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1 Introduction

The super Poincaré covariant quantization of the superstring was achieved in the year 2000,
with the development of the pure spinor formalism [1]. One of its oddest features is the
absence of a natural prescription for string loop amplitudes, that is manifest in the other
formalisms of bosonic and supersymmetric strings, due to the existence of the world-sheet
reparametrization invariance.

It is a well known fact that in gauge fixing the reparametrization symmetry, a (b, c)
system rises as the ghost-antighost pair. The ¢ ghost is a conformal weight —1 field,
as it comes from the general coordinate transformation parameter, and the b ghost, the
conjugate of ¢, is a conformal weight +2 field.

Concerning amplitudes, the fundamental objects of study in quantum strings, the ¢
ghost appears at tree and 1-loop level. In these world-sheet topologies (respectively, the
sphere and the torus), the conformal Killing symmetries can be removed by fixing some
vertex positions. For the pure spinor formalism, Berkovits developed a prescription [1-3]
that successfully described superstring amplitudes, where a possible ¢ ghost played no
role at all.

For the b ghost, however, the story is different. In a BRST-like description, b ghost
insertions lie in the heart of the BRST invariance of string loop amplitudes. The funda-
mental property is {Q,b} = T, where T is the energy-momentum tensor (since the BRST
charge has ghost number +1, the b ghost must have ghost number —1). Combined with
the Beltrami differentials, this property induces only a surface contribution in the moduli
space integration.

In the minimal pure spinor formalism, where the available ghost variables are the pure
spinor A% and its conjugate w,, the b ghost is based upon a complicated chain of operators



and can be implemented only in a picture raised manner [2], as there are no suitable ghost
number —1 fields.

With the addition of the ghost fields (Xm ra) and their conjugates (w®, s), the non-
minimal pure spinor formalism enables a much simpler construction of the b ghost [3].
More than that, the theory can be interpreted as a twisted N' = 2 ¢ = 3 topological string,
where the BRST charge and the b ghost are the fermionic generators, while the ghost
number current and the energy-momentum tensor are the bosonic ones. This fact allowed
the covariant computation of multiloop superstring amplitudes without picture changing
operators, making the super Poincaré symmetry explicit in all the steps.

Since the b ghost is a composite field, its nilpotency, a crucial property in the topological
string interpretation, is not evident. In [4], the regularity of the b ghost OPE with itself

I as will be explained here. Therefore, a rigorous

was derived, but in an incomplete manner,
proof of such a fundamental property was still lacking.

This paper is organized as follows. Section 2 contains a review of the pure spinor
formalisms and section 3 presents the construction of the b ghost, its basic properties and
a rigorous derivation of the b ghost OPE with itself, proving its regularity. Appendix A

contains the conventions that are being used in this work and some ordering considerations.

2 Review of the pure spinor formalism

The pure spinor formalism will be reviewed here, establishing the fundamental fields that
will be used in the remaining sections.
2.1 Matter fields

The matter part of the action is

S = / d*z ({axmaxm + pﬁaeﬁ> : (2.1)
«

:27'('

and the free field propagators are just

/

= n = «Q mn

X" (2,2) X" (y,9) ~ — ™" Iz =y (2:2a)
8 ba
o (2)0 ~—. 2.2b
pa(2)07 () ~ - (2:2b)
The action S, is invariant under the supersymmetric charge, defined as
1 m 1
o = Po + aaX (HVm)a + 124/ (GVmae) (0'7771)(1 . (2'3)
Note that

' {qa,q5} = 2%%%8)(% (2.4)

!The flaw in the proof of [4] was pointed out by N. Berkovits, in a private communication.



The construction of the supersymmetric invariants follows:
1
nm" =o0Xx™+ 3 (0y™00) , (2.5a)

1 1
do = Pa — E@Xm (0vm)y — o (07™00) (0vm),, - (2.5b)

So far, this is nothing but the left-moving sector of the Green-Schwarz-Siegel action in
the conformal gauge. The Virasoro constraint is II"™II,, + o/d,00% = 0 and the fermionic
constraints (related to kappa symmetry) are do = 0.

The related OPE’s are given by:

/ mn

I (2) 0" (y) ~ —%L 5 (2.6a)
(2 =y)
m 598
Va0t
do (2) I (y) ~ , 2.6b
G ) ~ (2.6b)
2 Yapllm
do (2)d ~ —— . 2.
(s ) ~ ~ 5 o (2.60)
The matter energy-momentum tensor (Virasoro constraint) is
1
Tmatter = —JBXmaXm — paﬁea, (27)
from which it follows that
11 Tm tter aTmatter
Tatter (Z) Thatter (y) ~ — + 2 = . (28)
(z-9' (z-y? (-v)

Therefore, the free matter action yields a negative central charge, that will be cancelled
with the contribution coming from the ghost sector.

2.2 Ghost fields

Introducing a pure spinor \* variable and its conjugate, w,, one is able to define

JersT = A\da, (2.9)
and construct a BRST like charge,
Q= § Josr. (2.10)
where 5
Q@ =-2 f oo, =0, (2.11)
and
AN =0 (2.12)

is the D = 10 pure spinor constraint, which implies that only 11 components of A% are

independent. Observe that an explicitly Lorentz invariant action for the ghost sector,
1 _
Sy=— /dzz (waOA?), (2.13)

:27T

must be gauge invariant under dewo = €p, (Y™ A),,, due to (2.12).



The simplest gauge invariant objects are
Ty = —wOX, N™ = —1wy™ ), J\ = —w,

respectively, the energy-momentum tensor, the Lorentz current and the ghost number

current.
The full set of OPE’s of the ghost sector is:

11 Ty T
DTy ~ (z—y)* +2(z—y)2 i (z—y)’
8 I
Jy (z ~ — )
x (2) T (y) (z—y)3+(z—y)2
NTET )~ S DA )~ s N )~ T
N™(2) Jy (y) ~ regular,  Jy (2) A* () ~ (;_ay) Ix (2) Ix (y) ~ _(,2':414)27
mn B I i\ Ll S e\
N7 (2) N7 (g) ~ 6 (z—y)? (z—y) '

The non-minimal version of the pure spinor formalism includes a new set of fields,
(Xa, ra). The former is also a pure spinor, that is

M =0, (2.14)
whereas the latter is a fermionic spinor constrained through
" = 0. (2.15)

Both constraints imply that there are only 11 independent components in each spinor.
Denoting their conjugates as (@®, s*), the action for the non-minimal sector is

S5 = L /d2z (@%ONa + 5%0ra) (2.16)

27
which is gauge invariant by the following transformations

Gep® = €™ (ymA)" + ™ (ymr)”
555 = @™ (YmA)" . (2.17)

There are several gauge invariant quantities that can be built out of W® and s.

N™ = % (;\’ym”@ — r’ym"s) ,

J5 = —\@, Ts = —wOX — sr, ® = ra, (2.18)

_ 1.
S = \s, SN = iA’ym”s, J. =rs.



Here, N is the Lorentz generator, Ty is the energy-momentum tensor, and Jy and J,
are the ghost number currents. Note that they are not all independent,? since

TYmnA 7"/\>
gmn (Tmnd ) o (T2 _ gy — o, 2.19
< ¥ ) <)\)\ (2:19)
—Fmn m’n,>\
N <m > —J5 <M> +3J, (M> +40 = 0. (2.20)
¥ ¥ ¥

The OPE’s between them can be summarized as follows:

)T () o 9L 0Ty T AT () o Y
TA()TA(y) 2(z—y)2+(2—y), N ()T,\@) (z—y)27
VT () o
TR~
AT () oM Jx & ()T () o 2
J)\()T)\(y) (z—y)3+(z—y)27 ()TA(y) (Z—y)27
S
11 Jy LT () P
JT(Z)TX( ~ (Z_y)g + (Z—y)Q’ TA( )Aa@/) (z—y)’
Ory
T)\ (Z) Ta (y) (Z o y)7
8 K+ ) g N
RSO~ I ST~
P (2) Aa (y) ~ *ma
® (2) @ (y) ~ regular, N (2) J; (y) ~ regular,
N™ (2)® (y) ~ regular,
o N nm[qﬁp}n_’_nn[pﬁfﬂm - o 3
N (Z)N (y> 2 (Z _y) ) J)\( )J’r (y) (Z_y)gu
T ()5 ()~
(z =)

N""(2) J. (y) ~ regular, N"(2) S (y) ~ regular,
W)~

—=mn ~ Ay —=mn roy"mm

N (Z))‘a (y) N_;((;y_g/))oz’ N (Z>roz (Z/) N_;((Z_y))aa
T3 ()R ()~ 2

2Some numerical coefficients of the corresponding relations in [3] are incorrect, as can be promptly
verified by the definitions in (2.18) and the gamma matrices identity (A.8).



Ta (y)

Jr (2)ra (y) ~ —y)

J5 (2) ra (y) ~ regular,
Jr (2) Ao (y) ~ regular.

Note that there are no contributions to the central charge or to the level of the
Lorentz algebra.?

The non-minimal variables enter the formalism in a very simple way, as the BRST
charge is defined to be

Q= 7{ (A%d,, + ). (2.21)
——

JBRsT(2)

The same notation was used for the BRST charge in the minimal formalism, but from
now on, only (2.21) will be referred to as ). The cohomology of (2.21) is independent
of (X, w,r, s), as can be seen from the quartet argument, and there is a state £ that
trivializes it:

A0

€:X-A—r-9’

{Q.& =1 (2.22)

Since r, and 0 are grassmannian variables, £ can be expanded as a finite power series in
terms of r - . Besides, r, has only 11 independent components, in such a way that

Nl (r-0\"
g:MZ<A'A> . (2.23)

n=0

Therefore, one way of avoiding the appearance of ¢ is limiting the amount of inverse
powers of A\. However, this is a fundamental ingredient in the construction of the b
ghost, constituting the main obstruction for loop amplitude calculations in the pure spinor
formalism [3, 5].

3 The b ghost

The b ghost is a central field in string perturbation theory, being related to the BRST
invariance of string loop amplitudes. Its basic property is

As there is not such a fundamental object in the pure spinor formalism, it must be build
out of the available fields of the theory.

As introduced in [3], the construction of the non-minimal b ghost is based on a chain
of operators satisfying some special relations, that will be reviewed below.

3The quadratic pole in ® (z) S (y) is also absent in [3].



3.1 Definition and properties

The full quantum version of the b ghost can be cast as

b="0b_1+by+ by + by + b3, (3.2)
where
b1 = —5%Na, (3.3a)
A
bp= | —,G*| +0, 3.3b
0 (()\)\) ) (33b)
Ao
by = —2 | 222 fed (3.3¢)
(M)
Xa’r’g7’7 af
b2 = -3 773,}'{ v y (33d)
(AN)
by = 41 A“fﬂiﬂ”,mw : (3.3¢)
(M)
and
0= -0 (2222 ) x*06°, (3.4a)
(M)
« 1 af m 1 mn « 1 « 2 na
gos — 1 as (& mnng 4oy ey (3.4¢)
4-96 "M\ 2 ’
By 1 (o (B (AP )]
LoBYN — 3 2/ (Nmn N"$)pPd [aB A (3 4e)
- (96)2 2 ) n ’Ymnp’qus' :

Note that the subscript n in b, is the r charge ¢, of the operators, defined as

[dz00.0106)} =0 (000w, (3.5)
The building blocks of b, satisfy:
{Qa _Saaxa} = TX> {Qa Ga} = ()\a’ T)\ + Tmatter) 5
Q1% = (Me,e?), Qo) = (Ao, m#) (5.6)

[Q’Laﬂw\] _ ()\[Q’Kﬁw\]> ’ ()\[Oé’Lﬁw)\o}) —0.

Some observations should be made concerning the above operators:



e the ordering here, implemented through

MJ%@%:]'f 4B, (3.7)

2m ) z—y

plays a major role, allowing a correct manipulation of the quantum corrections to the b
ghost. Obviously, a different ordering prescription must not conflict with {Q,b} = T.

e the operator O defined above is required because

<()\ar/3 —X/g?“a) XX,G’B> B (Aarﬁ ()\Q,Gﬁ> _ </\f37G°‘>> £ 0, (3.8)

() o)

and

A
— ) ()\oz, T)\) =Ty ?é 0. (39)
e%

One can see that {Q, O} precisely matches the above inequalities. In [6], besides (3.7),
an alternative prescription was used, that conveniently absorbs the operator O.

e the quantum contribution to G® is proportional to 9%6%. The coefficient can be
fixed by comparing the cubic pole in the OPE of the energy-momentum tensor
with both sides of the equation {Q,G%*} = (A%, T), or directly through the usual
U (5) decomposition.t

The last observation is directly related to the fact that the b ghost is a conformal

weight 2 primary field [6],

b ob

PR e— (8.10)

T(2)b(y) ~2

This result is reproduced in appendix A. Note also that b is a Lorentz scalar and manifestly
supersymmetric.

Another interesting property of the b ghost is the pole structure of its OPE with the
BRST current:

3 J T
J b(y) ~ + + , 3.11
BRST (2) b () P T Ty (3.11)
where
by ) (MO8
J= JA+JT—2@+2@—2w.
AA AN (/\)\)
pYol

“That explains why the coefficient used here differs from the one used in [2, 3], where G* was required
to be primary. Equation (A.24) shows that this is not the case, since (A%, T) is not a primary field.

(6] contains a detailed discussion on this subject. There, G* and G* denote the primary and the non-
primary constructions, respectively.



With a BRST transformation, the U(1) current can be brought into a more natural form,
without changing the ghost numbers of the BRST charge and the b ghost.
To verify the interpretation of J as the ghost number current, it is worth noting that,

T (2)J (y) ~ G _Sy)3 - G _Jy)2 + (za_‘]y), (3.13)
J(2) Jprst (y) ~ éBi%S;v (3.14)
J(2)b(y) ~ (Zﬁy) (3.15)

Together, b, T, JgrstT and J may describe a twisted N/ = 2 ¢ = 3 critical topological
string [3]. The untwisted version would satisfy

- (9/2) T or / O 07

T (2)T" (y) (z—y)4+2(z—y)2+(z_y)7 T(z)J(y (z—y)2 (z—y)’
/ G+ oG+ , 3 G~ 0G~

T()G+(?J)Ng(2_y)2 (z—v) T'(2) (v g(z—y)Z (z—vy)

+ G* () e G )
J(2) G (y) =y J(2)G™ (y) =)
3
J(z)J ~ ,
&6~
G () J T+ 10J
G Gl G-y ()
GT (2)G" (y) ~ regular, G~ (2) G~ (y) ~ regular,

where Gt = Jggpsr, G- =band T' =T — %&]. The twist here means 7" — T" — %GJ,
which modifies the conformal weights of the ghosts A and r from % to 0 and turns the
central charge off.

By examining this set of OPE’s, one notes that b must be nilpotent in order for the
non-minimal pure spinor formalism to be viewed as a topological string. This property will
now be rigorously demonstrated.

3.2 Nilpotency

The OPE of the b ghost with itself can be cast as

Op 01 0o O3
b(z)b ~

for there are no (covariant, supersymmetric) negative conformal weight fields in the theory.

: (3.16)

Due to its anticommuting character, b(z)b(y) = —b(y) b(2), implying that

1 001 | Oy
(z=9)° 2(z-y* (-y)

(3.17)



Furthermore, since {Q,b} = T and b is a primary field of conformal weight 2,

{Q0(2)}b(y) —b(2){Q:b()} =T (2)b(y) —b(2) T (y)
~ regular, (3.18)

or, equivalently,

_{Q,0:1}  10{Q,0:}  {Q,0s}
(z=9)° 2 (-y* (-9

Comparing both expressions, one concludes that O; and O3 are BRST closed.

{Q.0(2)b(y)} (3.19)

Taking now into account the specific form of the b ghost for the non-minimal pure
spinor formalism, given in (3.2), it is a simple task to verify that the cubic poles are all
proportional to the constraints (2.14) and (2.15). The possible terms will be listed below:

e b_; may give rise to cubic poles only in the OPE with b3, due to ordering effects.
The different terms are proportional to

(Mymnpr) (0X777r) (M) (Mgr) s (Mmnpr) (OAP777) (A0 A)

L _ - T a (3.20)
(AmnpOX) (17 7r) (A7) (Mgrd) s (MmnpOR) (197477) (2™ ygrA)

e by has cubic poles with itself, by, by and bs:

— in by (2) by (y), it comes from the multiple contractions of II" (v,,,d)” with itself
and from its single contraction with 826°, both proportional to IT" (X’me).

for by (2) by (y), it will arise in the contractions of (dy™"d) (A)) ~2 with all the
terms in bg, being proportional to (Xymnpr) (Xymnpd)'

in the OPE b (2) b2 (y), the multiple contractions of N™" (v7d)* will give cubic
poles like:

(Mmnpr) N (AyPr)
) T (™) (i) | (3.21)
O [(A™X) Aa] (Mmnpr) (477) -
finally, in by (2) b (y), the cubic poles are of the form:
(A00) (A7) (XvgrA) (Mmnpr) (rP47r)
(A708) (MgrA) (Mmnpr) (r7P97r) .

(3.22)

e b1 has cubic poles with itself, by and bs:

— in by (2) by (y), they are of the form

0 (X’ymnpr) (va"pr) ,
(X’ymnpr) (X’ym"qr) NP, (3.23)
0 (X’ymnpr) (X'ypq"r) (X’ym”)\) (X’yqr)\) .

,10,



— for by (2) bz (y), the only possible cubic poles are proportional to

(X’ymnpr) (X’qur) (X’ym”)\) (ry?"$4P00) ,

- _ (3.24)
()\fymnpr) ()\’ym”qr) (rygyP00) .

— the cubic poles arising in by (2) b3 (y) come from the multiple contractions of
N™IP (AN) 2 with b3, and are given by
(Mmnpr) (M™797) (rygrsr) (A7) TIP,
(X’ymnpr) (X’ym”)\) 1P (X’yqrsr) (X'qu)\) (r'ysmr) (X’ytu/\) ) (3.25)
(XanpT) (X,Ymn)\) I (X’qusr) (X’qu'ytu)\) (T’YStur) .

e by has cubic poles with itself and with bg:

— in by (z) ba (y), they are of the form

(Mmnpr) (Mygrsr) (ryPstr) n™an™,

. _ - _ (3.26)
(Mymapr) (™) AVygrst) Ay A) (r?%r) Ty,

— for by (2) b3 (y), do appearing in by is inert and there are only contractions in-
volving the ghost Lorentz currents:

(XMmmpr) (ryPd) (™47 (rygrsr) (AY™A)

_ _ 7 7 _ (3.27)
(Mmnpr) (A" X) (197 d) (Mygrs) (AT A) (r977) (M) -

e the cubic poles of b3 (z)bs (y) involve all possible contractions of the the Lorentz
generators and will give similar results to the ones above, only with more 7’s.

Due to the pure spinor constraints,

(X,ymn)a (X’Ymnpr) = (X,ymn)a (X%nnpax) = (X'Ymnpr) (X,ymnp)a =0, (328)

and every expression listed contains at least one of these types of contractions. Conse-
quently, O; = 0 and o
3
b))~
It is clear from (3.2), that O3 can only be composed with supersymmetric invariants:
matter fields (II", d,, 96%); ghost currents from the minimal sector (N™", J); ghost fields
(A% Xa,Ta); and, in principle, their partial derivatives.

(3.29)

In [4], the vanishing of O3 has been argued as follows. The author assumed that all
partial derivatives of r, that may appear in the OPE (3.29) can be removed due to the
pure spinor constraint, since

M"Or = —OXNy™r. (3.30)

Based on that assumption, all the r, dependence of O3 could be made explicitly through

O3 = Q+7,0% + 1,750 4. (3.31)

— 11 —



where the (2’s are supersymmetric, ghost number —2, conformal weight 3, BRST closed
operators. Since the BRST charge can be split into two pieces according to the r-charge

Q = Qo+ Q1, (3.32a)
Q= f oo, a2
Q1= 7{ (@*ra), (3.32¢)

requiring [@Q, O3] = 0, implies [Qo, 2] = 0. Then, it has been shown that there are no 2
with the above requisites satisfying [Qo, 2] = 0, so it vanishes identically. Then, 2 = 0
implies [Qo, 2%] = 0. Again, this can be demonstrated to vanish. Pursuing this argument,
the nilpotency of the b ghost was obtained in [4].

However, the absence of 0"r, in O3 is incorrect, as will be illustrated soon, which
means that the cohomology argument of [4], summarized above, must be extended, as will
now be done.

The computation of (3.29) is organized according to the r-charge of the operators,
that is

O3z = (bb)y + (bb), + (bb)y + (bb) 5 + (bb), + (bb)5 4 (bb)g - (3.33)

To make the expressions more clear, the ordering notation will be dropped and o’ will be
set to 2.
The first term, (bb),,, is given by

(bb)y = /dZ {bo (2) bo (y) +b-1(2) b1 (y) + b1 (2) b—1 (v)} (3.34)
N (ynd6) (306) (M OX) NI
- o) T
o 00 () | (nyOX) ()
) ™)
m (Y, 27 By N 92 By )
+a05—H ((117;28 )\) a()ﬁ()\aii)(\;\? 0) + ao7(>\89())\§?;\ 86), (3.35)

where aq,, are just numerical coefficients. By a direct computation, it is relatively simple to
show the vanishing of (bb),. It is enough to compute [Q, (bb),] and use the BRST argument
mentioned above. Note that [Q), O3] = 0 implies the vanishing of

N™ (AYpnOA) (AOO L(dy™\) (A\ymn080) (20O
[QO; (bb)o] = a1 ( '}’7 2) ( ) — a1 2 ( v ) (7’7 > ) ( )
(AX) (AX)
N yn9) (30X)  (ManpdX) & (dy™A) 1P
—ao1 — — Q02 —
(AX) (AX)
(AMYmnpOX) N™™ (AP 08) "™ (A08) (Mym7n00) "
+ap2 — — Qp3 —
()\)\) ()\)\)

— 12 —



™ (30 () | (9™00) (306) (Vo)

+oo3 — 03 —
() ()
o 2(0mmg) (™I, () (306) (306) (30R)
o ()’ oW’ o’
Lo OTO0) (@) (0N (9306) (38) (9D0N)
Gk oy T oy

The Lorentz generators N™" appear in three terms. It is straightforward to check that
they are not related by a Fierz decomposition of the spinors, implying that ag; = age = 0.
Now, there is only one term that contributes with one d, and two 96¢, so agz = 0, which,
on the other hand, imply that agqs = 0, since the term with one d, and one II"™ cannot
be cancelled anymore. The vanishing of ags, apg and «g7 is evident, since they do not
possibly cancel each other. There is no linear combination of the above operators that can
be annihilated by Qo, therefore (bb), = 0.
The second term, (bb),, is

(bb), = /dz {bo (2) b1 (y) + b1 (2) bo (y) + b1 (2) b2 (y) + b2 (2) b1 (y)}  (3.36)
(X’ymnpr) N™RIIP (X@Q) (X’ymnpr) N (BX'ypd)

= 1] + a2

% %
Faus (vamﬁXl N’;” (ryPd) 4o (X'ymnpr) (ﬁvm;pd) (X@H)
W) W)
+as (vanpr) (ri’:)gamwae) + a1 ()\’yma(i\)\)?)(gwmd) ) (3.37)
Since [Q1, (bb)y] = 0, [Qo, (bb);] must also vanish:
0] = o B G GO0) () N 08) ()
(AX) (AX)
o (X’ymnpr) ]X"”;Hp (X@)\) N &12% (X’ymnpr) (ﬁ'ym:)\) (8X7pd)
(AN) (AX)
oy D) VO Uy (R 08) () (7
(M) (W)
ran (MymnpdA) N m“g(mpvqk) g 2 (M) (dvi”"p;yq)\) 11, (A00)
(AN) (AN
o (vanpr) (civm:pd) (Xa)\) s (vanpr) ()\7:”82) (3X7”p(99)
(AX) (AX)
s (X’Ymnp?”) Izm (38X’y”p8/\) 4o (X7m82X)£T7:7"A) Hn.
(AX) (AX)

There is only one term that contains one Lorentz generator N and two 90%, so a1 =
0. Now, there are two other terms that contain N™"  but they are unrelated to any

,13,



Fierz decomposition, implying that ajs = a3 = 0. The remaining terms are obviously
independent: 14 = 0, since it is the only one with (dy""Pd); a15 = 0, as no other term
contains two 90%; and a6 = 0, for there is nothing else to cancel it. As (bb),, (bb); is not
BRST closed for any set of coefficients i, and (bb); = 0 is the single possibility left.

Going on,

(bb), = /dz {0 (2) b2 (y) + b2 (2) bo (y) + b1 (2) b1 (y) + b-1 (2) b3 (y) + b3 (2) b-1 (y)}

(3.38)
can be written as
BY D mn () BY m BY
(bb)y = an (Nimr) (QZACZ))4N (A96) 22 ()\ymﬁr)((/i";)4d) (%)
+ gy Kmnt) (2P NNy (ndr) (Mnd) (™" 00)
' !
BY ), mn \TPq BY PA2Y mn
+aos5 ()\%mpr) (?)\ fy)q: ) NN + oo (Avmnpr) ((7”’7)48 )\) N
A\ A\
MmO mo2\ m0?X) (Ay™O
+a27( ! Z)ASZ ) + ag (ry ()\))\547 T)- (3.39)
The last line of the expression is Qo-closed. In computing [Qo, (bb),],
L (Mot (ryPd) (dy™N) (AOO MmnpT) (r4Pd) N™ (XOX
[Qo, (bb)y] = a1 2 ( u ) ( ()\)\))i ) ( ) — a21( £ ) ( ()\)\))4 ( )
B (Mmnpr) (ryPyIX) TLEN™™ (X0) B (M 0r) (ry™~y"A) 1L, (AO6)
Q21 — 4 Q22 — 4
W) (W)
(X’ymar) (ry™d) (X@)\) % (menpr) (8}#"1’”7“) (dy™X) Ny
—Q22 — 4 — Qg3 — 4
(™) ™)
—a23% (Mmnpr) (O39747r) N™ (dgrN) o (Mm0r) (Aynd) (ry™™ON)
) )’
(X’ymé)r) (X%fyp)\) 17 (ry™"00) B % (X’ymnpr) (8X’yqr) N™™ (dyPIN)
o o)’ e o)’
gy 20tmr) (Or) (PN N3 (i) (107083) (™)
' '

the terms that contain matter fields or the Lorentz current do not vanish for any set ao,, of
coefficients: ao; = 0, for it is the single term that contains N™" and II""; ago = aigqy = 0,
since they are the only ones that contribute with one II" and one 96%, but independently;
a3 = ags = 0, because they are the remaining (and also independent) terms containing
the Lorentz generator; and awsg = 0, for it is not BRST closed.
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(bb)5 can be cast as:

(bb)3 = /dz {bo (2) b3 (y) + b3 (2) bo (y) + b1 (2) b2 (y) + b2 () b1 (y)} (3.40)
B (Xymnpr) (ryP4"r) N™" Ny, (Xae) (T YmmpT) (vaar) N (X@G)
- 0431 — 5 + Oé32 —_ 5
()\)\) ()\)\)
N (X’ymar) (ry™or) (XBH) (X’ymé?r) (X’ynar) (roy™"90)
33 — + aizq — 5
()\)\) ()\)\)
o (AMm0r) (X%ﬂj) (6r'ym")\) (A09) ' (3.41)
(M)

It is straightforward to see that the first two terms are not BRST closed. One of the
contributions of the first one contains two Lorentz generators, that cannot be cancelled,
so a3; = 0. The same happens for the second one, which has a contribution in [Qo, (bb),]
with one Lorentz generator, not balanced by any other, thus asy = 0. The result of the
computation of [Q1, (bb),] + [Qo, (bb);] with the remaining terms is

_ o .
Q1. (6b),] + [Qo, ()] = azr— ()\’Ymar)(f\:’gg)a NN (mmaz)A (;;Z 9%X)
—a (X'Vmarz (sza%) " a284 (X7m82XZ(TZm8r) (rA)
(M) (W)
 (mm@A) (my™or)  (Amdr) (Amdr) (10N
Q28 (X)\)Z’L Qs34 (XA)5
g (X“Ymazi) (ZVmaT ) s (AMymOr) (7;7’”587") (AOX)
(M) (W)
. (AMm0r) (X%aj) (ﬁmmnk) (20
(M)

Obviously, there is no nontrivial solution to {aoar, aeg, @33, agq, ass} that may lead to the
vanishing of this equation, thus (bb), = (bb); = 0. Note that

(M 0r) (ry™0r) (A06)
()

(3.42)

does not allow the removal of partial derivatives acting on r, which contradicts the assump-
tion of [4].

So far, the pure spinor constraints only have been used to reduce the number of in-
dependent terms in the OPE computation. It turns out that for (bb),, (bb); and (bb), all
possible terms being generated vanish due to the constraints.

For

(bb), = /dz {b1(2) b3 (y) + b3 (2) b1 (y) + b2 (2) b2 (y) (3.43)

the simple poles are given by:
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e terms with two IN’s and one II, like

(Mmnpr) (AMvgrsr) (ryPehr) N™™NT, 11

) (3.44)
()"
Since (ry™"Pr) = (ry™y"Pr) and (My™Pr) (1) = (ry™Pr) (M),
(Mmnpr) (Mgrst) (ry?4'r) = (rymnpr) (rygrsr) (AP 9IX) (3.45)

which vanishes because (X’ym”pX) =0.

e terms with one N, one II and one partial derivative (Taylor expansion of a quadratic

pole), as B B
(a)‘%rmpr) (>‘7qri7“) ((jTquTT) N™IT® 7 (3.46)
(M)
which vanishes, since
(Mgrsr) (ry?7r) = (Mygrysr) (ry"Pr)
=4 (X"r) (r7s7myr)
-2 (X’ysr) (ryPr) — 8 (rvsr) (X’ypr)
=0. (3.47)
e terms with one N and two d’s, like
(V) (™) N (5574) (1) .

()"
Since AY™"Pr is equal to Ay"y"~Pr, this term is proportional to (X’ym)a (Xym)ﬁ,
and, according to equation (A.15), it vanishes.

e terms with two d’s and one partial derivative, such as

(Mmnpr) (A1) (7P d) (ry4d)
()"

. (3.49)

Decomposing (8X’ym”pr) as (fﬁ’ym”’y”r) +n"P (X’ymé)r) — P (X’y”@r), it is possible
to rewrite the expression as follows,
(X’ymnpr) (8})/7”“‘17') = (X’ym,ﬁpr) (8X’ym"’yqr) + 2n™ (X’ymnpr) (X’ymﬁr)
= (X'ymOX) (rypymyIr) — 2 (X'ypr) (8X’yq7“)
-8 (X’yqr) (OXpr) + 20" (MY ynpr) (AY"OT)
=0, (3.50)

showing that this term also vanishes.
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e and terms with one II and two partial derivatives (Taylor expansion of a cubic

pole), like
(OX’ymnpﬁr) (X’ym”qr) (ryPqrr) 11"
(W) |
Decomposing (éﬁfym”p@r) as (8X’ym”*yp8r) — P (6X’ym8r) + 0P (BX’y”(?r),
the expression

(3.51)

(8Xfymnp8r) (X’ymnqr) (T"}/pqu) (3.52)

can be split into two pieces. One of them is similar to the ones presented before and
also vanishes. The other one is proportional to

(X’ym(‘)r) (X%ar) (ry™"Pr) = (ry,0r) (X%ar) (X'ym"pr)
= — (ry,mor) (X%(?r) (Xv"fympr) , (3.53)
and vanishes, since (X’ym)a (X’ym)ﬁ =0.

For
)y = [ de s ()b ) + o () ba (). (3.54)

all contributions to the simple pole will have d:

e there are terms with two N’s, as

(Mpmnpr) (r77d) (qursr)( ) N Ny

3.55
o) (3.55)
Note that
(Mmnpr) (Marst) 1™ = (M Ympr) (Mrvgsr) 0™
~.m\B
= ( m)” (") Dag
= (3.56)
gives a vanishing contribution.
e terms with one N and one partial derivative, as
(Mmnp0r) (r97d) (™" r) (ryqrsr) N7 (357)

(W)’
It is easy to extract the pure spinor constraint out of this expression:
(X’ymnp(‘)r) (Xfym”qr) = (X’ymn’yp(‘)r) (X’ym”fyqr)
-2 (X’Ymar) (X,ym,ynq,r) Tnp
=4 (X’me) (OrvpymYr) — 10 (X’ypar) (X’yqr)

-2 (X'ymar) (X'ymofy"qr) Mnp-
= 0. (3.58)
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e and terms with two partial derivatives, coming from the cubic poles, like

(QXfymnpar) (ryPd) (X'ym"qr) (rygrsT) (X’y”’)\)
O’

. (3.59)

Note that (rygrsr) (MY"*A) has the same structure of (3.28) and also vanishes.
Finally, for the last term in the b (2) b (y) OPE, where only the ghost fields appear,
)y = [ dx s ()t )}, (3.60)

e there are terms with three N’s, like

(X’ymnpr) (r+Pa"r) (Xym“r) (rYtuwr) NgrN™ (N™

(X)\) : (3.61)
Since Ay™"Pyr = \ymA" APy, (X’ymnpr) (X’ym‘”r) vanishes, as shown above.
e terms with two N’s and one partial derivative, like
9 (X'Ymnpr) (ryPa"r) (X’Ymnsr) (rYstur) quNm, (3.62)

~1\8

(M)
which has the same structure presented before, being proportional to the pure spinor
constraints.

e terms with one N and two partial derivatives, coming from triple poles, such as

0 (Mymnpr) (ry™177) (My™"7) (rygser) V!

— ; (3.63)
(W)°
which are similar to the above ones and vanish.
e and terms with three partial derivatives, like
(GX’ymnpar) (ryP1"Or) (X’ymnsr) (rygrsT) 564
— 8 9 ( N )
(M)
that can be rewritten as
(8X7m81") (r~10r) (va"pr) (" Ynpq™)
—— (3.65)
(M)
and vanish, since
(X'Ymnpr) (T'anqr) = (X’Vnp'er) (T'an'yqr)
= (M"7) (Y™ ymg7)
-2 (X'ymr) (ryqr) — 8 (ry™r) (X'yqr)
= 0. (3.66)
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Summarizing, in the OPE computation several terms vanish identically due to the pure
spinor constraints (in particular, (bb),, (bb); and (bb),; do not present nontrivial contribu-
tions). The remaining terms are excluded through the BRST argument, since they were
shown to be not BRST closed. Therefore,

(bb)y = (bb), = (bb)g = (bb), = (bb)5 = (bb)g = 0, (3.67)
and the pure spinor b ghost is, indeed, nilpotent:

b(z)b(y) ~ regular. (3.68)

4 Conclusion

In this work, some properties of the b ghost in the non-minimal pure spinor formalism were
reviewed and confirmed. The main object of study was the nilpotency of the non-minimal
b ghost.

From general arguments, the b(2) b (y) OPE is reduced to

001 n Os5
(z — y)2 (z—vy)’

D) ~ g

where O and O3 are BRST closed.
As was already known from [4], the different terms in the cubic pole, Oj, are all
proportional to the pure spinor constraints

MM =My = 0.

However, the demonstration that the simple pole (O3) vanishes, was incomplete, due to a
wrong assumption on the absence of r, derivatives.
A counter-example to that assumption is very simple,

(Aym0r) (ry™or) (A0)
(W)’

Note that the fundamental ingredient here is (ry™dr), an object that does not allow, in
general, the removal of the partial derivatives acting on 7.

Knowing this flaw, the proof that O3 = 0 was carried out in a straightforward manner.
First, a careful analysis was made, obtaining all terms that could be generated in the
OPE computation. For some of them, the cancellation is very simple to obtain and no
BRST argument is needed. However, for most of the terms (those that appear in ordering
rearrangements, for example), a direct check is very hard to perform. However, they
were shown to be not BRST closed. Since the possible poles appearing in b (z) b (y) must
commute with the BRST charge, O3 vanishes, and this constitutes a rigorous proof of the b
ghost nilpotency in the non-minimal pure spinor formalism, confirming the interpretation
of the theory as a ¢ = 3 N' = 2 topological string.
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A Conventions and useful formulas

Conventions. Indices:

m,n,...=0,...,9 space-time vector indices,
a,B,...=1,...,16 space-time spinor indices,

The indices antisymmetrization is represented by the square brackets, meaning

1
[I1...In] = — (I1...In + all antisymmetric permutations). (A.1)
n.
For example,
m_n 1 m_n n.m mn
7[7}25(77—77)27 ; (A2)
or,
1
N = o </\aHfBV CNCHB L NPHYY NP HOY 4 \THOB XVH/M) . (A.3)

Concerning OPFE’s, the right-hand sides of the equations are always evaluated at the
coordinate of the second entry, that is,

C D
A(2)B(y) ~ + (A.4)
(z—y)? (2—v)
means C' = C (y) and D = D (y).
Gamma matrices. The gamma matrices y,j; and 'yﬁ‘f satisfy

The Fierz decompositions of bispinors are given by

1 1 1 1
a B af m afs mnp - afs mnpqr A
X = 25m O™ ) + g Ymnp OO TY) + o (2> Ymnpar (XY V), (A.6a)
Xa¥? = L (x¥) — L (Ymn)’ o (C7™™) + L (Ymnpa)” o (Y™"PI)) (A.6b)
16 2116 « 4116 P17« '
where
Vo =, ’ngézp = —’Yﬁﬁzm %Ortgzpqr = Vﬁ%pqr- (A7)

The main gamma matrix identity that is being used in this work is

(V") (vmn) "\ = 43T — 20563 — 8305, (A.8)
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which can be deduced from (A.6). The other relevant one is given by

Thmn (Yag Vi + Yo Vo + Vasvas) = 0. (A.9)

There are several other identities that can be derived from (A.8):

(V™) Yy = 2(7™) T (rom) 5 + 695705 — (v > A) (A.10)
(ymn)“a Von T = =2 (ym)gx (™), + 675,05 — (v € A), (A.11)
Yoy (YA =12 [ (7P = s (7P (A.12)

oV = 48 (6305 — 507 (A.13)

All of them are very helpful in extracting the pure spinor constraints out of product of

bispinors containing space-time vector indices contracted. For example:

(X’Ymnpr) (X’Ymn)‘) =2 (X'me) (T'Ypm)‘) +6 (7)) (X’pr)
-2 (X’ymr) (X’ypm/\) -6 (X)\) (X’ypr)
= 0. (A.14)

The last identity that is often used in the calculations is
YTy ey = (—1)F (10 — 2k) 4™, (A.15)

which is particularly useful since it implies that (y"A), (ymA)g = 0 for A being a
pure spinor.

Ordering considerations. This part intended to present some aspects of the ordering
prescription that is being used in this work.
Classical relations between currents are now corrected with ordering contributions.

For example,
1

4" (mA)a = 5Ja ("N, (A.16)

is valid for any pure spinor A. Its quantum version is given by

(N"m, Aﬂ> A sty — % (JA, Aﬁ) I =2 (Y"ON), (A.17)

showing that some of the 45 Lorentz generators can be written in terms of the others (in
fact, only 10 are independent components).
Another important example is the equation

ATy + JaOA* + NI (mndN)® = 0, (A.18)

which establishes a connection between the energy-momentum tensor and the other cur-
rents. Implementing the ordering leads to

1 1
(X%, T) + 40°X% = = (T, OX%) = 7 (N (7" ON)). (A.19)
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This relation appears in the construction of the quantum b ghost, as well as

1
<4> Yoy (N, X9200) = 8OA007) + (N, Ny (v00) ) + (A, 1,067 ), (A.20)

which is the ordered version of

B N (AyPOO) + AN NI (7 00)P) + AN J106° = 0. (A.21)

anp cl

A further application is the Sugawara construction of the energy-momentum tensor
for the minimal ghost sector,

1

T —
A 20

1
(Nmn7 Nmn) - g ('])\a J)\) + aJ)\? (A22)

which correctly reproduces the related OPE’s.
OPE computations are more systematic® within the prescription (3.7). As an example,
it will be shown here that the b ghost for the non-minimal formalism is a primary field.
Concerning b_1, the ordering does not matter and it is straightforward to see that

b_1 0b_q

T(2)b_1(y) ~2 + . A.23
o)~ 2t (423
For by, however, there are some subtleties. Analyzing G* first,
G* oG* 00“
T (2) G (y) ~2 + + : (A.24
W -9 G-y (-y)’ :

Note that the cubic pole receives contributions from .J (the ghost current anomaly), 920
and (Hm,fyﬁﬂd@:

8 I dJy
T (2) Ix(y) ~ - + P + o) (A.25)
a 2o 3o
T (2) 0%0* (y) ~ z(za_gy)3 + 2(26_2)2 + (f_gy), (A.26)
T(z) (Hm, ,‘j‘f@) (y) ~ < (zlj;)Q + (f?n;),’yﬁ‘ﬁdﬂ>
m V%ﬁdﬁ P)/%Badﬁ
+(H g (z—y)>' (A.27)

According to the ordering prescription, the first term in the last OPE can be rewritten as

i dw ! ™ (w L ™ (w af =
271 (w—y){(zw)2ﬂ ( )+(Z_w)8ﬂ ( )}%n ds (y)

562 (Hmﬁé’éﬁ dﬁ) (8Hmmﬁﬁﬁ dﬁ)
[ P A PR R P

®See chapter 6 of [7], where the normal ordering is presented in details.

(A.28)

— 922 —



Therefore,

902 (H s Ym dg) 0 <H s Ym dg)
T (2) (TI™,~2Pdg) (y) ~ —10 +2 + A.29
) ( 3) )~ 0 ) (A:29)
Adding up all the contributions, equation (A.24) is reproduced. For the whole by,
1 Ao
T(z)b ~|——0|=—),G"
F ) ((z—y) <AA> )
Aa G* oG* 00~ 0 00
+<,2 5 + + 3)+2 5 + . (A.30)
W —y? -y (- (z-y?* (-9

Again, the first term on the right-hand side can be rewritten as

L o (2w

g6 R) ) ().

Replacing this equation in (A.30), the cubic pole disappears, yielding a primary field.

i f w—y)e—w)™

For by, be and b3, there are no contributions like the one in by (they are all propor-
tional to the pure spinor constraints), therefore the b ghost, given by equation (3.2), is a

primary field:
b ab

T(z)b(y) ~2 + .

(2)b(y) PR e

(A.32)
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