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1 Introduction

Global symmetries play fundamental role in AdS/CFT. In the case of D = 4 N = 4
supersymmetric Yang-Mills theory, they form the group of superconformal transformations
PSU(2, 2|4). The correlation functions are PSU(2, 2|4)-invariant. On the supergravity
(SUGRA) side, this PSU(2, 2|4) is the group of super-isometries of AdS5×S5. Super-isometries
are gauge transformations of SUGRA which preserve the undeformed AdS5 × S5 background.
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Infinitesimal deformations of AdS5×S5 are linearized (around AdS5×S5) solutions of SUGRA
modulo those which can be obtained as infinitesimal gauge transformations of AdS5 × S5.
The most important physical quantity is the boundary S-matrix [1], which is the exponential
of the supergravity action with appropriate boundary conditions. They are invariant under
the gauge transformations modulo boundary terms arising from the Chern-Simons couplings.
The boundary conditions correspond to insertions of local operators on separate points on the
boundary. Therefore, the boundary terms arising from the Chern-Simons couplings vanish in
the case of the boundary S-matrix, leaving it PSU(2, 2|4)-invariant. This fact is of crucial
importance in the computations. (The case of smeared, overlapping insertions appears to
be more complicated, see [2] for preliminary considerations.)

If we have two states, transforming in two representations H1 and H2 of the symmetry
algebra, we can ask which states arise in the tensor product H1 ⊗H2. This means that we
look for invariant maps into another representation:

Homg(H1 ⊗H2,H3) (1.1)

where g = psu(2, 2|4) and Homg stands for g-invariant maps. These invariant maps are
very useful in the computation. When we compute the S-matrix, they control the poles
in the scattering amplitudes.

A generalization of symmetries are cohomology groups [3]. For any representation V ,
we can consider the cohomology groups of g “with coefficients in V ”, denoted Hn(g, V ) (see
section 2.2 for a brief review of Lie algebra cohomology).

An important particular case is when V is the space of linear maps between two represen-
tations V1 and V2. In this case, Hn(g, V ) is called Extn(V1, V2). Here “Ext” is an abbreviation
for “extension”. In fact, Extn(V1, V2) classify the exact sequences:

0 −→ V2 −→W1 −→ . . . −→Wn −→ V1 −→ 0 (1.2)

modulo some equivalence relations. The case n = 0 corresponds to the g-invariant maps
Homg(V1, V2). The case n = 1 corresponds to the extensions of V1 with V2. In this case, the
action of ξ ∈ g on W1 can be written in the block-matrix form:

ρ(ξ) =
(
ρV2(ξ) ψ(ξ)

0 ρV1(ξ)

)
(1.3)

and the linear map ψ defines a cocycle of g with coefficients in Hom(V1, V2).
In particular, we can consider, besides eq. (1.1), the higher invariants:

Extn(H1 ⊗H2,H3) = Hn(g,HomC(H1 ⊗H2,H3)) (1.4)

Given how useful are invariants, should we also consider the higher cohomologies of AdS
representations? In this paper we will give some examples of how the cohomologies, or Ext
groups, are relevant in the context of pure spinor superstring in AdS5 × S5. Our examples
relate to the theory of deformations of AdS5 × S5, which we will now briefly review.
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1.1 Vertex operators in the pure spinor formalism

In the pure spinor formalism the deformations of the background correspond to the BRST
cohomology in the ghost number two, and also in the ghost number three [4]. The ghost number
three vertices can be obtained as products of ghost number two vertices and ghost number
one vertices (corresponding to the global symmetries). Ghost number three cohomology is in
the same representations as ghost number two. (In the case of bosonic string, they are related
by the rotational zero mode of the b-ghost: V2 = (b0 − b̄0)V3. Integrating over rigid rotations
of the insertion disk, we go from ghost number three to ghost number two. See [5] for a recent
discussion of the ghost number three vertices for the bosonic string.) The ghost number two
vertex operators (but not ghost number three) transform in the same representations of the
symmetry group as their cohomology. This is a nontrivial fact proven in [6]. A priori this
would be true only up to BRST-exact terms. But it is possible to fix the freedom of choice
of a representative vertex in a cohomology class in such a way, that they transform in the
same representation as the cohomology. In this case we say that the vertices “transform
covariantly”. This is special to AdS, not true in flat space [7].

1.2 Extensions of representations

It is often important to know the resolution of a BRST exact operator. For example, consider
the product of three ghost number two vertex operators:1

V1V2V3 (1.5)

It is BRST exact, because the cohomology in the ghost number six is trivial. (Here we do not
impose any particular boundary conditions, which would limit the growth at infinity. Also,
we do not impose any requirements of operators being primary fields. This is analogous in the
case of bosonic string to allowing the vertex operators to depend on X without derivatives [8],
see section 1.3.) This means that exists some operator W such that:

V1V2V3 = QW (1.6)

Suppose that V1, V2 and V3 transform in representations H1, H2 and H3 of PSU(2, 2|4).
Then V1V2V3 transforms in the tensor product H1 ⊗ H2 ⊗ H3. The BRST operator Q is
PSU(2, 2|4)-invariant. However, generally speaking, it is not true that W transforms in
H1 ⊗H2 ⊗H3. Rather, there is a nontrivial extension of H1 ⊗H2 ⊗H3, which we call Y5.
It fits into the exact sequence:

0 −→ X5
⊂−→ Y5

Q−→ H1 ⊗H2 ⊗H3 −→ 0 (1.7)

1Here we consider classical supergravity, and classical worldsheet theory. Eventually, it would be important
to understand what happens at the quantum level, when we have to take into account the regularization. We
could start with taking the product V1(z1, z̄1)V2(z2, z̄2)V3(z3, z̄3) of operators at three different points. For
now, we just restrict ourselves to classical theory. Moreover, since we only consider massless states, we can
forget about the (z, z̄)-dependence altogether. The massless vertex operators in the pure spinor formalism do
not involve worldsheet derivatives. They are some functions on a spin bundle over AdS5 × S5.
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where X5 is some space of Q-closed operators of the ghost number five. Since X5 has ghost
number five, it is in fact BRST-exact. Therefore we can continue:

0 −→ X4
⊂−→ Y4

Q−→ X5 −→ 0 (1.8)

0 −→ X3
⊂−→ Y3

Q−→ X4 −→ 0 (1.9)

The space X3 consists of Q-closed operators of the ghost number three. The concatenation
of these short exact sequences gives us the long exact sequence:

0 −→ X3 −→ Y3 −→ Y4 −→ Y5 −→ H1 ⊗H2 ⊗H3 −→ 0 (1.10)

and the corresponding cohomology class in Ext3 (H1 ⊗H2 ⊗H3, X3). There is a nontrivial
cohomology at the ghost number three. Projecting to the cohomology, we get an element

ψ ∈ Ext3
(
H1 ⊗H2 ⊗H3 , H

3
Q

)
(1.11)

Such cohomology groups as in eq. (1.11) should be important for correlation functions. At
this time, there is no satisfactory prescription for the computation of the correlation functions
in AdS using the pure spinor formalism. We can guess, following [9], that the correlation
function can be computed as some kind of an integral of the product of vertices (which are
functions on the pure spinor bundle over AdS). Consider the three-point correlation function:

⟨V1V2V3⟩ (1.12)

Eq. (1.6) seems to imply that the correlation function is zero. The reason for it to be nonzero
would be that W is not an admissible cochain. If it transformed covariantly, it would have
been admissible. This is similar to the failure of the dilaton zero mode decoupling in the
theory of bosonic string, as we will now briefly review.

1.3 Case of bosonic string

In the context of bosonic string in flat space, it was discovered in [8] that the BRST
exact state of the open bosonic string:

c∂Xµ = QXµ (1.13)

does not decouple in the amplitude:〈
c∂Xµceip1Xceip2X

〉
̸= 0 (1.14)

The BRST-exact operator c∂Xµ transforms in the vector representation V of the Poincare
group. In this representation, the translations Tµ act as zero, and the Lorentz rotations L[µν]
rotate the index µ of c∂Xµ. The resolution of the BRST-exact operator c∂Xµ corresponds
to the following extension:

0 −→ R −→ V̂ ∂−→ V −→ 0 (1.15)

– 4 –



J
H
E
P
0
6
(
2
0
2
5
)
0
4
2

Here V consists of the expressions linear in ∂Xµ and V̂ consists of the expressions linear in
Xµ (“bare X”) and constants. The corresponding cocycle of the Poincaré algebra P is:

Ψ ∈ C1(P,Hom(V,R)) (1.16)
Ψ⟨Tµ⟩∂Xν = δν

µ (1.17)

The appearance of “bare X” is controlled by the cocycle eq. (1.16). Since it is a nontrivial
cocycle, it cannot be removed by choosing a different Q−1c∂X (adding a Q-closed expression).
In bosonic string flat space background, this leads to the following peculiarity in the definition
of the correlation functions. The correlation functions (in the presence of “bare X”) are
ill-defined if we insist that they are proportional to the delta-function of the momentum
conservation δ (Σpi). As was shown in [8], in the presence of bare X, the derivatives of the
delta-function of the momenta appear, leading to the non-decoupling of the BRST-trivial
expressions (if they contain bare X).

Similar considerations can be applied in general to a three-point function. Let us consider
the correlation function of three gluon vertices:〈

(cE1µ1∂X
µ1eip1X)(z1, z̄1) (cE2µ2∂X

µ2eip2X)(z2, z̄2) (cE3µ3∂X
µ3eip3X)(z3, z̄3)

〉
(1.18)

Consider the limit z1 → z2. There are terms proportional to c∂c
(z1−z2) , and to c∂2c, coming from

the contraction ⟨∂X(z1)∂X(z2)⟩. They are BRST exact. There are also terms proportional
to c∂c coming from the contraction of ∂X with eipX . They are also BRST exact, i.e. of
the form QO12, but O12 includes the denominator 1

(p1+p2)2 singular when (p1 + p2)2 = 0.
Let cR12e

i(p1+p2)X be the residue:

O12 = cR12e
i(p1+p2)X

(p1 + p2)2 + . . . (1.19)

(With these notations R12 is an expression linear in ∂X.) The correlation function becomes:〈
cR12

(p1 + p2)2 e
i(p1+p2)XQ

(
(cE3µ3∂X

µ3eip3X)(z3, z̄3)
)〉

(1.20)

The integration over the zero modes of X leads to δ(p1 + p2 + p3), while
Q
(
(cE3µ3∂X

µ3eip3X)(z3, z̄3)
)
≃ p2

3. This p2
3 cancels 1

(p1+p2)2 leading to a finite result. In
fact, R12 is related to an Ext class. To understand this, notice that the computation of
Q−1(c∂c . . .) involves the inversion of the Maxwell kinetic operator, essentially the inversion
of the Laplace operator □. We have to solve the equation:

□F = eipX (1.21)

where p = p1 + p2. The solution is:

F = −e
ipX

p2 (1.22)

with the singularity at p2 = 0. This singularity is the obstacle to finding a covariant solution
of eq. (1.21) for light-like p, and simultaneously the reason why the expression in eq. (1.20) is
nonzero. But there is a non-covariant solution, which exists precisely when p2 = 0:

F̃ = 1
2i
X0

p0 e
ipX (1.23)
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This solution transforms in a nontrivial extension of the one-dimensional representation
of the translation algebra, generated by eipX . (This extension consists of the functions of
the form a(X)eipX where a is a constant plus linear function of X.) The relation between
eqs. (1.22) and (1.23) can be interpreted as follows. Since □(δ(p2)eipx) = 0, the following
expression is a harmonic function:

1
2p0

∂

∂p0

(
δ(p2)eipX

)
= δ(p2)

(
− 1
p2 + i

2
X0

p0

)
eipX (1.24)

This means that f = −δ(p2) 1
p2 e

ipX and f̃ = δ(p2) 1
2i

X0

p0 e
ipX both solve the same equation:

□f = □f̃ = δ(p2)eipX (1.25)

In other words, having a family of irreducible representations, we obtain non-semisimple
representations by the differentiation with respect to the parameter of the family.

1.4 Superstring in AdS5 × S5

In AdS/CFT we study the boundary S-matrix, which corresponds to the correlations function
in the QFT living on the boundary [1]. For example, the three point function ⟨O1O2O3⟩QFT.
There is no momentum conservation delta-function. However, when covariance is broken by
a cohomological cocycle (nontrivial extension), we would guess that the integrand would be
growing in the noncompact directions of AdS, making the integral divergent. This, again,
would lead to the non-decoupling of the BRST-trivial state. The growth of a function in
the non-compact directions of AdS is determined by its symmetry transformations. If W of
eq. (1.6) transformed in the same representation H1⊗H2⊗H3, then it would have grown just
like V1V2V3, and therefore would be an admissible cochain, and the correlator would be zero.
At this time we do not have a precise statement about how to compute the correlation function
from the known cocycle. Moreover, the cocycle is not known. The actual computations
of the resolution of Q-exact expression and the corresponding cohomology class are very
difficult (although, unlike correlation functions, completely straightforward; see section 12).
We have only been able to do them in one particular case, which we consider in section 3,
where the actual resolution of a BRST-exact expression is known explicitly. We will first
describe the general idea, that a resolution generates a Lie superalgebra cohomology class.
We then explicitly describe this class in this particular case. In the rest of this paper we will
attempt to “extrapolate” the result of section 3 to the cases where the actual resolution is
not explicitly known. This is mostly guesswork. We will try to keep track of the conjectures
and always say when we are not sure.

2 Brief review and notations

2.1 Pure spinors in AdS

We will define super-AdS5 × S5 as the coset space H\G where G = PSU(2, 2|4) and H =
SO(1, 4) × SO(5). Let g and h denote the corresponding Lie superalgebras:

g = LieG = psu(2, 2|4) (2.1)
h = LieH = so(1, 4)⊕ so(5) (2.2)

– 6 –
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Let S denote the chiral spinor representation of SO(1, 9) restricted to H = SO(1, 4)× SO(5).
Since we are working with type IIB theory, we need two copies of S which we denote SL

and SR. We consider the cone inside SL ⊕ SR which is parameterized by λL ∈ SL and
λR ∈ SR with the following constraints:

λα
LΓm

αβλ
β
L = λα̂

RΓm
α̂β̂
λβ̂

R = 0 (2.3)

Functions on PSU(2, 2|4) can be thought of as functions on G satisfying:

f(hg) = f(g) (2.4)

for g ∈ G, h ∈ H. The pure spinor BRST complex of Type IIB superstring in AdS5 × S5

requires sections of the pure spinor bundle, rather than functions. It is defined in the following
way. The space of cochains of the ghost number n is the space of functions of g, λL, λR,
of the total degree n in λL and λR, satisfying:

f( AdhλL , AdhλR , hg ) = f(λL, λR, g) (2.5)

The BRST operator acts as follows:

Q =λα
L∇L

α + λα̂
R∇R

α̂ (2.6)

where ∇L
αf = d

dϵ
f(eϵtL

αg) (2.7)

∇R
α̂f = d

dϵ
f(eϵtR

α̂ g) (2.8)

Here we introduced a Grassmann odd parameter ϵ, to define left regular action of odd
generators tLα and tRα̂ . The vector field Q is nilpotent. Verification of nilpotence requires
eqs. (2.3) and (2.5).

Let Pn be the space of polynomials of the total degree n of λL and λR, a representation
of H. The appropriate notation for the space of cochains of the ghost number n is:

Cn = CoindG
HP

n (2.9)

— the coinduced representation.

2.2 Lie algebra cohomology

The space of n-cochains of the Lie algebra cohomology complex [3, 10, 11] with the coefficients
in a representation V is defined as follows:

Cn
Lie (g, V ) = HomC (Λng, V ) (2.10)

In the case of Lie superalgebras, it is better to think of it as the space of functions (or just
polynomial functions) on the superspace Πg (the g with flipped statistics). The coordinates
on Πg are called “Faddeev-Popov ghosts” Ca. The differential is:

dLie = CaρV (ta)−
1
2C

aCbf c
ab

∂

∂Cc
(2.11)

We will write g instead of adg for the adjoint representation of g. For example:

H1 (g, g) = H1 (g, adg) (2.12)

— the derivations of g.

– 7 –
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3 Explicit example

We will first give the general explanation of the example, and then the actual computation.

3.1 General explanation

One can obtain ghost number three vertices as products of ghost number two vertices with the
ghost number one vertices. The ghost number one vertices correspond to global symmetries.
For every symmetry x ∈ g, there is the corresponding ghost number one vertex:

Λ⟨x⟩ = STr
(
xg−1(λL − λR)g

)
(3.1)

Given a ghost number two vertex V , consider the product Λ⟨x⟩V . It is nontrivial in the BRST
cohomology iff the ghost number two vertex x.V is BRST-nontrivial, where x.V denotes the
action of the infinitesimal symmetry x on the vertex V [4].

As a particular case let us take

V = STr(λLλR) (3.2)

This is the ghost number two vertex corresponding to changing the AdS radius [9]. Since
V is invariant under symmetries, and therefore x.V = 0, Λ⟨x⟩V is exact. Therefore exists
some W such that Λ⟨x⟩V = Q(W ). We want to study the properties of the correspondence
Λ⟨x⟩V 7→ W . First of all, let us view Λ⟨x⟩V as a function of x ∈ g; let us call it F :

F : g→ CoindG
HP

3 (3.3)
F ⟨x⟩ =Λ⟨x⟩V (3.4)

(We use the angular brackets for the arguments, i.e. F ⟨x⟩ instead of F (x), to stress that
the dependence on x is linear.) Since Λ⟨x⟩V is exact, we can choose for every x some
F ′⟨x⟩ such that:

F ⟨x⟩ = QF ′⟨x⟩ (3.5)

Let us consider the variation of F ′⟨y⟩ under some symmetry x ∈ g. In particular, we observe:

Q
(
x.F ′⟨y⟩ − F ′⟨[x, y]⟩

)
= 0 (3.6)

This follows from the g-invariance of Q and x.F ⟨y⟩−F ⟨[x, y]⟩ = 0. (Since x.F ⟨y⟩−F ⟨[x, y]⟩ =
0, we say that F is “covariant”. But F ′ is not covariant, it is only covariant up to a BRST-closed
expression.) Let us consider the BRST cohomology class:

G ∈ C1
(
g,HomC

(
adg, H

2
Q

))
(3.7)

G⟨x⟩⟨y⟩ =x.F ′⟨y⟩ − F ′⟨[x, y]⟩ mod im Q (3.8)

By construction, this is annihilated by dLie. Taking its Lie cohomology class, we get an element:

[G] ∈ H1
(
g,HomC

(
adg, H

2
Q

))
(3.9)

To summarize:

• The resolution of the BRST exact vertex Λ⟨x⟩STr(λLλR) generates an element of the
cohomology group H1

(
g,HomC

(
adg, H

2
Q

))

– 8 –
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3.2 Explicit computation

We will now explicitly compute the cohomology class defined in eq. (3.9).
It was proven in [12] that:

STr(λ3λ1)(g−1(ϵλ3 − ϵλ1)g)af
a
bc = ϵQ

(
STr(λ3λ1)STr

(
(gtbg−1)1̄(1− 2P31)(gtcg−1)3̄

))
(3.10)

Here P31 is some projection operator. Its precise form is not important for us now. It is
a rational function of the pure spinor variables, such that STr(λLλR)P31 is a polynomial.
Therefore, the right hand side of eq. (3.10) is of the form Q(. . .) where . . . is a quadratic
polynomial in the pure spinor variables. In our present notations, eq. (3.10) reads as follows.
For any two elements of the algebra x ∈ g and y ∈ g:

F ⟨[x, y]⟩ =QF̃ (x, y) (3.11)

where F̃ (x, y) = 1
2STr(λLλR)STr

(
(gxg−1)1̄(1− 2P31)(gyg−1)3̄ − (x↔ y)

)
(3.12)

Notice that the map F̃ defined in eq. (3.12) is bilinear in its arguments. Therefore we can
consider it as a map from g ∧ g to the space of vertex operators:

F̃ : adg ∧ adg → CoindG
HP

2 (3.13)

This implies that for all z, F ⟨z⟩ is BRST-exact. This is because any z ∈ g can be represented
as a commutator of some two elements of g, i.e. z = [x, y]. However, it is not possible
to choose x and y as functions of z in a g-covariant manner. In other words, the short
exact sequence of g-modules:

0 −→ (adg ∧ adg)0 −→ adg ∧ adg
[_,_]−→ adg −→ 0 (3.14)

does not split. The best we can do is to choose some map z 7→
∑

i xi ∧ yi, linear but not
g-invariant, so that ∑i[xi, yi] = z. Let us call this map σ:

σ : adg −→ adg ∧ adg (3.15)
[_,_] ◦ σ = id (3.16)

Consider the deviation of σ from being g-invariant:

τ⟨C⟩ = ρg∧g⟨C⟩ ◦ σ − σ ◦ ρg⟨C⟩ (3.17)

(Here C is the Faddev-Popov ghost, see section 2.2.) Notice that τ takes values in (g ∧ g)0.
The cohomology class

[τ ] ∈ H1 (g,Hom(adg, (adg ∧ adg)0)) (3.18)

does not depend on the choice of σ. Let us compose τ with F̃ :

[F̃ ◦ τ ] ∈ H1
(
g,Hom

(
adg,CoindG

HP
2
))

(3.19)
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Eq. (3.11) implies that the restriction of F̃ on (adg ∧ adg)0 is Q-closed. Taking its BRST
cohomology class, we get:

[F̃ ◦ τ mod im Q] ∈ H1
(
g,Hom

(
adg, H

2
Q

))
(3.20)

Given B ∈ (adg ∧ adg)0, the BRST cohomology class of F̃ ⟨B⟩ has been identified in [13]
as the infinitesimal beta-deformation of AdS5 × S5 with the parameter B. Infinitesimal
beta-deformations transform in:

(adg ∧ adg)0
adg

(3.21)

The denominator is the subspace of parameters of the form Bab = fab
c Ac. Such deformations

were shown to be BRST-trivial in [13].
To summarize, the resolution of the BRST trivial operator

Λ⟨x⟩STr(λLλR) (3.22)

generated a cohomology class in:

H1
(
g,Hom

(
adg,

(adg ∧ adg)0
g

))
(3.23)

This procedure generates the beta-deformation vertex out of simpler vertices (the ghost
number one vertex and the dilaton zero mode). This example is a simpler version of
eq. (1.10). We have a short exact sequence, i.e. just one intermediate term, eq. (3.14) instead
of eq. (1.10), and this is Ext1:

Ext1
g

(
adg ,

(adg ∧ adg)0
adg

)
(3.24)

4 Bicomplex

From now on we will write, for brevity, g instead of adg.
Descending from Λ⟨x⟩STr(λLλR) ∈ CoindG

HP
3 to an element of Ext1

g

(
g, (g∧g)0

g

)
can be

summarized in terms of the bicomplex which we will now describe, and its two spectral
sequences.

For any representation R, we can consider the double complex:

Cp,q = Cp
(
g , Hom

(
R , CoindG

HP
q
))

(4.1)

with the differential

dtot = dLie +Q (4.2)

We could first compute the BRST cohomology, and then the Lie superalgebra cohomology.
Or, we could first compute the Lie superalgebra cohomology and then BRST cohomology.
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Correspondingly, there two spectral sequences, which we call E and Ẽ. The second page
of the first spectral sequence is:

Ep,q
2 =Extp

g (R , Hq(Q) ) (4.3)
d2 : Ep,q

2 → Ep+2,q−1
2 (4.4)

The second page of the second spectral sequence is:

Ẽp,q
2 =Hp

Q

(
Extq

g

(
R , CoindG

HP
•
))

(4.5)

d2 : Ẽp,q
2 → Ẽp+2,q−1

2 (4.6)

Since both spectral sequences compute the cohomology of dtot,⊕
p+q=n

Ẽp,q
∞ =

⊕
p+q=n

Ep,q
∞ (4.7)

Returning to section 3, our exact vertex STr(λ3λ1)V1(u) fits into Ẽ3,0
2 :

STr(λ3λ1)V1(u) ∈ Ẽ3,0
2 = H3

Q

(
Homg

(
g,CoindG

HP
•
))

(4.8)

while the extension cocycle τ belongs to E1,2
2 :

τ ∈ E1,2
2 = Ext1

g

(
g, H2

Q(CoindG
HP

•)
)

(4.9)

5 Finite dimensional representations in AdS/CFT

The space of solutions of linearized SUGRA equations in AdS5 × S5 has infinitely many
subspaces forming finite-dimensional representations of g [14]. We conjecture that they
are semisimple (the direct sum of irreducible representations). The candidate irreducible
representations can be described in terms of super-Young diagramms. We will sketch their
construction here, and then make it more precise in section 8.

5.1 Dilaton

Let us start by considering the linearized equations for the dilaton in AdS5 × S5. The
solutions can be constructed by the embedding:

AdS5 × S5 ⊂ R2+4 × R6 (5.1)

The dilaton satisfies the Laplace equation, and the solutions can be constructed as the
restrictions of the harmonic polynomials satisfying the following condition: the degree in
R2+4 should be equal to the degree in R6. Such polynomials are of the form:

p(X,Y ) = V i1...in
j1...jn

Xi1 · · ·XinY
j1 · · ·Y jn (5.2)

where Xi are coordinates in R6 and Y j coordinates in R2+4.
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Ep,q
2 = Extp

(
g, Hq

Q

(
CoindG

HP
•))

p3210

= H3(g) = 0

Ext3g
(
g, H0

Q

(
CoindG

HP
•))

E3,0
2 =

0

= Ext3g(g, g)

Ext3g
(
g, H1

Q

(
CoindG

HP
•))

E3,1
2 =

= Ext2g(g, g)
?
= 0

Ext2g
(
g, H1

Q

(
CoindG

HP
•))

E2,1
2 =

1

Ext1g
(
g, H2

Q

(
CoindG

HP
•))

E1,2
2 =

2

= 0
Homg

(
g, H3

Q

(
CoindG

HP
•))

E0,3
2 =

3

q

Ẽp,q
2 = Hp

Q

(
Extq

(
g,CoindG

HP
•))

p3210

H3
Q

(
Homg

(
g,CoindG

HP
•))

∈ Ẽ3,0
2 =

x 7→ Λ⟨x⟩STr(λLλR)

0

= 0

H2
Q

(
Ext1g

(
g,CoindG

HP
•))

Ẽ2,1
2 =

= 0
H1

Q

(
Ext1g

(
g,CoindG

HP
•))

Ẽ1,1
2 =

1

= 0

H1
Q

(
Ext2g

(
g,CoindG

HP
•))

Ẽ1,2
2 =

2

= 0

H0
Q

(
Ext3g

(
g,CoindG

HP
•))

Ẽ0,3
2 =

3

q

Figure 1. Two spectral sequences.
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To supersymmetrize this, we must first translate into the spinor language, i.e. replace
so(6) with u(4) and so(2, 4) with u(2, 2). In this language Xi and Y j become antisymmetric
tensors Xαβ and Y ab with the reality condition:

Xαβ = 1
2ϵαβγδXγδ (5.3)

and same for Y . Here we will discuss the finite-dimensional representations, where the reality
conditions are unimportant. Therefore we will replace both u(2, 2) and u(4) with gl(4), and
relax the reality conditions on X and Y . In this language, the dilaton solution is:

p(X,Y ) = Ca1b1 a2b2···anbn
α1β1 α2β2···αnβn

X[a1b1] · · ·X[anbn] Y
[α1β1] · · ·Y [αnβn] (5.4)

The Laplace operators in the ambient space are:

ϵabcd
∂

∂X[ab]

∂

∂X[cd]
and ϵαβγδ ∂

∂Y [αβ]
∂

∂Y [γδ] (5.5)

Moreover, since we have to consider the restriction only, it is enough to consider the poly-
nomials modulo

ϵa1b1a2b2va3b3···anbn
α1β1···αnβn

(5.6)

This implies that the dilaton solutions can be described with eq. (5.4) where Ca1b1 a2b2···anbn
α1β1 α2β2···αnβn

is symmetric in all a-indices, all b-indices, all α-indices and all β-indices.

5.2 Supersymmetrization

What happens when we act on the dilaton solutions with the supersymmetries? It was
conjectured in [14] that the resulting finite-dimensional representation of psl(4|4) corresponds
to some super-Young diagram. We will now describe the relevant Young symmetrizers.

We use the notations from [15].
We can construct finite-dimensional representations of psl(4|4) from tensor product

of several fundamental and antifundamental representations. The main difference with
the representation theory of the classical Lie algebra sl(N) is that the antifundamental
representation can not be constructed from the tensor products of fundamental representations.

What we do is to take a tensor product of several fundamental representations with
several antifundamental representations, and then apply some Young symmetrizer to the upper
(fundamental) indices, and another Young symmetrizer to lower (antifundamental) indices.

The finite-dimensional representations Hn are direct sums:

Hn = Hn ⊕H⋆
n (5.7)

Let F denote fundamental representation of sl(4|4), and F ′ antifundamental representation.
To obtain Hn, we take the tensor product of 2n fundamental and 2n antifundamental
representations:

v1 ⊗ · · · ⊗ vn ⊗ w1 ⊗ · · · ⊗ wn ⊗ f1 ⊗ · · · ⊗ fn ⊗ g1 ⊗ · · · ⊗ gn ∈ F⊗2n ⊗ (F ′)⊗2n (5.8)
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Figure 2. Young diagramms corresponding to
∫
d4x trZ7.

Then, we do symmetrization or antisymmetrization over four n-tuples:

v(1 ⊗ · · · ⊗ vn) ⊗ w(1 ⊗ · · · ⊗ wn) ⊗ f [1 ⊗ · · · ⊗ fn] ⊗ g[1 ⊗ · · · ⊗ gn] (5.9)

Then we antisymmetrize each v ↔ w pair and symmetrize each f ↔ g pair.
For H⋆, both diagramms are transposed. Notice that H⋆ can be characterized as the

dual of H. The construction of the representation corresponding to
∫
d4xtrZ7 is illustrated

in figure 2.
This is not the whole story, because we have to impose some constraints on traces of

these tensors, and factor out by a subspace. We will discuss this in section 8.

6 Other Young diagramms

We introduce the notations for the linear spaces of symmetrized tensors, for example those
shown on figure 3.

These do not correspond to deformations of AdS, but will play a role.

7 Trace maps and their duals

There are very straightforward trace maps:

sn+k−1,n
n+k,n : Ln+k,n → Ln+k−1,n , k ≥ 1 (7.1)

and
sn,n−1

n,n : Ln,n → Ln,n−1 (7.2)
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Figure 3. Some other Young diagramms.

Figure 4. Super-trace map, lowering the rank of the tensor.

This is just a trace over the corresponding indices, namely the rightmost vector of the longer
row and the topmost vector of the longer column, see figure 4.

There is an exact sequence

Ln+1,n+1 −→ Ln+1,n −→ Ln,n −→ 0 (7.3)

Similarly, there are maps

s⋆n+k−1,n
n+k,n : L⋆

n+k,n → L⋆
n+k−1,n , k ≥ 1 (7.4)

and
s⋆n,n−1

n,n : L⋆
n,n → L⋆

n,n−1 (7.5)
which are defined in the same way.
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Figure 5. Eq. (7.11).

Using the invariant scalar product, we define δ as the dual maps:

δn+k,n
n+k−1,n : Ln+k−1,n → Ln+k,n (7.6)

δn+k,n
n+k−1,n =(s⋆n+k−1,n

n+k,n)′ (7.7)

The δ-maps act as multiplication by the Kronecker delta symbol, with subsequent
symmetrizations-antisymmetrizations.

Notice that the s-maps are just contractions, no need to symmetrize-antisymmetrize
afterwards. After the contraction, the resulting tensor will already have the right symmetry
type. There are other trace maps, for example Ln+k,n → Ln+k,n−1 which do require the
subsequent application of the Young projector. But those which shorten either the longest
row/column, or one of two equal length, do not require additional projectors.

Lemma 1:

(s2 : Ln,n → Ln−1,n−1) = 0 (7.8)

This s2 is the composition of s : Ln,n → Ln,n−1 and s : Ln,n−1 → Ln−1,n−1.

Lemma 2:

(δ2 : Ln,n → Ln+1,n+1) = 0 (7.9)

This follows from Lemma 1, since δ is dual to s.

Lemma 3 Consider the following maps:

Ln+1,n

s→
←
δ

Ln,n

s→
←
δ

Ln,n−1 (7.10)

With these notations:

sn,n
n+1,nδ

n+1,n
n,n = δn,n

n−1,ns
n−1,n

n,n (7.11)

up to a numerical factor. See figure 5.

8 Space of deformations

Finite dimensional deformations have been discussed in [14]. We will now formulate the
conjecture more precisely. The space of deformations, which we will call Hn, is obtained from
Ln,n by a restriction to a subspace and taking a factorspace, as we now describe.
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8.1 Definition of Hn

Let us define the subspace:

L0
n,n ⊂ Ln,n (8.1)

L0
n,n = ker sn,n−1

n,n (8.2)
(δLn,n−1)0 ⊂ L0

n,n (8.3)
(δLn,n−1)0 = L0

n,n ∩ δn,n
n,n−1Ln,n−1 (8.4)

L00
n,n−1 ⊂ Ln,n−1 (8.5)

L00
n,n−1 = ker

(
sn−1,n−2

n−1,n−1s
n−1,n−1

n,n−1
)

(8.6)

We define:

Hn =
L0

n,n

(δLn,n−1)0 (8.7)

Let us also consider the subspace:

Dn ⊂ Ln,n−1 (8.8)
Dn = δLn−1,n−1 + δLn,n−2 + δLn−1,n−1

n,n−2 + δLn,n−2
n−1,n−1 (8.9)

This is the space of all tensors containing the Kronecker delta-symbol; it is the direct sum
of four invariant subspaces. Notice that:

sDn = δLn−1,n−2 (8.10)

The space H⋆
n is defined similarly.

8.2 Scalar product

There is an invariant coupling (scalar product):

H⋆
n ⊗Hn −→ C (8.11)

We have to verify that the scalar pairing ⟨v⋆, v⟩ respects the equivalence relation v ≃ v +
δu. Indeed:

⟨v⋆, δu⟩ = ⟨s⋆v⋆, u⟩ = 0 (8.12)

This pairing is nondegenerate, since Hn is an irreducible representation. This implies that
H⋆

n is the dual of Hn:

H⋆
n = H ′

n (8.13)
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8.3 Exact sequences involving Hn

8.3.1 First exact sequence involving Hn

0 −→ Hn −→
Ln,n

δLn,n−1

sn,n−1
n,n−→

L00
n,n−1
D00

n

sn−1,n−1
n,n−1−→

L0
n−1,n−1
sD00

n

−→ 0 (8.14)

where
D00

n = Dn ∩ L00
n,n−1 (8.15)

Eq. (8.10) implies that sD00
n = (δLn,n−1)0. Therefore L0

n−1,n−1
sD00

n
= Hn−1 and eq. (8.14) is

defines a cohomology class:

Ψn
n−1 ∈ Ext2(Hn−1, Hn) (8.16)

Similar considerations with L⋆ instead of L define:

Ψ⋆n
n−1 ∈ Ext2(H⋆

n−1, H
⋆
n) (8.17)

8.3.2 Second exact sequence involving Hn

Using the scalar product, we can construct the dual sequences:

0 −→ H⋆
n−1 −→

(
L00

n,n−1
D00

n

)′

−→
(

Ln,n

δLn,n−1

)′

−→ H⋆
n −→ 0 (8.18)

0 −→ Hn−1 −→
(
L⋆00

n,n−1
D⋆00

n

)′

−→
(

L⋆
n,n

δL⋆
n,n−1

)′

−→ Hn −→ 0 (8.19)

These sequences define:

Ψ⋆n−1
n ∈ Ext2(H⋆

n, H
⋆
n−1) (8.20)

Ψn−1
n ∈ Ext2(Hn, Hn−1) (8.21)

9 Non-covariance of ghost number three vertex operators

The ghost number three cohomology is nontrivial [4]. One can construct ghost number
three vertices by multiplying ghost number two vertices by the ghost number one vertices
corresponding to the global symmetries. The ghost number three cohomology transforms
in the same representation as the ghost number two cohomology. However, the symmetry
transformations of the corresponding vertices are more complicated. Unlike the case of ghost
number two, for the ghost number three there is, actually, an obstacle for the vertices to
transform covariantly.

Let H ⊂ H2
Q be an invariant subspace. The action of g defines a map

a : g⊗H −→ H (9.1)
a(x⊗ v) =a.v (9.2)

As we explained in section 8, H has a scalar product. Therefore, we can consider the dual map:

a† : H −→ g⊗H (9.3)
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The second Casimir vanishes on linearized SUGRA solutions, therefore:

aa† = 0 (9.4)

Therefore we can consider the exact sequence:

0 −→ ker (g⊗H a→ H)

im (H a†
→ g⊗H)

−→ g⊗H

im (H a†
→ g⊗H)

−→ H −→ 0 (9.5)

and the corresponding cohomology class

ω ∈ Ext1

 H , ker (g⊗H a→ H)

im (H a†
→ g⊗H)

 (9.6)

The space

ker (g⊗H a→ H)

im (H a†
→ g⊗H)

(9.7)

has an invariant scalar product. Therefore, we can consider the dual exact sequence:

0 −→ H a†
−→ ker (g⊗H a−→ H) −→ ker (g⊗H a→ H)

im (H a†
→ g⊗H)

−→ 0 (9.8)

and the corresponding cohomology class

ω′ ∈ Ext1

ker (g⊗H a→ H)

im (H a†
→ g⊗H)

, H

 (9.9)

The extension ω describes an ambiguity of representing v ∈ H as some x.w, i.e. finding a
ghost number three vertex operator corresponding to v. On the other hand, we conjecture
that ω′ corresponds to the resolution of BRST exact ghost number three vertices of the form
Λ⟨x⟩V ⟨w⟩ where x.w = 0. A prerequisite of this conjecture is that the vertices in im a† are
resolved covariantly; we do not know if this is true.

If this conjecture is true, then the Yoneda product:

ω′ω ∈ Ext2 (H,H) (9.10)

is the obstacle to the covariance of the ghost number three vertices.
In fact, there are other classes in Ext2 (H,H), namely the Yoneda products of two Ψ’s

constructed in section 8:

Ψn
n+1Ψn+1

n+2 ∈ Ext2 (Hn+2, Hn) (9.11)
Ψn+2

n+1Ψn+1
n ∈ Ext2 (Hn, Hn+2) (9.12)

Ψn
n−1Ψn−1

n ∈ Ext2 (Hn, Hn) (9.13)
Ψn

n+1Ψn+1
n ∈ Ext2 (Hn, Hn) (9.14)

They could potentially be obstacles as well.
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10 Resolving wedge products

We denote F fundamental and F ′ antifundamental representation of sl(4|4).
Consider the subspace SnF ⊂ F⊗n of symmetric tensors, and subspace ΛnF ′ ⊂ (F ′)⊗n

of antisymmetric tensors.
Consider the following two linear maps:

δ : SnF ⊗ ΛnF ′ → Sn+1F ⊗ Λn+1F ′ (10.1)
s : Sn+1F ⊗ Λn+1F ′ → SnF ⊗ ΛnF ′ (10.2)

The map δ is the tensor multiplication by 1 ⊂ F ⊗ F ′, with subsequent symmetriza-
tion/antisymmetrization. The map s is taking the super-trace, i.e. the pairing F ′ ⊗ F → C.
Their anticommutator {s, δ} is zero:

{s, δ} = 0 (10.3)

We denote:

Kn = (SnF ⊗ ΛnF ′)0

im δ
(10.4)

where the index (. . .)0 means restriction to ker s.
Consider the space of covariant cohomologies transforming in Kn, of ghost number n.

In terms of the spectral sequence of eq. (4.6):

Ẽn,0
2 = Hn

Q

(
Homg(Kn,CoindG

HP
•)
)
= C (10.5)

It is generated by

A 7→
〈
A , g−1(λL − λR)g ⊗ · · · ⊗ g−1(λL − λR)g

〉
(10.6)

Notice that this the cohomology class of the covariant complex, not just covariant vertex.
Covariant vertex by itself would not involve the factorizaion of the space of A by δ(. . .).
We need to impose the tracelessness condition, because g−1(λL − λR)g is only well-defined
up to a unit matrix.

This expression for n > 3 is Q-exact in the space non-covariant CoindG
HP

•. The resolution
gives nontrivial squares in the spectral sequence of eq. (4.3):

En−3,3
2 = Extn−3

(
Kn, H

3
Q

)
conjectured zero (10.7)

En−2,2
2 = Extn−2

(
Kn, H

2
Q

)
(10.8)

En−1,1
2 = Extn−1

(
Kn, H

1
Q

)
(10.9)

En,0
2 = Extn (Kn,C) (10.10)

The natural conjecture is that the only nonzero one is Extn−2
(
Kn, H

2
Q

)
, given by the

following exact sequence:

0 −→(S2F ⊗ Λ2F ′)0

im δ
δ−→ (S3F ⊗ Λ3F ′)0 δ−→ . . . (10.11)

. . .
δ−→(SnF ⊗ ΛnF ′)0 p−→ (SnF ⊗ ΛnF ′)0

im δ
−→ 0 (10.12)
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This defines an element

c ∈ Extn−2 (Kn,K2) (10.13)

Notice that K2 is a subspace of H2
Q, namely the space of beta-deformations (including the

nonphysical ones). The natural conjecture is that c corresponds to the resolution of the
BRST exact expressions of the form eq. (10.6).

11 Resolving g-invariant vertices

Consider the resolution of the scalar operators, such as:

STr(λ3λ1)n+1 (11.1)

We can construct them as polynomial functions of STr(λ3λ1)n+1, STr(Σ{λL, λL}), and
STr(Σ{λR, λR}).

We conjecture that the resolution of an invariant polynomial of the degree 2n results
in a cohomology class of the form of the Yoneda product of n − 1 classes Ψk

k±2 defined
in eqs. (8.21) and (8.16):

Ψm
kn−2Ψ

kn−2
kn−3
· · ·Ψk1

0 ∈ Ext2n−2 (C, Hm) (11.2)

Consider a ghost number two vertex operator representing a state in Hp ⊂ H2
Q. Let us multiply

it by an invariant polynomial of λL and λR of the degree 2n. This will be a BRST exact
vertex. We conjecture that its resolution corresponds to the cohomology classes of the form

Ψq
kn−1

Ψkn−1
kn−2
· · ·Ψk1

p ∈ Ext2n (Hp, Hq) (11.3)

12 Conclusion and open questions

Vertex operators with high ghost number are BRST trivial, and their resolution (finding W
such that V = QW ) should play an important role in the computations. In this paper we
have shown that the resolution naturally defines some cohomology classes, which classify
exact sequences. After the thorough investigation of the simplest example in section 3,
we proceed to develop the general formalism. We concentrate in the finite dimensional
representations previously studied in [14], and show that they fit into some 4-term exact
sequences (corresponding to Ext2), section 8. This allows us to identify the cohomology
classes which should correspond to the resolutions of some families of high ghost number
operators, in section 10 and section 11. Namely, we consider operators like STr(λLλR)N

(and other g-invariant operators) and (λL − λR)∧N (the higher ghost number BRST-trivial
generalization of the beta-deformation vertex). In both cases, we discover the candidate Ext
classes and write the corresponding exact sequences.

We will now point out some open questions.
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12.1 Proving the conjecture about the structure of finite-dimensional
representations

It has been conjectured in [14] that the finite-dimensional representations of linearized SUGRA
solutions are irreducible. (More precisely, they split as direct sums of irreps.) If they are
not irreducible, this will make the story even more interesting. This is, in principle, a
straightforward question. On the field theory side, take a deformation, for example:∫

d4xTrZ10 (12.1)

and act on it by all superconformal transformation. Will the resulting representation be
irreducible? The splitting property is probably related to the existence of the scalar product.
The spaces Hn ⊕H⋆

n have an invariant scalar product section 8.2. On the field theory side,
this must be defined as the correlation function of two deformations. However, since the
deformations overlap, there are potential divergencies from the collision of the integration
points. For example, consider the correlation function:〈∫

d4xTrZ10(x)
∫
d4yTrZ10(y)

〉
(12.2)

there is a divergence when x and y collide. This requires a regularization. Therefore, the
question of existence of an invariant scalar product requires further examination.

Also, it is necessary to actually prove that the exact sequences constructed in section 8
are nontrivial (do not split). We do not have a proof that eqs. (11.2) and (11.3) are nonzero
in cohomology.

12.2 Include infinite-dimensional representations

Why would the resolution of (STr(λLλR))N only give rise to finite-dimensional representations?
This seems to be a reasonable conjecture, but we do not have any argument towards its
validity. (Other than this being the simplest possibility.) In any case, it is an open problem
to extend the formalism of this paper to include infinite-dimensional representations.

12.3 Actual computations of the cocycles

The computations are, in principle, completely straightforward. Given a cocycle with high
enough ghost number (such as (STr(λLλR))N with N > 1), we know that it is BRST-exact.
We can use an explicit formula for the BRST operator, in local coordinates, and find the
explicit expression for Q−1(STr(λLλR))N order by order in the coordinate expansion. This
calls for a symbolic computation. Unfortunately, straightforward symbolic computations
of the BRST complex in AdS5 × S5 seems to be unfeasible, mostly due to the very large
number (32) of odd coordinates. Perhaps a collection of skillful computational tricks, along
the lines of [16], would work.
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