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"If I have seen further, it is by standing on the shoulders of giants."
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Resumo

Desde a descoberta por Maldacena no final da década de 90, a correspondéncia
conjecturada entre uma teoria da gravidade e uma teoria de campos cresceu tdo
rapidamente e de forma tdo abrangente que se tornou uma drea de pesquisa por
si s6. A gama de aplicabilidade dessa correspondéncia é hoje tdo ampla que vai
desde modelos cosmolégicos, que descrevem a evolugdo do universo, até sistemas
de matéria condensada nao relativisticos, que modelam materiais fortemente
correlacionados.

Entre todos 0os modelos conhecidos e tteis para a dualidade gravidade/gauge,
particularmente interessantes sdo aqueles obtidos por meio de deformacgdes de
modelos ja existentes, mapeando resultados do lado gravitacional para o lado
de gauge ou vice-versa. Além disso, as deformagdes servem como ferramentas
poderosas para compreender melhor como a dualidade se manifesta: tipicamente
geradas por transformacdes no lado da supergravidade da correspondéncia, essas
deformacdes estdo intrinsecamente relacionadas a fluxos de energia, simetrias
do modelo e integrabilidade, fornecendo, assim, resultados que nos ajudam a
entender como tais propriedades aparecem na teoria.

Nesta dissertagdo abordamos esse problema estudando diferentes tipos de
deformacdes, que em geral sdo geradas por técnicas similares no lado da su-
pergravidade, frequentemente fazendo uso de transformagdes TsT, embora ndo
necessariamente. Por exemplo, estudamos as deformagdes f, 7, TT, 1, A, dentre
outras, explicando suas propriedades, suas quantidades conservadas e como as
deformacoes se manifestam em ambos lados da correspondéncia.

Fazemos ainda uso do mapeamento BMN/limite de Penrose e o generalizamos
para modelos além de AdSs/CFTy. Esse procedimento consiste em mapear um se-
tor particular da teoria de campos, contendo operadores massivos, para um limite
de impulso no lado gravitacional, resultando em uma métrica que é geralmente
do tipo onda plana (pp-wave), embora também possa ser uma generalizagdo desse
tipo.

Investigamos as propriedades ndo comutativas do limite de Penrose em re-
lacdo as deformagdes geradas por transformagdes TsT no lado da supergravidade.
Também realizamos uma anadlise do tipo “bootstrap” para deformacgdes do tipo

Leigh-Strassler, obtendo insights tteis para trabalhos futuros. Por fim, estudamos
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como deformagdes TsT afetam modelos envolvendo branas e anti-branas que
exibem caracteristicas semelhantes as da QCD, como a presenga de mésons e a
quebra de simetria quiral.

Palavras Chaves: Deformacgdes; Limit BMN; Correspondéncia de Penrose; Trans-
formacoes TsT;, AdS/CFT; Holografia.

Areas do conhecimento: Fisica; Fisica Matematica; Fisica de Altas Energias; Holo-
grafia.



Abstract

Since the breakthrough paper by Maldacena in the late 90’s, the correspondence
conjectured between a gravity theory and a field theory has grown so rapidly
and so extensively that it has become a research area in its own right. The range
of applicability of such a correspondence is now so broad that it spans from
cosmological models, describing the evolution of the universe, to non-relativistic
condensed matter systems, modeling strongly correlated materials.

Among all the known models useful for gravity /gauge duality, particularly
interesting are those obtained by deforming existing models, mapping the results
from the gravity side to the gauge side or vice-versa. Moreover, deformations
serve as powerful tools to better understand how the duality manifests: typically
generated by transformations on the supergravity side of the correspondence,
these deformations are intrinsically related to energy flows, symmetries of the
model, and integrability, and therefore provide results that help us understand
how such properties appear in the theory.

In this dissertation, we approach this problem by studying different types
of deformations, which in general are generated by similar techniques on the
supergravity side, often making use of TsT transformations, though not exclusively.
For example, we study the B, v, TT, 17, A and other deformations, explaining their
properties, their conserved quantities, and its gauge/gravity interpretation.

We further make use of the BMN mapping/Penrose limit and generalize it to
models other than AdSs/CFTj. This procedure consists of mapping a particular
sector of the field theory, containing massive operators, to a boosted limit on the
gravity side, resulting in a metric that is generally of the pp-wave type, though
it can also be a generalization thereof. Moreover, we also investigate the non-
commutative properties of this Penrose limit in the presence of deformations.

We investigated the noncommutative properties of the Penrose limit in relation
to deformations generated by TsT transformations on the supergravity side. We
also carried out a bootstrap-type analysis of Leigh-Strassler deformations, obtain-
ing useful insights for future work. Finally, we studied how TsT deformations
affect models involving branes and anti-branes that display QCD-like features,
such as the presence of mesons and chiral symmetry breaking.
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Chapter 1

Introduction and Motivation

It is hardly arguable that Maldacena’s paper [107] marked a watershed in
high-energy physics. Since its proposal, string theory has achieved a new level of
applicability. Indeed, while the majority of models and calculations take place in
the supergravity limit !, the correspondence is conjectured and expected to hold
for all limits of string theory. Therefore, the most prominent version of the duality
is really a correspondence between string theory and a pure gauge field theory.
This relation, however, was not something that just popped out of nowhere, and
we can give a brief summary of the events that preceded the breakthrough paper.

The connection between string theory (or gravity, or even “geometry” at least)
and pure theoretical field theory has manifested itself in different ways throughout
the literature, though Maldacena’s work was the first to make the connection
precise.

It was well known that open strings allow for gauge freedom by making use of
Chan-Paton factors [135], which can be understood as charges at the endpoints
of the string. Later, Kawai, Lewellen, and Tye [91] showed how closed string
amplitudes, which we can understand as graviton (g;,,) amplitudes at the tree
level, are mapped to a scattering of open strings consisting of, roughly speaking,
gauge bosons (A,,). This relation has influenced the BC] relations [23], which are
nowadays some of the great results in the perspective of connecting gravity and
gauge theory.

This was not the only “hint” towards the AdS/CFT conjecture. In fact, the
“topological nature” emerging from the ‘t Hooft limit [159] in gauge theory, which
consists of taking the number of colors N to infinity, N — oo, supressing the
subleading 1/N term in the Fierz relation between the generators of SU(N) and
keeping the ‘t Hooft coupling A = Ng2,, coupling constant, where the amplitude
scattering can be organized as a sum over topological objects Y~ NXAE~V. After
identifying the Euler Characteristic x = V — P + L (P for propagators, V for

2=a"—0



Chapter 1. Introduction and Motivation 2

vertices, and L for loops) with the characteristic of a surface x = V- E+F =
2 — 2g, this shows to be a series expansionin } ,, N 2=28f(A). The similarity with
string amplitudes is remarkable. There, we have the scattering amplitude in
closed string sector to admits a topological expansion on the genus of the resulting
f 2g—2
surface, A ~ Zg gs° T A
Moreover, the DBI action [135, 133, 59], describing the corresponding general-
ization of the Nambu-Goto action for D-branes, also provides another useful hint
towards the conjecture. Assuming a U (1) gauge group for the field strength F, the
DBI action is

5— yD/ddHCe4’\/det(G+B+2mx’F) Y., (1.1)

Where we have the pullback of the metric G, together with the “NS-NS” field
B (which is one of the fields resulting from the massless states in the closed
string, being one of the specific irreducible representation of it), ¢ is the pure trace
irreducible part of this representation. F is the field strength of the gauge group in
the world-volume of the D-branes, which are objects of supergravity (and string
theory) models, as properly explained by Polchinski in another breakthrough
paper [133]. Assuming F as a perturbation, the first-order (in #’) term appearing
in the DBI? is the gauge-field kinetic term, —; F2, which makes clear there is a field
theory on the world-volume.

Following that line of reasoning, it is fair to say that the main contributions that
influenced Maldacena’s idea were those by Klebanov and collaborators, presented
in a sequence of papers suggesting a relation between the supergravity solution
for D3-branes and N = 4 SYM. More precisely, in these papers, the absorption
cross sections calculated on the supergravity side for the scattering of dilatons and
gravitons in the D3-brane background were compared with the corresponding
calculations in A/ = 4 SYM. In other papers, the authors computed the entropy of
near-extremal black D3-branes and compared it with the analogous calculation for
non-BPS states in A/ = 4, finding agreement [71], [72].

All of these “hints” towards a possible connection between string theory and
field theory, and naturally supergravity and field theory, do not, however, over-
shadow how insightful the conjecture made by Maldacena was. Indeed, the
correspondence, as the name suggests, goes way beyond simple resemblances and
similarities between both sides of the model, or connections between the ampli-

2By making use of the relation det A = exp(trin A).



Chapter 1. Introduction and Motivation 3

tudes. It is, in the most crude and literal sense, a correspondence between any
information one can have on either side of the duality. Just to elucidate how pow-
erful the correspondence is, we describe here some of its remarks: The isometries
of the supergravity background translate to R-symmetry (to be explained later)
and global symmetries of the field theory dual, the fields in the supergravity (or
states, in terms of strings) and the operators in the field theory show a true duality
between them, Green’s functions and amplitudes can be mapped in both sides
of the model, and all physical properties one expects from the field theory side,
like confinement, glueball, chiral symmetry breaking or spontaneous symmetry
breaking, central charge flows (for CFT), integrability, etc., can be described from
the supergravity side (and vice-versa). Indeed, regarding the observables for exam-
ple, Witten [170] extended the conjecture, which summarizes the correspondence

pretty well by the following mapping formula,

Wfield [Oz] =1iln Zsupergravity [¢i]/ (1-2)

with ¢; the asymptotic value of the field ¢ at the conformal boundary of AdS, acting
as a source for O;. We are going to into more details later, but since the purpose of
this dissertation is not to describe the whole applications of gauge/gravity duality,
we cite here useful guides for future students in the area: the books [121, 4, 124], the
review from Polchinski [134], and the last chapters from Freedman’s supergravity
book [61] and Becker, Becker and Schwarz [13], though there are much more
literature on the subject.

While the correspondence is clear when evaluated in the supergravity limit,
as explained before, we expect this to hold and be true in any regime of energy
and coupling, and therefore string theory is really a subject here. Some of the first
connections between truly string states and gauge theory were made by Berenstein,
Maldacena, and Nastase [20], where they showed there is a clear map between the
states, their energies, and angular momentum, with the corresponding operators
with a scaling dimension A and R-symmetry J, if we make a clever limit, which
goes by the name of the Penrose limit [130] on the supergravity side, while from
the field theory we can think of it as a BMN limit, sometimes also called pp-wave
correspondence. Moreover, the Hamiltonian on both sides shows a matching as
well. We are going into details in Chapter 5, where we also show how it can be
done generically for any other model of gauge/gravity, not only AdSs/CFTy. The
BMN analysis played a crucial role in uncovering the integrable structures of the
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correspondence, paving the way for the identification of the planar dilatation
operator of ' = 4 SYM with the Hamiltonian of an XXX Heisenberg spin chain.

Maldacena’s correspondence is remarkable not only because of the duality
itself, but by the objects of the duality. Indeed, from the field theory point of view
the ' = 4 SYM theory has been the subject of extensive study over the years,
attaining a prominent position among field theories. Its remarkable properties,
such as integrability, conformal symmetry [153], the non-perturbative SL(2, Z)
Montonen-Olive duality, and maximal supersymmetry, make it a cornerstone for
exploring phenomena in less constrained theories, such as the gauge theory of
QCD in the Standard Model [31, 105].

The integrability that the theory exhibits has been thoroughly investigated
over the past two decades [16], and it is widely believed that N' = 4 SYM is
exactly integrable, at least in the planar limit (for deviations from the planar limit,
see [101]). This is further supported by the AdS/CFT conjecture [107, 170], which
proposes that ' = 4 SYM is equivalent to type IIB string theory with Qp, ~ N in
AdSs x S°. Since it has been shown that strings in the limit Ra’ — 0 and ¢ — 0 on
the homogeneous spacetime AdSs x S° are classically integrable [19, 101], it is also
expected that NV = 4 SYM is integrable in the corresponding limit, A = N, gﬁ > 1,
N — co. Other examples supporting the success of integrability in N' = 4 SYM
include scattering amplitudes computed using integrable methods, which correctly
predict the four-loop deviations observed in [15, 24], and the BMN limit, which
accurately reproduces the matching of anomalous dimensions of operators with
the string spectrum via spin-chain methods [20]. More generally, there appears
to be an intrinsic connection between integrable field theories and spin-chain
models, which are often integrable via the Bethe Ansatz [54, 118, 17], including
the Hubbard model, XXX Heisenberg, and XXZ chains.

These highly successful results in planar N/ = 4 SYM naturally raise the ques-
tion: could other models exhibit those properties? This question has led to a
whole subfield devoted to studying deformations of N' = 4 SYM, aiming for
models that preserve some of the original theory’s, mainly integrability. In this
direction, numerous deformations have been investigated [106, 63, 46, 148],[151],
and particularly interesting are those marginal deformations cataloged by Leigh
and Strassler in [103], which include the B deformation. More recently, a differ-
ent class of deformations has attracted considerable attention, namely the TT
deformation and its generalizations, including single-trace TT-type deformations

defined on product manifolds. Unlike the Leigh-Strassler deformations, these are
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irrelevant deformations and explicitly break conformal invariance, but they retain
remarkable solvability properties.

On the gravity side, the  deformation admits a clear realization via TsT trans-
formations® of the supergravity background [106, 63]. Related geometric construc-

tions have also been explored for certain generalized TT-type deformations [68],
as discussed earlier.

3See Appendix B for details.



Chapter 2

Field Theory

2.1 Introduction to Quantum Field Theory Fundamen-

tals

Before discussing the correspondence, its deformations, or other more ad-
vanced concepts, it is useful to first review the basic ingredients that constitute a
quantum field theory. We therefore begin by introducing key features of classical
and quantum field theories, and then focus on the classes of models most rele-
vant for our purposes, namely theories that exhibit conformal symmetry and/or
supersymmetry.

To describe any model or phenomenon in modern physics, we typically require
a Lagrangian £!. The Lagrangian is a function of the fields and, generally, at most
of their first derivatives, where if “good enough” it contains at least a quadratic
term together with interaction terms, allowing to perform Gaussian integrations.

The action S is defined as

S = / Ay L(¢y, 00), 2.1)

and the equation of motion is obtained by extremizing it. Basic aspects concerning
the nature of particles, understood as representations of the Poincaré group, as
well as the connection between field theory and group theory, including gauge
symmetries, representations, and internal symmetries, are discussed in detail
in Appendix A. We therefore recommend that readers who are not sufficiently

familiar with these concepts consult that appendix.

!Not considering non-conservative models, like a potential V depending on velocity %, for
example.
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2.2 RG flow

While in classical physics the notion of a constant of nature is clear and well
defined in all situations, even at arbitrarily high energies, this picture breaks down
when one attempts to describe physical systems at the quantum level. In quantum
field theory, coupling constants, particle masses, and even the scaling dimensions
are no longer strictly constant. Instead, they depend on the energy scale of the
physical process under consideration.

This idea, that physical parameters depend on the energy scale, was made
precise by Wilson through what is currently known as the Wilsonian effective
action. The basic idea consists of integrating out degrees of freedom that are
irrelevant at the energy scale of interest, by introducing an ultraviolet cutoff A.
As the cutoff varies, the objects of the theory must be adjusted such that physical
observables remain unchanged [146].

One may also understand this phenomenon from the perturbative point of view,
by computing Feynman loop diagrams, which generically produce ultraviolet
divergences. To make sense of these expressions, one follows a renormalization
procedure, introducing a regulator such as a cutoff or heavy regulator fields. After
regularization, the dependence of the objects on the regulator are absorbed into
redefinitions of the couplings, masses, and fields through a procedure known as
renormalization.

Once a renormalization is imposed by fixing the values of the couplings at a
given energy scale y, an explicit energy scale is introduced into the theory. As
a consequence, the couplings acquire a scale dependence, leading to a set of
differential equations describing their evolution with y, y%" = Bi(g1,82,--.),and
these equations define the renormalization group.

If an operator is such that its effect becomes suppressed at low energies, then
it is called irrelevant, a name that is justified once we realize that most physical
predictions concern large distance scales. Otherwise, it is called relevant. If its
coupling does not run with the energy scale at the classical level, it is called
marginal. In general, the way the terms appear in the Lagrangian is enough to
determine their classification classically. This follows from the leading scaling
behavior of the operator, which is governed by

u= ~ (d—A)O, (2.2)
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where y is the energy scale, d is the spacetime dimension, and A is the scaling
dimension of the operator. Thus, if d = A the operator is classically marginal, if
d > A itis relevant, and it is irrelevant otherwise.

The previous discussion, however, was mainly focused on fundamental par-
ticles, represented by operators that are not composite, such as ¢(x) or P(x). It
should be noted, however, that the same concepts also apply to composite oper-
ators, which are constructed from fundamental fields and local operators. In a
Yang Mills theory, such composite operators must be gauge invariant. As a simple
example, the operator

O(x) = ¢(x)? (2.3)

is a local composite operator built from the fundamental bosonic field ¢(x).

The concept of composite operators is necessary to describe composite particles,
which are formed by combining, for example, quark fields g and §, as in baryons
or mesons. We note, as a side remark, that this is not the only generalization of
operators that appears in a Yang Mills theory. For instance, one of the main objects
of study in lattice gauge theory is the Wilson loop operator

W = trPexp (/C A”dxy) , (2.4)

which provides an example of a non local composite operator. In any case, com-
posite operators can sometimes behave as simply as fundamental operators from
the point of view of renormalization. In such cases, the renormalized operator and
the bare operator are related by [4, 131]

Oyp=2Z-0. (2.5)

This relation, nevertheless, is not the most general situation. To understand the
subtleties associated with composite operators, one must take into account the
quantum numbers of the fundamental fields. For example, in four dimensions the
fields ¢, A;, and 1 have mass dimensions and spins given by (1,0), (1,1), and
(%, %), respectively. As a consequence, the bare fields can only be renormalized
multiplicatively,

$o = Zo, Yo = Zyy, Aly = Z AV, (2.6)

since the renormalization Z carries no quantum numbers.
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This is no longer true for composite operators. Suppose, for instance, that we
have O; = ¢*(x) and O, = (9,,¢)(9"¢)(x). These operators have the same classi-
cal dimensio and spin, therefore both can appear in the renormalization equation
for any of them, leading to operator mixing and promoting the renormalization
factor Z to a matrix with multiple indices.

To be more concrete, let {O;} be a set of operators with the same quantum
numbers. Their bare and renormalized operators can then mix through a renor-

malization matrix Z; according to
0} = 2,0/, (2.7)

see [131] for further details. We note that, in some cases, a constant term may be
added to (2.7), referred to as additive renormalization [4].

2.3 Differential Forms

From now on, we will often use differential form notation, meaning that we
will make use of the wedge product A and the exterior derivative d. In summary,

a p form is a field carrying p indices that are totally antisymmetric,

1
The wedge product is antisymmetric, satisfying dx® A dx’ = —dx? A dx", and

therefore acts on a p form together with a g form to produce a (p + q) form, which
can be expressed asamap A : VP @ V1 — VPTI,

The exterior derivative increases the rank of a p form by one, mapping V7
into VP71, satisfying the important property of d> = 0, which follows from the

commutativity of ordinary partial derivatives d,, as we now show,
4>V, ~ 0,0,V dx" Adx' A -+ = 0. (2.9)

This property allows one to define cohomology classes of differential forms. In
particular, a p form is said to be closed if dF = 0, and exact if it can be written as
F = dA. Closed forms that are not exact define nontrivial cohomology classes.
Finally, though perhaps it is not appropriate to define it in the present moment,
since we haven’t defined what a metric is, we nevertheless bypass this caveat and
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define another operator here, called the Hodge star x, consisting of mapping p
forms to d — p forms
x: AP — AP (2.10)

For a more detailed treatment of differential forms, a good reference is Freedman'’s
supergravity book [61], or [158].

2.4 Supersymmetry

We can finally define what a supersymmetric model is. In this section, we
intend to introduce the mathematical apparatus for someone not familiar with
that type of calculation.

We highlight some important points. To understand supersymmetry, it is
sufficient to be familiar with the mathematical tools of quantum field theory or
Yang-Mills theory. One should keep in mind the statistical nature of a field, that is,
whether it is fermionic or bosonic, what is a symmetry and how they are related to
current conservation through Noether’s theorem. It is important to keep in mind
what is an algebra and representation of it. We have touched on some of these
points in the previous section, and recommend the reader the Appendix B. We
just mention one last important fact: Coleman and Mandula developed a theorem
showing that one cannot have an internal symmetry Q; together with a spacetime
symmetry Q», such as the Poincaré algebra, and still obtain a nontrivial algebra,

[Ql/ QZ] 7& 0/ (211)

where [, | denotes the commutator, defined to be antisymmetric. For more details,
see the first chapter of Wess’s book [167]. As a consequence, for example, the
representation of a particle or field under the Lorentz group cannot be nontrivially
mixed with an internal symmetry, like a flavor symmetry.

While the theorem is true, it is only as true as its postulates. If we allow for
a mixed algebra containing both commutators, [, ], and anticommutators, {, },
then the field theory is no longer necessarily trivial, and we can proceed with
a consistent study in that direction. Indeed, this is essentially the core of super-
symmetry: it is a fermionic symmetry, governed by anticommutators {, }, that
maps bosonic degrees of freedom into fermionic degrees of freedom, and therefore
acts as a symmetry relating bosons and fermions. The number of supersymmetry
generators Q is denoted by . The specific sets of fields that transform into one
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another are organized into multiplets, and once these are identified, it is even
possible to write a Lagrangian that is manifestly supersymmetric by introducing
fermionic spacetime coordinates 0.

Since we believe it is easier to understand complex concepts by examples, we
study the simplest case, which already contains all the information discussed in
the previous paragraph. If the reader wishes to pursue a more advanced and
detailed treatment, a suitable first course with proper details can be found in [82].

The Wess-Zumino model in d = 4 has the Lagrangian

L= —% /d4x ((aA)2 + (9B)% + ¢a¢) ) (2.12)

where A and B are real scalar fields with [A] = 1, and ¢ is a Majorana fermion
with [¢] = 3/2. The first quantity one should compute in a supersymmetric theory
is the number of degrees of freedom, which must necessarily match on shell. As
discussed in Appendix B, a scalar field has one degree of freedom, while a spinor
ind = 4 has 2 x 22 x 1 = 4 degrees of freedom off shell, and 4 x 3 = 2 degrees of
freedom on shell. Therefore, two scalar fields together with one fermion indeed
carry the same number of degrees of freedom on-shell.

We need to guess a global supersymmetry transformation for this theory, and
since N/ = 1 here, we expect a fermionic parameter €. As we saw, [0A] ~ 1,
[pdy] ~ 3, and [A] = 1, [¢] = 3/2. Therefore, if [¢] = —1/2 such that [éy] ~ 1,

we can write
SA=¢yp, O6B=iéysyp, oY =d(A+iysB)e. (2.13)

The transformations in (2.13) are of the form éB(F) = €F(B), as required by su-
persymmetry transformations. Moreover, (2.13) closes on shell, and therefore the
model is properly defined. As explained in Appendix B, a symmetry transforma-
tion is generated by a charge, the J° component of a conserved current, which in
the case of supersymmetry is a fermionic generator Q. We can obtain the super

Poincare algebra, which is

Poincare algebra +
{Q Qut = —2(0")aic Pu 8}, {Qh Qp} =0, {Qui, Qp} =0,  (214)
[Myv’ sz] = (va)aﬁQﬁ/ [M;ﬂ// Q_it] = (&VV)dBQB'
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We notice, however, that off shell the degrees of freedom do not match. While
this is not necessarily a contradiction, one generally expects a theory to have its
symmetries closed and consistent even off shell. To overcome this problem, one
introduces auxiliary fields, defined as fields which have no dynamics and vanish
on shell. In the present case, we introduce two auxiliary real scalar fields H and G,

1
Sp=5+5 /d4x (H?> + G?). (2.15)

Then, we have 4 = 4 degrees of freedom. By including 6H = édy and 6G = éysdy
in the algebra (2.13), and at the same time adding the terms (H + iy5G)e to the
right hand side of J¢, the algebra closes off shell. Moreover, we can rewrite
everything as

1 _
£ =5 [ax(1ogl+ay + |FP),
o0p =¢eyp, 0P = (dp+F)e, OF =édy,

(2.16)

where we used the properties of s, 'yg = s and 72 = 1, and defined ¢ = A +iB
and F = H +iG.

This multiplet of a complex scalar together with a Majorana fermion forms
what is called a chiral multiplet in A/ = 1. This allows us to define a chiral
superfield

O = ¢p(x) +V20y + F6?, (2.17)

and to write the action in a superspace formalism, as described previously,
5 — / dx 449 O, (2.18)

where 0 is a fermionic coordinate of the so-called superspace. In that way, the

action is manifestly super Poincare invariant.



Chapter 3
(Super) Gravity

While quantum mechanics takes place before special relativity or general
relativity, the latter remained essentially untouched, while the former has been
subject to a large modification, by extending it to many body systems, relativistic
models and the last generalization to quantum field theory. This general idea
was true till Peter van Nieuwenhuizen, Ferrara, Freedman, and others extended
Einstein’s ideas to include supersymmetry in the 70s and 80s.

In this chapter, we intend to present the concepts of General Relativity (GR) as

formulated by Einstein, and then the extension required to include supersymmetry.

3.1 Fundamentals of General Relativity

Einstein’s General Relativity, just like Special Relativity, holds in the idea
that physical laws should not depend on a specific reference, being universal.
This has strong implications, illustrated by his wonderful mental experiments,
“Gedankenexperiments”, where we have a majestic connection involving simple
elevators and a flashlight, with implications for light trajectory deviation due to
the gravity of planets and stars.

General Relativity, therefore, must be invariant under any change of coordi-
nates (the mathematical equivalent of “different observers”),

oxH

VH(x) — o

V(). (3.1)

The transformation x — x’ in (3.1) goes by the name of diffeomorphism, which
is an isomorphism (one-to-one and onto) between differential manifolds. The
simplest action that can be obtained by requiring invariance under diffeomorphism

is the Einstein-Hilbert action,

5= / 1y, /=gR, (3.2)

13
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where R is called the Ricci scalar, being invariant under the change of coordinates.
\/—§ is the square root of the determinant of the metric. This last, the metric, is
the most important tensor in the subject of General Relativity, since it precisely
defines the length of the spacetime, and all events in it. Indeed, the metric can be
seen as a map from two vectors toascalar g, V®V — R

gudx'dx’ = ds?, (3.3)

where dx are infinitesimal distances, and ds? is the length element. For example,
flat spacetime is simply the identity ¢ = I, while the sphere S? in (6, ¢) coordinates
is ¢ = diag(1,sin?#). One can see that ds? is a scalar invariant by a straightforward
calculation,

ox'* ax"' dxt dxV
ox# AxV 9x' ox'X’

Suudxtdx’ — gy dx" dx'X = g dxVdxV.  (34)
Furthermore, to define the Ricci scalar of above, one needs to define the Riemann
curvature, which is a quantity that measures how curved a spacetime is. It is a
4-index tensor Rffpg with some specific properties of the indices,

R;u/pa = _Rvypm Ryvpo = _Ryvop/ R;uvpa = RpU,uw (3-5)
together with two Bianchi identities,
Ruwoo) =0, ViaRujpo) = 0- (3.6)

We can say that Einstein’s general relativity is the simplest spacetimes possible.
The reason for that will be made clear, but for the moment we “define” the most
general spacetime as being the one that is “well behaved” at all points, and that is
equipped with a connection l"ffp, which allows us to compare objects at one point
X in the manifold M with a nearby point X’ = X + 6X. Then, we can characterize
manifolds by three properties [128],

Metricity postulate V¢, = 0, Torsionless Fﬁ/p] =0, Flat Rypc =0. (3.7)
Einstein’s General Relativity is the simplest because it satisfies both the metricity
postulate and the torsionless postulate, while it can be flat in some specific cases.
In that case, the connection goes by the name of Christoffel symbols. With those
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simplifications, we can express both the Christoffel symbols and the Riemann
tensor in terms of the metric. For a detailed definition and derivation, see [164, 36,
119], here we quote the results,

1
T]’fp - Eg#al (a‘/g“lp + anleH - a“lgVP)/

Ryvpa - aprffl(f - aarfjp + rﬁprf}a - rﬁgrép'

(3.8)

Due to the equivalence principle explained before, the model is formulated such
that locally, around any generic point, the metric reduces to the Minkowski metric.
That is, guv(p) = v, 0g = 0. Indeed, this defines a Riemannian manifold, which
in mathematical words is defined as a “smooth topological space” equipped with
a metric ¢ and an atlas of charts, such that around any point p in a small open set
U, there exists a map ¢ diffeomorphic to R?, ¢(p), U — ¢(U) C R?. A common
example is the sphere S2, where we can divide it into two patches, one containing
only the north pole while the other contains only the south pole, and each patch
has a straightforward chart to a plane, as can be seen by a stereographic projection,
for example.

We stress, however, that Einstein-Hilbert action is in some sense incomplete. In
fact, we can add a scalar term A, which goes by the name of cosmological constant,

to the action and still remain invariant. We could also add more terms like
R?, RuRM™, RyuypeRMF, ..., (3.9)

to the action, though from the experimental point of view these terms do not
contribute a value large enough to be perceptible in the laboratory. Moreover, (3.8)
shows that the Riemann tensor is of second-order derivative of the metric R ~ 9%g,
and consequently, all the terms in (3.9) have higher-order derivatives. These types
of extensions have been made in what is called “quadratic gravity” [145] and
though it solves some problems of usual Einstein gravity, like renormalizability;,
it introduces new gravitons that are massive. Hofava gravity is an alternative
approach to this problem, by foliating the spacetime with spacelike hypersurfaces
at each specific time f, more details can be found in [83], with a review in [80].
One may ask why we are stressing this information. The reason we follow that
direction is to touch the subject of renormalization of gravity since, in the end of
the day, the most well motivated reason on why people are seeking for models
beyond the Standard Model is that “quantum gravity”, in the most crude sense of
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Yang-Mill theory, of the Einstein-Hilbert action is non-renormalizable.

As explained in Section 2.2, the terms inside the Lagrangian of the gauge model
can be characterized by being marginal, irrelevant, or relevant. For gravity, we
have

5= 217 / dx/—gR, = [K]=-2. (3.10)

After expanding R in terms of ¢ and properly normalizing the kinetic term, the

! means the interactions

fact that the coupling x = 87CT—4G has a negative dimension
regarding that coupling are irrelevant. This means, among other things, an un-
controllable increase of such couplings in the RG flow, which flows by definition
from IR to UV, as properly explained by making use of the Wilsonian effective
action (see [131]). Consequently, gravity is unrenormalizable, and the question of
how to connect the “checked everyday by astronomers and cosmologists” theory
of General Relativity and the “theory with an incredible precision in comparison
with experiments”?, Standard Model, has triggered a lot of research. String theory
and supergravity, or more phenomenological models like SU(5) or SO(10) Grand

Unified Theories (GUTs) [64], were all driven by that question.

3.2 The Vielbein Formalism and Local Lorentz Sym-

metry

We take one last section before we start to talk about Supergravity itself, to
introduce the necessary language that is used there, which consists of using
vielbeins and spin connection.

The vielbeins are 1-forms e,

K
Suv, while the other index a is over the locally Minkowski spacetime. We stress one

(x) which take one index y in the curved spacetime

important possible misconception one can have: General Relativity is not invariant
under Lorentz/Poincaré symmetry, which can be seen as the isometry group (that
is, transformations in the spacetime coordinates that leave the metric invariant) of
the Minkowski spacetime, but instead it is invariant under the diffeomorphism de-
scribed earlier in (3.1). Therefore, the definition of particles as properly explained
in Appendix A as transformations under the Lorentz group, is nonsense if we
think globally in terms of general relativity.

1As always, [m] = 1.

2Gee, for example, the nowadays known as “muon g-2 experiment” performed at Fermilab,
where the precision between the experimental value obtained for the anomalous dipole magnetic
moment of the muon matched with the theoretical value of 0.24 parts-per-billion (ppb) [93].



Chapter 3. (Super) Gravity 17

One can, nevertheless, follow the insights realized by the creators of supergrav-
ity, where essentially the idea is to look at tiny regions around points where we
know the metric is locally Minkowski, where the diffeomorphism reduces to the
Lorentz transformations. With this in mind, we return to the vielbein concept and
define it as a map from objects in the curved space at a point p to objects in the flat

local region at that point p,
VE =V =e, VI (3.11)

More specifically, since the vielbein takes an index on curved and flat space, it

serves as a map from the curved metric g to the flat 7,
v = €}Tapey- (3.12)
Therefore, substituting (3.12) into (3.3) gives,
ds? = guvdxtdx” = eﬁesdx”dxviyab = e“qabeb. (3.13)

See [163, 122]. So, for example, in diagonal metrics which are the simplest ones,
we have for S?,
ds* = d6? + sin” 0d¢?, (3.14)

and the vielbeins are e! = d6, ¢? = sin 0d¢, satisfying,
ds* = (el)2 + (62)2 =", (3.15)

where J,, is the Euclidean/flat metric.
The vielbein, as an object itself, is quite interesting due to its structure involving
indices of flat and curved spacetime. From the Lorentz point of view, it is a vector,

a,b

and so infinitesimally e}, = wyey. For the curved spacetime, under the Lie

derivative 3) it transforms as
ozey, = ¢Pape;, + (9ugP)ey,. (3.16)

The similarities with the gauge group analysis of Appendix A will start to become

clear, since the index 4 can be seen as a “local” index, though some caution needs to

3The essence of the Lie derivative is to compare a transformed object with the untransformed
one, but at the same point of the spacetime. That is, we first transform the object, O(x) — O'(x'),
and then we move back to x, O'(x') — O’(x), and compare O’ (x) with O(x).



Chapter 3. (Super) Gravity 18

be taken if we assume the analogy seriously. First, we remember that a Dirac spinor
transforms as ¥ — A1 ,,1, and therefore, following the ruled -+ D =9 —§ (Aﬂ),

we obtain that for the spinor 1,

1
Dup = 9uip — “’szzabllf- (3.17)

The object w, defined exactly by the above expression, can be seen as the gauge
field of the Lorentz symmetry. For the vector and scalars the rule is the same, but
specifically for vectors the idea is to replace the parameter by the gauge field, and
keep the generator. So, we know that

1
08 = W@ = Ewbc(J\/IbC)“dgd, (3.18)

where M is obtained by verifying that it satisfies the Lorentz algebra,
[Mab Mcd] _ ﬂadec . Wachd . UbdMaC + ﬂbCMad (319)

which is obtained by imposing invariance of the Minkowski algebra under the
SO(3,1) transformations A. Then, we obtain that (M), = 1:8," — 145
as the generators of Lorentz symmetry for vector representation [131]. Finally,
substituting this M in (3.18) together with the rule “parameter — gauge field”, we
obtain,

Dyg" = 9,8" — wi'g". (3.20)

The observation that w really seems to play the role of the gauge field in the local
Lorentz transformations has some caveats however (see Chapter 4 of [121] or [128]).
This is because if we impose torsionless conditions, in the sense of Einstein-Cartan
theory, where we have two equations, R = dw +w Awand T = de 4 w A e for
the curvature and the torsion, respectively, then T = 0 relates w to e (w = w(e)).
Therefore, it is not really a fundamental gauge field as in Yang-Mills, since it is
defined by the vielbein. However, there is some connection once we allow torsion,
as in the Palatini formalism (or first-order formalism), in which the “torsionless
condition” is now understood as the equation of motion for w, since it arises from

extremizing the action, and is not imposed a priori.
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3.3 From Gravity to Supergravity

Finally, once the appropriate language to describe supergravity has been in-
troduced, we extend the discussion of the previous section to include fields with
spin higher than one, namely the massless spin 3/2 Rarita-Schwinger field, or
gravitino, and the spin 2 field, the graviton. Since the gravitino is more involved
from the point of view of the gauge structure, we begin with the graviton.

First of all, it is useful to emphasize some general results obtained in the context
of Yang-Mills theory. Weinberg and Witten* [166] showed that massless particles
with spin greater than one cannot arise as composite states, nor can they possess a
conserved, local, and gauge invariant stress energy tensor T),,.

This result essentially rules out the existence of gravitons within an ordinary flat
Minkowski spacetime quantum field theory. We can understand that by making
an analogy: the classical electromagnetic field A, can be understood as a coherent
state of a large number of photons, the U(1) gauge bosons. One is therefore led
to expect that the classical gravitational field g,, should similarly emerge as a
coherent excitation associated with an underlying field with spin s = 2. From a
group theoretical perspective, one may realize this s = 2 spin by considering the
Lorentz algebra so(3,1), which decomposes as su(2) @ su(2). Since the indices
u and v of the metric transform independently, it can be understood as a tensor
product of two vector representations, which can be decomposed as irreducible
representations,

d@d=(d®sd—1)® (dRad)®1, (3.21)

where d denotes the dimension of the spacetime dimension. The first term cor-

responds to the symmetric traceless representation, with dimension @ -1,

the second to the antisymmetric representation, with dimension d(dz—_l), and the
last term to the pure trace. The graviton is identified with the symmetric traceless
representation, which can be shown, using Lorentz transformations, to describe a
particle of spin s = 2.

Then, it may appear that Weinberg-Witten theorem renders the graviton de-
scription inconsistent, since the graviton does not admit a conserved, gauge
invariant current. However, as with any no go theorem, its conclusions are lim-
ited by its assumptions. Supergravity evades this theorem by violating its initial

hypotheses, most importantly the assumption of a globally flat background, since

4And also with the collaboration of Sidney Coleman, although he is not listed as an author of
the paper.



Chapter 3. (Super) Gravity 20

supergravity necessarily involves a dynamical spacetime geometry. Moreover,
even within General Relativity, the notion of an energy momentum tensor is more
subtle than in flat space field theory. Gravity itself should contribute to the total
energy momentum, but this contribution can only be defined in a precise way
under special conditions, such as asymptotically flat spacetime within the ADM
formalism [40]. In more general situations, a globally well defined local stress
energy tensor does not exist [168].

The idea of Supergravity is [163] a generalization of supersymmetry that in-
cludes gravity. Supergravity, in the vielbein formalism explained previously,
possesses a local Lorentz symmetry, and we also expect it to exhibit a local super-
symmetry. This expectation is motivated by the general conjecture that consistent
theories of gravity do not admit global symmetries, a statement that is widely
believed to be true, although a fully general proof is still lacking. This feature
appears repeatedly in holography, where a local symmetry in a supergravity the-
ory is mapped to a global symmetry in the dual field theory, but never the other
way around. Consequently, supersymmetry transformations in supergravity are
parametrized by spacetime dependent fields €(x), or more precisely spinors, since
susy is (BOSE <+ FERMI) symmetry.

Being a local symmetry, which field plays the role of the gauge field for super-
symmetry? To clarify this point, let us briefly recall the simplest U(1) example.
Schematically, one has

L= [og|* — V(o). (3.22)

Upon gauging the symmetry ¢ — %@, the derivative transforms as d¢ —
e“(*) (3¢ + i(dw)¢). Defining the covariant derivative D = 9 + ieA, and impos-
ing the transformation rule A — A — 19a, the Lagrangian becomes locally U(1)
invariant,

L =[Dg[* = V(|g]*). (3.23)

One then adds the field strength term to give A its own dynamics, and so on. The
important point for our purposes is that the gauge field transforms as A ~ da°.

Translating this analogy to supersymmetry, where the parameter « is replaced
by a spinor €(x), the corresponding gauge field ¢ must transform roughly as
oy ~ 9,€(x). This immediately implies that ip carries both a spinor index and a

vector index. In group language, assuming for simplicity that € is a left handed

SFor the abelian toy-model in question, since non-abelian groups contains [A, a] terms in the
right-hand side of 6 A.
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spinor, one has

(1/2,1/2) ® (1/2,0) = (1,1/2) & (0,1/2) = i, (3.24)

Equation (3.24) expresses the fact that the vector d;, acting on the spinor € produces
aspin1l+1/2 = 3/2 field together with an additional pure spin 1/2 component.
To eliminate this unwanted spinor part, one contracts ¢, with the Clifford genera-
tor o, which removes all vector information in the representation (by contracting
with ). This corresponds precisely to the (0,1/2) representation, and imposing
the constraint ", = 0 ensures that this component vanishes.

Therefore, the gravitino corresponds to
Gravitino = (1/2,1)® (1,1/2) ofsu(2) ®su(2), (3.25)
and the graviton,
Graviton = (1/2,1/2)®s5(1/2,1/2) — trace ofsu(2) ®su(2). (3.26)

We have carried out the analysis in d = 4, but it can of course be generalized to
higher dimensions. However, the simplification of representing spins in terms of
su factors is not necessarily always possible. This can already be anticipated by
comparing the dimension of so(d — 1, 1), namely @, with that of su(N), which
is N2 — 1, which are equal only for2 x N =2and d = 4.

Finally, we have all tools to describe a supergravity model, stressing how some
of them are remarkably simple. In fact, writing a Lagrangian that is invariant
under local supersymmetry is not necessarily the hardest part, but rather that the
hardest part is to verify whether the supersymmetry algebra itself is closed or
not [122].

Among all possible supergravity models, those that stand out for their impor-
tance in the historical development of supergravity are

e The original d = 4, N' = 1 theory, introduced in the seminal paper by the
creators of supergravity [60].

e Thed =11, N = 1 theory [41], which is the only possible supersymmetry in
that dimension. This strongly constrains the allowed supergravity models,
since one cannot have NV > 1 in eleven dimensions, as this would lead, upon

compactification, to multiplets containing fields with spin higher than 2,
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see [61]. Moreover, this theory is of central importance from the perspective
of string theory, since it can be understood, roughly speaking, as the low
energy limit of Witten’s M theory [169]. Witten established a deep connection
between this eleven dimensional theory and the five consistent string theories
through dualities and compactifications, see [13] for details.

e Finally, the d = 10, N' = 1 theory [32], which is closely related to type I and
heterotic string theories.

There are many other important models, however, such as the d = 10, N/ = 2
theories, and we will encounter several additional supergravity models in the
holographic setups discussed later. Most of these will be treated from a classical
point of view, where one typically has (fermions) = 0, making the calculations
technically simpler. We also emphasize that not all supergravity models neces-
sarily arise as low energy limits of string theory or can be obtained via consistent
truncations. Those that do not belong to this class fall into what is known as the
swampland of supergravity theories, namely models that do not admit a consistent
ultraviolet completion within string theory and therefore lie outside the string
theory landscape [161].

3.3.1 The 11D Supergravity Model

The d = 11, N’ = 1 model of Cremmer, Julia, and Scherk [41] has a remarkably
simple form, with a supersymmetry algebra that closes, and therefore we discuss
it here as a useful pedagogical example. We naturally have a graviton, and
consequently a gravitino, almost by definition, as some of the fields in a multiplet
in this dimension.

Before mentioning the other fields, it is useful to step back and count the
degrees of freedom. In fact, supergravity is supersymmetry with gravity, and if
supersymmetry is to be taken seriously, it must at least satisfy its most general
principle, namely a mapping between bosons and fermions.

To simplify, we can think of the graviton as a symmetric matrix, but with
d diffeomorphisms as a gauge symmetry that we can exploit, and therefore off
shell we have @ components. Moreover, the equations of motion can be
obtained by linearizing Einstein’s equations for a perturbation around the flat
metric 17, writing ¢,,v = 1,y + hyy, which leads to a free wave equation Dflw =0,
with fzw = hyy — %WV' Due to the structure of 1, even after imposing a gauge
condition such as ayfﬂ“’ = 0, we can still shift h,, — hy, — d,€, — dy€, without
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changing the equations of motion, provided the parameters €, satisfy [le;, = 0.
These are d additional conditions that can be used to remove further freedom. We

are then left with @ on shell,

DOFofe!, = @, (3.27)

For the gravitino, the analysis is simpler. As can be seen from its representation
in (3.25), it is a spinor valued vector, minus the degrees of freedom corresponding
to one spinor due to the constraint 7#,, = 0. The number of degrees of freedom
is therefore

DOFof p# = @ ol

In d = 11, there is a mismatch between these two contributions, leaving

NI

J. (3.28)

84 excess bosonic degrees of freedom. In higher dimensions, however, we are
allowed to include additional p-form fields, generalizing the familiar two forms of
electromagnetism in d = 4. By definition, a field strength of degree p + 2 is given
by

Fpi2 =dAp 4, (3.29)

where Ay 1 couples naturally to a brane with p spatial dimensions. This can be
understood by noting that a p brane sweeps out a (p + 1) dimensional spacetime
volume, and the corresponding coupling term takes the form A A %], with x] a
(d — p) form.

We have mentioned this fact because, as we are going to show, 84 is precisely
the number of degrees of freedom of a three form in d = 11. A three form, by
definition, is an antisymmetric tensor A;j, and therefore it has (131) independent
components. Furthermore, it possesses a gauge symmetry that leaves F; invariant,
namely A3 — A3 + dAy, which removes (121) components. However, part of this
freedom is not completely fixed, since A, — A, + dA1, so we must add back (111)
components. The same logic continues once more, adding (101). Off shell, the total

number of degrees of freedom is therefore

-G C)-()-(5)-() o

On shell, the equations of motion impose an additional constraint of (ij) compo-
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nents, leading to a total number of physical degrees of freedom

~1 - —1
() -6=)=62) 31
P p—1 p—1
or, equivalently, (d;Z). Substituting d = 11 and p = 3, we obtain precisely 84.

Then, it is possible to demonstrate that the A" = 1 supergravity model ind = 11
is given by [122, 61, 41]

1 i
L= —es5R(e,w) = 7" Dp(w + @)y — 2= Furpr F i
V2K (5 uapad B BY 10 V2K 32
—Xs (Bur Py Fupys +126°1P 9 Fups ) + e € Eu iy Fu. s Aspnons
The corresponding supersymmetry transformations are

k_

dey, = Ee'y"ll)y,
1 . V2 .

oy, = %Dy(w)e + @(Ww _ 85&’)/'876)6‘P“/375, (3.33)

V2
0Aup = ——g €T

Note that the numerical coefficients denoted by D, E, and C in the original litera-

ture are fixed by supersymmetry invariance.
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The previous two chapters presented the basic ideas one should know in order
to understand Maldacena’s conjecture [107]. Once these ideas are firmly kept in
mind, understanding the correspondence becomes easier. The last two important
concepts to keep in mind are specific examples of spacetime and a field theory,
namely Anti de-Sitter spacetime and N = 4.

As explained in Chapter 3, beyond the Einstein—Hilbert term, which is invariant
under diffeomorphisms, ~ /[g|R, one can add a simple term to the action that is
essentially a constant times the volume, [ —A /g1 441 x. We obtain the following

action,
S = /ddﬂx\/—g (R —2A). (4.1)

Out of curiosity, Einstein was already aware of this term and even included it in
his model for a static spacetime solution, which required A to be positive, together
with a matter content in the action, characterized by a pressure p and a matter
density p. Although this model contained a positive and constant radius and
curvature, it was later shown by Eddington that the solution is unstable [152].
This construction is now known as the Einstein static universe.

Later, a similar model was proposed by de-Sitter, but this time without matter,
so the action is simply (4.1). It is a maximally symmetric model, meaning that it
possesses the maximal possible number of Killing vectors!, which in d dimensions
is @ [164], [36]. This is easy to understand once we realize that the most
symmetric possible space, the flat manifold, possesses this amount of symmetry:

d translations plus @ rotations. This de-Sitter? model has the simple equation

IKilling vectors are the same as isometry generators. For example, in a simple metric such as
ds? = dx? — dy?, we could have Killing vectors x, = 0, and x = yox + xdy, etc.
2who was a Dutch physicist
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of motion
G;u/ = _Ag;u/z (4.2)

where Gy, ~ [ dd“x% (Ry/—g). It is, moreover, stable and exhibits an exponen-
tial expansion
ds* = —dt? 4 2 (dx? 4 dy? + dz?), (4.3)

where H is the Hubble constant [165]. This constant characterizes the evolution
of the scale factor a(t) through the relation H = £. This scale factor is a standard
quantity defined in the standard metric of cosmology, the FLRW metric, which
describes how the universe evolves in time, ds?> = —dt* + az(t)’yijdxidxj .Itisno
coincidence that the de-Sitter metric is naturally a type of FLRW metric, with H
related to the cosmological constant by H = \/§ .

Moreover, we mentioned that the spacetime is maximally symmetric, but the
form presented in (4.3) does not make this information immediately clear. Indeed,
maximally symmetric spacetimes admit several equivalent definitions and possess
interesting properties, and here we mention one of them.

A maximally spacetime admits that the Riemann tensor with all indices low-

ered can be expressed purely in terms of the Ricci scalar R and the metric,

R
Rywper = g 1y (8v8up — 8up8u). (4.4)

Another property relates maximally symmetric spacetimes to coset spaces. As
defined in [76], a manifold M is a homogeneous space if a group G acts transitively
on it. If it is also maximally symmetric, it is homogeneous and isomorphic to a

coset space, defined as G1/Gg,
G1/Gy = {3€G|¢ ~¢g < g € Gysuchthat ¢ = grg}- (4.5)

In particular,
Minkowski = 1SO(1,3)/S0O(1,3),

de-Sitter = SO(1,4)/S0(1,3), (4.6)
anti-de-Sitter = SO(2,3)/50(1,3).
These correspond to A = 0, +1, —1, respectively. The isometry content becomes

particularly clear if the spacetime is embedded in a higher dimensional flat space,
which can indeed be done. For example, de-Sitter spacetime can be embedded as
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a hyperboloid with one negative coordinate,

ds, = {X c RV

SO (X (X =2 )

Equation (4.7) makes explicit the isometry content of (4.6) and, consequently,
the corresponding number of Killing vectors. Consequently, de-Sitter spacetime
satisfies all of them.

Finally, we can discuss Anti de-Sitter (AdS) spacetime. Since de-Sitter (dS)
spacetime was properly introduced, it is straightforward to describe AdS. We can

think of it simply as an analytic continuation of de-Sitter spacetime, (4.8),
o2 = —a?, X' —ixl. (4.8)
Thus,

AdS, = {X c R

— (X092 — (X2 . (X2 = —ocz} . (4.9)

The analytic continuation shown in (4.8) has proven useful in understanding
extensions of the AdS/CFT correspondence to the positive curvature case, often
referred to as dS/CFT [108], [157].

Anti de-Sitter spacetime, however, presents intrinsic differences from de-Sitter
spacetime when one considers its boundary and horizon structure. To illustrate

this, we can use static patch coordinates to describe both spacetimes. One finds

dr?

2 2.2 2 2 2
deS:—<1—H7’>dt +1_—I_12r2+1’d0d_1,
2 2 (4.10)
dsi gg = — (1 + ﬁ> dt* + ATt r?d03 .
T

We immediately observe a qualitative difference. De Sitter spacetime naturally

possesses a cosmological horizon at ¥ = 1/H, whereas Anti de-Sitter spacetime

can be extended from r = 0 to infinity. The the horizon at r = 1/H in the de-Sitter

spacetime can be used to define an entropy and a temperature, derived from the

Hawking Bekenstein prescription [78], extended to cosmological horizons [65],
A

- — 4.11
S 1’ T = «, (4.11)
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where S is the entropy, A is the area of the horizon of the cosmological horizon, « is
the surface gravity, defined for asymptotically flat spacetime as xk# = k"V k" [4],
and T is the temperature. This is in contrast with Anti de-Sitter, where tempera-
ture is not defined unless black hole is inserted on it or we compactify the time
direction [79].

To understand the asymptotic behavior of both spacetimes, we use global
coordinates, which can be obtained by solving the embedding constraints in (4.9)

and (4.7),
ds3g = —dt* + H 2 cosh?(HT) dQ3,
(4.12)
dshyg = L? | — cosh? pdt* + dp* + sinh? pdQ3 | .
We first notice that spatial slices (dT = 0) are spherical for de-Sitter, while they are
hyperbolic for Anti de-Sitter. To analyze the boundary behavior of (4.12), we take
the limits T — co and p — o0, and then introduce the coordinate changes 17 = e/®

and u = % This yields the asymptotic forms

Ly

2
1
dSéS — H2 172 + ﬁdﬂz,

(4.13)

Neglecting subleading terms and the overall factor of L? (with L3g = 1/H?), we
obtain
dsis — ndQ3,

) ) ) ) (4.14)

dsags — u” |—dt=+dQ5 4| .
Equation (4.14) implies the following. The boundary of de-Sitter spacetime is
spacelike, with the isometry of a sphere S, since the induced metric has positive
signature (4 + - - - +). This is one of the main difficulties of the dS/CFT conjecture:
if a quantum field theory is supposed to live on the boundary, the absence of a
timelike direction implies the absence of time evolution and, consequently, of
a Hamiltonian. This issue does not arise for Anti de-Sitter spacetime, since its
boundary is conformal to R x S;_1, and 9 generates time translations, allowing a
quantum field theory to be defined on the boundary?.

3From my understanding, this does not mean that dS/CFT is impossible, but rather that the
construction is more subtle than in the AdS case, which naturally satisfies the required properties.
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4.2 CFT

Once the groundwork for supergravity has been prepared, we can prepare
the field theory side by discussing what a Conformal Field Theory (CFT) is. This
subject is not restricted only to the AdS/CFT conjecture, although it has certainly
been advanced to another level since this connection was established. Indeed,
there are many models known to be conformal. The most famous example is the
d = 2 Ising model, one of the most important models ever proposed in physics
for describing ferromagnetism, which is also known to be integrable [28]. The
most well known reference on CFT, sometimes referred to as the “big yellow book”
(in analogy with Wald’s “big black book” in gravity [164], or Green, Schwarz,
and Witten’s “big green book” in string theory), is Di Francesco [49], but we also
recommend [28] for a more concise approach.

The introduction to CFT can be separated according to the spacetime dimen-
sion, d = 2 or higher dimensions (d # 2). Both cases are important not only
for generic models but also for superstrings, where d = 2 corresponds to the
string worldsheet. For example, requiring the condition 8 = 0 for exact conformal
symmetry in d = 2 at one loop order leads to the equations of motion in d = 26
for the bosonic string or d = 10 for the superstring. We first study the d # 2 case,
which is more compact, and then turn to the d = 2 case.

421 d+#2

From the gravity point of view, a conformal transformation is the set of trans-
formations (for a flat metric only) that transform the metric into itself up to a
conformal factor, gy — $uv = Q(x) gv, where the conformal factor Q(x) can be
local. It can also be defined as a transformation that preserves the angle between
any two vectors, that is, 77 - 0 is invariant. It is easy to see that the two definitions

are equivalent by defining the angle 0 as & = arccos |<vv11|’|0022>| , where (, ) denotes the
inner product, (x,y) = g;;x'y.

Using the Lie derivative defined in Chapter 3, we know that the metric trans-
forms infinitesimally as $,v = guv + €P0pguv + gupdve? + gupdye?. By requiring

infinitesimally that () = 1 4 ¢, and assuming dg = di7 = 0, we obtain

NupOve? + 1vpoue? = ¢y (4.15)

Contracting both sides of (4.15), we find ¢ = zagep , which leads to the equation for
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the vector field €, 5 b
€
Equation (4.16) defines the vector fields that generate conformal symmetry and
is known as the conformal Killing equation [61]. Furthermore, a feature that is
not immediately apparent from (4.16) is the special case d = 2. Applying another
partial derivative to both sides of (4.16), we obtain
2—d

=2 9,(9,€"). (4.17)

e, —

For d = 2, this implies that € can be obtained by solving the equation of motion
Ue, = 0, which always admits solutions and, in fact, infinitely many vector
solutions. This is easily seen, for example, by Fourier transforming the equation,
which is possible since the background metric is flat. In contrast, when d # 2, the
equation is more restrictive, and the number of independent conformal Killing
vectors is finite.

Focusing on the d # 2 case, we can show that for a d-dimensional flat metric
we have (dﬂ)zﬂ conformal vectors, d translations and d(dz—_l) rotations (evi-
dently), plus the new transformations, dilatations (x — Ax, which immediately
preserve the relative angle between vectors) and special conformal transforma-
tions (SCT), which can be understood as an inversion, a translation, and then an

inversion again (SCT = I o T o I). This results in the finite coordinate transfor-
xt —bFx?

1—2b-x+b2x2d’ iio

transformations as d + (5) + 1 +d = (“}7) [28].

To understand the implications of these transformations from the field theory

mation x# — giving d more transformations and the final number of

point of view, we need to take a step back. Analogously, recall that we classify
the fields ¢ present in a field theory by a non-compact (and thus non unitary)
Poincare group, see Appendix B. We can boost to a frame where the little group for
massive particles is SO(3), and classify the particles by the two Casimir invariants
of the group algebra, the eigenvalue of —P? (the mass) and the eigenvalue of the
Pauli Lubanski operator [4] W2, with W, = %ewpg JVPPY. These two eigenvalues
label each field in a catalog of representations, and the states are |p¥,s, s3) for
massive fields. For massless fields, however, the little group is ISO(1, 2), with
the non compact generators trivialized, while the compact generator [i, gives
the helicity of the massless particle, |p#, A). The same classification applies to
conformal transformations. Here we focus on the d = 4 case, which is generally
more familiar due to N = 4 Super Yang Mills.
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We have SO(4,2) as the isometry group of a CFT in d = 4, which can be viewed
as containing ISO(3,1) x SO(1,1). The labels describing the eigenvalues of the
operators are (ji,j2), corresponding to the spin as for ordinary fields, together
with the eigenvalue of the SO(1,1) subgroup, the dilatation charge A,

(j1,j2, D). (4.18)

These three labels together characterize the states in a CFT in d = 4. The label A
specifies how the field transforms under the dilatation operator D,

5pp(0) = AP (0). (4.19)

Of course, the field also transforms under Poincare transformations, (SPLch(O) =
—Juw(0). We can obtain the transformation of ¢(x) by using the translation
operator T(x) acting on ¢, ¢(x) = T¢(0)T~!, which leads to the commutation
relations [4]

[P, ¢(x)] = =i 9up(x),
D, ¢(x)] = —i Ap(x) — ix"du¢p(x),

v, (x)] = =Tuwp(x) +i(x,0y — x,0,)P(x), (4.20)
Ky ¢(x)] = i( — x%9;, + 2x,xP9, + 2xyA>4>(x) 2 ().

These commutation relations follow from the standard quantum mechanics pre-
scription 6 — i[, | [144]. It is important to emphasize that these relations are
derived for operators that are eigenvectors of the dilatation operator. Such op-
erators are known as conformal primary operators. From the algebra (4.20), an
equivalent defining property is to impose [K,,, ¢(0)] = 0.

Moreover, conformal symmetry requires a traceless energy-momentum tensor
(Tyv). This can be shown in two ways. First, we can construct the conserved current
associated with the dilatation operator using Noether’s theorem, which states that
for each continuous symmetry transformation there exists a conserved current [69].
The current associated with D is |; = x, T"". Applying the conservation equation
and recalling that T}, itself is conserved, we obtain

]y = 1y TH = tr(T) = 0. (4.21)

The second way is to recall that the energy-momentum tensor can be defined as
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Ty = —\/%(Sg%S‘l. For scale transformations, the metric transforms as 6g"" =
¢g", so we have

54" T,y = ETe(T) = —\/L__g(sgs. (422)
If 6zS = 0, meaning that the action is invariant under the transformation, then
Tr(T) = 0.

For the N = 4 case, one adds two more fermionic generators, S and Q, turning
the above algebra into a superalgebra.

Before proceeding to the d = 2 case, we mention a subtlety regarding the
precise definition of the energy-momentum tensor in quantum and gravitational
theories. There are distinct approaches to defining the stress tensor Ty, each
leading to a slightly different expression. The only property shared by all of them,
as we will see, is conservation, V, T"" = 0 (on shell in some cases, as explained
later).

One of the earliest definitions of the energy-momentum tensor follows from
Noether’s theorem applied to translation symmetry, yielding what we denote
by T}}L. This tensor is conserved by construction, but other properties, such as
symmetry under the exchange of indices, are not guaranteed. However, one can
always render Tﬁ, symmetric by adding a conserved term Ny,. This procedure

5

defines the Belinfante tensor T2, which is symmetric by construction®.

v

In contrast, the Hilbert enyergy-momentum tensor, defined by varying the
action with respect to the metric, T,y = \/Lg 52%’ is automatically symmetric, but its
conservation generally holds only when the fields satisfy the equations of motion.

Finally, one can define an improved energy-momentum tensor TPIW such that
tr T = 0. This is possible in classically conformal models and, as is often the case,
the improved tensor is traceless on shell. Moreover, if the theory possesses Weyl
invariance, a local scaling symmetry in curved spacetime, the improved tensor

can be made traceless even off shell.

422 d=2

As we saw, in d = 2 the conformal Killing vectors are much less constrained.
Indeed, the equation of motion [e, = 0 can be solved if we impose dpe; = —d1€p
and dpep = 0d1€1. These are, not coincidentally, the Cauchy-Riemann equations in
the complex plane with coordinates z, Z. Therefore, if we change coordinates to

4see [164].
>The explicit form of Ny, is not needed here.
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z,Z = xg £ ix1, the new fields ¢, € are holomorphic and anti-holomorphic. We can
then Laurent expand both fields,

€n - €n
e=) o €= 1zt (4.23)
n n

The generators of these transformations are [,,, I, such that
(1+1,)f(2) = f(z — eaz~ ") = f(2) — €,2~"*DIf(2). This leads to

The algebra satisfied by the subset of generators {I_1,1y, 11,1 1,1y, I} is sl(2,C) x
sl(2,C), but the full algebra is infinite,

I, In] = (m — 1)Lyt (4.25)

The same applies to the conjugate generators, and [I,,,[;] = 0. This algebra is
known as the de Witt algebra. However, upon quantization it becomes the Virasoro

algebra and includes a central term of the form 5 (m?

— M) dm-n,0, Where ¢ is the
central charge of the theory. The central charge measures the anomaly of conformal
symmetry, that is, how conformal symmetry is broken at the quantum level, and it
encodes information about the matter content of the model.

We can also define primary operators, although we also have the presence of
quasi-primary operators or fields. In contrast to the d = 4 case, where we focused
on the algebra, here we use an analogy closer to a tensor definition. Let a field

transform under a group G as

$(z,2) = (3£ (2))"(0:£(2)" 9(f (2), f(2)). (4.26)

If G is the group of global transformations SL(2,C) x SL(2,C) mentioned before,

az+b
cz+d

the field is called a quasi-primary operator [28]. If G is the full group of conformal

which can be understood as z —

and similarly for the complex conjugate, then

generators in d = 2, the field is called a primary operator. The exponents i and
h are called the conformal dimensions (I, i) of the field ¢(z,Z) and describe how
the field transforms under a dilatation operation.

Finally, an important property of d = 2 conformal fields is related to their
energy-momentum tensor. It is also traceless and therefore, in the off-diagonal

metric 77,z, it only has the components T,; = T and Tzz = T. Moreover, it is possible
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to show, by evaluating the conservation equation, that T and T are holomorphic
and anti-holomorphic, respectively.

4.3 AdS/CFT

Before talking about AdS/CFT itself, we mention that a large number of models
have been proposed based on this idea, sometimes generalizing to the most
universal idea of gravity/gauge-theory duality. To cite only some of them, we
have

Polchinski-Strassler [135], Maldacena-Nuiez [109], Klebanov-Strassler [96],
Domain-wall models [4], Matrix models®, Klebanov-Witten [97], JT/SYK[95],  (4.27)
Non-relativistic Lifshitz geometry [87], probe-flavor [88], ABJM [1].

The models listed in (4.27) are not even the full set of holographic constructions
available today [4], [121]. There are models with black branes to simulate finite
temperature, with black holes to further introduce phase transitions, as well as
holographic cosmology, holographic superconductors, and many others. We hope
this convinces the reader of our initial statement in the dissertation: holography,
which began with Maldacena, has gained its own life and can now be regarded as
a distinct area of research in theoretical physics.

Some of the models in (4.27) are dual to conformal field theories, while others
are not. Some reproduce renormalization-group flow equations through grav-
itational analogues, among other features. In general, beyond the wide range
of models that can be studied, many physical phenomena can be understood
from the gravitational point of view, such as deformations and energy-dependent
couplings.

With this introduction completed, we may finally explain what the AdS/CFT
conjecture is. In order to do so in a more didactic way, we focus on the most
studied and best understood example, AdSs/CFT4. We emphasize once more
that Maldacena’s conjecture applies to other dualities as well, such as AdS; x S*
and AdS; x S”. From now on, however, we will often use the term AdS/CFT to
specifically refer to the AdSs/CFT4 example, so as to avoid carrying the indices 5
and 4 throughout the text.

Type IIB string theory admits odd p-branes, while Type IIA admits even p-

branes. One of the possible solutions of the Type IIB model involves the presence

6see [171] for details.
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of several stacked 3-branes. It is worth noting that membranes in string theory
are analogous to particles in quantum field theory, since they possess their own
Lagrangian and interact with external fields. In particular, a p-brane couples

to a (p + 1)-form potential, described by a field strength F,, .. which is a

Hpy2r
(p + 2)-form. Thus, in our case, a 3-brane is accompanied by a fielpd strength Fs.

Another peculiarity is that Type IIB string theory is intrinsically more subtle
than the other cases. One cannot write a conventional covariant Lagrangian
because of the constraint F5 = %F5, where x denotes the Hodge star. The field Fs is
self-dual, meaning that it is equal to its own dual. This property could have been
anticipated, since the Hodge star maps a p-form into a (D — p)-form. In D = 10,
the only possibility for a self-dual field strength is p +2 = D — (p + 2), which
implies p + 2 = 5 and therefore p = 3.

This peculiarity turns out to be useful in the present context. The field F5
produces a flux through S° proportional to N, the number of branes. Instead of a
single brane, we may therefore consider N D3-branes stacked on top of each other.
The N D3-branes generate an effective theory on their interior, the worldvolume,
which has dimension d = 3 + 1. This effective theory resembles a Yang-Mills
theory with gauge group SU(N), essentially due to the presence of Chan-Paton
factors at the endpoints of open strings.

We must also pay attention to supersymmetry. A string background with
D-branes is not automatically supersymmetric, and this must be analyzed by
studying solutions of the equations of motion. Without going into technical details,
the idea is to obtain the Lagrangian of the model and verify whether it is invariant
under any supersymmetry transformation, schematically 6:B ~ F and 6cF ~ B,
where B denotes bosonic fields and F fermionic fields. Another useful approach
is to evaluate the existence of Killing spinors for the corresponding supergravity
solution.

Alternatively, one can recall that the Type IIB theory is N = 2 supersymmetric,
meaning that it possesses two supersymmetry generators, corresponding to a total

number of supercharges
2[d/2] « o

e (4.28)

Q=N x

Here [d/2] denotes the integer part of d/2. The factor of 2 appears because
fermions are complex, and the factor 2V ™M refers to the spinor representation, as
explained in Appendix A. In this case there are 32 supercharges. When a D3-brane

is introduced, one can project half of the fermions along the brane directions and
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the other half orthogonally. As a result, half of the supersymmetry is broken,
giving Q = 32/2 = 16. Indeed, D-branes are % BPS solitons.

For consistency, the effective theory living on the D3-brane must therefore
possess 16 supersymmetries. Ind = 4, with W = 1and M = 0, this implies Q = 16
and hence N = 4. Moreover, supersymmetric theories admit an automorphism
acting on their supercharges, known as an R-symmetry. For d = 4 and N = 4, this
symmetry group is SU(4).

Having established the effective theory on the D3-branes, we now analyze the
exterior region. Outside the stack of branes, we look for the gravitational solution
generated by these objects. The metric describing N coincident D3-branes in Type
IIB supergravity is well known and is given by

ds* = H(r)"1/? (—dt2 + dx? + dx3 + dx%) + H(r)'/? (dr2 + rzdﬂé) , (429)

L4
where H(r) =1+ — and L is a constant related to the flux of Fs, and therefore to

N. The coordinates (¢, x1, X3, x3) parametrize the world volume directions, while r
and the angles of S° parametrize the transverse space.

This metric can be rewritten to emphasize its behavior in different regions. For
large 7, one has H(r) ~ 1, and the metric approaches ten-dimensional Minkowski
spacetime,

ds® ~ —dt? + dx? + dx3 + dxd + dr? + r?dQz. (4.30)

For small r, corresponding to the near-horizon region, the function H(r) ap-
proaches L*/r*, and the metric becomes

72

2 __
dS—?

LZ
<—dt2 +dx} + dx3 + dx§> - r—zdrz + L2dO2. (4.31)
This geometry is precisely AdSs x S° with common radius L. Explicitly, the AdS
part is
r? L,

dshas, = T3 (e +dad + dxd + do}) + —dr, (4.32)
while the spherical part is
dszs = L*dO3. (4.33)

Thus, the presence of the N D3-branes produces a spacetime that interpolates
between flat space at infinity and AdSs x S° near the horizon. Since L is related to
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the string coupling gs and the number of branes by
L* = 471g,N o2, (4.34)

the curvature is small, and the supergravity description is valid, when g;N > 1.

We therefore have two descriptions of the same physical system. From the
perspective of open strings ending on the branes, we obtain A = 4 Super Yang-
Mills theory with gauge group SU(N) living on the worldvolume. From the
perspective of closed strings propagating outside the branes, we have Type IIB
supergravity in the background generated by the branes, whose near-horizon limit
is AdS5 X 85.

Maldacena’s idea is that these two descriptions are not merely approximations,
but are in fact exactly dual to each other. Taking the low-energy limit on the
open-string side removes massive string modes and gravity, leaving only the
four-dimensional A = 4 theory. On the closed-string side, taking the near-horizon
limit removes the asymptotically flat region, leaving only the AdSs x S° throat. In
other words,

Low-energy open strings on D3-branes <= N =4 SU(N)SYMind =4 (435)

Near-horizon closed strings around D3-branes <= 1B string theory on AdSs x S°

Thus, the conjecture states that

IIB string theory on AdSs x S°> = N =4 SU(N)SYMind = 4 (4.36)

This is the celebrated AdS/CFT correspondence. The conformal symmetry of
the gauge theory is SO(4,2), which is exactly the isometry group of AdSs. The
SU(4) R-symmetry coincides with the isometry group of the internal sphere S°.
This matching of symmetries is compelling evidence for the duality. Furthermore,
the dictionary between parameters relates the string coupling and curvature to
the Yang-Mills coupling, ¢2,, = 471gs, and the ‘t Hooft coupling is A = g3\;N =
4rtgsN = DI;—; Thus, strong curvature (small A) corresponds to weak coupling in
the gauge theory, while weak curvature (large A) corresponds to strong coupling
in the gauge theory. This remarkable strong-weak relation makes the duality
extremely powerful for studying non-perturbative physics.

An essential feature of the correspondence is the limit in which each description
becomes classical. On the gravity side, Type IIB supergravity is valid when both
the string coupling and the spacetime curvature are small. The conditions are
gs < 1, 2‘—; < 1. Using the relations already established, these inequalities translate
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2
into conditions on the gauge theory parameters, g; = %,‘Y—};A <1, Z‘—; =A12«1.In

other words, the gravity description is classical when N > 1, A > 1. Thus, large-
N and strong coupling on the gauge theory side correspond to weakly curved
classical gravity on the string side. Conversely, small A means high curvature,
bringing stringy corrections into play. This provides the first indication that
AdS/CFT is a strong-weak duality: perturbative Yang-Mills correspond to highly
quantum gravity, while classical gravity corresponds to non-perturbative Yang-
Mills.

A second key consequence arises from the fact that conformal field theories
admit no intrinsic energy scale. In a CFT, physical observables depend only
on dimensionless ratios. On the gravity side, this scale invariance manifests
geometrically as a radial symmetry of AdSs. Indeed, consider the coordinate

dilatation
xt —axt, r— £ (4.37)
applied to the AdS metric,
2 r? , L2,
dsinas, = T /wdx!dx" + —5dr?, (4.38)

one verifies that it is invariant under such a scaling. This is precisely the same
symmetry as the dilatations of the conformal group SO(4, 2). The radial coordinate
r therefore acquires a physical interpretation; it corresponds to the energy scale of
the dual gauge theory. Large r corresponds to short distances and high energies,
while small 7 corresponds to long distances and low energies. This geometric
renormalization-group interpretation is one of the most celebrated aspects of
AdS/CFT. From the duality, observables in the gauge theory must correspond to
fields propagating in the bulk of AdSs x S°.
The precise statement of the duality, as formulated by Witten [170], is that

Zuing [0 o] = (o0 [a'xpn0@)) @

CFT

where ¢ is the boundary asymptotic value of ®(x). In the classical supergravity
limit, the left-hand side reduces to exp(—S,;), where S is the classical action

evaluated on the solution with boundary condition ¢o(x). Thus,

Sclpo] = —In <exp (/ d*x gbo(x)(’)(x)) > . (4.40)
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This relation provides a practical method for computing strongly coupled gauge
theory correlators by evaluating classical gravitational actions. Of particular
relevance is the case of fluctuations around the AdS background. Consider a scalar
tield ® of mass m in AdSs. Its behavior close to the boundary is governed by the
differential equation

r292® — 379, ® + r’0,® — m*L*® = 0, (4.41)
which leads to the asymptotic scaling
A(A —4) = m*L2. (4.42)

Thus, the conformal dimension (A) of the dual operator is determined by the mass
(m) of the bulk field. This is one of the central entries of the AdS/CFT dictionary.

Evidently, despite all the similarities we have observed, including the aspects
of symmetry, there has been no attempt at a proof in this report (and none exists
in the literature so far). Therefore, we call this duality the AdS/CFT conjecture.
Assuming that this conjecture is indeed correct, we may,

e Compare (enumerate and compare the spectrum of) operators of the N =
4 theory with solutions of the IIB supergravity equation of motion (i.e.,
compare spectra).

¢ Compare observables (Witten, Zcrr = Zaq4s), 2- and 3-point functions, Wil-

son operators.

¢ Compare anomalies.
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pp-wave and BMN correspondence

5.1 Penrose limit on gravity

Perhaps the best path to follow in order to understand the meaning of the BMN
correspondence is by analyzing the sequence of facts chronologically. Indeed, the
history in that case provides a good logical sequence that culminated in one of the
most well-known concepts in holography and integrability in general, a precise
map between states and operators, between the (potential part of) Hamiltonian of
both fields, and an intrinsic connection with spin-chains [20].

To properly explain and motivate the BMN correspondence, we can start in
1976 with Penrose, in his paper [130]. There, he explains how any spacetime,
when boosted to go near a null-light trajectory, reduces to a metric with a specific
form. The way this is shown is simple. Consider a metric in coordinates such that
V = Y' = 0. We remember a trajectory is described by one free parameter, which
we call U here. Then, the metric is defined, as explained in Section 3, by the line
element ds?, but in the specific coordinate patch we choose, it can be written as the
following: Define the spacetime by the coordinates (V, U, Y), and call x* = (V,Y),
x' = (Y). Then,

ds? = goodV? + §idVdY' + gyidY'dY + g, dU? + g, dUdx". (5.1)

The metric in the form (5.1) is the most generic possible, but if we now impose
that V = Y’ = 0 is the null-light trajectory, then necessarily g,, = 0, as can be
easily checked. We have enough degree of freedom to make g,; = 0 and g,» = 1,
reducing the neighborhood of a null geodesic, after calling g,; = B;, to

ds® = gudV? + ) pidVdY' +dUdV + ) gdY'dY'. (52)
1 L]

We stress that V and U are the null-coordinates describing the trajectory itself,
while Y are the transverse coordinates, “localizing” the geodesic on the space.

40
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Therefore, we boost along a mixing direction of U, V by a scaling of the type
U—U Y =AY, VosA2v (5.3)

where, more precisely, A = ¢, with 77 being the rapidity [164]. Then, the metric (5.1)
goes, keeping only the leading order term, to

ds? = g;dY'dY/ — 2dUdV + B,dVdY’ (5.4)

What follows from this depends on the specific metric you are working on: to be a
pp-wave, g;; need to be the flat metric 1, and if g;, satisfies some conditions we are
touching on now, then it is the most generic pp-wave metric possible. Before we
go onto specific metric, however, we mention that generally we can identify the
scale A with an overall factor R of the metric,

, i
u:u’ V:— YZ:yE (5.5)

taking the limit of R — oo and then absorbing the overall factor left in ds?. This
is how things are generally done in usual supergravity backgrounds, though the
boost interpretation is valid to give an intuition of the meaning of that scaling, and
we can call either of the limits the famous Penrose limit.

Going into details later, we call the metric in (5.4), when g;; = g;;(U) only, as
the pp-wave metric in the Rosen coordinates, though probably the most recognized

form is in the Brinkmann coordinates,
ds? = 2dxTdx~ + H(x", x%) (dx™)? + d¥>. (5.6)

We intend to spend the rest of this section classifying some spacetimes that are
pp-wave, though not of the type used for example in the BMN limit [20], which is
the simplest and most important pp-wave in the context of supergravity (more on
why this is true later). More precisely, the metric

ds* = —2dudv — F(v, Y")dv? + 2A;(v, Y))dodY' + gij(u, Mdxidx  (5.7)

is called “Bargmann metric” [50].

The metric in question is, of course, an Einstein solution, but its applicability

ISince pp means parallel and plane.
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for supergravity is somewhat still obscure, as we are not aware of it being applied
in the literature?, and the terms A i F and gij are constrained, either by the Einstein
equations of motion or by the supergravity equations of motion. A more con-
strained type is the special type of the Bargmann structure, which can be obtained
by imposing A; = 0, g;; = 4;; in (5.7) [140],

ds? = —2dudv — F(v, Y")dv* 4 d%> (5.8)

(5.8) becomes a plane-wave, in the definitions of [140], if F can be written as a
2-degree homogeneous polynomial of x, F = fi]-(u)xixj . In that case, we can find
a specific change of coordinates from the metric (5.4) to (5.8). Finally, the two
most important cases are a special type of this homogeneous F function: the most
general case of f;; being a constant, and the second one is that condition with the
imposition of it being diagonal, fi; = p;d;;.

We have focused only on the metric, though supergravity solutions have
more fields than this, like the other NSNS fields together with the RR-fields.
Depending on the specific form of these fields, the model is doomed to break
all of the supersymmetry, but for specific cases known as parallelizable pp-wave,
in which the parameters y; explained above are present both in H3 as in F;,
we can have preserved supersymmetry [140]. These types of backgrounds can
preserve 16, 18,20, 22 or 24 supercharges if in type IIA, or 16, 20,24, 28 in type 1IB,
depending on how the parameters in the metric are related to the parameters in
the fields [140]. Later, we are going to apply these properties in one of the results of
the current master’s degree [12], where we apply the Penrose Limit for an I-brane,
and compare the commutation of this limit with deforming the model, though we

leave the details for later.

2To the best of my knowledge.
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Bargmann Structure

Generalized pp-wave

Figure 5.1: Spacetime classification under "pp-wave" metric, where generalized
are the parallelizable cases.

We mention, out of curiosity, the historical facts of the year 2002, with a burst
of papers involving the concept of Penrose Limit and pp-waves. In January 2002,
a paper by Blau, O’Farril, Hull and Papadopoulos [27] showed that the maximally
supersymmetric pp-wave solution in type IIB superstring could be obtained as
the Penrose limit of the AdSs x S° background. Only a month later, in Febru-
ary, came the publication of the BMN correspondence proposal, by Berenstein,
Maldacena, and Nastase. Some months later, O’Farril and Papadopoulos [57]
obtained that possible spacetimes in d = 10 and d = 11 with maximally preserved
supersymmetry, 32 supercharges, are either flat, or of AdS, x S7 (sometimes called
Freund-Rubin type due to a study about compactification on this spacetime [62]),
or are of a homogeneous pp-wave type, with the latter being obtained by taking

the Penrose limit of the Freund-Rubin background 3.
Finally, since the focus here is to explain precisely the meaning of the BMIN
correspondence, which is done in the usual AdSs/CFT* background, we study the

3The Kowalski-Gilkman theorem proves these are the only maximally supersymmetric space-
times possible in those dimensions.
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Penrose limit of the AdSs x S° supergravity solution. For more detailed reviews of
the Penrose limit, we recommend [141, 26]. To take the Penrose limit of AdSs x S°
is quite simple in global coordinates,

ds? = R?(— cosh®pd7? + dp® + sinh’p dOF ) + R?(cos?0dy? + do? +sin®0dO42) . (59)

The null geodesic is located in the middle of AdSs, at p = 0, and moves along an
equator of S° at 6 = 0, with motion in T, . Then, near the geodesic we find

ds? ~ R*[—(1+ p?)dt* + dp* + p*d03] + R*[(1 — 6%) dy* + d6* + 6°dQ%?*] . (5.10)

Now, we define the null coordinates to put the metric in the Penrose form. £+ =
TiT;p and then rescale to perform the Penrose limit,
X x, X RZ’ Y R’ R ( )

We can simply rescale the null coordinates to obtain the metric in the usual form
ds? = —2dxtdx™ — p?(F2 4 %) (dx")? + di? + d7>. (5.12)

together with the 5-form field, F, 1 4 = F15 g = 4u.

5.2 Penrose limit on field theory

Now, how does this limit reflect in the N’ = 4 SYM theory? Which sector are
we referring to? As we saw, the pp-wave null coordinates are related to those of
AdSs x S° by ¥+ = TlLTzlp, where T is the global AdS time coordinate, and 1 is the
equatorial angle of S°. The momentum in the pp-wave and in AdS is, consequently,
related. We can obtain that

A+]

p=~ (0 +0y) > A—], pT~ (0 —9y) —
Thus, the energy E (time generator) and angular momentum | (from 3 rotations)
are conserved in supergravity. It is possible to construct configurations with up
to 6 conserved charges. On the dual N = 4 side, we identify the energy E with
the conformal dimension A, and the charge | with one of the R-symmetry charges,
] = (] 1, 0, 0) .

We do not want p™ to diverge or vanish. To avoid a nonphysical spectrum
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(p* — o0) we take, using R? = v/Aa/,
pF=A+]~VA, pT=A~], A~]~VA (5.14)

The last condition comes from the fact that p~ = H,, thatis, p~ is the light-cone
Hamiltonian (by definition, technically), and if A >> | or vice versa, in the large
N limit, the Hamiltonian would diverge. Then, we require A ~ |, and obtain the
results of (5.14).

5.3 BMN correspondence

The line of reasoning in equation (5.14) is the heart of the BMN correspondence,
and can already be considered a result of it. The Penrose limit of AdS/CFT maps
type IIB string states in the pp-wave metric to a sector of N' = 4 whose operators
satisfy A ~ | ~ R?, i.e., a large-R sector.

One of the most interesting points, not yet mentioned, is that string theory can
be quantized in the pp-wave background by analyzing the worldsheet via the
Polyakov action. We consider only the bosonic part of the Green-Schwarz (GS)

action
1
S5 = - [ oV TR Gy, XM XN
= 47;/ /dzav —hh"P (—2BaX+aﬁX— + 0, X095 X! — yZ(XI)ZaaXIaﬁ)(I) )
(5.15)

where we substitute the pp-wave metric.

Now, fixing the diffeomorphism and Weyl symmetries by choosing /—hh*f =
1°f, 1er = —1,75» = 1 and by imposing X+ = &/ 1, we may express X (1, )
in terms of the X!. Moreover, the action for the bosonic sector becomes quadratic
in the X!,

S _L/d #/m/'ﬁd (a xla.x! — a,x'9,X! — 2X2) (5.16)
B 4ma T2710(’;5+ 0 T\ o e AL '

This is an action for eight scalars X! with mass y, with the massive wave equations
of motion for the fields X,

(92 — 02 — u®)X!(z,0) = 0. (5.17)
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with a solution of the form

x}
X!(1,0) = cos(yT) " +sm(yr)

‘3
o~

I —i(wpt—kyo) | ~I —1(wn1'+kna)

e + &y, (5.18)
+ 2 e (o )
where wy, = sign(n)\/kz + pu?,ky, = - p+ Then, since we have found a solution
in terms of creation and annihilation operators (the coefficients of the Fourier
expansion), it is possible to quantize the Hamiltonian. For now, we write the

classical Hamiltonian,
1
— / dor [(Pr)? + (30X1)2 + (X2 (5.19)
Introducing the zero modes,

1 I, - 0
= — (ph+inxd), .
Xy NG (Po zyx()) (5.20)

and imposing the usual commutation relation, we obtain the Hamiltonian after
substituting the solution of the equations of motion, written in terms of oscillator

modes as

(ee]

1
Hie = e (offab) + e ¥+ @ (et valusl), G2y

n=1

the resulting spectrum is therefore

o0 "2
Ej. = uNp + Ny 1+, (5.22)
lce = HNo V};( ) (/)2

I

where N, = al ,a!

o,

This allows us to map string states to operators in A/ = 4. For example, the
vacuum in string theory is given by E,, = p~ = 0,= A =], p" = A. Thus
A = ], and we can obtain a mapping between the “vacuum” of both sides of the
duality by a line of reasoning analogous, in some sense, to the mapping logic
of flavor holography, that is, we seek a gauge-invariant operator that has A = J.
Since we know A is, at tree level, equal to the mass dimension of operators, and
knowing that ¢; + i has a charge under the U(1) rotation over the equatorial S°,

together with a mass A = 1, the simplest operator we can obtain is TrZ/, which is
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precisely the case for the mapping,
0, pF) ~ tr(Z)). (5.23)

We notice we can rewrite the 6 scalar bosons as real and complex fields, stressing
that |0, p™) is the string vacuum (N = 0) with momentum p™. The next states are
those with p~ = 1, corresponding to operators with A — | = 1:

]
ag,rbg,b‘of Pty ~) tr[‘l’rzllp?:uzzj_l] (5.24)
1

To make it clear, the operator on the left-hand side of (5.24) is there because both
¢, whichhas A = 3/2 and | = 1/2, and ¢ with A = 1, satisfy the condition of
A — | = 1. Therefore, we sum over all possible ways to combine all of them in a
covariant way, where of course the overall 7/ is there because it is the “vacuum
operator”. Moreover, one notices that the states we studied are for n = 0 energy.
If, on the other hand, we decide to study states obtained by applying creation
operators with higher levels, then the level “N”, say, on the left-hand side of
the matching (5.23), (5.24), should manifest itself on the right-hand side as well.
This is done by remembering the principle of quantum mechanics, where all of
these “quantization” started, this comes from the fact that wavefunctions in a
closed/compact space need to be consistent with the boundary conditions, so it is
either quantized or periodic [144], and then naturally we could guess that what
happens on the other side is the presence of a wave-like function ~ ¢/ = At
This is precisely the case [121].

The operator/states correspondence in the BMN context properly introduced,

we return to the energy (5.22) and take the Penrose limit>,

| n2R4

Again, calling R? = «’v/A, the BMN conjecture predicts (recall Epp=p =A—])),

A
2
A—]NZ—i—nF (5.26)
4271 because it is periodic. Indeed, we can think of it as a chain! This is just a hint towards the
whole subject involving spin-chains, integrability, BMN [16], etc.
>Though, in general, in the context of BMN we can call it the BMN limit also
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We wrote (5.26) in terms of gauge-field parameters because the calculation was
done on the string (gravity) side, but since it needs to be compared with the results
on the field theory, we already convert it to the usual parameters. If the BMN
correspondence is correct, at least to such order, if we do the same calculations on
the field side we should obtain exactly the relation of (5.26). We can do this, and it
has been done and matched precisely, showing to be one of the most prominent
matches in the holography correspondence.

Then, to calculate it we can follow two approaches: the first one is more
intuitive and derives an astonishing result, with a match between the results but
also an interaction term in the Hamiltonian of N = 4, the potential say, when
acting on BMN operators (those operators are, tr(Z/), etc) showing to be exactly
equal to the discrete action of the string theory in the pp-wave background, and
the result (5.26) is obtained as the eigenvalue of that interaction term. Or we
can do a laborious calculation by remembering that A is, in the end of the day,
the dimension of the operator, which is the term that appears in the correlation
functions of conformal operators in ' = 4, and then we can calculate the first loop
order contribution for the anomalous dimensions in the planar limit by making
use of Feynman diagrams, define something called a dilaton operator, which is
of the form of the Heisenberg XXX spin-chain, and then obtain the spectrum of
this Hamiltonian, which matches with (5.26). At this point of the dissertation, we
still did not mention it, but to restrict the SU(4) “rotations” only to one angle, is
like collecting a specific sector of the field theory made of operators with labels
that define such a sector. The sector in question is the SU(2), the simplest sector
of N = 4. For more about this last discussion, see [118].

We decided to follow the second option. To obtain the correction for the
anomalous dimension A, the calculations are literally the same as those done in
any standard QFT book [131], of course, since in the end of the day N = 4 is only
an extremely symmetric field theory. So, in that sense, we can either make use
of Feynman diagrams, which highlights some diagrammatical aspects of double-
line calculations and the ‘t Hooft limit, or directly calculate the deviations of the
2-point functions by using Wick contractions, which is an algebraic approach and
consequently less intuitive, though at the same time it is more direct (we don‘t need
to think about all the possible Feynman diagrams allowed, they naturally appear.
Moreover, the symmetrical factors we generally need to include and negative
signs are also automatically present in the Taylor expansion). We follow the last
approach, and focus on the first loop correction to the anomalous dimension.
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We can consider generic operators of the form
Oiyiy...iy (X) ~ Tr[¢y, (x)¢i, (x) - - - ¢, (x)], ignoring the normalization for the mo-
ment. The operator is only required to be gauge invariant. We can calculate the
two-point function by making use of straightforward Wick techniques
(0..(x)0O...(y)), consisting of essentially contracting all fields from the first op-
erator O(x) with the fields of the operators O(y). The general result is of the
form (0. (x)O. (y)) = color(G) x kinematics(x, y), with the color term contain-
ing information about the contractions of the different representations the fields
are in the group G, while the kinematic term contains the part of the calculation
regarding propagators and interactions, which generally need to be regularized,
etc.

Then, for example, for the operator O of the type we defined above, with ¢

being precisely the scalar fields, we obtain

(O 4,(X) Oy (1)) e ~ (8116 -8 + cyclic perm. ) Gog 6

To obtain the first order correction for /, we use the 4-point function interaction of
the scalar fields in N = 4,

1= [ @2Te(g 0)lign o)) = 2 [ d=Te(02} — (9i9)D),  (529)

then, inserting I inside the 2-point function of O;;1 1, we can obtain the correction
for one of those terms present in (5.27), (¢;, .., (¥)I1¢j . ¢, (v)),

Tk 5] 1 v/ ] ] 4
(i ivsr ()15, 05, () ~ A (Solt o o —2glgl ) / 'z i 629

and to regularize this last term one notices that f(z) = m can be inter-
preted as two symmetric peaks, and then the integration (5.29) is roughly two
times the integration from the first peak, located at x, to the second peak, located
at y (two because we would need to consider the region to the left of the first peak,
and to the right of the second peak).

Assuming |x| > |y|, then

4

°°4Z 1 o [ d*z
b e~ e (530
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Changing coordinates, and calling A~ the cutoff regulator, and then Wick rotate,

20)3 /|x vl de 272

4 1 2 2
InA“|x —y|=. (6.31
b T e gt 63D

a1 e Jx—yl

Then, considering the whole operator O instead of only a pair inside of it, we
can generalize the above to obtain the final expression. Defining, beforehand, the
operators P and K,

1. s s sierigic s

P kst 5} 51; = 51; 51 (57(“ (5?, 5.32)
1 A 1 k k !

Kkk+15 -(51-[ —(51-1-- ok gk . -51-1,

T4l Jk+1

as the permutation and the contraction operator, we obtain the first loop 2-point
function,
1

(x—iy)ﬂ {1 o ln(ﬂz(x - 3/)2) D1-1} (5{11552 . 5{{’ + cyclic perm.) . (5.33)

il (1)) =

O

<Oi1---i1 (x)

We defined in (5.33) an operator, f)l_loop, that contains P and K. By its form,
the spectrum defined by it gives precisely the anomalous dimension correc-
tion for generic gauge-invariant operators of the theory. More precisely, it is
Dl—loop = # ch:l (1 = C —2Pj+1 + Kik+1), where C is a constant that we can
fix by requiring chiral primary operators (see Section of CFT in Chapter 2) to have
0 eigenvalue over it, implying C = —1.

The case of BMN, however, the D operator is simpler. This is because K
vanishes there, since it only involves the holomorphic fields Z, W and not their
Hermitian conjugates. Moreover, we do not need to worry about the presence
of other fields of N' = 4 contributing to the anomalous dimensions, for example
coming from terms A¢pA C L4 in the Lagrangian, and this is a consequence of
the sector being studied in the BMN case (remember, as explained in the Sections
above, restricting the geodesic to the equator, etc.). The SU(2) sector is closed, and
no mixing phenomena occurs. The D operator in the SU(2) sector is to first loop
order simply,

~su@E) A g

Dy 1oop =802 2 (1= Pejs1) (5.34)
The fact that the sector is SU(2) permits us to interpret the fields present in it as
representations. We can, therefore, interpret Z as the upper spin | 1) and W as the
down spin | |), and we can at the same time write the operators in a basis where

the elements are the Pauli-spin matrices. It is easy to see that 1 — Py ;.1 does the
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same in W, Z as % —25;-Spiqin| 1, 1), and then

i
Asu@e) A 1 -
Dl-loop - @;{—21 (E — 25k - Sk+1) ’ (5.35)

it just turns out that (5.35) is simply the Hamiltonian of the Heisenberg XXX spin-
chain. A spin-chain is generally made of a term representing interactions between
the spins of the particles in the chain, plus a term representing interactions of the
spin with an external magnetic field. For the present case, it is easier to consider lo-
cal interactions®, in the sense that interactions only occur for neighboring particles,

and a global magnetic field which is constant throughout the spin chain

N d

H=Y ) (xololy +He), (5.36)
i=1j=1

where ; is the coupling describing the neighbor interactions, depending on the
spatial direction the spins are pointed, and H; are the components of the magnetic
tield H. Moreover, we have a periodic condition, on41 = 07. Perhaps the most
famous example of a spin-chain of this type is the d = 1 Ising model, an exactly
solvable spin-chain [18] without a phase transition at finite temperature, but when
generalized to d = 2 with H = 0, though also exactly solvable (by Onsager), it
does present a phase transition with a critical temperature T, related to x3.

Coming back to the main point here, the Heisenberg XXX is the d = 1 spin-
chain (particles arranged in a row, but with spins pointing in the 3-dimensional
direction x,y, z), with neighborhood coupling x; = x» = x3, without external
magnetic field, H = 0. We see that the second term in (5.35) is precisely of that
type, and then the problem of calculating the anomalous dimensions of non-chiral
primary operators at first order is equivalently interpreted as the problem of
obtaining the spectrum of a spin-chain Hamiltonian.

The problem was solved by Hans Bethe by making use of an insightful ansatz,
which goes by its name “Bethe Ansatz” [25]. Nowadays, this ansatz, which we
are not going to focus so much on, has been refined by making use of modern
techniques, like the monodromy matrix, transfer matrix, R matrix, etc., and then

the literature distinguishes between two different approaches to solving for the

®Some cases of “long-range” spin-chains are also studied in the holography context, though it
can be really thought of as a long chain of neighborhood interactions, and generally correlated to
“wrapping effects” emerging when the loop order in question is higher than, or equal to, the range
of the spin-chain [14].
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spectrum [150], the coordinate Bethe ansatz [104], based on the original method
proposed by Bethe that solved the problem, or the algebraic Bethe ansatz, which
makes use of modern techniques. See [137] or the cited papers in this paragraph
to see this subject in detail in the context of integrability, with the techniques
being applied not only for the Heisenberg spin-chain but more general integrable
systems.

Since the calculations are too extensive, and the focus of the present dissertation
is not to go through the complex details of integrability and so on, we simply state
here the deformed A to 1-loop solution, and one not so interested in integrability
etc. can see the derivation straightforwardly in [4],

A el
A1_100p = ESIH2 (m), (537)

(5.37) in the large [ limit, [ ~ ] — oo, goes to A = nz%z, which is precisely the
deviation obtained in (5.26). We see, therefore, how powerful the BMN correspon-
dence is, being one of the few examples where we can verify a matching in the
gauge/gravity duality beyond BPS conditions.



Chapter 6

Deformations

As the name suggests, the idea behind deformations is to modify a model. This
immediately raises the following question: why deform it? Some possible reasons

include:

¢ Preservation of symmetries. Suppose we have a d dimensional theory with
N supersymmetry. This model possesses its own symmetries and features,
such as R symmetry, global symmetry, integrability, gauge symmetry, among
others. We may look for deformations of this model that preserve specific
symmetries, and it is easier to deform because finding solutions to the su-
pergravity equation of motion is a non-trivial work, especially solutions
preserving some amount of supersymmetry. Thus, starting from a back-
ground that already satisfies the equations of motion makes it substantially
easier to obtain new solutions and if the original solution preserves some
symmetry, the deformed one can preserve a residue of it. This provides,
moreover, useful tools to study holography to any extension.

¢ Duality. Similarly, one may want to find a gravitational dual of the gauge
model being deformed, or vice-versa. Suppose, for example, that we start
with the model from the previous item and find a deformation in the field-
theory side that breaks supersymmetry from ' = 4 down to N' = 1. By
identifying a gravitational analogue of this deformation, we obtain a new
gravitational model dual to an N/ = 1 theory, with some deformation of
the original spacetime, and moreover it can be a useful tool to study the

gauge/gravity duality.

* RG flow. Introducing operators in a Yang Mills theory generally affects the
renormalization group equations. In particular, adding irrelevant operators
may drive the theory toward the ultraviolet (UV), while relevant operators

may drive it toward the infrared (IR). It is quite interesting to see those limits

53
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manifest in the supergravity background, which can sometimes show to be

non-trivial.

The following sections present some well known deformations from the litera-
ture. We emphasize that these deformations can be interpreted as those that are
more transparent from the field theory point of view, while their implications on
the gravity side still need to be carefully considered. This should be contrasted
with some holographic examples. For instance, the Klebanov Strassler solution
can be thought of as a deformation of a model, but the supergravity side is more
straightforward to understand, since we approach it directly from the gravity
perspective, than the field theory side. Then, we can interpolate between both
points of view, with the most clear side depending on the deformation.

6.1 p

The beta deformation, originally proposed by Lunin and Maldacena [106], is
an exactly marginal deformation in the planar limit, and deviations from this limit
are known to be exact at first loop order. In fact, Rossi [138, 139] and Mauri [113]
showed the exactness of the finiteness constraint in the planar limit, N — oo, of
the B deformation, suggesting that integrability is preserved by this deformation,
at least in the planar limit. This means, among other things, that the deformation
does not drive the theory toward either the UV or the IR. Moreover, it preserves
integrability and, since it is a deformation of N' = 4 SYM, this is equivalent to
saying that the deformation preserves the conformal symmetry of the model.
Highlighting these statements is important, since they play a crucial role in the
search for a gravitational dual of the deformation. Preserving SO(4,2) essentially
means, from the gravity point of view, preserving the AdSs space. Thus, regardless
of the final gauge model, the gravitational dual must still be of the form AdSs x Z°.

It also breaks part of the supersymmetry, reducing ' = 4 to N/ = 1. This was
demonstrated by Leigh and Strassler in their paper on deformations of N = 4,
with the real beta deformation' being a special case [103]. These deformations
preserve part of the supersymmetry, resulting in a wide class of N' = 1 theories,
while also maintaining conformal symmetry, since they are marginal deformations.
This class of deformations is fully characterized by four parameters (g, q, 4, «),
corresponding to the undeformed coupling, the parameter deforming the algebra,

IFrom now on, real beta deformation and beta deformation are going to be used as synonymous,
unless otherwise stated
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the one responsible for a new term in the superpotential, and the deformed
coupling, respectively. The deformation acts on the superpotential, and it was
also shown in [103] that two special symmetries are preserved, the cyclic property
among the scalar fields (X; — X;;1) and invariance under X; — X;w't1. These
symmetries, together with conformal exactness, imply a finiteness constraint
F(g,9,h,«) relating the four parameters. Among this family of models, some,
such as the present  deformation [107], correspond to special points for which F
does not receive quantum corrections at any higher loop order [113] in the planar
limit, and they admit a clear interpretation in terms of transformations of the
supergravity background [63]. Other deformations have also been shown to be
exactly conformal and related to twists [111], although these cases are less well
understood from the point of view of gauge gravity duality.

Furthermore, we obtain an interesting solution that preserves part of the su-
persymmetry while maintaining conformal symmetry, which is always desirable.
From the gravitational perspective, this has a clear meaning. Breaking N' = 4
implies breaking the SU(4) R symmetry and, consequently, SO(6), thereby de-
forming the sphere S°. In the end, we are left with a U(1) R symmetry, that is,
SO(2) ~ U(1) from the gravitational point of view. What does this imply? Do we
obtain a torus or a circle? Not necessarily. With the information provided so far,
this simply indicates that whatever the final space Z° is, it must possess a U(1)
isometry. In other words, there exists an angle ¢ such that Z° is invariant under
¢ — ¢ + €, corresponding to a rotation.

Given this information, this is all that can be deduced,

N=4 — N=1 = AdS;xS — AdSs x Z° L (61)

marginal u(1)czs

To define the deformed Lagrangian, we make use of the fact that the /' = 4 vector
multiplets can be decomposed into a sum of two different A" = 1 multiplets: one
N = 1 vector multiplet and three chiral multiplets ®'.

We may therefore rewrite the N/ = 4 model in terms of N’ = 1 chiral and
vector superfields. Concerning the superpotential, which is the relevant part for

the deformation, we first write its most general form
Wig = & (Tr(CI>1<I>2<I>3 — D1 D3Dy) + I T (D3 + D3 + c1>§)> .62

The real beta deformation is such that // = 0 and |g|> = 1. We can therefore
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rewrite the above superpotential as

Te (7P 1 o — e~ prpaga ) 63)

We can now better understand the structure of the spacetime Z°. It possesses
not only a U(1) isometry, but in facta U(1) x U(1) x U(1) isometry. Why is this
interesting, or more precisely, what is more informative than simply preserving
U(1)gr? Note that U(1)g was not necessarily manifest in the original S® geometry.
The symmetry group may break in such a way that X (= SO, SU, Sp,...) —
U(1)g. Thus, while U(1) g must be present in Z>, this fact alone does not determine
how S° is deformed. In contrast, the fact that the beta deformation preserves
U(1); x U(1), is meaningful, since these symmetries were present before and
must remain present afterwards. With this observation, the central point is that
the gravitational dual is determined by a transformation acting on the complex

structure modulus T of a T? geometry,

. T
T=B+ivBes — %=1y (64)

In the original model, having a U(1) x U(1) symmetry implies that, intrinsically,
the geometry contains a product of two tori, T! x T!, hidden inside it in a certain
sense. Using the rules of Appendix B for the TsT transformation over two isometric
angles of AdSs x S°, and omitting the RR and NSNS fields, we obtain

2
05 = | 8 + £+ G ufaat) - 70dd (Tan) | 69
! i

where the three U(1) symmetries are manifest, since y;, G, and 4 do not depend
on the angles ¢;—_1 7.

Moreover, regarding integrability, this can also be verified more directly by
using the R — matrix and the Yang-Baxter equation for the quantum R-matrix,
(6.6) [150],

R12R13R23 = R23R13R 1. (6.6)

We then borrow the results already derived in [111] for the R matrix of general

Leigh Strassler type deformations. We rewrite them here for the reader’s conve-
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nience,
1+ qq — hh 0 0 0 0 —2h 0 2hg 0
0 27 0 1—qq+hh 0 0 0 0 2hg
0 0 2q 0 —2h 0 93+ i —1 0 0
0 q7 +hh—1 0 2q 0 0 0 0 —2h
R= W 0 0 2hg 0 1+qq —hh 0 —2h o 0 (6.7)
2hg 0 0 0 0 2§ 0 1-q4+hh 0
0 0 1—qq+hh 0 2hg 0 27 0 0
—2h 0 0 0 0 q7+hh—1 0 2q 0
0 —2h 0 2hg 0 0 0 0 1+qq — hh

Equation (6.7) represents a quantum R matrix in a general form. We should note
that we are slightly abusing the notation, since the matrix above satisfies the
Yang-Baxter equation only for specific pairs (g, ). It would therefore be more
appropriate to refer to it as an R matrix only for these pairs. In any case, when
h = 0and |g| = 1, equation (6.7) satisfies (6.6), and therefore the beta deformation
is shown to be integrable.

6.2 vy

The idea behind the gamma deformation is similar to that of the beta deforma-
tion, and thus we can borrow concepts from Section 6.1. Originally obtained by
Frolov [63], he was able to show how to construct the gravitational dual without
explicitly referring to tori or to the U(1) symmetries. One simply applies three
TsT transformations, that is, T duality, shift, and T duality. Since S° has SO(6)
symmetry, it possesses three isometric angles when the metric is written in spheri-
cal coordinates. Writing the metric as in the beta deformation case, making the
isometric angles explicit, we can apply three TsT operations, for instance (¢1, ¢2),
(¢2, ¢3), and (¢1, ¢3). In this way, the metric becomes very similar to (6.5),

2
I = R | 0, + (2 + G 107) + G i (m dqbi) s
1 1

Note that the U(1)> symmetry is still present. However, this spacetime is not
a supersymmetric solution of supergravity. Therefore, we expect that the dual
of this spacetime will likewise have no supersymmetry, that is, the deformation
breaks all the supersymmetry of the model. Why is this deformation still relevant?
Because, as is evident from the resulting metric, the AdS part of the spacetime is
preserved and, therefore, the dual theory is expected to remain invariant under

conformal transformations. Moreover, integrability is preserved. Before and after
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the deformation, there still exist infinitely many Lax pairs, with [A, B] = 0.
Indeed, the deformed potential, obtained by making use of the F terms and
discarding the D terms, is V = ¥; |9,V |?,

V= Tr[l(blq)z — 723 D, Py ‘2 + |q>2CI)3 —e 2™ (I)3CI)2|2 + |CI)3(I)1 —e A @1@3‘2}
(6.9)

- . SN2

+Tr{([q>1,q>1} + [¢2, 2] + [¢3, P3]) }

As explained in [63], the existence of Lax pairs implies that the model is inte-

grable?.

6.3 Yang-Baxter deformations

Another important class of deformations in the literature are known as Yang-
Baxter (YB) deformations. They are qualitatively different from the previous ones
because, while those were mainly highlighted through their supergravity solutions
and field theory duals, YB deformations can be understood as deformations at
the level of the string worldsheet. We therefore take the worldsheet action as the
main object of study, while the supergravity solutions and the field theory are left
for later analysis. Consequently, since the worldsheet is a D = 2 model, we can
expect topological terms such as the Wess-Zumino (WZ) term?, and it is natural to
use the language of chiral models, where the action can in general be described in
terms of currents.

One can understand these deformations within string theory by making use of
an analogy with simpler models. Consider a generic d = 2 model with classical

action

1
s=—3 / P (], 1), 6.10)

where the current ] takes values in the Lie algebra g of a group G(x), and the trace
ensures invariance. The current |, is sometimes referred to as a left invariant one
form, since it is given by

Ju=g 'oug, (6.11)

with ¢(x) taking values in G. The equation of motion of the action (6.10) is obtained
by varying (6.11), and after discarding boundary terms it reduces to d,,J/ = 0,
which expresses current conservation [172].

2at least classically.
Sor WZW, where the level, now in the mathematical sense, is quantized as required for confor-
mal theories [94]
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The action has a Gy x Gg global symmetry of the form g(x) — g1 -¢(x) and
g(x) = g(x)gr. By Noether’s theorem, these symmetries imply the existence of
conserved currents, namely the right invariant current I and the left invariant
current | introduced above.

Another important concept is that these currents satisfy the flatness condition®,

1.
Oyiv) + 5w jv] =0, (6.12)

where in (6.12) we use the convention Ay, = A V;AW

. Equation (6.12) is ex-
tremely important in the context of integrability. Classically, it underlies the chain
of implications stating that the Lax condition leads to flatness, which implies that
the monodromy matrix depends only on the endpoints, and therefore guarantees
the existence of a generating function producing conserved quantities for any
value of the spectral parameter u.

With this information, Yang-Baxter deformations become straightforward to
understand. At the classical level, one first considers the classical analogue of the

quantum R-matrix equation. Starting from (6.6) and using R ~ e, one obtains

(112, 713] + [r13,723] + [r12,723] = O, (6.13)

where r = ), a; ® b; is the classical r matrix taking values in g ® g, and for instance
r1p = r ® I. Equation (6.13) can be modified by adding a non zero term on the right
hand side, w]c1, c13], where ¢ denotes the Casimir operators of the algebra [172].
The parameter w controls the deformation of the Yang-Baxter equation and can

take three distinct values,

w =0, homogeneous CYBE
w = —1, split type CYBE (6.14)
w =1, non split type CYBE.

In some conventions one writes w = —672, in which case (6.14) becomes 0, 1,7 [81].
Yang-Baxter deformations focus on the modified case, with w # 0 in (6.14),

and were originally studied in the context of the principal chiral model in [98, 99].

4In analogy with the expression for curvature given by the second Cartan structure equation,
p=dw+wAw
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In its simplest form, the deformation modifies the Lagrangian as

S0 == " =) [t (fur— 1), (6.15)

where yx is the deformation parameter. The global symmetry of the undeformed
model is reduced to a single copy, G, but the deformed action still admits Lax
pairs satisfying both the equations of motion and the flatness condition. As a
result, the model remains classically integrable, provided the deformed R matrix
satisfies the modified Yang-Baxter equation [172].

The discussion above can be extended to symmetric cosets, where G;, = Gg, as
shown in [47]. One year later, the same authors applied these ideas to the string
worldsheet on AdSs x S°, which can be written as the coset space % [46].
In that work, fermionic symmetries were also included, although there are sub-
tleties related to the treatment of gauge degrees of freedom that lie beyond the
scope of the present discussion.

We therefore simply state that, among the Yang-Baxter deformed models
describing strings propagating on the supersymmetric background AdSs x S°,
two are particularly well known in the literature: the A and the # deforma-
tions [122, 172]. An important point, which we now emphasize, is that Yang-Baxter
deformations differ from the previous classes not only in their construction, but
also in the fact that they do not necessarily lead to a supergravity solution.

In particular, the A deformation is a special case that satisfies the homogeneous
classical Yang-Baxter equation, and whose R matrix is nilpotent. As shown in the
original work [90], this deformation does generate a supergravity solution. The 7
deformation, on the other hand, satisfies a generalized supergravity equation, and
only when its r matrix obeys the unimodularity condition does it correspond to a
standard supergravity solution [46].

64 TT

Some of the deformations presented in the last Sections were shown to be
marginal, preserving the conformality of the model, but of course, not all types of
deformations must belong to this class. The TT deformation is essentially different
from the others not only by its nature in driving the theory, but also in the way
it deforms the model. Taking some analogy, the TT could be thought of as an
“explicit deformation”, borrowing the concept from field theory when talking
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about chiral symmetry, where we can break it simply by adding small massive
terms to the Lagrangian. Indeed, while the v/B deformation, purely from the
point of view of the terms in the Lagrangian, could be thought as

[I] CL— [/]q C Edeformed/ (616)

the TT explicitly deforms the action by adding a new term to it, [ d?xAO. In this
way, depending on the dimensionality of A, the deformation may be marginal,
irrelevant, or relevant. For the present case, it is an irrelevant one with striking
properties generally not expected for irrelevant interactions.

While the previous deformations typically deformed some specific type of
supersymmetric Yang—-Mills models, the TT deformation applies in general to
d = 2 models, and while it is not necessarily of conformal type, the models are
way more controlled when conformal symmetry is present, and moreover, the
spectrum is easily obtained, only depending on the space (cylinder, torus) we
study the field theory.

To be more precise, we deform the Lagrangian as
L L+ / PxA0(x), 6.17)
but since we are working in d = 2 we can use complex coordinates,
L L+ /dz d270(z,%). 6.18)

The operator O(z,z) = T(z)T(z') — ©(z)®(z’), where T denotes the
stress—energy tensor of the model in complex coordinates, so T = Ty, T = Tz,
and 6 = Tz, up to overall factors.

Note that the stress—energy tensor has units [T] = d, since the 0-component
of it integrated over the spatial volume is the energy and then [O] = 24. Finally,
[A] = —d, in this case —2.

Since that operator deforms mainly conformal models, as explained before,
it automatically becomes an interesting object in the context of gauge/gravity
duality. Let us show some interesting properties by following Gross et. al [70].
There, the authors showed that the spectrum of the deformed model is purely
a function of the undeformed spectrum Ej and of the deformation parameter A.
Indeed, let

5=5y+A / x Oy, 6.19)
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then, the energy can be obtained as T = —25‘;%, SO
50+Afd2 /OTT) 011 . 2
:—2/500 —2/ —EO—ZA//(SOOUZ xd2x,

(6.20)
but Opp = TT — 62 = T, Tes — T: ~ —(TooTh1 — T3;), where “~” means we are
ignoring irrelevant constant factors, which can be absorbed into A anyway. We

can rewrite Ot as

Orr = — (TOO(UOO)ZTM — (10011 T01)2> , (6.21)

and therefore, the deformed spectrum is

E=E)— ZA//(WOOTOO(x)Tn(x’) — 00(m T (x, &) d?xd?x’ =

(6.22)

Eo— 2 / / (—Too(x) T (') + T2 (x, ') d2xd?,

where Ty (x, x')? = Ty (x) To1 (x'). Finally, defining [ To;(x)d?x = ] and using the

traceless property Toop — T11 = 0 due to conformal invariance, allow us to write the
energy as

E=Ey—2A(—E%+?) (6.23)

and solving for E, we obtain

1
_ _ 212
E= 1 (1 V1 —8Eo\ 1 16] A) (6.24)

Note that this matches the result obtained in [70]. One interesting point is the
resemblance between this energy and that of a d = 2 black hole with a radial cutoff
r¢, allowing the identification of A ~ 1/72.

This deformation was shown to be integrable in the seminal paper of Smirnov
and Zamolodchikov [151]. The derivation of that is quite simple, which perhaps
explains the success of the work, and then here we follow a similar line of reason-
ing, using a more familiar notation consistent with this dissertation. Moreover,
we emphasize that integrability here literally means classical integrability: of
infinite conserved quantities which are in involution (that is [X;, X;] = 0) among
themselves, and then the concept of R-matrix or Yang-Baxter is not mentioned
anywhere.

Holographically, the TT operator was proposed to be equivalent to bringing
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the boundary to a finite radius p = p. [116], though some caveats and problems
with this interpretation were later realized. We will touch upon these points later.
Now, to understand the motivation behind this interpretation, we first show how
the deformation operator modifies the field on the gravity side. To explain that,
let’s define the following: S* is a deformed Lagrangian with a deformation term
6S%r = A [d?x TT, and since it is linear on A, we have the following relation

between the actions of the deformed model:
SMAA — SA L AN 6Str. (6.25)

But since TT = det T, we can write S as

1
(6S)rr = —5 / d2x /(T T, — T?). (6.26)
We remember that .
_E /dszab Aé')/gb\/_, (627)
and then, we can vary both sides of (6.25) and substitute (6.26) to obtain
2 ah 2 ab _ _M 2 ab _ T2
3 [ (o), -5 [ (vaTtem), = -5 ([ daartn, - 1),

(6.28)
which can be written as a differential equation,

3, ( / Px (ﬁTﬂb(mb)) _5 ( / P /7 (TP Ty — TZ)) . (629)

This differential equation was obtained and solved in [74], where they expressed
the deformed operators in terms of the undeformed,
Yoo = Voo — 2A Ty + AP TR, 107007, Ty = 1o, — AR, Ty (6.30)

where T = T — 4trT. To fully express v in terms of the undeformed metric, we

first express the general metric in Fefferman-Graham coordinates [56],

de

2
ds 4;92

+ gapdxdx®. (6.31)

0
Then, the perturbation terms in (6.31) are of the form, g,, = g%b + gﬁb +...,and

there is a well-known matching between the perturbation g2, and the expectation
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value of the energy-momentum tensor, g2, = 8tGTY, [45], which allows us to
write (6.30) as

2
078 ,2 s Sab 2
géﬁ' Tab 871G (SnG)zga'yg

1 A2
A _ 0 2 2 076 .2
Yab = 8ab ~ 1758wt (87G)28m8 "°gsp-  (632)
A useful result to understand the cutoff idea was obtained in [149], where the
authors showed that for a pure gravity solution in d = 3, the Fefferman expansion
truncates at the third term, and then the metric has the exact form

2
0 2 2 2
Yoy = giﬁ) + Pgiﬁ) + pz 8£c7) gl &(sﬁ)- (6.33)
Comparing (6.32) with (6.33), if we assume a cutoff at p, = —ﬁ, we see there

is an exact matching between the deformed metric driven by the TT operator
and the d = 3 asymptotically AdS3 metric (for A < 0). Moreover, the stress
tensor in (6.32) can also be compared with those expected for a theory with a
cutoff/boundary. As is well known in the literature, a gravitational theory which
has a boundary needs to modify the definition of the energy-momentum tensor by
adding boundary terms. More specifically, a gravitational model with a boundary
requires a gravitational boundary term known as the Gibbons-Hawking (GH)

1

d—1
= —— K 6.34
Sam 872G Ja a’ x\/vK, (6.34)

where 7 is the induced metric on the boundary, and K is the trace of the extrinsic
curvature, which is a curvature depending on the embedding space the surface
is on. The GH term (6.34) can be understood as a counterterm in the action, to
balance the variation of the usual Einstein-Hilbert action Sgy since we cannot
assume boundary terms vanish (as is usually done, considering them at infinity
and neglecting the contribution). To calculate K we can either use the induced
metric y together with a unit vector normal to the boundary n, K = vV n, or
we can directly use a tangent vector to the boundary as well, K = t*1,V,t’. Then,
the energy-momentum tensor with such a term is known as the Brown-York stress
tensor, and has the expressionin d = 2 [73],

1
Tup = ~37C (Kup — 8upK + 8up) - (6.35)

We can then compute it for the pure gravity solution. By substituting the cutoff
Pc = —ﬁ into (6.32), both energy momentum tensors match precisely [116].



Chapter 6. Deformations 65

Although remarkable, one should be concerned about some apparently contra-
dictory consequences of introducing a cutoff. Bringing the boundary to a finite
radial position is dual to integrating out modes with energies higher than some
scale E.. This seems to be in tension with the UV completeness of the TT deforma-
tion. Moreover, as argued in [74], the cutoff matching breaks down once matter
tields are included, which should not pose a problem within the holographic
context.

Motivated by these observations, several attempts were made to generalize
the TT deformation in order to study more interesting dual models. From now
on, we refer to these as double trace deformations, with O ~ det = A1A;, while
Tr = A1 + Ap. Thus, one schematically has O ~ Tr(Opg) % Tr(Opp) + O(A?).
One of the most interesting analogous constructions that emerged from this line
of reasoning is the so called single trace version of the TT deformation.

We would like to identify the gravitational background appropriate for de-
scribing a conformal theory in d = 2. From the equivalence between spacetime
isometries and global symmetries, this naturally requires an AdSz factor. Further-
more, after performing a Kaluza Klein reduction, the remaining space X7 must be
compact. We are therefore led to a background of the form AdS3 x Xj.

It can be shown that solutions of supergravity sourced by p branes typically
approach, in the near horizon limit, a geometry of the form AdS, » x S¥7, up
to a conformal factor. Consequently, we expect our model to involve one branes,

more specifically fundamental strings,
F1 brane ~ AdS; x X”. (6.36)

As discussed earlier in the context of dualities, type IIB string theory admits a
Hodge star duality. Therefore, although not strictly required, it is natural to expect
that in addition to F1 branes there are also NS5 branes, which are magnetically

dual to the F1 branes.
The NS5 brane solution is given by

/ /
ds? = dx''dx, + (1 + Z\Ifz"‘) (4 +12403), & =g (1 + I\fz‘") , H=wyd®.  (637)

In this case, the decoupling limit requires keeping u = r /g, fixed as gs — 0, which
forces the presence of NS5 branes.

From this solution, we see that while the region r = oo is regular, the limit
r — 0 leads to a divergent dilaton. Thus, even though the NS5 brane background
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is a valid supergravity solution, an additional condition must be imposed near
r = 0 to regulate this divergence.

One possible resolution is to add F1 branes parallel to the NS5 branes, since
perpendicular configurations would break supersymmetry. This configuration is
illustrated in Figure 7 .4.

There remains, however, a further issue, since there exist trajectories that reach
r = 0 without intersecting the F1 branes. A way to resolve this is to compactify the
remaining NS5 brane directions on a T*. The resulting background takes the form

2

—dt? + dx? dr? Nso! r
ds? = —— L4 Nso!' (S +dQ3 ) +dsZy, 2= 20, fi=1+ 1,
fi r r 1 r
o (638)
7’2 _ NllX
1 (%

A central and interesting feature of this solution is that it can be obtained relatively
straightforwardly from the near horizon limit of the NS5 F1 configuration by
applying a transformation already mentioned earlier, namely a TsT transformation.
In this case, however, the transformation involves time rather than only spatial
isometries. It is noteworthy how frequently, and sometimes unexpectedly, TsT
transformations appear in the context of deformations of gauge theories and their
gravitational duals.

The gravitational dual of this deformation was proposed by Kutasov et al. [68].
In their work, they argue that the dual conformal field theory is described by a
symmetric orbifold. An orbifold is defined as the quotient of a space by a discrete

group, M /X. In the present case, the proposal is

(M) M

CFT ~
SN,

, (6.39)

where My, is a conformal theory with central charge ¢ = 6N, so that [L,,, L] ~
Lygn +c(...), with L, the Virasoro generators. The duality can be tested by
comparing the volume of the deformed spectrum, Zyt, with its gravitational
counterpart. Furthermore, Z;¢ can be computed directly from the undeformed
partition function Z.

Given the TT deformation, in particular its single trace version, and its pro-
posed gravitational dual, several open questions remain. Is this construction
restricted to d = 2? If not, how can the TT deformation be generalized to higher
dimensions, and what would the corresponding gravitational duals be? Several

authors, including Marika Taylor [160] and Bonelli et al. [29], have attempted to
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address these questions by searching for deformations that retain TT like proper-
ties.

For example, since Oy ~ detT),, and detT ~ %e”l'“ﬂne"l'“”” Ty - Ty
it is tempting to generalize the TT deformation as the determinant of the stress
energy tensor, possibly supplemented by additional potentials or constants. How-
ever, a fully satisfactory analogue for dimensions greater than two is still not

known.
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Current progress and ongoing work

7.1 Penrose limit and TsT for fibered I-brane

Related work by the author

Available on arXiv: https://arxiv.org/abs/2510.24406 [12]

Introduction

In that work we analyze the single TT deformation, explained in Section 6.4
defined by a TsT transformation, of the fibered I-brane solution from [126]. We
use the Penrose limit to understand it, and we consider both the TsT followed
by the Penrose limit, as well as the Penrose limit followed by TsT. We describe
the spin chains obtained in field theory. In the first case we find, indeed, that the
TsT transformation preserves solvability in a simple way, as in the standard “TT”
case. In the second case, we have several options, but none is simple enough to be
conclusive, however, one case gives us an asymptotically free and IR nontrivial

field theory sector, and another a new parallelizable pp wave.

Review of the background

The background describes a (1 + 1)-dimensional theory obtained when two
stacks of D5-branes intersect along two spacetime directions, the “I-brane” con-
figuration. Effectively, the theory acquires an extra worldvolume direction, as
explained in [86], thus being described by an (2 4 1)-dimensional theory.

In [126], an IR completion for this theory was introduced by a twisted compact-

ification on a shrinking cycle, obtaining a “fibered I-brane”.
The supergravity background contains the metric Gy, a dilaton ®, and an RR
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field C;. In the string frame they can expressed as

4 2
erS(r) drz + g {CD% + (D% + (6273 — eAQA@(?)d(p)z}

dsr {—dt2 +dx? + fs(r)de® +

0+ @3+ (@3 — esQpl(r)dg)’] } ,

G
Coppy <2QA€/(1’)€11’ VAN dgo — % sinf4d04 A dgbA) + 3 cos QAQAg(T)ng VAN dgbA 1)
€A % ep
+p (i%gg’(r)dr Ndep — ;2 sin 6pdfp A dgbB) + % cos 0pQp{(r)de N dpp,
B
® =logr.
The functions f;(r) and {(r) are given by
(r) = ¢% + e _Z_Z(Qi&JFQ%) _ ¢% + ¢ 22\ (2_pn
filr) == r2 ré o2t * -]
2 2 02 (2 12 (7.2)
11, mi\/m +4(Q% + Q3) (e5 +ep)
() =5—>, 1= 22 :
e e5 + e

Here @;, @; are the Maurer-Cartan forms for su(2), given by

w1 =cosPadfs +sinpysinfdpy, @1 = cosPppdOp + sin g sin Opdep,
Wy = —sinadls + cospysinbadpa, @y = — sinyppdbp + cos Pp sin Opdep,

w3 = leA + cos QAd(PA/ w3 = leB + cos QBd(PB.

The supersymmetry of this background was studied in [126], where it was found
that it preserves four supersymmetries when the parameters e4 g, m, Q 4 p satisfy

m =0, eaQp = *epQa.

Tst+Penrose

Then, we deform it by a TsT, see Appendix B for details, The NSNS part of the
background is

ds%, =r {fs(r)dq)z + e% [w% + @5 + (3 — eAQAz;(r)dq))Z]
A
4 2 00, 2, a
+7rzfs(r)d72 + Z [w% + @5 + (@3 — eBQBg(T’)d(p)z} } + (1 — er)2> (—dt2 + dxz) , (73

B——( r nr)dxAdt <I>—11n< r’ >
1—(ry)? ' 27 \1-(pr)?
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The RR fields are also transformed under TsT, and we get a new RR field Cy4, with
the same C,,

2 2 . 2
Cr =1y (eQAAg’(r)dr Ndep — 2 sin04d04 N d(pA) + ” cos04Qal(r)de Ndpa
A
+p <2eQBg’(r)dr Ndg — ezzsin 0505 A d¢3> + egcos 05Q5C(r)dg A dgs, 73
B B B

Cy = BAG.

Summarizing, the resulting configuration in the target space consists of two stacks
of D5-branes wrapping distinct three-cycles, (4 ,04 5, ¢4 ), each carrying pos-
itive charge. Additionally, there are D3-branes extended over (x,r, ¢) with flux
over the two five-cycles (Y4 5,048,948, B 4, 08,4). We also have F1 strings, ex-
tended along the x-direction, and located above 14 and g, as represented in Table
7.1. The resulting configuration in the target space breaks all the supersymmetry
that was left after twisting the background I of [126] to obtain the background
IT we considered here, which is expected, since our TsT deformation does not

correspond to a susy-preserving deformation.

Table 7.1: Brane configuration in the given coordinate system

tx v @ 60 ¢a Ya O Py Py

Fl [o o X X X X X X X X

D3 |o o o o X X X X X X

D5i|o o X o o o o X X X
D5 |o o X o X X X o o o

For the analysis of the dual field theory, the charges we have obtained, (D5,
D3, F1), should give us information about the result. A simplification arises if
we consider the S-dual of the theory, which in the Field theory just amounts
to a description exchanging weak and strong coupling. The S-dual maps the
charges to (NS5, D3, D1) charges, which were studied in the literature [68], [2].
The theory, initially in 1+1 dimensions, but effectively, as we said, extended to 2+1
dimensions, then still contains (as in [11]) the gauge group (with Chern-Simons
levels) SU(N4)n, x SU(Ng)n,, with Yang-Mills and Chern-Simons terms, and
fermion bifundamentals under both groups, but now also with Yang-Mills groups
for SU(N7) x SU(Nj3), due to the D1 and D3 charges, and still has a global Lorentz
SO(1,1) symmetry, not broken by the By o €;,. The R-symmetry, as seen from
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the solution (7.3), is unchanged from the one in [11], namely SO(4) x SO(4), for
the two $%’s, since TsT acted only on x, . The R-symmetry corresponds in field
theory to a global symmetry rotating the scalar fields (and the fermions).

Then, we take the Penrose Limit. To identify a suitable null geodesic in the
background described by (7.3), solving the geodesic equations of motion, we
consider the path defined by

r=r., x=0, eAzeB:%, PA =5 =0=0 (7.5)

where 7 is the larger of the two zeroes of fs(7). We can easily check that this
solves the (null) geodesic equations of motion.
Along this trajectory, the string Lagrangian simplifies to

_ 21’4,.(11/)% 1 ZTerllJ% - T’ertz

2 2

L 2
e ex 1—n4r

5 (7.6)

Introducing new angular coordinates 4 = e4 (6 + ¢), Y = ep(6 — ¢), and
setting 6 = 0, so that we have a motion on the equators of both S3 spheres, but in
opposite directions, which is of the type also considered in [11], the Lagrangian

becomes

L=r 4d¢2—d—t2 (7.7)

T 1—n22 |’ '
This expression can be recast into light-cone coordinates via the transformation
du:2d1,b—L, dZJZZdI’lJ—FL, (7.8)

1—n2r2 17522 '

leading to the simplified form

L = ridudo. (7.9)

To fully define the null geodesic, we further impose u = 0. Then the metric
finally is

ds? = —2dudV+dzz+dy2+dV<el(dDBd®B —@qu)g) + ei((aAchA —@Ad(@A)
B A

(7.10)

Q=) oy, dz))‘
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From this metric, we obtain for F3

1 1 1
FR=—— (——EBdCI)A ANdOy4 NAV + —e dPg ANdOg NdV
eaes \ T+ + (7.11)

—5eaes(Qa — Qu)T (r)dz AdV Ady),
N

Since the background has a constant dilaton, and it is S-dual of the parallelizable
pp wave background, we know that it is a supersymmetric solution preserving,
if Q4 = Qp (zero coefficient of dVdy and dVdz in the metric) and e4 = ep (equal
contributions for the remaining transverse coordinates in the metric), 24 super-
symmetries. Note that since ei,B = 8/Np 4 (from the background before TsT),
es = eg means Ny = Np.

In this case, since, as shown in [126], the original solution (before TsT), was
supersymmetric if e4 Qg = +egQa, or Qp/Na = £Q4+/Np, it means that in our
case, the pp wave with 24 supersymmetries corresponds to an original solution,
so undeformed field theory as well, that was supersymmetric, before TsT.

Moreover, we see that the condition Q4 = Qp makes Np3 exactly 0. This is
interesting, though not so surprising: It is hard to find a complex configuration
involving a large number of different branes that preserves supersymmetry, and
therefore we should expect that we need to get rid of some of the branes in order
to maintain something.

The momenta p, and p, become, in gauge theory notation,

11242 1—12/2 J
g ZWA_L/) Tt S W VAT)
p=p'=—pv 5 L PrEP =—p T :

where A, | are eigenvalues of the energy H, corresponding to conformal dimen-
sion, and momentum py = 1(eapy, + eppy;), corresponding to a U(1) (global)
R-charge, respectively. The negative sign here is a result of the choice in doing
the change of coordinates in (7.8), and does not affect the results. Therefore, the
Penrose limit corresponds to a specific sector of the gauge theory in which the
surviving operators (a la BMN [20]) have large charge [, approximately equal to
a large conformal dimension A,

Jp = 24/1— (yr4)2A o« L2 (7.13)
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Here [, = %(e Alyps +eB ]l,,B),1 and therefore we can have operators with a large
Jy, charge, large Jy, charge, or a mixture of both.

The naive correspondence between the string oscillators, coming from pp wave
coordinates, and the field theory oscillators, would be

(x1,%2) = (0, ) = Di, (x7,x8) = (x,@) =W,

(7.14)
(x3,x4) = (04, pa) = Wa, (x5,x6) = (0B, ¢B) = W3,

but, as explained also in [11], this does not match, as expected, since the field
theory is effectively (2 + 1) —dimensional.
The radial coordinates

U= 1/;¢21)¢21) ;0= ;¢éz)¢{2) ’ (7.15)

transverse to each of the D5-branes, are joined at 7 = o = 0, obtaining the extra
spatial coordinate called w, and replacing the original spacetime coordinate x, and
still corresponding to the xy oscillator.

In 2+1 dimensions, a scalar has the classical (conformal) dimension 1/2, so we
must define the unit of ]y to be 1, so that E = p~ = 0 for it. But, of course, the
implicit assumption is that the TsT deformation by a parameter 7 is such that

Ay/1—(yry)? =1,0r Ay =1/4/1 — (yr1)% We redefine the zero of the energy

by an Ey = 1, and then we find that, in order to get the correct spectrum, we must

rescale H by y = —2. Summarizing,
field Z | W | Z | W | Wy, Wy | W3 Ws| Dy | Dy
A 1/2(1/21/21/2| 1/2 1/2 1 1
Jy S | 1 1 0 0 0
A— Ty /2 1 1 0 0 1/2 1/2 1
H/y=A—]Jy/2—Ey| O 0 -1 -1 -1/2 -1/2 0 0
oscillator - Xg - - X3,X4 | X5,X¢ | X1,X2 | X7

Then the vacuum is acted upon by the U(2) part of the R-symmetry, rotating Z
and W, so that we have

1

Jy
. T[Z)],
\/ftpN]w/Z riz) (7.16)

INote that we have chosen the relative sign, which amounts to a choice of the relative positive
R-charge in field theory, which we can always do.

|04, P+> -
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where Z, = (Z,W), so either one can be inserted. Then we insert fields for
oscillators from the table above inside the trace, in order to obtain the string

oscillator states.

Penrose+TIsT

We can now study the other way around of the chain limits, and then first take
the Penrose to after take the TsT transformations. The Penrose Limit is trivial,
just like the case before but without the deformation parameter 77. Then, we TsT
deform it, specially for the v, ¢ pair of coordinates, but also for more general cases
(0,X), (0,0), (1,9), (X,9), (©,9), (0,1).

As explained in [63], the TsT transformation is done by picking two different
coordinates that possess killing vectors dy, of translations. Evaluating the back-
ground we notice we have several possibilities to do the Penrose Limit, with the
most prominent being u, v, ©, ¢, X. Moreover, we can evaluate the TsT transforma-
tion directly on the supergravity background, or we can try to deform the string
world-sheet (the Polyakov action [136]) in a specific way.

The TsT transformation that we did in the last section, before doing the Penrose
limit, was over the coordinates f and x, and since we want to compare what are the
effects of doing a TsT after the Penrose limit, we naturally need to deform in these
same coordinates. However, the metric we obtained is in terms of the more useful

coordinates for the Penrose limit 1, v, and since these coordinates are related to ¢

u

i =Y __u
viat = 5 327

X x x.
After TsT transforming with parameter 7, the metric gets a correction of the

and for large L the one that prevails is v, we do a TsT over v and

order of 172, and therefore the full metric can be written as d~s2 = ds? + 172(50152, with
5ds? being

3

5ds? = —4;;;2 (—eBG)AdCI)A +es@pddg + eAeAdu)z ’ (7.17)
A"B

and for the NS-NS fields, we have the intriguing result that the dilaton is constant,
and the field strength H = dB is constant,

2
¢ =logry, B= er: (—ep@4dP 4 + e4OpdDp + eqepdu) N dX. (7.18)
ACB

The compact form of the deformation of the metric, (7.17), together with the field
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strength H = dB being constant, may make one ask oneself if we can’t transform
the coordinates in the metric to reduce it to a parallelizable pp wave metric.
However, we now show it is not possible to find a coordinate transformation that
satisfies this. We do that by showing that invariant objects in both metrics, like
the Ricci scalar R, can’t be adjusted to match, that is Rparaltelizable 7 Rdeformed, and
therefore both metrics can’t be connected by a transformation, and therefore they
aren’t the same spacetime.

First, from the metric above, we ignore the terms that are not relevant to our
analysis, ©,p, ¢ and X, since the terms of the metric involving them weren’t
affected by the deformation. Then we are left with, if Q4 = Qp,
ds* = r+dudv+28r7+dcbi+2;7+d®i+zer—;d<b% + ZZ—ZW@%

A A B B (7.19)

o <T+®B A0y — r+Oy chA) 4 25ds?.
€B €A

Using a Mathematica notebook, we have calculated the Ricci form, which takes

the simple form

1 2 2 2
32 <84 +€B>T+17 . ( )

The whole spacetime/metric is then of the form M = R* x Mg, where R* is
Euclidean, and M is the metric above. Since M is curved, and R* is flat, the
whole spacetime has a total Ricci curvature # 0 (This wouldn‘t be true if, for
example, instead of R* we had another spacetime that was not flat. In fact, for
example the AdSs xS° metric has a zero net Ricci scalar).

To prove that we cannot turn Mg into a parallelizable pp wave metric form, we
assume that we can, with the general parallelizable wave metric (here we use 10
coordinates), see equation (5.8) of Chapter 5. The Ricci scalar of a generalized pp
wave metric was calculated in [50], and it was showed to be R = 0, as a general
property of any pp wave metric. Since (7.20) is only O for # = 0, which is the
undeformed background, both Ricci scalars are different, and then the metric for
a TsT transformation over x,v (we are going to show later that we can obtain
parallelizable wave, but for other pairs of coordinates) is not of parallelizable type.

We could also have guessed that the metric can’t reduce to a parallelizable
pp-wave just by looking at the ) ; gijdxidxj part of the metric, where the pp wave
metric occurs when g;; = ¢;;, but that was not an invariant statement, the Ricci
scalar calculation is. Otherwise, perhaps we could at least have a Bargmann
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structure (5.7), so we expand 6ds?

A3 + 16r, dO?

2 2
4 e e

27’+ @B

d52:1<_r+(—8+172r2®f4)d¢%4_ +(—8+7%r2@3)

+8rT+ d@?% + Sr—; de% — y*r’ du® — d®p (n*r’du — 2dv)
‘A B s (7.21)

+4r, dudo + +®A d® 4 (7717, Op dPp + epn’r’idu — 2epdo)
eae
+4r, dX* + f do* +40%r, fldg )
Changing coordinates by
0 — C (D eACIDA CI) eB<I>B X \/1’_|_ S/p,
2\/ \/2 [ \/ \/7’+ 4 (722)
go eAG)A ep 03 2(v—u) '
,04 , 05 — ,u—)—,v—>—\/?u,
S V- T . TS !
we obtain
ds® = dp* + p*d@? + dX? + d©?
1
+ (1 — g r+®2> dd% + <1 —~ gnzri&%) A3
(7.23)

4;7 212 @0p AP 4 dDp + dO% + dOF

Nr4+@adddo _ nr+@p ddp do
V2 V2 '

We see that the third line of the metric mixes the coordinates ®4p,®4p in a

—dv? + du® +

nontrivial way, and we can’t reduce to a trivial Euclidean part }; x? on the metric.
In fact, even the most general metric we cited here, the Bargmann metric, is hard
to obtain. Due to the nature of this metric it would be very hard to obtain the
spectrum of the state directly from the usual quantization of the Polyakov action.
Yet, some assumptions can be made, in order to make a connection between the
supergravity solution and a deformed field theory.

The Penrose limit selects a large charge operator sector of the field theory, and
the TsT deformation should deform this sector. The presence of a non-constant B-
field indicates, in general, either a dipole-type, or a noncommutative deformation
of the field theory, so in this case, the product algebra of the large R-charge
operators should be so deformed. However, it would be very hard to define this,
so we will leave it for further work.
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We proceed to consider also deforming in different pairs of isometric directions.
In fact, we will find that some of the deformation pairs present similar behaviors
from the field point of view, like being dual to irrelevant deformations, or involving
dipole or noncommutative deformations.

Starting with the pair (v, ¢), and to simplify the calculation, we can define an
M matrix element M for the coordinates (v, ¢) (see Appendix B for the definitions
of the terms and their applications), we obtain the deformed metric

2r 2r 2r 2r 16
ds? = S de? + S Ede? + 4% + SR de3 + Ar de? AX? + ——_dp?
s 2 $at+ Z ¢+ 2 AT Z B+ 4ry do” 41y +r+fs/(r+)
_’72P273+1(fsl(7+)du2 n 4P27+l];s/(7+)d¢2

EAS i NSRS Wf)zz;i%fs’(m) "

(7.24)

40*(Qs — Qa)r+ ' (ry) 4r, Op 4r,04
+dv< Y de + oY ddp — Y dd 4
2.2.3 ! 2.2.3 !
du < 7 ri@afi(ry) id, 2P riOpfe(r+) d%)
e.Y epY
L 270" ©aOsfi(r)
eq.epY

4
AP 4 dDy + %du dv

where Y = 4 — %0*(Qa — Qp)?r2.{'(r+)?, and there are also nonzero B and ¢(p)
tields present. It is important to emphasize that the dilaton ¢ becomes radial
dependent, implying an energy scale dependence in the field theory. Again, the C;
field remains the same, and we have a Cy4 just like in the previous cases. The form of
the metric suggest again that the TsT deformation is dual to an irrelevant operator,
because as p — 0, it reduces again to the undeformed pp wave metric. The general
structure of the solution does not easily suggest a field theory interpretation, since
it is a complex combination of coordinates with a not so obvious meaning from
the dual side. However, we can try to evaluate the deformation of the special
case Q4 = Qp of the pp wave, where (if also ¢4 = ep) 24 supersymmetries were
preserved. Under this condition, the metric reduces to the simple form

27’+

42 = ry dudo+ 2F dq>34+ T a0 + = d¢%+2r—+d®%+4r+d®2 0?
A EA B €p +fs(7"+)
2. g 2 2 r+Op 7’+®A
+o°ryfa(ry)de® +ry dX* 4+ do : ddp — AP, | (7.25)
B
szzr?&- s( +)

(€A€B du + e @pddp — eg®y dCDA)Z ,

4¢? AeB
where the last line represents the effect of the TsT transformation in the metric. In
this case it is easier to notice that as p — 0, the metric reduces to the initial case,
but we will talk more about this later. Also, the dilaton field ¢ under this super-
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symmetry condition reduces to the initial dilaton value, ¢ = logr, a constant
scalar. Finally, the B-field reduces to the simple form

p _ MO°rafi(rs)

e o (eg@AdPA Ndp — es@pdDp Adg — esepdu Ade) , (7.26)
ACB

with the new Fs also having a p? dependence. Note that, even in the susy e4 = e

case, the H = dB field is not constant anymore, since then we have
B = constant x p?(@4dP 4 — Opdp —eau) Adg. (7.27)

Moreover, the metric (7.25) presents the same problem as the one calculated for
v, X, but even worse, since now the deformation is dependent on the coordinate
p as well. This makes the analysis very difficult, since the Hamiltonian is not
so easily diagonalized as it is for pp waves (even less than for parallelizable pp
waves), see [123].

Moving on to a TsT transformation over V, u, the lightcone coordinate for pp
wave, using the notation of Appendix B, we obtain for M = (1 — #?)~!, and then
the deformed background,

1 e e (Qs —Qa)%¢'(r1)?
2 2 [ ¢B 2, fa 2 B A + 2
ds —ﬂz_ldV ( 1w +16V+|W2| + 16 |ws

2
- TdudV + |dewy |? + |dws)? + |dws > + ... (7:28)
By=—1 dundv, ®=1 L log(1 - 52
2—772_1u v, —0g7+—§08( 7).

As before, we also find nontrivial B-field and dilaton ¢ fields. Moreover, we also
have the C4 field, which as we have seen is simply related to the B and C; field,
the last being intact under the TsT transformation,

Cys =By NGy
2(1 = n2)r% filry)
+4(Qp — Q)T+ fL(r )l (ry) Ndy Ndz) Adu AdV.

(—erSI(1’+)d<I>B NdOg + €Afsl(7’+)dq)A ANdO 4 (7.29)

We notice that now there is a similarity between the Penrose limit after TsT trans-

formation over x, t and the current case, the TsT transformation over u, v after the
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Penrose limit, even though it is was not obvious that they should be similar. In
fact, the deformed metric obtained above is still a parallelizable pp wave type, and
since the B and dilaton ¢ fields are still constants, the analysis of the field theory
dual sector (spin chain for operator sector) is simple, and similar to the cases done
before. In fact, the BMN mapping is essentially the same (up to some constant
factors).

Instead of investigating case by case, it is better to summarize the most im-
portant specific cases and find the differences and similarities between the TsT
transformations over distinct pairs of coordinates. Also, by using the example
of the last subsection, where we saw that the effect of the TsT transformation in
the general background is not so illuminating, we focus here only on the susy
condition, Q4 = Qp (and e4 = ep) for a clearer analysis.

We first notice that doing a TsT transformation over v and any other coordinates
that is not u produces a rather similar metric. Calling dds?> = ds%.; — ds?, we

explicitly write the case for each other coordinate pair involving v,

Table 7.2: TsT deformations and induced fields

TsT pair 5ds? B ¢
( X) 1721/3- 2 171/3- AdX 1
v, R ———— ogr
2 243;4;/%()( ) ZngeB ' -
e ryjs\r+) o | 1P°73 4
, 4P +/sv T/ Ndge |1
(U q)) 46;42% 2€A€B : S (r-i-)X @ ogr+
r r
(v,0) — Z2 e; x> ZZA:B x \dO logr.
A-B

where x is a 1-form, y = —eg@4dP 4 + e4OpdPp + epepdv. Beside the re-
markable similarity between the metrics, we notice that the (v, ¢) case is a radially
dependent one, and moreover, as p — 0 (Which means » — r) the deformed
background reduces to the original one. This will be explored later, where we will
show that all deformations over ¢ have this structure. For now, we emphasize that
this coincidence may suggest that there are some relations between the deformed
gauge theories.

In fact, since p ranges over (0, c0), from the formulas above for the deformations,
we see that for some specific value of p (which from the gauge side means for
some energy) the (v, ¢) deformed gauge theory is equivalent to the deformed
(v, X) and the deformed (v, ®), both of which are marginal-like deformations of
the field theory. So, the (v, ¢) gauge field passes over the other two deformed
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fields theories, as the energy increases.

Moreover, the dilaton field is equal in the three cases above, and constant.
The more notable difference between these deformations is how the B-field trans-
forms, where we see that one leg of B is in the X, ¢, ©, corresponding to the TsT
coordinate.

This implies that, while the deformed dual gauge theory may be similar, there
is still a difference between them, defined by the B field, responsible for either a
dipole-like deformation, or non-commutativity. Indeed, Seiberg and Witten [147]
have shown that configurations involving constant Kalb-Ramond field B, and open
strings, can be interpreted as a non-commutative field theory involving operators
and a modified product, the Moyal star product. In [106] it was generalized to a
non-constant (though still associative) B field. Furthermore, we expect that TsT
deformations and noncommutative field theory are related, as explained in [106],
with star product equals, at first order, to

i
A(x)B(x) = A(x) * B(x) = A(x) - B(x) + 5079;A0;B + ... (7.30)
The Moyal star product in the constant B, therefore constant 0, case is

A(x) % B(x) = lim A(x)e® B (). (7.31)
x—x'
The noncommutativity 6, the open string metric Gjj and the open string coupling
constant g, are related to the closed string supergravity background by

Gii = —(2ma" (B¢ 'B)Y, 01 = (B~Yi = (G +2na’0)7 = (¢+2ma’B)7},
j 8 g ij

det G\ 174 (7.32)
o= (Gug)

The closed string metrics of the three deformations above have the same struc-
ture. The (v, X) and (v,®) ones only differ by a constant factor, and there is
an energy factor ~ p?f!(r.) relating (v, ¢) to the other two. The B field differs
only by the direction of the noncommutativity, but the general form (since |B|?
are also essentially the same) is the same, again with the (v, ¢) having the same
p?fl(r+) dependence. In the open string metric and 07, the latter will translate
into 1/p%f!(r+), but that is as expected.

Moving on, there is another interesting relation among the TsT deformations,
when the pair of coordinates involves the ¢ one. As we saw before, the TsT over
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(v, ¢) generates a deformation in the gauge side analogous to what would be
the deformation done by an irrelevant operator. We now show that this is not
a coincidence: any TsT over ¢ generates dual gauge theories deformed by an

irrelevant operator (since we already studied (v, ), we will ignore it here),

Table 7.3: TsT deformations involving ¢

TsT pair 3ds? B ¢
2.3 ¢/ 2,2
(u, @)* _nrifs(re) (H)pzdvz _ners uﬂ(u)d(p/\dv logry
3T Vawary
norifi(rs) 202 | 240 2 netri fi(r+) 22 5
X, ——— T pf(dXT + ry)d - dpANdX | logry —log/14 n2ri fl(ry)
( (P) 1+22§27l%2f51()r+)p ( P fs( +) 4 ) 1+7]22P§r%»/,/([s,(r)+) g7+ g U +fs +)P
4o fo(ry 2 2, 20 2 dnp”rs fo(re
o, - 5% (4dO ! d —— LT o AdO | ] —1 1+ 4522 fl 2
(©,9) 1T appr )° ( + 07 f:(r4)de”) 15 4027 f1(r) ? ogry —logy/1+4n2rs fi(r+)p

Therefore, we see that every metric deformed by a TsT transformation that
involves ¢ has a structure of the type éds? ~ p?..., and reproduces in the super-
gravity side the behavior of an irrelevant operator in the gauge side.

Besides that, we see two interesting facts regarding these deformations: while
the (®, ¢) and (X, ¢) cases vanish for p — 0, and the dilaton goes to a constant, for
p — oo the B field goes to a constant (and therefore, can be gauged away, though
one could still have noncommutativity, in principle), and the dilaton goes to
¢ — — log p, which means that the coupling constant ¢; = e? ~ % — 0, meaning
that there is no noncommutativity, and therefore the deformed gauge side is free,
and perturbative at high energies, with operators interacting via the usual product.
This is a remarkable result, since this suggests that we have an asymptotically free
gauge theory, at least in some large R-charge sector.

The (u, ¢) case is different from the others, and that’s why we put a star over it
in the table, while its gauge dual also can be described as an irrelevant operator,
there is no asymptotic freedom, and the B field increases as we go to higher
energies. However, there is a still more striking observation about the metric of
this deformed model: it is still a parallelizable pp wave! In fact, we will analyze it

in more detail next.
Doing the change of coordinates in that specific pair-deformed metric

rofl(ry) 4 €A,B €A,B
—R—"——, O O0——, Pyp—+ P —, Oup— 0O ‘ 7.33
P 1 IC) AB A AB o= (7.33)
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obtaining

ds* = r dudo + d®% + dO% + dd% + dO3 + 4r, dO? + dR? + R*dO?

+ry dX?
o <€B@B i — ea®y A, + R*(Qp — QA)MC'(H){M)) (7.34)
2 2 4
PRALCL?

64

Ignoring for a while the angular and X terms, since they are equal, we focus on
the expression involving R, ®,v. We first change coordinates to R? = z? + 12, and
then redefine z, y in terms of a complex coordinate z; = z + iy. We get

: o ! 2.4 ¢/ 2
ds? = dzydz; — %dv ((QB Q‘Z)”é ) 51z — zldz‘1)> - ’”glfl(:”zm% (7.35)

. _iva _ _
We next do the rescaling z; — we™ 2, where a = %m@’(m), and v — =2V

T+’

so we get

2 2.2 g 2
452 — dwdar — | 54 TRLEEDT) gy (7.36)
2 16

This shows that we have a parallelizable metric, since it is just like the previous

case for the Penrose limit after TsT transformation, but with a new term,

62 62
ds?2 = —2dudV — L4 4V? <T+%|W1|2 + 7’+%|w2|2

PrRA) | (Qs — Qa)% ()
+< +16 + + B 146 + ) ’w3|2)

, , ) (7.37)
+|dw1|” + |dws|” + |dws|

/
B, — i’7r+fs(7+)

22 (a)gd@g — @361(4)3) ANdV

P = logr

This is more interesting than the (v, u) case, since we have a true physical modi-
fication, not just a rescaling of coordinates. In fact, we could obtain a spin-chain
Hamiltonian just as we did before, and the fact that the two Hamiltonians (gauge
and strings) match before we do the TsT transformations means that the deformed
Hamiltonian must be the same for both cases.
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For the string action, using the gauge X" = 7, the new terms add

SO /dUdT[|an3|2 _ <7727‘?|—.{€f6(r+)2 + (QB - Qiﬁgzgl(r-l-)z) |w3|2 (738)

: /
+w (w3 0,03 — (W3 ach3)] . (7.39)

In the AdS3/CFT, case with NS-NS fields, corresponding to a symmetric prod-
uct CFT, it was shown in [68] that a “single trace” deformation, by }; T;T; (instead
of the standard }; T; } ; Tj) is dual to a deformed holographic dual, which later,
in [5], it was shown to be a TsT transformation, and has very similar properties to
the standard TT deformation. Therefore, in [123], it was proposed that in other
other cases and in other dimensions, like for instance in AdSs/CFTy, (perhaps
several) TsT transformations correspond to some “generalized single-trace” TT
deformations, that have similar properties to the TT deformation. Here, as we saw,
we are still in 3 dimensions in gravity, with CFT defined along the x, t coordinates,
though an extra coordinate appears effectively.

Therefore, even if the “single-trace” interpretation is not directly relevant
anymore, we believe that the same properties that make it similar to the standard
TT as in [68], in particular solvability, should be still valid. This is indeed what
we see in the TsT followed by Penrose limit case, that we analyzed first, where we

saw that we just have a modification of A, and Jy, as well as g3, by the same

factor 1/4/1 — 52r%, but otherwise the system is as solvable as before the TsT
deformation.

In the case of a TsT deformation after the Penrose limit, things are less simple,
since we saw that in the most relevant case, of deformation over (X,v), the
resulting string Hamiltonian is hard to analyze, as are most of the other cases.
The cases of TsT deformations over (v, X), (v, ®) and (u, ¢) hold most promise to

preserve solvability in a simple way, but we have not yet fully analyzed them.

7.2 Bootstrapping the Leigh-Strassler deformations

and the hidden symmetries of the model

Related work by the author

Available on arXiv: https://arxiv.org/abs/2601.02692 [156]
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Introduction

As explained in Chapter 6, there are a large class of deformations of N = 4
SYM defined by Leigh and Strassler [103]. These deformations preserve part of the
supersymmetry, resulting in a wide set of ' = 1 theories, while also maintaining
conformal symmetry, being marginal deformations. This class of deformations
is fully characterized by four parameters (g, 4,1, «): the undeformed coupling,
the parameter deforming the algebra, the one responsible for a new term in the
superpotential, and the deformed coupling, respectively. The deformation acts on
the superpotential, and it was also shown in [103] that two special symmetries are
preserved: the cyclic property between the scalar fields (X; — X;;1) and invariance
under X; — X;w'*!. These symmetries, together with conformal exactness, imply
a “finiteness constraint” F(g, g, h, k) that relates the four parameters. Among this
family of models, some, such as the f-deformation [107], are special points since
J does not receive quantum corrections at any higher loop order [113] in the
planar limit, and they admit a clear interpretation in terms of transformations in
the supergravity background [63]. Other deformations have also been shown to
be exactly conformal and related to twists [111], though these cases are less well
understood in terms of gauge/gravity duality.

Rossi [138, 139] and Mauri [113] showed the exactness of the finiteness con-
straint for the planar limit, N — oo, for the real f-deformation, suggesting that
integrability is preserved by this deformation, at least in the planar limit. Later,
Mansson [111, 110] and Bundzik [34] constructed several different “integrable”
deformations?, for which the finiteness constraint does not receive quantum cor-
rections and which possess an R-matrix satisfying the Yang-Baxter (YB) equation
of motion. These deformations are controlled by the pair of parameters (g, 1),
which are related by

@) = ©OF), ((+p)e pe™), (e 740

We should mention that in [113, 30, 92], the authors identified a “symmetry”
involving the g parameter that deforms the algebra in the amplitudes and in the
expansion of the F constraint, which will be shown to be crucial in the present case,
although their main results were not based on this symmetry. Moreover, [113] for

example focused on B-deformation, while here we generalized it to any LS-type,

2As always, in the planar limit.
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7

while the authors of [30] expanded over what we are going to call “old-variables’
for the constraint function F, (g, x, /1, q), which we are going to show to be “over
counting” coefficients, by showing the new symmetry constrained them. Here,
this symmetry is extended /generalized and we refer to as the “q-symmetry”, to
guide the structure of the calculations, generalizing it to the other three parameters
of the model, without focusing on Feynman diagrams (though we will, of course,
later use a result obtained in the literature via Feynman diagrams). For instance,
while [92] performed an expansion in g, here we focus primarily on this symmetry,
and the expansion series for F are taken with respect to objects that are invariant
under the “q-symmetry”?, presenting how this strongly constrains the form of the

finiteness condition.

Leigh-Strassler deformed model and discussion of the results

We are looking for a constraint relation between the four global parameters
q, k, h, and g of the deformed N' = 4 theory introduced in [103]. The first
parameter, g, deforms the algebra of the fields in ' = 4 into a g algebra of the
form [X, Y]q = XY — gYX. The second parameter, x, is the deformed coupling,
which reduces to the undeformed coupling g in the original theory, and the third
parameter, i, multiplies a new term in the superpotential of the deformed theory.
In this section we use the N' = 1 supersymmetry description of N' = 4, and the
deformed superpotential is [103]

W =k tr (X1[Xa, Xay + g(z X3)) + he. (7.41)

where X; are the chiral superfields in the superspace formalism. The constraint
we are seeking to describe can be expressed as a function of the four parameters

F(g,9,hx)=0, (7.42)

resulting from the B = 0 conditions for all the parameters, together with the
symmetries LS-theory presents.

In the real case, 7 assumes a general homogeneous form

0 ] : o
Fruv2v3,78) = Y Y diifl p(—p) Va5 Y17 doo =0, (7.43)

i,j p=0

3For real parameters at first, later generalizing it.
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where 7; are parameters defined in terms of the old ones. (7.43) together with
further conditions as explained in next sections, suggest the first correction in
the planar limit should be of order g%, in agreement with results reported in the
literature [3]. The coefficients d _ are not fully determined by the constraints
imposed on F, which is expected: ultimately, these parameters depend on the
numerical values obtained by summing over all possible Feynman diagrams at all
loop orders.

Nevertheless, we can obtain non-trivial results solely from the relation between
J and the parameters. In the Section that follows, we derive a general expression
that can be directly compared with results available in the literature. We show that
to first order in g2,

1 1
A = N« [ﬂq + (E = 2%) 7+ (E — o+ ®4h2>] . (744)

where 77 and ®4 are the only free coefficients that must be determined from
Feynman loop calculations. This result, obtained solely from intrinsic conditions,

can be directly compared with results in the literature [3], assuming real variables,

A = Nx? {%H(%—%) q2+(%—$>+(%—%) hz}. (7.45)
Following two different heuristic approaches in which we analyze the planar
limit of the finiteness constraint, we obtain interesting characteristic features for
each of them. In the first approach, where we make an ansatz for the coefficients
in the series, we correctly predict the conformal and integrable pairs of (7.40),
although some caveats remain. In the second approach, where we proceed in the
opposite direction and instead impose the vanishing condition at (7.40) together
with another ansatz, and we find that the first correction to F appears at order x,
consistent with the literature [129, 138, 34].

For complex parameters, the analysis becomes more involved, but we can
still obtain a constrained function /. We find that it cannot be expressed in
terms of the so-called good variables v;, as was possible for the real parameters
in (7.43). Instead, we introduce a systematic method for constructing the structure
function in the complex case. We also show that this function is significantly more
constrained than one might expect, since a general expansion would allow for
three additional parameters (4, %, ). To test its predictive power, we compare it

with a previous result from the literature, demonstrating that it can be correctly
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titted.

We also find a relation between the R matrix of the transformed complex pair
(=g 4h= —%) and that of the original pair (g, &), showing that it is exactly
equal to the inverse of the initial R matrix

Ry = Rﬁ, (7.46)
and consequently it satisfies the Yang-Baxter equation whenever the original pair
does, providing a systematic method for generating integrable pairs from the stan-
dard one. We further investigate the properties of this transformation, including its
implications for deformed algebras, such as the affine Lie algebra associated with
the integrable XXZ spin chain, and demonstrate that the transformed R matrix
remains integrable.

The last section is devoted to examining this transformation from the per-
spective of AdS/CFT [107], identifying the parameter k in TsT transformations,
which on the gravity side maps to the parameter g, as anticipated in [106, 63]. We
obtain, as the simplest solution, a linear relation between the logarithm of g and
k, k ~ log g, where for the special case of real beta, we obtain a linear relation
between k and B. This provides additional evidence, consistent with results in the
literature, that our approach is well founded.

Finiteness constraint

Real parameters
Mathematical conditions on the structure of F

To obtain the finiteness constraint, we follow an approach analogous to that
used in bootstrap analyses [132], but applied to the finiteness F, which is defined
as the condition for the vanishing of the beta function. We assume a set of mathe-
matical axioms and physical principles, and by imposing them we progressively
restrict the allowed shape of F.

In principle, F is intended to describe infinitely many different theories, de-
pending on the relations among the parameters, and our approach highlights this
powerful generalization property without specifying any particular quadruple, as
illustrated in Figure 7.1.
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Physical conditions

allowed f

Mathematical conditions

Figure 7.1: A Venn diagram illustrating the bootstrapping approach. The regions repre-
senting mathematical and physical conditions (e.g., loop effects and consistency) can grow
with higher-loop orders in g. The allowed region of F expands with these corrections, but
remains far more constrained than generally expected, a “smaller infinity” in a sense.

First, we demonstrate a discrete symmetry satisfied by the superpotential
W(g,q,h,«,X;). Consider two models, 1 and 1/, both deformed from N = 4
SYM and within the LS classification [103]. Each model has a generic deformed
superpotential )V and the same matter content. In the unprimed model, we
denote the chiral fields as (X7, X», X3), while in the primed model they are denoted
(X}, X}, X}), with the superpotential being

h y
W=t (Xi[Xo, Xalg + 2 (1X7), W' =" tr (X{[X5, Xglg + 5 (1 X7P)).
i i

(7.47)
Although not identical in principle, the theories 1 and 1’, being subjected to the
same type of interactions with identical field content and arranged in exactly
the same way, should behave identically under loop corrections. Consequently,
the constraint relation among the parameters in 1, (g, 4, %, «), and those in 1,
F'(¢,q', W, «"), must be identical,

F(gq.hx)=F (g qd W «)=F(. qd 1) (7.48)

Now, we perform the following relabeling in the 1’ theory. Since this is a simple
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relabeling rather than a transformation, all terms in the action remain unchanged,

1 h

¢ =g «=-xq, 4= pt W= — X{—x1, Xy —x, Xi— xs,
(7.49)

then, the superpotential of 1’ becomes (the other terms of the deformed LS action,

which are identical to those of the original ' = 4 action, remain unaffected by

this relabeling),
1 h
W = (—Kq) tr [xl <x3x2 — 5x2x3) — 5(;3@)]
h
=K tr [xl (xox3 — gx3x2) + 5(2 xf)] (7.50)

=K tr [xl [x2, x3]4 + g(fo’)}

Therefore, the deformed superpotential of 1’ is identical to that of 1, (7.47), under
the simple relabeling X! = X;, and hence the Lagrangians of both theories are
the same. What is more interesting, and precisely what we are seeking, is the
implication of the non trivial transformations (7.49) for the equality of the con-
straints (7.48). By applying (7.49) to (7.48), we find that / undergoes a non trivial

transformation,

ol. F(g,q,hx)= .F(g, %, —%, —Kq) “q-symmetry”.

(7.51)
We refer to this as the “q-symmetry”, since it appears to be induced by the pa-
rameter q. This provides a strong condition that severely constrains the form of
F. Then, F is constrained to be invariant under such symmetry, and following
that line of reasoning we will later seek for new variables that are automatically
invariant under all four transformations (one trivial and three non-trivial). For the
moment, however, we continue to work with the original variables.

The second and third assumptions state that we can simply change the sign
of both couplings, —x and —g. This is valid because all terms in the action, aside
from those in the superpotential, are quadratic in the fields X;. Therefore, we
can perform the transformation X; — —X; for all three complex fields, while
simultaneously taking x — —x, or ¢ — —g in the undeformed case, where
the only appearance of g is inside 7, leaving the superpotential invariant. The
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implication of this transformation for the constraint F is

°2. ‘F(g’q’h/K) - ]:(grq,h/ _K) Slgn 1,
*3. .7-"(g, q/h/K) = -7:(—8, q, h,K) sign 2.
(7.52)

Next, we perform a change of variables, q; — <y;, which are automatically invariant
under g-symmetry, as well as under the sign flip transformations 1 and 2, (7.51)
and (7.52). They are

1
11=¢ T=q+>, T3=—, T4=K24, (7.53)

2
q 1
and then, we can write F as F = F (1, 72,73, 74) = F(7i)-
Further, if ¢ = 0, then ¥ = 0, and none of the analysis carried out here would
make sense. Otherwise, we would be computing a loop correction for a model
that has no propagators. This implies

4. F(0,72,73,0) =0 free theory.
(7.54)
Looking back at the superpotential (7.41), we see that nothing prevents us from
choosing g = 0. Therefore, g = 0 lies within the range of possible values for the
deformation parameters and consequently corresponds to a specific constraint
F(7y;) among the constants. In other words, the general form of F can’t contain

terms that diverge as g — 0. We therefore impose analyticity,

o5. F (71,72, 73, 74) is analytic Al
(7.55)
To see how to avoid such singular terms, we assign an order number O to each of
the ;. This order number is related to the strongest power of g as g — 0, and we
find
Oy =0, 0)=-1, 0Oy=-1 0, =1 (7.56)

Since (971- b= j, we need O, to be at most —j in order to keep a non negative
174

order number. The final expression for the complete structure is therefore obtained

without invoking any additional physical input beyond the assumptions stated

above,
o o
Fruv2,73,74) = Y Y dij) pi-p) 12 Y5 M7y doo =0 (7.57)

i,j p=0
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Although the general expression is best suited for illustrating the overall structure,
for practical purposes we will use the form given with the explicit form with 7,3
is hidden.

We still have one last conditions JF need to satisfies,

°6. F(7,2,0,7)=0 CC.1.
(7.58)
This condition essentially means that F should reproduce a feature of N' = 4,
where the theory is exactly conformal to all orders. Since the deformed model
reduces to the undeformed N = 4 case when g = 1 and h = 0, this implies g — «.

2

If we impose all the above conditions at first order in k¥, we obtain that

F = (az + azyz + asy3)ys — (a2 + 203) 71 = 0. (7.59)

Or, by rewriting (7.59) in a clearer way,

F = (—2a3 + ag + azy2 + x4y3) v2 — apy1 = 0. (7.60)

We can also change the constants and open the new variables v in terms of the
older to organize (7.60) as

2 _ 2 L O\ oy (19 g,
=K [®3q+<2 N + ) +0O4h" || . (7.61)

This is the further we can go by imposing only the mathematical conditions we
discussed.

However, we can go further by making use of the planar limit of the theory
and a back-of-the-envelope calculation. The potential V' of the model is given by

summing the F terms, ignoring the D terms of the Lagrangian,
V= V(o) = (|l pioaly + ool 762
1 1

and we can use only one term of the sum, since it is related to the others by
cyclic permutations. Considering tr(|[¢1, ¢2], + h3|?), we collect the g, |h|?, and
g% terms to obtain

(1P (02010103 — a(e2pr1050]) + hPgagaglel) £, (7.63)
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where the term involving g is analogous to the one involving g, and we do not
consider it separately. We see that, under Wick’s theorem, |1|? and |g|? stands out
as they contain neighborhood contractions ¢ ¢}, ¢3¢, in opposite to g

The handwaving check above has a practical consequence for us. Since the first-
loop calculations of F shouldn’t be identically zero, should reduce to F = A — Ng?
when g = 1,h = 0 and g is in a smaller order in comparative with |k|? and g|?,
then necessarily the correct leading power of the terms differs by a factor of 1/ N2.
Then, the finiteness becomes

m 1 m
)\:NK {qu—i_ (——W>q2

A second information we can extract from (7.63) is that, at least in the planar limit,

1 m 2
+ (5 - 2N2) + O4h } +O(N7%).  (7.64)

the term involving |k|? and the term involving |g|? should be related. In fact, this
is expected, since they contribute identically to (7.63), as is clear if we write the
|g|? and |h|? term as

tr (T Ty TeTa) (la2p3elolegh’ + nPgigheiol!) . (7.65)

From (7.65) we can conclude that, to first order and in the planar limit, |1|> and
|g|> contributes the same for F, this is because it doesn’t matter if ¢3 are the same
in the second term, as in the planar limit the only thing that is important is the
neighborhood. However, this is not true for the first correction to the planar order:
In that case, we allow to ¢3 pass over 473, and then we can have twice contractions
from the second term, 57¢57 4 52¢5bd in comparative with the first term, where
we only have §¢5%%,
Then, on the finiteness constraint, this implies that

- L Lom o, (1o m Lo2m e
A = Ni? { 2q+< 2N2)q +<2 2N2)+(2 ) (7.66)
We stress that although the calculations here were carried out for real parameters,

we can similarly do it for complex parameters.

For N going to infinite, (7.66) reduces to

N2
A== [1+|q\2 |h|2}. (7.67)

And then, we were able to obtain exactly the planar limit, to first order, of F.
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This remarkable result, obtained solely by imposing intrinsic conditions to-
gether with some hand waving calculations, can be compared with results from
the literature. [3] obtained an expression that gives exactly the same large N limit
at first order, but the matching between our result and theirs is not restricted to

this large N limit. There, the authors used the superpotential

- h;
W:iﬂ3—\{§€ijk tr (99, 91)) + 5 tr (99, ¢"), (7.68)

and by assuming that the only non zero components of h are hj11 = hyo =
x(1—q)
2 7

h333 = hx and hip3, together with the rescaling 1 = (21\77) and hqp

the superpotential reduces to our expression (7.41). The authors obtamed a loop
correction of the form g*> = €2 + ”‘2—2 (%1 + %), but we should note that their
coupling g does not match our convention. This can be seen, for instance, from
their NSVZ correction [125], which agrees with the standard literature only after
the rescaling ¢ = i-5- f Substituting this into their correction expression, together
with the expressions for €, hip3, and h, their result expressed in terms of our

parameters, if we assume g = g, is

A = Ni? [%q + (% — %) 7+ (% — %) - (% 1\2,2) hzl (7.69)
to be compared with our result (7.66). We see that the Feynman diagrams only
have the real parameters 77; = 2. The fact that our highly constrained function F
is nevertheless able to reproduce the results found in the literature, which in our
analogy is similar to fitting a theoretical prediction to experimental data, strongly
suggests that our method is correct.

So, returning to the general discussion for F to any order, we can split the
series defining it into three series, those with powers of « higher than two, those
with only powers of ¢ higher than two, and the expression obtained previously
in (7.59), which we denote here by F. >,

F(71i) =Fg K2+261 123)7 + Y ) (123) 77k (7.70)
jk

Imposing CC.1 on (7.70), F should reduce to the simple constraint of N' = 4,
namely ¢ = |x|2. As we have seen, F,2 2 already reproduces this relation, and the
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expression above therefore reduces to

0=3 ci(123)7 + ;Cz('yz,s)fkvh’i- (7.71)
! J

Now, for this equality to be satisfied, we observe the following. While c;(23)

is, a priori, a function of 7, and 73, analyticity together with the order counting

discussed above implies that the terms in the pure < series cannot depend on

either 7, or 3. Therefore, to satisfy the equality above, the coefficients c; need to

satisfy ¢2(72 = 2,73 = 0) and cli = 0. Therefore, (7.70) can be written as

F(7ri) =Fgp 0+ ;Cz(w,s)%?ﬁ- (7.72)
J

Higher order terms

After all the discussion, one might worry that the g-symmetry is exact only at
tree level, that is, at the classical level, and that loop effects start to break it. We
have demonstrated that this is not the case, and that the symmetry is genuinely
a quantum symmetry, since it acts on complex scalar fields and is a symmetry of
the superpotential YV, which by itself is non renormalizable. Nevertheless, we can
still compare with results from the literature to test whether our expansion of F
can be fitted to known expressions, since this would indicate that our ansatz is
correct.

In [138], the authors calculated a higher order correction to the propagator of
a pair of fields. In that analysis, the authors assumed 1 = 0, and therefore our
expression for the coefficients of F simplifies drastically to an expansion in 7.
The correction they obtained, in our notation and assuming real variables, was

N?2 —4
2| = s g1 (g g+ 172 9N w50 - 1)) 2 o

For x0¢® = q%'yz'yi’, the corresponding component in our framework, with 3 = 0,

is
(a1 + @272 + 373 + a4v3) Vams- (7.74)
Imposing CC.1 gives a = — 422445 We then find a solution,
8 (20 — 13N? 4+ 2N*) 12 (20 — 9N? + N*%) 30 (—4+ N?)
ap — NE , ap — — N , oy 2

(7.75)



Chapter 7. Current progress and ongoing work 95

However, as argued in [138], the constants can be adjusted so that the g6 correction
becomes a g® correction. We do not pursue this point further here, since the
previous analysis was restricted to real parameters. We emphasize a potential
source of confusion. The terms obtained in F are also the most general terms that
arise from loop calculations after summing all amplitudes in the same order. In
this sense, each term in F must be consistent with standard Feynman diagram
computations. Nevertheless, the expression (7.73) is not the final form that should
appear in the full sum defining F. This can be seen, for example, by noting that

the planar limit of (7.73) does not vanish for the  deformation.

Complex parameters

Since we did not impose any restriction on whether the parameters take values
in R or C when demonstrating the invariance of the superpotential WV (7.41), the
g-symmetry should, and indeed does, hold for both real and complex values.
However, in the analysis that followed this demonstration, we restricted the
parameters to lie in the real field IR. We now justify this choice by showing how
the calculations become considerably more involved over C, and afterwards we
suggest a less direct approach to the function F.

Following the analysis of Section 7.2, one might naively attempt to construct
variables 7; that are invariant under g-symmetry, which is the same symmetry
as before but now extended to complex values. Before doing so, however, we
observe that there is an additional requirement on the structure of 7, namely that

it must be real. Suppose we have a finiteness condition of the general form
F=) ¥ =0, (7.76)
1

with ¢; depending on the complex variables (g, 7, x, %, h, h). If (7.76) holds, then so
does its complex conjugate, recalling that g is the only real variable by definition,

F=) g =o. (7.77)

Subtracting (7.76) and (7.77), we find that either ¢; — ¢; = 0 for all i, or g = 0. We

of course select the first option, and therefore the coefficients c; are real, which
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implies that F is real. We refer to this property as Reality R.1,

o7. F(g, «;) is real R.1.
(7.78)
We now try to identify good variables in which to expand F, paying particular
attention to conditions R.1 and g-symmetry, which are the strongest constraints in

this case. The simplest variables one might guess are

1 _ o
I=g¢% Tp=; <Cl(q+q Ytea(@+g 1)) +c2,
) (7.79)

The difficulty with complex variables arises when imposing analyticity A.1. By
treating each complex variable as independent, it is not possible to obtain a simple
expression that is simultaneously non zero and non singular in (g, ). For example,

one might expect an expression of the following form at lowest order,

F = Y& + F4(a1 + arI'r + a3F3), (7.80)

which, when expanded in terms of the old variables, becomes

2 2 1 = 2 7—1 hZ
gzam(alwﬂm(cz(q +1) +a(lqf +47 >>+m <|2r (C3+53qq.1)>)

) 2
k2 ( _ (g +q9 ) +a(?+1 (P
+|2| <€l1C4q+€l2C4( 2(lq1" 149 2) 2] )) + asCy <|2| (csqq T+ 3)))

(7.81)
To eliminate the singular terms, and since the c; are constants, we must impose
¢y = &) = c3 = ¢3 = 0, which contradicts the implications of the reductionism
condition R.2. This singular behavior persists at any loop order. The origin of the
problem can be understood by noticing that the variables are, in analogy with com-
plex analysis or group theoretic language, of degree (i,0) + (0, ). Consequently,
any attempt to use I'y to get rid of the singularity-arising due to the symmetries
works only for certain terms, but not for all of them. One might try to redefine the
variable T4 to have degree (i, i), for instance as (g + %) 7+ %), or to modify the
other variables accordingly, however, this approach is incorrect for two reasons.
First, it does not reduce to the real variables ;, thus violating the reductionism
condition. First, it significantly increases the power of the variables, leading to

higher order corrections already at lowest order, which is not expected. Second,
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and most importantly, it fails to match previous results from the literature, which
at the bootstrap level play a role analogous to experimental validation.

Our situation might appear hopeless, since we do not have good variables
beyond the original ones with which to perform the expansion properly. Even
though this seems to be the case, we show that it is still possible to obtain a
constrained finiteness function F by following a simple prescription.

Before proceeding, we observe a symmetry under which the superpotential WV,
together with its conjugate WV, is invariant. This symmetry was not apparent in
the real case because it is intrinsically tied to the complex nature of the variables.
We refer to it as the Hermitian condition H.1, and now demonstrate its origin. As
is well known, the Leigh Strassler action can be written as

SN_4+/d29W(gi,Xi) +/d29_W(gi,X,-) — 5. (7.82)

Sw

The action is Hermitian, as in almost all physical models, and therefore it is self
conjugate, as is the Lagrangian £ = L. This has direct implications for the path
integral, since Z[g;] = [ D¢D@ e~5*98l ismapped to Z[g;] = [ DD e~5P48l =

Z|[gi]. In terms of observables, this implies (O); = <O> Since observables, or
expectation values, are themselves subject to Reality R.1, this further implies
(O)¢ = (O)g,, and therefore

8. F(g ) = F(g &) H.1.
(7.83)

Procedure for complex variables

The method to obtain the finiteness constraint is simple. First, we treat all
variables as real variables, so that we can expand F in terms of the 7; and impose
all the real conditions on its structure. We then expand the resulting expression in
terms of the original variables g;, still treating them as real. Second, we allow the

original variables to become complex in the following way,
K — (kR)", ¥ — (hh)". (7.84)

This replacement is always valid, since in the real expansion only even powers

of h and «x appear. In fact, this prescription automatically satisfies the Hermi-
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tian condition H.1 discussed in the previous section. The most laborious step,
though not excessively so, concerns the parameter g and its coefficients. We first
decompose ¢/ into all possible combinations of the form Y, _ J cikq'd*, where each
term is, in principle, multiplied by an independent coefficient. We then require
analyticity in the complex variables and allow only non singular terms. Recalling
that the expression must also be invariant under g-symmetry, the coefficients c; ;,
are related, with the precise relations depending on the factor of (x&)" multiplying

each term. For example,
ka1 — (k&) (P + ag’d) C F. (7.85)

After imposing this requirement on all terms in the expansion of F, the analysis is
complete. As an illustration, we now repeat the same exercise carried out before
and verify that the results agree.

This can also be used to check with the calculations in [138], this time not
restricted to real parameters. In fact, the exact result obtained there is

(—4+N?) (-1+4q) (=1+9)
N3
N2 (=947 + (1+q+ ) (1 +7+7)) ) (x7)’g".

_ 20 1., 2
(5(-1+a2(-1+9%+ 756

We now follow the prescription described above. First, we write the expression
for F expected in the real case, which is the same as obtained previously and

which we reproduce here for the reader’s convenience,

(a1 + azy2 + azy3 +agy3) 75, (7.87)

we then expand the invariant variables in terms of the original ones and im-
pose Reality R.1, analyticity A.1, the Hermitian condition H.1, and g-symmetry,
obtaining

a
b @D f e tar) or orT el tal)
] .
' g+ 7 + eqd) + (0T +77) +asg’ 7

We thus see that the number of real parameters increases from (a1, ap, a3, a4) to

(ag,as,¢,c1,c2,¢3), that is, only two additional constants compared with the real
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case. It is possible to adjust (7.88) to fit (7.86) exactly, with the solution

as

1= X ) = —a4, C3= —¢, (7.89)

and one can verify it fits well, as expected.

Integrability

The Yang-Baxter equation for the quantum R-matrix was presented in (6.6)
[150],

We then borrow the results already derived in [111] for the R-matrix of general
deformations of LS-type. We rewrite it here for the reader’s convenience,

1+ g4 — hh 0 0 0 0 —2h 0 2hg 0
0 27 0 1—qq+hh 0 0 0 0 2hg
0 0 29 0 —2h 0 q7+hh—1 0 0
0 qG+hh—1 0 29 0 0 0 0 —2h
R=podors 0 0 217 0 1+qi-hk 0 ~2h 0 0 . (7.90)
2hq 0 0 0 0 24 0 1—qq+hh 0
0 0 1—qq+hh 0 2hq 0 27 0 0
—2h 0 0 0 0 qq+hh—1 0 29 0
0 —2h 0 2hg 0 0 0 0 1+ g7 — hh

Equation (6.7) represents a quantum R-matrix in a general form. We should note
that we are slightly abusing the notation, since the matrix above satisfies the Yang-
Baxter (YB) equation only for specific pairs (g, 1), and it would therefore be more
appropriate to refer to it as the R-matrix only for these pairs. In any case, if (§, /)
satisfies the YB equation, then the model is quantum integrable. The deformed

R-matrix is, in terms of the old one,
R(% l) = R(4,h)~L. (7.91)

This property, namely that the deformed R-matrix can be expressed in terms of the
undeformed R-matrix, also holds in the complex case. It is straightforward to see
that R~! also satisfies the YB equation (6.6) by recalling the definition of R;; [51],

Rp=R®]I, Ry =R1®]I,
Ri3 = PyR1pPy, = Ry = PRy, Pas, (7.92)
Ry =I®R Ry =I®R!

Thus, if (6.6) is satisfied by (7.92), then, by taking the inverse of both sides and
using Pl.]fl = P;j, we also obtain a solution.
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In fact, this can be seen explicitly by making use of the relations in (7.40) and
verifying that they are mapped either to each other or to themselves. We illustrate
this for the second pair, which is the most natural one to consider under inversion,

((1 +p)ein/peim) _ (e_ Lei(m—n)) \:// ((1+x)eiN,xeiM).

I+p° 1+p ety (7.93)
n=—N
1i—pzl—i—x

Heuristic proposals for (real) F

As we saw, the bootstrap+back-of-the-envelope calculations are quite powerful,
but still not enough to understand the general behavior F should have, and one
asks if we can’t go further. Motivated by those questions we remember that
perturbations of the first order contribution to F have further roots (7.40), but only
in the planar limit. Then, in the present Section we follow two heuristic approach
for F:

* We first use a simple ansatz for the coefficients of the planar-limit of 7, and
see if it predicts some of the roots.

¢ We use an ansatz again, but now also bootstrap the planar-limit of the

corrections to F by imposing it to vanish on (7.40).

To approach that problem, we recall the superpotential JV in the form given
in [3], (7.68). We saw there are three cubic interaction vertices, one antisymmetric,
€fabe, and two symmetric ones, h;jxdy and %dm. The terms in the constraint
F that contain « (that is, all terms, since we have seen that ) ; ¢ must vanish in
comparative with }¥; k') necessarily originate from interactions involving these
different vertices.

Then, we stress the total contribution to higher order can be written, strategi-
cally motivated, as

1 2 hZ 0
Fog i (%) Y Ay + O(1/N), o
i=2 :

N

-~

ng,N—)oo

where A is planar perturbation to F, which we called F as in the previous Sections.
A, therefore, starts at order x*. Moreover, A will be expanded in [3] variables,
(1+4),(1—¢q)and h.
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Since the condition 4 = 1,h = 0 make the A vanishes, These requirements
imply that, for any even n,

n

n—k . .
Ay ="y Y Y HC (4 9) (1= ) 6k (7.95)
j 2k=02i=2

Order by order

The coefficients Ci jx are not necessarily correlated, but we make the following
assumptions. As we are going to study the large N limit, we may expect in this
regime the Feynman diagram and loop calculations simplify considerably, because
not only are the relevant contributions of planar order, but also the contractions

4 as one can see for instance in [44],

between d and f become essentially the same
where the authors manipulate different types of contractions (tr(F)?, tr(F?), etc.)
up to sixth order, or by following the appendix of [75]. Furthermore, the possible

interaction vertices are
- -
fabceijk(:bl(:b](P ’ dabchijk(Pl(P](P . (7.96)

As we saw, the first factor corresponds to the (1 + gq) f,; interactions, while the
last factor splits into (1 — g)d. and %dabc, where the factor of 1/3 is compensated,
when counting the Feynman diagrams, by acting on the three terms in tr(¢?). We
can therefore expect that the coefficients in .4, coming from (1 — ¢?) and (1 + g)h
are, at least to some extent, correlated apart from symmetric factors, since from
the point of view of Feynman diagrams the interactions are the same, this was
explored and correctly verified in the first order correction to F.

Since the interactions (1 — g)(1 4 g) and (1 + g)h are the same, one can propose
an ansatz for c to investigate the consequences in .A. Of course, the ansatz must
satisfy certain conditions, and moreover, we should expect to obtain at least a
general formula valid for any order n. Otherwise, .A would be out of control and
we would have no final result.

4The contractions involving an odd number of terms are the same up to a factor of the complex
unit i. However, as we saw, g-symmetry eliminates such terms, and we are left only with even
contractions, which are indeed the same.
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Naive ansatz

We can examine how A behaves after assigning to C different functions of
i,j, k. Of course, the function we assume for c cannot give a zero value in the sum
for any g, x. We can simulate generic functions to see how (7.95) behaves for real
parameters. To illustrate, for n = 6 we have,

Ao = 8 (CSo(1+)*(1 = 92+ C1, (1 = 9)*(1+ 9)* + C4(1 — 9)°)
it (C(+aP+Clf1-q2)  09)
H (L4 ) + G55 (1021 — ) + Cia(1—g)*).

As explained, one part of the present ansatz will be to require C to be symmetric
inhand (1—gq),so

(n) _ ~(n)
ckj},]. = c].,’l?,k.

We assume a splitting property, such that Cy(czll)lex3 = a(xy) d(x1,x3), with b sym-

(7.98)

metric in its indices. The different types of b include exponential functions, power

functions, and constants, combined in various ways,

ag (bé + bé"_i)> , g (iN + (n— i)N), ao((";i;/z), agi(n — i),

d(i,n) = N—32.10
ao (111(2),
(7.99)
and for a(x;), we can assume,
coxy ,  co(xa!)Fl, g2t
Q(XZ) = — . (7100)
N=2,1,0

It is hard to compare how each of them behaves just by looking at the results
themselves, since some of them involve a messy combination of parameters, the
simplest case being the constant one. However, we can compute a contour plot for
each after assigning numerical values ayp = cp = 1 and by = 2, and then compare
the different plots to observe similarities between them. To investigate this, we
simulated values of « varying in a given range, and values of x and g over a range
with integer steps, summing F up to the 20th order in k. We collected the points
for which the modulus of F is less than a specific numerical value, depending on
the marks, as we explicitly show in the graphic that follows. In total, we performed

49 simulations, but there are particular plots that stand out among the others. This
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happens when we have c¢(k) of linear order or higher, with d(i, n) being the first
binomial case in (7.99).

ao k | Binomial 1 ao k* | Binomial 1

T T T T T T T T
15 ‘*‘x ‘x)‘ ] 15 ‘*‘x ‘x}‘ ]
* * * *
* * ] 3 *

B . EREERET . A

LR

2000
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» 1
1 *

* * x\( Xx
L
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Figure 7.2: The black line represents the pairs in (7.40), while the marks in the
graph represent the possible roots. The main marks is X, where the function is
nearly 0.

The points and lines in the graphs represent the one-planar finiteness condi-
tions of (7.51): (9 =—-1,h=1),(q=1,h=0),(g=—-1,h=0),(g=0h=1),
(9 =0,h=—1),q =1+ h, together with another line 4 = 1 — h. The fittings show,
to some extent, a prediction for these one-planar finiteness roots.

As we explained, from all the plots we produced, those that stand out are the
results from a combination of power functions in c(k) with the first combinatorial
case in d (k). We should mention, however, that a similar behavior occurs for any
power function of c(k), excluding the constant case (power = 0), if combined with
this specific combinatorial choice. These combinations capture all the discrete
roots, along with the relation g = 1 4 h for any order in x, but also suggest that
(q,h) = (=1, h) is truly finite for any &, a consequence of the choice for c. Moreover,
the pair (g = h,1 — h) was verified to not be integrable, by making use of the same
techniques in [111] later, which resembles the limitation of the ansatz. In any case,
the others roots were described before, and the coincidence seem to suggest that
the asymptotic behavior of the coefficients should be described by the formula

nti
b; ,c ~ exp(k)( %), as this includes all powers while discarding the constant term.
2

Bootstrap + “more refined” ansatz

Even though the previous approach was suggestive, in that depending on
different combinations of functions we could expect an asymptotic behavior for c,
the oversimplification was perhaps too trivial. Of course, the amplitudes coming

from h and (1 — g) are not completely equal. In that direction, one could try to
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make a better ansatz by noticing that 1 comes from a vertex with all three fields
equal, ¢?, and a better fitting happens when, for each loop resulting from h*", we
include a 2" combinatorial factor compared to (1 — )", as occurs, for example, in

the first-order correction

%2 (cl (2h% 4+ (1 —q)) + %(1 - q)2> , (7.101)
which reduces to the usual expression when c; = 1/2.

This new approach, together with the ansatz, will be essentially different from
the previous one. Instead of guessing a function and selecting those that are more
appropriate, we make use of the finiteness pairs in (7.51) to further restrict the
coefficients by imposing that each of them should vanish when (g, /1) takes any of
the values in (7.51), at each loop order.

We then start with these pair conditions. By imposing the 2" factor explained
above together with the splitting property, and also with the imposition of (7.40)
to be roots of A, and by assuming the same splitting property as before, we obtain
an interesting relations between the coefficients d, while the a coefficients are
independent of each other.

The d coefficients has to satisfy two relations between them

n—2 n—2
donn = — Y don—2-sipns242ii,  Aonpnso = — Y Aon—o_2ion12i+aPis
= = (7.102)

dox =0 dpp=1drs=0,
where « and B are recursive relations,

. . 1
;= o1+ + 2—(1+z), Bi = 8(23+n + 2771). (7.103)

These sequences are not new to the literature. Indeed, the first terms of the
recurrence are

17 65 257 (7.104)

,Z, 8, 16,....

N O1

3
OC—E, — ey ‘B—

The terms in the numerator of a are tabulated in [127], A007583, and are known to
be a type of Lucas sequence, while 8 corresponds to the A092896 sequence. We
can make use of a technique known as the binomial transform, which allows us to

tind an expression for d if we know the inverse sequences of « and B, which are
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known to exist. To summarize, suppose we have a sequence «; that is related to
by
- (]
aj=)y () Bi, (7.105)
i=0 \!
then « and f are related by a binomial transform, and we can straightforwardly

obtain an expression for § in terms of the aj,

B — i (Z) (1), (7.106)

i=0

The fact is that the sequence a, A007583, has a binomial transform, which is
A025192, while the transform of A092896 is A092897. The sequences in (7.104) do
not have the initial terms of the cited sequences, and they are also shifted by factors
of 2, but we can straightforwardly fix this by imposing ¢ = —1 and by noticing
that multiplying all d, ;, by 27 (calling this new sequence u) does not modify the
relations in (7.102) above, since the overall factor of powers of 2 on both sides
will be the same. By doing this, (7.104) reduces to the sequences 3,11,43, ... and
5,17,65, . ... The fact that we are left without the first terms of the cited sequences
is not a problem, and we can find a solution for u in terms of combinatorial factors.

First, we define the rule for the sequence transform of a, namely A025192,
ko(x) = (7.107)

and for A092897,

(7.108)
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then, b is given completely by four relations,

)+ (D (E 1), M=N,
k(Y —1) — (~1)N/2, N=M+2,

b(M,N) = _(_1)i(14rino), 242i=M, 8+4ny—2i = N,
_(_1)1'((M+IN>/4), 242i=M, 6+4ny—2i = N.

(7.109)
For example, A up to 12 order is

WPA+h—q)(14+2h—q)(-1+9)*(=1+h+q)(=1+2h+q)«® <(1 + )% <C2
+(ca (2 + (—1+9)%) +ca(1 + q)z)xz> (7.110)

+co( — 1+ (21 + (=14 q)*)k* + (4h* + 217 (=1 +9)* + (-1 + q)4)x4)>,

with the c; arbitrary.

We see that a first perturbation of any pair (g, h) in the planar limit is, at mini-
mum, of eight order in . This is expected from the literature, where it is known
that the g4, g6 terms vanish [129, 138, 34].

General

In general, only the condition 4 = 1+ p, h = p needs to be imposed at each
order. This can be justified by noticing that it is a function of the type q(h), which is
more complex than just discrete points like (—1,1) or (1,0). For example, suppose
we do not impose vanishing at all orders. Then we have three possibilities. The
first is that, at a specific order 1, the correction is simply zero. The second and
third options mimic what happened before: perhaps it is enough tosetg =1+ p
or h = p to make it vanish, but this is nonsensical since p is a parameter, and
rewriting g and / in terms of p is just a relabeling of parameters. In the end, we
would obtain a term that depends neither on / nor on g, and therefore is a constant,
which necessarily must be zero.

So, either the contribution at that order vanishes, or it vanishes in the specific

combination g = 1 4 h. We adopt the latter approach because, in any case, we can
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impose the constants, such as a4 and ¢ before, to vanish. Moreover, if we wanted to
impose finiteness up to the third order, we could also solve for the specific cases
k*(...) = x%(...) = 0. The fact is that, while this can be done, the constraint is
much weaker. The first correction, of order 8, already allows for six different
solutions, with the coefficients not necessarily correlated among themselves, and
therefore the approach tends to be too broad.

We could, nevertheless, make use of a more precise analysis using the Wick
contraction, which is the correct approach, to seek a relation between amplitudes
involving (1 — g) and k, but this is not done here and is left for later investigation.
Indeed, the previous subsections show that the ansatz method can be iteratively
refined, becoming increasingly rigorous, and that, when combined with bootstrap
techniques, it could perhaps guide us toward a general form of F, at least in the

planar limit.

q-symmetry on states and gauge/gravity

AdS/CFT interpretation

We can also show the invariance under the g-transformation from the super-
gravity point of view by a back-of-the-envelope calculation. For the specific case
considered here, we are going to impose I = 0, since this case is more obscure
from the gravity side. Frolov [63], and Maldacena and Lunin [106], have shown
that deformations such as the B deformation, or more general 7y deformations
involving three parameters (three  deformations), can be interpreted as TsT trans-
formations of the background. These consist of a T-duality applied to a coordinate,
followed by a shift along an isometric coordinate x; — x; 4 yx2, and then another
T-duality along the first coordinate. These transformations, consisting of abelian
T-duality and translations, map supergravity solutions to other supergravity solu-
tions, and [63] showed that they are dual to the LS deformation we are studying
here (again, with i = 0 in this specific case). Moreover, TsT transformations have
been exhaustively applied to several models, with an astonishing level of success
in being dual to general deformations, in some cases integrable [116], [68].

Type IIA and type IIB supergravity models have an action of the form, ignoring
all other fields except the metric and working in the string frame,

1 -2
ssze ¢ /—gR+ ... (7.111)
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Moreover, the Yang-Mills coupling (obtained from the relation e? = g5 = ¢%,,, up
to overall factors) transforms as
4 4 8ym
— M=
EYM T 8YM 1+ (kM) (7.112)
TsT
where M is a determinant of the metric involving the components affected by the
TsT transformation, its precise form is not important for the present discussion.
To connect this with the LS parameter, we assume i1 = 0 and rewrite the

superpotential in a more symmetric form

W =gtr (1 (\agags — ¢a¢2v/d ') ) = Rtr (¢1 (q<p2¢3 - ¢3¢zé)) (7.113)

The new parameters 4 and  are related to x and g by & = x,/g and § = ,/g, and
they transform under the g-symmetry as

i o1
ST (7.114)
q q

(note that 2 = ;). In this notation, the g-symmetry splits into two independent
transformations, with & transforming independently of §, and vice versa. This
therefore provides a more natural notation for writing the objects of the theory,
properly highlighting the g-symmetry (in the same sense as writing irreducible
representations of a group).

We now have four parameters, %, 4, k, and g;, with the first two coming from
the field-theory side and the last two from the supergravity side. By the AdS/CFT
conjecture, we should expect relations among them. The first relation that is
immediately apparent is

i
We are then left with a relation of the form k(§, ). There is no precise derivation
of this relation, as the duality for the general Leigh-Strassler deformation is not
fully understood, but we can make some contact in this direction by using the
transformations (7.112) and (7.114). Under (7.114), 2 is invariant, and therefore
$p in (7.112) remains unchanged. Nevertheless, the parameter k in the context of

the TsT transformation is independent of the coupling®, and therefore one may

SMore precisely, k is an independent parameter that affects the coupling. If k = k(gs), then the
transformed coupling ¢ = ¢o + 4 log (... ) would become an equation for ¢(gs), which would
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expect k = k(7). Following this logic, under the g-symmetry (7.114), k should
transform as k(§) — k(§~!), but constrained in such a way that gy in (7.112)
remains invariant. Consequently, we require k? to be invariant, leading to two

possible transformations,

k(@) = k(@") = —k(7), k(@) = k(@G ") =k(7) (7.116)

We expect the function k(4) to have only a simple root, since the undeformed case
k = 0 corresponds to N =4, that is, 4 = 1, as implied by the above relations. The
antisymmetric case under inversion is harder to constrain, while the second case
is simpler, although a more general function is not known and would require a
series expansion, as in the previous case, and the simplest function that satisfies
the required properties is

ko Ing (7.117)

in which case we choose the first transformation in (7.116). Of course, from this
solution one could obtain infinitely many functions with higher transcendentality
(such as In® g, etc.), but we choose the simplest closed-form solution rather than a
series expansion.

We note that, for the real  deformation, § = exp (% ﬁ) ,and (7.117) implies a

linear relation between the parameters  and k,
B ok (7.118)

Remarkably, this relation is the same as the one expected from the literature [63],
[106], where the proportionality becomes an equality, 8 = k.

7.3 From AdSs to AdSs: TsT deformations, Magnetic
fields and Holographic RG Flows.

Related work by the author

Available on arXiv: https://arxiv.org/abs/2512.24267 [155]

contradict this assumption.


https://arxiv.org/abs/2512.24267
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Introduction

Since the proposal of the AdS/CFT correspondence by Maldacena [107], a lot
of work has been done in trying to generalize this gauge/gravity duality to a
variety of other models, each of them with particular properties. Yet, we hope that,
at the end of the day, these models can somehow be useful to approximate results
from our Standard Model. In that direction, people have proposed new models
and obtained results, generally from the gravity side of the correspondence, to
compare with results known to hold, either numerically or analytically, in the
Standard Model (SM), or more specifically in Quantum Chromodynamics (QCD).
Even if QCD is a theory with fewer symmetries than general SYM models, being
neither supersymmetric nor conformal (though QCD is approximately conformal
in the UV, where quark masses m are negligible), nor integrable (although in
some limits, and by studying amplitudes and form factors, the model shows deep
connections with integrability, see [31], [55], [105]), we can still compare certain
results with those obtained from gauge/gravity duality. Indeed, while it is an
obvious fact that our Standard Model is not N/ = 4 SYM, calculations done in
AdS/CFT settings can still produce values close to real results. A famous example
is the ratio 7 /s of shear viscosity to entropy density, whose value obtained from
holographic calculations in AdS is numerically close to that extracted for the QGP,
see [100].

But a lot of things still need to be implemented, and certainly the supergravity
background obtained from N D3 branes alone [107] is not enough to describe
all properties we expect, in principle, from a QCD-like gauge theory, namely
chiral symmetry breaking, confinement, asymptotic freedom, nontrivial phase
transitions at T # 0 and p # 0, fundamental and antifundamental matter fields,
and so on. Each of the models that follow the AdS/CFT correspondence in the
direction of reproducing QCD is, in some sense, a deformation of the original
model, since the field theory we want to obtain is four dimensional in the end,
so we certainly expect a D3 brane configuration, although with more ingredients
added to it. Even so, different configurations can provide us with insight into the
final gravity background.

For example, [67] and [66] proposed a way to break conformal symmetry on
the gauge side and restore it in the ultraviolet, while at the same time obtaining
a confinement-like behavior, [154], [67]. It is easy to see the relation between
these effects by noting that the Wilson loop is of the area-law type, W ~ exp|[A4],
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which necessarily signals confinement and, consequently, the absence of conformal
symmetry. This can be achieved by introducing, from the gravity point of view,
a hard wall in the model or by allowing a dilaton-like flow, see [39]. Regarding
mass spectra, several models have made considerable advances in showing how
to add flavors, [88], by studying probe branes with N. > Ny in a supergravity
background, or how to obtain the glueball mass spectrum, beyond the fact that
conformal symmetry is also broken through the introduction of a cutoff, either
soft or hard [89], [42]. As another example, if we want chiral symmetry breaking,
it is necessarily true that supersymmetry must be broken, and the simplest way to
do that while generating a quark condensate is to introduce a constant magnetic
field into an already established background with probe branes, for example a
D7 brane as a probe in the D3 brane geometry. Finally, models simulating chiral
symmetry breaking by a condensate have also been proposed in the literature, by
introducing black holes and probes [142], [143], or a constant magnetic field [58],
or even an RG-flow-sensitive dilaton that breaks supersymmetry and conformal
symmetry, while presenting a confining-like behavior and, by introducing probe
branes, chiral symmetry breaking [39]. We also mention that these problems have
been studied from the bottom-up point of view by constructing supergravity or
pure gravity models that display the properties we want in order to mimic QCD.
This approach goes by the name of AdS/QCD, see [52].

In that work we are interested in deforming the model of [58], which is a
simple setup consisting of a D3 brane background with D7 brane probes, inspired
by [88]. The model includes a constant Kalb-Ramond field B, which, as we are
going to explain later, can be equivalently interpreted as a constant magnetic field
B, and, being in the probe approximation, the model breaks supersymmetry. The
magnetic field is responsible for both chiral symmetry breaking and a Zeeman-like
effect in the spectrum. We are interested in knowing whether we can weaken the
constancy of B, and if so, what the effects of a non constant magnetic field are on
the phase structure and on the meson spectrum. To approach this problem, we
deform the model by applying TsT transformations in the directions parallel to
the constant magnetic field on the supergravity side.

We briefly mention that a magnetic field can be consistently incorporated on
the field-theory side without appealing to the probe approximation or interpreting
it as a Kalb-Ramond field. This can be achieved by considering a dyonic black
hole in the bulk. The AdS,4 construction, dual to a d = 3 condensed-matter system,
was presented in [77], and this approach was later extended to AdSs in [48].
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Review of constant B background

This section follows essentially the second section of [58], so familiar reader
with the procedure can skip it.

The near-horizon of the D3-brane background can be shown [107] to consist of
a AdSs x S® metric, with a self-dual F; field strength, with a flux over the sphere
S® proportional to N, and a constant dilaton ¢,
42 3

12
= ﬁ(—dx%—i— Y dx?) + ﬁ(dtﬁ—f—uzdﬂé), FE=dCs+..., ¢ =Ing,,
=1

1=

ds?
(7.119)

L* = 4mg;Na'?,

where ... are terms imposing the F5 = xF5 condition, L is the radius of the space
and ¢ is the dilaton. Throughout this Section we will, however, adopt L = 1 unless

otherwise stated. Also, C4 has the form
Cy = utdx® A dx! A dx® A dx3. (7.120)

We now embed the D7-brane in the background of the D3-branes. To do that, first
we rewrite the radial+sphere part of the metric

1

S0 003+ I + P02, (7121)

3
ds* = (pz + lz> (—dxg+ Y dx?) +
i=1
assuming xo, X1, X2, X3, p, Q)3 to be part of the world-volume of the D7-brane, the
embedding is | = I(p), ® = constant. Therefore, the “pull-back” of the metric is
given by

3
1
2 (20 12\ (_q.2 2 2\ 3.2 1 2342
ds? = (p?+17) ( dx0+§dxl)+—p2+lz(<1+l ) do? +%08).  (7.122)
Moreover, as described in [58], we have to include a constant magnetic field B
with components along x», x3,

B = Hdx, A dxs. (7.123)

We can add such a magnetic field without worrying about whether it is a super-
gravity solution, because since H is constant, B is a pure gauge field and therefore
the field strength vanishes, dB = 0. Since only the field strength appears in the



Chapter 7. Current progress and ongoing work 113

type IIB supergravity equations of motion, this does not affect the solution. We
can now substitute the fields above into the DBI action, also assuming 27t = 1. To
understand why we can purposely confuse the B field with F, it is clear if we pay
attention to the NSNS part of the action, given by

Sns = — i /M 4%¢\/— det(G + B+ a'F), (7.124)
8

as one can see, B 4 F appears as an antisymmetric combination, and this shows
to be true even in the Wess-Zumino term (more on this later). Consequently, if
we only know A3 = Byz + Fp3, we can say F3 = Ajpz is equivalently described by
By = Az, with the last being the interpretation of Clifford et. al [58], where if A
is constant, then a constant magnetic field B; = €1p3F23 is equivalent to a constant
Kalb-Ramond field By3. Then, we can expand to first order in a’ by rewriting the
above as

\/—det(G +B+a'F) = \/— det(E + w'F) = v det Ey/det(1 + «/E-1F)
(7.125)
where E = G + B. Making use of the mathematical relation dete? = e""4, we

approximate y/det(1 +a’c1) =~ 1+ %oc’ trcq,
/
Sns = i [ dev/=detE — X [ V=detEu(EF).  (7:126)

Moreover, the presence of F, B and Cy requires Wess-Zumino (WZ) terms in the
action [120]. These terms take the form (ignoring the pullback symbol)

SWZ — Z/CZ /\eBJrZTUX'F, (7127)
1

where C denotes the formal sum of all R-R potentials, and the Wess—Zumino
term contains only the combinations that remain linear in C after expanding the

exponential. The antisymmetric fields relevant for calculation are
Cs, Co By B, (7.128)

here Cg is an induced charge on D7-brane due to D3, necessary to show consistency
(see [58] for details). In their embedding one has

B, ANBy =0, By ANCq4 =0, (7.129)
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so the Wess—Zumino term is simplified. Keeping terms up to first order in a’ we
obtain

Swz = uy / C(, N By + 06/“117 / C(, N B, (7.130)

and as we are going to show later (similar case in [8]), C4, the magnetic dual of Cy,
is of order &/, and therefore is not present in the action. So, to first order in & is

S:—ﬂ/ﬁ%M—dﬁE+y/CwH%—%/f%V—GMQF

/ (7.131)

— / V= detE tr(E"'F) + pa’ / Co A By,
with the third term being the kinetic term for Cg in the (super)gravity model. As
shown in detail in [58], the equation of motion for the world-volume gauge field A
(with F = dA), obtained from the a’ terms in the action, induces a constraint on the
Cs field. Consequently, the solution of the equation of motion for Cs must satisfy
this constraint. The resulting solution is shown to take the form Cs = f(p, Lo, ¥),
where ¥ is an angle of the S5 sphere.

Once consistency is established for the R-R equation of motion, we can focus
on the leading part of the action coming from the NSNS sector, which is, roughly
speaking, proportional to v/det E. The asymptotic solution for I(p), obtained from
its own equation of motion, takes the form

Wﬁ~m+§. (7.132)

As is standard in the holographic literature [53], [9], [107], the non—normalizable
part of a bulk field near the boundary corresponds to the source of the dual
operator, while the normalizable part corresponds to its vacuum expectation value.
In our case, m plays the role of the quark mass and c is identified with the chiral
condensate,

m~ M, c~ (). (7.133)

[58] showed the relation between m and ¢, and how one can have m = 0 while
¢ # 0, which represents a chiral symmetry breaking by non-perturbative effects
(and not by explicitly breaking it by adding a small mass parameter) [102],

—H? 1

= —.
’ 4m

7.134
I (7.134)

(fyp) = —cH* =

It is possible to obtain the meson spectrum of the model by studying the fluctua-
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tions of the fields in the supergravity model. These fields are the vector potential
A, that represents the gauge field inside the world-volume of the brane, and the
scalars [, @, representing the perpendicular coordinates to the D7-brane. More-
over, scalar meson spectra are obtained by fluctuations of the scalar fields and
fluctuations of the vector perpendicular to the D3-brane. However, just like was
done in [58], we will study the mixing of scalar field fluctuations with the vector
part of the vector fluctuation (along the D3-brane).

In [58] the spectrum was obtained for the weak field, [(p) ~ m + O(H?), from
the equation of motion of Ay73 and @ (® = 0+ P(xg, x1,p)). They obtained a
quantization of the mass to leading order

Mo =2,/ (n+1)(n +2), (7.135)
and a splitting by the magnetic field, just like the Zeeman effect,

H
My = Mo+, (7.136)

The spectrum was also obtained for strong magnetic field, but as we are going to
show later, this is the same for the TsT deformed.

Deformed D3 background

Applying the rules of Appendix B, we can obtain the TsT-transformed NSNS
and RR fields.

NSNS fields

We decided to perform a TsT over x», x3, the coordinates of the “original” B
field. For details, see Appendix B, we obtain that

12+ p?
(14 Hk)? + k2(12 + p?)?’

H +kH? + k(> + p*)?

(1+ Hk)? 4+ k2(I1% + p?)?’
1 1

¢ ot lo8 | G e TR T 2R

G333 — By —

(7.137)

RR fields

The previous section focused primarily on evaluating the effects of the TsT
deformation on the NSNS sector of the model. However, we still need to consider
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the RR part of the action. In fact, this sector can introduce constraints, as dis-
cussed earlier. Although these terms turn out to be irrelevant for obtaining chiral
symmetry breaking, they are important for determining the meson spectrum.

As we know, the D3 brane admits a self-dual Fs form [107], which, together
with the B field, gives rise to a non trivial transformation of the RR fields under TsT
and can even generate new fields. Following [84] and [117] for the transformation

rules, we obtain

Fy=k f{;m], F5 = f5 + k[f5 A bl — k[f5] [x,25] A B (7.138)

where F5, F3, and B are the new, or deformed, fields generated by the transfor-
mation, with B as obtained previously. The notation [A] [xx] simply indicates
a contraction over the coordinates x; and x;. For a more detailed explanation
of (7.138), see [84].

Before proceeding, it is useful to present the explicit form of the RR fields after
the TsT transformation, as they will be needed when studying fluctuations of the
action up to order a'2. The explicit form of the RR fields C can be obtained through
an analysis similar to the one described above, and we again refer to [84] for a
more detailed discussion. Using the formulas provided there, one finds, since
Co = k(ca)23,

Cy=cq4—k (C4)[ ] A B, (7.139)

X2X3

where B is the transformed Kalb Ramond field. Thus,

Cy= ((12 + P2)2 - k(lz + p2)2323) dxo Adxy Adxy N\ dxs,

o (1+ Hk) I? (17 +20?)
£ 2(1% + p?)?

sin(2Y)dp AdB Ada Ad®, Cp = k(1> + p?)2dxo A dx;.

(7.140)
To obtain C,, with * f5 = dC,, one must manipulate the algebra carefully, since
the formulas in [84] do not directly apply to the magnetic duals. The procedure is
as follows. Given the C; form, one has F5 = dC4 + HA Cy + ..., where the ellipsis
indicates the imposition of the self duality condition on Fs.

Finally, one can verify from (7.140) that, in the limit k — 0, the correct values
of C4 and C, are recovered, see [58]. It is worth emphasizing how remarkable this
result is in simplifying calculations. Terms involving C4 do not affect the equations
of motion, while terms involving C4 do. Even more strikingly, the result for C4 is
simply the undeformed value &, multiplied by a very simple factor (1 + Hk), that
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is,
Cy = &4(1 + Hk). (7.141)

To conclude, we compute F5 from (7.140), since if the construction is correct it
should at least be self dual. One can verify that this condition is satisfied,

F=f —i—k[f5 A b]xzxs — k[f5][x2x¢,] AB=dCs+HAGC, —|—dé4 =

2uB du Adxg Adxq Adxa Adxs
(1+ Hk)? + k2u*

2(1+ Hk) ( — cos @ sin® 0 sin(ZI[J)doc/\dﬁ/\dQ/\dCD/\dtp) ,
(7.142)
and it is straightforward to check that 75 = xF5 using the volume form. Moreover,

Fs reduces to the D3 brane flux fs5 in the limit k — 0.

Chiral Symmetry Breaking

To study the effects of deforming the model on chiral symmetry breaking, we
follow the standard procedure from the gravity side. We solve for the embedding
of the probe brane in the background and then examine its asymptotic behavior,
as done in [58] and reviewed above. We work at first order in &/, so we only
consider the v/det E part of the action, together with the dilaton factor e~ %. As a
consequence of the embedding, we assume | = I(p) when solving the equations
of motion. More explicitly, the action is

= —u / d3Fe” v/ —detE (7.143)

where G, B, and ¢ were obtained in (7.137). The matrix E, apart from the usual

terms present in the undeformed case, is given by

. 0 0 0
0 (*+p?) H+kH?+k(I>4p? )
_ (1+Hk)24k2(1>+p?)? (1+Hk)2+k2(12+ 2)2
E - O H+kH2+k(l2+p2)2 (l +p ) e O . (7144)
- (1+HK)2+K2(12+p2)2  (1+Hk)2+k2(124p2)2
0 0 0

Rather than writing the equation of motion explicitly, it is more instructive to
analyze the quantities v/— det E and e~ % separately. They are given by

P VT F TR T TG
(02 +1(0)?)/(1 + Hk)> + K(p 2+l(p)2)2' (7.145)
et = \/(1 +Hk)2 +k2(2 +1(p)?)?,

—detE =
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and, as one can explicitly verify, the factor involving k in the determinant exactly

cancels against the factor coming from the dilaton. In other words, the deformed
action, or equivalently the deformed Lagrangian Ly, is equal to the undeformed
one L to first order in a’. This implies, in particular, that the undeformed and
deformed models share the same equation of motion.

This result is remarkable, because the quantities that determine chiral symme-
try breaking, namely the coefficients m and c, are fixed by the asymptotic behavior
of the solution I(p) to the equation of motion. Since the equations of motion are
identical, the solutions and their asymptotic expansions coincide as well. There-
fore, the results are the same as those obtained in (7.132), with the relation between
m and c given in (7.134). Although this outcome may appear surprising at first,
it admits a natural interpretation from the field theory point of view, which we

postpone for later Sections.

Meson spectrum

To obtain the mesonic spectrum, we need to study the fluctuation solutions of
the equations of motion. This requires allowing terms of order a’? in the action.
However, the calculation is rather lengthy, so for the interested reader we refer to
Appendix C, while the main algebraic steps are presented in Appendix D.

Weak magnetic field

We can now study the meson spectrum. In order to analyze the effect of the
TsT deformation, we compare our results with those previously obtained for the
undeformed case. As in [58], we focus on fluctuations of ® to extract the spectrum.
As follows from (D.37) and (D.43), the corresponding equations must first be
decoupled before the spectrum can be analyzed.

A natural strategy would be the following. To study fluctuations perpendicular
to the magnetic field plane, x( 1, one could first expand the equations to first order
in H and k, and then extract the leading correction to the mass spectrum. To access
the regime of stronger fields, one would instead need to analyze the spectrum
arising from fluctuations along the parallel plane, x 3, since the differential equa-
tion governing fluctuations in the x(; directions becomes highly nontrivial when
higher orders are retained.

Before proceeding we emphasize that fluctuations along the xg; directions
are in fact problematic. This is because a term appearing in the corresponding
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equation of motion diverges in the deformed case as the radial coordinate u? =
p? + L? — 0, whereas in the undeformed background this divergence is absent.
As a consequence, the spectrum associated with these fluctuations is ill-defined
and cannot be reliably obtained. This behavior can be understood by noting that
deforming the magnetic field through a TsT transformation, for a generic value of
the parameter k, effectively introduces a contribution to the background that is
independent of the original constant magnetic field. Indeed, from previous results
one sees that it is possible to take the limit H — 0 while keeping B # 0. Intuitively,
this can be viewed as adding a background with a non constant B field on top of the
original constant B field background. Such non constant magnetic backgrounds
are, in general, not suitable for defining a well behaved meson spectrum.®

To make this issue explicit, we adopt the weak magnetic field approximation,
retaining only terms linear in k and H, while neglecting terms of order H?, k?, kH,

and higher.

® Xo1

From (D.43), we can manipulate the equation and rewrite it in terms of Fy;,

obtaining
1 vdetE _ 1 1 Gr
e?9 e ?9,Fn | + =—=Aa.Fo1 + —5001Fn + =————5A23F,
Y p( GG o 01) G1Gy o0 T Gz Bortort ey ey Aantun
efo ) )
3y (K(p)Bx) (3 ~ )@ = 0,

(7.146)
This is only one of the equations we can obtain, since the other equation vanishes
as a consequence of the A,y .. equation (D.38). For the scalar ®, we find

@470 9 <€_¢OC(8¢)2 V detE
G

B G _
_— 9, G ) Ag1® + ——=— Ay 3D + G () Aa®
mc(a¢)2 4 5 4 > + G (P) 01+ 7 52,3 + Gy (P) Q

G?+B
O (K(p)Bas)Fy = 0
~Vaetpcae (P Bs)fon =0
(7.147)
We now have two parameters to work with, k and H, where k is the deformation
parameter and H is the original magnetic field of the undeformed background. Our

goal is to understand how the deformation parameter k modifies the equations.

®0f course, the dynamics are nonlinear, so this should not be interpreted as a literal superposi-
tion, but the analogy is nevertheless useful.
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We therefore retain only terms linear in k and H in the Kalb—-Ramond field,
B =H+k(p* + L3)~ (7.148)
Moreover, to first order we have K(p) = (1+ Hk)K(p) ~ K(p), with

_ _Rip2 20% + L

K(p) 05— (7.149)
(0> + L§)?
The contribution from e?0 enters at second order, of order O(kH ), and can therefore

be neglected at this stage. We also assume Ly = m + O(H?), which leads to

1 0?
G1:P2+m2, G2:p2+m2, G3:ﬁ’ G4 5 5
wre meEe (7.150)
m
_mZ—l— 5 \/de’cE:p3
With these simplifications, the vector equation reduces to
1 1 1 1
—,(0°9, F —AnFo1 + ———=500,1F01 + ———55023F
0 o(079pFo1) + 2 0zto1 + (21 m2)? 0,1fo1 + (2 +m2) 2,3k01
1 (7.151)
_FBP(K(P)st)(a% — )P =0,
while the scalar equation becomes
1., 1 1
Eap (p apq)) + WAOJCD + WAZ:;CD
| ) (7.152)
+FAQ<I) — mTPSaP(K(p)Bzg)Fm = 0.
We can now decouple the system by introducing the combinations
¢p+ = Fpn £ mPP, (7.153)

where P = (—92 + 9%)1/2. This leads to

1 1 1 1 1
<p33p(p3ap) + mAm + mﬂm + ?AQ ¥ pgap(K(p)BB)P) ¢+ =0.

(7.154)
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Denoting by O’fzo the differential operator in (7.154) evaluated at k = 0, the
equation can be written as

(OI{—O + 4E—;”P) ot =0. (7.155)

To solve this equation we follow exactly the same ansatz used in [58]. Remarkably,
the same ansatz remains valid in the present linearized case,

Pr =1+ (p)e—i%xoﬁﬁxl. (7.156)

The equation then reduces to

1 1 4Hm 4km
—0,(0°91+) + ———55Mint F ———5= My + ——Miys = 0.
03 p (0791 (02 + m2)2 T ()3 pz
(7.157)
By splitting #+ = 1o &+ Hyy £ ki and My = Mo += HM; £ kM, and then adding
and subtracting the two differential equations obtained previously, we arrive at

three independent differential equations, corresponding to the orders 1, H, and k,

1 3 5
Eap(P dptfo) + mMoﬂo =0,
H 3 > 4Hm
EBP(P aprll) + m <M0H771 + 2HM0M1770> - mMoﬂo = 0,
k 1 4km
Eap (0°9p112) + O+ m2)? (M%kﬂz + 2kM0M2770> + 71\40170 =0.
(7.158)

We solve these equations in the order presented. The first equation is standard,
and its solution is given in terms of a Gauss hypergeometric function, exactly as
expected from [58]. Imposing normalizability at infinity leads to a quantization
condition on the parameter M),

- 2 2
/—m2+M% ) ) m—A /21::1 +Mj
m <m + Y ) X

o = m
2F1 ’r~ /1_—1_1__ 7 )
2m 2 2m m m?

Mo =2,/ (n+1)(n +2).

1+
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To solve the second equation in (7.158), we substitute the solution for 79, specializ-
ing in the simplest case n = 0. Requiring regularity at o = 0 yields a perturbative
solution for M7, which is well behaved,

M; = —. (7.160)
m
As a result, the mass spectrum becomes My = My + I + ..., reproducing the
Zeeman splitting discussed in [58].

The difficulty arises in the third equation of (7.158). Substituting the values
of My and M;, again for n = 0, the full solution is highly nontrivial. Instead,
we focus directly on the behavior of the equation near p = 0. In this limit, the
asymptotic solution of the differential equation takes the form

22 m7/? <m3/2—|—\/2m—|— M, oY (M»
V2 VMoo { (7.161)

(2m + V2My)p? ’

M2 &=
which is ill defined and diverges as p — 0. Even if one substitutes M, = —27"%
directly into the differential equation, a divergent contribution remains and cannot
be eliminated. This unavoidable divergence originates from the ~ k/p® term in
the equation of motion, which persists at any order in H and k.

As a consequence, the meson spectrum associated with fluctuations along the
xo,1 directions is not well defined, since no finite and normalizable solution exists.
As anticipated at the beginning of this section, we therefore turn to the analysis of
fluctuations along the plane parallel to the magnetic field, where the effects of the

TsT deformation turn out to be trivial.

Strong magnetic field

To evaluate the effects of the deformation in the strong magnetic field regime,
we follow the approach of [58] and study fluctuations not in the xo, x; plane,
but instead along the x;, x3 directions. This case might be expected to be more
interesting, since it is precisely this plane that undergoes the TsT deformation, and
one might therefore anticipate nontrivial effects. However, as will become clear
from the following analysis, we find a rather surprising result: the TsT deformation
has no effect on the meson spectrum associated with fluctuations in the plane

parallel to the deformation, even in the strong magnetic field regime. In fact,
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this statement holds for arbitrary values of H and k, since, as we will show, no
expansion is required.

[} x2,3

Since the TsT deformation along dx3 + dx3 preserves the isometries associated
with these coordinates, we can Fourier expand the fluctuation ® into a radial

function, a plane wave, and a spherical harmonic on the S3, following [58],

®(p) = h(p)e'™Y;(S3). (7.162)

Substituting this ansatz into (7.147), we obtain

efo ~ 2+v/detE G
- (0¢)> VHUEL L 2 2
G (c c. aph> t R
v N (7.163)
G+ 1)h — —5——3,(K(0)Ba3)Fyp = 0,
+4(+) mp((p)ﬂ%)(ﬂ
while from (7.146) we obtain
1 vdetE 1
Pog ~%09,Fy | + Aa.For + =001 F
e e
detE p( G1G3 P 01) G1Gy 701 G% 01701 (7.164)
Gy
+—"—Ar3Fy = 0.
Gic3 + 89

We immediately see that Fy; = 0 is a solution of this sourceless equation. As a
result, the remaining equation reduces to a single differential equation for a scalar
function depending only on the radial coordinate,

z
\/WeEOC(aWa" <e—¢oc(3¢)2 \/?;eﬁapo + GZC—;FZ 22 M+ G+ 2)h = 0. (7.165)

The terms G; are

2 2 ”
) 2 . Y +1 o 1+1
Gl =p +1 ’ G2 - (1+Hk)2+k2(p2+12)2’ 3= p2+12’
, - (7.166)
Goi= L clo—_—
p2+12 12+p2

After substituting these expressions into (7.165), similarly as in the chiral sym-
metry case, e ?v/det E cancels the k contribution. Moreover, upon algebraic
manipulation, each term in the equation becomes independent of the deformation
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parameter k. Consequently, the final differential equation is exactly identical to
the one obtained in [58]. This cancellation arises because the TsT deformation
enters the metric, the dilaton, and the open string data through the same algebraic
combination. As a result, the solution is not affected by the deformation, and the
corresponding meson spectrum remains unchanged, and the mass quantization is
the one obtained in [58],

M =2my/(n+1+1)(n+1+2) (7.167)

Field-theory interpretation

We summarize here the main results of the effect of TsT deforming the model,
which has two major implications for the spectrum of the mesonic fluctuations,

* The fluctuations over x(; are sensitive to the deformation, and the TsT

completely removes these massive operators.

¢ The fluctuations over x; 3 generate the same spectrum at any order, and are

insensitive to the TsT deformation.

As discussed in the subsection above on chiral symmetry breaking, the TsT
effect near the horizon of AdSs is negligible, in the sense that it reduces to the
original model as we take the limit [ + p> — 0, and moreover after a shift
¢ — ¢ + Hk, which is always allowed. Let’s make this more explicit. In the
p? + I — 0 limit, the NSNS fields of the background reduces to, after assuming k
as a perturbation and H small (which is not necessary, but it is easier to understand
the dual field behavior),

12_|_ 2
ds = (1+Hk§z+kg()12+p2)2(dx§+dx§) — (P+p*)dx3+dx3)+...,
H+kH? 4+ k(I +p?)?) dxo N d
B:( + + ( +10)) X2 X3 (H+k(lz+p2)2)dX2/\dX3—|—“.,

(1+ Hk)? + k(1% 4 p?)?
— g0+ 21 !
Pt 8 | A HRE T R(2 + 22

1
; ¢0—§k2(12+p2)2+....
(7.168)
For the UV limit I2 + p> — oo the situation is less immediate. The NSNS fields
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behave as Near the boundary, the same approximation yields

1 2 2
dS — 7k2(12—|—p2) (de+dX3) + ey

H+kH? + k(12 + p*)?) dxy A d
:( * - ( +p)) 2 - l_li dxo Ndxz + ...,
(1+ Hk)? + k2(12 4 p?)? K B
— g+ 510 . s g0+ slog | |
(P_(PO 2 & (1+Hk)2_|_k2(12 +p2)2 (PO 2 24 k2(12+p2)2 ey

(7.169)
where u? = % + p?.

The fact that the near-horizon region of the deformed background coincides
with the undeformed background explains why chiral symmetry breaking in the
dual field theory is preserved and independent of the deformation parameter k.
This is consistent with the expectations from field theory calculations, since chiral
symmetry breaking is an infrared phenomenon.

When moving away from the horizon, the small H and small k regime shows
that the first nontrivial perturbation appears only in the B field, which ceases to be
constant. Consequently, its interpretation as a magnetic field becomes less clear,
and one may reconsider the regime in which B can be consistently interpreted as a
constant magnetic field. As shown above, both near the boundary and near the
horizon the B field approaches a constant value. Therefore, in these asymptotic
limits the model is expected to describe a constant magnetic field rather than a
dynamical Kalb-Ramond field.

Since the metric is already written in Fefferman-Graham coordinates [56], we
can immediately see that the boundary metric is degenerate. Indeed, the metric
takes the form (with v=2 = [2 + p?)

ds® = ;—2 (dz2 + 8ij(x,z) dxidxj> , (7.170)

where, to zeroth order in z, we have g = ¢33 = 0. Therefore, the boundary metric
¢ is degenerate,
g (x) = diag(1,1,0,0). (7.171)

Furthermore, the metric written above resembles a non-isotropic Lifshitz-like
geometry [87], though strictly speaking it is not a Lifshitz, since the time x( scales
as the coordinates coordinate 1, which are the asymptotically the coordinates of
the boundary field theory. This can be seen from the invariance of the metric under
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the anisotropic scaling
v— Av, xg1 — Axg1, X23 — )lezl_o,. (7.172)

In this case, the dynamical critical exponent is z = 17 but the spatial directions x; 3
scale differently from xg ;. This behavior reveals a hierarchy of symmetry breaking
in the model: Lorentz invariance is preserved only in the (xo, x1) subspace, while
scale invariance is broken in an anisotropic way. This chain of broken symmetries

is summarized schematically in Fig.7.3.

D3-brane D3+4+D7-probe Constant magnetic field B TsT deformed background

& & & & L

= e, 2, .

B(p}
=

|
|
|
|
|
|
|
|
O O

¢ ad >

3U(2,2|4)+fermionic 30(31} + N = 2 susy F0(1,1) x 30(2) 30(1,1) x 30(2} + broken scale

Figure 7.3: Sequence of deformations of the original model and the corresponding
loss of symmetries.

The breaking of the SO(4) symmetry of the D3-brane (SO(3,1) after Wick
rotation) down to SO(2) x SO(2) could, a priori, be attributed to the undeformed
model, with By3 being responsible for the breaking of the isometry, as illustrated
in Fig.7.3 and as explained in [58]. Here, however, this isometry breaking acts
together with a breaking of scale invariance. As a consequence, while Lorentz
symmetry is preserved on the boundary spanned by x 1, with the usual scaling
u,xp1 — Au,Axq1, the fluctuations of the metric along x;3 is invariant under
the anisotropic scaling (7.172). The paper [37] has made progress in studying
generalizations of this anisotropic behavior as solutions of Einstein-Proca theory,
that is, gravity coupled to a massive spin-1 vector field, although the present case
does not fit directly into the class of solutions studied there.

The B field breaks the global spacetime symmetry SO(3,1) rather than an

7z is the parameter that determines how the time coordinate scales relative to the spatial

coordinates in Lifshitz geometries, where z # 1.
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internal symmetry. Combined with the anisotropic structure of the background,
this makes it difficult to construct an effective UV action that reproduces all
expected operators and symmetries. Nevertheless, one may still infer certain
general features that such terms must possess from the point of view of the
remaining global symmetries. Moreover, the difficulty is not only due to this
explicit breaking of spacetime symmetries: the presence of a non-pure gauge
and p-dependent B field suggests, as conjectured in [147] and [106], that the
supergravity background may be dual to a non-commutative field theory, as
previously explained in the first work of this Section, 7.2.

Indeed, [147] showed that configurations involving a constant Kalb-Ramond
field B, and hence open strings ending on D-branes, can be interpreted in terms of
a non-commutative field theory, where operators are multiplied using a deformed
product. See also [106] and [63] for generalizations to non-constant B fields and TsT-
deformed supergravity backgrounds. In this framework, the usual commutative

product of operators is promoted to the non-commutative x-product [38],
i
A(x)-B(x) — A(x)xB(x) ~ A(x) B(x)+5079;A9;B, (7.173)

and the relevant quantities on the non-commutative gauge theory side are the
non-commutativity parameter 6, the open-string metric G, and the open-string

coupling g,. These are related to the supergravity background through [147], [7],
[6]

Gij = —(2ma')*(Bg 'B)T, 67 = (BT, g =g (detG) Y
detg

The relation between TsT deformations (or, more generally, deformations of N =
4 SYM) and non-commutative field theories has been known for a long time;
see, for example, [22] and [43]. Moreover, the fact that the boundary metric is
degenerate, and therefore exhibits a nontrivial relation to dipole non-commutative
tield theories, has also been discussed in a similar context in [21]. This provides
further support for the interpretation presented here, although a more detailed

analysis is left for future work.
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TsT transformation gauge/gravity mapping

Gravity
TsT of D3 (D7)
D3 (D7), with degenerated boundary metrie,
B — H magnetic field. perturbative g, — 0,
B — % magnetic field.
Local theory, massive Defect theory deformed
operators witk; vector in- . by irrel‘ev&nt operatmjs,
dices running in $0(2,1) masswe‘ INESONLC oper&tor‘s with vector
I— &nisotropi;, i running though spacelike SCH2),
! non-susy, snisotropic scaling
Gauge o (energy scale)

Non-commutative regime (B warying), non-locsl feld theory.

Figure 7.4: The TsT deforming of the D3-D7 + H constant [58] model in different
regime of energies.

We stress one important fact: As discussed, near the horizon the supergravity
background reduces to the undeformed case, and this automatically translates
to the IR of the field theory being intact by the deformation. Moreover, what is
perhaps obvious from the just given information, though is going to be useful
later, is that the near-horizon region of this model is not degenerate. Then, the
deformed model shares an irrelevant behavior from the RG flow point of view, it
is non-local and present defects terms on the Lagrangian since the boundary goes
like ~ (#d:‘c’zg + uzda_c’(),l) , and therefore the preserved isometric® subgroup of the
conformal symmetry SO(4, 2) is SO(2, 2).

Moreover, the coupling is constant asymptotically in both limits, though with
different constant values, and C,4 are only known from their constant charge,
which translate in the dimension of the gauge group Ny, Ns.

Nj is trivially obtained by integrating xFs, which in the present background
gives

IN3| = (1+ Hk)Q5, (7.175)

the Ny, nevertheless, is less trivial. The equation of motion in type IIB supergravity
give us the correct conserve Flux to be integrate,

d(F;+BAFR) =0, (7.176)
which can be integrated over the specific cycles to obtain Qy,,

IN| = 4H A»3Qs. (7.177)

8A symmetry of the metric only, since ¢(u) breaks the scale invariance of x 1 , at large u.
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The conserved combination of flux involving Hj is given by d(e 2?H; + Co A F5) =
0. Remarkably, in our background this specific combination of form fields vanishes
identically. As a consequence, the associated flux is zero, and the presence of
H = dB in the dual field theory manifests itself purely through the non locality of
operator interactions.

Therefore, the present supergravity model is dual to a field theory with
anisotropic scaling, which coincides with A/ = 4 in the IR. The theory is deformed
both by the explicit insertion of defect operators and by deforming existing terms
in £ \r—4 through their promotion to non local interactions, and it flows asymptoti-
cally to a weakly coupled, gs — 0, AdS; x S° regime. From the energy flow point
of view, the gauge group is always SU(N;) x SU(N3), and the internal symmetry
SU(4) is preserved in the flow, but supersymmetry is broken and the spacetime
symmetry of the model is reduced from SO(4,2) to the isometry group SO(2,2).
Even though the SO(2,2) group isometry is suggesting a possible conformal sym-
metry, the dilaton ¢(u) breaks the scale invariance of the near boundary AdSs,
that would otherwise be present in the IR.

Finally, we emphasize that the IR limit of the field theory is precisely that of
the d = 4, N = 4 super Yang Mills theory; this flow appears to be driven by defect
operators which are irrelevant.

D1 + magnetic field background

Throughout the whole analysis of the last Section, we have neglected the
fact that the theory points to a special value for the parameter k, and therefore
we address this issue in the present Section. Indeed, (7.140), (7.137), and even
the explicit form of K(p) make it clear that there exists a specific value for the

deformation parameter as a function of the magnetic field magnitude,

k= - (7.178)
Equation (7.178) is far from a generic or meaningless result. In fact, one imme-
diately notices that, if (7.178) holds, the function K(p) vanishes identically. As
a consequence, the ill-defined term that appears in the equations of motion for
fluctuations perpendicular to the magnetic field disappears. This makes it pos-
sible to study these fluctuations consistently again, and potentially to obtain a
well-defined meson spectrum in this sector. Moreover, equation (7.178) has sev-

eral additional implications, but for the moment we focus only on the two main
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physical aspects, namely chiral symmetry breaking and the hadronic spectrum.

Chiral symmetry breaking

The chiral symmetry breaking calculated before can be straightforwardly re-
peated here, since we can simply substitute (7.178) into the calculations performed
there, and the implications are the same as before: the model exhibits chiral symme-
try breaking. This time, however, one can directly relate it to the TsT deformation

parameter,
- 1
(Pyp) ~ H> = 7 (7.179)

Then, there is a double interpretation in the present model, since we may interpret
the magnetic field as H = —%, or instead the TsT parameter as k = —%. Both
points of view are valid, although, following the logic of the calculation, the latter
interpretation is more appropriate.

The transformation of the NSNS fields, for the special value (7.178), is

2

Gt (7.180)

Gz — B3 -+ —H, ¢ — ¢o+log {

el

and therefore det E and e? becomes

= detE = pP Y H+ (0 +1(p)?)*) V1 + ((p))?

—¢o
- & 24 2y
(P2 +1(p)?)? e g e

(7.181)
However, one should worry about the divergence of gs = ¢? in the near horizon
scale, as quantum corrections are non-suppressed. Therefore, a classical approach
can not be the appropriate regime to be used near the horizon. While this is
true, we postpone the discussion for later Section, and for the moment we just
assume this solution is valid even under quantum corrections, in order to study

its features.

Meson spectrum

The meson spectrum resulting from fluctuations over x; 3 is the same as in
the case of Strong magnetic field, since the overall effects of the TsT deformation
cancel among themselves, and therefore we obtain the same result as before.

More interestingly, the fluctuations over the perpendicular plane deserve closer
attention. The differential equation for the scalar mesons is the same as in the
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previous Section, but we rewrite it here for the reader’s convenience,

e o A(ag)2 Vet E

Vdet£C ’ (7.182)
$o
+G 1 (0) A0 ® — map(K(P)BZB)PM =0.
We recall that
K(p) = (1+ Hk)K(p), (7.183)

and therefore (7.178) implies K(p) = 0.

We are going to assume the weak magnetic field limit, which in the present
case, one should interpret as a large k TsT parameter.

The meson spectrum associated with these fluctuations is straightforward to
understand by looking at the differential equation. The linear term in H appearing
in (7.182) vanishes, and therefore the leading correction to the mass spectrum
arises only at order H2. As discussed in the previous Sections, however, this
order is technically difficult to analyze, since the embedding function /(p) is no
longer constant. At this stage, the only robust conclusion we can draw is that,
for k = —%, the effects of the deformation on the mass spectrum arising from
fluctuations along the x(; directions are increased to order H>.

Then, the simply conclusion from the discussion is that, for the mass spectrum

over Xxoi,

Mmn =2\/(n+1)(n—|—2) + O(H?). (7.184)

Field theory

To understand the field theory dual to the present supergravity background it
is useful to go back to the configuration involving only the D3-brane together with
a constant magnetic field. In this case, using the usual coordinates u? = > + p?,
the deformed background takes the form

1,1 H

ds? = u?(—dx3 4 dx?) + ﬁ(k_z (dx% + dx%) + du? +utd03), ¢ = o+ log 2
!

B = —H, C(z) - _E/

(7.185)

where both C4 and its magnetic dual vanish, as can be seen directly from the
deformed expressions in (7.57), and consequently Fs also vanishes. This represents
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a surprising simplification of the configuration. The vanishing of C4 and F5 means
that there is no D3-brane charge present. Therefore, the specific value of the TsT
parameter k in (7.178) is special precisely because it removes the original D3-brane
content of the background.

One can understand this perspective by evaluating the Wess-Zumino part of
the brane action, as we did in the previous sections for the general k value. Indeed,
since [58] one can “properly confuses itself” to attribute the value of F either to
F,p or to B, we can assume Fy, = 0 (not being too strict about the equation of

motion for F, as we did before) as B is constant, and then the WZ terms are

1
C4+CAB+ ECOB A B C Swz. (7.186)
D3
The last term vanishes, since B2 = 0 for the present B field. Then, we see the
magnetic field induces a C; charge in D3, which can be effectively described as a
D; brane when B = —k~ 1.
It is also straightforward to see that the resulting supergravity background

does not preserve supersymmetry. Indeed, the dilatino variation reads

1 e? 1
oA =3 (V”MJ +5 7”°1Fu0101> e~ (ruTt =" o)e,  (787)

which does not vanish for any nontrivial Killing spinor €, since u is spacelike and
the two terms don’t have the same power of u, not allowing for a cancellation
of the coefficients. Consequently, this special TsT deformation breaks all the
supersymmetry of the original D3-brane background.

The fact that the configuration now contains only a B; field and a C; field
suggests that the spacetime is sourced by a nontrivial bound state involving D1,
F1. To identify the relevant charges more precisely, we can compute the fluxes of
the RR fields. The three-form field strength is

413

F = T dx® A dxt A du, (7.188)

with Hodge dual
F, = — xF3 = 4H sin* ¢ sin® B sin 0 cos 8 dx* Adx® Adyp AdB Ada Adg A db.

(7.189)
The flux of F;, namely f *F7, is independent of the radial coordinate and is there-
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fore not useful for charge quantization in this case. On the other hand, F; leads to a
simple, radially independent flux [ xF3, which can be straightforwardly quantized.
We stress, before calculating the flux, that the existence of different definitions for
brane charges, some quantized but not gauge-invariant while others the other way
around [112], is not something we need to worry in the present background, as
H3 = 0, F5 = 0 and the charges turns out to be the same, Qnjax = Qpageg.

The D1-brane charge is

Qp, = — /*F3 =4H Ap (s, (7.190)

where Ajj is the area of x; 3 plane with flux through it, and ()5 denotes the volume
of the five-sphere. We see, moreover, the quantity of Nj is the same as for a generic
value of k.

In the end, we are left with a D1-brane background together with a constant
Kalb-Ramond field, which can again be interpreted as a magnetic field. In this
sense, the construction closes consistently, recovering a configuration with a
magnetic field but with a completely different origin.

Finally, it is worth emphasizing a subtle but important point about the de-
formed background. In general, a deformation necessarily preserves some infor-
mation about the original background, since it is constructed from it. At first sight,
it may seem contradictory that the final configuration no longer resembles the
original D3-brane geometry. The resolution of this apparent paradox becomes
clear once one reuses dimensionful coordinates in the background, where informa-

tion of the original D3-brane scale reappears implicitly through the deformation

parameters.
We recall that we set L3 = 1, but restoring dimensions the background can be
written as
2 _ W 2 2 L 2 o L s 2
ds == ?<—de + dxl) + W(dxz + dX3) + ﬁdu + leQ ’
! (7.191)
HL? 1 ut
¢:¢0+10g?, B = E, C(2) :kf‘%/
where L is the radius of the deformed background, with dimensions [L1] = —1.

9We thank prof Carlos Nufiez for pointing that.
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We can determine L by relating it to the number of D1-branes, obtaining

) 213 ’ P (7.192)
4H 1 A5 A23Q5 ’

where we are ignoring the volume factor resulting from integrating S°, etc. We
also recall that the S° part of the metric is undeformed, and by consistency we

must have
Ly = Ls, (7.193)

and we know that,
Lt = 4mg{ V2| N3 | (=0), (7.194)

where k = 0 is to remind the reader that the flux of F5s was computed before the
TsT deformation together with the condition k = —{;, and should not be confused
with an actual flux in the present background. Combining (7.192), (7.193), and
(7.194), we obtain

167Tgs(O)HA23Q506'2N§k:0) _ 16m*HA»3N; 1

_ (k=0)
N = (27-()6g§0)“/3 - 64700’ 412 7 H A2|N3 =
N _AxpH
N; 4m2a”
(7.195)

Therefore, the information from the initial background is not completely lost.
Equation (7.195) is interesting by itself, since it shows that the number of D1-
branes is proportional to the number of D3-branes in the original background.
One notice an interesting point, that we are going to discuss more about later: if
we compactified Ap3 over a torus with radius Ry = Ry = Va!, then (7.195) reduces
to a simple relation without any numerical factor, %1 = H.

It is interesting to study the different limits of the supergravity background
(7.185), but with caution, since limits in general do not commute.

Near boundary
Near the boundary, or equivalently in the UV of the field theory, as u — oo,
and writing ¢; = e?, the background behaves as

2
ds® ~ u?(—dx3 + dx?) + duiz +d0Z, ¢ —0, B= 1 Cy — o0. (7.196)

E/
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The metric is effectively eight-dimensional because we have discarded the degen-
erate directions at the boundary. More precisely, the behavior is similar to what
was found in the previous Section, where the boundary metric is degenerate. In
the present case, however, since B is constant, the dual field theory remains local,
and there is no need to worry about non-locality associated with non-commutative
effects. The degeneracy of the boundary indicates instead that we are deforming
the N' = 4 theory by introducing defect operators. The boundary geometry is
AdS; x S°.

Since the SO(6) symmetry is preserved, while the dilaton exhibits a nontrivial
flow, one can point out similarities between the present background and Janus-like
configurations [10], as well as with the Constable-Myers background [120].

The fact that the theory is asymptotically AdSs, together with the vanishing of
the coupling, suggests the following UV interpretation:

d = 2 effective field theory, non-supersymmetric,

with SO(2,2) global symmetry, gauge group SU(Nj), and internal symmetry SU (4).
(7.197)

Near horizon

To study the IR behavior, we move toward the horizon u — 0, where the
background becomes

1.1 1
2
ds® = E(ﬁ (dx% + dx%) +du® + u2d0§), gs — 00, B= o

C,— 0.  (7.198)
After rescaling the coordinates x; 3, the metric can be brought to a more familiar
form. The Kalb-Ramond field is rescaled accordingly but remains constant. In this
limit, the coupling diverges as we explained in the beginning of the section.
Near the horizon, the geometry approaches EAdS; x S°, where EAdS denotes
Euclidean AdS, or hyperbolic space. Consequently, the IR interpretation of the

field theory is

d = 2 effective field theory, non-supersymmetric,

with global SO(3,1), gauge group SU(N7), and internal symmetry SU(4).
(7.199)
It is interesting how the gauge group and the internal symmetry is preserved in

the energy flow.
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What is perhaps more surprising is that, as we explained before, the TsT
deformation is in most cases dual to an irrelevant operator. This can be easily
seen by taking the limit k — 0 in the deformed supergravity background without
imposing k = — %, which results in the undeformed AdSs x S°, as we have shown.
However, if one proceeds in the opposite order and chooses the special value

before taking any limit, the deformed contribution to the x; 3 part of the metric,

dsBL? = %%(dx% + dx3), (7.200)
is non-perturbative, that is, we can’t write ds,; ~ ds?® + k26ds?, which is generally
possible by taking the k — 0 or u — 0 limit. Therefore, the field theory is perturbed
by operators whose quantum effects show to be non-perturbative in the IR and
in the k parameter. This is why the IR of the field is effectively x( 1, since the
contributions form the deformation blows up at that energy. At the same time,
at UV the theory is effectively x_ 3, and not CFT4. Consequently, it is hard to
describe the effective field theory completely in terms of deformed operators in
the V' = 4, but rather it is better to understand it as really a non-isotropic flow.
We emphasize that supersymmetry is not recovered in any asymptotic limit.
We recall that the original model was AdSs x S° + B, and therefore the deformation
acts as a defect in the dual field theory. This happens because the original model
lives effectively in d = 10, while the deformed model becomes degenerate and
effectively d = 8 in certain limits. We stress that even though the two opposite
limits can be described by a d = 8 model, the region interpolating between those
limits is still genuinely d = 10. Moreover, the effective d = 8 description involves
two distinct sets of non-spherical coordinates, one timelike, (u, xg, x1), and the

other spacelike, (u, x5, x3), but only the first case is truly understandable classically.

Analytical continuation perspective

Finally, we notice a dual interpretation for the model if we Analytic contin-
uated x; 3 to complex values, or alternatively Wick-rotate x 1, both limits of the
background appear to be AdS; x S°. Then it is easier to understand how the
tield theory behaves as energy flows. Although B and C; are not the same in
these cases, and therefore the backgrounds are different, we observe that B can
always be gauged away and that C, is known, from the field-theory point of view,
only through its color factor. As a result, we can have two possible symmetry
interpretations at the asymptotic limits, which do not interpolate as in the previous
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case,
SU(N;) gauge group with isometry AdS; x S°, (7.201)
SU(iN;) gauge group with isometry EAdS; x S°, .
since C; has components over x( 1, and the gauge group comes from integrating
*dCy. We can obtain this as a direct consequence of the first case in (7.201), which is
obtained by analytically continuing x, — ixp, while the last is for the continuation
xg — ixg. The first case is better to understand the gauge field, while the second is
easier to understand from the supergravity side, as we are going to show.
The appearance of EAdS and continuous groups with ill defined rank, such as
a negative or complex value, are concepts present in the domain-wall/cosmology
correspondence [115], [114], where amplitudes from a pseudo-QFT (the reason
for pseudo is obvious, once you realize the complex rank for the group) in a 3d
tield theory is obtained by analytically continuation an Euclidean field theory in
a Domain-Wal. However, we should mention the analytical continuation in the
works cited involves also the radial coordinate, where it is analytically continued

to r — it, such that the RG flow can be understood as a time evolution. Then, to

be more precise, at IR we would have after changing du/u = —dz;,
2 o 0 2
dS = Ll (d21 + k_z(de -+ dx:)’)) (7202)

while at UV, changing instead du/u = dz,,
1
ds? =12 (dz% + 6222F(dx% + dx%)) . (7.203)
1

We have a non-isotropic flow, running between two perpendicular domain wall,
one over xp 3 in the IR, and the other over x(; in the UV, with the domain-wall
being defects on the field theory point of view (which is hard to understand, due

to the complexity nature of the gauge group), see Figure 7.5.
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Zp,1

2.3

EAdS;

EAdS,

T

Figure 7.5: The background as the radius coordinates increases, the planes repre-
senting the spacelike domain-walls.

It is easier to understand the model from the field theory point of view by
analyzing the first case of (7.201), where the QFT is well defined since the group
rank is real. In this choice, the asymptotic theories along the RG flow are SO(2,2),
d = 2 and SO(2,2), d = 2, with the dilaton running breaking the conformal

symmetry in both limits, and the flow anisotropic.

Supergravity approximation

Despite the calculations from last sections, one should take the divergence
involving ¢ more seriously. Indeed, while a divergence of the type ¢ — —oo is not
a problem, as it is equivalent to g; — 0, a divergence ¢ — oo is more dangerous,
as in that case we are in a strong coupling supergravity, gs — oo, regime or even a
string theory itself limit.

To verify this, we calculate terms relevant to the deviation of the first order
supergravity action. For example, R, R,y R*" and R”VPURHVW. However, the frame
we are working on is the string frame, while those curvature quantities are properly
defined in the Einstein frame.

We follow the rules and conventions defined in the nicely written paper [162]
to go to the Einstein frame. The transformations are quite simple, since all fields
(NS-NS and RR) vanish except for F3 and ¢. The Einstein metric can be obtained
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as

272 2
i(dxz +dx3) + L e + L2d02
2 3 12 1 5 )7

2
ds% = e*Tdsé = \/MEL <Z%(—dx% —|—dx%) + Huz
(7.204)
and since F5 = F; = 0, we just need to worry about the transformation of the axion-
dilaton T and the Gj3 field, where for H; = dB = 0 is simply T = ie ¢, G5 = F;.
From [162], the rules for these fields involves only 4)010, which can always be
chosen to be 0, and then the mapping is trivial for the present specific case.

2vH

In the Einstein frame the Ricci scalar calculated is R = — Lf , but this is

expected since it is now a mixing of Rg and ¢s. Indeed, when we combine it
with al, expression, which is [162] af = e_Tooc’S, we obtain for the dimensionless

scalar involving the curvature the following expressions,

/ / /
(Ruwt;)? = 116(0;54)2, (Rhpr)*(ag)* = 97(%2, (Rag)* = 4(”254)2, (7.205)
Then, if we assume the number of D1-branes N; (or equivalently, N3) as large
enough to suppress the a’® corrections, the supergravity limit of superstring is still
valid, if we properly tune the parameters.

Nevertheless, the dilaton divergence can’t be controlled in that way, and there-
fore the near-horizon regime of that classical solution is not completely trustable,
as it receives quantum corrections in that regime. Yet, not everything in the near-
horizon regime is lost. As is usual in homogeneous dilaton behavior, one can
introduce a cutoff in the theory to avoid the quantum regime. Consequently, we
would need to introduce a Ag cutoff near u — 0, integrating out the horizon and
promoting the supergravity solution to be in a box-like spacetime with a mass gap,
re [AL[R,OO].

Another alternative to introducing an IR cutoff, by taking advantage of 1IB
supergravity, is to perform an S-duality as we flow from large r to the horizon. The
S-duality is an isomorphic mapping between two equivalent type IIB supergravity

solution, where for the present case we can write the Z, transformation as
¢ ——¢, Br—Cy Cp— —Bo. (7.206)

Consequently, for F; # 0, we now have a non-zero Hj flux and, as a result,
instead of a D1-brane we obtain an F1 string. This new solution admits a classical

10As explained by the authors of the paper, ¢y is the vacuum of ¢ where the string and Einstein
dilaton coincides, then we doesn’t need to worry which frame we are for that term.
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supergravity regime near the horizon, u — 0, since this limit is now equivalent to
¢ — —ooand gs — 0. However, the price we pay is a reversal of the non-classical
behavior with respect to the radial coordinate u: the problematic regime is now
near the boundary, i.e. in the UV. From the field-theory point of view, this way of
bypassing quantum corrections is difficult to understand purely in terms of RG
flow, as one must interpret it as a flow between two distinct theories. We do not

explore this issue further, leaving a more detailed discussion for future work.

D1/D5 resonances

Despite these complexities, the model is interesting in its own right. It appears
to realize a mixing of different holographic models present in the literature. These
include a confining behavior in the IR driven by a dilaton flow [120], a defect
tield theory description [10], the presence of a constant magnetic field as in [58],
together with group properties and supergravity solutions like those obtained in
holographic cosmology [115], [114].

To finish, we discuss one more interesting characteristic of this supergravity
solution. As discussed, the metric is

1

1
ds? = u?(—dx3 + dx?) + ﬁ<k2

(dx% + dx%) +du® + uzdﬂg). (7.207)
Since the S° part of the metric is not affected, we can rewrite the round five sphere

metric as a three sphere S° foliated over S?,
dO3 = cos? §dO3 + sin® 0 dgp? + d6?, (7.208)

and then, if we approach 6 ~ 0 and keep only the leading terms in the metric,
together with a change of coordinates in that limit of (7.208) d6? 4 0%d¢ = dx3 +
dx%, the metric can be written as

—_~—

2
ds? ~ u?(—dx3 + dx?) + % +d03 + e?Wdsyy, (u), (7.209)

—_~—

where ds?%, , 1s a 4-dimensional made of the local flat metric of the compact 5% (R?)
+ (rescaled) non-compact (x;3) and dependent on u.

This should be compared with the D1/D5 brane background [33], which is a
supersymmetric model with gauge group U(N7) x U(N5) and constant coupling,
dual to a two dimensional CFT with central charge ¢ « N;N5. The near horizon
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geometry of that background is AdS; x S® x M*,

2 2042 2y, dr? 2 \"? .,
dS =r (dt +dx )+r—2+d03+ Q_ dSM4, (7210)
5
where My is a compact internal manifold, and
E.=2 3 2¢ __ Ql _
3=2Q557, =05 Qs = Ns. (7.211)
The metric (7.210), using (7.211), can be cast as
2 _ 2042 2y, dr* 2 32
ds® = r?(dt* 4+ dx?) + — + dO3 + e?dsyy,. (7.212)
72 3 My

Despite the similarity between the deformed D1 and D1/D5 background, evidently
an exact matching is not possible. The radius L, which we set to one in the above
calculations, depends on Qj 5, which are constant in (7.210) in opposite to our
model. Such a dependence would be required by the equations of motion here,
and it would be inconsistent to have L(Q;5). Moreover, this limit should be
interpreted with some caution, since keeping only the leading terms of S® near
6§ = 0 shows to be an inconsistent truncation, since it is not a solution of the type
IIB supergravity equations of motion.

Then, perhaps the most appropriate alternative for properly classifying the D1
plus magnetic field background is to compactify the x, 3 coordinates by imposing
periodicity, so that the metric can be consistently understood as a compact S° times

a warped geometry,

2 2 2 2y, du? o(u) 2 2 2
ds” = (u (—dxg +dx7) + 7) +e (dx2 + dx3> +dQs, (7.213)
together with the flux
4
Co = ML—4kdx0 Adx. (7.214)

1
It is necessary to impose consistently the T? periodic identifications on the fields.
For the NSNS sector it is trivial, since the dilaton ¢ is independent of x; 3 and the
Kalb Ramond field B is constant. Moreover, the modulus of the RR potential Cj is
also independent of these coordinates, so periodicity can be imposed in this sector
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as well. Therefore, the metric becomes

dspT1 ) = AdSs(u) x ) T2 x5, (7.215)
WarpedEeometry

where TT in ds means we compactified x,3 in a 2-torus, T?. (7.215) should be
compared with the near-horizon D1/D5 background, AdS;(u) x M* x S°.

An appealing feature in favor of the compactification follows from recalling
how Nj is obtained, namely from the flux of the dual field F;, which is proportional
to the volume of S times the area Ajp 3. In the compactified case, A3 = kRyR3,

where R» is the radius of one torus and Rj is the radius of the other, with x = 472



Chapter 8

Conclusion and Perspectives

The main goal of this dissertation was to present a coherent and accessible
overview of advanced topics in string theory and holography from the perspective
of a master student. Much of the literature in this area is highly technical, and
even texts intended to be pedagogical can be difficult for readers who have only
recently completed their undergraduate studies. With this in mind, the guiding
principle of this work was to make the subject as clear as possible, with an effort
to motivate the physical ideas and place them in a broader conceptual framework.

Within high energy physics and holography, the unifying theme of this dis-
sertation was the study of deformations. We emphasized how deformations
provide a concrete way to navigate between the two sides of the gauge gravity
duality. While different holographic models are often proposed to capture specific
physical phenomena, such as confinement or renormalization group flows with
flavors, deformations tend to connect several of these aspects simultaneously.
This characteristic makes them a powerful object of study to explore further the
correspondence.

The three works discussed in Section 7 illustrate this from a complementary
perspective. We investigate the behavior of deformations in different sectors by
means of the BMN limit, analyze how deformations affect magnetic fields and
QCD like phenomena in setups with flavor branes, and show that a bootstrap
analysis of general deformed Leigh Strassler models can already predict a variety
of nontrivial shared properties. Taken together, these results highlight the univer-
sality of deformations as a tool in holography and point toward several possible

directions for future work.

143
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A Basic of group, representations and particles

Particle Classification and Lorentz Group

Being more specific now, the Lagrangians we are going to study are generally
relativistic, and therefore invariant under the Lorentz group SO(d, 1). This is the
cornerstone of modern physics and the Standard Model, since all known particles
belong to some representation of this group. Indeed, focusing now on d = 4, the
more intuitive case, we know there exist different types of particles, scalar (Higgs
particle or mesons), fermionic/spinorial particles (electrons, positrons, quarks), or
vector particles (the gauge bosons, like the photon -y particle). The terms scalar,
vector, and spinor are due to representations of the SO(3,1) Lorentz group'.

It can be shown that the Lie algebra resulting from the Lorentz group, so(3,1),
is isomorphic to su(2) & su(2). Therefore, we are going to use the Cartan labels [64]
of both su(2) groups, j; and jp, to describe the representations of so(3,1).

Scalars

Scalars are those particles whose fields do not transform when we perform a
Lorentz transformation, hence, they are invariant particles. They belong, conse-
quently, to the (0, 0) classification of the Lie algebra su(2) & su(2),

Scalar = (0,0) of su(2) & su(2) (A1)

Fermions (Spinors)

Fermionic particles, which in the Standard Model are restricted to fermions,

are particles that transform under Lorentz transformations as [131],

S = izwlp (A2)

To be more specific, to truly classify the particles we need to study representations of the
Poincaré group, which is the Lorentz group plus translations. This introduces a new label related
to the mass of the particles, and makes use of two Casimir operators, P? and the Pauli-Lubanski
vector, to classify the particles.
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where ¥, = %['yy, vv|, with 7y being the gamma matrices, which are the generators
of the anticommutator Clifford algebra,

{'ﬁt/ ’)’v} = 277;41/ (A.3)

with 7 being the metric of the spacetime, in our case simply the Minkowski
spacetime, (—1,1,1,1) in high-energy conventions?.

The transformation of the spinor field, however, is reducible. Spinors have
some particularities when compared to vectors or scalars, mainly due to chirality.

Generally, we differentiate between,

¢ Dirac spinors (never irreducible), which transform under the standard
Lorentz action.

* Majorana spinors (generally called real spinors, though not in the literal
sense p* = 1p [61, 163]), which are more restricted, only existing for specific
dimensions d = 2,3 and 4 mod 8.

* Weyl spinors, which depend on the eigenvalues of 5 (or v,),

Y =t (A4)

Depending on the sign in (A.4), we have left or right fermions. Weyl spinors
only exist in even spacetime, d = 2,4, 6, ..., where the general matrix 7y, can
be defined with the property,

{(v7u} =0, Yi==£1, 9i=q, (A.5)

The possibility of having a Majorana-Weyl spinor (simultaneously satisfying
both conditions) is algebraically possible only if the signature of the spacetime,
calling (dq, d>) the number of negative and positive signs in the metric, respectively,
satisfies,

|dy —dy| =2 mod 8 (A.6)

Equation (A.6) shows that we can have Majorana-Weyl fermions in (1,1) (d = 2)
or (9,1) (d = 10) spacetimes. It is no coincidence that these spacetimes arise in
string theory as the string worldsheet dimension and the target spacetime itself,

respectively.

2This convention is better for Wick rotations.
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Returning to the classification, Dirac spinors belong to the (1/2,0) & (0,1/2)

representation,
Dirac fermion = (1/2,0) @ (0,1/2) of su(2) @& su(2) (A7)

which is reducible, as the algebra itself suggests. We can split the Dirac fermion
into two Weyl fermions, left and right (A.4), which themselves are irreducible
representations and transform in a similar way to (A.2), with transformation
matrices L(A) and L(A) built from the Pauli matrices 0, = (I,0;) and &, = (I, —0;),
where the Pauli matrices are the generators of the su(2) algebra,

(01, 0] = i€jjxox (A.8)
Therefore,

Weyl fermions = (1/2,0) and (0,1/2) of su(2) & su(2) (A.9)

Vectors

Vector representations are, paraphrasing Carroll’s definition [36], “things that
transform like vectors”,
vk ADVY (A.10)

Ignoring the orbital part (the x dependence), they belong to the representation,
Vector = (1/2,1/2) of su(2) ®su(2) (A.11)

(Note, The vector representation is commonly denoted by (1/2,1/2), as j; +
j» must sum to 1 for a four-vector, not (1,1) as you previously wrote). This
tinishes the group theoretical approach for the classification of the particles in
the Standard Model. Later, when we talk about supergravity, we will include
two more important representations, the gravitino particle with spin 3/2 and the
graviton particle, with spin 2.

Internal Symmetries and Gauge Theory

The last general property almost all field theory models share, and that is also
correlated to group theory, is the representations of the particles under internal

groups. Global and local groups arising from specific internal symmetries are
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almost always present in a model, following the analogy made clear by Glashow,
Abdus Salam, Weinberg, and other physicists for the description of forces in
the Standard Model and group representations. In general, when talking about
internal symmetries, we restrict ourselves to compact groups because they allow
for unitary representations [64].

Fundamental and Adjoint Representations

Defining representations, a field ¢ in the fundamental representation of a

group G and Lie algebra g transforms as [76],
y'— Uyl (A.12)
with U being an element of the group G. Infinitesimally, this is the same as
Y = ie, T/ (A.13)

These are generally matter fields, like quarks or leptons. The field strength, F,, =
Iy Ay + [Ap, Av], transforms as the adjoint representation,

FJ, — U"F

v i/]'/uj/j - U_lFWU (A14)

or, infinitesimally in terms of generators of the Lie algebra (f,;. are the structure
constants),
SFuva = iF,) fapce” (A.15)

The transformation for A itself is obtained by promoting the global group symme-
try of £ to a local symmetry (meaning the group transformation and parameters
are now coordinate-dependent, U (x), e(x)). This is also called a gauge transforma-
tion, and a field model with these elements for a group SU(#n) is generally called
Yang-Mills theory. Moreover, the field strength F satisfies a Bianchi identity in the
vacuum,

D,Fp =0 (A.16)

B TsT transformation rules

The derivation of the resulting background after doing a TsT transformation is
easier after knowing how the fields transform under T-duality. In fact, this is well
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known from the literature. Regarding the NS-NS field, the transformations (under
T-duality) are known as Buscher’s rules, and were derived in [35]. We simply

reproduce them here.
Doing a T-duality over a coordinate we call “1”, the rules for the NSNS-fields
are

. 1 . By  ~ G1iG1j — B1iByj Gy
G = Gt Gii = 7(;1;, Gij = Gjj — %1 By = ?ﬁ/
(B.1)
_ GuByj — BiGyj . 1
Bij = Bij"’ G—ll, b= - EIOan

And for the RR-fields [117], the rules consist of mappings among fields in type
IIB to type IIA or vice-versa:

6 = i~ 00 O, el it g e nr -y S DS, @2
Then, the TsT transformation consists of doing the T-duality, performing a shift
over another (isometric) coordinate, and then applying the T-duality rules again.
This is a possible way to do that, but the algebra takes too much time, so we
decided to follow the general rules for a TsT transformation derived in [84], [85].
There, an element M is defined as follows: Let T-dualize over 2, and shift 3. Then,

-1
e e
M = {1 — (eoc21x3 . e:x31x2) + ,YZ det ( w202 zx2a3> } (B.3)

€x302 €a3a3

Using this element, the NSNS fields transformations under the TsT, defining
e = B+ G, are

p . p . €a302  €a2a3  €a2N
~ w203 aN w302 aN 2
N = M epyn — 7 | det — det + det | exoas  €a2a3  €usN
€Ma3  €MN €Ma2  EMN (B.4)
€x3a3  €Ma3  EMN
9 = Me*

and the RR-fields are

F=fi+vlfs+fiABly;

1
FE+FAB=f3+fiAB+vy f5+f3/\B+—f1/\B/\B}
2 23 (BD)

1 1 1 1
Fs+FAB+ RABAB=fs+fsAB+ fiABAB+y f7+f5/\B+Ef3/\B/\B+gf1/\B/\B/\B}
2,3

where the indices with brackets simply mean contraction.
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C Terms of the action and equation of motion

The present appendix is dedicated to give the terms of the action relevant to
the equation of motion, and are used to derive the equation of motion for the
fluctuations, up to &2, in the work 7.3.

Terms of the action

We give the entries value of each matrix here ( notice that tr(E) = tr(G + B) =
tr(G)). Explicitly, 4, is

19%E,,,

2
Oin = 2 92

X+

((Omx) (9nx) + l2am(I>anCD)

> +15
20yl
(0> +15)

(C.1)
((5mp5ni + 5np5mi) X9iX-

tr(d) = <2 o2 )X +p2+l(2)<(ai?() + 15 (0;P) >—mxap7(,

JB
S:Smn/]:]mnlf an+(5A—an+ almnX (C2)
0

G 1

with [) = d,lo. Let’s take each term of (D.12) separately, ignoring the v/det E factor,

aze_‘PO

oe ™ 2
oLz X (C.3)

and

de~Po 867% G 1 /
al() (tr((sls + ]‘F)> al() (( < al() > X+ m (lo (5771?5”1' + (57!;75‘”11') azX)>Snm

a mn
+ Jium (Fonn + glo X) | x,
(C.4)
2 aB aB
Tr(]f) - ]nm <an + = )]]r< al X) (C5)
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JG 1 0B,
2tr(S67 )tr(JF) = ZSmn( (al:;m> X+ ) (16 (6mpBui + OnpOmi) 3ix))fjr (Frj + y{?%), (C.6)
0

G 1
tr(5515)2 = Smn( ( al’;m) X+ ‘02—_'_12 (lé <5mp(5ni + 5np5mi) aiX))
0
(C.7)
G,
><Sjr< (—r]> X+ % <16 (5rp5jk + 5jp5rk) ak)()),
dly p* + 15
0B aBﬁ
te(1FIF) = o (Eun + 572 I (B + 5 ), (C8)
4tr(J6SSF) = 4] ( 9Cun ) 4 L(l’ (BmpOni + Gyl a-X))s -(P- + aB”X)
1 m alo pz n 1(2) 0 \Ymp©ni np©mi) Yi mj\ Ljr alo (ng)
G 1
tr(léls]‘sig) = ]rn( ( alnm) X+t 2 (lé ((5mp5ni + 5np5mi) az’X))
o P +1 0 (C.10)
X ]m]( (_]r) X+ 5" (16 (5jp‘5rk + (5rp5jk> akX>>/
dly p* + 15
oG 1
tr(S67S07) = sm( (sz) X+ par (13 (8mpOni + OnpOmi) a,-x))
0
(C.11)
0G;
X Sm]< (_]r) X + % (l(l) (5]';7571{ + (5rp5jk) ak)()),
dly p* + 15
aan aB]r
tr(SFSF) = Spm (an o5 x) Suj (Pjr n a_l(,X)’ (C.12)
’tr(G)\ - 2, 2 2 Lol
4tr(6) =2 | ——= + 0ix) +15(0,P)° ) — ——5=X9X-
(C.13)

Finally, collecting term by term, we obtain
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® xdx

de P 1 e~ %o 8yl I 0B,
—— ——1}2S,,; —~ 0 6, +2—2—-25 !
( g p2+12° vty ( (p2+12)2 LR 12 vilir 50
Il G I/
+—-9 25,5, —L + -9 _5 aG””’zspi

P2+ TP 9Ly T p2 127 2l

_8P2 T Z% (Spj]ri + Sij]rp) a_lo — 2(—P2 n l(% (]jp]ri + ]pi]ij) a_lo

lo  9Gum
-l-pz +l(2) ol (JmpJin + TpnJmi) )
o dG; I, 9G
_2<,02 + l% (Srispj * Sijsrp) dly * PZ + lé a;:)m (SinSmP + SPnSmi)> XOiX-
(C.14)

Or, since S and G is diagonal and d,x = 0, and B and ] has only 2,3 non-zero

components,

de %0 1 e %o 8pl{ 1] 0B,
128y + T N it
( olp p2? +12 0=<pp 4 ( (0% +13)2 o2+ 12 pe Jjr dlo

) 3G,

(C.15)

Therefore, only xd,x is non-zero and present. We can, then call xdpx = 2_18p X%
integrate by parts and then add the term to the XZ coefficient term, reducing to

x9ix = 0. (C.16)

We collect equally each term,
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.Xz
d2e=P  ge~0 BGmn 0B,
( azz TR (810 o - Jum =5 = )
e*(PO aan I’] a aGnm aGV] a Gmm
1 [’“ az B aly T35 ar ]f’ az S azo Siraly T2 o
9Bun BB 9Gum G . 9Gj,
—2(Ju = s al 4fm i (e w0 al +sm—alo S
aan aB]r 2
S5m0 S, )])
(C.17)
o [2
6_4)0
T <]nm ]rj - (]rm]nj - ]jm]nr + SrmSnj - Sjmsnr>>PmnPjr/ (C.18)
e (9x)?
e—¢o< L syt —10 g s)(ax)(ax) (C.19)
ik ppki 1 kX )r .
P> +137" (0 +13)? Y
e Fox

!/

—¢o If I
4 (szi_?_lz Smn (‘smp‘sni + 5np5mi) ]jr - 4()27—?—12 (5Mp5ni + (Snp‘smi) (Snﬂ]jn - Smj]rn ) F
0 0

e~%0 2}
) 2+ (Spi]jr + Siplir = 2(SprJji — Spjlri + Sirlip — Sij]rp)>F
= e;% p;L_lél(z) <5Pi]]'r — (Sprlji = Spjlvi + Sirljp — Sij]rp)>F
= 6;4)0 p241+61(2) <5Pi]jr Sprlji + SP]]”)F
= e;% p;ufl(z) (Spi]jr + Sprlij + Spj]m-) F,; 9ix,

(C.20)
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where we used that | p.. = 0. The term in parenthesis is cyclicin i, j, 7, so we can
partially integrate and obtain

6_4’01’
_pz + l2 ( PJ]V + SPTII] + Sp]]rz) rj X- (C.21)
Therefore, this is really a Fx term. So we can also say CfX = 0

o xF

e~ %0 e 9Byun G
( ol Jir+— (]um (W) Jrj + Smn (W) Iri
OBy ple oB
*( < al ) (] ]] ]jm]nr)+2 (ﬁ) (] rrrrr j*]]nsmt’)‘*’ (aTnUm) (Snjsmx *Snrsjm)))>Xij~

Then, we can add (C.21)
de e~ 9By 0Gum
(ot 5 O (55 ) 1t s (522) 1
0B 3G
_< ( ol ) (]rm]n] ]jm]nr)—i-z ( oo ) (JrnS mj ]jnsmr)

aan S ZO a ’ —|— s V’ n S }r 14
+ (T) (Sn]Srm S}’Z]" ]l’l’l)) 12 < Pl ]] P 1] ] Z))) ] XI

de~ %o e~ %o oB oG
( al() ]]r + ) (]nm (TT) ]rj+ Smn ( nm) ]r]
oB 0G 0B
_(z( ’”) JrmJnj + (ﬁ) (JrnSmj — JinS mr)+2( al’””) sn,-srm)

21!
+p2 —|f)lza < pi]jr + Spr]i]' + SP]]H)))F]r X-
(C.24)

(C22)

simplifying further,

. (30)?

e~P 4

TR s 13(9;0)2. (C.25)
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Equation of motion

°¢

10:(COP0i9) — 220, (K(p)Bas)udnsEuy = 0 (C26)

or, rewritten more appropriately,
9;(Vdet EC¥)° Glia,@) — sin 29, (K (p)Bas) For = 0. (C.27)

Now, C(99)° only depends on p. We can split the first term as following,

9;(Vdet ECO?’G13;®) = 9,(V/det ECPPGPPY,®) + 0y, (v/det EC9) G¥%id, )

+0,,(Vdet ECP° G, ®) + 0, (V/det ECO G %, ). (©28)
Using (D.14), (D.15) and (D.16),
9;(Vdet EC)°Giig, @) = 3, (v/det EC)GPPy, )
+1/det E,COP G (p)a, (1/det(i) " idy, @)
+y/det B, COF GZ(P)CZ;Z_(pC)ﬁ(p)ZaV( det(y)5",®) )

+1/det EnC% Gy (p) 04, (1/ det(Q2) G490, @),
which can be rewritten as

9;(Vdet EC9) Giig @) = 3,(V/det EC) GPP9,®) + V/det EC?)° A, + v/det ECPP’ A,

+Vdet ECO AG®).
(C.30)

Substituting (D.16),

9;(Vdet EC)°Glig, @) = 3, (v/det EC)*GPPy, )

2 C.31
+V/det EC%) (G; (p)A ,7¢+G2(p) Galp A54>+G4(p)—1AQ<I>>, (30

)
— Gi(p)?
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and therefore, the equation of motion is

p)?+ B%g;

—sin 249, (K(p)Ba3) Fo1 = 0.
(C.32)

9,(V/det EC¥?) G39,®) + v/det EC?9)* (Gl_l(p)A,7¢ + G(GMAW + G4(p)_1AQ<D>
2

® As6738

Now, 6,461 s = 0, and also C} = C*F = 0fors #£ 2,3, 50

rsi

1
70 lz(cffmn + (02 +l§)zersmn>an] — 0. (C.33)

1
v/detE

Substituting C = V/det EC, with C calculated in C, we obtain the equation of

motion,

3, [(cf;mn + (0 +l§)2er5mn>an] = 0. (C.34)

1
v/detE

But under these constraints, the second term vanishes (since mnr can only take

values on the s above, but Fs15, = 0). So
0,(CEE Fun) = 0. (C.35)

Finally, C is

3_470
Crsmn = Vdet ET <]sr ]nm - (]nr]sm - ]mr]sn + Snrssm - Smrssn>>

i (C.36)
e ¢0
= v det E_4 <Smrssn - Snrssm))/
then
0,(Vdet Ee=9°S,,,Ss Fun) = 0, (C.37)
but S is diagonal
ar( V det Eei(POSrrSSsFrs) — O, (C.38)

al’ld .Frs — arAS - asAr - _asAr,

9, (det vV Ae™98,,54,05A,) = 0. (C.39)
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Now, nothing depends on r (it goes from 0 to 3), so we can discard terms multiply-
ing the whole sum, and obtain

§"70s0,Ar = 0. (C.40)
So we can still impose the same conditions of eq 52 in [58],
01A1 — dgAy = 02A + 9343 =0, (C41)
because Sog = —S11, Sp2 = S33.

o A3

3, lz(cfsmn)zﬁmﬁcm x| =0 (C.42)

where, actually, we really have 0, (C G*"Fiun). So we can separate r in three

ksmn
subset

r=p, r=ua;€03, r=x...,X3€ D3, (C.43)

and the first term of (C.42),
2(8,0 (Gppcpsmnan) + atxi (G‘Xi“j Ctxjsmnan) + ax,- (Gx,'x]' ijsmn an) ) (C-44)

We are going now to obtain for each possible value of 7, with the same notation of
(D.14), (D.16) and, (D.15),

e = p,
Cpemn = Vet ES (sm,,ssn - snpssm), (C.45)
e~ %o
(9o (GPPCpsmnFn) = ap(cpr’\/ﬁ—z SppSssFps)- (C.46)
1V = “l
Ou; (Guya;, C*™" Fyyn) = 0, (G™*1V det E Stx]oc]Sss Fyjs), (C.47)
aaj(c"‘jsm"an), (C.48)

Crsmn = VdetE (Smrssn Snrssm>/ (C.49)
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so,

eP 1 Gy
9y, (Ga, a; V detE Sa]a]SssFa] ) = aai(Gaiaj\/ detE > G“j“j G% LB Fajs)

. e~P 1 Gy " e~ Gy
= 9, (GY%/det E Oy A 0n. (GY% 1/ det(Q) — "0, A
IXI(G e 5 Ga]“ G2 T BZ ) oc]<G e ( ) X KGZGajoc]- G% T B2 a; s)

e~ %o G i
= \/E 7 G2 +B28a (VdetQoy, As) = /kc—— e +B28,x (y/det G, GY0q; As).
(C.50)
Since A; is a component of a vector, and Gl = G, 1Gg
~P G,G; !
VdetEE— 2274 pq A, (C.51)

2 G3+ B?

eV =Xp X1

e_‘PO _470 1 G
ai(Gi]‘\/ det ETSjszsthjs) = al( detE 2 s)

2 F,
2 GjGi+B2 Y

. —P 1 G . e~ G,
— 94, (G /det EC 5 GM e a,x/As) — 31, (GY% /det(Q) )XKGZGM G2+Bzaa/As)

A T~ e~ Go / i
= \/E 2 G2 + B2 le( detQa AS) = \/E 2 waal( detGQSG]a“]AS),
(C.52)
and so,
. 0 GGy !
axi (zex] Cx]smnan) == det E 2 G2 B2 AO 1A (C.53)
But for x», x3,
9 5%\ /d e~ %o . d Gx]x] Go
X,’(G 17T/ etETSxffosstjs) = x,(Gx]x] vV detE 2 G%x n B2 G2 n BZFx] )
e P Gazcjxj Gr e %o Gr Gr
= 3y, (Vdet E= R TN 0 As) = Vet B (Gz A,
(C.54)
Now, we add all the terms,
— —_— G Gt Ee

G
++v/det Ee~ %0 ZBZ (G2 _:BZALzAs) + 9, (Crs x)=0
(C.55)



Chapter 8. Conclusion and Perspectives 158

e Ap1

1 1 .
20 [2 (cfs mn)an 4 <8p(K(p)Bzg) (80015 — Josd1,) sin 2¢) @] —0.

detE
(C.56)
Where, actually, we really have 9,(C}! G¥Fuy). So we can separate r in three
subset again
r=p, r=a;€Q3 r=2x0,...,X3€ D3, (C.57)

obtaining

Z(ap(GppCpsmnan) + aai(GaiajCajsmnan) + axi (Gxixjcx]-smnan))- (C.58)

So, for
or=p,
o0
Cpenn = Vet E—— (smpssn — snpssm), (C.59)
SO
(35 (GPPCppsyunFun) = 9, (GP? @?sppssspps). (C.60)
o7 =u;
Ou; (G, CY*"" Epyy) = 04, (G /dlet E ?Saﬂxi SssFajs), (C.61)
SO
e~ %o e~ %0 1 ..
On, (G1%V/det E~——Sqq, SesFuys) = Vi 5ol [det G, Giag, As), (C.62)
but since A; is a component of a vector,
det E? ﬁA% As. (C.63)

® 7 = X0, X1

—$0 1
95,(G™ Co cyn Foun) = \/detEeTEAollAs, (C.64)
1
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but for x», x3

. e % 1 G3
94, (GY7v/det EX sx]x]ssst]) detE=- - (G2 S 2A) (C.65)

Now, we add to the equation of motion, and use Ap =0,

—%o0 1 1
8p(G"P/det B8,y Sssdy As) + Vet Ee &y 00 As - Vdet Ee 0 A0, A,

1

G
++VdetEe P — (G2 iy A3 4As ) + 9, ( (ap(K(p)B23)((50r515 - 505(51r) sin 2IP> q>> =0.

(C.66)

D Action for fluctuations

While the previous appendix was dedicated to organizing the terms in the
action, the explicit derivation of them is made in the present appendix, com-

plemeneting C on obtaining the equation of motion for the fluctuations.

Action for fluctuation terms around the classical solution

We now allow for fluctuations over the /(p) and @ (the coordinate, not dilaton)

classical solution of the type,
l=1+a'y, ®=dad. (D.1)
First we consider the fluctuations (D.1) on E

E — Eg+ a'61 + a/%65. (D.2)

Ignoring the explicit form of é; » for while, the NS-NS part of the DBI action is

\Jdet(E + a/'F) = \/det(Ey + &/ (F + 61) + a20,) = /det Egy/det(1 + Eg (o (F + 61) +0/253)).
(D.3)

However, we also need to consider fluctuations of the dilaton ¢, since it is no

longer constant after the TsT deformation. We can write the expansion as

e™? = Bo + B1a’x + B2e’* X%, (D.4)
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— o — o — - _ 10% %
where g = ¢ ‘P‘X_O =e P, B =09,eMpr=3 T To calculate

V/det(1 + c1a’ + coa’?) perturbatively, which is the expression we have in D.3, we

obtain
1, n(1 I ooy, 1 2
\/det(l +a'cp+a2c) =1+ F* tr(cq) +« Etr(cz) - Ztr(cl) + g(trcl) ,
(D.5)
and combining with (D.4), the NSNS part of the DBI action becomes
/ 2.2 o’ —1
/ V/det oo+ prax + oax?) (1+ Zte(Ey 1 (F +61) +
0 (D.6)

o [4r(62) — 260 (g (F + 00) g (F+61)) + (tr(Eg ' (F+01))?] )

The WZ term of the action is, on the other hand,

2
/C6/\B+[X/(C6/\F2+C4/\B2/\F2)—|—%(C4/\F2/\F2+C2/\F2/\F2/\B2).

(D.7)
Then, by collecting terms of the full action by «' order,
BoV detEy+C¢ A B
+a (C6 ANF ++/det E(),BU( + % det EotI‘(E_l (F + 51))
(D.8)

. 1
+o<’C4AB2/\132+o/2E (CsANBEABR+CABAFRAB)
1
' [ﬁo (x/det Eog [4tr((52) —2tr(EyH(F + 61)Eg H(F +61)) + (wEy ' (F + (51))2} )
+517X det Egtr(Ey ' (F + 61)) + Bax?+/det Eo} )

The zeroth order terms were useful to obtain the chiral symmetry breaking and
the equation of motion, but we do not use them to obtain the fluctuations, and
therefore they are not required from now on. Linear terms in the perturbation
around the classical solution either vanishes by the stationary action principle or
arises as a constraint (first order formalism in F).

We recall that we must check whether this is a consistent background for em-
bedding our D7-brane. This consistency is verified mainly through the equations
of motion of the DBI+WZ action, which are essentially the non-abelian gauge field
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equations of motion for F,, acting as a constraint, together with the Cq equation
of motion, as explained in [58]. Since we again have a D7 probe, the situation is
analogous to the undeformed case, with the only linear term acting on F being Cs.
We still have the &’ constraint,

by ...mg aﬂcfg:---mé _ —Ba(ﬁo\/EE[ab})- (D.9)

The right-hand side vanishes for our deformed ansatz because nothing depends
on xp 3, and therefore we have dP[Cs] = 0.
At the same time we have the equation of motion resulting from Sgsugra + Swz

with solution near the boundary of the brane

2
3L (V=GdCE Py — —“7—7:fJB(p)5(L ~Ly). (D.10)

Since 9,0(x) = J(x), we can obtain a solution analogous to the one in [58], by
calling C§, Lyap & (p) such that

L01 1 p5ig
! Y8 _ _G%ﬁoB(P)@(l—lo)/ (D.11)

where we called f7 = dCs. We could use the metric to down the indices of f7, and

by substituting in the end k = 0, see the result boils down to the one in [58].

The rest of the terms at order &’ involves only the fields, and its fluctuations, in
the zeroth-order equation of motion, and therefore they are the terms that vanish
in the extreme principle of Action. Consequently, we can ignore the O(a’) con-
tribution for the action. Therefore, the relevant part of the action for fluctuations
are

S = /}x’z detE(ﬁZXZ+ﬁ1§tr(15—1(1f+51)) +ﬁ0%[4tr(52) —Ztr(E_l(P+51)E_1(F+§1))

2
+(trE~Y(F + 51))2}) ++a’CyABy AF + % (C4sANBAFR+CABARAB).

(D.12)
e NSNS part
Explicitly, the metric and the B field we have is
2
Gangona = (6% + 1) = + 853+ e (dd i) )+ (14 1) + 2a0)) o1

H + H%k + k(p? + 12)?

bs = irmrre@ o)
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From now on, however, to simplify the presentation of the calculations we adopt
the following notation,

G = Gi(p)(—dt* +dx3) + Ga(p)(dx] +dx3) + Gs(p)dp® + Ga(p)dQ3, (D.14)
and therefore, the determinant of E = G + B is
detE = G2G3G3 (G3 det(i) det(y1) det(Q) + G3B% det(n) det(Q)) . (D.15)
while the inverse metric is

- - Ga(p) - -
Gl=aG Vg +dad) + —20 @y +dx3) + G do?> + G La02.
1(p)~( 5) Gz(P)Z—I-B%:))( 1 2) s3(p)dp 4(p) 3
(D.16)

Proceeding, since G is diagonal and B is antisymmetric with only one non-zero
component, By, it can be shown [8] that the inverse of E also satisfies this property
and can be decomposed into a diagonal part plus an antisymmetric term with only

one non-zero component. That is,
Egl=S5+], (D.17)
where § is diagonal and | is antisymmetric, and therefore
(trEy ' (F + 61)) = trSd; + tr]F. (D.18)

However, since B is not constant, the analysis is a bit different from [58] because J;

is not totally symmetric anymore (because 9;B # 0). In that case, we can split it as
b1 = 85 + 1, (D19)

or explicitly

aG 1 9B
1 o nm . ) ) nm
Sh = ( - ‘X:o) X S et (i + i) 3i) + ( = ‘XZO) X-

[\ J/

(D.20)
We can then combine 67! + F = F to reduce the term (D.18) to a purely symmetric

part plus the product of two antisymmetric matrices

trEy }(F + 61) = tr(S67) + tr(J.F). (D.21)
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Now, for tr(Ey ' (F + 61)Ey ' (F + 61)), we have

tr(Eg (F 4 61)Eg 1 (F +61)) = tr(S67S85) + tr(SFSF) + tr(J67 J67) + 4tr(JO§SF) + tr(JFJF),
(D.22)
and therefore, substituting for j in the action,

(tr(07S + JF))x+

G / VdetEy [ 9%~ 2t de—Po
2\ o ol

e_¢0

[4Tr((52) — Z(Tr(S 658687) + Tr(SFSF) +Tr(J 67 ] 67) (D.23)
+ATr(J 6 SF) + Tr(]]-"]]-")) + (Tr(s 67)* +2Tr(S67)Te(J F) + Tr(]]-')2> ] )

We can calculate each term explicitly, and this is done in Appendices C. There,
we show the “surviving terms” are the coefficients of the kinetic terms F?, (9x)?,
(0®)?, the interaction term xF, and the “mass term” for x, x?>. Under these
conditions, the NSNS action can therefore be rewritten as

1
°= / 5 (CaX* + Couj FonFjr + C 0¥ (%)% + ChfuxFum + CP7(39)?), (D.24)
where det E has been absorbed in the coefficients of the Lagrangian, C = /det EC.

e RR part

The action must now be supplemented by the equations arising from the R-R

fields, which, as we have seen, at order a2 are

2
S=DL/C~4/\Bz/\F2+“—(C4/\P2/\F2+C2/\F2/\F2/\B2)/ (D.25)

2
since the new fields C; is only present at a'?, and D, Cg is only present at &/,
the results of the calculations are the same as in [58] but with a term (1 + Hk)

multiplying it, as explained in Section 7.3,

64_5\’._,511'12170
gs 2

K(p) 0, Pdyp Ndy Ndp N dx* (D.26)

where, , ,
20°+ L
K(p) = —R*12-=—20 (1 4+ Hk). D.27



Chapter 8. Conclusion and Perspectives 164

In [58] they used the Bianchi identity dF = 0 together with the fact that 9B = 0.
The last is no longer true, however. But this is not a problem if we keep K(p)B
together, as we are going to show. The first term of (D.25), for F = F;;,, dx™ A dx",
is

a2
- / 2 sm221/J K(0) 9a®BosFyn dp Ada AdB A dx® Adx® Adx® Adx™ Adx"™ =
s

- / ";2 y ® (30(K(p)B23) Fun + K(p)BosdaFn ) dip A dc A dB A dx? A dx® A d® A dx™ A d”,

(D.28)
and then, using the Bianchi identity for F in the last term, 9|, F,,,,; = 0, and that k
and B only depends on p, we obtain

2 sin 2y

e 2 ®ap(K (,O)Bzg,)l-"mdl[)/\ﬂloc/\d,B/\dxz/\ale‘/\dp/\clxo/\ﬂlx1 =
S

2 sin2
[ 5% 2 00, (K (o) B v
(D.29)

The second and third term from (D.25) can be treated together since they are of
order F2. Moreover, because C; and C; A B, have components along the D3-brane
world-volume, the structures involving these terms are identical, and we can write
it as

a/Z bod

- / dSEx (p) FapFoqe™, (D.30)

89s

where we defined Z(p) = Cg;5(p) + Co1(p)Bas(p). Also, the indices in (D.30) are
over transverse coordinates to D3-brane, v, §, v, ¢. The action is

[X/Z )
SRR = @ /dgc:,‘ [X(p)Fachde”de — 25in 2P0, (K(p) B2z )doad1pFap| ,  (D-31)
S

which contributes for the ® equation and for dA. Notice that the first term above
only contributes if index a = p, ¥, B,y and the second only if a2 = 0, 1.

Equation of motion of the fluctuations

We now calculate the equation of motion for the fluctuations. The interested
reader can look at the appendices D, where all calculations are open and made
explicitly.
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e X

The x equation of motion from (D.24) is
2C,2X + CltyFum — 9; (2(:@%)2 ai;c) —0 (D.32)

with
C = 4/(detE)C, (D.33)

and C was obtained in Appendix C.

o O

The equation of motion is derived in detail in the appendices C. There, we start
with

331(COP 819) — 20, (K(p) By )b E = 0, (D.34)

and, after some manipulation, we can write is more appropriately,
3,(Vdet EC?’ G5 19,®)
+VdetECOP [ GIY(p)A, @ + %A(@ +Gy(p)'Aq® | — (D.35)
Ga(p)? + B3
sin Zi’bap (K(p)Bzg)F()l = 0.

Notice that the equations are almost the same as in the original paper from [58],
but there v/detE is called g, and B appears always outside d(KBp3). Also, the A M;
is the d’Alambertian/Laplacian in the M]- space, so

Ay =—3%+03}, As=05+03,

(D.36)
A, = Laplacian in spherical harmonic.
Finally, we rewrite it as,
1 ~(36)2 ~— ~(36)2 _ Ga(p) _ sin 2¢p
\/m%(v det EC9)" G5 gy ) + CO9) (Gl Hp)aye+ Gz(p)zz i B2, As® + Gy(p) 1Aa<b> - ;%BP(K(P)BB)FM =0. (D37)

o A,

First, we want to impose the constraints A,l = 0, where y is for coordinates not
into the D3-brane world-volume (so 1 = ¥, B,, p ) and i is an index for the whole

spacetime. Moreover, we gauge fixd- A = 0.
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o scy,pvp

The details of the derivation are in C. The equation of motion for the perpen-
dicular coordinates of the vector to the brane are

S99, A, = 0, (D.38)

which can be seen as imposing the following constraints in the vector components

along the world-volume of the D3-brane,
01A1 — dgAy = drAp + 93A3 = 0. (D.39)
These are exactly the same conditions as in [58].

e 5sc2,3

Again, the details are in C. We obtain

GG
9o (GPPV/ det Ee_q’OSPPSSSE)pAS) + V/detEe % &

B AQSA + VdetE 470 A()]A

+32

G
++v/det Ee ™ 232( 2 A1,2A5>+8(Crsx) 0,

Gz—{—Bz
(D.40)
but since G, = Spp,
1 B Gy eYen GGt
dp(e P———0,A e~ %o 2 Aq.As+e P LAy A
Vaa "¢ N gge o) e g e G+B " )
G G 1 '
~o__2 AjrAg) + ——3,(CXFy) =0
+e G%—f—BZ(G +B2 1,2 >+ ,—detE 1’( s )
e 5c0,1

The details are in section C,

— Y — 1

1
G

++v/det Ee~%— (G2 gy AqpAs ) + 9y ( (ap(K(P)Bz3)(50r5ls — J0s01r) Sin24’> q’) = 0.

(D.42)

G
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So we have the same case as before,

1 1 1 1
9, (e P9, A.) +e P Ao A. teh A A
detE p( Gy P s) GGy Q3 4/1s G% 0,141s
1, G? 1
—¢o ——2 _ALA ——=0, | 9,(K(p)B23) (b0r015 — dos1r) sin2¢pP | =0
e Gl(G§+BZ 12 5)+ dotE r( o(K(p)Ba23) (0ord1s — dosd1) sin2¢p

(D.43)
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