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Dynamic analysis of axially moving cables on elastic supports using the

Spectral and Finite Element Methods

Gabriella Furlan Nehemy

Keywords: axially moving systems, elastic foundation, periodicity,

Spectral Element Method, Finite Element Method

Abstract - In many industrial equipment, axially moving systems are used for trans-

mitting power, transport material or as manufacturing processes. Power transmission

belts, textile fibers, band saws, cold drawing process, elevator cables, paper sheets,

aerial cable tramways are some examples. In these systems the axial speed plays an

important role in changing the dynamic behavior, inducing changes in natural frequen-

cies and vibration modes, thus the main problem that constrains applications in these

devices is limiting the transverse vibration caused primarily by the axial moving speed.

In this dissertation, different axially moving cables were modeled with simple supports,

elastic foundation and periodic elastic foundation using the Spectral Element Method

and the Finite Element Method. Dynamic analyses were performed in order to evaluate

the influence of the moving speed, the elastic foundation and the periodicity on the

dynamics of each model. It was observed that the increasing speed decreases all the res-

onance and anti-resonance frequencies. The elastic foundation increases the resonance

frequency however it has no influence on the anti-resonance frequency of the models.

However, for the periodic systems analyzed, when the elastic linear constant of the base

is increased, the propagation frequency range become narrower and when there is an

increase in axial velocity, the propagation frequency range become smaller.
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Análise dinâmica de cabos com movimento axial sobre suportes elásticos

utilizando os Métodos dos Elementos Espectrais e Finitos

Gabriella Furlan Nehemy

Palavras chave: sistemas com movimento axial, base elástica, periodi-

cidade, Método dos Elementos Espectrais, Método dos

Elementos Finitos

Resumo - Em muitos equipamentos industriais, os sistemas com movimento axial

são utilizados para transmitir potência, transportar material ou em processos de fabri-

cação. Correias de transmissão, fibras têxteis, serras fita, processo de trefilação a frio,

cabos de elevador, folhas de papel, bondes de cabos aéreos são alguns exemplos. Nesses

sistemas, a velocidade axial desempenha um papel importante na alteração do comporta-

mento dinâmico, induzindo alterações nas frequências naturais e nos modos de vibração,

portanto, o principal problema que restringe as aplicações nesses dispositivos é limitar a

vibração transversal causada principalmente pela velocidade de movimento axial. Nesta

dissertação, diferentes modelos de cabo com movimento axial foram desenvolvidos com

suportes simples, base elástica e periodicidade da base elástica utilizando os métodos

dos elementos espectrais e elementos finitos. Análises dinâmicas foram executadas a

fim de avaliar as influências da velocidade do movimento axial, da base elástica e da

periodicidade da base elástica no comportamento dinâmico de cada um dos modelos.

A partir dos resultados, observou-se que o aumento da velocidade do movimento axial

diminui as frequências de resonância e anti-ressonância. A base elástica aumenta a fre-

quência de ressonância porém não tem influência na frequência de anti-ressonância dos

modelos. Para o modelo periódico, quando se aumenta a constante linear elástica da

base as regiões de propagação ficam mais estreitas e quando há aumento da velocidade

axial, as regiões de propagação ficam menores.
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1. Introduction

1.1 Background on axially moving systems

The research on axially moving systems moving at high speeds is motivated due to the wide

range of engineering devices that interfaces with axial movement, such as power transmission

belts, textile fibers, band saws, cold drawing process, plastic films, elevator cables, paper

sheets, aerial cable tramways, etc., some of them are showed on Fig. 1.1.

However, the moving speed can affect the dynamic behavior, inducing changes in natural

frequencies and vibration modes, the system can experience strong vibration and dynamic

instabilities thus an important limitation that constrains applications in these devices is the

amplitude of the transverse vibration. For example, in band saws, the excessive transverse

vibration of a blade results in poor cutting accuracy and surface quality, material wastage,

gullet cracking, increased downtime and high noise levels. Therefore to understand the axially

moving systems is essential because of the problems connected with the dynamic behavior of

such systems.
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(a) (b) (c)

Figure 1.1: Examples of real devices that interfaces with axially moving structures
(a) Band Saw from Timberwolf Tools (Access 07032020) (b) a power transmission belt
from Indiamart (Access 07032020) (c) Paper Sheet Cutter Machine from Royal Packing
(Access 07032020)

Extensive work concerning axially moving systems can be found in the literature. One of

the earliest publications describing the axially moving systems is Sack (1954) wich analyzed

the behavior of transverse standing waves for a uniform travelling cable which is pulled over

two smooth supports under constant speed and tension. He found that the longitudinal motion

of the cable causes a reduction in the resonance frequencies.

Ames et al. (1968) examined the motion of a moving threadline under planar periodic

boundary excitation. Numerical solutions of simplified models predicted instabilities of a hard

spring nature and experiments showed that the plane motion is truly non-linear and does have

a hard spring jump that is basically due to a critical velocity effect. Mote Jr (1968) presented

approximate methods for determining the boundaries of the stability-instability regions of long

and thin axially moving materials for two cases of parametric excitation. The equations of

motion were found by applying the Galerkin method and had their stability investigated by the

Hsu method. Naguleswaran and Williams (1968) considered the parametric lateral vibration

of band saw and belt driven systems due to the axial tension fluctuation. It was found that

the most intense instability of the band occurs when the excitation due to fluctuation in band

tension is at twice the lateral natural frequency of the band. The theoretical conclusions were

verified experimentally.

Bhat et al. (1982) studied belt with axial movement supported by an elastic base and also
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took into account the non-linearities that arise due to the large amplitudes of the transversal

vibration and variable tension. Assuming constant speed, it was obtained the solution for the

free vibration of the belt between two pulleys and on an elastic base for different constant

speed values. The problem was solved using numerical techniques. It was concluded that the

response of axially moving belts is not periodic and the system can become unstable when the

moving speed approaches the speed of wave propagation in the material.

Yang and Mote Jr (1990) presented a method for active control of band saw vibration.

The band saw was modeled as an axially moving cable and the theoretical results were verified

experimentally. It was found that vibration in all the modes can be damped through use

of only one sensor and one actuator and that the control algorithms presented are carried

out in practice. Perkins (1990) investigated the linear dynamics of an axially moving cable

when an elastic foundation is added to the problem of axially moving structures. It concluded

that the elastic foundation has no effect on the critical speed, but it can significantly change

the vibration modes of the structure and therefore, considerably influence the forced response

of the cable. Lee and Perkins (1995) conducted experiments with suspended strings moved

by harmonic excitation in order to validate theoretical predictions. It was carried out an

experiment in which harmonic excitation was applied to the cable, in the equilibrium plane.

For some excitation amplitude and frequency excitation ranges, periodic and quasi-periodic

responses were observed and qualitatively correspond to theoretical results.

Zhu et al. (1997) developed a spectral analysis for the constrained translating cable with

the constrained, represented by mass, stiffness and damping located at an arbitrary position

along the span. It was found that when the damping arbitrary position is an irrational number

it dissipates vibration energy in all modes and also that with no damping, the cable is stable if

and only if the position along the span is an irrational number. Chen (1997) investigated both

numerically and analytically the natural frequencies and stability of a cable traveling between

two fixed supports and in contact with a static load system, which contains parameters as dry

friction, inertia, damping, and stiffness. It was found that the stiffness in the load system tends

to increase the natural frequencies of the traveling cable, while the inertia tends to decrease

the natural frequencies. Also that the damping element in the load system tends to stabilize
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the system in the sub-critical speed range and the large dry friction causes flutter instability in

the high speed range, which cannot be suppressed by the damping element in the load system.

Tan and Ying (1997) presented the exact response of an axially moving cable with general

boundary conditions based on wave propagation concept. The solution method can include

general boundary conditions, it does not require a knowledge of the system eigenfunctions, and

it requires much less computation effort compared to the modal analysis method. Furthermore,

it also provides a physical interpretation of the response in terms of wave propagation. It was

also found that complete wave absorption at a boundary occurs when the boundary has a

dashpot with damping coefficient equal to the propagation speed of the reflected wave. Le-

Ngoc and McCallion (1999) provide the explicit dynamic stiffness matrix for the transverse

oscillation of an axially moving cable under a constant tension using the dynamic stiffness

method.

Parker (1999) studied axially moving strings supported on elastic foundation with super-

critical speeds, in which the speed is above the critical speed. The elastic foundation introduces

additional critical speeds, always greater than the critical speed of strings without a base, and

always exhibits divergence above the first critical speed, in contrast to the baseless case in

which the balance is stable for all supercritical speeds. Öz and Pakdemirli (1999) investigated

the influence of small moving speed oscillations on the stability of an axially moving Euler-

Bernoulli beam, assumed harmonic moving speed around a mean value and used the multiple

scale method applied to the equation of motion. Pellicano et al. (2001) experimentally in-

vestigated the effect of pulley eccentricity on the vibration of a power transmission belt and

developed a theoretical model for validation and identification purposes.

Li et al. (2002) used an axially moving cable model to developed a vibration isolation

system for web handling machines. The experimental results demonstrate that the exact

model knowledge and adaptive controllers outperform PID in impulse response damping and

disturbance rejection control efficiency. Pellicano and Vestroni (2002) studied the dynamic

response of an axially moving beam subjected to harmonic force within the super critical speed

range, namely, at speeds greater than the first critical speed. The discrete model was obtained

using the Galerkin method and the results were compared with results found in the literature,
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showing agreement on the results. It was investigated in detail the chaotic dynamics and found

a cascade of bifurcations, blue-sky catastrophes and also coexisting chaotic and periodic orbits.

Öz (2003) studied the transverse vibration of highly tensioned Euler–Bernoulli beams in

contact with a static mass and the effect of mass on different locations were investigated. The

linear equations of motion were solved analytically for fixed and simply supported cases. The

conclusions obtained were that the mass reduces the frequencies, but the amplitudes of the

vibration stay constant and the stationary mass constraint decreases the frequencies through

all travelling velocities, but it does not change the critical velocity of the travelling beam.

Oh et al. (2004) studied the transversal vibration of an axially moving Euler-Bernoulli beam

subjected to axial tensions using the Spectral Element Method. It was also investigated the

effects of the moving speed and axial tension on vibration and stability. The accuracy of the

Spectral Element Method was verified by comparing numerical with analytical models. It

was found that when the moving speed reaches the critical speed the divergence phenomenon

occurs, divergence and flutter speeds tend to increase as axial tension is increased and also

concluded that there may be a stable region between divergence and flutter zones.

Lee et al. (2004) formulated a spectral element model to analyze the transverse vibration of

an axially moving Timoshenko beam subjected to constant axial tension, verified the accuracy

of the method by comparing the results with the Finite Element Method and analytical solution

and finally investigated the effects of moving speed and axial tension on vibration and stability.

Lee and Oh (2005) developed a spectral element model for an axially moving viscoelastic beam

subject to axial tension in order to investigate the effects of viscoelasticity and moving speed

on system vibration and stability. The SEM (Spectral Element Method) model results were

compared with the analytical and the FEM (Finite Element Method) model results. It was

concluded that viscoelasticity removes the second stable zone, which appears just after the

divergence zone in elastic beams. It was also concluded that the first and second modes

gradually change and become similar to each other as the speed is increased. As a result, only

the first mode becomes unstable with flutter, unlike elastic beams, where a second coupled

flutter mode can occur. Lee and Jang (2007) investigated the effects of the continuously

incoming and outgoing semi infinite beam parts on the dynamic characteristics and stability
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of an axially moving beam by using the Spectral Element Method and found that the effects of

the continuously incoming and outgoing semi-infinite beam parts should be taken into account

for accurate prediction of the dynamic characteristics and stability for such axially moving

beams.

Banichuk et al. (2014) studied the papermaking process through a simplified model of

axially moving materials that provided an understanding of the problem qualitatively and

quantitatively. The justification for studying papermaking is that the process is extremely

dependent on the efficiency and reliability of the papermaking machine. A multipoint spectral

stability problem was formulated with elastic supports and with periodic intervals, the studies

were based on analytical approaches. The system stability was investigated using analysis of

small periodic transversal displacements. Xia et al. (2015) conducted an experimental study

on the nonlinear dynamic characteristics of an axially moving cable. It was concluded that

transverse vibrations are highly sensitive to moving speed and initial axial tension applied.

Gaiko and van Horssen (2015) studied the free transverse vibrations of an axially moving

material using the model of an axially moving cable with a fixed end and a spring–mass–dashpot

system attached to a nonfixed end. It was described explicit approximations of the solution on

long timescales by using a multiple-timescales perturbation method and constructed accurate

approximations of the lower eigenvalues of the problem, which describe the oscillation and

the damping properties of the problem. Zhang and Chen (2016) studied the free and forced

response of a cable with axial movement on an elastic base, taking into account foundation

damping as well. The study took into account only the linear terms of the governing equations

so the solution is only valid for small displacements. Sorokin and Thomsen (2017) analyzed

the transverse vibration in an axially moving cable with periodically modulated cross section

using the Method of Varying Amplitudes. It was found that due to spatial inhomogeneity,

oscillations at a certain distance from the boundary involve many frequencies.

Mao et al. (2017) investigated the internal resonance of the axially moving beam with

supercritical speed, subjected to harmonic excitation forces. The equation of motion was

derived from the generalized Hamilton principle. Critical excitation of local response was

estimated by analytical methods and confirmed by simulations. Banichuk et al. (2018) studied
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an infinite beam on identical supports with uniform intervals, as an idealized model that

represents the central part of a comprehensive system, that can be represented by several

industry systems, such as paper, steel and rubber manufacturing, for example. The supports

were modeled linearly, using Hooke’s law, and when compared to rigid supports, allows to

study the effects of the elasticity foundation on the infinite beam. Axial movement has been

suppressed, so the results are only applicable to systems with low speeds, where axial movement

can be neglected.

1.2 Background on periodic systems

A system composed of identical units that are repeated is called a periodic structure. the

smallest part of a structure that constitutes the repeating pattern are called cells and can

be repeated in one, two or three directions. According to Hussein et al. (2014), the spatial

periodicity can be in the constituent material phases, or the internal geometry, or the boundary

conditions. The mechanical wave propagation in periodic structures has been investigated

because of its applications involving vibration and acoustic attenuation and control, energy

localization and harvesting. (Brillouin, 1953; Mead, 1996)

The band gap, is the region on the frequency spectrum where waves cannot propagate, this

region can be tuned to match expected excitation frequencies and the optimization problems

(Hvatov and Sorokin, 2015; Brillouin, 1953). The study of one cell behavior is enough to

determine the stop and pass band of the entire structure, independent of the number of cells.

According to Zhou et al. (2017), generally, there are two mechanisms to create a band gap,

either Bragg scattering (BS) or local resonance (LR). A BS is normally obtained by having

two materials within the unit cell or a single material with inserts or discontinuities and

through destructive interference it inhibits waves whose wavelength is on the order of the

mediums’ spatial periodicity (i.e., the Bragg limit), thus the band gap is opened by destructive

interference of incident and reflected waves inside the unit cell. The LR does not require the

lattice to be periodic, however the wave propagation can be limited using an intrinsic resonance

in the unit cell, decoupling the unit cell size from the wavelength of the attenuated waves and

thereby enabling subwavelength wave control, the local resonance absorb the energy from the
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host structure producing negative dynamic mass or/and stiffness (Foehr et al., 2018; Beli,

2018).

The dispersion relation of a system describes how energy changes, the dispersion curve is

the relationship between frequency and the wave vector. When material damping is present,

all wave vectors will become complex as energy will be dissipated and the wave will always

attenuate. The band gaps can be determined from the dispersion curves, where the band gaps

are regions which the imaginary parts do exist and are different from zero. This is because

the imaginary parts of the wave vectors represent the attenuation of the waves and a non-zero

value for the imaginary part means that the wave is reducing in amplitude after each unit cell

(Junyi and Balint, 2015). To find and evaluate the dispersion curves, the transfer matrix can

be applied to a single unit cell of the periodic structure and the resulting eigenvalue problem

is solved to seek the dispersion curve.

Shen and Cao (2000) used the transfer matrix and Floquet’s theorem to derived the dis-

persion relation for acoustic wave propagation in a periodic layered structure. The calculated

results were verified experimentally and good agreement was obtained between the experimen-

tal results and the transfer matrix calculations. Lee (2000) introduced a general approach

to spectral element formulation for one-dimensional structures, in which the spectral element

matrix is computed numerically directly from the transfer matrix formulated from the state

vector equation of the structure motion. By combining the promising features of the Spectral

Element Method and the well-known transfer matrix, a new solution approach named the

spectral transfer matrix method (STMM) was introduced herein. Hussein et al. (2014) made

an overview of historical developments and a technical review of recent progress in the field of

the dynamics of Phononic materials and structures with special consideration given to aspects

pertaining to the fundamentals of dynamics, vibrations, and acoustics. Ashari and Stephen

(2019) derived two forms of dynamic transfer matrix (the displacement-force transfer matrix

and the displacement-displacement transfer matrix) for a one-dimensional (beam-like) repet-

itive pin-jointed structure with point masses located at nodal cross-sections. Then, made an

exposition the relationships between the two forms of transfer matrix, including their respective

advantages and disadvantages.
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1.3 Axially moving models studied in this disserta-

tion

The axially moving systems can be found in the industry and some examples of engineering

devices were discussed. An important consideration about these systems is the moving speed,

which can affect the dynamic behavior, inducing changes in natural frequencies and vibration

modes resulting strong vibration and dynamic instabilities. The different types of support that

will be analyzed were presented, including simple supports, elastic foundation and periodic

elastic foundation, and a literature review was made.

The different configuration used in this dissertation are shown in Fig. 1.2. These config-

urations are based on the axially moving cable proposed by Lee (2009) with some variation.

The cables have constant cross section area (A) and mass density (ρ), are subjected to an axial

force (Nx) and have axial moving speed (c).

The first configuration is the Fig. 1.2(a), it has two simple supports and it was studied

using both the Spectral Element Method and the Finite Element Method. The system in

Fig. 1.2(b) has a simple support in one end and a spring representing a elastic foundation

on the other end, and it was analyzed using the Spectral Element Method, the Fig. 1.2(c) is

similarly to the first model, except for the elastic foundation on the middle of the cable and it

was analyzed using the Spectral Element Method, the Fig. 1.2(d) is the periodic system, it has

several periodic elastic foundation between the simple supports and it was analyzed using the

Spectral Element Method and then the spectral matrix was transformed into transfer matrix

to analyze the dispersion curves.
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(a)

(b)

(c)

(d)

Figure 1.2: The axially moving models studied in this dissertation. (a) simple supported,
(b) with one elastic foundation, (c) simple supported with an elastic foundation in the
midle of the cable and (d) simple supported with periodic spaced elastic foundations.

1.4 Objectives and Contributions

Starting with the axially moving cable proposed by Lee (2009) and inserting some different

configurations, the objectives of this dissertation are:

1. to analyze the influence of the moving speed, the stiffness of the elastic foundation and
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the periodicity effects of multiple spring on the dynamics of each model;

2. to compare the results obtained from the different methods used;

Parts of this work have been presented at the 25th International Congress of Mechanical

Engineering (COBEM) as Dynamic behavior of axially moving systems with elastic supports

(Nehemy et al., 2019).

1.5 Summary of the dissertation

The dissertation is divided in five chapters. This chapter is an introduction to the system

studied. Chapter 2 is a review of the methods used. In chapter 3 the mathematical models

are implemented using the Spectral Element Method (SEM), based on the model proposed by

Lee (2009). Starting with the simple supported model, other features of interest are added,

namely the elastic foundation and the periodic elastic foundation. In chapter 4 the numerical

analysis performed using the models presented are elucidated and the system behavior are

analyzed based on the analysis of frequency response functions (FRFs). For the transfer matrix

model, the attenuation and propagation regions are analyzed using the dispersion relation. In

chapter 5 conclusions about the results exposed are drawn and some possible approach for

further work are shown.
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2. Methods for modelling axially mov-

ing systems

In the previews chapter, an introduction to the axially moving systems and periodic systems

was presented. In this chapter the methods used to describe the axially moving cables were

addressed with an introduction and some fundamentals concepts about the method.

Analytical models can fall into two basic categories: continuous models and discrete models.

Although continuous systems models are more complex to analysed them lumped parameter

systems, they usually provided solutions which are described in terms of analytical functions

that can be exact. In some cases, depending on the complexity of the system in analysis,

numerical methods must be used. In this context, the Spectral Element Method can be

seen as an exact solution of the continuous model system, while other methods, such as, the

finite element models can be used, having in mind that they represent approximations of the

continuous system model.

2.1 The Spectral Element Method

The Spectral Element Method (SEM) is widely used in solving dynamic structural problems,

wave propagation and other related fields as it allows the description of the exact dynamic be-

havior. The key concept of the Spectral Element Methods was first introduced when Narayanan

and Beskos (1978) derived the exact dynamic stiffness matrix of a beam element and employed

FFT for the dynamic analysis. Afterward, Spyrakos and Beskos (1982) improved and general-

ized his work. Doyle (1988) published his first concerning spectral element formulation to rods
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longitudinal wave propagation. Nonetheless, the terminology Spectral Element Method was

only applied on Rizzi and Doyle (1992). Subsequently, Doyle (1997) published an extensive

book on the work they developed. Usik Lee and his students extensively studied the Spectral

Element Method applied to several problems developing a wide bibliography regarding it which

the majority can be found at (Lee, 2009), but also can be mentioned (Cho and Lee, 2006; Kim

et al., 2003; Kwon and Lee, 2006; Lee, 1998, 2000, 2001). A very comprehensive review of the

subject can also be found at Wickert and Mote (1988).

According to Lee (2009), the SEM can be seen as a key feature combination of the Finite

Element Method (FEM), Dynamic Stiffness Method (DSM) and Spectral Analysis Method

(SAM). For the purpose of formulating the dynamic stiffness matrix, the DSM assumes that

the dynamic response is a harmonic solution in a single frequency. Whereas the SEM the

dynamic responses are assumed to be the superposition of a finite number of wave modes

of different discrete frequencies based on the Discrete Fourier Transform (DFT) theory. As

well as conventional FEM, the SEM is also an element method, therefore the mesh and mesh

refining concepts are also applicable to SEM. The great difference is when the mesh refining is

applied, since the SEM gives the exact response, due to its formulation, for a regular structure

only one element is needed to represent it, thus, the mesh refining is applied essentially on

material and geometrical discontinuities and external forces locations. In contrast to FEM

which mesh refining is used to improve the accuracy of the responses, especially on high

frequencies. Another feature from FEM is the assembly of the system on a global matrix. The

superposition of wave modes via DFT theory and FFT algorithm is a feature from SAM.

2.2 The Finite Element Method

The Finite Element Method is a method for solving engineering problems in several areas. It

may be applied in problems such as structural analysis, heat transfer, fluid flow and electro-

magnetics by computer simulation (Fish and Belytschko, 2000). The method has reached such

a state of maturity that it is now thought of as a method for solving general field problems in

all areas of engineering and the physical sciences (Gosz, 2017).

The procedure of this method involves three general phases: a pre-processing, an analysis,
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and a post-processing. Given the physical problem, the basic idea of this method is to divide

the role structure into finite elements, or just elements, connected by nodes and then utilize

the relations between the displacements and internal forces at the nodes of the elements to

form a global system of equations with the nodal displacements and forces to mathematically

represent the real structure. To obtain a sufficiently accurate solution, depending on the the

size of the structure thousands of nodes are usually needed , so computers are essential for

solving these equations. Generally, the accuracy of the solution improves as the number of

elements (and nodes) increases, but the computer time, and hence the cost, also increases

(Jacob and Ted, 2007).

The FEM was first introduced in applications to aircraft structural analysis in the mid

1950s, after a series of papers was published by Turner et al. (1956), and during the decade

1945-1955 intensive advances were made in systematic methods for analyzing complex struc-

tures which may contain large number of components. Nevertheless, it was Clough (1960) the

first to introduce the term “Finite Element Method” (Pian and Tong, 1972; Gosz, 2017). An

exceptional work on describing the history of the Finite Element Method has been published

by Felippa (2001).

2.3 Chapter remarks

In this chapter the two methods utilized in this dissertation was introduced. The SEM is

extensively used in solving dynamic structural problems, wave propagation and other related

fields due to its capacity of describing the exact dynamic behavior. The FEM is highly regarded

method for solving general field problems in all areas of engineering.
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3. System modeling

In this chapter, the mathematical models of the systems introduced in the first chapter were

implemented using the Spectral Element Method (SEM), based on Lee (2009), where an axially

moving cable was formulated. Starting with the simple supported model from Lee (2009),

another features of interest were added, namely the elastic foundation and the periodic elastic

foundation.

3.1 Simple supported axially moving cable

The system shown in Fig. 1.2(a) is used as a basis model for comparison with the other

problems shown in Fig. 1.2. Mainly, the Spectral Element Method is used to obtain frequency

response functions, while other methods, such as the Finite Element Method is used to obtain

the equations of motion in state space format, so the stability of the system can be accessed

through analysis of the state space matrix eigenvalues.

3.1.1 Spectral Element Method

Figure 3.1 shows a cable with a uniform cross-sectional area A, traveling in its axial direction

with a constant speed c with bending (flexural) rigidity considered negligibly small. The simple

supports are separated by a distance L, and the cable has mass density ρ, and it is subject to a

constant axial tension Nx. The cable undergo a small transverse displacement w(x, t) defined

as a function of time and position along the x axis. The simple supports allow the cable to

move only on its axial direction x in the supports.
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Figure 3.1: Axially moving cables on simple supports. The cable travels in its axial
direction x with moving speed c, subjected to an axial tension Nx, with mass density ρ
and cross section area A. The simple supports are separated by a distance L and the
transverse vibration is given by w(x, t).

Lee (2009) used the extended form of Hamilton’s principle, Eq. 3.1, to derive the governing

equation of motion and associated boundary conditions. Where T is the kinetic energy, V is

the strain energy, δWNC is the virtual work done by non-conservative external forces, and

δWMT is the virtual momentum transport of mass across the boundaries at x = 0 and L.

∫ t2

t1
(δT − δV + δWNC − δWMT ) dt = 0 (3.1)

After substituting the expressions on the Eq. 3.1 and, after mathematical manipulations, which

can be found in Lee (2009), the equation of motion for the axially moving cable, without

considering any of the boundary conditions is given by the partial differential equation

ρAẅ + 2ρAcẇ′ + ρAc2w′′ −Nxw
′′ = f(x, t) (3.2)

The w′ are the spatial derivative and the ẇ the time derivative. The solution of Eq. 3.2 is

obtained by the method of separation of variables, considering harmonic motion in the time

domain as,

w(x, t) = W (x)eiωt (3.3)

The term W (x) is the amplitude and i is the imaginary unit defined by its property i2 = −1.

This way, the resulting equation of motion in the frequency domain is obtained as

− ω2ρAW + i2ωρAcW ′ − (Nx − ρAc2)W ′′ = F (x) (3.4)
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Initially, considering the case of free motion (F (x) = 0), a solution for the ordinary differential

equation (Eq. 3.4) can be written as W (x) = a e−ikx, where a is a constant and k is the

wavenumber given in rad/m. Applying this expression in Eq. 3.4, it is possible to obtain the

dispersion equation (
Nx − ρAc2

)
k2 + 2ρAcωk − ρAω2 = 0 (3.5)

The wavenumber is calculated solving Eq. 3.5 as

k1,2 = −ω
(
ρAc±

√
NxρA

Nx − ρAc2

)
(3.6)

k = ω

a
(3.7)

The difference between the two wavenumbers, k1 and k2, is the signal on the numerator, it

correspond to number of waves that propagate in the forward direction and other correspond

to waves that propagate in the backward direction. Considering the wavenumber denominator,

Eq. 3.6, and the parameters that compose it, part of them are cable’s physical characteristics,

ρ and A, and therefore do not change, the axial tension acting on the cable, Nx, is a system’s

parameter used so that the cable remains stretched, and therefore, considered constant as well.

While the moving speed, c, is not fixed, there is a value that vanishes the expression of the

denominator, called the critical speed, Eq. 3.8. When the system achieves the critical speed it

becomes unstable and can experience strong vibration. Considering constant axial tension is

an ideal situation. On the practice, there is always at least some oscillation, however we are

assuming it constant during all the modeling on this dissertation.

ccr =
√
Nx

ρA
(3.8)

Applying the boundary conditions for the simple supported model, the natural frequency

equation is given in Lee (2009) as

fn = ωn
2π = n

(
Nx − ρAc2)

2L
√
ρANx

(3.9)
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The natural frequency in [radians/second] is found from Eq. 3.9,

ωn = fn2π = Nx − ρAc2

L
√
ρANx

πn (3.10)

The normal modes equation is obtained using the wavenumbers equation, Eq. 3.6, on the

natural frequency ωn, as

φ = sin(k1x)− sin(k2x) (3.11)

Using the axially moving cable with simple supports, a simulation was performed in order

to illustrate the concept of the critical speed, and the main concern about the axially moving

systems which is the instability that these systems can experience. Figure 3.2 shows the first

four natural frequencies behaviors according to the normalized speed, when the moving speed is

equal to the critical speed, all the natural frequencies approach zero, characterizing instability.
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Figure 3.2: The influence of the moving speed on the axially moving cable with simple
supports: the behavior of the normalized frequency as the normalized moving speed
(c/ccr) increases.

When the cable reaches the critical speed a static instability occurs and the cable seems to

remain static. The effects of the moving speed changes can also be seen on the mode shapes.

Figure 3.3 shows the first mode shape of the axially moving cable with simple supports. The
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blue line represent the stationary system, with no axial movement, and the other lines show

systems with partial speed in relation to the critical speed (25%, 50%, 75% and 99%). As the

speed increases, the natural frequency of the system decreases and so the modes of vibration

change.

 

 
0
0.25ccr
0.50ccr
0.75ccr
0.99ccr

Figure 3.3: The influence of the moving speed on the axially moving cable with simple
supports: the first mode shape of the cable for different moving speed of the system.

When

3.2 Harmonic excitation

Considering the case of harmonic force excitation, the cable spectral element matrix can be

calculate according the procedure described in Lee (2009), where for one element, the force

vector f is related to the displacements w at the two ends of the cable, by the spectral element

matrix S as

f(ω) = S(ω)w(ω), where, S(ω) = H(ω)−TD(ω)H(ω)−1 (3.12)
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The spectral element matrix is calculated using

H =

 1 1

e−ik1Le e−ik2Le

 (3.13)

and,

D(ω) = −(Nx − ρAc2)KEK− ρAω2E− ωρAc(KE−EK) + iρAc(ωI− cK)Ē (3.14)

Le is the element length, the matrix K is a diagonal matrix defined as K = diag(k1, k2), the

elements of the matrix E are computed as

Ers =


i

kr+ks
Ērs, if kr + ks 6= 0

Le, if kr + ks = 0
(3.15)

where Ērs are the elements of the matrix Ē

Ē =

 e−i2k1Le − 1 e−i(k1+k2)Le − 1

e−i(k1+k2)Le − 1 e−i2k2Le − 1

 (3.16)

The spectral element matrices can be assembled in a completely analogous way to that used

in FEM in order to obtain the global system matrix. Applying the boundary conditions after

the assembly may provide a global system equation in the form as

Sg(ω)wg = fg (3.17)

where Sg(ω) is the global dynamic stiffness matrix, wg is the global spectral nodal DOFs

vector, and fg is the global spectral nodal forces vector.

To solve the simple supported system, the boundary conditions must be applied and, since

the two end are fixed, for mathematical reasons, this model needs to be developed using two

elements as Fig. 3.4, although it is not necessary in terms of discretization.
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Figure 3.4: The axially moving cable with two elements used to develop the mathemat-
ical model. The cable is subjected to an axial force Nx, a constant moving speed c and
a harmonic excitation force f2. The w2 represents the displacement of the second node.

The cable has an axial tension Nx, travels with a constant moving speed c, has the mass

density ρ and the cross-sectional area A. The nodes 1 and 3 are defined at the top of the

simple supports and node 3 is in the middle of the cable, each element has length Le = L/2.

Thus, the system matrix can be written as


F1

F2

F3


=


SA1,1 SA1,2 0

SA2,1 SA2,2 + SB1,1 SB1,2

0 SB2,1 SB2,2




W1

W2

W3


(3.18)

where SAi,j are the components of the first element spectral element matrix and SBi,j are the

components of the second element spectral element matrix, given by Eq. (3.12). The applica-

tion of the simple supported case, allows to write the displacement of the right hand side due

to a harmonic force applied at the same location as

W2 = (SA2,2 + SB1,1)−1F2

where, SA2,2 + SB1,1, represents the spectral element equation for the second node of Fig. 3.4.

3.2.1 Finite Element Method

The Finite Element Method can be summarized into five steps. The first is the preprocessing

that consists in subdividing the model in finite elements, on this dissertation the amount of

elements needed for satisfactorily discretizing the problem was found empirically and will be
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shown in subsequent sessions. The second step is the element formulation, the development of

equations that describe the elements, in this dissertation it was used the Galerking method,

since the physical formulation of the problem is given by a differential equation. The third step

is to obtain the global matrix from the element matrices. The fourth step is solving the equa-

tions and finally the fifth is the postprocessing, to analyse the results obtained. Considering

the shape function N(x) and the nodal displacements d(t),

N(x) =
[

1− x

L

x

L

]
(3.19)

w(x, t) = N(x)d(t) (3.20)

From the equation of motion in the time domain, Eq. 3.2, the weak form is given by Lee (2009)

∫ L

0

[(
Nx − ρAc2

)
w

′
δw

′ + ρAcẅδw + ρAc
(
ẇ

′
δw − ẇδw

)]
dx

+ ρAc
(
ẇ + cw

′)
δw |L0 −Q(x, t)δw |L0 −

∫ L

0
f(x, t)δwdx = 0 (3.21)

Substituting Eq. 3.20 and 3.19 into Eq. 3.21 the finite element equation was obtained,

Md̈(t) + (G + CMT)ḋ(t) + (K + KMT)d = fc(t) + fd(t) (3.22)

where

fd(t) =
∫ L

0
f(x, t)NT (x)dx (3.23)

M = ρAL

6

 2 1

1 2

 (3.24)

K = Nx − ρAc2

L

 1 −1

−1 1

 (3.25)

KMT = ρAc2

L

 1 −1

−1 1

 (3.26)
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G = ρAc

 0 −1

1 0

 (3.27)

CMT = ρAc

 −1 0

0 1

 (3.28)

The finite element matrices were calculated using the equation given on Lee (2009), however

the G obtained has different signal. For the numerical simulations it was used the calculated

damping matrix, Eq. 3.27. On (Lee, 2009) it is given as

G = ρAc

 0 1

−1 0

 (3.29)

Using the FEM mass and stiffness matrices it is possible to obtain the dynamic stiffness

matrix, which it is going to be used on the numerical analysis.

S = −ω2M + (K + KMT) (3.30)

3.3 Axially moving cable with elastic foundation

In this section, the axially moving models with elastic foundation, Fig. 1.2(b) and Fig. 1.2(c),

were developed. The difference between these models and the model showed on the previews

section is that the elastic foundation allows the cable to move on both directions, the axial

and the transversal, however it offers resistance to transversal movement due to the stiffness

of the spring. The both models were developed using the SEM.

3.3.1 Spectral Element Method

The inclusion of a mass, spring or damper component on a node of an impedance matrix is

showed on Appendix A. Since the Spectral Matrix is an impedance matrix, to insert the elastic

foundation on the model is done by adding the linear stiffness constant s to the node.
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Boundary elastic foundation

Considering the case of a cable simple supported at the left hand side and elastically supported

on the right hand side by a spring with linear elastic constant s as showed on Fig. 3.5.

Figure 3.5: The axially moving cable with elastic foundation used to develop the math-
ematical model. The cable is subjected to an axial force Nx, a constant moving speed c
and a harmonic excitation force f2. The w2 represents the displacement of the second
node.

This model is given by the simple supported model with the add of the elastic foundation

impedance. Considering one element to develop this model, the spectral global matrix is given

by 
F1

F2

 =

 S1,1 S1,2

S2,1 S2,2 + s



W1

W2

 (3.31)

The application of the simple supported case, allows to write the displacement of the right

hand side due to a harmonic force applied at the same location as

W2 = S2,2 + s−1F2 (3.32)

Middle span elastic foundation

Considering the case of a cable simple supported at ends and elastically supported on the mid-

dle as showed on Fig. 3.6. Four elements having the same length (L/4) are used to investigate

this case, in order to have the cable response at positions in between the node where the spring

is attached and the boundaries. The total length of the cable is L = 2m.
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Figure 3.6: The axially moving cable with elastic foundation used to develop the math-
ematical model. The cable is subjected to an axial force Nx, a constant moving speed
c and a harmonic excitation force f2. The w2 represents the displacement of the third
node.

The development of this model begins with the implementation of the axially moving cable

with four elements, as showed on Fig. 3.7.

Figure 3.7: The axially moving cable with four elements. The cable is subjected to an
axial force Nx, a constant moving speed c and a harmonic excitation force f2. The w2
represents the displacement of the third node.

Since the model has four elements it has five nodes, and the system’s global spectral matrix

is of order five with a diagonal sum of the spectral element matrices as



S1
1,1 S1

1,2 0 0 0

S1
2,1 S2

2,2 + S2
1,1 S2

1,2 0 0

0 S2
2,1 S2

2,2 + S3
1,1 S3

2,1 0

0 0 S3
2,1 S3

2,2 + S4
1,1 S4

1,2

0 0 0 S4
2,1 S4

2,2


(3.33)

with Sni,j being the spectral matrix components of the n element. The elastic foundation is

added on the third node by the sum of the impedance stiffness on the global spectral matrix.
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Since the two ends of the model are fixed, the displacement is calculated by


X2

X3

X4

 =


S2

2,2 + S2
1,1 S2

1,2 0

S2
2,1 S2

2,2 + S3
1,1 + s S3

2,1

0 S3
2,1 S3

2,2 + S4
1,1


−1 

F2

F3

F4

 (3.34)

with Xn the amplitude displacement and Fn the amplitude force applied on the original n

node on the frequency domain.

3.4 Preliminary axially moving cable with periodic

elastic foundation

A preliminar axially moving cable with periodic elastic foundation was also studied using the

Spectral Element Method. This model, Fig. 3.8, has some differences from the model presented

on Section 4.5. This model was used as a first attempt to understand the dynamic behavior

of the periodic elastic foundation supports. However, in order to analyze the periodic model

using also the transfer matrix it was necessary to well define the periodic cell, so this model

was adapted and transformed into the model on Fig. 1.2(d).

Figure 3.8: The preliminar axially moving cable with periodic elastic foundation model.
The cable is subjected to an axial force Nx, a constant moving speed c and a harmonic
excitation force f . The w2 represents the displacement of the second node.

In this model the cell concept is not very well defined, but the elastic foundations are

separated by a distance L = 2m. The model was constructed with 21 nodes, the distance

between each node is L = 2m, so each node has an elastic foundation, except the first and the

last, and the entire model has 40m.
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The spectral matrix is given by



S1,1 S1,2 · · · S1,n−1 S1,n

S2,1 S2,2 + s · · · S2,n−1 S2,n
...

... . . . ...
...

Sn−1,1 Sn−1,2 · · · Sn−1,n−1 + s Sn−1,n

Sn,1 Sn,2 · · · Sn,n−1 Sn,n


(3.35)

The linear elastic constants s are added on the main diagonal of the spectral matrix, except

for the first and last terms, since they are fixed. The application of the simple supported case,

allows to write the displacement of the second node due to a harmonic force applied at the

same location as

w = S−1f (3.36)

3.5 Axially moving cable with periodic elastic foun-

dation

In this section, the axially moving cable with periodic elastic foundation, Fig. 1.2(d), was

developed. As all periodic models, it is also formed by identical substructures, the cells.

Figure 3.9 is the representation of the entire model with a cell highlighted in red.

Figure 3.9: The axially moving cable with periodic elastic foundation model. The entire
model is formed by the periodic cells highlighted in red. The cable is subjected to an
axial force Nx, a constant moving speed c and a harmonic excitation force f2. The w2
represents the displacement of the second node.

The periodic model was developed using the SEM. The spectral matrix was transformed
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into transfer matrix to analyze the periodicity.

3.5.1 Spectral Element Method

The periodic cell is detailed on Fig. 3.10 and it is composed by cell A and cell B, each one has

two nodes, an axially moving cable with and elastic foundation with the linear stiffness equal

to s/2 and the length is L/2. The sum A+B result in the periodic cell with three nodes, an

axially moving cable with and elastic foundation with the linear stiffness equal to s and the

length is L The spectral matrix for cell A and cell B are given by SA and SB.

Figure 3.10: The periodic cell of the axially moving cable with periodic elastic foundation
model. It is composed by cell A and cell B.

SA =

 S11 S12

S21 S22 + s

2

 SB =

 S11 + s

2 S12

S21 S22

 (3.37)

The spectral matrix of the periodic cell is given by

Scell =


SA1,1 SA1,2 0

SA2,1 SA2,2 + s/2 + SB1,1 + s/2 SB1,2

0 SB2,1 SB2,2

 =


SA1,1 SA1,2 0

SA2,1 SA2,2 + SB1,1 + s SB1,2

0 SB2,1 SB2,2



Scell =


Sn1,1 Sn1,2 Sn1,3

Sn2,1 Sn2,2 + s Sn2,3

Sn3,1 Sn3,2 Sn3,3

 (3.38)

The periodic model with n periodic cells is showed on Fig. 3.11, since each periodic cell has

three nodes, the entire model has 2n+ 1 nodes, thus the global matrix is of order 2n+ 1.
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Figure 3.11: The axially moving cable with periodic elastic foundation used to develop
the mathematical model. The cable is subjected to an axial force Nx, a constant moving
speed c and a harmonic excitation force f2. The w2 represents the displacement of the
second node.

Assembling the cell matrices Scell on a global spectral matrix SG,

SG =



S1
1,1 S1

1,2 S1
1,3 0 0 · · · 0 0 0

S1
2,1 S1

2,2 + s S1
2,3 0 0 · · · 0 0 0

S1
3,1 S1

3,2 S1
3,3 + S2

1,1 S2
1,2 S2

1,3 · · · 0 0 0

0 0 S2
2,1 S2

2,2 + s S2
2,3 · · · 0 0 0

0 0 S2
3,1 S2

3,2 S2
3,3 + S3

1,1 · · · 0 0 0
...

...
...

...
... . . . · · · · · · · · ·

0 0 0 0 0 · · · Sn−1
3,3 + Sn1,1 Sn1,1 Sn1,1

0 0 0 0 0 . . . Sn2,1 Sn2,2 + s Sn2,3

0 0 0 0 0 . . . Sn3,1 Sn3,2 Sn3,3


(3.39)

w = S−1f (3.40)

3.5.2 Transfer Matrix

The transfer matrix it is another way to show the dynamic stiffness matrix content and it

relates the input forces and velocities at the output terminals. This form of description is very

appropriate to describe a series of structure side by side, since the output terminals of the first

is equal to the input of the second, and so on.

The properties of a complete periodic structure can be inferred from knowledge of a single
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cell without requiring great computer time and cost, so the transfer matrix can be efficiently

used, especially for periodic one-dimensional structures (Lee, 2000). According to Langley

(1996), the eigenvalues and eigenvectors of the transfer matrix describe wave motion through

the periodic system, while the eigenvectors describe the form of the wave motion while the

eigenvalues are related to the change in wave amplitude across the system. Real eigenvalues

correspond to decaying waves without change of phase, while complex ones correspond to

decaying waves that change their phases from cell to cell (Yong and Lin, 1989).

Figure 3.12: Transformations through admittance, transmission, and impedance matri-
ces . From Rubin (1967)

Figure 3.12 shows the transformations among the admittance, transmission, and impedance

matrices, according to Rubin (1967), the rows shows the transformation from the admittance,

forward transmission, rearward transmission, and impedance matrices, respectively to the

other column forms. The V1 and V2 represent the velocities or displacements of the input and

output, the F1 and F2 are the forces on the input and output terminals of the cell.

The transformation among the spectral matrix and transmission matrix is given by Eq. 3.41,

where the transfer matrix is obtained from the elements of the spectral matrix, Si,j .

T =

 −S2,2S1,2
−1 S2,2S1,2

−1S1,1 − S2,1

S1,2
−1 −S1,2

−1S1,1

 (3.41)
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The spectral matrix relates the force and displacements vectors as f = Sw and the transfer

matrix relates the input and output terminals as

ψ2 = Tψ1 (3.42)

where ψ1 =
[
F1 W1

]T
and ψ2 =

[
F2 W2

]T
are the state vectors of the first and second

terminals.

Applying the transformation into transfer matrix to the cells A and B of the Fig. 3.10,

ψ2 =TAψ1 (3.43)

ψ3 =TBψ2 (3.44)

ψ3 =TB[TA]ψ1 (3.45)

ψ3 =Tψ1 (3.46)

where TA and TA are the transfer matrices for the A and B cells respectively, and the T is

the transfer matrix for the periodic cell.

According to Gonçalves (2007), the wave mode propagation along a periodic structure can

be defined as

ψn+1 = λψn (3.47)

which shows that the state vector of two adjacent terminals are related by a λ factor. This

in addition to the transfer matrix relation from Eq. 3.46 forms an eigenvalue problem.

The parameter λ is related to the propagation constant, µ, by letting λ = eiµ. A real

wave propagation constant corresponds to a wave propagating without attenuation, while an

imaginary component to the propagation constant defines the band gap (Hvatov and Sorokin,

2015).
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3.6 Chapter remarks

Inspired on the model proposed by Lee (2009), the simple supported model was modeled by

the Spectral Element (SEM) and Finite Element (FEM) methods. The elastic foundation and

the periodic elastic foundation were added using the SEM. From the periodic elastic founda-

tion model, using SEM, and applying the transformation among impedance and transmission

matrix according to Rubin (1967), the spectral matrix was transformed into transfer matrix

in order to evaluate the dispersion relation of the system.
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4. Numerical analysis

In this chapter, numerical analysis is performed using the models presented in the previous

chapter. The system behavior is studied based on the analysis of frequency response functions

(FRFs), to evaluate the effects of the moving speed and the influence of the stiffness of the

elastic foundation. For the transfer matrix model, considering a range of frequency, the eigen-

value of the global transfer matrix is obtained to evaluate the influence of the speed on the

propagation and attenuation regions. Each section of this chapter contains the analyses and

results of each model studied.

4.1 Parametric analysis

The properties values used on the numerical simulations, showed on Tab. 4.1, were obtained

from Lee (2009). All models studied have the same cable properties, ρ and A, and are subjected

to the same axial tension Nx. The simple supported and the elastic foundation models has

cable length, L,equal to the total length of the cable. In the periodic model, cable length, L,

refers to the distance between two subsequent supports and not to the length of the entire

model. Thus, as the number of cells increases, the length of the model grows. The numerical

simulations results were used to evaluate the influence of the moving speed and the elastic

foundation stiffness by comparing the different models. It was used a structural damping on

the axial tension, Nx, using the complex Young’s modulus with E (1 + jη)

The parameters were chosen in order to simplify the analysis and the understanding of the

system dynamic behavior and do not correspond to any typical system.
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Table 4.1: Properties used on the numerical simulation.

Property Value

Cable length (L) 2 [m]

Axial tension (Nx) 10 [kN ]

Mass per unit length (ρA) 1 [kg/m]

Periodic cell length (L) 2 [m]

Structural damping (η) 0.005

A Frequency Response Function (or FRF) is used to identify the natural frequencies of a

physical structure and express the relationship between an input and output on the frequency

domain. It was made to evaluate the effects of the moving speed and elastic foundation stiffness

changes on the resonant frequencies of the models. The static system, c = 0m/s, represents

the cable without moving.

4.2 Simple supported axially moving system

For the first model, showed on Fig. 4.1, the axially moving speed, c, was varied to obtain the

results and a FRF was calculate for the displacement of the second node in the middle of the

cable. The first and third nodes are fixed due to the supports then in the second node the

force was applied and the displacement was measured. This model was analyzed using both

the spectral element and the finite element methods.
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Figure 4.1: The axially moving cable with two elements model. The cable is subjected
to an axial force Nx, a constant moving speed c and a harmonic excitation force f . The
w2 represents the displacement of the second node.

Figure 4.2 shows the moving speed influence on the resonant frequency, (a) is a top view

of the FRF for a range, 0 to 100m/s, of moving speed, the darker curves shows the resonance

peaks. It was obtained using the SEM. Fig. 4.2(b) shows the FRF for three moving speed (0,

35 and 70m/s) comparing both SEM and FEM. For the FEM model 300 elements were used.
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Figure 4.2: FRF for the axially moving cable with simple supports (a) is the upper view
of the FRF for a range of speed. The darker curves are the resonant frequencies. There
are three speeds highlighted for better visualization, in blue and full line is the static
system, in red and dashed line the system with moving speed c = 35m/s, and in green
and dot dashed line c = 70m/s. (b) is the comparison of the three speeds highlighted.

Observing Fig. 4.2(a) it can be concluded that the increasing speed decreases all the res-

onant frequencies and the increasing speed also decreases the anti resonant frequencies. The

critical speed of this system is 100m/s, at this speed all the natural frequencies became zero

and a static instability occurs. In Fig. 4.2(b) three moving speed are highlighted comparing
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both Spectral and Finite Element Methods. As the moving speed increases, the resonance and

antiresonance decreases. For 0 and 35m/s the FEM accuracy is comparable to SEM, but for

70m/s, specially on high frequency, there are small numerical errors.

The chose of the finite elements number was based on numerical simulations for the four

firts natural frequencies in comparison with the exact theory from Lee (2009). The results are

showed on Tab.4.2.

Table 4.2: Comparison between analytical response and num-

ber of finite elements used, speed given in m/s and frequency

in Hz.

Speed Frequency Theory 100 elements 200 elements 300 elements

0 f1 25.0 25.0 25.0 25.0

f2 50.0 50.0 50.0 50.0

f3 75.0 75.0 75.0 75.0

f4 125.0 125.1 125.0 125.0

20 f1 24.0 24.5 24.5 24.5

f2 48.0 49.0 49.0 49.0

f3 72.0 73.5 73.5 73.5

f4 120.0 122.6 122.5 122.5

50 f1 18.7 21.7 21.7 21.6

f2 37.5 43.5 43.4 43.3

f3 56.2 65.3 65.1 65.0

f4 93.7 108.9 108.5 108.4
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4.3 Axially moving cable with elastic foundation

For the second and third models, showed on Fig. 4.3 and Fig. 4.21 respectively, the first

analyzes were made by varying the linear elastic constant, s, on the static system, c = 0m/s,

the results obtained revealed the influence of the elastic foundation on the natural frequency.

For the second analyses, it was fixed a value for the linear elastic constant, s, and then varied

the moving speed, c.

4.3.1 Spectral Element Method

Boundary elastic foundation

The first node of this model is fixed due to the support then in the second node the force was

applied and the displacement was measured.

Figure 4.3: The axially moving cable with elastic foundation model. The cable is sub-
jected to an axial force Nx, a constant moving speed c and a harmonic excitation force
f . The w2 represents the displacement of the second node.

Figure 4.4 shows the elastic foundation influence on the resonance, (a) is the top view of the

FRF, where the lighter curves represent the resonance peak and the darker curves represent

the anti-resonance.
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Figure 4.4: FRF for the static axially moving cable with elastic foundation (a) is the
upper view of the FRF for a range of stiffness of the elastic support on a log scale.
The lighter curves are the resonant frequencies. There are three stiffness highlighted
for better visualization, in blue and full line the stiffness is s = 103 N/m, in red and
dashed line the s = 104 N/m, and in green and dot dashed line s = 105 N/m. (b) is the
comparison of the FRF for the three stiffness highlighted on (a).

The elastic foundation stiffness was varied between 101 and 106. The the lighter lines

represent the resonance and the darker lines represent the anti-resonance. In the range between

101 and 103, the elastic foundation does not interfere in the resonance, as it does not offer

resistance to movement, the lighter lines are straight. On the other hand, for elastic foundation

values bigger than 105N/m it inhibits movement, the lighter lines overlap the darker ones. In

the range between 103 and 105N/m increasing the value of s increases the natural frequency.

The influence of the elastic foundation is greatest at low frequency, where the stiffness of the

system has bigger influence. However, the elastic base has no influence on the anti-resonance,

this can be easily seen in Fig. 4.4(a), because the darker lines are straight. From Fig. 4.4,

three values of s were chosen to study the influence of speed on the model with an elastic

foundation.
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s = 103 N/m
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Figure 4.5: FRF for the axially moving cable with an elastic foundation of stiffness
s = 103 N/m. (a) is the upper view of the FRF for a range of speed. The darker curves
are the resonant frequencies. There are three speeds highlighted for better visualization,
in blue and full line is the static system, in red and dashed line the system with moving
speed c = 35m/s, and in green and dot dashed line c = 70m/s. (b) is the comparison
of the three speeds highlighted on (a).
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Figure 4.6: FRF for the axially moving cable with an elastic foundation of stiffness
s = 104 N/m. (a) is the upper view of the FRF for a range of speed. The darker curves
are the resonant frequencies. There are three speeds highlighted for better visualization,
in blue and full line is the static system, in red and dashed line the system with moving
speed c = 35m/s, and in green and dot dashed line c = 70m/s. (b) is the comparison
of the three speeds highlighted on (a).
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Figure 4.7: FRF for the axially moving cable with an elastic foundation of stiffness
s = 105 N/m. (a) is the upper view of the FRF for a range of speed. The darker curves
are the resonant frequencies. There are three speeds highlighted for better visualization,
in blue and full line is the static system, in red and dashed line the system with moving
speed c = 35m/s, and in green and dot dashed line c = 70m/s. (b) is the comparison
of the three speeds highlighted on (a).

Figures 4.4, 4.6 and 4.7 shows the top view of the FRF for a range of speed and

also highlight three moving speed, however each Figure has a different value stiffness. Fig-

ure 4.5: s = 103N/m, Fig. 4.6: s = 104N/m and Fig. 4.7: s = 105N/m. The influence of

the speed is the same as in the simple supported model, increasing speed decreases the natu-

ral frequencies. In this model however a damping effect appears with increasing speed, such

damping is best expressed at high frequency and with lower values of s, a fact that is better

seen in Fig. 4.7.

It also can be seen that the critical speed is not related with the elastic foundation. The

critical speed is 100m/s for both the simple supported model and the boundary elastic foun-

dation configuration.

The boundary conditions of this model are the simple suport in one end, Eq. 4.1, and the

the elastic foundation in the other end, Eq. 4.2. This difference on the boundary conditions

explains the damping on the results. The simple support does not allow the cable to move

on its transversal direction, which is the same direction that the displacement results were
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obtained, the elastic foundation boundary allows the cable to move.

Nxw
′ (0) = 0 (4.1)

Nxw
′ (L) = sw (L) (4.2)

Middle span elastic foundation

Four elements were used in order to have the cable response at positions in between the node

where the spring is attached and the boundaries. The first and fifth nodes of this model are

fixed due to the supports, the force was applied on the third node and the displacement was

measured on the third and fourth nodes.

Figure 4.8: The axially moving cable with elastic foundation model. The cable is sub-
jected to an axial force Nx, a constant moving speed c and a harmonic excitation force
f . The w2 represents the displacement of the second node.

First the results for the displacement of the third node, the middle of the cable. For the

static cable and varying the stiffness, Fig. 4.9 shows the upper view of the FRF on log scale and

three stiffness values emphasized. The elastic foundation increases the resonance frequency

and do not interfere in the anti resonance frequency.
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Figure 4.9: On the third node FRF for the static axially moving cable with elastic
foundation (a) is the upper view of the FRF for a range of stiffness of the elastic support
on a log scale. The lighter curves are the resonant frequencies. There are three stiffness
highlighted for better visualization, in blue and full line the stiffness is s = 103 N/m, in
red and dashed line the s = 104 N/m, and in green and dot dashed line s = 105 N/m.
(b) is the comparison of the FRF for the three stiffness highlighted on (a).

The elastic foundation stiffness was varied between 101 and 106N/m. The the lighter lines

represent the resonance and the darker lines represent the anti-resonance. The influence of the

elastic foundation in this configuration is similar to the boundary elastic foundation. As well

as the previous configuration, in the range between 101 and 103N/m, the elastic foundation

does not interfere in the resonance, the lighter lines are straight. For elastic foundation values

bigger than 106N/m it inhibits movement, the lighter lines intersect with dark ones. In the

range between 103 and 106N/m increasing the value of s increases the natural frequency.

The influence of the elastic foundation is also greatest at low frequency, where the stiffness of

the system has bigger influence. Along with the boundary elastic foundation configuration,

the elastic base has no influence on the anti-resonance, this can be easily seen in Fig. 4.9(a),

because the darker lines are straight.

Choosing three values for the spring stiffness, the subsequent figures shows the FRF varying

the speed for each stiffness. Comparing with the static system, the increasing speed in the

presence of the elastic foundation decreases the resonance frequencies and also decreases the

anti resonance frequencies, for the three models observed.
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Figure 4.10: On the third node FRF for the axially moving cable with an elastic foun-
dation of stiffness s = 103 N/m. (a) is the upper view of the FRF for a range of speed.
The darker curves are the resonant frequencies. There are three speeds highlighted for
better visualization, in blue and full line is the static system, in red and dashed line the
system with moving speed c = 35m/s, and in green and dot dashed line c = 70m/s.
(b) is the comparison of the three speeds highlighted on (a).
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Figure 4.11: On the third node FRF for the axially moving cable with an elastic foun-
dation of stiffness s = 104 N/m. (a) is the upper view of the FRF for a range of speed.
The darker curves are the resonant frequencies. There are three speeds highlighted for
better visualization, in blue and full line is the static system, in red and dashed line the
system with moving speed c = 35m/s, and in green and dot dashed line c = 70m/s.
(b) is the comparison of the three speeds highlighted on (a).
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Figure 4.12: On the third node FRF for the axially moving cable with an elastic foun-
dation of stiffness s = 105 N/m. (a) is the upper view of the FRF for a range of speed.
The darker curves are the resonant frequencies. There are three speeds highlighted for
better visualization, in blue and full line is the static system, in red and dashed line the
system with moving speed c = 35m/s, and in green and dot dashed line c = 70m/s.
(b) is the comparison of the three speeds highlighted on (a).

With the increase of the spring stiffness the difference between the resonance and the anti

resonance frequencies is smaller, this means that the system present a smaller frequency region

with high displacement amplitude.

The results for the displacement in the fourth node, between the node where the spring is

attached and the boundaries, are very similar to the results for the middle of the cable, except

that there is no anti-resonance between the first and second resonance peak.
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Figure 4.13: On the fourth node FRF for the static axially moving cable with elastic
foundation (a) is the upper view of the FRF for a range of stiffness of the elastic support
on a log scale. The lighter curves are the resonant frequencies. There are three stiffness
highlighted for better visualization, in blue and full line the stiffness is s = 103 N/m, in
red and dashed line the s = 104 N/m, and in green and dot dashed line s = 105 N/m.
(b) is the comparison of the FRF for the three stiffness highlighted on (a).

The elastic foundation influence on the natural frequencies is in the range between 103N/m

and 106N/m, where the lighter lines vary in frequency. From 101 to 103N/m the lighter

lines are straight, meaning that the resonance frequency are constant for varying the elastic

foundation stiffness. Upper to 106N/m the resonance match the anti resonance frequency.
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Figure 4.14: On the fourth node FRF for the axially moving cable with an elastic
foundation of stiffness s = 103 N/m. (a) is the upper view of the FRF for a range
of speed. The darker curves are the resonant frequencies. There are three speeds
highlighted for better visualization, in blue and full line is the static system, in red
and dashed line the system with moving speed c = 35m/s, and in green and dot dashed
line c = 70m/s. (b) is the comparison of the three speeds highlighted on (a).
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Figure 4.15: On the fourth node FRF for the axially moving cable with an elastic
foundation of stiffness s = 104 N/m. (a) is the upper view of the FRF for a range
of speed. The darker curves are the resonant frequencies. There are three speeds
highlighted for better visualization, in blue and full line is the static system, in red
and dashed line the system with moving speed c = 35m/s, and in green and dot dashed
line c = 70m/s. (b) is the comparison of the three speeds highlighted on (a).
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Figure 4.16: On the fourth node FRF for the axially moving cable with an elastic
foundation of stiffness s = 105 N/m. (a) is the upper view of the FRF for a range
of speed. The darker curves are the resonant frequencies. There are three speeds
highlighted for better visualization, in blue and full line is the static system, in red
and dashed line the system with moving speed c = 35m/s, and in green and dot dashed
line c = 70m/s. (b) is the comparison of the three speeds highlighted on (a).

The moving speed increase, as well as the previous configurations, decreases the resonance

and antiresonance frequencies and the critical speed is 100m/s as well.

4.4 Preliminary axially moving cable with periodic

elastic foundation

Numerical simulations were performed on the preliminary axially moving cable with periodic

elastic foundation and the results obtained are shown as follows.
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Figure 4.17: FRF for the static axially moving cable with periodic elastic foundation
(a) is the upper view of the FRF for the axially moving cable with periodic elastic
foundation for a range of stiffness of the elastic support on a log scale. The striped
regions are propagation regions and the gray regions are the attenuation regions. (b)
Three stiffness are highlighted for better visualization: in blue and full line the stiffness
is s = 103 N/m , in red and dashed line the s = 104 N/m, and in green and dot dashed
line s = 105 N/m.

In Fig. 4.17(a), the striped regions represent the propagation zones and the whites lines

of these regions are the resonance peaks. The gray regions represent the attenuation zones.

Observing this figure it is possible to conclude that the linear elastic stiffness behavior in this

periodic elastic foundation configuration is similar to the elastic foundation. In the range

from 101 to 103N/m the resonance frequency are constant for varying the elastic foundation

stiffness. Upper to 106N/m the resonance match the anti resonance frequency so the system

seems to be fixed. In the range between 103 and 106N/m increasing linear elastic constant

increases the value of natural frequencies and also decreases the propagation range as a result

of the increase in the band gap regions. The propagation range decrease can also be seen in

Fig. 4.17(b). The blue and dot dashed line represent the linear stiffness 103N/m, the red

and dashed line is for 104N/m and the full green line is for 105N/m. The frequency region

where the propagation occurs became smaller as the linear stiffness is increased. There is also

a decrease of amplitude for the static system. The effects of the moving speed on the periodic

elastic foundation model are shown on figures below, for three different values of s and different

values of the moving speed also.
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Figure 4.18: FRF for the axially moving cable with an periodic elastic foundation of
stiffness s = 103 N/m. (a) is the upper view of the FRF for a range of speed. The striped
regions are propagation regions and the gray regions are the attenuation regions. (b)
There are three speeds highlighted for better visualization: in blue and dot dashed line
is the static system, in red and dashed line the system with moving speed c = 35m/s,
and in green and full line c = 70m/s.
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Figure 4.19: FRF for the axially moving cable with an periodic elastic foundation of
stiffness s = 104 N/m. (a) is the upper view of the FRF for a range of speed. The striped
regions are propagation regions and the gray regions are the attenuation regions. (b)
There are three speeds highlighted for better visualization: in blue and dot dashed line
is the static system, in red and dashed line the system with moving speed c = 35m/s,
and in green and full line c = 70m/s.
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Figure 4.20: FRF for the axially moving cable with an periodic elastic foundation of
stiffness s = 105 N/m. (a) is the upper view of the FRF for a range of speed. The striped
regions are propagation regions and the gray regions are the attenuation regions. (b)
There are three speeds highlighted for better visualization: in blue and dot dashed line
is the static system, in red and dashed line the system with moving speed c = 35m/s,
and in green and full line c = 70m/s.

Figures 4.18, 4.19 and 4.20 shows the top view of the FRF for a range of speed and also

shows the FRF for three moving speed (0, 35 and 70m/s) with the linear elastic constant

s = 103N/m, s = 104N/m and s = 105N/m respectively. In Fig. 4.18 (a), 4.19(a) and

4.20(a) the striped regions represent the propagation zones and the gray regions represent the

attenuation zones.

It is important to note that even with periodic elastic foundation, independent of the

linear elastic constant value, the critical speed remained 100m/s. The increasing in speed

decreases the natural frequency of the propagation region and makes the region narrower.

In Fig. 4.18 (b), 4.19(b) and 4.20(b)are highlighted three moving speeds for each linear

elastic constant, it can be seen that band gaps frequency regions start to increase as the speed

increases.

51



4.5 Axially moving cable with periodic elastic foun-

dation

This model was analyzed using the Spectral Element Method and then transformed into trans-

fer matrix to analyze the wavenumbers. For the spectral element model, was varied the linear

elastic constant of the periodic elastic foundation for the static system. After that, choosing

three values for the linear elastic constant, was varied the moving speed of the models. For the

transfer matrix model, the linear elastic constant was fixed in s = 104N/m and the dispersion

curves were obtained varying the moving speed.

Figure 4.21: The axially moving cable with periodic elastic foundation model. The cable
is subjected to an axial force Nx, a constant moving speed c and a harmonic excitation
force f . The w2 represents the displacement of the second node.

4.5.1 Spectral Element Method

The spectral element periodic model was analyzed with 20 cells, since each periodic cell is 2m

length, the periodic model grows in size with the increase in the number of cells. Thus, the

entire model is 40m. The results obtained are shown as follows.
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Figure 4.22: FRF for the static axially moving cable with periodic elastic foundation
(a) is the upper view of the FRF for the axially moving cable with periodic elastic
foundation for a range of stiffness of the elastic support on a log scale. The striped
regions are propagation regions and the gray regions are the attenuation regions. (b)
There are three stiffness highlighted for better visualization: in blue and dot dashed line
the stiffness is s = 103 N/m, in red and dashed line the s = 104 N/m, and in green and
full line s = 105 N/m.

Figure 4.22(a) shows the linear elastic constant variation from 101 to 106N/m. The striped

regions represent the propagation frequencies and the gray regions represent the attenuation

frequencies. Between 103 and 106N/m a increase in the attenuation frequencies is due to the

increase in the linear elastic constant. Before 103N/m and after 106N/m, the influence of the

elastic foundation is negligible.

Figure 4.22(b) highlight three linear elastic constant values, in blue and dot dashed line

the stiffness is s = 103N/m, in red and dashed line the s = 104N/m, and in green and full line

s = 105N/m, the increase of the linear elastic constant decreases the frequency propagation

region. The effects of the moving speed on the periodic elastic foundation model are shown

on figures below, for three different values of s and different values of the moving speed also.
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Figure 4.23: FRF for the axially moving cable with an periodic elastic foundation of
stiffness s = 103 N/m. (a) is the upper view of the FRF for a range of speed. The striped
regions are propagation regions and the gray regions are the attenuation regions. There
are three speeds highlighted for better visualization: (a) in blue and full line is the static
system, (b) in red and dashed line the system with moving speed c = 35m/s, and (c)
in green and dot dashed line c = 70m/s.
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Figure 4.24: FRF for the axially moving cable with an periodic elastic foundation of
stiffness s = 104 N/m. (a) is the upper view of the FRF for a range of speed. The striped
regions are propagation regions and the gray regions are the attenuation regions. (b)
There are three speeds highlighted for better visualization: in blue and dot dashed line
is the static system, in red and dashed line the system with moving speed c = 35m/s,
and in green and full line c = 70m/s.
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Figure 4.25: FRF for the axially moving cable with an periodic elastic foundation of
stiffness s = 105 N/m. (a) is the upper view of the FRF for a range of speed. The striped
regions are propagation regions and the gray regions are the attenuation regions. There
are three speeds highlighted for better visualization: (a) in blue and full line is the static
system, (b) in red and dashed line the system with moving speed c = 35m/s, and (c)
in green and dot dashed line c = 70m/s.

Figures 4.23, 4.24 and 4.25 shows the top view of the FRF for a range of speed and

also shows the FRF for three moving speed (0, 35 and 70m/s) with the linear elastic constant

s = 103N/m, s = 104N/m and s = 105N/m respectively. The striped regions in Fig. 4.23 (a),

4.24(a) and 4.25(a) represent the propagation zones and the gray regions represent the atten-

uation zones.

The critical speed for this configuration is also 100m/s, independent of the linear stiffness

value. The increasing in speed decreases the frequencies of the propagation regions and makes

them narrower. Observing Fig. 4.23, 4.24 and 4.25 (b) the propagation frequency zones get

narrower according to the increase of the speed and the band gaps occur more frequently with

increasing speed.

4.5.2 Transfer Matrix

For this model, the dispersion curves were obtained using just one periodic cell, varying the

moving speed with the linear elastic constant in the values s = 103N/m, s = 104N/m and

s = 105N/m.
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Figure 4.26: Dispersion curves for the periodic cell of the axially moving cable with
periodic elastic supports with linear elastic constant s = 103 N/m varying the moving
speed (a) the static system (c = 0m/s), (b) c = 35m/s, (c) c = 70m/s and (d)
c = 99m/s
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Figure 4.27: Dispersion curves for the periodic cell of the axially moving cable with
periodic elastic supports with linear elastic constant s = 104 N/m varying the moving
speed (a) the static system (c = 0m/s), (b) c = 35m/s, (c) c = 70m/s and (d)
c = 99m/s

57



0 25 50 75 100 125
−4

−3

−2

−1

0

1

2

3

4

Frequency (Hz)

P
h
a
se

←
|
→

A
tt
en

.

c=0m/s

0 25 50 75 100 125
−4

−3

−2

−1

0

1

2

3

4

Frequency (Hz)

P
h
a
se

←
|
→

A
tt
en

.

c=35m/s

(a) (b)

0 25 50 75 100 125
−4

−3

−2

−1

0

1

2

3

4

Frequency (Hz)

P
h
as
e
←

|
→

A
tt
en

.

c=70m/s

0 25 50 75 100 125
−4

−3

−2

−1

0

1

2

3

4

Frequency (Hz)

P
h
as
e
←

|
→

A
tt
en

.

c=99m/s

(c) (d)

Figure 4.28: Dispersion curves for the periodic cell of the axially moving cable with
periodic elastic supports with linear elastic constant s = 105 N/m varying the moving
speed (a) the static system (c = 0m/s), (b) c = 35m/s, (c) c = 70m/s and (d)
c = 99m/s

Observing the dispersion curves shown on Fig. 4.26, Fig. 4.27,and Fig. 4.28 increasing

speed for this case increases the imaginary part, which indicates that the rate of spatial decay

for a wave propagating through the structure also increases with speed and with frequency.
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4.6 Chapter remarks

In this chapter the analyzes and the results for the four studied models were presented. The

axially moving cable with simple supports was analyzed by using the SEM and the FEM.

The axially moving cable with elastic foundation had two configurations, the boundary elastic

foundation and the middle elastic foundation, both using the SEM. The axially moving cable

with periodic elastic foundation was modeled using the SEM and the spectral matrix was

transformed into transfer matrix.

In all models observed the increasing speed decreases the resonance frequencies and the

anti-resonance frequencies. In the elastic foundation and the periodic elastic foundation in-

creasing the linear elastic constant, s, increases the resonance frequency however it has no

influence on the anti-resonance frequency of the models.
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5. Conclusions and recommendations

for further work

5.1 Conclusions

The critical speed is not affected by any of the configurations (elastic foundation or periodic

elastic foundation). All the configuration studied had the same critical speed 100m/s.

The axially moving cable with simple supports was modeled using both spectral element

and Finite Element Methods. In both models the results showed that the increasing speed

decreases all the resonance and anti-resonance frequencies.

The axially moving cable with elastic foundation was modeled using two configurations,

the boundary elastic foundation and the middle elastic foundation. For both configurations

it was found that below s = 103N/m the elastic foundation do not interfere significantly

in the resonance and after s = 106N/m it inhibits the transversal displacement. Between

103 and 106N/m increasing the linear elastic constant, s, increases the resonance frequency

however it has no influence on the anti-resonance frequency of the model. The impact of the

elastic foundation is greatest at low frequency, where the stiffness of the system has biggest

influence. The influence of the speed is the same as in the simple supported model, increasing

speed decreases the resonance and anti-resonance frequency. The boundary elastic foundation

model present a damping effect with increasing speed, such damping is best expressed at high

frequency and with lower values of the linear elastic constant, s, and it is caused by the different

boundary conditions of this configuration.

The axially moving cable with periodic elastic foundation was modeled using the Spectral
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Element Method and the results showed that the influence of the periodic elastic foundation

on the model occur between 103 and 106N/m, with the linear elastic constant increase all

propagation regions become narrower and shift to the right. Before 103N/m it has no influence

on the propagation region and after 106N/m the node behavior is similar to a fixed node.

The periodic cell of this configuration was analyzed using the transfer matrix, to evaluate

the attenuation and propagation regions using the dispersion relation and it was possible to

conclude that the imaginary part increases with speed and also with frequency, which indicates

that the rate of spatial decay for a wave propagating through the structure also increases with

speed and with frequency.

5.2 Recommendations for further work

A possible approach for further work could consider deepening the understanding of the dy-

namic behavior through the transfer matrix and to continue the study on the periodic systems.

Also could consider to develop the transfer matrix from the explicit dynamic stiffness matrix

for the transverse oscillation of an axially moving cable in the literature. Another direction

for further work could consider to experimentally study the axially moving cable with simple

supports and compare the numerical results with experimental tests. One more possible ap-

proach could consider to study the stability of the system through analysis of the state space

matrix eigenvalues with the Finite Element Method.
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A. Adition of mass, spring and damper

on the impedance matrix

The inclusion of a mass, spring or damper component on a node of an impedance matrix is

done throughout adding the component’s impedance at the matrix node. The component’s

impedance is obtained as

Figure A.1: Components of mass, damper and spring.

Considering isolated mass, damper and spring and an harmonic force acting on each one,

as showed on Fig A.1. The harmonic response for x and its derivatives are given by

x = Xejωt , ẋ = jωXejωt , ẍ = −ω2Xejωt

For the mass,

f =mẍ

Fejωt =− ω2mXejωt

X

F
=− ω2m
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For the damper,

f =cẋ

Fejωt =jωcXejωt

X

F
=jωc

For the spring,

f =sx

Fejωt =sXejωt

X

F
=s

Thus, to insert a mass in an impedance matrix node it must be added −ω2m, for the damper

it must be added jωc and for the spring it must be added s.
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