. 1 Curvas-R para a Compoaiçio com 17 % de C, para Ensaio de Flexão a 3 pontos. Cada Curva é Referente 
a um Novo Corpo de Prova. 
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Fig. 2 Curvas•R Médias para Ensaios de Flexlio a 3 e 4 Pontos, para a Composição com 17% de C. 

De acordo com Magon, Rodrigues e Pandolfe!U ( 1995). os mecanismos de dissipação de energia 
provocados por interação mecânica entre as superffcies durante a fratura. quando em ensaios de flexão, 
levam a um aumento falso na energia de fratura. no final da curva. Acredita-se que este efeito é mais 
acentuado para ensaios a 4 pontos. Nota-se atr-J.vés da Fig. 2, um aumento nos valores de R em toda a 
extensão da curva, quando em ensaios de flexão a 4 pomos. Este efeito é mais acentuado para a 
composição com maior teor de carbono, porém foi verificado em todas as composições. 

A influência do teor de carbono. é mostrnda nas Curvas-R médias apresentadas nas Figs. 3(a) e 
3(b). referentes aos ensaios de flexão a 3 e 4 pontos. respectivamente. 
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A Tabe_!a 3 apresenta os valores médios de R(cr.), R , obtidos através das Curvas-R médias. 
Define-se R como a área sob a Curva-R dividido pelo intervalo correspondente de ct. São também 
apresentados os valores médios da carga máxima e os valores médios do deslocamento máximo (total), 
P max e DnlllX • respectivamente, obtidos através da média aritmética entre os valores determinados para 

4 djferentes amostraS, de cada composição e tipo de ensaio. A partir da mesmas curvas carga versus 
deslocamento usadas para o cálculo das Curva-R foram também avauados os valores da energia total de 
fratura, r wof . Os valores de 2 ·r wof lambem estão mostrados na Tabela 3. 

Tabela 3 Valores de R. 2. r wof I p TflllX e Dmax I Obtidos nos Ensaios de Flexão a 

3 e 4 Pontos, para os Diferentes Teores de C. 

Tipo de teste %de C 
PJII{IX Dm(U R 2yw"f 

3P 5 1010 ± 73 0.5 ± 0.05 215 ± 19 216± 13 
8 953 ± 13 0,5 ± 0,08 243±56 246±50 
17 498 ±80 1,0±0.10 250±48 261 ± 47 

4P 5 2234 ± 15 0,3±0,04 307 ± 16 295 ±20 
8 1853±32 0,3±0,05 292±7 308 ± 18 
17 1145 ± 65 o 8 ±0,08 338 ±97 370±99 

De acordo com• a Tabela 3, os valores de 2 r wof e R apresentam boa concordância entre si, 
quando utilizado o método das linhas radiantes para determinação da Curva-R, como discutido por 
Pandolfelli et al. ( 1995). 

1000 

o 
0.~ 

1000 

CURVA·R • FLEXÃO A 3 PONTOS 
' 17C 

6C 

,. 
.. / .. 

~I:C . . ~··a. 
•• a X W X .. X 

x •••x x• • • 
• * 

0,5 0.6 0.7 0,8 0,9 
TAMANHO RELATIVO DE TRINCA. a/lN 

(a) 

CURVA·R -FLEXÃO A ~ PONTOS 1~ 1 

o I "''· 
0,4 

.. 
0.5 

.. ""' 
I 

X X l .. . 

0,6 0,7 0.8 0,9 
TAMANHO RELATIVO DE TRINCA. aiW 

(b} 

Flg. 3 Curvo-R ~181 para Compoalçõea com 5, 8 e 17 %de C, para oa Enaaloa de Flexio a: (a) 3 Pontoa e 
(b) 4 Pontoa. 
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Como pode ser observado na Fig. 3, a composição com maior teor de carbono apresenta valores de 
R. no inicio da propagação da trinca, menores que os com menor teor de carbono. Pode-se, no entanto, 
verificar através dos valores mostrado~ na Tabela 3. um aumento de y wof com a adição de carbono. 
o<.:orrendo t.anto para ensaios de flexão a 3 como a 4 pontos. Ao mesmo tempo, ocorre uma diminuição 
tanto no valor da carga máxima alcançada pelo~ corpos de prova, quanto nos valores de E (ver Tabela 
2), com a adição de carbono. Os valores menores de E c de P max são os responsáveis pelos valores 
menores de R. para o in(cio de propagação da trinca. de acordo com a_Eq. 8. ls~o ocorre porque cr entra 
ao quadrado naquela fórmula. No entanto os valores de r wof c de R , são maiores para composições 
com maiores teores de carbono. Além disso, de acordo com Pandolfelli et ai. ( l99S), composições com 
maiores teores de carbono apresentam menores valores de K1c, fator crítico de intensidade de tensão, 
conft.rrn.ando a Lenpência para valores menores de R. no inicio da propagação da trinca, para a 
composição com 17% de carbono, conforme indicam as Eqs. I e 2. 

A Tabela 3 também mostra que o aumento do teor de grafite causa um aumento na deflexão 
máxima. Isso revela a "plasticidade" emprestada pelo grafite. que é o principal agente tenacificador. 
Mesmo diminuindo o valor de P max , o aumento de Dmax supera este efeito causando o aumento de 
r wof • para composições com maiores teores de grafite. 

Esses resuJtados indicam ser o carbono um agente enfraquecedor, apesar de seu efeito tenacificador. 
nos refratários de MgO-C. Da natureza anisotrópica do carbono decorre o favorecimento dos seguintes 
mecanismos de tenacificação: deflexão c ramificação de trincas, além do csfolheamento. Esse 
esfolheamento, {lbservável na superfJde de fratura, é o agente enfraquecedor da resistência mecânica. 
Por outro lado. o ganho da energia total de fratura pode ser, em determinadas situações. muito mais 
desejável. 

Os valores de R obtidos de acordo com o procedimento de cálculo aqui empregado, são similares 
aos encontrados anteriormente por Magoo. Rodrigues e Pandolfelli ( 1995), para composições com 5% 
de carbono. eMendendo-se essa similaridade tambem para as outras composições. Naquele trabalho 
referenciado (Magon. Rodrigues e Pandolfelli, 1995). a função Y(o:) usada. indicada por Srawley e 
Gmss ( 1976). não possuía integração analftica. mas indicava uma faixa de a maior de aplicação. O 
gráfico traçado com a função de Srawley difere ligeiramente do gráfico da função de Wilson c alem 
disso. o programa de computação para o cálculo de o: em função da flexibilidade experimental tem de 
realizar uma integração numérica daquela função Y. A função aqui usada e indicada por Wilson ( 1970). 
facilita os cálculos devido ao fato de ser integrável analiticamente; no entanto, os valores gerados de (X. 

são bastante sensfveis ao valor do módulo e lástico adotado. 

Conclusões 

A adição de carbono em refratários de MgO-C tem um efeito ligeiramente tenacificador. que se 
revela numa Curva-R mais inclinada, dificultando o crescimento da trinca. mesmo tendo seu início 
abaixo daquele do material com baixa concentração de carbono. Esse resultado justifica a utilização de 
refratários desta classe com percentuais de carbono próximos a 17 % quando se procura maximizar a 
resistência mec!lnku retida após choque térmico. Neste trabalho considerou-~ apenas os efeitos 
tennomecânicos decorrentes da presença do carbono, excluindo-se os aspectos de oxidação. 

A Curva-R para estes refratários, determinada através de ensaios de flexão a 4 pontos. apresenta 
valores maiores de R em toda a extensão da curva, quando comparada aos ensaios a 3 pontos. 

O procedimento de cálculo aqui empregado facilita o método para a determinação de Curva-R, mas 
é bastante sensível ao valor de módulo e lá.~tico empregado. 
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This paper prescnL~ numerical resuh.s for steady. spntially-periotlit:. two-dimensional. fully-developed turbulent 
ilows in interrupted-surface passages. The gcomet.ry of intercsl t:on~ists of an array of interrupted plate.~. in an in­
line arrangement, placed parallel with Lhe maio flow direcúoo. Sucb a configuration can bc rcgardcd as a two­
dimcnsional idealization of the cores nf some offset-tin compact hcat exchangcrs. The performance llf sever(tllow­
Reynolds number. two-eq11ation linear eddy-viscosity models of turbuleocc is discussed in the comexl of a timc­
avcragcd fonnulation. Simulatíons were carried out for a range of Reynolds numbers and une value of Lhe plate 
Lhkkness. Numcrít:al prcdíctions of the friction factor <~nd skin fricl'ion coefficient along Lhe plates are compared 
with availuble e~perimental rcsults. 
Keyword.s: TuTbulenl'e. Periodic Flows. Controi-Volume Method. Heat Exchangers. 

Moura, L. M. M., and Marvillet, C., 1997, "Local Measurements in Two-Phase Flows 
Using a Resistivity Oouble Probe Technlque, RBCM- J. of the Braz. Soe. Mechanlcal 
Seienees, Vol. 19, No. 4, pp. 458-473. 
Local measurements are of primary importam:.-: for thc characterization of gas-líquid two-phase nows, both for 
processes cootrol aod numerical moueling validation. 11 i~ a very at:tiw research fíeld due ro the increasing number 
of applicalions in lhe thermohydraulics of heal e:oc.changers, nudcar plants. chem.ical processes and oil industries. 
This paper presems the local measuremcnl.>c in a vertical upwaru aír-watcr now using the electrical re~istivny 
dnuhle probe technique. The tcst section was a 80 mm i.d. antl 160 cm long Ple.x.iglas pipe. Five different gas 
superficial velocities, ranging frorn 0.02 to 0.1 O m/s. we.re used in combination with two liquíd supetfic ial 
velocities of O and 0.10 m/s. A re.~isti1•íty doublc probe was employed for mea~urentent~ of thc radial profiles of 
void fractíon. bubble fre.quency. huhhle interface velocity, itllerfacial area concentraLion antl Sauter mcan diarnetcr. 
The e lectrical resi~tivity pmhe method consi.,ts of a instantaneous measuremenl of Lhe local el~trical rcsisúvity i o 
ll1e two-phase 1low by means of a sensor electrode. Since Lhe circuit is opened or do~ed depentling on whether the 
sensor rip is in contact with gas or liquid, the prohe behaves in principie like a switch. yie ltling a two-stagt~ signal. 
Howcvcr. 10 obtain a true square wave type signals. a proper Lh.reshold vollage has lo be uscd às a triggcring 
criterion. Hcrein Lhe signal conditioning is discussed and Lhe innuence of Lhe threshold level is analyzed. 
With a prube with two scnsors displaced a'l\ially. Lhe huhhle interface velocity could be deternúned from lhe time 
tlday whit-h gave. maximum correlatlon berween the sensor responses. These values of gas velocity in conjunclion 
wíth void fral'tions t:ou ld be intq;ratcd to give average gas ~uperficíal velocities. V alues detcrmined in lhis manner 
were compared to values from Lhe ink:t gab nowrare measuremenL~ and ~howed an average dcvintion of less than 
6% for bubbly now. 
Keywords: Two-Phase Flow. Jnstrumenlation. Local MC<~surerncnt. Resistiviry Prohe, Douhle Prohe 

Cunha, F. R., 1997, "On the Fluctuations ln a Random Suspension of Sedimenting 
Particles", RBCM - J . of the Braz. Soe. Mechanical Selences, Vol. 19, No. 4, pp. 474-
495. 
This paper is concerned with velociry fluctuations in a rnooodisperse dilute suspension of sedimcntiog pat1icles 
and in panicular with lhe divergence prohlem of lhe variance with Lhe system siz,e. After variou.~ scaling argumcnts 
it is descrlbed a modcl for suspenston now m which macroscopic mass and momentum balances are constructcd to 
be solvcd simultaoeously. The general model is adapted to study Lhe problem of fluctuations in scdimentation 
under ~.:ond itions of low Reynolds numbers and linite Stokes numbers. Thc imponaol contribution to the particlc 
stress aS-'lociated with velocity tluctuations índuced by hody forces is described using ao effective viscosity. The 
coefficíents of thc SC<~ling argumenrs for bolh limitmg ca.~e exarnined (inerLialess aod when Lhe inertia of the 
partit'le is imponant) are also calculated. 
Keywords: Velocity Fluctuations. Sedimcntatíon. Random Suspen~ion 
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Eblnuma, C. D., and Nakayama, A., 1997, "Approximate Solutlon for Non-Darey 
Transfent Fílm Condensation ln a Porous Medlum", R8CM- J. of lhe 8raz. Soe. 
Meehanleal Selences, Vol. 19, No. 4, pp. 496-503. 
The problem of non-durcian transienl fihn condensalion adjaccnt 10 a vertical nat plate embedded in a porous 
rned1um has been considercd. The goveming equati.on for lhe boundary layer thlckncss was obtained by an inregral 
mclhod and solved approximately by lhe method of integral relations. [t is shown lhat lhe re5ults are in good 
agreement with thosc obtained exactly by lhe metbod of characterisrics. 
Keywords: Transient Film Coodensaóon, Pomu~ Medi um. Convecl.ion. Boundary Laycr. 

Pessolanl, R. 8 . V., and Mansur, W., J., 1997, "Adaptlve Geometrieal Proeedure 
Oeflned by 8-Spllnes Applied to the 8oundary Element Method", R8CM- J. of the 
Braz. Soe. Meehanieal Sclenees, Vol. 19, No. 4, pp. 504-517 (ln Portuguese). 
This papcr presents an adaptive procedure to minimize error.; lhat occur in tbe discreli:tal.ion of curved boundaties. 
ln1Ually the boundary i~ represenred exactly by n b-spline function. Then. the curve is aprox.irnated by a series of 
quaJrat1c elemems. A.11 errvr measure ava.ils Lhe diJference hetween Lhe aproximuted curve and lhe original one., 
refin•ng ureas of mnjor crror. 
Keywords : Numerical Mctbods. Boundary Element Methods. B-Spline~. Adaptive Proccdures. 

Slmci!s, M. G., 1997, "lntelllgent Control 8ased Vertieai·Axls Wlnd Turbine System", 
RBCM • J. of the Braz. Soe. Meehanlcal Selenees, Vol. 19, No. 4, pp. 518-530. 
lntell igcnl conttol techmques. such as fuz.zy logic. neural network and genetic algorilhrn are recently showing a lot 
of promise in Lhe application of various engineering systcms. The paper describes lhe conttol ~'trategy 
llevelopmcnt, design and e~perimental pcrformance evaluation of a fU7.7;y logic based vnriuble spced wind 
generntion system tbn1 u;es cagc type inducl.ion genemtor and douhle-sided PWM converters. The system can feed 
a uullty gnd maantainmg unity power factor a1 all coodition~. oc can supply to an autonomous load. The fuzzy 
logic ba.o;ed control of the ~ys1em helps to optimize the efficlency and enbance lhe perforrnancc. A complete 3.5 
kW generruion systern ha;, been developed. designed and thnroughly evaluated by laboratory tcsts in order to 
vulidate the predicted pcrformance improvcmenK The system givcs excellenl pcrforrnance, and can easily be 
translared to a largcr ~i1c in the field. 
Keywords: Wind Gcncmtion. Fuzzy Control , Vertical A~ i s Tu•'l:•ine. lntelligent Control 

Pesee, C. P., and Tannuri, E. A., 1997, "Stability and Dynamlcs of Offshore Slngle 
Point Moorlng Systems", R8CM - J. ot the Braz. Soe. Meehanleal Sciences, Vol. 19, 
No. 4, pp. 531 -552. 
The Floatiog Productiun Storage and Offloading System {rPSO's) is a modem concept for floa.ting offshore oíl 
explornt ion units. muorcd in dcep water. ·Turret' aod ' Mono-Buoys' are similar types of Single Point Mooring 
syHems tSPM> envisaged for tbe stalionlceeping task. Nevcrthle~. lhe bigbly non-linear dynarnic nature of tbis 
kmll of system may give nse to a rich beltaviour scennrio lhat may comprise fTom simple pirehfork point 
~u1hbnum bifurcations to Hopf bifurca.tions (limir cycles). or even chaoóc regimes. Standard linearised stability 
analy!.i~ may be nol sufficient anymore LO deal wirh thc dc~ign problern. Bifurcation lheory and modem system 
dynamics forro lhen a prnper theorelical basi> for the analysis. This paper addrcsses the stability problem and 
lli~cusses a oumbcr of interesling dynamlc behaviors tbal arise in steady current. A self-excited au tonornous and 
dissipative oon-linear .~ystem of equations govem s lhe system dynamics. A classical 'hydrodynamic derivatives' 
rrnxlel form Lhe core for hydrodynamk forces description. Following Papou lias and Bemibas ( 1988). some 
class1cal results on Lhe stab1líry problem are recovered. lben, reinrerpreting the equilibrium analysis, ii is also 
shown tha1 bifurcation theory enables one not only to prediet but also 10 qualify equilibrium pitchfork 
b1furcauon scenarios, if super- or sub-critica1. H is sbown lhat lhe algebraic sign of lhe tbird-order derivative of 
tl1c lateral force with respect rolhe latcrul component of rela.tive velocity govcms lhe lype of bifurcation scenario. 
Whcn sup<!r-critical pitchfork bifurcation scenario is pre.~enta condition for structural stability loss is established 
and discussed. Hopf bifurcatioru; (limit cycles) are also pre.<;ented and discussed. 
Keyword~: System Oynamics. Bifun:ation Theory. Mooring Syr.tem. 
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Contl, M. B., and Souza, C. A. G. F., 1997, "Experimental Evatuation of Wave Forces 
on a Circular Cylinder", RBCM - J. of the Braz. Soe. Mechanical Sciences, Vol. 19, 
No. 4, pp. 553-566. 
Vertical forces werc mcasurcd on ~ hmiL-ontal circular cylinder in a laboratory wave nu me. The tlume. ol the time 
of measurement~. wa.~ 14 m long. I m wide and circn 0.75 m deep. The lenglh of lhe cylinder was circa I m. lt was 
posilioned horiz.ont.ally along lhe trnnsverse direction of lhe tank. The diameler was 0. 15 m. Two immersions of 
lho: co:nlcrlinc were considered: 0 .15 and 0.185 m. Regular ~urface waves were generated by a plunger. Thc: r.m~:c 
of frcqucncies was approximately from 0.5 to 2.3 H1.. Thcir amplitude.< were hetwecn approximately 0.015 and 
0.0.3 m. Thcsc dimensions nf the cylinder and charactcri~IICS of lhe wav~ are typical of a semi-subrner..iblc 
ponloon in real conditions. once a ge(lmetric scale f:~elor of about I: l 00 is considered. The vertical force was 
measured wilh a stmin-gagc tran~ucer. and lhe wave elcvalion wilh a rc~iMnnce wave probe. Thc annlogical 
signals were converte<] into digital and ploued. The c~pcrimental resulls wcre compared againsl Mori.on's 
cquation (1950) predjctions. A~ cx.pected. it was ohscrvcd lhat lhe Morison's cquaLion results adheres to lhe 
experimental ones in its frequency mnge of val idity. The depLh of lhe tank is small compared to lhe wave length in 
the lower range of frcqucncies. This walcr depth limilation has bcen considered whcn applyi11g Morison's 
equation. 
Keyworc1~: Wave Forces. Imme~ed Booic~. 

Bianchl, E. C., Vokoyama, E. M., Fernandes, O. C., Valarelli , I, 0., and Aguiar, P. R., 
1997, "The Cutting Time wlth Abrasive Disca Can Be Reduced by the Control of the 
Cuttlng Speed", RBCM- J. of the Braz. Soe. Mechanical Selences, Vol. 19, No. 4, pp. 
567-576 (ln Portuguese). 
Thi~ wnrk presems an experimental sludy on th~ life of ahrasive discs in cut·off type opcralions with 1wn 
conditil111~ of cunmg speed. Thc cutLing time is shown with a compararive analysis of the culling spccd. 
Kt>ywords: Ahra.~ive Discs. Cu1-0ff Type OperdLion~. Cunmg Speed. 

Novaski, 0., and Lisboa, E. S., 1997, "Turn-MIIIIng: Some Coneepts and Experimental 
Results", RBCM- J. of the Braz. Soe. Mechanlcal Sciences, Vol. 19, No. 4, pp. 577-
588 (ln Portuguese). 
Tilis work prcsents the conccpts ::md dcftnitions ufa curnbincd machining pmccss, so called Lum-miUing. Severa I 
metho.xls of tum-milling are presentcd wilh major cmphasis onlhe 011hognnal process, sludied eltperimentally. Test 
spccimc:nb made of ABNT 52100 bcaring slecl, wilh a'c.ragc hardness of 60-6 1 HRc were machined. The cutúng 
lool material applied was mixed ceramic inserts. Several fced rare.. tool dinmeter and rotational speed~ of 
workpu::o:e and tool were tested T~L'- were conducted on a CNC lathc wruch had a mtlling head coupkd to it. This 
coupling wa.' madc on the transve~ carrier. figuring an orthogonal exposure nf Lhe mtaling a.'lcs for workpiooc 
and tool, lhl!!t charactcrizing onhogonal Lum-rnilling. Thc achieved resuiLs shnwed Lhat wodc quality and luw 
roughncss v alues can be obtntned: howewer. lhe technology must be beuc.r inv('~tigated. 
Keywords: Machjning. Turn-MiHing. Mi>~ed Ceramic~. 

Magon, M. F. A., Rodrigues, J. A., and Pandolfelll, V. C., 1997, "Charaeterization of the 
R-Curve Behavior of MgO-C Refraetories Applylng Different Measurement Methods", 
RBCM - J. of the Braz. Soe. Mechanlcal Sclences, Vol. 19, No. 4, pp. 589-596 (ln 
Portuguese). 
The influence of carbon addjúon and Lhe:- geome1ry of Lhe applicd bending te~t on lhe fracrure heh:mor of 
magne~•a-carbon rcfractory brich. wilh 5. 8 e 17 w1% of carbon. were s1udict.l . Thc R Curve !lehnvior was 
eva luated in sarnples having a single-ooge notch, under lhree and four point bending lc~t .:ondilions. The tesL~ werc 
undertaken under controllcd displucement and stablc crnck propagation conditions. A tomparison between two 
dil'fercnt calculation procedurcs, were made. 11 is pi'C6cnted a ~el pmcedure criterium com:erning Lhe geometry o f 
bending lC'!õt and lhe calculalion approach upplicd f~'r the determinntion of R-Curve. with lhe ohjective of 
decre.~lolng lhe uncenainty in thc measured valucs. Explanalion' for lhe R-Curve ~hHpe were also given. 
Key"ords Refractory. MgO. Cnrbon. R-Curve. 
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