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Dengue fever, chikungunya and zika are caused by different viruses and mainly transmitted by Aedes aegypti
mosquitoes. These diseases have received special attention of public health officials due to the large number of
infected people in tropical and subtropical countries and the possible sequels that those diseases can cause. In
severe cases, the infection can have devastating effects, affecting the central nervous system, muscles, brain and
respiratory system, often resulting in death. Vaccines against these diseases are still under development and,
therefore, current studies are focused on the treatment of diseases and vector (mosquito) control. This work

focuses on this last topic, and presents the analysis of a mathematical model describing the population dynamics
of Aedes aegypti, as well as present the design of a control law for the mosquito population (vector control) via
exact linearization techniques and optimal control. This control strategy optimizes the use of resources for vector
control, and focuses on the aquatic stage of the mosquito life. Theoretical and computational results are also

presented.

1. Introduction

The Aedes aegypti mosquito is currently considered one of the most
dangerous creatures on the planet due to their ability to spread deadly
diseases, their resistance, adaptability and proximity of human popu-
lations, especially in tropical and subtropical countries. In addition to
the yellow fever, the Aedes aegypti transmits viruses that cause dengue
fever, chikungunya and zika [1].

Dengue fever is caused by an arbovirus of the flaviviridae family,
which includes five virus serotypes, called DEN 1, DEN 2, DEN 3, DEN 4
and DEN 5. The most common symptoms are fever, headache, muscle
and joint pain and skin rash. Sometimes it can progress into a life-
threatening disease, such as dengue hemorrhagic fever. The chi-
kungunya is caused by CHIKV virus, arboviruses of the alphavirus genus.
The symptoms are similar to those of dengue, though a portion of the
infected people with this virus can develop the chronic form and remain
with the symptoms for up to a year. Zika fever, or simply zika, is an
infectious disease caused by the ZIKV virus. In most cases there are no
symptoms, and, when present, they are usually mild and can resemble
dengue fever. It has not caused any reported deaths during the initial
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infection. However, mother-to-child transmission during pregnancy can
cause microcephaly and other brain malformations in some babies. In
the year 2015, it was observed a large number of cases in children that
were born with microcephaly in Brazil, which were associated with the
mother's infection by zika virus, called congenital zika syndrome.
Infections in adults have been linked to Guillain—Barré syndrome (GBS),
[2-4].

There is no fully developed vaccine and no specific treatment for
these diseases, therefore the techniques of vector population control are
widely used, though not always effectively, whether for reasons of
environmental contamination of chemical controls or the high eco-
nomic cost of the biological, genetic and mechanical controls. For a
correct application of control, it is necessary to understand the popu-
lation dynamics of the mosquito [1,5].

In this work, we propose to study the population dynamics of Aedes
aegypti mosquitoes and apply vector control techniques for the aquatic
population phase of the mosquitoes (that are egg, larva and pupa, with
interventions for reduction of aquatic population). The mathematical
model addressed here is based in [6], and we proposed to apply the
technique of exact feedback linearization to linearize this nonlinear
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model, and design a control law for the purpose of reducing the adult
population by acting in the aquatic phase of the mosquito life. An op-
timization procedure is also used in order to minimize the cost of the
control.

The exact feedback linearization is a procedure that can transform
the dynamics of a nonlinear system in a linear dynamics through a
nonlinear feedback of the states or outputs (that are functions of the
states). Furthermore, it is an essential part for the development of
nonlinear robust and adaptive controllers [7-9].

This nonlinear dynamic analysis methodology has been used suc-
cessfully in a wide range of applications, such as tracking problems,
control of robot arms and manipulators, artillery, helicopters, airplanes
and satellites, moreover, has been used in medical equipment, phar-
maceutical and chemical industries [7,9-11].

This work is organized as follows. Section 2 presents an introduction
of the life cycle of the mosquito. Section 3 presents the mathematical
model which describes the population dynamics of the mosquito po-
pulation. Section 4 discusses the feedback linearization technique and
presents concepts of internal and zero dynamics and normal form. In
Section 5, the system is transformed to the normal form. In Section 6,
the two open loop equilibrium points are determined, and two different
exact feedback linearization laws are determined for those equilibrium
points. Section 7 presents a optimization model in order to determine a
control strategy that use a minimum quantity possible of aquatic con-
trol and to keep the mosquito population as low as possible. Further-
more, a VNS algorithm is proposed to solve the optimization model. In
addition, we discuss some basic concepts and present the mathematical
model describing the population dynamics of the mosquito. Finally,
computational results are presented.

2. Population dynamics of the mosquito Aedes aegypti

The life cycle of mosquito Aedes aegypti is a process that lasts 1.5
week (periods of intense sunlight) or 3 weeks (cold periods), and
comprises four stages: egg, larva, pupa and adult. The life cycle varies
with temperature, food availability and quantity of larvae in breeding,
and can be divided into two phases: aquatic phase (egg, larva and pupa)
and terrestrial phase (adult stage). In favorable environmental condi-
tions, after the egg hatching, the development of mosquitoes into the
adult form can take in up to 10 days. Therefore, mosquito control in the
aquatic phase is a good practice to interrupt the mosquito life cycle.
Fig. 1 presents an illustration of the mosquito life cycle.

Males and females of the Aedes aegypti in adult phase feed on sugary
substances such as nectar and sap of plants. Only the female bites hu-
mans, because they need blood for development and maturation of their
eggs. It is in the adult stage that occur the transmission of several
viruses that cause diseases, such as yellow fever, dengue fever, zika
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fever and chikungunya. The larva develops within clear or dirty
standing water, and the population control is difficult due to its ver-
satility in the choice of breeding to lay its eggs, and the extremely eggs’
resistance (they can survive for several months until water becomes
available to provides incubation). Once immersed, the eggs develop
rapidly into larvae, which give rise to pupae, from which the adult
emerges [5].

Aiming to assist the study and understanding the behavior of the
mosquito population dynamics, a mathematical model is presented and
discussed in Section 3.

2.1. Mathematical modeling

Considering the life cycle of mosquitoes divided into aquatic and
terrestrial phases, the objective here is to study the population control
of Aedes aegypti in aquatic phase. Therefore, based on [6], we present
the mathematical model in Eq. (1) describing the population dynamics
of mosquitoes:

X= =+ u)x + ¢x; + (—%)xﬂ% - xu(t)
ryx — (B + py)x ,
X3 = BX — 13Xz

Xg=1=1ryx — uxy

).C2=

@

where x;(t) is the density of individuals of the aquatic population phase
(eggs, larvae and pupae), xz(t) is the density of individuals of the im-
mature females population (before mating), x3(t) is the density of in-
dividuals of the fertilized females population (after mating) and x,(t)
the density of male individuals (natural male). Mortality rates asso-
ciated with each segment of the population (water, immature females,
fertilized females and males) are respectively denoted by puy, y, uz and
4. The oviposition rate of fertilized female is proportional to its density
and also depend on the availability of food, which is given by ¢ (1 — %
being ¢ the rate of intrinsic oviposition and C means the environmental
capability related to the number of nutrients, space, etc. y is the per
capita rate at which mosquitoes in aquatic phase pass to the terrestrial
phase, and a ratio r develop in females and (1 - r) in males. f3 is the
mating rate of immature females with male mosquitoes. The control
variable u(t) acts as a time-varying mortality rate, that must be de-
signed in order to control the population of mosquitoes.

Without loss of generality, the following changes in the Model (1)
are proposed:

A =—F+u), A= —%, Az =ry, Ays=-B+p), As

a-ry.

Then the system of Eq. (1) can be written as:

Adult

Pupa

2 days

Fig. 1. Life cycle of Aedes aegypti: aquatic phase (larvae, pupae, eggs) and terrestrial phase (adults).
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X A + ¢x3 + Apxix; —x
% Azxy + Ayx
i 1 e +19 fuw,
X3 BXy — p3x3 0
X4 AsXp — yXs 0 )
ie.
X =f)+ gy, (2a)
where,
X A1y + ¢x3 + Apxix - X
. 552 A3x1 + A4x2 0
x=|"2], x) = , x) = , and u
X3 F&) B — psxs §x) 0
X4 A5X1 — MyX4 0
= u(t) (Zb)

3. Exact linearization techniques and zero dynamics

The exact feedback linearization is a procedure that can transform
the dynamics of a nonlinear system in a linear dynamics through a
nonlinear feedback of the states or outputs previously chosen. The ad-
vantage of this linearization, when compared with classical Taylor
series linearization (or Jacobian), is that feedback linearization is
global, i.e. it can be applied to all state space domain or output, with the
possible exception of isolated points, while the Taylor series lineariza-
tion is local, i.e., is valid only for a region around a given equilibrium
point. Furthermore, while the Jacobian linearization is approximated,
the feedback linearization is exact [7-9].

We also consider that an output variable y = h(x), that is a function
of the states (population densities), can be measured in real-time by
some way (using sensors). Thus, the mathematical model is of SISO
(single input single output) type, and is presented in Eq. (3) below:

F&)+gx)u
h(x),

X
y =

3)

where x € R" is a state vector, u € R is the control input, f, gg DCR" —
R" are smooth vector fields in D € R".

For exact feedback linearization, there are two main methods:
input-to-state linearization and input-to-output linearization. The last
one is the object of study in this paper. The aim in input-output line-
arization is to transform the nonlinear dynamic system (3) in the so
called normal form, that is, a linear outer part (input-output sub-model)
and a nonlinear inner and non-observable part (also called internal
dynamic). For this purpose, a new set of states is defined (that are the
output y and its time derivatives) and the existence of a diffeo-
morphism, which transforms the nonlinear system in another linear
system, is supposed.

The new outer states are y = z, ..., y" = z,, where r is the relative
degree of the system. The internal dynamics associated with the input-
output linearization corresponds to (n — r) equations of the form
¥ = w(z, P) and is part of the normal form, and represents the un-
observable dynamics of the system. Note that it does not affect the
system output or its derivatives, it is affected by the output y and its
derivatives. Let us consider the subset of the state space which corre-
sponds to its outputs identically zero, i.e. (7 (¢) = 0. This is called the
zero dynamics of the system, and corresponds to a sub-manifold
M, = {X eR™ z = 0} of the state space, such that all state trajectories
within it will not affect the output. In other words, the system restricted
to Mo corresponds to the internal dynamics which describes the re-
stricted movement of the system in the sub-manifold M, = {X eR™
z = 0}. In addition, the system dynamics in this manifold cannot be
changed by the control law, which means that we must check if the
internal dynamics is stable in order to have the population control ef-
fective (we cannot change its stability with the control input). In order
to the system to operates in zero dynamics, i.e., to the state trajectory x
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remain in Mo, the initial system state x(0) must be in Mo, and fur-
thermore, the output y must remain null. This dynamics is described in
the normal form in Eq. (4) [7-9].

z2 =0
P = w(, ).

4

For the use of the exact feedback linearization techniques, it is ne-
cessary that the internal dynamics in (4) to be asymptotically stable.
Otherwise, we will have a system that behaves linearly and stable in its
observable part, that is, however, internally unstable. This comes im-
mediately from the Slotine theorem [9].

4. Input output linearization of system that describes the
population dynamics of the Aedes aegypti

Considering in the System (2)—(2b) the (measurable) output y as a
linear combination of the states x, and x3, this dynamic can be written
as:

Xy Arx + ¢ + Apxaxs -X
% Asxy + Asx
Bl Ao o,
X3 B — usxs 0
Xf4 A5X1 — MyXs4 0
y = ax + bxs. (5)

According to [7]-[9] the dynamics presented in Eq. (5) has relative
degree r = 2. Furthermore, a diffeomorphism that turns this in the
normal form, has the expression:

Y= (Zla 22, 1!’1, ¢2)a (6)

where z; = y, z, = y and y;, j = 1, 2 are solutions of partial differential
equation (PDE) Vy.g = 0, j = 1, 2. Therefore, from (6):

a = ap + by,

22 = aAsx; + (aAs + bB)X% — buyx; = Bixy + Boxy + Baxs, (6a)

where,

By =aA;, B, =(aA4 + bB) and B; = —bu,. @2
Let us try the following solutions to the PDE Vy.g = 0, j = 1, 2:

P = x,

Y, = Xa, ®

which gives:

U = (z, 22, P, ¥,) = (@ + bxs, Bixy + By + Baxs, X3, Xa), 9)

and Bj, B,, B3 are defined in Eq. (7).
From Eq. (9), W is a global diffeomorphism if only if a = 0,
V X1, Xo, X3, X4. Furthermore, the inverse diffeomorphism is,

X3 = wly
Xq4 = 1102’
1 b
X = _Zl__labp
a a
B 1 1 (bB
Bl (),
aB1 B1 Bl a (10)

From Egs. (9) and (10), the nonlinear dynamics (4) has a normal
form:

22

a| _
[22] B [F(Zb 22 %1 ) + Y@, 22 %y, %)u(t)]’ an
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b
EZ1 + (_5 + #3)¢1
a a

[rl»l _

b, AsB, As AS(bBZ ) ’

- 2+ —2+ —|——-B -
aB, 1 B, 2 B\ a 3 |9 — w P,

y =z, (11a)

where:

F(Zb 22, lpp 1\02) =

l((14432 + BBs3) — &(A1B1
a B
+ Y(zl’ 22, '(,bl, l)bz)u(t)

+ AaBz))Zl

A1B, + A3B
+(11 32)22
B

+ (L(& - 33)(-4131
B\ a

b
+ A3B;) — E(A4Bz + B Bs3)
+ Bi¢p — ﬂ333)¢1

A
+ J(—BZZ1 +az;
a

— (aB; — bBy) ),

1
+ —(Brzm—az
a

+ (aBs — bB)u(n). (11b)

The nonlinear dynamics (11) is the observable part of the dynamics
Eq. (4), i.e., the part that relates input-output. The linear dynamics
Eq. (11a) is the internal dynamics of the System (5), i.e., it is the non-
observable part of this dynamic. Note that the internal dynamics does
not depend on the input u(t). According to [7]-[9], the knowledge of
the internal dynamics is important because it allows the analysis of the
zero dynamics, which can be used for asymptotic stability analysis of
the nonlinear dynamics in Eq. (5).

5. Analysis of the equilibrium points and the asymptotic stability
of the zero dynamics

It is possible to determine the equilibrium points of the population
dynamics in Eq. (5) by using standard methods, and there are two of
them, namely:

P=(, 0, 0, O)and P, = (X, %, X5, X3), 12)
where X, %, X, Xz in (12) are calculated by:
A _
=P By uey, w=-2g B=-Lyadg
A2A4 Az A3 #3
ALA
_Aa 55‘
Aspy 13

It indicates that the population can stabilize in a specific point (that
depends on the parameter values) or in the origin (extinction of the
population).

5.1. Control law for stabilization of the origin P;

According to [7]-[9], the zero dynamics is obtained from 11a) using
21 = 29 = 0 Vt. With these conditions and from ((4), we have:

|l _ [ awn
P, Copy — sty |
y =0 a4

Where
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G

- (%
()

. = B[t )
a

B, (15)

From (14) we note that P = (0, 0) is the only critical point of the
zero dynamics. Moreover, its characteristic equation is given by:

(€ = D) (=py — 1) =0, 16)
whose eigenvalues are:
b
we - (Ben)
a
L = =y a7

The dynamics in Eq. (14) is asymptotically stable around the point
P = (0, 0) if and only if % > —% , implying that the Slotine theorem can
be applied under this conditions. In fact, the nonlinear control (18)
transforms the open loop dynamics (5) globally asymptotically stable
around P; and is given by:

1 | (a44s + (aAs + DR)A)x + ((ads + DR)As — bfus)x
Az + (aAs¢ + buy)xs + ad Asxix; — v

u(t) = —

(18)
where v(x) = —akiAsx — (akiAs + bk + ak,)x — (bk, — bkyu;)x; and
ki, k, are conveniently chosen such that the polynomial p
(A) = A% + k; AL+ k, has negatives roots [9].

We can note that p(A) = AZ + k; A+ k, has negative roots if and
only if k, > 0 and:

1. k = 2kg, if the discriminant A = k2 — 4k, = 0;
2. k € (—o0, —2\/k—0) V] (ZJk—O, +o0) if the discriminant A > 0;
3. ki € (=2ko, 2\ko) if the discriminant A < 0.

(18-a)

The proposed control law (with the proposed parameter values)
turns the equilibrium point P;, which is naturally unstable, in globally
stable point.

5.2. Control law for stabilization of the equilibrium point P,

In order to design a control law to stabilize the population in the
equilibrium point P, = (7, %, X3, X3), it is necessary to translate this
point to the origin by a coordinate transformation (x} = X, x2 = X,
x3 = %3, x4 = X3), which means:

» o= % - X,
¥ = %X,
¥ o= XX
% = Xa—Xg 19)
The equations in (19) results in:
B, 1 1 (bB, ) L
= -——a+—%+—|— —B: |, — x,,
N aB, 1 B, 2 31( a 3 |9, o
1 b
Y, = - =P - X3,
a a
Vo= P =X,
Y= - (20)
The zero dynamics in this case can be expressed as:
1[’1 _ C11p1
1,52 Gy =y, |
y =0 21

The asymptotic analysis of the dynamic stability is analogous to the
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analysis of the point P;. Egs. (16) and (17) imply that (5) is asympto-
tically stable around P; if and only if s > —_ In addition, the control
(18) makes the dynamic (4) asymptotically stable around P..

To determine the control that stabilizes the system (5) (according to
Slotine theorem) firstly observe that from the translation (19), it is
possible to write the dynamics (5) as:

(AL + Ax)y, + (¢ + Aax))ys + Aoy

;1 + Aix} + px} + Apxix}
yz = A3yl + A4y2 + A3x01 + A4x02
3
N ﬁyZ - M3y + ﬁxoz - llflg,xo3
A5y1 — M4y + ASX(} - /"4x:
-, + xgl )
+ [0 u (o),
0
0
Yy = ay, + by, + ax? + bx}. (22)
Therefore, the nonlinear control is given in Eq. (23):
u(t) = —akAsy, — (akiAs + bk + ako)y, — (bko — bkipiy)ys
— akjAsx}
—(akiAg + kabg + ak,)x; — (bk, — kibuy)x;. 23)
Where k; and k, are conveniently chosen such that p

A) =A% + kyA+ k, has negative roots [9]. We can note that p
M) =A% + kyA+ k, (with discriminant A = k;%-4 k,) has negative
roots if and only if k, > 0 and:

® k = 2\/ky, if the discriminant is A = 0;
® k€ (—o0, —2\/k—0) V] (2Jk—0, +00) if the discriminant is A > 0;
o ke (—ZW s 2\/k70 ) if the discriminant is A < 0.

6. Optimized control

The control law u(t) in (18) depends of the values of the parameters
a, b, k; and k, and there are infinite possibilities to choose values for
these constants in order to have closed-loop stability. Thereore, we
propose a methodology to choose the values to these constants such
that the complete system has other desirable properties beyond stabi-
lity, as optimality related to use the minimum quantity possible of
aquatic control effort and to keep the mosquito population as low as
possible. In this way, in this section we propose a multiobjective opti-
mization model, presented in (24)—-(28). aiming to determine a strategy
that use a minimum quantity possible of aquatic control and to keep the
mosquito population as low as possible:

L T T
Minimize |J, = -[—o udt, J,= -[—o (q + % + X3 + x4)dt

24
Subject to
System in Equation (5) and Equation (18), (25)
ko > 0, (26)
b K
a B 27)
u) >0, () >0, x{)>0, x>0, x@) >0 te]o0,T].
(28)

where x = x(t), % =x{), x3=x(), x4 =x4(t) are the state
variables of System (5) and u = u(t, a, b, ko, k) is the control defined in
(18).

The functionals J; and J, proposed in (24) are related to the control
applied in the time interval [0, T] and the total density of mosquitoes in
this interval. Constraints (25) define the dynamics to be followed by the
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system and the control law. Constraints (26) and (27) are imposed to
ensure that the proposed control stabilizes the System (5). The con-
straints (28) define the non-negativity of the variables, guaranteeing
the biological meaning of these variables.

We define S, = {s = (a,b,ko,k;) such that ko >0, (b/a) > (-us/B)
and k; € R}. Let Sp = {X = (x;(1),x2(1),x3(t), x4(),u(ts)) such that
x1(t) > 0, x2(t) > 0, x3(t) > 0, x4(t) > 0, u(t,s) = 0, s€Sp, t<[0,T]} be a
set of feasvible solutions to the Problem (24)—(28). Therefore, a feasible
solution X € Sp can be generated by taking some s € Sp and solving
the System (5) with u(t,s) defined as in (18).

Aiming to solve the multiobjective optimization problem (24)-(28),
we determine a pair (s*, X*), s*e S, and X*e Sp, which simultaneously
minimizes the functionals J; and J, defined in (24) and are related
respectively to the amount of control applied and the density of total
population of mosquitoes in the predetermined time interval [0, T].
However, it is known that J; and J, are conflicting, i.e., the smaller the
J; value, the larger J, will be (the less control, the more mosquito po-
pulation grows, until it stabilizes at high levels). Therefore, the multi-
objective optimization techniques can assist in the determination of
Efficient Solutions for this problem [12].

We propose to use an adaptation of the e-restricted method defined
in Deb [12] in order to determine a efficient solution, which redefines
the problem in a set of sub-problems in the form: (there is a different
problem for each e value).

T
Minimize []1 = ‘/[‘_0 u(t, s)dt]

(29)

Subject to
X () + %) +x3() + x4(0) <&, 2> gy, (30)
X = (a0, %), x:(0), x4 (t), u(t, s)) € Sp. (31)

where ¢ is the required level for mosquito density from a defined time
tax (€ and g, are fixed values).

We propose the heuristic VNS-Variable neighborhood search [13] to
determine an approximated solution to the Optimization Problem
(29)-(31).

Problem (29)—(31) can be summarized in: Let given the values for T,
tqx and e, we need to find the value D* = (s*, X*), where s*e S, and X*e
Sk, such that the constraint (30) is satisfied and J; is minimum, where:

Sp={s = (a, b, kg, k;) such that kg > 0, (b/a) > (-us/P) and k;€ R}.
Sp=1{X = 01V, x2(t), x3(t), x4(t), u(ts)) such that x;(t) >0,
X2(t) > 0, x3(t) > 0, x4(t) > 0, u(t,;s) = 0, s € Sp, t € [0,T]}.

VNS is a stochastic algorithm in which a set of neighborhood
structures Ny (k = 1,..., kyq,) are defined a priori. Each iteration of the
algorithm is composed of three steps: perturbation, local search and
movement. At each iteration, a solution is disturbed in the current
neighborhood N;. i.e., a feasible solution D' is generated randomly. A
local search procedure is applied in neighborhood N (D’), reaching the
solution D”. The current solution is replaced by the new optimal local
D” if and only if a better solution has been found, i.e., if
J1(D”) < J1(D’). And then, the same search procedure is restarted from
solution D” in the first neighborhood N;. Otherwise, if J;(D”) = J;(D”),
the algorithm moves to the next neighborhood, and attempts to im-
prove the current solution. The proposed VNS Algorithm is presented in
the following:

Neighborhood structure considered:

Let D’ = (s’, X), s’ € S, and X’ € Sp, such that s’ = (a’, b’ko’, k). A
neighborhood N;(D’) is defined fixing value to b’ky’, k;’ in s’ and by
varying the value of a, i.e., N;(D’) = {(s, X) such that s = (a, b’, ko,
k;)eSp, a=a’ and Xe Sp }. In the same way, we can define:

N,(D’) = {(s, X) such thats = (a’, b, ko', k;’) €Sy, b = b’and X € Sp
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Table 1
Parameter values.
Source: ([11D*, ([14D*, ([15])*~

Parameters C* y** R* B ¢ * 1 Lo I we*
Value 3 0.0941 0.5 0.927 6.353 0.0583 0.0202 0.0319 0.06

¥

N3(D’) = {(s, X) such that s = (a’, b’, ko, k1)) € Sp, ko = ko’and X €
Sk

N4(D’) = {(s, X) such that s = (a’, b’, ko’, k1) € Sp, k; = k;’and X €
SF }

VNS Algorithm
Let ko = 4 and the neighborhood Ny (D), k = 1, 2, 3, 4 as defined
above,
do:
1. Determine a random initial feasible solution D, = (s,, Xo), So€ Sp
and X,e Sg;
2. K<1,D < Dy
3. While k < kppax
3.1 Find the Best Neighbor D”eN; (D’); (perturbation and
local search);
3.2 If (J:(D”) < Ji(D) );
3.2.1 D’ <~D”; k <-1; (movement)
3.2.2 Else
3.2.3 k<—k+1
3.3 End-If;
4. End-While;
5. Do D* =D

Best Neighbor Algorithm

Let k and D’ be as previously defined, and L4, the maximum number
of iterations, do:

1. Generate randomly D”e Ny (D), 1 <1

Acquatic phase pop. density

acquatic
—immature

Time

Fertilized female pop. density

0 50 100 150
Time
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160 T T

— (1)

140 7

120 b

100 b

60 b

40 b

20 b

O Il Il
0 50 100 150
Time (day)

Fig. 3. Optimized control strategy obtained applying the proposed VNS heuristic.

2. While [ < Lax
2.1 Perturb D”,( generate randomly D” € Ny (D), (D” = D”));
2.2 If (Ji(D”) < Ji(D”) );
2.2.1 D” < D”;
2.3 End-If;
3. l<1+1;
4. End-While;
5. Take back D”.

The VNS algorithm determines a approximated solution to the
Problem (29)—(31), determining an optimized control strategy u(t), in
the time interval [0, T] that keeps the population density of mosquitoes
at a required low level e. We present in the following section a com-
putational simulation for the methodology described in this work.

Immature female pop. density
. [——immature
fertilized

10

Time

Wale pop. density

Time

Fig. 2. Simulation for the open loop situation (different initial conditions).
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4 ; ;
— x4(t)
35| — i 20) [
— x3(1)
3r — x](t) i
25 b
2 .
15 b
1 i
0.5 L 1
R —
0 .
0 50 100 150

Fig. 4. Population dynamic of the mosquitoes in the aquatic phase (x;(t)), immature
females (x2(1)), fertilized females (x3(t)), males (x4(t)) under the application of the
control.

7. Numerical simulation

Aiming to implement and analyze the proposed methodology, some
computational experiment was made. We use for these implementations
the MATLAB 7.14.0.739 (R2012a) software and run on a micro-
computer Dual Core i5-650 with 4GB memory and 400GB hard drive
running Windows Operating System.

Table 1 shows the parameters used in the simulations for a parti-
cular case when the average local temperature is 25 °C, based in [11,
14] and [15]. All parameters are measured per day (d ') except r.

Fig. 2 shows the effect on the response of the dynamic of Eq. (5)
without the control law (i.e. in open loop situation) for 150 days.

We can observe in Fig. 2, that the chosen control using the Eq. (18)
and without optimization process, is capable of stabilizing the system
with different initial condition. However, the density in all segments of
the population (aquatic phase, immature female, fertilized female and
male) stabilize in the equilibrium point P,.

Fig. 3 shows the optimized control strategy, obtained using the
heuristic VNS discussed in Section 7. We used the data in Table 1, the
total control application time T = 150 days, ¢ = 1 and t, = 70 days.
The control was applied from the equilibrium point P,, for being a time
in which the population starts the stabilization in higher levels (period
where begins the critical phase of the proliferation of diseases trans-
mitted by this vector). The determined values for the optimized para-
meters of u(t) were a*=0.0672, b*=6.0197, ky,* = 3.8677,
k;* = —0.8401.

Fig. 3 shows that we must apply the control with higher intensity in
the first days, reducing it as the mosquitos populations reduces, as
shown in Fig. 4, which shows the effect of the optimized control on the
population dynamic of the mosquitoes.

8. Discussion

The control of the mosquito population in aquatic phase is a
common practice in Brazil. Healthcare agents search and remove
mosquito breeding sites in homes, baud lands, businesses and industries
throughout the year. Another common practice is the television and
press advertisements, as well as educational campaigns of the popula-
tion so that the breeding sites could be removed more efficiently.
However, these practices are very expensive for healthcare agencies
and often performed poorly. In this sense, the methodology presented
here can be useful as a cost effective tool.

The feedback linearization control technique was used in order to
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obtain a nonlinear control law that linearizes globally the mosquito
population dynamics. The resulting control law has four free para-
meters to choose by the designer. The heuristic VNS method was used
to aid in the determination of optimized values for these parameters,
obtaining an optimized control strategy to be applied in the aquatic
phase of the mosquito population. This strategy consists in applying the
control with higher intensity in the first days, afterwards reducing it as
the populations reduces. This strategy reduces the cost of control as
well as the mosquito population to desired levels in the defined time.
The reduction of the Aedes aegypti population favors the reduction of
the diseases transmitted by this vector.

9. Conclusion

This work analyzed a mathematical model describing the popula-
tion dynamics of the Aedes aegypti, and designed a generic control law
for the mosquito population through exact linearization techniques.
Based in this control law, we proposed a heuristic VNS algorithm to
determine optimized controls strategies for the aquatic phase, which
produced the minimum possible cost of control, making the process
cheaper and lowering the mosquito population, which favors the re-
duction of the diseases transmitted by this mosquito, such as dengue,
chikungunya, zika and yellow fever. Other advantages of this control
technique is the reduction of environmental impact, since reducing the
amount of mosquitoes also reduces the need for chemical control, as for
example the insecticide. The results of the computer simulations show
that the presented methodology has great potential as a tool for the
decision makers in the fight against the Aedes aegypti.
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