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Resumo

Este trabalho desenvolve uma generalização da coherent potential approxima-
tion (CPA) para estudar transições de rigidez em sistemas elásticos com desordem
correlacionada, inspirado nas propriedades mecânicas de géis coloidais macios.
Ao estender as teorias de meio efetivo tradicionais, incorporamos correlações
espaciais na distribuição de probabilidade da desordem, permitindo a análise de
sistemas mais complexos. A estrutura é implementada numericamente utilizando
uma rede triangular como caso de teste, aproveitando simetrias e aproximações
para simplificar a condição de autocoerência.

Nossa principal contribuição é a formulação de uma ferramenta teórica versátil
capaz de descrever transições de rigidez em uma ampla variedade de sistemas des-
ordenados, incluindo aqueles com desordem correlacionada. Como demonstração,
aplicamos a estrutura a um modelo inspirado em géis coloidais, revelando que as
correlações espaciais deslocam o parâmetro crítico pc para as transições de rigidez,
mas não alteram o número de coordenação z no qual a rigidez ocorre, consistente
com o critério de Maxwell (zc = 2d). Além disso, observamos invariância de escala
no sistema, indicando comportamento universal próximo à transição crítica. Esses
resultados validam a robustez da CPA generalizada e destacam seu potencial
para estudar materiais complexos, como redes granulares, tecidos biológicos e
metamateriais mecânicos.

Palavras Chaves: Correlated Disorder; Effective Medium Theory; Rigidity Transi-
tions; Soft Colloidal Gels; Elasticity.

Áreas do conhecimento: Condensed Matter; Soft Matter; Phase Transistions and
Critical Phenomena
Statistical Mechanics; Complex and Disordered Systems; Effective Medium Theo-
ries.
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Abstract

This work develops a generalized coherent potential approximation (CPA)
framework to study rigidity transitions in elastic systems with correlated disor-
der, inspired by the mechanical properties of soft colloidal gels. By extending
traditional effective medium theories, we incorporate spatial correlations into the
probability distribution of disorder, enabling the analysis of more complex systems.
The framework is implemented numerically using a triangular lattice as a test
case, leveraging symmetries and approximations to simplify the self-consistency
constraint.

Our primary contribution is the formulation of a versatile theoretical tool ca-
pable of describing rigidity transitions in a wide range of disordered systems,
including those with correlated disorder. As a demonstration, we apply the frame-
work to a model inspired by colloidal gels, revealing that spatial correlations shift
the critical parameter pc for rigidity transitions but do not alter the coordination
number z at which rigidity occurs, consistent with Maxwell’s criterion (zc = 2d).
Additionally, we observe scale invariance in the system, indicating universal be-
havior near the critical transition. These results validate the robustness of the
generalized CPA and highlight its potential for studying complex materials such
as granular networks, biological tissues, and mechanical metamaterials.

Key Words: Correlated Disorder; Effective Medium Theory; Rigidity Transitions;
Soft Colloidal Gels; Elasticity.

Fields of Knowledge: Condensed Matter; Soft Matter; Phase Transistions and
Critical Phenomena
Statistical Mechanics; Complex and Disordered Systems; Effective Medium Theo-
ries.
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Chapter 1

Introduction

In condensed matter physics, the study of solids has traditionally relied on
the crystalline lattice model, providing profound insights into periodic struc-
tures [1, 2]. However, many materials in nature exhibit disordered or amorphous
arrangements, presenting unique challenges and opportunities for theoretical
exploration [3, 4]. Among them, colloidal gels stand out as a fascinating class of
soft solids, where attractive interactions between particles form disordered net-
works with remarkable mechanical and transport properties [5–7]. Understanding
their rigidity, particularly in the context of rigidity percolation, remains a central
problem in the field.

Rigidity percolation describes the transition from a floppy state—lacking struc-
tural rigidity—to a rigid, solid-like state as connectivity increases. Both states
can be disordered, but they differ in mechanical stability. This phenomenon is
typically associated with Maxwell’s isostatic threshold, zc = 2d, for central-force
interactions [3, 8, 9]. However, real-world systems like colloidal gels exhibit struc-
tural correlations that challenge this classical framework. Recent work shows that
such correlations can shift the rigidity transition to lower volume fractions while
preserving critical exponents [10], raising the question: can correlations induce
rigidity below the isostatic threshold, a state known as subisostaticity?

Motivated by these questions, this work develops a generalized framework for
studying disordered systems with spatial correlations. We extend the Coherent
Potential Approximation (CPA), a cornerstone of effective medium theory (EMT),
to incorporate correlated disorder. Traditional CPA maps disordered networks
onto effective homogeneous media using a self-consistency constraint [9, 11, 12],
but it does not naturally account for structural correlations. Our generalization
introduces a bond-removal protocol that captures these effects by removing blocks
of bonds with varying probabilities, broadening the applicability of EMT and
providing a powerful tool for studying correlated systems.
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Chapter 1. Introduction 2

To test this framework, we apply it to rigidity percolation in systems like col-
loidal gels. Our analysis shows that while structural correlations influence rigidity,
they do not alter the critical coordination number at which it emerges. This high-
lights the importance of coordinated particle organization rather than a reduction
in connectivity. These results, obtained within a specific approximation, will be
discussed in detail in later chapters.

This thesis is structured as follows: Part I introduces the foundation for study-
ing rigidity transitions with traditional CPA. Chapter 2 overviews rigidity and
its relationship with spatial correlations. Chapter 3 presents classical harmonic
crystal theory, which forms the theoretical foundation of EMT. Chapter 4 details
the CPA for mapping disordered systems onto homogeneous networks.

Part II generalizes this framework and proposes a simple model based on
colloidal gels to apply this method. Chapter 5 introduces a bond-removal process
extending CPA to more general systems. Chapter 6 develops a simple model incor-
porating correlations, supported by numerical corroboration. Chapter 7 presents
the conclusions.

This work aims to bridge the gap between uncorrelated and correlated rigidity
percolation models by providing a theoretical framework that captures the im-
pact of structural correlations on the rigidity transition. By expanding the tools
available for studying these complex systems, we hope to contribute to a deeper
understanding of the fundamental principles governing rigidity in disordered
materials.





Part I

Effective Medium Theory for Rigidity
Transitions
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Chapter 2

Rigidity Transitions: A Bird’s Eye View

In condensed matter physics, modeling the structure of solids using crystalline
lattices has been a cornerstone for understanding their properties and predicting
their behavior [1]. This approach has been widely adopted and remains a central
framework in the study of matter [2]. However, in nature, a vast number of
materials deviate from periodic structures and exhibit disordered arrangements,
as illustrated in Figure 2.1. These materials, known as amorphous solids, represent
a fascinating and diverse area of study due to their unique features [3, 4].

(a) Crystalline solid (b) Amorphous solid

Figure 2.1: Schematic representation of (a) the periodic structure of a crystalline
solid and (b) the disordered structure of an amorphous solid.

One of the defining challenges in studying amorphous solids is their incompat-
ibility with traditional crystalline descriptions. As a result, many of the theoretical
frameworks and tools developed for periodic systems are not applicable to these
disordered materials. To date, no general theory has been developed that compre-
hensively describes all disordered structures. Consequently, research in this field
often focuses on the specific properties of individual systems, presenting both
significant challenges and exciting opportunities for exploring open questions in
condensed matter physics [9, 13–15].

5



Chapter 2. Rigidity Transitions: A Bird’s Eye View 6

Effective medium theories (EMTs) of random elastic networks have been com-
monly employed to model properties like dissipation and rigidity of disordered
systems [11, 12, 16–19]. Examples of disordered materials include randomly
packed spheres [20–22], granular media [23, 24], proteins [25], polymers [18, 26],
network glasses [27–30], and biopolymer gels [31–38]. Among these, a particularly
intriguing class is that of colloidal gels, which belong to the category of soft solids
[6, 7, 10, 39–41]. These systems are characterized by attractive interactions between
colloidal particles suspended in a solvent, usually liquid, where the particles form
disordered networks, as shown in Figure 2.2. These networks exhibit unique
structural and dynamical properties that make them a rich subject of study in
condensed matter physics.

(a) (b)

Figure 2.2: Disordered microstructure of colloidal gels. (a) Confocal micrographs
and (b) simulation snapshots of depletion gels at different polymer concentration
and fixed volume fraction ϕ = 0.20. The experimental system employs a model
depletion gel designed to simultaneously measure rheology, microstructure, and
particle interactions, providing a comprehensive understanding of the gel’s micro-
scopic properties and macroscopic elastic response. Simulations use a Brownian
dynamics algorithm to generate gel structures and compute their elastic modulus,
enabling direct comparison with experimental results. This combined approach
aims to elucidate the origins of elasticity in colloidal gels formed by arrested phase
separation. Image credit: Adapted from [41].
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Due to the attractive interactions that characterize colloidal gels, these systems
exhibit a correlated structure that significantly influences their elastic proper-
ties [10]. Understanding their rigidity is therefore crucial, yet traditional criteria
for analyzing disordered structures often fail to account for the spatial correlations
present in such systems. This limitation highlights the need for a more compre-
hensive theoretical framework capable of describing correlated disorder. In this
chapter, we will first introduce the physical and topological principles underlying
rigidity percolation, followed by an analysis of the correlated structure of col-
loidal gels. These discussions provide the necessary foundation for addressing
the broader challenge of understanding the properties of systems with correlated
disorder, a challenge that will be tackled in subsequent chapters through the
development of a generalized EMT.

2.1 Mechanical stability

The solid state of matter is characterized by its ability to resist macroscopic
deformations, a property commonly referred to as rigidity. The continuous tran-
sition from fluidity to rigidity in disordered solids at zero temperature has been
extensively studied based on the assumption that the structure of the material can
be described using networks. These networks, in their simplest form, consist of
nodes connected by central-force (CF) elastic bonds. This framework thus allows
for the study of their spatial distribution and configurations, providing criteria to
determine when the system exhibits rigidity [14, 19].

In contrast to crystalline solids, where the periodic arrangement of atoms can be
fully described by a set of lattice vectors, disordered systems lack such regularity.
The vast variety of possible arrangements in a disordered network makes a purely
geometric characterization infeasible, as there is no unique or simple way to
describe the spatial distribution of nodes and bonds. This complexity necessitates
alternative approaches that focus on global properties rather than local geometric
details. One such approach, grounded in topology, shifts the focus from the specific
spatial arrangement of particles to the broader connectivity and constraints within
the network. By analyzing the balance between degrees of freedom and constraints,
these counting methods provide a powerful framework for understanding the
mechanical stability of disordered systems [14]. In the following subsection, we
will explore Maxwell’s criterion for rigidity [8].
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2.1.1 Maxwell’s criterion for rigidity

The key idea behind Maxwell’s criterion involves considering global properties
of a network, where rigidity depends on the balance between the system’s degrees
of freedom and the constraints imposed by the bonds. Rigidity occurs when the
number of constraints is at least equal to the number of degrees of freedom, while
the existence of spatially unconstrained soft modes leads to a loss of rigidity. This
approach, known as soft mode counting, provides a widely recognized method
for determining the rigidity of systems that can be represented as networks [8].

Maxwell’s criterion establishes the minimum number of constraints required
to eliminate soft modes. Consider a d-dimensional lattice of N points connected
by CF elastic bonds. The number of degrees of freedom is dN. In the absence of
any bonds, the number of soft modes equals the number of degrees of freedom.
When constraints are introduced, the number of soft modes, N0, is given by:

N0 = dN − Nc, (2.1)

where Nc represents the total number of constraints imposed by the bonds, which
restrict the distance between linked particles. This equation reflects the balance
between degrees of freedom and constraints. Each bond, shared between two
points, contributes 1

2 z to the total number of constraints, where z is the coordination
number, i.e., the average number of neighbors per site in the network. Assuming
that every bond provides an independent constraint, the number of soft modes
can be expressed as:

N0 = dN − 1
2

zN. (2.2)

The critical coordination number below which soft modes exist is then given by
zc = 2d. When z ≥ zc, the system becomes rigid. The specific condition where the
number of constraints equals the degrees of freedom, corresponding to z = zc, is
known as the isostatic state. This state represents a critical point for rigidity in the
system [8, 42, 43].

Maxwell’s criterion states then that systems with CF interactions acting as
springs between pairs of nodes only become rigid above the isostatic connectivity
threshold [3, 4, 8, 9, 12, 44]. However, caution is required when applying this
counting argument, as it may lead to overcounting of constraints. This occurs
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when bonds are added in regions of the network where no soft modes remain,
resulting in states of self-stress that do not contribute to rigidity. To address this
issue, it is possible to generalize constraint counting arguments to incorporate the
effects of states of self-stress [14, 16, 45].

By adopting a topological description and disregarding geometric details, dis-
ordered structures can be represented by randomly assigning constraints within
the network [14]. These constraints allow the structure of amorphous solids to be
described as random elastic networks where connectivity effects near the isostatic
point can be studied by adding or removing bonds according to a probability
distribution [9]. These ideas were first introduced in the context of glasses by
Phillips [46] and Thorpe [3], who applied Maxwell’s criterion to understand the
rigidity of amorphous solids. Later, Guyon et al. [47] extended this framework to
granular packings, demonstrating its versatility in describing disordered systems.

While Maxwell’s criterion provides a fundamental framework for understand-
ing rigidity in networks, it is particularly insightful when applied to the study of
phase transitions in disordered systems. Two key concepts in this context are rigid-
ity percolation and jamming, both of which describe the emergence of rigidity as
the connectivity or density of a system increases. In the following section, we will
explore these phenomena, their interplay, and their significance for understanding
the mechanical stability of amorphous solids.

2.1.2 Rigidity percolation and jamming

At the onset of solidity, rigidity percolation is a phase transition, observed
in the thermodynamic limit, where the probability of finding a rigid cluster that
spans the entire system changes from 0 to 1 [14]. This implies that random elastic
networks become increasingly rigid as z grows, exhibiting a CF rigidity perco-
lation transition from floppy clusters to a percolating rigid cluster with a finite
elastic modulus at the threshold z = zCF, which is near Maxwell’s isostatic limit:
z = 2d [8, 16, 42, 48].

An alternative approach to studying rigidity in random systems near iso-
staticity involves the concept of jamming, which describes the behavior of zero-
temperature packings of particles. In this framework, the transition from a fluid-
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like to a solid-like state occurs as the particle density increases. Specifically, the
system evolves from an unjammed disordered state, where particles lack stable
contacts, to a jammed disordered state, where particles form a rigid network
[22, 49–52]. For frictionless spheres, the coordination number at the jamming tran-
sition matches the isostatic critical value zc = 2d [53–55]. This transition is driven
by increasing the volume fraction, ϕ, beyond a critical value, ϕc. The isostatic state
is continuously approached as the deviation ∆ϕ = ϕ − ϕc approaches zero [12].
A direct relationship exists between particle density, represented by the volume
fraction, and the coordination number, given by:

∆z = z − zc ∼ (∆ϕ)
1
2 . (2.3)

These parameters are critical for characterizing swollen networks and are associ-
ated with elastic moduli. For instance, the shear modulus scales as G ∼ ∆z [12],
and the Young’s modulus in the case of Poisson ratio of 0.5 is given by E = 3G [6].

Both jamming and rigidity percolation provide suitable frameworks for study-
ing disordered viscoelastic materials near the onset of rigidity [56]. While rigidity
percolation focuses on bond connectivity in a network, jamming describes rigidity
emergence in densely packed particle systems. These phenomena are deeply
connected, as evidenced by their universal scaling forms near the transition point,
often studied using EMT [57, 58]. However, Eq. (2.1) primarily applies to systems
where CF interactions are the sole contributors to rigidity. In networks with ad-
ditional interactions, such as bending forces, the system can stabilize below the
isostatic limit, a state known as subisostaticity [9, 44, 59]. The role of structural
correlations alone in subisostatic stabilization remains uncertain.

Colloidal gels provide a compelling motivation to extend traditional frame-
works, as they exhibit additional interactions manifested as correlations among
their disordered structural elements [10]. Specifically, incorporating these interac-
tions into a generalized EMT is essential for accurately describing the mechanical
properties of these materials. This approach enables an investigation into how
structural correlations influence rigidity percolation in colloidal gels, particularly
whether they contribute to the emergence of subisostaticity. To achieve this, it is
first necessary to characterize the structural correlations present in such systems,
which will be analyzed in the following section.
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2.2 Structural correlations in colloidal gels

Standard formulations of rigidity percolation, as described previously, do not
account for structural correlations. In these models, bonds are removed randomly
and independently from the network until the system loses its rigidity [10]. Al-
though this approach has been successfully applied to describe rigidity transitions
in certain systems, such as network glasses [29], it is now well-established that
the nature of the rigidity transition depends critically on the specific manner in
which the final structure is assembled [30, 60, 61]. This observation highlights un-
resolved fundamental questions regarding the emergence of rigidity in disordered
systems. Moreover, theoretical modeling of such transitions becomes particularly
challenging in systems exhibiting internal stresses [10]. For example, the presence
of attractive interactions has been shown to significantly alter the nature of the
rigidity transition in jamming systems [62].

Colloidal aggregates can undergo gelation and form an elastic solid even at
arbitrarily low volume fractions, as internal elasticity plays a crucial role in clus-
ter formation [63]. However, the gelation process remains complex and not yet
fully understood. The attractive mechanisms responsible for bond formation
include van der Waals forces, surface chemistry, hydrophobic effects, and deple-
tion interactions, among others [64]. In some cases, it has been suggested that
attractive interactions can exert an effect similar to that of a confining pressure [65].

Motivated by the study of rigidity percolation in systems with correlated
disorder, Zhang and colleagues used a lattice model to demonstrate that such
correlations shift the percolation transition to lower volume fractions. Moreover,
they showed that as the strength of these correlations increases, the percolation
threshold decreases further, while the critical exponents characteristic of classical
rigidity percolation remain unchanged [10]. These findings raise the question of
whether rigidity could emerge even for coordination numbers below the 2d thresh-
old, exhibiting subisostaticity. Given that structural correlations lower the volume
fraction at which rigidity percolation occurs, one might expect a corresponding
shift in the coordination number threshold as well. This possibility serves as the
primary motivation for our investigation, as we aim to determine whether and
how these correlations influence the mechanical stability of the system.
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The onset of rigidity in such systems requires careful consideration of how
stresses are transmitted through the material [16]. In attractive colloidal suspen-
sions, these phenomena have been studied experimentally and theoretically using
statistical mechanics approaches such as fractal aggregation models, cluster the-
ories, and density functional theories [66–68]. A simplified illustration of how
structural correlations shifts the transition to lower volume fractions in these
systems was also proposed by Zhang et al. [10] and it is depicted in Figure 2.3.

Figure 2.3: Illustration of a rigid cluster decomposition from the correlated lattice
model at ϕl = 0.6 with zero correlation strength (c = 0). Red particles represent the
largest rigid cluster, while gray particles denote the rest of the system. The inset
shows a highly correlated configuration where particles assemble into a structure
resembling a Warren truss, exhibiting rigidity even at ϕ = 0 in the thermodynamic
limit. This figure is adapted from Zhang et al. (2019) [10].

They explained that correlations drive the assembly of particles into thin,
highly organized structures that, in the limit of strong correlations, resemble one-
dimensional Warren trusses. These structures are characterized by their ability to
efficiently transmit stress along specific directions, effectively reducing the volume
fraction required for rigidity in the thermodynamic limit for two-dimensional
systems. This explanation highlights the structural role of short-range attractive in-
teractions in guiding the assembly of particles, leading to rigidity at lower volume
fractions compared to uncorrelated systems. Consequently, rigidity in colloidal
gels is proposed to arise from the coordinated organization of interacting particles,
rather than the formation of rigid clusters as suggested in uncorrelated rigidity
percolation [10].
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Correlated systems thus present new challenges, requiring expanded theoreti-
cal approaches to study and understand their unique and complex features. One
common tool for analyzing disordered systems is EMT [69–72]. This mean-field
theory accounts for disorder by mapping the system onto an effective uniform
network, where the parameters are determined using a self-consistency constraint
applied to the average disorder, ensuring that replacing a single bond in the ef-
fective network results in a local distortion of the strain field that vanishes on
average across all possible bond replacements [9, 11, 12, 59]. Motivated by the
need to study the elastic properties near the onset of rigidity in systems with
spatial correlations, such as colloidal gels, we propose to develop a comprehensive
quantitative theory that extends EMT to account for these correlations. This frame-
work will allow us to analyze their influence on the rigidity of gels, particularly
focusing on whether the observed shift in volume fraction also leads to a shift in
the coordination number, potentially resulting in subisostaticity. With this goal
in mind, we now turn to the foundational concepts and mathematical tools that
underpin the study of rigidity in elastic networks, which will serve as the basis for
our generalized effective medium theory.





Chapter 3

Theory of Classical Harmonic Crystals

To develop a comprehensive understanding of rigidity in disordered systems,
such as colloidal gels, we begin by revisiting the Classical Harmonic Crystal The-
ory, as described by Ashcroft and Mermin [1]. This theory provides useful tools
for analyzing the elastic properties of periodic networks, including the dynamical
matrix and its relationship with the Green’s function, which describe the dynam-
ics of ions around their equilibrium positions at non-zero temperatures. In our
context, these ions represent the colloids in a gel. By establishing this theoretical
framework, we lay the groundwork for extending our analysis to disordered sys-
tems, where structural correlations play a critical role in determining mechanical
stability.

To implement this approach, we rely on two assumptions:

1. The mean equilibrium position of each ion is a Bravais lattice site.

2. The typical excursion of each ion from its equilibrium position is small
compared to interionic spacing.

Based on these two assumptions, it is possible to propose a harmonic ap-
proximation that enables the extraction of quantitative information essential for
analyzing our system.

3.1 Harmonic approximation

Due to the first assumption, it is possible to establish a one-to-one correspon-
dence between each ℓ-th ion and the Bravais lattice site located at position Rℓ.
After the deformation, the position rℓ of the ion is then a function of Rℓ, we then
can consider a displacement field on the network that maps particle ℓ initially in
Rℓ to a new position rℓ(Rℓ),

Rℓ −→ rℓ(Rℓ) = Rℓ + uℓ(Rℓ), (3.1)

15
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which determines uℓ as the displacement vector (see Figure 3.1).

Rl

(a)

Rlrl(Rl)

ul(Rl)

(b)

Figure 3.1: (a) Bravais lattice for static models, where the position of each ℓ-th
particle is defined by the vector Rℓ. (b) Displaced lattice, where the instantaneous
position rℓ(Rℓ) is determined by the equilibrium position Rℓ of each particle
and a displacement vector uℓ(Rℓ), which characterizes the deviation from the
equilibrium position.

The interaction potential between pairs can be described in terms of a function
ϕ, such that:

U =
1
2 ∑

R,R′
ϕ
(
r(R)− r(R′)

)
=

1
2 ∑

R,R′
ϕ
(

R − R′ + u(R)− u(R′)
)
,

(3.2)

where ∑R represents the sum over all of the Rℓ vectors in the network. The second
assumption implies that all the displacements uℓ are small, so we can perform a
Taylor’s expansion in three dimensions:

U = ϕ(R − R′)︸ ︷︷ ︸
Ueq

+
1
2 ∑

R,R′

[
u(R)− u(R′)

]
· ∇ϕ

(
R − R′)︸ ︷︷ ︸

minus force exerted

+
1
4 ∑

R,R′

[(
u(R)− u(R′)

)
·∇
]2

ϕ
(

R − R′)
︸ ︷︷ ︸

Uharm

+O(u3)︸ ︷︷ ︸
→0

.
(3.3)

The linear term vanishes because there is no net force in equilibrium. Additionally,
we ignore terms of order higher than two since we assume the displacement is
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small. Therefore, the potential energy can be described as the sum of a constant
equilibrium term, which can be ignored in dynamical problems, and a harmonic
term:

U = Ueq + Uharm, (3.4)

where the harmonic contribution is given by:

Uharm =
1
4 ∑

R,R′

[(
ui(R)− ui(R′)

)
∂i
]

·
[(

uj(R)− uj(R′)
)
∂j
]

ϕ
(

R − R′)
=

1
4 ∑

R,R′

[
ui(R)− ui(R′)

]
·

∂2ϕ (R − R′)

∂ri∂rj
·
[
uj(R)− uj(R′)

]
.

(3.5)

Defining

ϕij
(

R − R′) ≡ ∂2ϕ (R − R′)

∂ri∂rj
, (3.6)

it is possible to write

Uharm =
1
2 ∑

R,R′
ui(R) · Dij(R − R′) · uj(R′), (3.7)

where

Dij(R − R′) ≡ δR,R′ ∑
R′′

ϕij
(

R − R′′)− ϕij
(

R − R′) , (3.8)

is the dynamical matrix. This matrix plays a crucial role in characterizing the
dynamic behavior of the system. By knowing the type of interaction between
particles and the geometry of the lattice, we can construct the matrix and extract
essential dynamic information about the system. In the following section we will
explore in more detail its construction and fundamental properties.

3.2 Dynamical matrix

In this section, we will treat the dynamical matrix as key operator for extracting
dynamic information from the system. Its importance will become evident as we
proceed. We will begin by describing the dynamical matrix for a general given
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lattice, providing a framework for its construction. To achieve this, we will first
introduce its representation in Fourier space, which allows us to express the matrix
in terms of the lattice’s underlying symmetry and interactions, simplifying the
analysis of the system’s dynamics.

3.2.1 Fourier transform

Having established the framework for constructing the dynamical matrix, we
now turn to its representation in Fourier space. Ignoring the constant equilibrium
term, the lattice potential energy can be expressed as a quadratic form:

U =
1
2 ∑
ℓ,ℓ′

uℓ · Dℓ,ℓ′ · uℓ′ . (3.9)

To facilitate the analysis in Fourier space, we define the Fourier transform of the
displacement vectors as:

uq = ∑
ℓ

uℓ e−iq · rℓ0 ,

uℓ =
1
N ∑

q
uq eiq · rℓ0 .

(3.10)

Substituting these Fourier-transformed displacement vectors into the expression
for the potential energy, we obtain

U =
1

2N2 ∑
q,q′

uq ·

(
∑
ℓ,ℓ′

Dℓ,ℓ′ e−i(−q) · rℓ0+iq′ · rℓ′0

)
· uq′ . (3.11)

Now, we apply the Fourier transform to the dynamical matrix itself. The Fourier-
transformed dynamical matrix is given by:

Dq,q′ = ∑
ℓ,ℓ′

Dℓ,ℓ′ e−iq · rℓ+iq′ · rℓ′ ,

Dℓ,ℓ′ =
1

N2 ∑
q,q′

Dq,q′ eiq · rℓ−iq′ · rℓ′ .
(3.12)

Thus, the potential energy can now be written as:

U =
1

2N2 ∑
q,q′

uq · D−q,q′ · uq′ . (3.13)
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At this point, we have successfully expressed the lattice potential energy in Fourier
space. This representation is crucial for the subsequent analysis of the system’s
dynamics, as it highlights the role of the lattice’s symmetry and interaction struc-
ture. In the following subsection, we will focus on describing this framework for a
specific lattice, taking into account the underlying symmetry and the interactions
that define the system’s behavior.

3.2.2 Description for a lattice

We now proceed to describe the elastic potential energy of a lattice, which
consists of a number of bonds b in each of the N unit cells c. To provide a
concrete illustration of the general formalism, we first consider the specific case of
a triangular lattice, as shown in Figure 3.2.

a1

a2

a3

k2

k3

k1

Figure 3.2: Example of the description of a triangular lattice configuration, where
the central atom of the unit cell is connected by three of its nearest neighbors
by bonds (solid arrows), all the atoms are represented by red dots and the bond
is represented by the black arrow (the other lattice connections are shown as
dashed lines). Each bond is characterized by a bond strength kb and a vector ab,
which connects the central atom to its neighboring sites. While this arrangement
corresponds to a triangular lattice, the general formalism described in the text
applies to arbitrary lattice configurations.

In this example, the central atom of the unit cell is connected to its three nearest
neighbors by bonds (i.e., b = 3), each characterized by a bond strength kb. The
vectors ab represent the connections between the central atom and its neighboring
sites, and their directions are given by the unit vectors êab . This example will serve
as a visual and conceptual aid to contextualize the general description that follows.



Chapter 3. Theory of Classical Harmonic Crystals 20

Returning to the general description, we assume, for simplicity, a uniform
bond strength kc

b across all unit cells. The elastic potential energy of the lattice can
then be written as:

U = ∑
c

∑
b

kc
b

2

[ (
uℓc

0
− uℓc

b

)
· êℓc

0,ℓc
b

]2
, (3.14)

where uℓc
0

and uℓc
0

represent the displacements of the two connected atoms by
the bond b in the unit cell, and êℓc

0,ℓc
b

is the unit vector along the bond direction
between those two sites. Assuming that the elastic constants kc

b are organized in
the same way across all unit cells, we can drop the unit cell index c and write
kc

b = kb. Here, the index b indicates that the bond strengths may vary within a
unit cell, but their spatial arrangement is identical in every unit cell. With this
assumption, we next transform the expression for the elastic potential energy into
Fourier space:

U =
1

2N2 ∑
c

∑
b

kb

[
∑
q

uq e
iq · rℓc

0

(
1 − e

iq ·
(

rℓc
b
−rℓc

0

))
· êℓc

0,ℓc
b

]2

. (3.15)

We now define ab ≡ rℓc
b
− rℓc

0
as the vector connecting neighboring sites within the

unit cell. Note that this definition is specific to the mathematical description used
here and should not be confused with the primitive vectors of the lattice, which
may differ in certain cases (e.g., in a honeycomb lattice). Since the form of ab is
repeated in each unit cell, we omit the index c. The unit vector êℓc

0,ℓc
b

can then be
rewritten as êab =

ab
ab

, where ab = |ab|. Substituting this into the expression for U
we obtain:

U =
1

2N2 ∑
q,q′

uq ·

[
∑
c,b

kbe
i(q+q′) · rℓc

0

(
1 − eiq · ab

) (
1 − eiq′ · ab

)
êab ∧ êab

]
· uq′ ,

(3.16)

where êab ∧ êab is the outer product of the unitary vectors. Equation 3.13 allows us
to write the dynamical matrix for the lattice:

D−q,q′ = ∑
c,b

kb e
i(q+q′) · rℓc

0

(
1 − eiq · ab

) (
1 − eiq′ · ab

)
êab ∧ êab . (3.17)
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We now recognize that this can be expressed in a more compact form as:

Dq,q′ =

(
∑

c
e
−i(q−q′) · rℓc

0

)
∑
b

kb

(
1 − eiq · ab

) (
1 − eiq′ · ab

)
êab ∧ êab

= Nδq,q′Dq,

(3.18)

with the dynamical matrix in Fourier space defined as:

Dq ≡ ∑
b

kb

(
1 − e−iq · ab

) (
1 − eiq′ · ab

)
êab ∧ êab . (3.19)

This expression can also be written in terms of a sum over bonds m within the unit
cell, leading to the form:

Dq = ∑
m

kmBm,q ∧ Bm,−q′ , (3.20)

where we have defined the B-vector:

Bm,q ≡
(

1 − e−iq · am
)

êam . (3.21)

This vector is central to the description of the dynamical matrix and, consequently,
to the characterization of the lattice’s configuration. It encapsulates the structural
arrangement of the lattice, specifically encoding the phase relationships and orien-
tations of the bonds, which are crucial for understanding the system’s response to
perturbations. By leveraging the geometric information contained in the B-vector
we can systematically construct the dynamical matrix for the lattice. Here, the
index m accounts for each bond within the unit cell.

In the next section, we will use the dynamical matrix derived here to obtain
the equations of motion for the lattice. Building on the formalism developed in
this chapter, where we have established how to calculate the dynamical matrix
for an arbitrary lattice, we will incorporate this expression into the governing
equations of the lattice’s evolution. This will allow us to formulate the response
function, which characterizes the system’s behavior under external perturbations
and provides insights into its dynamical properties.
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3.3 Response Function

One of the most significant properties of the dynamical matrix is its role in
solving the differential equation that governs our elastic system. In this section,
we will demonstrate how the use of Green’s functions enables us to solve this
equation effectively. We begin with the equation describing the displacement uℓ of
a lattice point, assuming all points have a mass m; the system is characterized by a
damping constant γ, and U represents the elastic potential energy of the system.
Additionally, we consider the presence of an external force f ext

ℓ acting on the lattice
site ℓ. Thus, the differential equation which describes the dynamics of our system
reads as follow:

müℓ + γu̇ℓ = −∇U(uℓ) + f ext
ℓ . (3.22)

First, we compute the gradient using the notation ∇U(uℓ) = ∂U/∂uℓ.

∂U
∂uℓ

= ∑
q

∂U
∂uq

∂uq

∂uℓ
= ∑

q

∂U
∂uq

∂

∂uℓ

(
∑
ℓ′

uℓ′ e−iq · rℓ′

)
= ∑

q

∂U
∂uq

e−iq · rℓ , (3.23)

where the Fourier transform in Eq. 3.10 was used. Next, we express the potential
energy in terms of the dynamical matrix, as derived in Eq. 3.13,

∂U
∂uℓ

= ∑
q

∂

∂u−q

(
1

2N2 ∑
q′,q′′

uq′ · D−q′,q′′ · uq′′

)
eiq · rℓ

=
1

N2 ∑
q,q′

Dq,q′uq′ eiq · rℓ .
(3.24)

With this information, we calculate the Fourier transform of Eq. (3.22),

müq + γu̇q = − 1
N ∑

q′
Dq,q′uq′ + f̃ ext

q , (3.25)

where f̃ ext
q is the Fourier transform of the external force. Assuming a solution

of the form uq(t) = u(q)e−iωt, we apply the method of separation of variables,
which allows us to rewrite the linear equation as follows:

−
(

mω2 + iγω
)

uq = − 1
N ∑

q′
Dq,q′uq′ + f̃ ext

q . (3.26)
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On the left-hand side of this equation, we have a factor of uq, while on the right-
hand side, we have a summation over q′ and a factor of uq′ . This structure suggests
that the displacement vector in reciprocal space can be modeled using a matrix
representation, encapsulating all the information about its possible values included
in the summation. This allows us to rewrite the differential equation in a more
compact form:

−
[(

mω2 + iωγ
)

I − 1
N

D
]

u = f̃ ext. (3.27)

where D is an operator acting on all the q′ components in the matrix u. This shows
that Eq. (3.22) takes the form L(q)u(q) = f (q), where L is a linear differential
operator, u represents the solution, and f corresponds to the external source
term. Following the theory of Green’s functions, it is possible to construct a matrix
G(q, ω) in Fourier space, which describes the solution as u(q)=

∫
G(q, ω) f (ω)dω.

These functions are widely used to solve differential equations, as they represent
the system’s response to an external perturbations [73]. In our case, G(q, ω)

characterizes the lattice’s elastic response to deformations, making it central to our
analysis. From Eq. (3.27), we identify the Green’s function as:

G(ω) =

[(
mω2 + iωγ

)
I − 1

N
D
]−1

, (3.28)

This expression highlights a key relationship: the Green’s function, G(ω), de-
pends explicitly on the dynamical matrix D. This means that, by constructing the
dynamical matrix for our system, we can directly determine its response function,
bridging the gap between the lattice’s structural properties and its dynamic be-
havior under external perturbations. In many cases, including ours, it is useful
to work with the zero-frequency Green’s function, setting ω = 0. For a periodic
system with Dq,q′ = Nδq,q′Dq, the Green’s function reduces to:

G(0) = −D−1. (3.29)

In this section, we have established the response function for our system, linking
it to the dynamical matrix. These results provide the foundation for the next
chapter, where we will introduce effective medium theory. Building on the classical
harmonic crystal framework developed here, we will extend our analysis to
systems with disorder and external influences.





Chapter 4

Coherent Potential Approximation

Describing a disordered lattice system with many sites poses significant chal-
lenges, making a direct geometric description very difficult [14]. One of the
methodologies used to approximate the physical behavior of such systems is
effective medium theory [11, 14, 17, 18, 56, 57, 70, 74, 75]. This framework takes
advantage of the known macroscopic properties of the system, combined with sta-
tistical methods, to average over possible configurations under specific constraints.
Among the various formulations of effective medium theory, our approach lever-
ages the derived relationship between the dynamical matrix of the network and
the Green’s function. This method allows us to implement the coherent potential
approximation (CPA) [9, 12, 19, 76].

As a general overview of the model, the objective can be understood as propos-
ing a mapping that enables the description of a disordered network—or equiv-
alently, a diluted network system—through an effective medium characterized
by the Green’s function of a homogeneous system. For this mapping to be valid,
it is necessary to impose a self-consistency constraint on the Green’s functions
involved. In the following sections, we will provide a detailed description of the
traditional CPA, which has been successfully employed in the study of disordered
systems [9, 11, 19, 76].

4.1 Formulation of the traditional effective medium

The strategy consists of mapping the disordered system—described as a ran-
dom, inhomogeneous medium—to a homogeneous, translationally-invariant one
with a known and well-defined structure [19]. Starting from the zero-frequency
Green’s function in Eq. (3.29), and adopting a specific convention for the rela-
tionship between D and G that ignores N factors, we assume that the dynamical

25
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matrix DV of the disordered system can be expressed as:

DV = D + V = −G−1 + V = −
[

GV
]−1

, (4.1)

where D represents the dynamical matrix of the homogeneous system, and V is a
perturbation matrix that encodes the disorder present in the system. In this context,
G and GV represent the Green’s functions of the homogeneous and disordered
systems, respectively. Hence, the latter can be expressed as

GV =
[

G−1 − V
]−1

. (4.2)

We now proceed to expand the Green’s function of the disordered system by
expressing it as an infinite series, aiming to derive the T-matrix. This central
element in the CPA framework captures the effects of disorder in a simplified and
effective form, while also enabling us to describe the self-consistency constraint.

4.1.1 Green’s function expansion

In order to describe perturbed Green’s function, we follow the formalism
presented in Elliott and colleagues’ review [70], and expand matrices of the form
given by Eq. (3.28), where Dq is known—such as in the case of a homogeneous
lattice. As derived earlier, the Green’s function of a system with defects, GV , can
be expressed in terms of the homogeneous and known Green’s function, G, and a
perturbation matrix, V . Using Eq. 4.2, the formal solution is given by:

GV =
[

G−1 − V
]−1

=
[

G−1(I − GV)
]−1

= (I − GV)−1G. (4.3)

This solution admits multiple equivalent representations. A particularly useful
one is:

GV = G + GTG, (4.4)

where T = V(I − GV)−1 is commonly referred to as the T-matrix. Another
important representation is the Dyson equation:

GV = G + GVGV , (4.5)



Chapter 4. Coherent Potential Approximation 27

which allows for an infinite expansion:

GV = G + GVG + GVGVG + GVGVGVG + · · ·

= G + G
(

V + VGV + VGVGV + · · ·
)

G.
(4.6)

From Eq. (4.4), we can derive a general expression for the T-matrix as an infinite
series:

T = V + VGV + VGVGV + · · · . (4.7)

For a specific system, we can now describe the forms of G and V . One of the key
contributions of the CPA is the ability to represent this infinite series as a single
effective term. In the following section, we will apply the CPA to a random lattice
and derive the T-matrix as a geometric series, highlighting this important result.

4.2 Application to a random lattice

The coherent potential approximation (CPA) provides a powerful framework
to describe disordered systems, such as random lattices with defects or impu-
rities. Physically, this approach captures the average effect of disorder by re-
placing the system with an effective medium, whose properties are determined
self-consistently. In the context of random lattices, this means encoding the influ-
ence of defects into an effective dynamical matrix. The key assumption is that
the average response of the disordered system can be well approximated by this
effective medium, provided that the self-consistency conditions are satisfied. In
the following, we apply this method to derive the effective properties of a random
lattice, connecting the physical intuition behind the CPA to its mathematical for-
mulation.

Now that we have provided a general overview of how to describe the Green’s
function for disordered systems, we can proceed with a more detailed analysis of
the method and its underlying assumptions. A disordered system—modeled as
a random lattice with defects, described by Green’s function GV and dynamical
matrix DV—is mapped onto a homogeneous effective medium, characterized by



Chapter 4. Coherent Potential Approximation 28

its Green’s function G and dynamical matrix D,

D −→ DV = D + V

DV
q,q′ = Dq,q′ + Vq,q′

DV
q,q′ = Nδq,q′Dq + Vq,q′ .

(4.8)

As discussed earlier, V encodes the scattering information due to the defects.
Each of these terms is a matrix dependent on two variables, q and q′.The Green’s
function of the disordered system can be written as a two-variable function. Using
the result from Eq. 3.28, we have:

GV =

[(
mω2 + iωγ

)
I − 1

N
DV
]−1

=

[(
mω2 + iωγ

)
I − 1

N
D − 1

N
V
]−1

=

[
G−1 − 1

N
V
]−1

=

{
G−1

[
I − 1

N
GV

]}−1

=

[
I − 1

N
GV

]−1

G

=

[
I +

1
N

GV +
1

N2 GVGV +
1

N3 GVGVGV + · · ·
]

G

= G +
1
N

GVG +
1

N2 GVGVG +
1

N3 GVGVGVG + · · · .

(4.9)

Referring to the results in Eq. (4.4), we identify the T-matrix as:

NTq,q′ = Vq,q′ +
1
N ∑

q1

Vq,q1 Gq1Vq1,q′ +
1

N2 ∑
q1,q2

Vq,q1 Gq1Vq1,q2 Gq2Vq2,q′ + · · · ,

(4.10)

which consists of infinitely many terms. The usual CPA introduces a powerful
strategy to address this issue, enabling us to derive an analytical expression for
the T-matrix with a single term.
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4.2.1 Evaluation of the T-matrix as a geometric series

Having established an expression for the T-matrix in terms of the homoge-
neous Green’s function, we now derive the perturbation matrix V , which encodes
the effects of defects in the system. To do this, we consider the effective medium
as a homogeneous lattice where all bonds are occupied and characterized by an
unknown effective spring constant k. In this scenario, the Green’s function of the
effective medium coincides with that of a homogeneous system.

To model a defect, we replace a single arbitrary bond in the effective medium
with a new bond characterized by a spring constant k′. This constant can take two
values, for instance:

• k′ = 1 with a probability p (representing an occupied bond), or

• k′ = 0 with a probability 1 − p (representing an unoccupied bond).

The perturbation matrix V captures the difference between the defective and
homogeneous systems. Specifically, it accounts for the replacement of the original
bond (with elastic constant k) by the new bond (with spring constant k′). Following
the matrix construction developed in Eq. (3.20), the perturbation matrix is given
by:

Vq,q′(k, k′) = (k′ − k)B1,q ∧ B1,−q′ , (4.11)

where the index "1" refers to the specific bond being replaced. The term (k′ − k)
ensures that the contribution of the bond in the homogeneous lattice is replaced
by a defect [76].

By substituting the expression for the perturbation matrix V into Eq. (4.10), we
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can explicitly compute the T-matrix. Replacing V in the series expansion yields:

NTq,q′ = Vq,q′ +
1
N ∑

q1

(k′ − k)2
(

B1,q ∧ B1,−q1

)
· Gq1 ·

(
B1,q1 ∧ B1,−q′

)
+

1
N2 ∑

q1,q2

(k′ − k)3
(

B1,q ∧ B1,−q1

)
· Gq1 ·

(
B1,q1 ∧ B1,−q2

)
· Gq2 ·

(
B1,q2 ∧ B1,−q′

)
+ · · ·

= Vq,q′ + (k′ − k)2B1,q ∧ B1,−q′

[
1
N ∑

q1

B1,−q1 · Gq1 · B1,q1

]

+ (k′ − k)3B1,q ∧ B1,−q′

[
1
N ∑

q1

B1,−q1 · Gq1 · B1,q1

]
[

1
N ∑

q2

B1,−q2 · Gq2 · B1,q2

]
+ · · · .

(4.12)

Defining the function

f (k, ω) ≡ − 1
N ∑

q
B1,−q · Gq · B1,q , (4.13)

we can express the T-matrix as:

NTq,q′ = Vq,q′ − (k′ − k) f (k, ω)
[
(k′ − k)B1,q ∧ B1,−q′

]
+ (k′ − k)2 f 2(k, ω)

[
(k′ − k)B1,q ∧ B1,−q′

]
+ · · ·

= Vq,q′ − (k′ − k) f (k, ω)Vq,q′ + (k′ − k)2 f 2(k, ω)Vq,q′ + · · · .

(4.14)

We can identify the form of a geometric series,

∞

∑
k=1

ark =
a

1 − r
. (4.15)

Therefore,

NTq,q′ =
Vq,q′

1 + (k′ − k) f (k, ω)
. (4.16)

This result is powerful, as it provides a straightforward analytical expression for
the T-matrix while relying solely on known quantities. Since the structure of the
homogeneous network is known, we can construct both the Green’s function Gq
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and the vectors B1,q of the system, making f (k, ω) and Vq,q′ well-defined. Using
this information, we will now apply the self-consistency constraint of the CPA
to compute the effective spring constant k. This will allow us to describe the
disordered network through the mapping provided by effective medium theory.
For future calculations, we can establish that, in the continuous limit, the function
f (k, ω) can be expressed as [76]:

f (k, ω) = −v0

∫
1BZ

d2q
4π2 B1,−q · Gq · B1,q (4.17)

where v0 is the volume of the unit cell and 1BZ stands for the first Brillouin zone.

4.2.2 Self-consistency constraint

To ensure that the proposed mapping accurately describes the disordered
lattice, it is necessary to impose a self-consistency constraint. This condition
requires that the Green’s function of the homogeneous effective medium matches
the average of the perturbed Green’s function over the impurity’s probability
distribution. Mathematically, this can be expressed as:〈

GV
〉

impurities
= G. (4.18)

Using Eq. (4.4) to compute this average, it follows that the self-consistency con-
straint implies:

⟨T⟩impurities = 0, (4.19)

indicating that the T-matrix vanishes when averaged over configurations that
include the impurity. Subsequently, leveraging our understanding of the T-matrix,
we can compute this mean value for the specific probability distribution proposed
earlier:

k′ =

1, with probability p,

0, with probability 1 − p.
(4.20)

Thus, we express:

〈
Tq,q′

〉
impurities = pTq,q′

∣∣
k′=1 + (1 − p)Tq,q′

∣∣
k′=0 = 0. (4.21)
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By applying the result from Eq. (4.16), we obtain

p
(1 − k)B1,q ∧ B1,−q′

1 + (1 − k) f (k, ω)
+ (1 − p)

−kB1,q ∧ B1,−q′

1 − k f (k, ω)
= 0

f (k, ω)k2 −
[
1 + f (k, ω)

]
k + p = 0.

(4.22)

This results in an expression that determines the effective medium spring constant
k for any given probability p and frequency ω, successfully describing the disor-
dered network through the proposed mapping [76]. This approach has proven
highly effective in modeling diluted systems, as demonstrated by numerous stud-
ies [9, 11, 12, 14, 17–19, 52, 74–76]. Building on this framework, our next objective
is to generalize the effective medium theory to incorporate correlations present in
systems such as colloidal gels. This extension will allow us to evaluate how these
correlations influence rigidity percolation and determine whether subisostatic
behavior emerges.

In Part I, we introduced the stability criteria that motivate the study of rigidity
in disordered structures, emphasizing the importance of incorporating spatial
correlations into these descriptions. Traditional effective medium theory does not
account for such effects, limiting its applicability to systems like colloidal gels.
To address this, we outlined the foundations and key features of this theoretical
framework. In Part II, we will focus on our main contribution: a generalization
of effective medium theory that incorporates spatial correlations. Inspired by the
structural properties of colloidal gels, we will apply this generalized framework
to analyze their rigidity and provide new insights into their mechanical behavior.





Part II

Correlated Coherent Potential
Approximation
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Chapter 5

Generalized Effective Medium Theory

The main goal of this work is to extend the effective medium theory introduced
in Chapter 4, which provides a framework for studying disordered networks and
their mechanical properties, such as rigidity. This extension focuses on incorpo-
rating spatial correlations between elements associated with disorder, enabling
a more accurate description and modeling of systems with correlated disorder,
such as colloidal gels. The conventional Coherent Potential Approximation (CPA)
does not account for these correlations, limiting its applicability to uncorrelated
systems. Therefore, our goal is to generalize the effective medium theory to in-
clude correlated behaviors and provide a broader framework for analyzing these
complex systems.

This generalization requires redefining how bonds are diluted in the network.
We propose a framework in which multiple links can be removed simultane-
ously, with each removed link being associated with a different elastic constant
k′i. This approach generates a more general probability distribution, allowing us
to describe a broader range of disordered configurations. In this chapter, we will
derive the corresponding T-matrix for this generalized framework and apply the
self-consistency constraint to calculate the mean value over all possible defects,
extending the usual CPA to this more complex scenario. This step establishes the
foundation for analyzing systems with correlated disorder.

To account for spatial correlations between the elements associated with disor-
der, we will develop a protocol in Chapter 6 that incorporates these correlations
into the probability distribution. This protocol plays a key role in refining the
theory and enabling the description of correlated disordered systems, such as
colloidal gels. The current chapter focuses on building the generalized frame-
work of the effective medium theory, which will serve as the basis for introducing
correlations in the subsequent chapter.

35
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5.1 Multiple bond removal with varying probabilities

In the usual CPA, the T-matrix is constructed to account for a single defect in
the network. The construction of the perturbation matrix (V-matrix) in Eq. (4.11) is
based on this one-bond removal process. To extend the framework to systems with
multiple defects, we redefine the V-matrix to describe the simultaneous removal
of several bonds. Each bond in this set can have a different elastic constant k′i
and a corresponding probability of being removed, resulting in a more general
probability distribution. Thus, the V-matrix can be constructed as the sum of
contributions from multiple bonds. Instead of accounting solely for the B-vector
of a single bond (e.g., bond "1"), we extend the sum to a set of i = 1, 2, . . . , n bonds.
Mathematically, this can be expressed as:

Vq,q′ =
n

∑
i=1

(k′i − k)Bi,q ∧ Bi,−q′ . (5.1)

Here, k represents the elastic constant of the homogeneous network, while each k′i
is determined by a probability distribution that specifies the likelihood of bond
removal for the i-th bond in the block.

This new formulation changes the functional form of the T-matrix, which previ-
ously enabled us to describe it as a geometric series. In this generalized framework,
we cannot assume such a simplification. One of our main challenges now is to
find an alternative representation of the infinite sum in a more manageable form,
ideally as a single term. We begin with the general expression for the T-matrix
given in Eq. (4.10). Here, we use a continuous wave vector to simplify future
calculations:

Tq,q′ = Vq,q′ +
∫

q1

dq1Vq,q1 · Gq1 · Vq1,q′

+
∫

q1

∫
q2

dq1dq2Vq,q1 · Gq1 · Vq1,q2 · Gq2 · Vq2,q′ + · · · ,
(5.2)

where
∫

q dq represents v0
∫

1BZ d2q/4π2, with v0 denoting the unit cell volume,
and the integrals are evaluated within the first Brillouin zone, denoted as 1BZ.
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Substituting Eq. (5.1) into the above expression, we rewrite the T-matrix as follows:

Tq,q′ =
n

∑
i=1

(
k′i
k
− 1
)

kBi,q ∧ Bi,−q′

+
n

∑
i,j=1

(
k′i
k
− 1
)(k′j

k
− 1

)
kBi,q ∧ Bj,−q′

(
k

∫
q1

dq1 Bi,−q1 · Gq1 · Bj,q1

)

+
n

∑
i,j,l=1

(
k′i
k
− 1
)(k′j

k
− 1

)(
k′l
k
− 1
)

kBi,q ∧ Bj,−q′

×
(

k

∫
q1

dq1 Bi,−q1 · Gq1 · Bl,q1

)(
k

∫
q2

dq2 Bl,−q2 · Gq2 · Bj,q2

)
+ · · · .

(5.3)

To simplify this expression, we define the H-matrix, whose (i, j)-th component is
given by:

Hij ≡ −k

∫
q

dq Bi,−q · Gq · Bj,q. (5.4)

This allows us to rewrite the T-matrix in a more compact form:

Tq,q′ =
n

∑
i,j=1

(
k′i
k
− 1
)

kBi,q ∧ Bj,−q′

×
[

δij −
(

k′j
k
− 1

)
Hij +

n

∑
l=1

[(
k′l
k
− 1
)

Hil

] [(k′j
k
− 1

)
Hl j

]
+ · · ·

]
.

(5.5)

At this point, it becomes necessary to define the K-matrix, whose (i, j)-th compo-
nent has the form:

Kij ≡
(

k′j
k
− 1

)
Hij , (5.6)

such that

Tq,q′ =
n

∑
i,j=1

(
k′i
k
− 1
)

kBi,q ∧ Bj,−q′

[
δij − Kij +

n

∑
l=1

KilKl j + · · ·
]

=
n

∑
i,j=1

(
k′i
k
− 1
)

kBi,q ∧ Bj,−q′

[
I − K + K2 + · · ·

]
i,j

.

(5.7)
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Recognizing the series as a geometric expansion, we can express the sum in its
closed form:

Tq,q′ =
n

∑
i,j=1

(
k′i
k
− 1
)

kBi,q ∧ Bj,−q′
[
I + K

]−1

i,j
. (5.8)

We have succeeded in finding a simple analytical functional form for the T-matrix,
making it possible to compute its average value and apply the CPA in this more
general case. It is important to note that, in this case, the H-matrix serves an
analogous role to that of the function f (k, ω) in the usual CPA. However, in this
context, it is an n × n matrix, where each component corresponds to the f (k, ω)

function of each (i, j) interaction. We will return to the analysis of this matrix later,
as it will play an important role in our theory. For now, we will continue with
the generalization of the CPA, where the next step is to apply the self-consistency
constraint. To do this, we need to compute the average value of the T-matrix over
all possible defects, which are described by the different values that the elastic
constants k′i can take according to its probability distribution. To facilitate this
calculation, we decompose the T-matrix into two distinct parts:

Aq,q′

ji ≡ kBi,q ∧ Bj,−q′ , and Fij ≡
(

k′i
k
− 1
) [

I + K
]−1

i,j
. (5.9)

Here, Aq,q′

ji is a d × d matrix (where d is the dimension of the lattice) given by the
outer product of the i-th and j-th B-vectors, Bi,q and Bj,−q′ , respectively. Each pair
(i, j) generally defines a different A-matrix, resulting in a total of n2 distinct d × d
matrices. On the other hand, Fij represents the (i, j)-th component of the n × n
F-matrix. Thus, we can express the T-matrix as:

Tq,q′ =
n

∑
i=1

n

∑
j=1

Aq,q′

ji Fij. (5.10)

Since Fij = Fij(k′) and the dependence on the defects is contained entirely within
the F-matrix, the average value of the T-matrix over all possible perturbations is
given by:

〈
Tq,q′

〉
=

n

∑
i=1

n

∑
j=1

Aq,q′

ji
〈

Fij
〉

. (5.11)

This expression shows that the mean value of the T-matrix is a linear combination
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of the average values of the components of the F-matrix. Therefore, the self-
consistency constraint,

〈
Tq,q′

〉
= 0, implies that the mean value of the F-matrix

must vanish for every combination of (i, j):

⟨F⟩ = 0 ∀ i, j. (5.12)

Thus far, we have managed to overcome one of the greatest challenges posed by
the generalization of the CPA, namely the ability to describe the sum of infinite
terms in the T-matrix representation as a single term for more complex structural
frameworks. Additionally, we have been able to derive analytical expressions for
the matrix upon which the self-consistency constraint, in this case ⟨F⟩ = 0, will be
applied.

In general, the H-matrix is an n×n matrix, which means that the self-consistency
constraint would lead to n2 linearly independent equations for a single variable, k.
Fortunately, a deeper analysis of the H-matrix reveals that, in certain systems, the
problem is not as severe as initially appears. Specifically, for the triangular lattice
studied here, the symmetries and structure of the H-matrix allow for significant
simplifications. By carefully examining these features, we will show that it is
indeed possible to reduce and solve the self-consistency constraint. In the next
section, we will explore the key features of the H-matrix in the context of the
triangular lattice. These insights will demonstrate how the system’s symmetries
enable us to overcome this apparent obstacle, bringing us closer to a consistent
and solvable formulation of the generalized CPA.

5.2 Analysis of the H-matrix in the triangular lattice

To address the self-consistency constraint effectively, we need a deeper un-
derstanding of the H-matrix defined in Eq. (5.4). Although it initially appears
as a complex n × n matrix, its structure can exhibit valuable symmetries under
specific conditions, such as in simple lattices like the triangular network studied
here. These symmetries allow us to reduce the number of independent compo-
nents, providing crucial insights into the physical meaning of the matrix elements
and making the problem more tractable. While such simplifications are not uni-
versally applicable, they demonstrate that, in well-chosen systems, solving the
self-consistency constraint is both feasible and well defined.



Chapter 5. Generalized Effective Medium Theory 40

5.2.1 Diagonal components

In a homogeneous lattice, which serves as the target of mapping from the
disordered system, the description in reciprocal space benefits from the rotational
invariance of the system. As a result, equivalent structural elements, like the links
labeled in Figure 3.2, must be described identically.

From the definition of the H-matrix in Eq. (5.4), we see that each component
Hij is constructed from the B-vectors of two specific links, i and j. For diagonal
elements, Hii involves the B-vectors of the same link i. Due to the rotational
invariance of the system, the description of any other diagonal component Hjj,
associated with a different link j, must be identical. This symmetry, while partic-
ularly evident in the triangular lattice studied here, is not exclusive to it; other
lattices with similar rotational symmetries can also exhibit this simplification.
However, it is important to note that such simplifications are not universally ap-
plicable and depend on the specific symmetries of the lattice under consideration.

This result significantly simplifies our formulation, since all n diagonal ele-
ments can be expressed by a single independent term, reducing the number of
equations to evaluate. To further simplify the description, we rewrite the diagonal
elements as

Hii = −k

∫
q

dq Bi,−q · Gq · Bi,q

= −k

∫
q

dq tr
[(

Bi,q ∧ Bi,−q
)

· Gq

]
= −

∫
q

dq tr
[(

kBi,q ∧ Bi,−q
)

· Gq

]
.

(5.13)

Using the rotational invariance of the system, we note that the integral over the
Brillouin zone will be identical for any i. This allows us to rewrite the term in
parentheses as the sum

Hii = −

∫
q

dq tr

[(
1

zNN

zNN

∑
i=1

kBi,q ∧ Bi,−q

)
· Gq

]
, (5.14)

where zNN represents the number of links in the block. According to Eq. (3.20),
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this sum is associated with the dynamical matrix, leading to:

Hii = − 1
zNN

∫
q

dq tr
[

Dq · Gq

]
, (5.15)

Now, using the relation between the dynamical matrix and the zero-frequency
Green’s function established in Eq. (3.29), we obtain for the diagonal components
of the H-matrix:

Hii = − 1
zNN

∫
q

dq tr
[ (

−G−1
q

)
· Gq

]
=

1
zNN

∫
q

dq tr (I) =
d

zNN
, (5.16)

where d is the spatial dimension of the lattice. This result is significant since it
not only states that all diagonal components of the H-matrix are identical, but
it also provides an explicit analytical expression for them. This expression is
remarkably simple, as it is given by the ratio of two well-defined constants of
the system: the spatial dimension of the lattice, d, and the number of bonds per
block, zNN. However, it is important to note that this simplicity arises from the
specific symmetries of the triangular lattice and the assumption of zero-frequency
dependence. For more general lattices or systems with frequency-dependent inter-
actions, additional considerations may be required.

A similar analysis can be extended to the off-diagonal components. By lever-
aging the indistinguishability of bonds in the homogeneous lattice due to the
rotational invariance of the Brillouin zone, we can follow an analogous reasoning
to show that all off-diagonal components of the H-matrix must also be equal
to each other. This reduces the number of independent equations from n2, as
expected for an n × n matrix, to just two: one for the diagonal components and
another for the off-diagonal components. Furthermore, as in the diagonal case, it
is possible to derive a generalized expression for Hi ̸=j in terms of the dynamical
matrix. The full derivation of this result is presented in Appendix A.

However, carrying out this full derivation for off-diagonal components may
not be necessary. In the next subsection, we introduce an approximation that
considers only the diagonal components of the H-matrix. This approach is par-
ticularly useful because the self-consistency constraint is ultimately employed to
determine the effective elastic constant k of the homogeneous network. Since k is a
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single scalar quantity, working with just one equation rather than two significantly
simplifies the analysis.

If this approximation were not used, we would be left with two equations
for a single unknown. A strategy to address this situation has been previously
employed in similar systems, such as in the work by Mao et al. [19], where an addi-
tional term was introduced to balance the number of equations and unknowns in
a triangular lattice with bending and stretching forces. In Appendix B we extend
this idea. For now, we focus on the approximation that retains only the diagonal
components, as it is not only more convenient but also well-justified. Moreover,
we have tested numerically both approaches, and the results show no significant
differences.

With this foundation established, we now turn to a detailed examination of the
diagonal-only approximation, known as the non-crossing approximation. This
approach relies on the assumption that interactions between pairs of defects can be
neglected, simplifying the problem while retaining its essential physical features.
We will discuss its underlying assumptions and the arguments that support its
validity in the context of our system.

5.2.2 Non-crossing approximation

Building on the motivation outlined in the previous section, we now introduce
the non-crossing approximation, which retains only the diagonal components of
the H-matrix. This approximation simplifies the analysis by focusing on single-
defect scattering processes while preserving the essential physics of the problem.
Importantly, this does not imply neglecting correlations between disordered el-
ements, as these will be fully incorporated through the generalized probability
distribution in the self-consistency constraint. Instead, the approximation elimi-
nates higher-order scattering processes involving interactions between pairs or
clusters of defects, which are not central to our description. Our goal is to justify
its validity by examining the structure of the disorder-induced perturbation matrix
Vq,q′ and its implications for phonon propagation in disordered networks.
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We begin by considering the explicit form of the V-matrix, as given by Eq. (5.1):

Vq,q′ =
n

∑
i=1

Vi(q, q′), (5.17)

where each term Vi(q, q′) corresponds to a defect located at bond i in the lattice,
defined as

Vi(q, q′) = (k′i − k)Bi,q ∧ Bi,−q′ . (5.18)

In this formulation, the V-matrix contains no crossing terms. However, when
examining the iterative expansion of the T-matrix,

Tq,q′ =
n

∑
i=1

Vi(q, q′) +
n

∑
i,j=1

∫
q1

dq1Vi(q, q1) · Gq1 · Vj(q1, q′)

+
n

∑
i,l,j=1

∫
q1

∫
q2

dq1dq2Vi(q, q1) · Gq1 · Vl(q1, q2) · Gq2 · Vj(q2, q′) + · · · ,
(5.19)

we observe that higher-order terms involve interactions between pairs or clusters
of defects (e.g., i ̸= j). In the non-crossing approximation, we focus solely on
single-defect scattering processes, meaning that terms involving pairs or higher-
order combinations of different defects are omitted.

To clarify this assumption, we impose the following statistical condition on the
defect matrices:

〈
ViVj

〉
= ciδij, (5.20)

where ciI represents the correlation for the self-product ViVi. Here, the Kronecker
delta δij ensures that only single-defect contributions are retained, while terms
involving interactions between different defect matrices (i.e., pairs or higher-order
defect clusters) are excluded. As we will see, this property plays a crucial role in
simplifying the self-consistency constraint formulated through the T-matrix.

This approximation could be best understood using diagrammatic notation
for phonon scattering in disordered networks. Table 5.1 introduces the graphical
representation of the relevant matrices.
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Matrix Diagrammatic Notation

Vi(q, q′)

Gq1

Table 5.1: Diagrammatic notation for the relevant matrices in the analysis. The
defect-induced scattering matrix Vi(q, q′) is represented by a vertical line, while
the Green’s function Gq1 , describing phonon propagation at wavevector q1, is
represented by a horizontal line.

With this notation, we can rewrite the T-matrix expansion diagrammatically as

Tq,q′ = . (5.21)

After taking the average, the non-crossing approximation further simplifies the
series to only the irreducible rainbow diagrams:

〈
Tq,q′

〉
= . (5.22)

In matrix notation, this approximation reduces the T-matrix expansion to

Tq,q′ =
n

∑
i=1

Vi(q, q′) +
n

∑
i=1

∫
q1

dq1Vi(q, q1) · Gq1 · Vi(q1, q′)

+
n

∑
i=1

∫
q1

∫
q2

dq1dq2Vi(q, q1) · Gq1 · Vi(q1, q2) · Gq2 · Vi(q2, q′) + · · · .
(5.23)

Using the definition of Vi(q, q′) from Eq. (5.18), we recover the diagonal form of
the H-matrix,

H =
d

zNN
I, (5.24)

which matches Eq. (5.14). This result confirms the validity of the diagonal-only
approximation and justifies its use in the subsequent analysis.

It is worth reflecting on the consequences of not using this approximation.
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As mentioned earlier, we would face the challenge of balancing two equations
for a single unknown. While this could potentially be resolved through other
methods, as described in Appendix B, the non-crossing approximation offers a
simpler solution. However, it is important to note that, while this approach is
well-suited for certain systems, it inherently neglects higher-order interactions
that may be relevant in more complex scenarios. Therefore, before applying this
approximation, it is crucial to carefully assess its validity for the specific system
under study.

Now we will use the simplified description of the H-matrix in Eq. (5.24) to
analyze the particular case where all bonds in the block share the same elastic
constant k′. This situation is equivalent to removing entire blocks of the network
with a certain probability distribution. Mathematically, this corresponds to setting
k′i = k′ for all i. Under the probability distribution where k′ = 1 with a probability
p and k′ = 0 with probability 1 − p, the self-consistency constraint takes the
following form:

⟨F⟩ = pF|k′=1 + (1 − p)F|k′=0

= p
(

1
k
− 1
) [

I +

(
1
k
− 1
)

d
zNN

I

]−1

− (1 − p)
[

I − d
zNN

I

]−1

.
(5.25)

In this diagonal case, the self-consistency constraint reduces to a single equation,
which can be written as:

p(1 − k)
[

k +
d(1 − k)

zNN

]−1

− (1 − p)
[

1 − d
zNN

]−1

= 0. (5.26)

From this, we recover the usual behavior [58]:

k =
pzNN − d
zNN − d

. (5.27)

Expressed in terms of the coordination number z = d(zNN p), this becomes:

k =
z − d2

d(zNN − d)
. (5.28)

For the triangular lattice, where d = 2 and zNN = 3, this simplifies to:

k =
z
2
− 2. (5.29)
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This result will play a key role in our discussion, as it provides a direct relationship
between the elastic constant k and the coordination number z for the triangular
lattice.

Building on this framework, we now turn to its application in analyzing rigid-
ity percolation in systems with spatial correlations, such as colloidal gels. These
systems, with their correlated disorder, serve as an ideal test case for our gener-
alized method. So far, we have derived a general analytical expression for the
self-consistency constraint. However, the specific form of the mean value de-
pends on the particularities of each system. In the next chapter, we will propose
a strategy to model the probability distribution for such systems and apply the
self-consistency constraint to study their rigidity.



Chapter 6

Simple Model with Correlated Disorder

One of the main challenges in extending the Coherent Potential Approxima-
tion (CPA) to more complex systems lies in accurately incorporating structural
correlations into the effective medium theory. In this generalized framework, the
calculation of the average matrix ⟨F⟩ cannot follow the straightforward proce-
dure described in Eq. (5.25), as the increased structural complexity imposes new
mathematical constraints. Specifically, the dependence of the F-matrix on multiple
variables introduces a coupling between terms that must be carefully addressed.

To understand this issue, let us consider the previously proposed scenario in
which each k′i can take different values determined by a predefined probability
distribution. Let’s assume one of the form

k′i =

1, with probability pi
1

0, with probability pi
0

, (6.1)

with the normalization condition:

n

∑
i=1

1

∑
s=0

pi
s = 1. (6.2)

Based on this, the mean value of the F-matrix would be expressed as:

⟨F⟩ =
n

∑
i=1

1

∑
s=0

pi
sF|k′i=s = 0. (6.3)

However, analyzing the form of the F-matrix in Eq. (5.9) reveals that this matrix
depends on all k′i values simultaneously. Consequently, each of its components
is influenced not only by the i-th term but also by all the values of k′i across the
system. Evaluating the sum in Eq. (6.3) for a single value k′i = s neglects contribu-
tions from other terms, leading to inconclusive results.

47
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To overcome this limitation, we propose a simple model for a configuration
probability protocol. This approach shifts the perspective from assigning proba-
bilities to individual variables k′i to considering the configurations of the system.
Taking into account all possible configurations and their associated probabilities,
this method allows for the consistent calculation of ⟨F⟩ while incorporating struc-
tural correlations.

In this chapter, we will detail the proposed configuration probability protocol.
First, we explain how to assign probabilities to different system configurations.
Then, using a triangular lattice as a model, we construct a probability protocol that
accounts for the system’s correlations. With these probabilities, we calculate the
mean value of the F-matrix, applying the CPA to the correlated system. Finally,
we use this framework to study the system’s rigidity transition and analyze the
results.

6.1 Configuration probabilities

To address the challenge of evaluating ⟨F⟩ in systems with structural correla-
tions, we begin by describing the possible states of the system. Each configuration
will be labeled using a unique index [Ω]. Consider a system where the unit cell
contains n bonds, each associated with a variable k′i that can take m possible states.
In this case, there will be mn possible configurations.

For instance, in a system like the one described earlier, where each bond can
take one of two values, 0 or 1 (i.e., m = 2), the configurations can be organized as
follows:

[Ω] =



[1], when k′1 = 1, k′2 = 1, k′3 = 1, · · · k′n = 1.

[2], when k′1 = 0, k′2 = 1, k′3 = 1, · · · k′n = 1.

[3], when k′1 = 1, k′2 = 0, k′3 = 1, · · · k′n = 1.
...

[2n], when k′1 = 0, k′2 = 0, k′3 = 0, · · · k′n = 0.

(6.4)

In this way, each possible configuration will have an associated probability p[Ω].
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Using this framework, the self-consistency constraint can be written as:

⟨F⟩ =
2n

∑
Ω=1

p[Ω]F[Ω] = 0, (6.5)

where F[Ω] represents the F-matrix evaluated for all k′i values corresponding to
the configuration [Ω]. This approach ensures that every term in the sum is fully
evaluated, thereby addressing the issue we faced previously.

The next challenge is to define the probabilities p[Ω] associated with each
configuration. The definition of these probabilities depends on the particular
systems under consideration. At this stage, we will incorporate information about
our correlated disordered system. To address this, in the next section, we will
describe the structure of the homogeneous network using a triangular lattice
and define a protocol to assign a probability to each possible configuration of
the system. Additionally, in this probability calculation, we will introduce a
parameterized function to quantify the degree of correlation within the system.

6.2 Probability protocol

We will now define a protocol to assign a probability to each possible configu-
ration in a triangular lattice, as illustrated in Figure 6.1.

Figure 6.1: Representation of a block in a triangular lattice. The lattice sites are
shown as red points, and the three links forming the block are highlighted with
black dashed lines.
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In this case, we define a block consisting of three links (n = 3), where each link
can take one of two possible values for its elastic constant, k′i, namely 0 or 1. Thus,
m = 2, resulting in a total of 23 = 8 possible configurations.

To begin describing the probabilities, we start with a system where no links are
present, as illustrated in Figure 6.2. We introduce a parameter p, which represents
the probability that a link exists in this initial case. Using the normalization
condition, the probability that a link does not exist is 1 − p.

Figure 6.2: Diagram illustrating the protocol for introducing correlations in a
triangular lattice block. Starting from an initial state with no links, the branching
process assigns probabilities to link existence based on the parameter p and a
correlation-dependent function f = f (α, p), where α quantifies the influence of
correlations favoring link formation.

From this base system, in the leftmost branch of the diagram, we consider
the scenario where one link is present. To describe the probability of a second
link forming, we account for correlations in the system by introducing a function
f = f (α, p), where α is a parameter that quantifies the influence of correlations.
When α = 0, the system has no correlations, and as α increases, the effect of corre-
lations becomes stronger, favoring the formation of additional links in the vicinity
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of existing ones. This reflects the correlated interactions we aim to describe in sys-
tems like colloidal gels. Here, f (α, p) acts as a modulating factor, scaling the base
probability p to incorporate the influence of correlations. Thus, the probability of
a second link forming, given the presence of the first, becomes f (α, p)p, while the
probability of it not forming is 1 − f (α, p)p.

It is important to note that f (α, p) cannot take arbitrary forms, as this could
lead to inconsistencies, such as probabilities exceeding 1. We will address this
constraints in the next section, where we explicitly construct f (α, p) to ensure
it satisfies the necessary conditions for a physically meaningful description of
correlated systems.

In the right branch of the first level, where no links exist initially, there is no
correlation effect, so the probabilities remain p for the presence of a link and 1 − p
for its absence.

At the second level of the leftmost branch, where two links are already present,
we extend the correlation description to second-order effects. The probability
of the third link forming is then f 2(α, p)p, and the probability of it not forming
is 1 − f 2(α, p)p. This second-order effect reflects the compounded influence of
multiple existing links on the probability of forming additional ones.

The next branch to the right follows the same logic: if one link is already
present, the probability of another forming is f (α, p)p, and the probability of it not
forming is 1 − f (α, p)p. This pattern repeats for subsequent branch.

Finally, in the rightmost branch, where no links are initially present in the unit
cell, the probabilities revert to p for the presence of a link and 1 − p for its absence,
as there are no correlations in this case.

Thus, we have constructed the 8 possible configurations for each unit cell. To
obtain the probabilities associated with each configuration, we treat the construc-
tion as a joint probability by multiplying the probabilities along the branches that
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lead to the desired configuration. Hence:

p111 = p f p f 2p = f 3p3,

p110 = p f p
(

1 − f 2p
)
= f p2

(
1 − f 2p

)
,

p101 = p
(
1 − f p

)
f p = f p2(1 − f p

)
,

p100 = p
(
1 − f p

) (
1 − f p

)
= p

(
1 − f p

)2,

p011 = (1 − p) p f p = f p2(1 − p),

p010 = (1 − p) p
(
1 − f p

)
= p(1 − p)

(
1 − f p

)
,

p001 = (1 − p) (1 − p) p = p(1 − p)2,

p000 = (1 − p) (1 − p) (1 − p) = (1 − p)3.

(6.6)

The three digits in the subscript indicate the presence or absence of links in the
three unit cell elements, with 1 denoting the existence of a link and 0 its absence.
From this result, it is important to analyze three key points:

1. The sum of all probabilities remains equal to one.

2. When f (α, p) = 1, the system behaves as one without correlations. This
behavior will be central in defining the form of f (α, p).

3. In our system, the probabilities for configurations with two links at the end
are equivalent to one another, just as the probabilities for configurations with
a single link at the end are also equivalent.

Then, instead of working with eight separate probability expressions, we can
simplify the analysis to just four: p3, p2, p1, and p0, corresponding to configura-
tions with three, two, one, and no links, respectively.

To express this, we compute the average of the probabilities for configurations
with two links,

p2 =
1
3

[
f p2
(

1 − f 2p
)
+ f p2(1 − f p

)
+ f p2(1 − p)

]
= f p2

[
1 − 1

3
p
(

f 2 + f + 1
)]

,
(6.7)
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and one link,

p1 =
1
3

[
p(1 − f p)2 + p(1 − p)(1 − f p) + p(1 − p)2

]
= p

[
1 − p( f + 1) +

1
3

p2
(

f 2 + f + 1
)]

,
(6.8)

resulting in four probability expressions:

p3 = f 3p3,

p2 = f p2
[

1 − 1
3

p
(

f 2 + f + 1
)]

,

p1 = p
[

1 − p( f + 1) +
1
3

p2
(

f 2 + f + 1
)]

,

p0 = (1 − p)3.

(6.9)

Once again, the sum of the probabilities equals one. Also, when f (α, p) = 1,
we have the expected results for a system without correlations. Now, we must
develop a proper and consistent description of α and the function f (α, p) that
captures the key characteristics of the correlations and how they influence the
system.

6.3 Description of the correlation

An appropriate formulation of the function f = f (α, p) is essential to incorpo-
rate the correlated disorder into the system. Using this function as a modulating
factor to scale the probability of link formation provides a natural starting point
for modeling correlations. However, this approach alone is imprecise and can
lead to inconsistencies, such as probabilities exceeding one. Although f (α, p) = 1
eliminates correlations, its specific functional form remains undefined. It is unclear
how f (α, p) quantifies the degree of correlation among disordered elements in the
lattice or how it depends on the correlation parameter α and the base probability
p, particularly when probabilities take forms like f (α, p)p or f 2(α, p)p. These
questions will guide our construction of the function in this section.

The protocol presented here is somewhat arbitrary, as it depends on the spe-
cific nature of the probability distribution and correlations in the system under
study. Rather than providing a universal description applicable to all correlated
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disordered systems, our approach aims to explore general properties and test
the generalization of the CPA. In particular, the function f (α, p) is constructed to
model a specific type of correlated behavior, but alternative forms of this modulat-
ing function—or entirely different protocols—could also be proposed depending
on the system’s characteristics. This flexibility highlights the adaptability of the
generalized framework emphasizing that our construction is one of many possible
approaches.

To refine our model and address its limitations, we propose defining the
correlation parameter α subject to the following conditions:

1. α must only take positive values, as it represents the degree of correlation in
the system.

2. For a system without correlations, α = 0.

Having established these constraints, we propose a suitable construction for f (α, p)
by imposing the following requirements:

1. f (α, p) must always be positive, ensuring that probabilities remain non-
negative.

2. f (α, p)p, which determines the probability along each branch where a link
already exists, must not exceed 1 to avoid probabilities greater than one.

3. When α = 0, f (α, p) must equal 1 to recover the non-correlated results
derived in the previous section. In this case, the term f (0, p)p must behave
linearly, ensuring consistency with the expected behavior of the probability
distribution in an uncorrelated system.

4. For α > 0, f (α, p)p must be a concave downward function of p, capturing
the positive effect of correlations on the probability. This concavity also
ensures that, in cases of double correlation effect where the probability in
the branch is given by f 2(α, p)p, multiple correlations amplify the increase
in probability.

These conditions provide a basis for constructing f (α, p) as a meaningful rep-
resentation of correlated disorder in the system. To ensure the concave growth
described in Item 4, f (α, p)p can be represented as a function with a

(
α

1+αp

)
p
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behavior. Based on the conditions outlined, we propose the following formulation
for the probability in each branch:

f (α, p)p =

(
α

1 + αp
(1 − p) + 1

)
p. (6.10)

This definition ensures that for α = 0, the probability f (0, p)p equals p, as re-
quired by Item 3. Additionally, the term (1 − p) guarantees that when p = 1, the
probability does not exceed 1, thereby satisfying the constraint outlined in Item 2.
Therefore, we can write an explicit and simplified form of the parameter function:

f (α, p) =
1 + α

1 + αp
, (6.11)

which is always positive as required in Item 1. The behavior of the probability
function f (α, p)p as a function of p for different values of α is shown in Figure 6.3.
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Figure 6.3: Behavior of the probability function in the branches, p f (α, p), as a
function of the parameter p for different values of α. The uncorrelated case is
represented by α = 0 (solid line), while the correlated cases are shown for α > 0
(dashed lines).

This figure illustrates how, for α = 0, the function corresponds to the linear
probability distribution described in the uncorrelated case. As α increases, the
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probability takes a concave shape, modeling the behavior induced by correlations.
Specifically, for larger α, correlations favor the presence of links, increasing the
probability of a link being present at each site.

Now that this formulation meets all the necessary requirements, the function
f (α, p) derived in Eq. (6.11) can be seamlessly incorporated into the previous
description for the probabilities in Eq. (6.9).

In principle, with these probabilities, it is now possible to apply the self-
consistency constraint in Eq. (6.5), allowing us to compute the mean value and
find its roots to determine the values of the elastic constant of the homogeneous
lattice that enable the mapping, thereby solving our system. However, there are
some issues that must be addressed before proceeding with the calculations.

It is worth noting that the function f 2(α)p becomes greater than 1 in the in-
terval p ∈ [0, 1] when α > 1. At first glance, this might seem problematic, as it
implies that the probability in the doubly correlated case could exceed 1. However,
this is not a problem in the final formulation, as the probability functions given in
Eq. (6.9) do not exceed 1 for any α. Nevertheless, we need to address a more subtle
issue that is particularly relevant for p2: there are situations where this probability
might become negative.

To better understand the behavior of these probability functions, we plot them
in Figure 6.4. This figure shows the four probability functions (p3, p2, p1, and p0)
as functions of the parameter p for different values of α. The solid lines represent
the uncorrelated case (α = 0), while the dashed lines correspond to correlated
cases (α > 0).

As shown in the graphic, for the uncorrelated case (α = 0), the probabilities
exhibit symmetry. When p = 0, the probability p0 of having no links is 1, meaning
that the system contains no links. As p increases, the probabilities of having more
links grow until, at p = 1, the probability p3 of having all links becomes 1. Conse-
quently, p0, p1, and p2 vanish.

In the correlated case, the general behavior is preserved, but the correlation
favors link formation. As α increases, p3 grows larger, while the other probabilities
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Figure 6.4: Probability functions p0 (purple lines), p1 (green line), p2 (red lines),
and p3 (blue line) as functions of p for different values of α. Solid lines represent
the uncorrelated case (α = 0), while dashed lines represent correlated cases
(α > 0). Correlations increase the probability of full connectivity (p3), reducing the
probabilities of partial connectivity (p1 and p2), while p0 remains unaffected by
correlation.

decrease to maintain normalization. Notably, p0 remains unchanged with corre-
lation, as expected. This consistency arises because, with no links in the system,
correlation has no effect—correlation, by definition, only affects the presence of
additional links once at least one is already present.

A closer look at p2 reveals an important feature. Given the way the probability
functions in Eq. (6.9) were constructed, we observe that p2 has two additional
roots beyond the expected ones at p = 0 and p = 1. These roots become real when
α2 − 6α − 3 ≥ 0, implying that p2 could take negative values for α > 3 + 2

√
3.

In the figure, we can see how p2 approaches zero in the region where it would
eventually become negative as α approaches this upper bound.

This issue could be resolved by redefining the formulation of the probabilities.
However, this is not necessary for our analysis, as it focuses on values of α typically
not much greater than 1. Our primary interest is to introduce a moderate degree
of correlation into the system, which can be achieved with α in the range 0.0 to 6.4.
Thus, a simple upper bound on α at 3 + 2

√
3 suffices for our purposes. For studies
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involving stronger correlations, it would be necessary to redefine this protocol to
ensure the physical consistency of p2 for higher values of α.

Given this protocol and the fact that the probability of having a link is mediated
by the function f (α, p), it is essential to highlight that the parameter p is not the
probability itself. Although closely related to it, p represents the probability of
having a link in the first branch of the diagram in Figure 6.2, which is the case
before correlations have any effect. From that point onward, the parameter p
remains closely connected to the probability, as does α, but it does not directly
equal the probability of the event occurring. This distinction will be crucial for the
interpretation of the results.

Finally, it is important to remember that this protocol and the probability func-
tions in Eq. (6.9) are merely a simple model. We do not claim that these functions
exactly represent the probability of link formation in correlated disordered sys-
tems, such as colloidal gels. Instead, this formulation serves as a starting point
that can be adapted or redefined based on more detailed descriptions or specific
information about the system under study. The protocol’s flexibility allows it to
evolve, depending on which aspects are most important for describing the system.

Having described this simple model to incorporate correlations within the
generalized coherent potential approximation framework, we can now apply it to
calculate the mean value required by the self-consistency constraint in Eq. 6.5. The
logic behind the calculation is to associate the probability of each configuration in
Eq. 6.9 with its corresponding F-matrix, which describes one of the eight possible
configurations. After summing over all terms, we find the root of the resulting
expression, which provides the value of the elastic constant k for the homogeneous
lattice.

In the next section, we will implement these results numerically and analyze
them in the context of rigidity percolation, studying the rigidity transition of a
system with these characteristics. This numerical approach will provide insights
into how correlations affect the mechanical properties of the system, offering new
perspectives and potential applications.
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6.4 Numerical implementation

In this section, we apply the generalized coherent potential approximation
(CPA) to study the simple model inspired by colloidal gels. Our goal is to use this
extended framework to study the role of correlations in rigidity transitions and an-
alyze whether they lead to subisostatic behavior in disordered systems. To achieve
this, we implement the analytical results derived throughout this document into a
numerical framework, focusing on systems with correlated disorder.

We begin with a brief recap of the calculations carried out so far, emphasiz-
ing how the generalized CPA incorporates correlations through the probability
protocol developed earlier. Following this, we describe the numerical implemen-
tation of these results, including the construction of the code used to solve the
self-consistency constraint and compute the effective elastic constant k. The full
code is provided in Appendix C.

Given the central role of symbolic manipulation in our analysis, we have used
Wolfram Mathematica for its advantages in handling symbolic computations. The
implementation followed these steps:

1. Definition of the Unit Cell and Vectors

• All vectors forming the unit cell were defined. For the case of the
triangular lattice shown in Figure 3.2, they take the form:

a1 = ax̂, a2 = a

(
−1

2
x̂ +

√
3

2
ŷ

)
, a3 = a

(
−1

2
x̂ −

√
3

2
ŷ

)
. (6.12)

• From these, the B-vectors in Eq. (3.21) were constructed, which were
then used to build the total dynamical matrix of the system as the sum
in Eq. (3.20).

2. Computation of the Green’s Function and H-matrix

• The dynamical matrix was used to compute the zero-frequency Green’s
function introduced in Eq. (3.29).
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• The Hij component of the H-matrix was calculated numerically by
evaluating the integral in Eq. (5.4). The resulting matrix is:

Hnumeric =

 0.666667 −0.0465826 −0.0465826
−0.0465826 0.666667 −0.0465826
−0.0465826 −0.0465826 0.666667

 . (6.13)

This matrix is constant for all values of k as discussed in Subsection 5.2.1.
As expected, the diagonal components take the value 2/3, while the
off-diagonal components are a constant different from zero.

• Following the non-crossing approximation, the H-matrix can be ex-
pressed using the simplified form in Eq. (5.24). This approach elimi-
nates the need for numerical integration. From this point onward, we
will use the H-matrix with only diagonal components, which will play
a key role in the discussion of the results.

3. Calculation of K- and F-Matrices

• Using the previously defined H-matrix, the K-matrix was computed
according to Eq. (5.6), It is a diagonal matrix with components:

Kii(k, k′i) =
2
3

(
k′i
k
− 1
)

. (6.14)

From this, we see that the K-matrix, depends on all k′i values, specifically
K = K(k, k′1, k′2, k′3).

• The F-matrix was then constructed using Eq. (5.9). Its diagonal compo-
nents are:

Fii =

(
k′i
k − 1

)
1 + 2

3

(
k′i
k − 1

) . (6.15)

This matrix serves as the T-matrix in the self-consistency constraint,
where F(k, k′1, k′2, k′3) is evaluated for all possible configurations of the
k′i values according to the probability distribution.
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4. Calculation of the Self-Consistency Constraint

• The self-consistency constraint was computed using Eq. (6.5).

• The probabilities p[Ω] associated with each of the eight possible con-
figurations were calculated using Eqs. (6.9), incorporating correlation
effects through the function f (α, p).

• The previously calculated F-matrix was used to associate the values of
k′i corresponding to each configuration, computing each F[Ω]. Although
the calculation of the mean value results in a 3 × 3 matrix, as discussed
in Section 5.2, it is diagonal with all three components equal. Therefore,
the final expression depends only on the elastic constant k and the
parameters p and α; its single independent component must be set to
zero to satisfy the self-consistency constraint.

Once the mean value is computed as a function of the elastic constant k and
the parameters α and p, we can analyze the behavior of the elastic constant as a
function of p for different values of a. This behavior is illustrated in Figure 6.5.

In this figure, it is evident that for the uncorrelated case (α = 0.0), the ex-
pected critical behavior of rigidity percolation is recovered. Specifically, the elastic
constant of the mapped homogeneous network remains zero until the critical
probability pc = 2/3, beyond which a phase transition to a rigid state occurs. In
the rigid phase, the elastic constant becomes positive and increases continuously
until reaching a value of 1 at p = 1. This result is consistent, as p = 1 corresponds
to a fully connected network that contains all possible links, making it identical to
a homogeneous network. Consequently, the elastic constant of the mapped homo-
geneous network must equal that of the disordered system, which was arbitrarily
normalized to 1 in the probability distribution.

When correlations are introduced (α > 0.0), the critical value pc for the rigidity
percolation transition decreases, as shown in Figure 6.5. This reduction is more
pronounced for small values of α, while the rate of decrease slows down as α

increases. Despite these changes, the expected behavior at p = 1 is preserved:
k = 1 in all cases. This result is crucial, as it reflects the fact that, regardless of the
correlation strength, k must equal 1 when p = 1, corresponding to a defect-free
homogeneous lattice.
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Figure 6.5: Elastic constant k as a function of link probability p for different values
of the correlation parameter α. For α = 0 (solid line), the uncorrelated system
exhibits the critical behavior of rigidity percolation, where k = 0 for p < 2/3
and k > 0 beyond this threshold, eventually reaching k = 1 when p = 1. For
α > 0 (dashed lines), the critical threshold pc decreases with increasing α, while
k continues to approach unity at p = 1, as the network becomes identical to
the undiluted homogeneous network in this limit. This behavior highlights the
combined influence of correlation and structural contributions to rigidity.

To further analyze this behavior, we focus on the critical probability pc as a
function of α, as shown in Figure 6.6. These values are obtained by solving the
self-consistency constraint for k(p) at different α and determining the value of p
where k becomes zero.

As seen in Figure 6.6, when α = 0, the critical probability pc begins at 2/3 and
decreases as α increases. This initially appears to align with subisostatic behavior,
as the rigidity transition occurs for p values lower than 2

3 . However, as discussed
in the end of Section 6.3, the parameter p, while strongly related to the probability,
is not exactly equivalent to it and should not be confused with it, as the probability
is modulated by a scaling function. To better understand the system’s behavior, it
is more reliable to analyze the elastic constant k as a function of the coordination
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Figure 6.6: Critical probability pc as a function of the correlation parameter α.
When α = 0, the system corresponds to the uncorrelated case, and pc = 2/3,
consistent with the expected rigidity percolation behavior. As α increases, pc
decreases. The decrease in pc becomes slower as α approaches the upper limit
imposed by the method of 6.4.

number z, which for our lattice can be calculated as:

z = d(3p3 + 2p2 + 1p1 + 0p0), (6.16)

using the probabilities defined in Eqs. (6.9). The resulting behavior is shown in
Figure 6.7.

In Figure 6.7, the correlated (α > 0) and uncorrelated (α = 0) cases are com-
pared. Unlike the behavior observed in Figure 6.5, all curves converge to the
same trend: the rigidity transition occurs at zc = 4, as predicted by Maxwell’s
criterion (zc = 2d). Beyond this point, k increases linearly until reaching 1 at z = 6,
the maximum coordination number for a triangular lattice, corresponding to a
fully connected network. This behavior does not exhibit the characteristics of
subisostaticity, as initially suggested by Figure 6.5.
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Figure 6.7: Elastic constant k as a function of the coordination number z for differ-
ent values of the correlation parameter α. The α = 0 case (solid line) represents an
uncorrelated system, while the α > 0 cases (dashed lines) correspond to correlated
systems. All curves converge, with the rigidity transition occurring at z = 4,
consistent with Maxwell’s criterion (zc = 2d). For z = 6, k reaches 1 in all cases,
corresponding to the maximum coordination number in a triangular lattice.

These results highlight the importance of analyzing rigidity transitions in terms
of the coordination number z, rather than the parameter p. While the initial analy-
sis suggested subisostatic behavior, with rigidity transitions occurring at lower
critical probabilities, the coordination number analysis reveals that correlations do
not shift the rigidity transition below zc = 4. This discrepancy raises questions
about the relationship of this quantities in correlated systems. For instance, in
the work by Zhang et al. [10], which studied rigidity percolation in correlated
systems such as colloidal gels, it was suggested that structural correlations shift
the rigidity transition to lower volume fractions. Given the relationship between
volume fraction and coordination number in Eq. (2.3), one might expect a similar
shift in the coordination number, implying subisostaticity. However, Zhang et al.
did not directly analyze the coordination number, focusing instead on volume
fractions. Our results suggest that a shift in one quantity (e.g., volume fraction or
p) does not necessarily imply a corresponding shift in the coordination number,
particularly in complex systems with correlated disorder.
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However, it is important to note that our calculations were performed using the
non-crossing approximation, as discussed in Subsection 5.2.2. This approximation
neglects interactions between pairs of defects, which could contain important
information about correlations, depending on the system under study. As em-
phasized in the introduction of the simple model for incorporating correlations
into the generalized CPA framework (Section 6.3), this model is not intended to
precisely describe colloidal gels. Instead, it serves as a test case for the generalized
effective medium theory developed in this work. Therefore, the results should be
interpreted with caution, keeping in mind the limitations of the simple model and
the approximations used.

Finally, it is worth analyzing the scale invariance of our model as an indicator
of the reliability of the results obtained through our generalized framework. To do
this, we assume that the elastic constant k satisfies the general scaling form:

k = (δp) fF
(

α

δpφ

)
, (6.17)

where δp = p − pc is the p critical deviation, F is a function of α/(δp)φ, and f
and φ are fitting parameters. Setting f = 1, we can rewrite this as:

k
α1/φ

=

(
δp

α1/φ

)
F
((

δp
α1/φ

)−φ
)

. (6.18)

The right-hand side is a function of δp/α1/φ, allowing us to plot k/α1/φ as a func-
tion of δp/α1/φ for different values of α (excluding α = 0 to avoid indeterminacy).
By fitting φ, we find that for φ = −0.15 all curves converge, as shown in Figure 6.8.

This convergence is evidence of scale invariance in our system, suggesting
universal behavior. For the fitted values of f and φ, the generalized model is
consistent, and its behavior does not depend on α. This is a manifestation of scale
invariance, meaning that near the critical rigidity transition point, the system’s
properties are independent of scale.

Another result worth analyzing is the analytical relationship between the elas-
tic constant k and the coordination number z that our method allows us to explore.
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Figure 6.8: Convergence of the scaled elastic constant k/α1/φ as a function of
the scaled critical p deviation δp/α1/φ for different values of α, with the fitted
parameter φ = −0.15, indicating the scale invariance in the system.

By applying the self-consistency constraint numerically, we obtain the follow-
ing expression for k(α, p):

k(α, p) =
1

(1 + pα)3

(
− 2 + 3p − 6pα + 12p2α − 3p3α − 6p2α2 + 17p3α2

− 10p4α2 + 2p5α2 − p3α3 + 5p4α3 − 4p5α3 + p6α3). (6.19)

Now, using the explicit form of z(α, p) given by Eq. (6.16) and using Eqs. (6.9), we
have:

z(α, p) =
2

(1 + pα)3

(
3p + 12p2α − 3p3α + 17p3α2

− 10p4α2 + 2p5α2 + p3α3 + 5p4α3 − 4p5α3 + p6α3). (6.20)

By comparing these two expressions, we can rewrite k(α, p) in terms of z(α, p) as:

k(α, p) =
z(α, p)

2
+

1
(1 + pα)3

(
− 2 − 6pα − 6p2α2 − 2p3α3). (6.21)
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Expanding the denominator of the second term on the right-hand side of the
equation, we observe that the numerator is exactly minus twice the denominator.
Thus, the relationship between k and z can be expressed as:

k(α, p) =
z(α, p)

2
− 2 (6.22)

This is precisely the analytical expression we derived for the triangular lattice after
applying the non-crossing approximation to compute the self-consistency con-
straint in Eq. (5.29). Moreover, it matches the behavior observed in the plot shown
in Figure 6.7. From Eqs. (6.19) and (6.20), we see that both the elastic constant k
and the coordination number z depend explicitly on α, reflecting the influence
of correlations. However, when analyzing k as a function of z, this dependence
cancels out through polynomial factorization, leaving us with a behavior that is
independent of correlations.

This result demonstrates how our generalized method is capable of recovering
results for the uncorrelated case while also providing insights into the role of
correlations. In particular, it shows that, for systems where correlations behave
as described in the simple model, the presence of correlations does not lead to
subisostatic behavior.





Chapter 7

Conclusions

In this work, we have presented an analytical framework for generalizing
the coherent potential approximation (CPA) to study disordered systems with
complex probability distributions, including those with spatial correlations such
as colloidal gels. This generalization allows us to compute the self-consistency
constraint for systems where disorder is not purely independent but exhibits
spatial correlations, addressing a key limitation of traditional effective medium
theories.

The primary challenge in this approach lies in solving a system of n2 linearly in-
dependent equations (n representing here the number of possible links per block),
which, in general, can be computationally intractable. However, by leveraging
the symmetries and specific characteristics of the system under study—such as
translational invariance and the use of the non-crossing approximation—we were
able to reduce the problem to a single equation. This simplification enabled us
to develop a protocol for incorporating spatial correlations into the framework,
using a simple model inspired by colloidal gels as a test case.

Our analysis of the rigidity transition revealed intriguing behavior. When
examining the elastic constant k as a function of the link probability p, we ob-
served that the critical threshold pc decreased with increasing spatial correlations,
suggesting a shift toward subisostatic behavior. However, a more rigorous anal-
ysis in terms of the coordination number z showed that the rigidity transition
consistently occurs at zc = 4, in agreement with Maxwell’s criterion (zc = 2d). This
indicates that, while correlations alter the transition in terms of p, they do not lead
to subisostatic behavior when analyzed through the lens of z. This discrepancy
highlights the importance of carefully selecting the variables used to describe
rigidity transitions in correlated systems. Furthermore, we demonstrated that our
model exhibits scale invariance near the critical rigidity transition. This universal
behavior underscores the robustness of our generalized CPA framework and its
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ability to capture the essential physics of correlated disordered systems.

Despite these successes, our approach faces important challenges. The sim-
plifications employed here, such as the non-crossing approximation, may not be
applicable to all systems, particularly those with strong higher-order interactions
or frequency-dependent effects. Additionally, while the simple model used in
this study provides valuable insights, it is not intended to fully describe complex
systems like colloidal gels. Future work will need to extend this framework to
more realistic models and rigorously test its predictions against experimental data.

In conclusion, this work represents a significant step forward in the study of
rigidity transitions in correlated disordered systems. By generalizing the CPA and
demonstrating its applicability to a simple yet insightful model, we have laid the
groundwork for future research into more complex materials. This framework has
the potential to provide new insights into the mechanical properties of systems
such as colloidal gels, granular materials, and biological networks, where spatial
correlations play a crucial role. However, further development and validation will
be essential to fully realize its potential.



Appendix A

Off-Diagonal Components of the H-matrix
in the Triangular Lattice

In the main text, we demonstrated that the diagonal components of the H-
matrix can be simplified significantly in the triangular lattice by leveraging the
rotational invariance of the system. This invariance ensures that all diagonal
elements are identical, reducing the problem to a single independent term. A
natural question arises: can a similar simplification be applied to the off-diagonal
components of the H-matrix?

By extending the same reasoning used for the diagonal components, we can
show that the off-diagonal components also exhibit a high degree of symmetry.
Specifically, the indistinguishability of bonds under rotations, dictated by the rota-
tional invariance of the triangular lattice, implies that all off-diagonal components
must be equal to each other. This further reduces the number of independent
equations from n2 to just two: one for the diagonal components and another for
the off-diagonal components.

To derive an explicit expression for the off-diagonal components, we follow a
procedure analogous to that used for the diagonal case. We begin by writing the
general form of Hi ̸=j

Hi ̸=j = −k

∫
q

dq Bi,−q · Gq · Bj,q

= −

∫
q

dq tr
[ (

kBj,q ∧ Bi,−q
)

· Gq

]
.

(A.1)

Using the argument of rotational invariance, we rewrite the expression in paren-
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theses as a sum:

Hi ̸=j = −

∫
q

dq tr

[(
1

zNN

zNN

∑
i=1

kBi,q ∧ Bi+1,−q

)
· Gq

]
, (A.2)

where, in the triangular lattice, all possible terms in the sum corresponding to
the off-diagonal terms can be obtained from the outer products of the i-th B-
vector with the (i + 1)-th B-vector, taking into account a cyclic structure where
zNN + 1 ≡ 1. This allows us to define a new matrix:

D̂q ≡
zNN

∑
m=1

kmBm,qBm+1,−q′ , (A.3)

which is constructed based on the form of the dynamical matrix. The rotational
invariance of the system ensures that all terms in this sum are equivalent. Conse-
quently, we can rewrite the off-diagonal components of the H-matrix as:

Hi ̸=j = − 1
zNN

∫
q

dq tr
(

D̂qGq

)
. (A.4)

We have thus obtained simplified expressions for the H-matrix as well as a
better understanding of its structure. Numerically, the computation becomes
significantly more straightforward, as we can now write:

H = − 1
zNN

∫
q

dq
[

tr
(

DqGq

)
I + tr

(
D̂qGq

)
(χ1 − I)

]
(A.5)

where χ1 represents a matrix of all entries equal to 1, so (χ1 − I) is a matrix with
zeros on the diagonal and ones on the off-diagonal. This construction ensures that
the diagonal and off-diagonal components of the H-matrix are treated indepen-
dently while maintaining the symmetry of the system.

The main takeaway is that the H-matrix is reduced to only two linearly inde-
pendent components. This still leaves us with an important issue to address: we
have two equations for a single variable, the elastic constant k of the homogeneous
lattice. This problem will be discussed in Appendix B.



Appendix B

Balancing Equations in CPA

Once we have established the analytical results derived from generalizing
the CPA, we encounter a particular issue during implementation. The H-matrix
describing our system has two linearly independent components, both of which
must satisfy the self-consistency constraint. However, within the CPA framework,
we are solving for only one unknown: the elastic constant k of the homogeneous
lattice, which allows us to map the disordered system. This results in a situation
where we have two equations but only one unknown.

This issue has been previously encountered in similar approaches. For instance,
in [19], Mao and colleagues applied effective medium theory to a triangular lat-
tice that included bending and stretching forces. They arrived at three linearly
independent terms, which had to be set to zero in a system with only two types
of elastic moduli—each associated with a different type of force. To resolve this,
they introduced an additional term, formulated as an auxiliary modulus that
mediated an extra energy contribution resulting from the coupling of phantom
bonds between next-nearest neighbors (NNN). This additional effect was modeled
and incorporated into their framework, balancing the number of equations and
unknowns, which allowed them to solve the problem.

This strategy aligns with the central objective of the CPA: to find an effective
homogeneous medium that accurately maps the disordered system. Within this
effective medium, interactions such as those involving NNN can be assumed,
and the CPA can provide insights into how these interactions should behave and
relate to the previously defined homogeneous elastic constant k—associated with
nearest neighbors (NN). Our goal is to incorporate these additional effects into
our system by directly introducing NNN interactions.
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To achieve this, we will define a new unit cell with additional unit vectors,
explicitly accounting for the contributions of NNN bonds, characterized by an
elastic constant κ, as illustrated in Figure B.1.

κ
k

Figure B.1: Unit cell configuration illustrating nearest-neighbor interactions with
elastic constant k (black solid lines) and NNN interactions with elastic constant κ
(blue dashed lines).

This approach introduces the particularity of requiring the definition of three
additional unit vectors in the system, which must be accounted for when calculat-
ing the dynamical matrix. We will follow the derivation in Subsection 3.2.2, in this
case to calculate the BNNN

n,q vectors, by describing the elastic energy as a sum of all
interactions d within each unit cell c mediated by the constant κd:

UNNN = ∑
c

∑
d

κd
2

[ (
uℓc

d
− uℓc

d+1

)
· êℓc

d,ℓc
d+1

]2
. (B.1)

Here, ℓc
d and ℓc

d+1 represent the sites connected by each NNN link, and êℓc
d,ℓc

d+1

is the new unit vector in the direction of those links. By calculating the Fourier
transform, we obtain:

UNNN =
1

2N2 ∑
c

∑
d

κd

[
∑
q

uq

(
e

iq · rℓc
d − e

iq · rℓc
d+1

)
· êℓc

d,ℓc
d+1

]2

. (B.2)

At this point, it becomes necessary to address the vectorial part, which is



Apêndice B. Balancing Equations in CPA 75

described in Figure B.2.

a1

a2

a3

α1

α2

α3

Figure B.2: Vector configuration for nearest-neighbor links, ad (black), and next-
nearest-neighbor links, αd (blue), illustrating the relationship between both sets of
vectors within the unit cell.

This figure shows the vectors ad, which are associated with the NN links within
the unit cell:

a1 = ax̂, a2 = a

(
−1

2
x̂ +

√
3

2
ŷ

)
, a3 = a

(
−1

2
x̂ −

√
3

2
ŷ

)
. (B.3)

The new vectors corresponding to the NNN links will be denoted as αd, and
we can see that they can be constructed from the NN vectors in the following way:

α1 = a2 − a1 =
a
√

3
2

(
−
√

3x̂ + ŷ
)

,

α2 = a3 − a2 = −a
√

3ŷ,

α3 = a1 − a3 =
a
√

3
2

(√
3x̂ + ŷ

)
.

(B.4)

In this context, it is important to clarify the notation, as it can become confusing.
For the first NNN bond, corresponding to the direction of the vector α1, the two
sites involved are those located at the positions defined by a1 and a2. More
generally, for the d-th bond, the two sites are determined by the vectors ad and
ad+1, where we adopt the convention that for d = 3, the index d + 1 cycles back to
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1. Thus, since in the unit cell rℓc
d
= rℓc

0
+ ad, the elastic energy associated with the

NNN links can be rewritten as:

UNNN =
1

2N2 ∑
c

∑
d

κd

[
∑
q

uq e
iq · rℓc

0

(
eiq · ad − eiq · ad+1

)
· êℓc

d,ℓc
d+1

]2

. (B.5)

Moreover, we can see that the unit vectors êℓc
d,ℓc

d+1
can be expressed as:

êℓc
1,ℓc

2
=

α1

|α1|
=

1
2

(
−
√

3x̂ + ŷ
)
≡ êα1 ,

êℓc
2,ℓc

3
=

α2

|α2|
= −ŷ ≡ êα2 ,

êℓc
3,ℓc

1
=

α3

|α3|
=

1
2

(√
3x̂ + ŷ

)
≡ êα3 .

(B.6)

Which allows us to express the energy in the form:

UNNN =
1

2N2 ∑
q,q′

uq ·

[
∑

c
∑
d

κd e
i(q+q′) · rℓc

0

(
eiq · ad − eiq · ad+1

)
(

eiq′ · ad − eiq′ · ad+1
)

êαd êαd

]
· uq′ .

(B.7)

And thus, using the result from Eq. 3.13, we can describe the dynamical matrix for
NNN interactions as follows:

DNNN
q,q′ = ∑

c
∑
d

κd e
−i(q−q′) · rℓc

0

(
e−iq · ad − e−iq · ad+1

) (
eiq′ · ad − eiq′ · ad+1

)
êαd êαd ,

(B.8)

and

DNNN
q = ∑

d
κd

(
e−iq · ad − e−iq · ad+1

) (
eiq′ · ad − eiq′ · ad+1

)
êαd êαd . (B.9)

From which we can define the vector

BNNN
n,q ≡

(
e−iq · an − e−iq · an+1

)
êαn . (B.10)

In order to express it solely in terms of n, and not n + 1, we recall the definitions
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in Eq B.4, from which an+1 = an + αn Thus,

BNNN
n,q ≡ e−iq · an

(
1 − e−iq · αn

)
êαn . (B.11)

Finally, the total dynamical matrix of the system can be expressed as

Dq(k, κ) = k ∑
m

BNN
m,qBNN

m,−q′ + κ ∑
n

BNNN
n,q BNNN

n,−q′ . (B.12)

Thus, we have found a solution to the problem of insufficient unknowns in the
self-consistency constraint equations.





Appendix C

Code

This appendix provides the complete Mathematica code used for the numer-
ical implementation of the generalized coherent potential approximation (CPA)
framework, as applied to the simple model inspired by colloidal gels proposed in
Section 6.4. The code includes the construction of the lattice, the computation of
the dynamical matrix, the Green’s function, the H-matrix, and the self-consistency
constraint. Additionally, it generates the plots analyzed in Section 6.4.

For better readability and organization, the full Mathematica code is provided
as a separate PDF file attached to this document. This file contains the complete
implementation with syntax highlighting and comments, as it appears in the Math-
ematica environment. The code is presented in a step-by-step manner, following
the same logical structure described in the main text.
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EMT with multiple bonds and 
different probabilities associated
Lattice Structure

Definition of the B vectors

apaga
Clear[em, Bm]

em = {1, 0}, -
1

2
,

3

2
, -

1

2
, -

3

2
;

(*

definição
Definition of the direct vectors of the triangular lattice*)

Bm[qx_, qy_] :=
tabela
Table[

achatar
Flatten[{(1 -

exp⋯
Exp[-

unidade imaginária
I * {qx, qy}.em〚i〛]) * em〚i〛}], {i, 1, 3}];

(*

definição
Definition of B-vectors*)

Definition of the constants ki ', vBZ, zNN

apaga
Clear[km, vBZ, zNN]

km[k1_, k2_, k3_] := {k1, k2, k3} ;(*
definição
Definition of the vector of

values that the elastic constants can take in the probability function,

each vector corresponds to a different configuration.*)

vBZ =
8 π

2

3 3
; (*

volume
Volume of the Brillouin zone*)

zNN = 3; (*

número
Number of links per block*)

Printed by Wolfram Mathematica Student Edition



Dynamical Matrix

apaga
Clear[Dynamicalmatrix, Dynamicalmatrixhat]

Dynamicalmatrix[qx_, qy_, k_] =

simplifica comple⋯
FullSimplify[k

s⋯
Sum[

produ⋯
Outer[

multiplicação
Times, Bm[qx, qy]〚j〛, Bm[-qx, -qy]〚j〛], {j, 1, 3}]];

(*

definição
Definition of the dynamical matrix*)

Dynamicalmatrixhat[qx_, qy_, k_] =

simplifica complet⋯
FullSimplify[ k

produ⋯
Outer[

multiplicação
Times, Bm[qx, qy]〚1〛, Bm[-qx, -qy]〚2〛] +

k
produ⋯
Outer[

multiplicação
Times, Bm[qx, qy]〚2〛, Bm[-qx, -qy]〚3〛] +

k
produ⋯
Outer[

multiplicação
Times, Bm[qx, qy]〚3〛, Bm[-qx, -qy]〚1〛]];

(*Alternative definition of the dynamical matrix to be used in the

calculation of the off-diagonal components of the H-matrix*)

Retarded time Green's function

apaga
Clear[GreensFunction]

GreensFunction[qx_, qy_, k_] :=
matriz inversa
Inverse[-Dynamicalmatrix[qx, qy, k]] ;

(*

definição
Definition of the

verde
Green's function*)

◼CPA

First-Brillouin zone integration

12 *
1

vBZ integra numéricamente
NIntegrate1, qy, 0,

2 π

3
, qx, 0,

qy

3
;

(*

normalizado
Normalized integral-leveraging symmetry-over the first Brillouin zone*)

2     codemathematica.nb
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Definition H-matrix numerical

apaga
Clear[Hii, Hij, Hmatrixnumerical];

Hii[k_?
expressão numérica?
NumericQ] :=

p⋯
Re

bloqueia
Block{qx, qy}, -12 *

1

vBZ
*

1

zNN integra numé⋯
NIntegrate

traço
Tr[Dynamicalmatrix[qx, qy, k].

GreensFunction[qx, qy, k]], qy, 0,
2 π

3
, qx, 0,

qy

3
 ;

(*Calculation of the diagonal components of the H-matrix*)

Hij[k_?
expressão numérica?
NumericQ] :=

p⋯
Re

bloqueia
Block{qx, qy}, - 12 *

1

vBZ
*

1

zNN integra numé⋯
NIntegrate

traço
Tr[Dynamicalmatrixhat[qx, qy, k].

GreensFunction[qx, qy, k]], qy, 0,
2 π

3
, qx, 0,

qy

3
;

(*Calculation of the off-diagonal components of the H-matrix*)

Hmatrixnumerical[k_?
expressão numérica?
NumericQ] :=

Hii[k] ×

matriz identidade
IdentityMatrix[3] + Hij[k] {{0, 1, 1}, {1, 0, 1}, {1, 1, 0}} ;

(*Construction of the H-matrix*)

Definition H-matrix analitical with non-crossing approximation

I n [ ] : =

apaga
Clear[Hmatrix]

Hmatrix = 
2

3
, 0, 0, 0,

2

3
, 0, 0, 0,

2

3
; (*Analytical construction,

after the non-crossing approximation,of the H-matrix*)

Definition of matrix K and Γ

I n [ ] : =

apaga
Clear[TableKj, Γmatrix]

TableKj[k_, k1_, k2_, k3_] =

tabela
Table

km[k1, k2, k3]〚j〛

k
- 1 , {i, 1, 3}, {j, 1, 3};

(*

definição
Definition of the factor that will be multiplied by each element of the H-

matrix to construct the K-matrix*)

Γmatrix[k_, k1_, k2_, k3_] :=
matriz i⋯
Inverse[

matriz identidade
IdentityMatrix[3] +

tabela
Table[TableKj[k, k1, k2, k3]〚i, j〛 * Hmatrix〚i, j〛, {i, 1, 3}, {j, 1, 3}]];

(*Using the previous definition to describe the Γ-matrix*)
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Definition of matrix F

I n [ ] : =

apaga
Clear[TableKi, Fmatrix];

TableKi[k_, k1_, k2_, k3_] =

tabela
Table

km[k1, k2, k3]〚i〛

k
- 1 , {i, 1, 3}, {j, 1, 3};

(*

definição
Definition of the factor that will be multiplied by each element of the Γ-

matrix to construct the F-matrix*)

Fmatrix[k_, k1_, k2_, k3_] :=

tabela
Table[TableKi[k, k1, k2, k3]〚i, j〛 * Γmatrix[k, k1, k2, k3]〚i, j〛, {i, 1, 3}, {j, 1, 3}];

(*

definição
Definition of the F-matrix*)

◼Probabilities protocol

Definition of the probabilities

apaga
Clear[p0, p1, p2, p3, f]

f[p_, α_] :=
1 + α

1 + α p
;

p3[p_, α_] := (f[p, α])
3 p3;

p2[p_, α_] := (f[p, α]) p2 1 -
1

3
p (f[p, α])

2
+ (f[p, α]) + 1 ;

p1[p_, α_] := p 1 - p ((f[p, α]) + 1) +
1

3
p2 (f[p, α])

2
+ (f[p, α]) + 1 ;

p0[p_, α_] := (1 - p)3;

(*

definição
Definition of the probability protocol

using the definition of the function f(α,p)*)

CPA self-consistency equation 

I n [ ] : =

apaga
Clear[MeanValueFmatrix]

MeanValueFmatrix[p_, α_, k_] :=

p3[p, α] × Fmatrix[k, 1, 1, 1] + p2[p, α] × Fmatrix[k, 1, 1, 0] +

p2[p, α] × Fmatrix[k, 1, 0, 1] + p2[p, α] × Fmatrix[k, 0, 1, 1] +

p1[p, α] × Fmatrix[k, 1, 0, 0] + p1[p, α] × Fmatrix[k, 0, 1, 0] +

p1[p, α] × Fmatrix[k, 0, 0, 1] + p0[p, α] × Fmatrix[k, 0, 0, 0];

(*Calculation of the mean value of the F-

matrix:Each probability is multiplied by the F-matrix associated with each

configuration of the elastic constants k'_i values in the block*)
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Solutions of the self-consistency constraint

Plot k(p) varying α
I n [ ] : = ps =

inverte o⋯
Reverse[

tabela
Table[x, {x, 0.1, 0.99, 0.01}]];

(*

definição
Definition of the values of the parameter p that will be plotted*)

αs =

tabela
Tablex, x, 0.0, 3 + 2 * 3 , 1.6;

(*

definição
Definition of the values of the parameter α that will be plotted*)

tabplotkp = {}; (*

inicialização
Initialization of the table where the results will be stored*)

para cada
For[i = 1, i ≤

comprimento
Length[αs], i++, (*

para cada
For loop for each plot of α*)

αv = αs〚i〛;

cadagraph = {}; (*

inicialização
Initialization of the table where the results will be stored*)

k0 = 0.9; (*Value of the initial guess to be used in
encontra raiz
FindRoot where the self-

consistency constraint will be calculated*)

para cada
For[j = 1, j ≤

comprimento
Length[ps], j++, (*

para cada
For loop for each value of p*)

pv = ps〚j〛;

kv = k /.
encontra raiz
FindRoot[MeanValueFmatrix[pv, αv, k]〚1, 1〛  0, {k, k0}];

(*Obtaining the elastic constant k through the application of the self-

consistency constraint*)

adiciona a
AppendTo[cadagraph, {pv, kv}]; (*Storage of the obtained results*)

k0 = kv; (*

atualiza
Update of the initial guess for the next loop*)

] ×

adiciona a
AppendTo[tabplotkp, cadagraph]; (*Storage of the obtained results*)

]
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Plot k(z) varying α
I n [ ] : = ps =

inverte o⋯
Reverse[

tabela
Table[x, {x, 0.1, 0.99, 0.01}]];

(*

definição
Definition of the values of the parameter p that will be plotted*)

αs =

tabela
Table[x, {x, 0.0, 3 + 2

raiz quadrada
Sqrt[3], 1.6}];

(*

definição
Definition of the values of the parameter α that will be plotted*)

tabplotkz = {}; (*

inicialização
Initialization of the table where the results will be stored*)

para cada
For[i = 1, i ≤

comprimento
Length[αs], i++, (*

para cada
For loop for each plot of α*)

αv = αs〚i〛;

cadagraphz = {}; (*

inicialização
Initialization of the table where the results will be stored*)

k0 = 0.9; (*Value of the initial guess to be used in
encontra raiz
FindRoot where the self-

consistency constraint will be calculated*)

para cada
For[j = 1, j ≤

comprimento
Length[ps], j++, (*

para cada
For loop for each value of p*)

pv = ps〚j〛;

kv = k /.
encontra raiz
FindRoot[MeanValueFmatrix[pv, αv, k]〚1, 1〛  0, {k, k0}];

(*Obtaining the elastic constant k through the application of the self-

consistency constraint*)

zv = 2 (3 p3[pv, αv] + 2 × 3 p2[pv, αv] + 3 p1[pv, αv]);

(*Calculation of the coordination number z*)

adiciona a
AppendTo[cadagraphz, {zv, kv}]; (*Storage of the obtained results*)

k0 = kv;]; (*

atualiza
Update of the initial guess for the next cycle*)

adiciona a
AppendTo[tabplotkz, cadagraphz];] (*Storage of the obtained results*)

Plot pc(α)

apaga
Clear[ps, αp, tabcriticalpoints, cadagraphcp]

ps =

inverte o⋯
Reverse[

tabela
Table[x, {x, 0.1, 0.99, 0.01}]];

(*

definição
Definition of the values of the parameter p that will be plotted*)

αp =

tabela
Tablex, x, 0.0, 3 + 2 * 3 , 0.1;

(*

definição
Definition of the values of the parameter α that will be plotted,

more than in previous cases*)
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tabcriticalpoints = {};

(*

inicialização
Initialization of the table where the results will be stored*)

para cada
For[i = 1, i ≤

comprimento
Length[αp], i++, (*

para cada
For loop for each plot of α*)

αv = αp〚i〛;

cadagraphcp = {};

(*

inicialização
Initialization of the table where the results will be stored*)

k0 = 0.9; (*Value of the initial guess to be used in
encontra raiz
FindRoot where the self-

consistency constraint will be calculated*)

para cada
For[j = 1, j ≤

comprimento
Length[ps], j++, (*

para cada
For loop for each value of p*)

pv = ps〚j〛;

kv = k /.
encontra raiz
FindRoot[MeanValueFmatrix[pv, αv, k]〚1, 1〛  0, {k, k0}];

(*Obtaining the elastic constant k through the application of the self-

consistency constraint*)

adiciona a
AppendTo[cadagraphcp, {pv, kv}]; (*Storage of the obtained results*)

k0 = kv; (*

atualiza
Update of the initial guess for the next cycle*)

] ×

adiciona a
AppendTo[tabcriticalpoints, cadagraphcp]; (*Storage of the obtained results*)

]

criticalPoints = {};

(*

inicialização
Initialization of the table where the results will be stored*)

para cada
For[i = 1, i ≤

comprimento
Length[tabcriticalpoints], i++,

cadagraphcp = tabcriticalpoints〚i〛; (*

para cada
For loop for each critical point*)

interpolation =

interpolação
Interpolation[cadagraphcp];

(*

interpolação
Interpolation to find a more accurate zero*)

pc = x /.
encontra raiz
FindRoot[interpolation[x]  0, {x, 0.67}];

(*Calculation of the critical point of p*)

adiciona a
AppendTo[criticalPoints, {αp〚i〛, pc}];]; (*Storage of the obtained results*)

Scale Invariance

codemathematica.nb     7

Printed by Wolfram Mathematica Student Edition



interpolations = {};

(*

inicialização
Initialization of the table where the results will be stored*)

shiftedInterpolations = {};

(*

inicialização
Initialization of the table where the results will be stored*)

graphs = {}; (*

inicialização
Initialization of the table where the results will be stored*)

allShiftedData = {};

(*

inicialização
Initialization of the table where the results will be stored*)

para cada
For[i = 1, i ≤

comprimento
Length[tabplotkp], i++,

cadagraph = tabplotkp〚i〛; (*

para cada
For loop for each previous result*)

interpolation =

interpolação
Interpolation[cadagraph];

(*

interpolação
Interpolation to find a more accurate zero*)

adiciona a
AppendTo[interpolations, interpolation]; (*Storage of the obtained results*)

pc = x /.
encontra raiz
FindRoot[interpolation[x]  0, {x, 0.67}];

(*Calculation of the critical point of p*)

shiftedData = {};

(*

inicialização
Initialization of the table where the results will be stored*)

para cada
For[j = 1, j ≤

comprimento
Length[cadagraph], j++, (*

para cada
For loop for each graph*)

shiftedpv = cadagraph〚j, 1〛 - pc; (*

definição
Definition of Δp*)

kv = cadagraph〚j, 2〛;

se
If[kv > 0,

adiciona a
AppendTo[shiftedData, {shiftedpv, kv}]];

(*Storage of the positive obtained results*)

];

adiciona a
AppendTo[allShiftedData, shiftedData]; (*Storage of the obtained results*)

];

Fitting parameters f and ϕ

apaga
Clear[scaledData]

scaledData[rawData_, ϕ_] :=

tabela
Table

tabela
Table

rawData〚i〛〚j, 1〛

αs〚i〛ϕ

,
rawData〚i〛〚j, 2〛

αs〚i〛ϕ

, {j, 1,
comprimento
Length[rawData〚i〛]},

{i, 2,
comprimento
Length[αs]}; (*Fitting process of the parameter ϕ*)
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manipula
Manipulate[

gráfico log-log de uma lista de valores
ListLogLogPlot[scaledData[allShiftedData, ϕ]], {ϕ, -0.15, 0}]

(*

manipula
Manipulate to find the fittest phi*)

apaga
Clear[scaledDataforf]

scaledDataforf[rawData_, f_] :=

tabela
Table

tabela
TablerawData〚i〛〚j, 1〛, (rawData〚i〛〚j, 2〛)f

, {j, 1,
comprimento
Length[rawData〚i〛]},

{i, 2,
comprimento
Length[αs]}; (*Fitting process of the parameter f*)

manipula
Manipulate[

gráfico log-log de uma lista de valores
ListLogLogPlot[scaledDataforf[allShiftedData, f]], {f, 0, 1}];

(*

manipula
Manipulate to find the fittest f*)
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