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KLMMNOPQRST Q`ONMN¤PQUQ QT ¥¤MPLP[PT UN ¦LT^L§¤^LQM¨ ©NPOQM N ªL§¤^LQM «¬QPQM UQ ­¤L®NOMLUQUN«MPQU[Qa WQ[aLMPQ ¯°±aLT UN VNM²[LPQ ³La´Tµ¨ ª¶\`[M UN ·ST °TM¸ UT ¹LT WONPT¨ ·ST WQ[aT¨ `QOQ Q
TºPN¤RST UT P»P[aT UN VNMPON N\ VQPN\]PL^Q _`aL^QUQ¼

½OLN¤PQUTOQ¾ WOT¿Q¼ KOQ¼ «aLQ¤Q ÀQ®LNO ©L¤´QONM UN _¤UOQUN

·ST °TM¸ UT ¹LT WONPT
³N®NONLOT UN ÁbbÂ
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ßàáâãäåæçäèéêë

WOL\NLOQ\N¤PN¨ UN®T QìOQUN^NO Q KN[M `TO PNO \N UQUT Q ®LUQ N T`TOP[¤LUQUN UN `TUNO ^T¤®L®NO
QT aQUT UN `NMMTQM \QOQ®La´TMQM¼

_TM \N[M `QLM ²[N MN\`ON \N Q`TLQOQ\ N \N L¤^N¤PL®QOQ\ N\ P[UT ²[N UN^LUL ONQaLíQO N ²[NN¤^´N\ \L¤´Q ®LUQ UN \[LPT Q\TO¨ ^QOL¤´T N ºT¤M N¬N\`aTM¼
î \L¤´Q ¤Q\TOQUQ ©[^LQ¤Q¨ ²[NOLUQ ^T\`Q¤´NLOQ UN PTUQM QM ´TOQM¨ Q ²[N\ `[UN ^T¤ïQO PTUQM

QM \L¤´QM `ONT^[`QRðNM¨ `NaT ^QOL¤´T¨ QPN¤RST¨ `Q^L§¤^LQ¨ ^T\`ONN¤MST N ²[N ¿TL Q `OL¤^L`Qa ¿T¤PN
UN L¤^N¤PL®T¼

_ PTUTM TM \N[M ¿Q\LaLQONM `TO ^T\`ONN¤UNON\ Q \L¤´Q Q[M§¤^LQ ^T¤MPQ¤PN¼ «\ NM`N^LQa¨ ñ
\L¤´Q Q®X òTM´L^T N \N[M LO\STM ³QºLT N «U[QOUT¼

î KT¤Q _\NaLQ¨ QT ·N[ ZNOQaUL¤T N ñ VT¤LMMN¨ `NaT ^QOL¤´T ²[N MN\`ON PL®NOQ\ ^T\LìT¼
­\ QìOQUN^L\N¤PT NM`N^LQa ñ WOT¿Q¼ KOQ¼ «aLQ¤Q ÀQ®LNO ©L¤´QONM UN _¤UOQUN ²[N PTO¤T[

`TMM»®Na Q ONQaLíQRST UNMPN N UN ®]OLTM T[POTM POQºQa´TM¨ `NaQ UNUL^QRST N `Q^L§¤^LQ ²[N MN\`ON PN®N
^T\LìT UNMUN Q L¤L^LQRST ^LN¤P»ï^Q QP¸ T \NMPOQUT N¨ Q^L\Q UN P[UT¨ `NaQ Q\LíQUN N ^T\`Q¤´NLOLM\T¼

î WOT¿Q¼ KOQ¼ ªaNT¤L^N ³]PL\Q ¦OQ^^LQaL¨ `NaQ TOLN¤PQRST U[OQ¤PN [\ Q¤T UQ L¤L^LQRST ^LN¤P»ï^Q¨
`NaQ ULM`TMLRST N `Q^L§¤^LQ ¤TM \T\N¤PTM N\ ²[N `ON^LMNL N `NaT Q`TLT ^T¤MPQ¤PN¼

_T WOT¿¼ KO¼ _aQìQ^T¤N ·OL ¹Q¤ìQ `NaT Q`TLT¨ ^T\`Q¤´NLOLM\T N `TO PNO ^T¤POLº[»UT N\ \L¤´Q¿TO\QRST `NMMTQa N Q^QU§\L^Q¼
_T WOT¿¼ KO¼ VQ¤TNa ³NOONLOQ ¦TOìNM óNPT¨ `NaQ QPN¤RST N `ONT^[`QRST ²[N MN\`ON PN®N ^T\LìT¼
_ PTUTM TM `OT¿NMMTONM N ¿[¤^LT¤]OLTM ²[N UN Qaì[\Q ¿TO\Q ^T¤POLº[»OQ\ `QOQ Q ONQaLíQRST UNMPN

POQºQa´T¼ «\ NM`N^LQa QTM ¿[¤^LT¤]OLTM UT Kªª«¨ ZNP±aLT¨ ©[LíQ¨ ½aìQ N ·Q¤UOQ¼
_TM \N[M Q\LìTM VQMMQôL N _UOLQ¤T ²[N MN\`ON \N Q^T\`Q¤´QOQ\ ¤TM \T\N¤PTM UN QaNìOLQN ULï^[aUQUNM¼
_ PTUTM TM \N[M Q\LìTM UN WXMYZOQU[QRST¨ N\ NM`N^LQa¨ ³a]®LQ¨ ªQMML[M¨ ¹TºNOPT¨ KQ¤LNa N

_aNMMQ¤UOT¼
î ª_W«· Y ªTTOUN¤QRST UN _`NO¿NLRTQ\N¤PT UN WNMMTQa UN ó»®Na ·[`NOLTO¨ `NaT Q[¬»aLT ï¤Q¤Y^NLOT¼

L



¯ «¤ML¤QO ¤ST ¸ [\Q ¿[¤RST ®LPQa¨
`TO²[N ¤ST PN\ T ï\ N\ ML \NM\Qõ

Q ¿[¤RST ®LPQa ¸ Q`ON¤UNO¼ µ
ÃÐËÅö÷öÇøÇÅ

LL
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KN¤PON TM `TaL¤û\LTM ²[N MQPLM¿QíN\ Q [\Q ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM NMPST TM
`TaL¤û\LTM TOPTìT¤QLM¨Qn(x)

¨ N TM `TaL¤û\LTM ML\LaQONM QTM TOPTìT¤QLM¨ Bn(z)
¼ ªT¤MLUNOQ\TM¨ Q²[L¨

`TaL¤û\LTM Qn(x)
N
Bn(z)

MQPLM¿QíN¤UT ONaQRðNM UN ON^TOO§¤^LQ ^[üTM ^TNï^LN¤PNM MST LaL\LPQUTM \QM
UN ®QOLQRST ONì[aQO N P§\ ^T\`TOPQ\N¤PTM UL¿NON¤PNM `QOQ »¤UL^NM »\`QONM N `QONM¼ ½ `OL¤^L`Qa
TºüNPL®T UNMPN POQºQa´T ¸ TºPNO `OT`OLNUQUNM QMML¤PXPL^QM ONaQ^LT¤QUQM QTM `TaL¤û\LTM ML\LaQONM¼ ½
^T\`TOPQ\N¤PT aL\LPN UQM MN²[§¤^LQM {Bn/Bn−2

}¨ {
B2n−1/B2n

}¨ {
B2n/B2n+1

} N {
B

′

n/(nBn)
} ¸

Q¤QaLMQUT¨ Qaì[¤M ^QMTM NM`N^LQLM MST ULM^[PLUTM N¨ PQ\º¸\¨ Q`aL^QRðNM UTM ONM[aPQUTM TºPLUTM `QOQ
Qaì[\QM ¿Q\»aLQM UTM `TaL¤û\LTM Bn(z)

MST UQUQM¼
<�ý�þ��ÿ����þ�D `TaL¤û\LTM TOPTìT¤QLM¨ LY`TaL¤û\LTM TOPTìT¤QLM¨ ONaQRST UN ON^TOO§¤^LQ UN PO§M
PNO\TM¼

LLL



ß�ëéáâåé

½OP´TìT¤Qa `Ta�¤T\LQaM
Qn(x)

Q¤U P´N TOP´TìT¤Qa LY`Ta�¤T\LQaM
Bn(t)

QON `Ta�¤T\LQaM P´QP
MQPLM¿� P´ONN PNO\ ON^[OON¤^N ONaQPLT¤¼ �N QMM[\N¨ ´NON¨ P´QP P´N ^TN�^LN¤PM T¿ P´N ON^[OON¤^N
ONaQPLT¤ T¿ P´N `Ta�¤T\LQaM

Qn(x)
Q¤U Bn(z)

QON [¤ºT[¤UNU º[P ®QO� ONì[aQOa� Q¤U ´Q®N UL�NOYN¤P ºN´Q®LT[O ¿TO N®N¤ Q¤U TUU L¤UL^NM¼ �´N \QL¤ `[O`TMN T¿ P´LM 	TOô LM PT TºPQL¤ QM�\`PTPL^
`OT`NOPLNM ONaQPNU PT P´N `Ta�¤T\LQaM

Bn(z)
¼ �´N aL\LPL¤ì ºN´Q®LT[O T¿ P´N MN²[N¤^NM {Bn/Bn−2

}¨
{

B2n−1/B2n

}¨ {
B2n/B2n+1

} N {
B

′

n/(nBn)
} 	QM Q¤Qa�íNU Q¤U MT\N M`N^LQa ^QMNM 	NON ^T¤MLUNONU¼

�N QaMT Q``aLNU P´N ONM[aPM PT MT\N ¿Q\LaLNM T¿ `Ta�¤T\LQaM
Bn(z)

¼
¡�
£���ÿD TOP´TìT¤Qa `Ta�¤T\LQaM¨ TOP´TìT¤Qa LY`Ta�¤T\LQaM¨ P´ONN PNO\ ON^[OON¤^N ONaQPLT¤¼
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� ùäëú�éâãêë �áä�æçæèâáäë �
Á¼� ¹NM[aPQUTM ZNOQLM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ Â

Á¼�¼� �NTON\Q UQ ªT¤®NOì§¤^LQ KT\L¤QUQ UN ©NºNMì[N ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �
Á¼�¼Á ªT¤®NOì§¤^LQ ­¤L¿TO\N ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �
Á¼�¼d ·Nì[¤UT �NTON\Q UN �Naa� ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �
Á¼�¼Â ¥¤PNìOQa UN ¹LN\Q¤¤Y·PLNaPüNM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �
Á¼�¼� �OQ¤M¿TO\QUQ UN ·PLNaPüNM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ cÁ¼�¼� ªT¤®NOì§¤^LQ ³OQ^Q ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ cÁ¼�¼� �NTON\Q UN ·PLNaPüNMY�LPQaL ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ cÁ¼�¼c �NTON\Q ³[¤UQ\N¤PQa UN ZOT\\NOY�Q\º[OìNO ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼  
Á¼�¼ ¥¤PNO`TaQRST UN ©QìOQ¤ìN ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼  
Á¼�¼�b ·N²[§¤^LQM «¤^QUNQUQM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �b

! �ê�æè"çæêë #áéêàêèâæë ä $æçæ�âáäë ��
d¼� WTaL¤û\LTM ½OPTìT¤QLM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ��

d¼�¼� ³OQRðNM ªT¤P»¤[QM N TM WTaL¤û\LTM ½OPTìT¤QLM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ÁÁ
d¼�¼Á ©L\LPQ¤PNM `QOQ TM %NOTM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ Á�
d¼�¼d WTaL¤û\LTM ½OPTìT¤QLM ªa]MML^TM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ Á�

d¼Á WTaL¤û\LTM ·L\LaQONM QTM ½OPTìT¤QLM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ Á 
d¼Á¼� _aì[\QM WOT`OLNUQUNM UTM WTaL¤û\LTM ·L\LaQONM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ db
d¼Á¼Á ©L\LPQ¤PNM `QOQ TM %NOTM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ dÂ

& �ê�æè"çæêë #áéêàêèâæë' �áê(áæäãâãäë ßëëæèé)éæåâë *+
Â¼� ¥¤POTU[RST ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ d�Â¼Á ¹NM[aPQUTM WONaL\L¤QONM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ d�

®



Â¼d WOT`OLNUQUNM _MML¤PXPL^QM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ d Â¼d¼� ³XO\[aQM UN ,[QUOQP[OQ ¥¤®QOLQ¤PNM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ Â�
Â¼d¼Á ªQMTM «M`N^LQLM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ��
Â¼d¼d «¬N\`aTM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ��

- �ê�æè"çæêë $æçæ�âáäë' �áê(áæäãâãäë ßëëæèé)éæåâë ./
�¼� ¥¤POTU[RST ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ � 
�¼Á ¹NM[aPQUTM WONaL\L¤QONM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ � 
�¼d WOT`OLNUQUNM _MML¤PXPL^QM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ��

�¼d¼� ¹N`ONMN¤PQRST ¥¤PNìOQa ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �d�¼d¼Á ªQMTM «M`N^LQLM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ �c�¼d¼d «¬N\`aTM ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ ¼ c�
0 1êèëæãäáâ�2äë 3æèâæë 4.
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«¤PON TM `TaL¤û\LTM QMMT^LQUTM Q [\Q ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM NMPST TM `TaL¤û\LTM
TOPTìT¤QLM N TM `TaL¤û\LTM ML\LaQONM QTM TOPTìT¤QLM T[¨ ML\`aNM\N¤PN¨ `TaL¤û\LTM ML\LaQONM¼WOL\NLOQ\N¤PN¨ ¿QON\TM [\Q ºON®N L¤POTU[RST MTºON ULMPOLº[LRST GT[ \NULUQH `QOQ ²[N `TMYMQ\TM UNï¤LO `TaL¤û\LTM TOPTìT¤QLM N ML\LaQONM¼ª´Q\Q\TM UN `T¤PT UN Q[\N¤PT UN [\Q ¿[¤RST ONQa φ¨ ¤STYUN^ONM^N¤PN N UNï¤LUQ N\ [\L¤PNO®QaT (a, b)

¨ ²[Qa²[NO `T¤PT ξ ∈ (a, b)
PQa ²[N φ ¤ST ¸ ^T¤MPQ¤PN N\ ²[Qa²[NO L¤PNO®QaT [ξ−ε, ξ+ε]^T\ ε > 0

¼ ·N
ξ

¸ [\ `T¤PT UN Q[\N¤PT LMTaQUT¨ N¤PST N¬LMPN ε > 0
PQa ²[N φ ¸ ^T¤MPQ¤PN ¤TML¤PNO®QaTM (ξ − ε, ξ)

N
(ξ, ξ + ε)

¼
·NüQ

φ : R → R
[\Q ¿[¤RST ¤STYUN^ONM^N¤PN¨ ^T\ L¤ï¤LPTM `T¤PTM UN Q[\N¤PT N\ (a, b)

¨
−∞ ≤ a < b ≤ ∞¨ N PQa ²[N QM L¤PNìOQLM

µm =

∫ b

a
τmdφ(τ), m = 0, 1, 2, . . . G�¼�H

N¬LMPN\ N MST ï¤LPQM¼ óNMMQM ^T¤ULRðNM¨ dφ(τ)
¸ ^´Q\QUQ ULMPOLº[LRST GT[ \NULUQ `TMLPL®QH N\

(a, b)
¼ ·N

dφ(τ) = w(τ)dτ
¨
w(τ)

¸ ^´Q\QUQ ¿[¤RST `NMT N\ (a, b)
¼

_ìTOQ¨ MN QM L¤PNìOQLM G�¼�H N¬LMPN\ N MST ï¤LPQM `QOQm = 0,±1,±2, . . .
¨ N¤PST dφ(τ)

¸ ^´Q\QUQ
ULMPOLº[LRST ¿TOPN N\ (a, b)

¼ óNMMQM ^T¤ULRðNM¨ MN
dφ(τ) = w(τ)dτ

¨
w(τ)

¸ ^´Q\QUQ UN ¿[¤RST `NMT¿TOPN N\ (a, b)
¼ ,[Q¤UT (a, b) ⊆ (0,∞)

¨ ULíN\TM ²[N dφ(τ)
¸ [\Q ULMPOLº[LRST ¿TOPN UN ·PLNaüNM N\

(a, b)
¼

½M ®QaTONM µm
MST ^´Q\QUTM UN \T\N¤PTM UQ ULMPOLº[LRST dφ¼ ·N

dφ(τ)
¸ L¤PNO`ONPQUQ ^T\T

[\Q ULMPOLº[LRST UN \QMMQ MTºON Q ONPQ ONQa `TMLPL®Q¨ N¤PST TM \T\N¤PTM µ1
N
µ2

^TOONM`T¤UN\¨
ONM`N^PL®Q\N¤PN¨ QTM `OL\NLOT N MNì[¤UT \T\N¤PTM UQ ULMPOLº[LRST UN \QMMQ¼ «MMQ ¤T\N¤^aQP[OQ
PN\ M[Q TOLìN\ ¤Q VN^¶¤L^Q¼½ ¤±\NOT L¤ï¤LPT UN `T¤PTM UN Q[\N¤PT ìQOQ¤PN ²[N

∫ b

a
[f(τ)]2dφ(τ) > 0

`QOQ ²[Qa²[NO ¿[¤RST ^T¤P»¤[Q N ¤ST LUN¤PL^Q\N¤PN ¤[aQ N\ (a, b)
¼

�



��� ���IJ�
KNï¤L\TM T M[`TOPN UN dφ (supp (dφ))

^T\T MN¤UT T ^T¤ü[¤PT UTM `T¤PTM UN Q[\N¤PT UN φ¨ T[MNüQ¨
supp (dφ) :=

{

x ∈ R : φ(x+ ε) − φ(x− ε) > 0, `QOQ PTUT ε > 0
}

.WTUN\TM QìTOQ¨ UNï¤LO `TaL¤û\LTM TOPTìT¤QLM N ML\LaQONM¼·NüQ
Pn

T NM`QRT UN PTUTM TM `TaL¤û\LTM Qaì¸ºOL^TM UN ìOQ[ \N¤TO T[ Lì[Qa Q
n
¼

½M `TaL¤û\LTM Pn(x) ∈ Pn
¨
n ≥ 0

¨ `NOPN¤^N\ Q [\Q MN²[§¤^LQ UN `TaL¤û\LTM TOPTìT¤QLM ^T\
ONaQRST Q [\Q ULMPOLº[LRST G\NULUQ `TMLPL®QH dφ(x)

MTºON [\ L¤PNO®QaT ONQa (a, b)
¨−∞ ≤ a < b ≤ ∞¨

MN MQPLM¿QíN\
(i) Pn(x) =

n∑

i=0

an,ix
i ¸ UN ìOQ[ N¬QPQ\N¤PN n¨

n ≥ 0,
LMPT ¸

, an,n 6= 0,

(ii) 〈Pn, Pm〉 =

∫ b

a
Pn(x)Pm(x)dφ(x) =







0, `QOQ m 6= n,

νn > 0, `QOQ m = n.,[Q¤UT ¤Q ¿TO\Q \û¤L^Q¨ LMPT ¸¨
an,n = 1

¨ MQPLM¿QíN\ Q [\Q ONaQRST UN ON^TOO§¤^LQ UN PO§M
PNO\TM UT PL`T

Pn(x) = (x− ξ̂n−1)Pn−1(x) − δ̂n−1Pn−2(x), n ≥ 1, G�¼ÁH
^T\ P−1(x) ≡ 0

¨
P0(x) ≡ 1

¨
ξ̂n−1 ∈ R

N
δ̂n−1 > 0, n ≥ 1

¼
_ìTOQ¨ UQUQ [\Q ULMPOLº[LRST ¿TOPN UN ·PLNaPüNM¨

dψ(t)
¨ ULíN\TM ²[N [\Q MN²[§¤^LQ UN `TaL¤û\LTM

{Bn(z)}∞n=0

¸ [\Q MN²[§¤^LQ UN `TaL¤û\LTM ML\LaQONM MN MST UNï¤LUTM `TO
(i) Bn(z)

¸ \û¤L^T UN ìOQ[ N¬QPQ\N¤PN n¨
n ≥ 0,

(ii)

∫ b

a
t−n+sBn(t)dφ(t) =







0, `QOQ 0 ≤ s ≤ n− 1,

ρn > 0, `QOQ s = n.

G�¼dH

­\Q L\`TOPQ¤PN `OT`OLNUQUN N¤®Ta®N¤UT TM `TaL¤û\LTM ML\LaQONM¨ ¸ ²[N NaNM PQ\º¸\ MQPLM¿QíN\
Q [\Q ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM UQ ¿TO\Q

Bn+1(z) = (z − βn+1)Bn(z) − αn+1zBn−1(z), n ≥ 1, G�¼ÂH
T¤UN B0(z) = 1

¨
B1(z) = z − β1

¨
βn > 0

N
αn+1 > 0

¨
n ≥ 1

¼
·QºNYMN ²[N TM ^TNï^LN¤PNM ²[N Q`QON^N\ ¤QM ONaQRðNM UN ON^TOO§¤^LQ UTM `TaL¤û\LTM TOPTìT¤QLMN ML\LaQONM¨ {ξ̂n, δ̂n} N {βn, αn} ONM`N^PL®Q\N¤PN¨ QO\QíN¤Q\ L¤¿TO\QRðNM MTºON QM `OT`OLNUQUNM

UNMMNM `TaL¤û\LTM N QM \NULUQM φ(x)
N
ψ(t)

QMMT^LQUQM¼ ­\Q QM`N^PT L\`TOPQ¤PN NMP] ONaQ^LT¤QUT
QTM `OTºaN\QM N\ ²[N NMMNM ^TNï^LN¤PNM `TMM[N\ `OT`OLNUQUNM QMML¤PXPL^QM¼KQUQM QM ONaQRðNM UN ON^TOO§¤^LQ G�¼ÁH N G�¼ÂH¨ TM ^TNï^LN¤PNM {ξ̂n, δ̂n}

N {βn, αn} `TUN\ MNOaL\LPQUTM T[ LaL\LPQUTM¼ ½ ^QMT ²[N LON\TM QºTOUQO ¤NMPN POQºQa´T ¸ ²[Q¤UT TM ^TNï^LN¤PNM UQ
ONaQRST UN ON^TOO§¤^LQ MST LaL\LPQUTM UN [\Q \Q¤NLOQ NM`N^LQa¨ T[ MNüQ¨

lim
n→∞

ξ̂2n/λ2n = b1, lim
n→∞

δ̂
1/2
2n /λ2n = a1,

lim
n→∞

ξ̂2n+1/λ2n = b2, lim
n→∞

δ̂
1/2
2n+1/λ2n = a2

G�¼�H

Á



��� ���IJ�
`QOQ TM `TaL¤û\LTM TOPTìT¤QLM \û¤L^TM N

lim
n→∞

β2n/λ2n = β(0), lim
n→∞

α2n/λ2n = α(0), G�¼�H
lim

n→∞
β2n+1/λ2n = β(1), lim

n→∞
α2n+1/λ2n = α(1)

`QOQ TM `TaL¤û\LTM ML\LaQONM¨ T¤UN {λn}∞n=0

¸ [\Q MN²[§¤^LQ UN ®QOLQRST ONì[aQO¨ ²[N MNO] UNï¤LUQ
¤T ªQ`»P[aT Â GKNï¤LRST Â¼�H¼ «\ KÂÁL N KdL ¿TOQ\ NMP[UQUTM TM ^QMTM T¤UN TM ^TNï^LN¤PNM UQM
ONaQRðNM UN ON^TOO§¤^LQ MST aL\LPQUTM¼½ TºüNPL®T UNMPN POQºQa´T ¸ NMP[UQO QM `OT`OLNUQUNM QMML¤PXPL^QM UTM `TaL¤û\LTM ML\LaQONM ²[Q¤UT
TM ^TNï^LN¤PNM UQM ONaQRðNM UN ON^TOO§¤^LQ MQPLM¿QíN\ ñM ^T¤ULRðNM G�¼�H¼WOT^[OQ\TM NaQºTOQO [\ POQºQa´T ^T¤PN¤UT L¤¿TO\QRðNM ^aQOQM MTºON T QMM[¤PT¨ UN ¿TO\Q Q
MNO®LO UN ON¿NO§¤^LQ QTM ²[N `ONPN¤UN\ L¤L^LQO MN[M NMP[UTM ¤NMPQ ]ONQ¼½OìQ¤LíQ\TM¨ N¤PST¨ NMPQ ULMMNOPQRST UQ MNì[L¤PN ¿TO\Q¼

ªQ`»P[aT Á Y MÇÅÈøöÊÖÄÅ NÐÇøËÆËÛÊÐÇÅ Y ªT¤P¸\ `O¸YON²[LMLPTM \QPN\]PL^TM ²[N ¤N^NMMLPQON\TM
¤T UN^TOONO UT POQºQa´T¼ KTLM ONM[aPQUTM ²[N MNOST UN ìOQ¤UN L\`TOP¶¤^LQ MST T �NTON\Q UN ·PLNaPüNMY
�LPQaL N T �NTON\Q UN ZOT\\NOY�Q\º[OìNO¼ªQ`»P[aT d Y NÄøËÛOÆËÄÅ PÐöÄQÄÛÊËÅ Ç RËÆËøÊÐÇÅ Y ³LíN\TM [\ NMP[UT MTºON TM `TaL¤û\LTM TOYPTìT¤QLM N ML\LaQONM¾ UNï¤LRðNM¨ `OT`OLNUQUNM N Qaì[¤M ONM[aPQUTM MTºON MN[M íNOTM¼ªQ`»P[aT Â Y NÄøËÛOÆËÄÅ PÐöÄQÄÛÊËÅS NÐÄÉÐËÇÖÊÖÇÅ ÃÅÅËÛö÷öËÞÊÅ Y «MP[UQ\TM¨ ¤NMPN ^Q`»P[aT¨ T
^T\`TOPQ\N¤PT QMML¤PXPL^T UQM MN²[§¤^LQM {Q2k−1

Q2k

}¨ { Q2k

Q2k+1

} N { Q
′

n

nQn

} ²[Q¤UT TM ^TNï^LN¤PNM
UQ ONaQRST UN ON^TOO§¤^LQ G�¼ÁH MQPLM¿QíN\ G�¼�H¼ ³TOQ\ ULM^[PLUQM¨ PQ\º¸\ QM ¿[¤RðNM ULMPOLº[LRðNM¨
Qaì[\QM Q`aL^QRðNM N\ ¿XO\[aQM UN ²[QUOQP[OQ N Qaì[¤M N¬N\`aTM¼ _ `OL¤^L`Qa ¿T¤PN UN ON¿NO§¤^LQ¿TL T QOPLìT UN �Q¤ _MM^´N KÂdL¼ªQ`»P[aT � Y NÄøËÛOÆËÄÅ RËÆËøÊÐÇÅS NÐÄÉÐËÇÖÊÖÇÅ ÃÅÅËÛö÷öËÞÊÅ Y _`ONMN¤PQ\TM TM ONM[aPQUTM
TºPLUTM `TO ¤XM `QOQ TM `TaL¤û\LTM ML\LaQONM¨ MN\Na´Q¤PN QTM ONM[aPQUTM UT ªQ`»P[aT Â¨ ²[Q¤UT TM^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ G�¼ÂH MQPLM¿QíN\ G�¼�H¼ _POQ®¸M UQ POQ¤M¿TO\QRST TºPLUQ N\·OL ¹Q¤ìQ KddL¨ ïíN\TM [\ NMP[UT UQM ¿[¤RðNM ULMPOLº[LRðNM¨ ¿XO\[aQM UN ²[QUOQP[OQ N N¬N\`aTM¼ªQ`»P[aT � Y TÄÛÅËÖÇÐÊØUÇÅ ÒËÛÊËÅ Y _`ONMN¤PQ\TM QM TºMNO®QRðNM ï¤QLM MTºON T POQºQa´T¼

³L¤Qa\N¤PN¨ ONaQ^LT¤Q\TM¨ ¤QM MÇ× ÇÐVÛÞËÊÅ WËÔøËÄQÐÓXÞÊÅ¨ TM aL®OTM N QOPLìTM `TO ¤XM ^T¤M[aPQUTMNYT[ ^LPQUTM¼

d
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óNMPN ^Q`»P[aT Q`ONMN¤PQON\TM Qaì[¤M ONM[aPQUTM L\`TOPQ¤PNM ²[N MNOST [PLaLíQUTM ¤TM NMP[UTM²[N ¿QON\TM ¤TM ^Q`»P[aTM `TMPNOLTONM¼ V[LPTM ONM[aPQUTM MNOST ^T¤MLUNOQUTM MN\ UN\T¤MPOQRST¨ \QM
`TUN\ MNO N¤^T¤POQUTM ¤TM PN¬PTM ^a]MML^TM MTºON T QMM[¤PT¼

[\] ^��_������ `�����
·NüQ\

C
T NM`QRT aL¤NQO UTM ¤±\NOTM ^T\`aN¬TM¨ C0(R) T ^T¤ü[¤PT UQM ¿[¤RðNM ONQLM ^T¤P»¤[QM

UNï¤LUQM ¤Q ONPQ N ²[N MN Q¤[aQ\ ¿TOQ UN [\ L¤PNO®QaT ï¤LPT GT ²[N ®QOLQ ^T\ ^QUQ ¿[¤RSTH N XA
Q

¿[¤RST ^QOQ^PNO»MPL^Q UN [\ ^T¤ü[¤PT QºNOPT A¨ LMPT ¸¨

XA :=

{

1,
MN

x ∈ A,
0,

MN
x 6∈ A.

KLON\TM ²[N Q \NULUQ UN [\ ^T¤ü[¤PT QºNOPT A ¸ UQUQ `TO
m(A) := sup

{∫

R

f(x)dx; f ∈ C0(R), f ≤ XA

}

N ²[N [\ ^T¤ü[¤PT N PN\ \NULUQ ¤[aQ MN¨ `QOQ ^QUQ ε > 0
¨ N¬LMPN [\ QºNOPT Aε ⊃ N PQa ²[N

m(Aε) ≤ ε.

«¬N\`aTM UN ^T¤ü[¤PTM UN \NULUQ ¤[aQ MST¾ ²[Qa²[NO ^T¤ü[¤PT N¤[\NO]®Na¨ Q [¤LST N¤[\NO]®Na
UN ^T¤ü[¤PTM UN \NULUQ ¤[aQ¼
E�;� ab� �c� dBÿe�a� 9�e�ýf9 ��g hÆ ÞÄÛiÈÛöÄ Ω j ÈÆ ÇÅÉÊØÄ öÄÉÄø÷QËÞÄ ÅÇ ÇkËÅöËÐ ÈÆÊ
ÞÄøÇØÑÄ {µi} ÖÇ ÅÈÔÞÄÛiÈÛöÄÅ ÊÔÇÐöÄÅ ÇÆ Ω öÊËÅ lÈÇS

(i) Ê ÈÛËÑÄ ÖÇ lÈÊølÈÇÐ ÛmÆÇÐÄ ÖÇ ÊÔÇÐöÄÅ ×ÄÐ ÈÆ ÊÔÇÐöÄn
(ii) Ê ËÛöÇÐÅÇÞØÑÄ ÖÇ ÈÆ ÛmÆÇÐÄ XÛËöÄ ÖÇ ÊÔÇÐöÄÅ j ÈÆ ÊÔÇÐöÄÙ

TÄÆ ÈÆÊ öÊø ÞÄøÇØÑÄ {µi} ÅÊöËÅ×ÊoÇÛÖÄ (i) Ç (ii) ÖÇöÇÐÆËÛÊpÅÇÌ ÞÄÆÄ ÞÄÛÅÇlÈVÛÞËÊÌ lÈÇ
Â
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(iii) ÇkËÅöÇ ÈÆ ÉÄÛöÄ s ÖÇ ÉÊÐöËÞÈøÊÐ ËÛöÇÐÇÅÅÇÌ ÞÜÊÆÊÖÄ ÉÄÛöÄ ÖÇ ÊÞÈÆÈøÊØÑÄÌ ÅËQÛËXÞÊÛÖÄ lÈÇ ÈÆ
ÅÈÔÞÄÛiÈÛöÄ ÊÔÇÐöÄ A ÖÇ Ω ÇkËÅöÇ ÅÇÌ Ç ÅÄÆÇÛöÇ ÅÇÌ ÇkËÅöÇ ÈÆÊ ÅÇlÈVÛÞËÊ ÇÆ A − {s} lÈÇ
ÞÄÛwÇÐQÇ ÉÊÐÊ sn

(iv) ÇkËÅöÇ ÈÆ ÅÈÔÞÄÛiÈÛöÄ A ÖÇ ΩÌ ÞÜÊÆÊÖÄ ÖÇ × ÇÞÜÊÖÄÌ ÅÇÌ Ç ÅÄÆÇÛöÇ ÅÇÌ öÄÖÊ ÅÇlÈVÛÞËÊ ÇÆ AÛÑÄ ÞÄÛwÇÐQÇ iÊÆÊËÅ ÉÊÐÊ ÈÆ ÉÄÛöÄ ÇÆ Ω −A
Ù

E�;� ab� �c� d? �8 x��yz ec{&g RÇiÊ Σ ÈÆÊ ÞÄøÇØÑÄ ÖÇ ÅÈÔÞÄÛiÈÛöÄÅ ÖÇ Ω
Ù ÕÅÅÊ ÞÄøÇØÑÄ jÞÜÊÆÊÖÊ ÅËQÆÊpÓøQÇÔÐÊ ÅÇ ÅÑÄ ÅÊöËÅ× ÇËöÊÅ ÊÅ ÅÇQÈËÛöÇÅ ÞÄÛÖËØUÇÅS

(i) ÅÇ A ∈ ΣÌ ÇÛöÑÄ Ac ∈ ΣÌ ÄÛÖÇ Ac := Ω \ A j Ä ÞÄÆÉøÇÆÇÛöÊÐ ÖÇ A ÇÆ Ω (QÇÐÊøÆÇÛöÇÌ
B \A := B ∩Ac)n
(ii) ÅÇA1, A2, . . . j ÈÆÊ ×ÊÆ|øËÊ ÇÛÈÆÇÐÓwÇø ÖÇ ÞÄÛiÈÛöÄÅ ÇÆ ΣÌ ÇÛöÑÄ ÅÈÊ ÈÛËÑÄ ∞⋃

i=1

Ai
öÊÆÔjÆ ÇÅöÓ

ÇÆ Σn
(iii) Ω ∈ Σ

Ù
(i), (ii) Ç (iii)

ËÆÉøËÞÊÆ lÈÇ
∅

ÇÅöÓ ÇÆ Σ Ç lÈÇ ÅÇ A1, A2, . . . ∈ ΣÌ ÇÛöÑÄ ∞⋂

i=1

Ai ∈ Σ
Ù

E�;� ab� �c! d? �8 x��yz ec��g RÈÉÄÛÜÊ lÈÇ f : Ω → R j ÈÆÊ ×ÈÛØÑÄ ÐÇÊø ÇÆ Ω
Ù }ÊÖÊ ÈÆÊ

ÅËQÆÊpÓøQÇÔÐÊ ΣÌ ÖËÐÇÆÄÅ lÈÇ ÈÆÊ ×ÈÛØÑÄ f j ÆÇÛÅÈÐÓwÇø (ÞÄÆ ÐÇÅÉÇËöÄ Ê Σ) ÅÇÌ ÉÊÐÊ ÞÊÖÊ ÛmÆÇÐÄ
tÌ Ä ÞÄÛiÈÛöÄ

Sf (t) := {x ∈ Ω : f(x) > t}
j ÆÇÛÅÈÐÓwÇøÌ ÄÈ ÅÇiÊÌ Sf (t) ∈ Σ

Ù
RÇ f : Ω → C j ÞÄÆÉøÇkÊÌ ÖËÐÇÆÄÅ lÈÇ f j ÆÇÛÅÈÐÓwÇø ÅÇ ÅÈÊÅ ÉÊÐöÇÅ ÐÇÊø Ç ÞÄÆÉøÇkÊ ×ÄÐÇÆ

ÆÇÛÅÈÐÓwÇËÅÙ
E�;� ab� �c& d=¢� � x�~yz ec�-g }ÇXÛËÆÄÅ L1(µ) ÞÄÆÄ ÅÇÛÖÄ ÈÆÊ ÞÄøÇØÑÄ ÖÇ öÄÖÊÅ ÊÅ ×ÈÛØUÇÅ
ÆÇÛÅÈÐÓwÇËÅ ÞÄÆÉøÇkÊÅ f ÇÆ ÈÆ ÞÄÛiÈÛöÄ E ÉÊÐÊ ÊÅ lÈÊËÅ

∫

E
|f | dµ <∞.

ªT\ NMMQM UNï¤LRðNM `TUN\TM¨ N¤PST¨ N¤[¤^LQO T MNì[L¤PN PNTON\Q¼
����� ������� �� ������������ �������� �� ��������
9������ �c� d=¢� � x�~yz ec�=g RÈÉÄÛÜÊ lÈÇ {fn}∞n=0 j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ×ÈÛØUÇÅ ÆÇÛÅÈÐÓwÇËÅ
ÞÄÆÉøÇkÊÅ ÇÆ ÈÆ ÞÄÛiÈÛöÄ E öÊø lÈÇ f(x) = lim

n→∞
fn(x) ÇkËÅöÇ ÉÊÐÊ öÄÖÄ x ∈ E

Ù RÇ ÇkËÅöÇ ÈÆÊ
×ÈÛØÑÄ g ∈ L1(µ) ÅÊöËÅ×ÊoÇÛÖÄ |fn(x)| < g(x)Ì n = 1, 2, 3, . . .Ì x ∈ E Ì ÇÛöÑÄ f ∈ L1(µ)Ì

lim
n→∞

∫

E
|fn − f | dµ = 0

Ç
lim

n→∞

∫

E
fn dµ =

∫

E
f dµ.

�
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����� ������������ ��������
E�;� ab� �c- d=¢� � x�~yz ec�!{g }ËoÇÆÄÅ lÈÇ ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ×ÈÛØUÇÅ {fj}∞j=0

ÇÆ Ω ÞÄÛpwÇÐQÇ ÈÛË×ÄÐÆÇÆÇÛöÇ ÉÊÐÊ f ÛÈÆ ÅÈÔÞÄÛiÈÛöÄ ÞÄÆÉÊÞöÄ ÖÇ Ω ÅÇÌ ÉÊÐÊ ÈÆ ÖÊÖÄ ÞÄÆÉÊÞöÄ K ⊂ Ω Ç
öÄÖÄ ε > 0Ì ÇkËÅöÇ N = N(K, ε) öÊø lÈÇÌ ÉÊÐÊ j > N Ì

|fj(z) − f(z)| < ε, ∀ z ∈ K.
E�;� ab� �c0 d;�¢��� ýý x��yz ec&{g hÆÊ ×ÈÛØÑÄ f ÖÇ wÊÐËÓwÇø ÞÄÆÉøÇkÊ z j ÊÛÊø|öËÞÊ ÇÆ ÈÆ
ÉÄÛöÄ z0 ÅÇ ÅÈÊ ÖÇÐËwÊÖÊ f ′(z) ÇkËÅöÇ ÛÑÄ ÅÄÆÇÛöÇ ÇÆ z0

Ì ÆÊÅ ÇÆ öÄÖÄ ÉÄÛöÄ z ÇÆ ÊøQÈÆÊ wËoËÛÜÊÛØÊ
ÖÇ z0 Ù Ã ×ÈÛØÑÄ f j ÊÛÊø|öËÞÊ ÇÆ ÈÆ ÖÄÆ|ÛËÄ ÖÄ ÉøÊÛÄ

z ÅÇ j ÊÛÊø|öËÞÊ ÇÆ öÄÖÄ ÉÄÛöÄ ÖÇÅÅÇ ÖÄÆ|ÛËÄÙ
9������ �c� d=¢� � x�~yz 9������ �{c�<g RÇiÊ H(Ω) Ê ÞøÊÅÅÇ ÖÇ öÄÖÊÅ ÊÅ ×ÈÛØUÇÅ ÊÛÊø|öËÞÊÅ
ÇÆ Ω

Ù RÈÉÄÛÜÊ lÈÇ fj ∈ H(Ω) ÉÊÐÊ j ≥ 1 Ç fj → f ÈÛË×ÄÐÆÇÆÇÛöÇ ÇÆ ÅÈÔÞÄÛiÈÛöÄÅ ÞÄÆÉÊÞöÄÅ ÖÇ
Ω

Ù ÕÛöÑÄÌ f ∈ H(Ω) Ç f ′j → f ′ ÈÛË×ÄÐÆÇÆÇÛöÇ ÇÆ öÄÖÄ ÅÈÔÞÄÛiÈÛöÄ ÞÄÆÉÊÞöÄ ÖÇ Ω
Ù

����� ������� ������� �� �����
9������ �c! d;� ���� x<yz 9������ �c!z ec-&g RÇiÊ {φn} ÈÆÊ ÅÇlÈVÛÞËÊ ÈÛË×ÄÐÆÇÆÇÛöÇ øËÆËp
öÊÖÊ ÖÇ ×ÈÛØUÇÅ ÛÑÄpÖÇÞÐÇÅÞÇÛöÇÅ ÖÇXÛËÖÊÅ ÇÆ ÈÆ ËÛöÇÐwÊøÄ ÞÄÆÉÊÞöÄ [a, b] Ç lÈÇ ÞÄÛwÇÐQÇ ÇÆ [a, b]ÉÊÐÊ ÈÆÊ ×ÈÛØÑÄ øËÆËöÇ φ Ù ÕÛöÑÄÌ ÉÊÐÊ öÄÖÊ ×ÈÛØÑÄ ÐÇÊø f Ì ÞÄÛö|ÛÈÊ ÇÆ [a, b]Ì

lim
n→∞

∫ b

a
fdφn =

∫ b

a
fdφ.

����� �������� �� 
����������������
�c�c&c� 7���9��ý �� = �����

·NüQ
[a, b] [\ L¤PNO®QaT ï¤LPT N MNüQ

f [\Q ¿[¤RST ONQa¨ aL\LPQUQ¨ UNï¤LUQ N\ [a, b]
¼ ­\Q

MN²[§¤^LQ UN ¤±\NOTM ONQLM τk ¨ k = 0, 1, . . . ,m
¨ PQa ²[N

a = τ0 < τ1 < τ2 < · · · < τm = b,

¸ ^´Q\QUQ `QOPLRST UN [a, b]
N MNO] UN¤TPQUQ `TO ∆

¼ _ ¤TO\Q UQ `QOPLRST ∆
¸ UNï¤LUQ `TO

‖ ∆ ‖= max
1≤k≤m

|τk − τk−1|.
WQOQ ^QUQ `QOPLRST ∆ UN [a, b]

¨ ^T¤MLUNON\TM
Mk = sup f(τ)

N
mk = inf f(τ) `QOQ τk−1 ≤ τ ≤ τk,

N
U(∆, f) =

m∑

k=1

Mk(τk − τk−1)
N

u(∆, f) =
m∑

k=1

mk(τk − τk−1).

�
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·N
lim

‖∆‖→0
U(∆, f) = lim

‖∆‖→0
u(∆, f) = I,

N¤PST ULíN\TM ²[N f ¸ L¤PNìO]®Na N\ [a, b] ¤T MN¤PLUT UN ¹LN\Q¤¤ N
I

¸ T ®QaTO UQ L¤PNìOQa UN f ¤TL¤PNO®QaT [a, b]
¼ KN¤TPQYMN `TO

∫ b

a
f(τ)dτ = I.

�c�c&c� 7���9��ý �� = ������6� �ý���ÿ
ªT¤MLUNON\TM¨ QìTOQ¨ [a, b] [\ L¤PNO®QaT ï¤LPT¨ φ [\Q ¿[¤RST ONQa¨ ¤STYUN^ONM^N¤PN N UNï¤LUQN\ [a, b]

¨
f [\Q ¿[¤RST UNï¤LUQ N\ [a, b]

N
∆ [\Q `QOPLRST UN [a, b]

¼
KNï¤L\TM `TO C UQ `QOPLRST ∆ [\ ^T¤ü[¤PT UN `T¤PTM τ ′k ²[N MQPLM¿Qí

τk−1 ≤ τ ′k ≤ τk, k = 1, 2, . . . ,m.

KQUQ [\Q `QOPLRST ∆ UN [a, b]
N [\ ^T¤ü[¤PT C UN ∆

¨ ^T¤MLUNON\TM Q MT\Q

S(∆, C) =
m∑

k=1

f(τ ′k)[φ(τk) − φ(τk−1)].

·N¨ `QOQ PTUT ε > 0
¨ N¬LMPN [\ ¤±\NOT s N

δ = δ(ε) > 0
PQLM ²[N¨ `QOQ PTUQ `QOPLRST ∆ Ĝ T\

‖ ∆ ‖< δ
H N `QOQ PTUQ NM^Ta´Q UN C ¨

|S(∆, C) − s| < ε,

N¤PST s ¸ ^´Q\QUT UN L¤PNìOQa UN ·PLNaPüNM GT[ L¤PNìOQa UN ¹LN\Q¤¤Y·PLNaPüNMH UN f ^T\ ONM`NLPT Q
φ¤T L¤PNO®QaT [a, b]

N ¸¨ ìNOQa\N¤PN¨ UN¤TPQUQ `TO
∫ b

a
f(τ)dφ(τ).

«\ T[POQM `QaQ®OQM¨ MN N¬LMPN
lim

‖∆‖→0
S(∆, C),

N¤PST NMPN aL\LPN ¸ ^´Q\QUT UN L¤PNìOQa UN ·PLNaPüNM UN f ^T\ ONM`NLPT Q
φ

N\ [a, b]
¼

­\ N¬N\`aT L¤PNONMMQ¤PN UN L¤PNìOQa UN ·PLNaPüNM ¸ ²[Q¤UT MN
φ

¸ [\Q ¿[¤RST NM^QUQ ^T\ MQaPTM
¤TM `T¤PTM ξ1, ξ2, . . . , ξn ¨ UQUQ `TO

φ(τ) =







0, a ≤ τ ≤ ξ1,

π1, ξ1 < τ ≤ ξ2,

π1 + π2, ξ2 < τ ≤ ξ3,

· · · · · ·
π1 + π2 + · · · + πn, ξn < τ ≤ b,

�
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T¤UN π1, π2, · · · , πn
MST ¤±\NOTM `TMLPL®TM QOºLPO]OLTM¼ ·T\N¤PN TM L¤PNO®QaTM [τk−1, τk]

²[N ^T¤P¸\
[\ `T¤PT UN MQaPT `TUN\ ^T¤POLº[LO `QOQ Q MT\Q

S(∆, C)
¼ WQOQ ‖ ∆ ‖< min(ξk − ξk−1)

Q MT\Q ï^Q
ONU[íLUQ Q

n∑

k=1

f(ξ∗k)πk,

T¤UN |ξ∗k − ξk| ≤ ‖ ∆ ‖ ¼ ·N
f

¿TO ^T¤P»¤[Q¨ PN\TM f(ξ∗k) → f(ξk)
²[Q¤UT ‖ ∆ ‖→ 0

N¨ QMML\¨
∫ b

a
f(τ)dφ(τ) =

n∑

k=1

f(ξk)πk.

����� ������������ �� ���������
­\Q POQ¤M¿TO\QUQ L\`TOPQ¤PN ¤Q PNTOLQ UN `TaL¤û\LTM TOPTìT¤QLM N ML\LaQONM ¸ Q POQ¤M¿TO\QUQ

UN ·PLNaPüNM¼
E�;� ab� �c= RÇiÊ F (x) ÈÆÊ ×ÈÛØÑÄ ÖËÅöÐËÔÈËØÑÄÌ ËÅöÄ jÌ ÈÆÊ ×ÈÛØÑÄ ÐÇÊøÌ ÛÑÄpÖÇÞÐÇÅÞÇÛöÇÌ ÞÄÆËÛXÛËöÄÅ ÉÄÛöÄÅ ÖÇ ÊÈÆÇÛöÄ ÅÊöËÅ×ÊoÇÛÖÄ F (−∞) = 0 Ç F (∞) = 1

Ù Ã öÐÊÛÅ×ÄÐÆÊÖÊ ÖÇ RöËÇøöiÇÅ ÖÇ
F (x) j ÖÇXÛËÖÊ ÉÄÐ

S(F (x); z) =

∫ ∞

−∞

dF (x)

z − x
, z ∈ C\R. GÁ¼�H

«MMQ ¿[¤RST ¸ Q¤Qa»PL^Q PQ¤PT ¤T ^T¤ü[¤PT {z : Im(z) > 0} ²[Q¤PT ¤T ^T¤ü[¤PT {z : Im(z) < 0}N UNPNO\L¤Q Q ¿[¤RST F (x) [¤L^Q\N¤PN MN
F (x)

¿TO ¤TO\QaLíQUQ UN \TUT Q MNO ^T¤P»¤[Q ñ ULONLPQ¼
����� ������������  ����
E�;� ab� �c< hÆÊ ÅÇl¡VÛÞËÊ ÖÇ ×ÈÛØUÇÅ ÖËÅöÐËÔÈËØUÇÅ Fn(x) ÞÄÛwÇÐQÇ ×ÐÊÞÊÆÇÛöÇ ÉÊÐÊ ÈÆÊ ×ÈÛØÑÄ
ÖËÅöÐËÔÈËØÑÄ F (x) (Fn(x) ⇒ F (x)) ÅÇÌ ÉÊÐÊ öÄÖÊ ×ÈÛØÑÄ f(x) ÞÄÛö|ÛÈÊ Ç øËÆËöÊÖÊ

∫ ∞

−∞
f(x)dFn(x) →

∫ ∞

−∞
f(x)dF (x). GÁ¼ÁH

½M PNTON\QM Q MNì[LO MNOST \[LPT L\`TOPQ¤PNM ¤T NMP[UT UQM `OT`OLNUQUNM QMML¤PXPL^QM UTM
`TaL¤û\LTM TOPTìT¤QLM N ML\LaQONM¼
����¢ ������� �� ����������������
9������ �c& RÇiÊ {fn}∞n=0

ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ×ÈÛØUÇÅ ÊÛÊø|öËÞÊÅ ÛÈÆÊ ÐÇQËÑÄ ÊÔÇÐöÊ G ÖÄ ÉøÊÛÄ
ÞÄÆÉøÇkÄÙ RÇ {fn}∞n=0 j ÈÛË×ÄÐÆÇÆÇÛöÇ øËÆËöÊÖÊ ÇÆ G Ç ÞÄÛwÇÐQÇ ÛÈÆ ÅÈÔÞÄÛiÈÛöÄ E ÖÇ GÌ ÄÛÖÇ
E öÇÆ ÈÆ ÉÄÛöÄ øËÆËöÇ ÇÆ GÌ ÇÛöÑÄ {fn}∞n=0

ÞÄÛwÇÐQÇ ÈÛË×ÄÐÆÇÆÇÛöÇ ÇÆ G
Ù

�Q\TM ^T¤MLUNOQO T PNTON\Q UN ·PLNaPüNMY�LPQaL MN\ UN\T¤MPOQRST¼ WQOQ Q UN\T¤MPOQRST UT
PNTON\Q¨ ®NO K�cL¼ £ L\`TOPQ¤PN TºMNO®QO ²[N Q ¿TO\Q L¤L^LQa UNMPN PNTON\Q ¿TL `OT®QUQ `TO ·PLNaPüNM
¤Q \NM\Q ºLTìOQïQ ^a]MML^Q Kd�L T¤UN NaN ONMTa®N[ T `OTºaN\Q UN \T\N¤PT N L¤POTU[íL[ Q L¤PNìOQa
UN ·PLNaPüNM¼

c
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����¤ �������  ���������� �� ¥����������������
9������ �c- d5���ý� x&yz 5e6�� ��g RÇiÊ {Fn}∞n=0

ÈÆ ÅÇlÈVÛÞËÊ lÈÇ ÞÄÛwÇÐQÇ ×ÐÊÞÊÆÇÛöÇ
ÉÊÐÊ F Ì ËÅöÄ jÌ ÉÊÐÊ öÄÖÊ ×ÈÛØÑÄ ÞÄÛö|ÛÈÊ f ÞÄÆ ÅÈÉÄÐöÇ ÞÄÆÉÊÞöÄÌ ∫ fdFn →

∫

fdF Ì Ç ÅÇiÊ
suppn(Fn(R)) < ∞ Ù ÕÛöÑÄÌ Ê öÐÊÛÅ×ÄÐÆÊÖÊ ÖÇ RöËÇøöiÇÅ ÖÇ Fn

Ì S(Fn(x); z)Ì ÉÊÐÊ z ∈ C
Ì ÞÄÛwÇÐQÇ

ÈÛË×ÄÐÆÇÆÇÛöÇ ÉÊÐÊ Ê öÐÊÛÅ×ÄÐÆÊÖÊ ÖÇ RöËÇøöiÇÅ ÖÇ F Ì S(F (x); z)Ì ÇÆ ÞÄÛiÈÛöÄÅ ÞÄÆÉÊÞöÄÅ ÖÄ ÅÇÆËp
ÉøÊÛÄ ÅÈÉÇÐËÄÐÙ MÇÞËÉÐÄÞÊÆÇÛöÇÌ ÉÊÐÊ ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÖËÅöÐËÔÈËØUÇÅ {Fn}∞n=0

ÞÄÆ suppn(Fn(R)) <

∞Ì ÅÈÉÄÛÜÊÆÄÅ lÈÇ {S(Fn(x); z)}∞n=0
ÞÄÛwÇÐQÇ ÇÆ ÈÆ ÞÄÛiÈÛöÄ X ⊂ C

ÞÄÆ ÉÄÛöÄ øËÆËöÇ ÖÇÛöÐÄ ÖÄ
ÅÇÆËpÉøÊÛÄ ÅÈÉÇÐËÄÐÙ ÕÛöÑÄÌ ÇkËÅöÇ ÈÆÊ ÖËÅöÐËÔÈËØÑÄ XÛËöÊ F öÊø lÈÇ S(Fn(x); z) ÞÄÛwÇÐQÇ ÈÛË×ÄÐÆÇpÆÇÛöÇ ÉÊÐÊ S(F (x); z) ÞÄÆ z ÇÆ ÞÄÛiÈÛöÄÅ ÞÄÆÉÊÞöÄÅÌ ÖÄ ÉøÊÛÄ ÞÄÆÉøÇkÄ Ç Fn ⇒ F (

×ÐÊÞÊÆÇÛöÇ) Ù
����¦ �����§���¨©� �� ��������

·NüQ\ xn,0, xn,1, . . . , xn,n
`T¤PTM ULMPL¤PTM N

Pn(x) GUN ìOQ[ ≤ n
H T `TaL¤û\LT UN L¤PNO`TaQRST

UN f(x)
MTºON xn,i

¨ LMPT ¸¨
Pn(xn,i) = f(xn,i), i = 0, 1, . . . , n. �Q\TM NM^ON®NO Pn(x)

^T\T Q MNì[L¤PN^T\ºL¤QRST aL¤NQO
Pn(x) = f(xn,0)ln,0(x) + f(xn,1)ln,1(x) + . . .+ f(xn,n)ln,n(x),

T¤UN ln,k(x)
¨
k = 0, 1, . . . , n

¨ MST `TaL¤û\LTM UN ìOQ[ n¼
WQOQ ²[N Pn(xn,i) = f(xn,i)

`TUN\TM PT\QO
{

ln,k(xn,k) = 1, k = 0, 1, . . . , n,

ln,k(xn,i) = 0, i, k = 0, 1, . . . , n, i 6= k.

«¤PST¨ T `TaL¤û\LT ln,k(x)
PN\ n OQ»íNM ²[N MST xn,0, xn,1, . . . , xn,k−1, xn,k+1, . . . , xn,n

¼
©TìT¨

ln,k(x) = αn,k(x− xn,0) . . . (x− xn,k−1)(x− xn,k+1) . . . (x− xn,n).

ªT\T ln,k(xn,k) = 1
¨ N¤PST

αn,k =
1

(xn,k − xn,0) . . . (xn,k − xn,k−1)(xn,k − xn,k+1) . . . (xn,k − xn,n)
.

WTOPQ¤PT¨ `QOQ k = 0, 1, . . . , n
¨

ln,k(x) =
(x− xn,0) . . . (x− xn,k−1)(x− xn,k+1) . . . (x− xn,n)

(xn,k − xn,0) . . . (xn,k − xn,k−1)(xn,k − xn,k+1) . . . (xn,k − xn,n)
. GÁ¼dH

½ `TaL¤û\LT Pn(x) UNï¤LUT `TO

Pn(x) =
n∑

k=0

f(xn,k)ln,k(x),
GÁ¼ÂH

T¤UN TM ln,k(x)
¨
k = 0, 1, . . . , n

¨ MST UQUTM `TO GÁ¼dH¨ ¸ ^´Q\QUT ª«¬­®¯°­« ±² ³®´²µ¶«¬·¸¹« ±²º·»µ·®»²¼
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WTUN\TM¨ QL¤UQ¨ NM^ON®NO ln,k(x)
UQ MNì[L¤PN ¿TO\Q

ln,k(x) =
π(x)

(x− xn,k)π′(xn,k)
,

T¤UN π(x) = (x − xn,0)(x − xn,1) · · · (x − xn,n)
¸ T `TaL¤û\LT UTM ¤XM¼ _MML\¨ GÁ¼ÂH `TUN MNO UQUT

`TO
Pn(x) =

n∑

k=0

π(x)

(x− xn,k)π′(xn,k)
f(xn,k).

GÁ¼�H
�����¼ ��½������� 	���������

_ºTOUQON\TM¨ Q²[L¨ Qaì[¤M ^T¤^NLPTM º]ML^TM N¤®Ta®N¤UT MN²[§¤^LQM N¤^QUNQUQM¨ ¿QíN¤UT LMMT UN¿TO\Q ºON®N¼ WQOQ \QLM UNPQa´NM¨ ®NüQ KcL¼
E�;� ab� �c~ hÆÊ ÅÇlÈVÛÞËÊ {an}∞n=1 j ÞÜÊÆÊÖÊ ÈÆÊ ÅÇlÈVÛÞËÊ ÇÛÞÊÖÇÊÖÊ ÅÇ ÇkËÅöÇ ÈÆÊ ÅÇlÈVÛpÞËÊ {gk}∞k=0

öÊø lÈÇ
(i) 0 ≤ g0 < 1, 0 < gn < 1, n ≥ 1;

(i) an = (1 − gn−1)gn, n ≥ 1
Ù

ÄÛÖÇ {gk}∞k=0 j ÞÜÊÆÊÖÊ ÖÇ ÅÇlÈVÛÞËÊ ÖÇ ÉÊÐ¾ÆÇöÐÄÅ ÉÊÐÊ {an}∞n=1
Ç g0 j Ä ÉÊÐ¾ÆÇöÐÄ ËÛËÞËÊøÙ

E�;� ab� �c�{ RÇiÊ {an}∞n=1
ÈÆÊ ÅÇlÈVÛÞËÊ ÇÛÞÊÖÇÊÖÊÙ hÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÊÐ¾ÆÇöÐÄÅ {mk}∞k=0j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÊÐ¾ÆÇöÐÄÅ Æ|ÛËÆÊ ÉÊÐÊ {an}∞n=1

ÅÇ m0 = 0
Ù

·N Q MN²[§¤^LQ UN `QO¶\NPOTM \»¤L\Q ¸ Q ±¤L^Q MN²[§¤^LQ UN `QO¶\NPOTM `QOQ {an}∞n=1

N¤PST
ULíN\TM ²[N {an}∞n=1

UNPNO\L¤Q MN[M `QO¶\NPOTM [¤L^Q\N¤PN¼
E�;� ab� �c�� RÇiÊ {an}∞n=1

ÈÆÊ ÅÇlÈVÛÞËÊ ÇÛÞÊÖÇÊÖÊÙ hÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÊÐ¾ÆÇöÐÄÅ {Mk}∞k=0j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÊÐ¾ÆÇöÐÄÅ ÆÓkËÆÊÌ ÅÇMk > gk (k ≥ 0) ÉÊÐÊ lÈÊølÈÇÐ ÅÇlÈVÛÞËÊ ÖÇ ÉÊÐ¾ÆÇöÐÄÅ
{gk}∞k=0

ÉÊÐÊ {an}∞n=1

Ù
·N {gn}∞n=1

¸ [\Q MN²[§¤^LQ UN `QO¶\NPOTM `QOQ {an}∞n=1

N
gn → g

¨ N¤PST¨ an → (1− g)g ≤ 1/4Gn→ ∞H¼ ½ PNTON\Q QºQL¬T \TMPOQ ²[N Q ON^»`OT^Q ¸ ®]aLUQ¼
9������ �c0 RÇiÊ lim

n→∞
an = a

Ù ÕÛöÑÄÌ 0 ≤ a ≤ 1/4 Ç

lim
n→∞

Mn =
1 +

√
1 − 4a

2
.

ÃøjÆ ÖËÅÅÄÌ ÅÇM0 > 0 (
ËÅöÄ jÌ ÅÇ mn 6= Mn)Ì ÇÛöÑÄÌ

lim
n→∞

mn =
1 −

√
1 − 4a

2
.

�b
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óNMPN ^Q`»P[aT ¿QON\TM [\ ºON®N NMP[UT MTºON TM `TaL¤û\LTM TOPTìT¤QLM N ML\LaQONM QTM TOPTìTY¤QLM¼ ·T\N¤PN QM UNï¤LRðNM N `OT`OLNUQUNM \QLM L\`TOPQ¤PNM `QOQ T UNMN¤®Ta®L\N¤PT UNMPN POQºQa´TMNOST Q`ONMN¤PQUQM¼
À\] Á��������� Â���������

óT ªQ`»P[aT �¨ ®L\TM ²[N TM `TaL¤û\LTM TOPTìT¤QLM Pn(x)
MST UNï¤LUTM `TO

(i) Pn(x) =

n∑

i=0

an,ix
i = an,n

n∏

i=1

(x− xn,k)
¸ UN ìOQ[ N¬QPQ\N¤PN n¨

n ≥ 0,

(ii) 〈Pn, Pm〉 =

∫ b

a
Pn(x)Pm(x)dφ(x) =







0, `QOQ m 6= n,

νn > 0, `QOQ m = n.

Gd¼�H

·N
an,n = 1

¨ TM `TaL¤û\LTM TOPTìT¤QLM MST ^´Q\QUTM UN `TaL¤û\LTM TOPTìT¤QLM \û¤L^TM¨ ²[NLON\TM UN¤TPQO `TO Qn(x)
¼ ,[Q¤UT νn = 1

¨ ULíN\TM ²[N NaNM MST TOPT¤TO\QLM N ®Q\TM UN¤TP]YaTM
`TO pn(x) =

n∑

i=0

a∗n,ix
i = a∗n,n

n∏

i=1

(x− xn,k)
¼

�NON\TM¨ QìTOQ¨ Qaì[\QM `OT`OLNUQUNM L\`TOPQ¤PNM UTM `TaL¤û\LTM TOPTìT¤QLM Pn(x)
¼ ­\ NMYP[UT UNPQa´QUT `TUN MNO N¤^T¤POQUT N\ KcL N KdcL¼

9������ !c� RÇiÊÆ P0(x), P1(x), . . . , Pm(x)Ì ÉÇÐöÇÛÞÇÛöÇÅ Ê ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄp
ÛÊËÅÙ ÕÛöÑÄÌ ÇøÇÅ ÅÑÄ øËÛÇÊÐÆÇÛöÇ ËÛÖÇÉÇÛÖÇÛöÇÅÙ
E����ÿ���ab�D ·NüQ\ cj

¨
j = 0, 1, . . . ,m

¨ ^T¤MPQ¤PNM PQLM ²[N
m∑

j=0

cjPj(x) = 0.

©TìT¨ `QOQ ^QUQ `TaL¤û\LT Pk(x)
¨
0 ≤ k ≤ m

¨ TºPN\TM
〈

m∑

j=0

cjPj , Pk

〉

= 〈0, Pk〉 = 0,

��
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T[ MNüQ¨
m∑

j=0

cj 〈Pj , Pk〉 = 0.

WTO UNï¤LRST¨ 〈Pj , Pk〉 = 0 `QOQ j 6= k
N 〈Pk, Pk〉 > 0

¼ ©TìT¨
m∑

j=0

cj 〈Pj , Pk〉 = ck 〈Pk, Pk〉
︸ ︷︷ ︸

>0

= 0.

WTOPQ¤PT¨ ck = 0
¨
k = 0, 1, . . . ,m

¼
½ PNTON\Q Q^L\Q ¤TM ULí ²[N TM `TaL¤û\LTM TOPTìT¤QLM Pk(x)

¨
k = 0, 1, 2, . . . , n

¿TO\Q\ [\Q
ºQMN `QOQ T NM`QRT ®NPTOLQa UTM `TaL¤û\LTM UN ìOQ[ \N¤TO T[ Lì[Qa Q

n
¨
Pn

¼ ªT\T ^T¤MN²[§¤L^Q¨
TºPN\TM T MNì[L¤PN ONM[aPQUT¼
;���ý:� � !c� RÇiÊÆ {Pn(x)}∞n=0

Ç {P̃n(x)}∞n=0
ÖÈÊÅ ÅÇlÈVÛÞËÊÅ ÖÇ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ ÛÄ ËÛpöÇÐwÊøÄ (a, b) ÞÄÆ ÐÇøÊØÑÄ É ÖËÅöÐËÔÈËØÑÄ dφ(x)

Ù ÕÛöÑÄÌ
Pj(x) = cjP̃j(x) j = 0, 1, . . . ,

ÄÛÖÇ cj j ÈÆÊ ÞÄÛÅöÊÛöÇ lÈÇ ÖÇÉÇÛÖÇ ÊÉÇÛÊÅ ÖÇ j Ù
9������ !c� RÇiÊ {Pn(x)}∞n=0

ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅ Ç dφ(x) ÈÆÊ ÖËÅöÐËÔÈËØÑÄ ÇÆ (a, b)
Ù

ÕÛöÑÄÌ ÊÅ ÅÇQÈËÛöÇÅ ÊXÐÆÊØUÇÅ ÅÑÄ ÇlÈËwÊøÇÛöÇÅS
(a) {Pn(x)}∞n=0 j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ ÞÄÆ ÐÇøÊØÑÄ É ÖËÅöÐËÔÈËØÑÄ Öφ(x) ÇÆ

(a, b)n
(b) 〈Pn, π〉 = 0 ÉÊÐÊ öÄÖÄ π(x) ÖÇ QÐÊÈ ≤ n− 1n
(c) 〈xs, Pn〉 =

∫ b

a
xsPn(x)dφ(x)

{

= 0, se s < n,

6= 0, se s = n.

E����ÿ���ab�D
(a) ⇒ (b)

·NüQ
π(x) [\ `TaL¤û\LT UN ìOQ[ ≤ n− 1

¼ WTO UNï¤LRST

〈Pn, Pm〉 =

∫ b

a
Pn(x)Pm(x)dφ(x) =

{

0, se m 6= n,

νn > 0, se m = n.

ªT\T {Pn(x)}∞n=0

¸ [\Q MN²[§¤^LQ UN `TaL¤û\LTM TOPTìT¤QLM¨ `NaT �NTON\Q d¼�¨P0, P1, . . . , Pn−1¿TO\Q\ [\Q ºQMN `QOQ
Pn−1

¼ _MML\¨

π(x) =
n−1∑

k=0

αkPk(x)

�Á
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N¨ N¤PST¨
〈Pn, π〉 =

n−1∑

k=0

αk 〈Pn, Pk〉 = 0.

(b) ⇒ (c)
�N\TM¨ `TO ´L`XPNMN¨ ²[N 〈Pn, π〉 = 0 `QOQ PTUT π(x) UN ìOQ[ ≤ n−1

¼ _MML\¨ 〈Pn, x
s〉 = 0MN

s < n
¼

ªT¤MLUNON\TM¨ QìTOQ¨ s = n
¼ «¤PST¨ π(x) = xn ∈ Pn

¼ ©TìT¨

xn =
n∑

j=0

αjPj(x), αn =
1

an,n
6= 0

N
〈Pn, x

n〉 =
n∑

j=0

αj 〈Pn, Pj〉 = αn 〈Pn, Pn〉 6= 0.

(c) ⇒ (a) (i)
ªT¤MLUNON\TM m < n

¼ ·NüQ
Pm(x) = am,0 + am,1x+ · · · + am,mx

m, am,m 6= 0.

WTO ´L`XPNMN¨
〈Pm, Pn〉 =

m∑

k=0

am,k

〈

xk, Pn

〉

= 0.

WQOQ m > n
¨ Q UN\T¤MPOQRST ¸ Q¤]aTìQ¼

(ii)
·NüQ

m = n
¼ «¤PST¨

〈Pn, Pn〉 =
n∑

k=0

an,k

〈

xk, Pn

〉

= an,n 〈xn, Pn〉 > 0.

9������ !c! d=�ý�ab� �� =�����6�� � �� 9�6ÿ 9����ÿg RÇiÊ {Pn(x)}∞n=0
ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ

ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ ÇÆ (a, b)
ÐÇøÊöËwÊÆÇÛöÇ É ÖËÅöÐËÔÈËØÑÄ dφ(x)

Ù ÕÛöÑÄÌ
Pn+1(x) = (γnx− ξn)Pn(x) − δnPn−1(x), n ≥ 0, Gd¼ÁH

ÞÄÆ P−1(x) = 0 Ç P0(x) = 1Ì δn, ξn−1, γn−1 ∈ R
Ì n ≥ 1 Ç

γn =
an+1,n+1

an,n
6= 0, ξn = γn

〈xPn, Pn〉
〈Pn, Pn〉

, δn =
γn

γn−1

〈Pn, Pn〉
〈Pn−1, Pn−1〉

6= 0.

E����ÿ���ab�D �N\TM ²[N Pn(x) =
n∑

i=0

an,ix
i ¼ ªT\T xPn(x)

¸ [\ `TaL¤û\LT UN ìOQ[ n+1
¨ N¤PST

xPn(x) =
n+1∑

i=0

biPi(x).

�d
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¥ì[QaQ¤UT TM ^TNï^LN¤PNM UTM PNO\TM UN \QLTO ìOQ[ N\ Q\ºTM TM \N\ºOTM UQ Lì[QaUQUN Q¤PNOLTO¨N¤^T¤POQ\TM ²[N bn+1 =
an,n

an+1,n+1

¼
WTO¸\¨ UT �NTON\Q d¼Á (b)

〈xPn, Pj〉 =

∫ b

a
Pn(x)xPj(x)dφ(x) = 0, `QOQ j ≤ n− 2.

VQM¨ `QOQ j ≤ n− 2
¨ UN Gd¼�H PN\TM ²[N

〈xPn, Pj〉 =
n+1∑

i=0

bi 〈Pi, Pj〉 = bj 〈Pj , Pj〉 = 0.

©TìT¨ bj = 0 `QOQ j ≤ n− 2
¼ _MML\¨

Pn+1(x) =
1

bn+1
xPn(x) − bn−1

bn+1
Pn−1(x) −

bn
bn+1

Pn(x),

T[ MNüQ¨
Pn+1(x) = (γnx− ξn)Pn(x) − δnPn−1(x),

Gd¼dH
^T\

γn =
1

bn+1
, ξn =

bn
bn+1

N
δn =

bn−1

bn+1
.

ªT\T
bn+1 =

an,n

an+1,n+1
,

PN\TM ²[N
γn =

an+1,n+1

an,n
.

KN Gd¼dH¨ ^Qa^[aQ¤UT T `OTU[PT L¤PNO¤T 〈Pn+1, Pn〉
¨ TºPN\TM ²[N

ξn = γn
〈xPn, Pn〉
〈Pn, Pn〉

.

KN \Q¤NLOQ Q¤]aTìQ¨ ^´NìQ\TM ²[N
δn =

γn

γn−1

〈Pn, Pn〉
〈Pn−1, Pn−1〉

.

ªT\T ^T¤MN²[§¤^LQ UNMPN PNTON\Q¨ ¿Q^La\N¤PN TºPN\TM TM UTLM ONM[aPQUTM Q MNì[LO¼
;���ý:� � !c� Ã ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅ ÄÐöÄÛÄÐÆÊËÅ {pn(x)}∞n=0

ÅÊöËÅ×Êo É ÅÇQÈËÛöÇ ÐÇøÊØÑÄ ÖÇÐÇÞÄÐÐVÛÞËÊ ÖÇ öÐVÅ öÇÐÆÄÅS
xpn(x) =

a∗n,n

a∗n+1,n+1

pn+1(x) + ρ∗npn(x) +
a∗n−1,n−1

a∗n,n

pn−1(x), n ≥ 0, Gd¼ÂH

ÞÄÆ p−1 = 0Ì p0 = a∗0,0
Ç ρ∗n =

∫ b

a
tp2

n(t)dφ(t)
Ù

�Â
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_ ONaQRST Gd¼ÂH `TUN PQ\º¸\ MNO UQUQ ^T\T
pn+1(x) = (γ∗nx− ξ∗n)pn(x) − δ∗npn−1(x), n ≥ 0, Gd¼�H

T¤UN
γ∗n =

a∗n+1,n+1

a∗n,n

, ξ∗n = ρ∗nγ
∗
n

N
δ∗n =

γ∗n
γ∗n−1

.

;���ý:� � !c! Ã ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ ÆOÛËÞÄÅ {Qn(x)}∞n=0
ÅÊöËÅ×Êo É ÐÇøÊØÑÄ ÖÇÐÇÞÄÐÐVÛÞËÊ ÖÇ öÐVÅ öÇÐÆÄÅS

Qn+1(x) = (x− ξ̂n)Qn(x) − δ̂nQn−1(x), n ≥ 0, Gd¼�H
ÞÄÆ Q−1(x) = 0Ì Q0(x) = 1Ì ξ̂n =

〈xQn, Qn〉
〈Qn, Qn〉

> 0 Ç δ̂n =
〈Qn, Qn〉

〈Qn−1, Qn−1〉
> 0

Ù

ªT\T `TUN\TM NM^ON®NO Qn(x) =
pn(x)

a∗n,n

¨ PN\TM ²[N

ξ̂n =
〈xQn, Qn〉
〈Qn, Qn〉

= 〈xpn, pn〉 = ρ∗n
N

δ̂n =
〈Qn, Qn〉

〈Qn−1, Qn−1〉
=

(a∗n−1,n−1)
2

(a∗n,n)2
. Gd¼�H

½ºMNO®N ²[N Q ONaQRST Gd¼�H `TUN MNO NM^OLPQ ^T\T
xQn(x) = δ̂nQn−1(x) + ξ̂nQn(x) +Qn+1(x).

KNMPQ ONaQRST¨ \TMPOQYMN ¿Q^La\N¤PN ²[N TM íNOTM UN Qn(x)
MST TM Q[PTY®QaTONM UQ \QPOLí UNÊÊÞÄÔË














ξ̂0 1 0 0 . . . 0 0

δ̂1 ξ̂1 1 0 . . . 0 0

0 δ̂2 ξ̂2 1 . . . 0 0¼¼¼ ¼¼¼ ¼¼¼ ¼¼¼ ¼ ¼ ¼ ¼¼¼ ¼¼¼
0 0 0 0 . . . ξ̂m−2 1

0 0 0 0 . . . δ̂m−1 ξ̂m−1














. Gd¼cH

9������ !c& d7���� ���� �� ;�� ÿ��Ë�ý�E��8�¢Ìg RÇiÊ {pn(x)}∞n=0
ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅÄÐöÄÛÄÐÆÊËÅÙ ÕÛöÑÄÌ

n∑

k=0

pk(x)pk(y) =
1

γ∗n

pn+1(x)pn(y) − pn(x)pn+1(y)

x− y
. Gd¼ H

NÊÐÊ ÄÅ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ ÆOÛËÞÄÅ Qn(x) (n ≥ 0) ÞÄÆ δ̂0 6= 0Ì öÇÆÄÅ
n∑

k=0

Qk(x)Qk(y)

δ̂0δ̂1 · · · δ̂k
= (δ̂0δ̂1 · · · δ̂n)−1Qn+1(x)Qn(y) −Qn(x)Qn+1(y)

x− y
. Gd¼�bH

��
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E����ÿ���ab�D KQ ONaQRST UN ON^TOO§¤^LQ Gd¼�H PN\TM ²[N
pn+1(x)pn(y) − pn(x)pn+1(y) = (x− y)γ∗npn(x)pn(y)

+
{
pn(x)pn−1(y) − pn−1(x)pn(y)

}
δ∗n.

VQM¨
δ∗n =

γ∗n
γ∗n−1

〈pn, pn〉
〈pn−1, pn−1〉

=
γ∗n
γ∗n−1

.

_MML\¨

pn+1(x)pn(y) − pn(x)pn+1(y) =
γ∗n
γ∗n−1

{
pn(x)pn−1(y) − pn−1(x)pn(y)

}

+(x− y)γ∗npn(x)pn(y). Gd¼��H
_¤QaTìQ\N¤PN¨

pn(x)pn−1(y) − pn−1(x)pn(y) =
γ∗n−1

γ∗n−2

{
pn−1(x)pn−2(y) − pn−2(x)pn−1(y)

}

+(x− y)γ∗n−1pn−1(x)pn−1(y).
Gd¼�ÁH

·[ºMPLP[L¤UT Gd¼�ÁH N\ Gd¼��H¨ TºPN\TM

pn+1(x)pn(y) − pn(x)pn+1(y) =
γ∗n
γ∗0

[

p1(x)p0(y) − p0(x)p1(y)

+γ∗0(x− y)
n∑

k=1

pk(x)pk(y)
]

. Gd¼�dH
VQM¨

p1(x) = a∗1,1x+ a∗1,0

N
p0(x) = a∗0,0

¼ «¤PST¨
p0(y)p1(x) − p0(x)p1(y) = a∗0,0a

∗
1,1(x− y).

·[ºMPLP[L¤UT N\ Gd¼�dH¨ PN\TM ²[N

pn+1(x)pn(y) − pn(x)pn+1(y) =
γ∗n
γ∗0

[

a∗0,0a
∗
1,1 + γ∗0

n∑

k=1

pk(x)pk(y)

]

(x− y).

ªT\T¨ γ∗0 =
a∗1,1

a∗0,0

N
p0(x) = p0(y) = a∗0,0

¨ ^´NìQ\TM QT ONM[aPQUT Gd¼ H¼
KN \Q¤NLOQ Q¤]aTìQ¨ `TUN\TM UN\T¤MPOQO Gd¼�bH [MQ¤UT Q ONaQRST Gd¼�H¼
·N MT\QO\TM N M[ºPOQLO\TM pn+1(x)pn(x)

QT ¤[\NOQUTO UQ ¥UN¤PLUQUN UN ª´OLMPT�NaYKQOºT[¬
Gd¼ H¨ TºPN\TM

n∑

k=0

pk(x)pk(y) =
1

γ∗n

pn(x)[pn+1(x) − pn+1(y)] − pn+1(x)[pn(x) − pn(y)]

x− y
.

��
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³QíN¤UT y → x
N\ Q\ºTM TM \N\ºOTM UQ Lì[QaUQUN Q^L\Q¨ ^´NìQ\TM ñ MNì[L¤PN LUN¤PLUQUN

n∑

k=0

{
pk(x)

}2
=

1

γ∗n

[

pn(x)(pn+1(x))
′ − pn+1(x)(pn(x))

′

]

> 0, ∀ x ∈ R. Gd¼�ÂH

KTLM ONM[aPQUTM L\`TOPQ¤PNM MTºON TM íNOTM UTM `TaL¤û\LTM TOPTìT¤QLM MST TM MNì[L¤PNM¼
9������ !c- PÅ oÇÐÄÅ ÖÄÅ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ Pn(x)Ì n ≥ 1Ì ÊÅÅÄÞËÊÖÄÅ É ÖËÅöÐËÔÈËØÑÄ dφ(x)ÛÄ ËÛöÇÐwÊøÄ (a, b) ÅÑÄ ÐÇÊËÅÌ ÖËÅöËÛöÄÅ Ç ÉÇÐöÇÛÞÇÆ ÊÄ ËÛöÇÐwÊøÄ (a, b)

Ù
E����ÿ���ab�D ·[`T¤´Q\TM ²[N Pn(x) ¤ST PN¤´Q OQ»íNM N\ (a, b)

¼ ©TìT¨ Pn(x) > 0 T[ Pn(x) < 0`QOQ PTUT x ∈ (a, b)
¼ VQM¨

∫ b

a
Pn(x)dφ(x) = 0. Gd¼��H

·QºN\TM ²[N






∫ b

a
Pn(x)dφ(x) > 0,

MN
Pn(x) > 0,

∫ b

a
Pn(x)dφ(x) < 0,

MN
Pn(x) < 0.

Gd¼��H

WTO Gd¼��H N Gd¼��H¨ PN\TM [\ QºM[OUT¼ _MML\¨ N¬LMPN `NaT \N¤TM [\Q OQLí ONQa UN Pn(x)
N\

(a, b)
¼ ·[`T¤´Q\TM ²[N xn,1, xn,2, . . . , xn,r (r < n)

MST OQ»íNM UN \[aPL`aL^LUQUN »\`QO UN Pn(x)
N\

(a, b)
¼ «¤PST¨

Pn(x) = (x− xn,1)(x− xn,2) · · · (x− xn,r)R(x),

T¤UN R(x)
¸ [\ `TaL¤û\LT UN ìOQ[ (n− r)

²[N PN\ MT\N¤PN OQ»íNM ^T\`aN¬QM T[ UN \[aPL`aL^LUQUN
`QO N\ (a, b)

¼ ©TìT¨ R(x) ¤ST \[UQ UN ML¤Qa N\ (a, b)
¼

WTO¸\¨
I =

∫ b

a
(x− xn,1)(x− xn,2) · · · (x− xn,r)
︸ ︷︷ ︸

grau r<n

Pn(x)dφ(x) = 0. Gd¼��H
VQM¨

I =

∫ b

a
(x− xn,1)

2(x− xn,2)
2 · · · (x− xn,r)

2R(x)dφ(x) 6= 0. Gd¼�cH
_MML\¨ `TO Gd¼��H N Gd¼�cH¨ PN\TM [\ QºM[OUT¼ ©TìT¨ Pn(x)

PN\ r ≥ n OQ»íNM UN \[aPL`aL^LUQUN
»\`QO N\ (a, b)

¼ KQ»¨
r = n

¨ `TLM Pn(x)
¸ [\ `TaL¤û\LT UN ìOQ[ n¼ KNMPN \TUT¨ Pn(x)

PN\ n OQ»íNM
UN \[aPL`aL^LUQUN »\`QO N\ (a, b)

¨
Pn(x) = (x− xn,1)

i1(x− xn,2)
i2 · · · (x− xn,r)

in .

ªT\T i1, i2, . . . , in MST »¤UL^NM »\`QONM N
i1+i2+. . .+in = n

¨ PN\TM ²[N i1 = i2 = · · · = in = 1
¼

·NüQ\ xn,1 < xn,2 < . . . < xn,n
TM íNOTM UN Pn(x)

¼
��
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9������ !c0 d9������ �� 6�e���ab� ��ÿ Í���ÿg RÇiÊ {Pj(x)}∞j=0
ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅÄÐöÄQÄÛÊËÅÙ ÕÛöÑÄÌ ÇÛöÐÇ ÖÄËÅ oÇÐÄÅ ÞÄÛÅÇÞÈöËwÄÅ ÖÇ Pn−1(x)

ÇkËÅöÇ ÅÄÆÇÛöÇ ÈÆ oÇÐÄ ÖÇ Pn(x)Ì ÄÈ
ÅÇiÊÌ

xn−1,i < xn,i < xn−1,i+1, i = 1, 2, · · · , n.
E����ÿ���ab�D ·[`T¤´Q\TM¨ MN\ `NOUQ UN ìN¤NOQaLUQUN¨ ²[N TM `TaL¤û\LTM Pj(x)

MNüQ\ TOPT¤TOY
\QLM ^T\ aj,j > 0

¼ �T\N\TM xn−1,k
N
xn−1,k+1

¨
k = 1, 2, . . . , n − 2

¨ UTLM íNOTM ^T¤MN^[PL®TM UN
Pn−1(x)

¼ ·[ºMPLP[L¤UT NMMNM íNOTM ¤Q N²[QRST Gd¼�ÂH `QOQ n− 1
¨ TºPN\TM

Pn(xn−1,k)P
′

n−1(xn−1,k) < 0
N

Pn(xn−1,k+1)P
′

n−1(xn−1,k+1) < 0.

ªT\T P ′

n−1(xn−1,k)
N
P

′

n−1(xn−1,k+1)
P§\ ML¤QLM T`TMPTM¨ N¤PST Pn(xn−1,k)

N
Pn(xn−1,k+1)

PQ\Yº¸\ P§\ ML¤QLM T`TMPTM¼ ©TìT¨ N¬LMPN `NaT \N¤TM [\ `T¤PT N\ (xn−1,k, xn−1,k+1)
T¤UN Pn(x) \[UQ

UN ML¤Qa¼ WTOPQ¤PT¨ N¬LMPN `NaT \N¤TM [\ íNOT UN Pn(x)
N¤PON xn−1,k

N
xn−,k+1

¼
KTLM íNOTM UN Pn(x)

NMPST N\ (a, xn−1,1)
N

(xn−1,n−1, b)
¨ ONM`N^PL®Q\N¤PN¼ ªT\T aj,j > 0

¨
j = 0, 1, . . .

¨ PN\TM ²[N Pj(b) > 0
¼ ©TìT¨ P ′

n−1(xn−1,n−1) > 0
¼ KN Gd¼�ÂH¨ Pn(xn−1,n−1) < 0

¼ WTOYPQ¤PT¨ Pn(x) \[UQ UN ML¤Qa N¤PON xn−1,n−1
N
b
¼ KN \TUT Q¤]aTìT¨ \TMPOQ\TM ²[N N¬LMPN [\Q OQLí

UN Pn(x)
N¤PON a N

xn−1,1
¼ ¦QMPQ aN\ºOQO ²[N sinal[Pj(a)] = (−1)j ¼ ªT\T Pn(x)

PN\ n
íNOTM¨ T

ONM[aPQUT NMP] UN\T¤MPOQUT¼
­\Q L\`TOPQ¤PN `OT`OLNUQUN MQPLM¿NLPQ `NaTM `TaL¤û\LTM TOPTìT¤QLM ML\¸POL^TM ¸ T MNì[L¤PN ONYM[aPQUT¼

9������ !c= RÇiÊ {Pn(x)}∞n=0
ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ ÞÄÆ ÐÇøÊØÑÄ Ê ÈÆÊ ÖËÅp

öÐËÔÈËØÑÄ dφ(x) ÇÆ ÈÆ ËÛöÇÐwÊøÄ ÅËÆjöÐËÞÄ (−b, b) ÞÄÆ ÐÇøÊØÑÄ É ÄÐËQÇÆÙ ÕÛöÑÄÌ ÊÅ ÅÇQÈËÛöÇÅ ÊXÐpÆÊØUÇÅ ÅÑÄ ÇlÈËwÊøÇÛöÇÅS
(a) dφ(x) j ÅËÆjöÐËÞÊÌ ËÅöÄ j dφ(x) = −dφ(−x)n
(b) Pn(−x) = (−1)nPn(x)Ì n ≥ 0n
(c) ÛÊ ×÷ÐÆÈøÊ ÖÇ ÐÇÞÄÐÐVÛÞËÊÌ ξn = 0Ì n ≥ 1

Ù
E����ÿ���ab�D

(a) ⇒ (b)
�N\TM¨ `TO ´L`XPNMN¨ ²[N dφ(x)

¸ ML\¸POL^Q¼ ©TìT¨
∫ b

−b
Pn(−x)Pm(−x)dφ(x) =

∫ b

−b
Pn(x)Pm(x)dφ(x) = 0, m 6= n.

_MML\¨ {Pn(−x)}∞n=0

¸ [\Q MN²[§¤^LQ UN `TaL¤û\LTM TOPTìT¤QLM N\ (−b, b) ^T\ ONaQRST ñ ULMYPOLº[LRST dφ(x)
¼ KQ»¨ `NaT ªTOTa]OLT d¼�¨ PN\TM ²[N

Pn(−x) = cnPn(x), T¤UN cn ¸ [\Q ^T¤MPQ¤PN.
ªT\`QOQ¤UT TM ^TNï^LN¤PNM UN \QLTO ìOQ[¨ ^´NìQ\TM ²[N cn = (−1)n ¼

�c
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(b) ⇒ (c)
KQ ONaQRST UN ON^TOO§¤^LQ Gd¼ÁH¨ MQºN\TM ²[N

ξn = γn
〈xPn, Pn〉
〈Pn, Pn〉

.

VQM¨

〈xPn, Pn〉 =

∫ b

−b
x[Pn(x)]2dφ(x) =

∫ 0

b
(−x)[Pn(−x)]2dφ(−x) +

∫ b

0
x[Pn(x)]2dφ(x)

= −
∫ b

0
x(−1)2n[Pn(x)]2dφ(x) +

∫ b

0
x[Pn(x)]2dφ(x) = 0.

(c) ⇒ (a)
WTO ´L`XPNMN¨ PN\TM ²[N ξn = 0

¼ ©TìT¨

0 = 〈xPn, Pn〉 =

∫ b

−b
x[Pn(x)]2dφ(x)

=

∫ b

0
x[Pn(x)]2dφ(−x) +

∫ b

0
x[Pn(x)]2dφ(x).

WTOPQ¤PT¨
∫ b

0
x[Pn(x)]2dφ(x) =

∫ b

0
x[Pn(x)]2(−dφ(−x)).

UN T¤UN MNì[N T ONM[aPQUT¼
­\ ¿Q\TMT ONM[aPQUT UQ PNTOLQ UTM `TaL¤û\LTM TOPTìT¤QLM ¸ UN®LUT Q UN °¼ ³Q®QOU¼

9������ !c< dÎc ��þ���z ;� ���� x<yg RÇ ÈÆ ÅËÅöÇÆÊ ÖÇ ÉÄøËÛOÆËÄÅ {πn(x)}∞n=0
ÅÊöËÅ×Êo Ê ÈÆÊÐÇøÊØÑÄ ÖÇ ÐÇÞÄÐÐVÛÞËÊ ÖÄ öËÉÄ

xπn(x) =
ãn,n

ãn+1,n+1
πn+1(x) + ξ̃n+1πn(x) +

ãn−1,n−1

ãn,n
πn−1(x),

n = 0, 1, 2, . . .Ì ÞÄÆ π−1(x) = 0Ì ã−1,−1 = 0Ì π0(x) = ã0,0
Ì ãn,n > 0 Ç ξ̃n+1 ∈ R

Ì ÇÛöÑÄ {πn(x)}∞n=0j ÄÐöÄQÄÛÊø ÞÄÆ ÐÇøÊØÑÄ Ê ÊøQÈÆÊ ×ÈÛØÑÄ ÖËÅöÐËÔÈËØÑÄ φ (lÈÇ ÉÄÖÇ ÅÇÐ ÈÛËÞÊÆÇÛöÇ ÖÇöÇÐÆËÛÊÖÊ) Ç

ξ̃n+1 =

∫ b

a
tπ2

n(t)dφ(t).

E�;� ab� !c� Ã ×ÈÛØÑÄ ÖÇ TÜÐËÅöÄÏÇø λn
ÞÄÐÐÇÅÉÄÛÖÇÛöÇ Ê ÈÆÊ ×ÈÛØÑÄ ÖËÅöÐËÔÈËØÑÄ φ j ÖÇXÛËÖÊ

ÉÄÐ
λn(z) = min

π(x)∈Pn−1

∫ b

a
|πn−1(t)|2dφ(t),

ÞÄÆ πn−1(z) = 1 ÉÊÐÊ z ∈ C
Ì n = 1, 2, . . .

Ù
½M ¤±\NOTM λn(xn,k)

MST ^´Q\QUTM ¤±\NOTM UN ª´OLMPT�Na N MST ìNOQa\N¤PN UN¤TPQUTM `TO λn,k
¼

� 
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9������ !c~ d�f��¢ý� �� Ð¢�����¢�� �� C�¢ÿÿ�Î���8 g RÇ xn,1 < xn,2 < . . . < xn,n
ÖÇÛÄp

öÊÆ ÄÅ oÇÐÄÅ ÖÇ Qn(x)Ì ÇÛöÑÄ ÇkËÅöÇÆ ÛmÆÇÐÄÅ ÐÇÊËÅ λn,1, λn,2, . . . , λn,n
öÊËÅ lÈÇ

∫ b

a
ρ(x)dφ(x) =

n∑

k=1

λn,kρ(xn,k)

ÅÇÆÉÐÇ lÈÇ ρ(x) ∈ P2n−1
Ù Ã ÖËÅöÐËÔÈËØÑÄ dφ(x) Ç Ä ËÛöÇËÐÄ n ÖÇöÇÐÆËÛÊÆ ÈÛËÞÊÆÇÛöÇ ÄÅ ÛmÆÇÐÄÅ

λn,k
lÈÇ ÅÑÄ ÖÇÛÄÆËÛÊÖÄÅ ÉÇÅÄÅ ÖÊ ×÷ÐÆÈøÊ ÖÇ ÑÊÈÅÅ ÄÈ ÛmÆÇÐÄÅ ÖÇ TÜÐËÅöÄÏÇø Ç xn,k

Ì ÄÅ Û÷ÅÙ
E����ÿ���ab�D ·QºN\TM ²[N T `TaL¤û\LT L¤PNO`TaQUTO UN ©QìOQ¤ìN¨ Ln−1(x)

¨ UN ìOQ[ n− 1
¨ ²[N^TL¤^LUN ^T\ ρ(x) ¤TM `T¤PTM xn,k

¨
k = 1, 2, . . . , n

¨ ¸ UQUT `TO

Ln−1(x) =
n∑

k=1

ρ(xn,k)ln,k(x),
Gd¼� H

T¤UN
ln,k(x) =

Qn(x)

(x− xn,k)Q′
n(xn,k)

, k = 1, 2, . . . , n.

«¤PST¨
ρ(xn,k) − Ln−1(xn,k) = 0, k = 1, 2, . . . , n.

©TìT¨ Q(x) = ρ(x)−Ln−1(x)
¸ [\ `TaL¤û\LT UN ìOQ[ ¤T \]¬L\T 2n− 1

²[N MN Q¤[aQ N\ xn,k
¨

k = 1, 2, . . . , n
¼ _MML\¨

Q(x) = R(x)Pn(x),

T¤UN R(x)
¸ [\ `TaL¤û\LT UN ìOQ[ ¤T \]¬L\T n− 1

¼ WTOPQ¤PT¨ ^T\T R(x)
¸ TOPTìT¤Qa Q

Pn(x)
¨

∫ b

a
ρ(x)dφ(x) =

∫ b

a
Q(x)dφ(x) +

∫ b

a
Ln−1(x)dφ(x)

=

∫ b

a
R(t)Pn(x)dφ(t) +

∫ b

a
Ln−1(x)dφ(x)

=

∫ b

a

n∑

k=1

ρ(xn,k)ln,k(x)dφ(x) =
n∑

k=1

ρ(xn,k)

∫ b

a
ln,k(x)dφ(x)

=
n∑

k=1

ρ(xn,k)λn,k.
Gd¼ÁbH

�N\TM¨ QL¤UQ¨ UN Gd¼� H¨ ²[N
∫ b

a
ρ(x)dφ(x) =

∫ b

a

n∑

k=1

[
Qn(x)

(x− xn,k)Q′
n(xn,k)

ρ(xn,k)

]

dφ(x)

=
n∑

k=1

[
1

Q′
n(xn,k)

∫ b

a

Qn(x)

(x− xn,k)
dφ(x)ρ(xn,k)

]

.

Áb
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ªT\`QOQ¤UT NMMQ N²[QRST ^T\ Gd¼ÁbH¨ TºPN\TM ²[N

λn,k =
1

Q′
n(xn,k)

∫ b

a

Qn(x)

(x− xn,k)
dφ(x), k = 1, . . . , n. Gd¼Á�H

«\ ·íNìÒ KdcL N¤^T¤POQ\TM PQ\º¸\ ²[N λn,k
¨
k = 1, 2, . . . , n

¨ `TUN\ MNO UQUTM `TO
λn,k =

a∗n,n

a∗n−1,n−1

1

p′n(xn,k)pn−1(xn,k)
. Gd¼ÁÁH

«MMN ONM[aPQUT MNì[N UQ ²[QUOQP[OQ UN ZQ[MMY°Q^TºL N UQ ¥UN¤PLUQUN UN ª´OLMPT�NaYKQOºT[¬¼
­\ ONM[aPQUT ²[N MNO] ±PLa \QLM QULQ¤PN ¸ T MNì[L¤PN PNTON\Q¼

9������ !c�{ Ã ÅÇQÈËÛöÇ ÖÇÞÄÆÉÄÅËØÑÄ ÇÆ ×ÐÊØUÇÅ ÉÊÐÞËÊËÅ j wÓøËÖÊ
Qn(x)

Qn+1(x)
=

n+1∑

k=1

γn+1,k

(x− xn+1,k)
Gd¼ÁdH

ÄÛÖÇ xn+1,k
Ì k = 1, 2, . . . , n+ 1Ì ÅÑÄ ÄÅ oÇÐÄÅ ÖÇ Qn+1(x)

Ç γn+1,k =
Qn(xn+1,k)

Q′
n+1(xn+1,k)

> 0
Ù

E����ÿ���ab�D ªT¤MLUNON\TM T `TaL¤û\LT L¤PNO`TaQUTO UN ©QìOQ¤ìN UN Qn(x)
MTºON TM n+1

íNOTM
xn+1,1, xn+1,2, . . . , xn+1,n+1

UN Qn+1(x)
¼ «¤PST¨

Qn(x) =

n+1∑

i=1

π(x)

(x− xn+1,i)π′(xn+1,i)
Qn(xn+1,i),

T¤UN
π(x) = (x− xn+1,1)(x− xn+1,2) · · · (x− xn+1,n+1)

Gd¼ÁÂH
¸ T `TaL¤û\LT UTM ¤XM¼ ªT\T Qn+1(x)

¸ \û¤L^T¨ UN Gd¼ÁÂH PN\TM ²[N Qn+1(x) = π(x)
¼

_MML\¨

Qn(x) =
n+1∑

i=1

Qn+1(x)

(x− xn+1,k)Q
′
n+1(xn+1,i)

Qn(xn+1,i),

UN T¤UN MNì[N T ONM[aPQUT¼
ªT\T Q′

n(x)
¸ [\ `TaL¤û\LT UN ìOQ[ n− 1

¨ `NaT `TaL¤û\LT UN L¤PNO`TaQRST UN ©QìOQ¤ìN GÁ¼�H¨

Q′
n(x) =

n∑

k=1

Qn(x)

(x− xn,k)Q′
n(xn,k)

Q′
n(xn,k)

UN T¤UN ^T¤^a[»\TM ²[N
Q′

n(x)

Qn(x)
=

n∑

k=1

1

x− xn,k
. Gd¼Á�H

Á�
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ªT\T Qk(x)
¨
k = 0, 1, . . . , n

¨ MST \û¤L^TM¨ PN\TM QL¤UQ ²[N
n∑

i=1

Qn−1(xn,i)

Q′
n(xn,i)

=
n∑

i=1

pn−1(xn,i)

a∗n−1,n−1

a∗n,n

p′n(xn,i)
. Gd¼Á�H

KN Gd¼ÁÁH¨ MQºN\TM ²[N

λn,i =
a∗n,n

a∗n−1,n−1

1

p′n(xn,i)pn−1(xn,i)
, i = 1, 2, . . . , n.

©TìT¨ UN Gd¼Á�H¨ ^´NìQ\TM ²[N
n∑

i=1

γn,i =
n∑

i=1

Qn−1(xn,i)

Q′
n(xn,i)

=
n∑

i=1

p2
n−1(xn,i)λn,i

=

∫ b

a
p2

n−1(x)dφ(x) =‖ pn−1(x) ‖2= 1.

_ MNì[L¤PN UNï¤LRST MNO] UN ìOQ¤UN L\`TOP¶¤^LQ ¤NMPN POQºQa´T¼
E�;� ab� !c� d8Ó�ý�� �� E � ��ý��g P ÛmÞøÇÄ ÖÇ }ËÐËÞÜøÇö j ÖÇXÛËÖÄ ÉÄÐ

Kn(x, t) =
n−1∑

k=0

pk(x)pk(t),

ÄÈÌ ÉÇøÊ ÅÄÆÊ ÖÇ TÜÐËÅöÄÏÇøp}ÊÐÔÄÈk (3.9)Ì ÉÄÐ

Kn(x, t) =
a∗n−1,n−1

a∗n,n

pn(x)pn−1(t) − pn−1(x)pn(t)

x− t
. Gd¼Á�H

�����  ��¨Ô�� ����Õ���� � �� �����Ö���� ×���������
�Q\TM ^T¤MLUNOQO Q`N¤QM T M[ï^LN¤PN UN ¿OQRðNM ^T¤P»¤[QM `QOQ L¤UL^QO M[Q ONaQRST ^T\ TM

`TaL¤û\LTM TOPTìT¤QLM N TºPNO ^NOPTM ONM[aPQUTM ²[N [PLaLíQON\TM ¤TM ^Q`»P[aTM `TMPNOLTONM¼ ­\NMP[UT UNPQa´QUT MTºON T QMM[¤PT `TUN MNO N¤^T¤POQUT N\ KÁd¨ Â�L¼·NüQ\ {an}∞n=1

N {bn}∞n=0

MN²[§¤^LQM QOºLPO]OLQM UN ¤±\NOTM ^T\`aN¬TM N
C0 = b0

C1 = b0 +
a1

b1

C2 = b0 +
a1

b1 +
a2

b2

Gd¼ÁcH
¼¼¼ ¼¼¼

Cn = b0 +
a1

b1 +
a2

b2 + ¼ ¼ ¼ Øan

bn

,

ÁÁ
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T¤UN Cn
¸ ^´Q\QUT UN nY¸ML\T ^T¤®NOìN¤PN GT[ Q`OT¬L\Q¤PNH UQ ¿OQRST ^T¤P»¤[Q GL¤ï¤LPQH

b0 +
a1

b1 +
a2

b2 + ¼ ¼ ¼ Ø an

bn

Ø ¼ ¼ ¼
. Gd¼Á H

­\Q T[POQ ¿TO\Q UN UN¤TPQO\TM Q ¿OQRST ^T¤P»¤[Q Gd¼Á H ¸
b0 +

a1

b1
Ø a2

b2
Ø

· · ·
Ø an

bn
Ø

· · · .
Gd¼dbH

E�;� ab� !c! Ã ×ÐÊØÑÄ ÞÄÛö|ÛÈÊ (3.30) ÞÄÛwÇÐQÇ ÉÊÐÊ ÈÆ wÊøÄÐ K (
XÛËöÄ) ÅÇ ÊÉÇÛÊÅ ÈÆ ÛmÆÇÐÄXÛËöÄ ÖÇ Cn

ÛÑÄ j ÖÇXÛËÖÄ Ç
lim

n→∞
Cn = K.

TÊÅÄ ÞÄÛöÐÓÐËÄÌ ÖËoÇÆÄÅ lÈÇ Ê ×ÐÊØÑÄ ÞÄÛö|ÛÈÊ ÖËwÇÐQÇÙ
¹N¿NOL¤UTY¤TM Q Gd¼ÁcH¨ `TUN\TM NM^ON®NO

Cn =
An

Bn
, n = 0, 1, 2, . . . ,

T¤UN
A0 = b0, B0 = 1,

A1 = b0b1 + a1, B1 = b1,

A2 = b0b1b2 + b0a2 + a1b2, B2 = b1b2 + a2N¨ N\ ìNOQa¨ An
N
Bn

MST `TaL¤û\LTM N\ ai, bj
¼

_MML\¨ `TUN\TM NM^ON®NO
A1 = b1A0 + a1A−1,

T¤UN A−1 = 1,

B1 = b1B0 + a1B−1,
T¤UN B−1 = 0.WTOPQ¤PT¨ `QOQ Qaì[\ n ≥ 1

¨ TºPN\TM ²[N
An = bnAn−1 + anAn−2, A−1 = 1,

Bn = bnBn−1 + anBn−2, B−1 = 0,
Gd¼d�H

^T¤´N^LUQM ^T\T ³XO\[aQM UN �QaaLM¨ T¤UN An
N
Bn

MST ^´Q\QUTM UN nY¸ML\T ¤[\NOQUTO `QO^LQa N
nY¸ML\T UN¤T\L¤QUTO `QO^LQa UQ ¿OQRST ^T¤P»¤[Q¨ ONM`N^PL®Q\N¤PN¼

_M ¿XO\[aQM UN �QaaLM Gd¼d�H aN®Q\ Q [\Q ^T¤N¬ST ULONPQ N¤PON `TaL¤û\LTM TOPTìT¤QLM N ¿OQRðNM^T¤P»¤[QM `TLM¨ MN N\ Gd¼dbH PT\QO\TM
b0 = 0, a1 = δ̂0 6= 0, an+1 = −δ̂n

N
bn = x− ξ̂n−1 n ≥ 1,

TºPNON\TM Q ¿OQRST ^T¤P»¤[Q
δ̂0

x− ξ̂0
Ø −δ̂1
x− ξ̂1

Ø
· · ·

Ø −δ̂n
x− ξ̂n

Ø
· · ·

Gd¼dÁH
Ád
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^[üT nY¸ML\T UN¤T\L¤QUTO `QO^LQa¨ Bn = Qn(x)
¨ MQPLM¿Qí ñ ONaQRST UN ON^TOO§¤^LQ Gd¼�H¼_MML\¨ `NaT �NTON\Q d¼c G°¼ ³Q®QOUH¨ MNì[N ²[N TM UN¤T\L¤QUTONM `QO^LQLM UN Gd¼�H ¿TO\Q\

[\Q MN²[§¤^LQ UN `TaL¤û\LTM TOPTìT¤QLM ^T\ ONaQRST Q Qaì[\Q ULMPOLº[LRST φ MN
ξ̂n

¨
n = 0, 1, . . .

¨
MST ONQLM N

δ̂n > 0
¨
n = 0, 1, . . .

¼ _ ¿OQRST ^T¤P»¤[Q Gd¼dÁH ¸ ^´Q\QUQ UN J Y×ÐÊØÑÄ T[ ¿OQRST ^T¤P»¤[Q
UN ÊÊÞÄÔË¨ UN®LUT ñ M[Q ONaQRST ^T\ QM ^T¤´N^LUQM \QPOLíNM UN ÊÊÞÄÔË Gd¼cH¼¹NPTO¤Q¤UT ñM ¿XO\[aQM UN �QaaLM¨ ¤TPN ²[N TM ¤[\NOQUTONM `QO^LQLM¨ An = An(x)

¨ MQPLM¿QíN\ñ ONaQRST UN ON^TOO§¤^LQ
An(x) = (x− ξ̂n−1)An−1(x) − δ̂n−1An−2(x), n = 2, 3, . . . ,

^T\ A−1(x) = 1
¨
A0(x) = 0

¨
A1(x) = δ̂0

¼
�N\TM ²[N δ̂−1

0 An(x)
¸ [\ `TaL¤û\LT \û¤L^T UN ìOQ[ n− 1

²[N L¤UN`N¤UN UN δ̂0 ¼ _MML\¨
Q(0)

n (x) = δ̂−1
0 An+1(x), n ≥ 1,

¸ [\ `TaL¤û\LT \û¤L^T UN ìOQ[ n L¤UN`N¤UN¤PN UN δ̂0 ²[N MQPLM¿Qí ñ ¿XO\[aQ UN ON^TOO§¤^LQ
Q(0)

n (x) = (x− ξ̂n)Q
(0)
n−1(x) − δ̂nQ

(0)
n−2(x), n = 1, 2, . . . ,

^T\ Q
(0)
−1(x) = 0

¨
Q

(0)
0 (x) = 1

¼
©TìT¨ {Q(0)

n (x)}∞n=0

¸ [\Q MN²[§¤^LQ UN `TaL¤û\LTM TOPTìT¤QLM MN
ξ̂n

¨
n = 1, 2, . . . ,

MST ONQLM N
δ̂n > 0 `QOQ n ≥ 1

¼
E�;� ab� !c& PÅ ÉÄøËÛOÆËÄÅ Q(0)

n (x) ÅÑÄ ÞÜÊÆÊÖÄÅ ÖÇ ÉÄøËÛOÆËÄÅ ÊÅÅÄÞËÊÖÄÅ ÊÄÅ ÄÐöÄQÄÛÊËÅ Ç
ÉÄÖÇÆ ÅÇÐ ÖÊÖÄÅ ÉÄÐ

δ̂0Q
(0)
n (x) =

∫ b

a

Qn(t) −Qn(x)

t− x
dφ(t), n ≥ 1.

­\ T[POT ONM[aPQUT L\`TOPQ¤PN MTºON Q UN^T\`TMLRST UTM ^T¤®NOìN¤PNM UQ Êp×ÐÊØÑÄ Gd¼dÁH ¸
UQUT `NaT MNì[L¤PN PNTON\Q¼
9������ !c��

(
;� ���� x<yz 9������ &c!z ec<<) RÇ ξ̂n ∈ R

Ç δ̂n > 0Ì n ≥ 1Ì öÇÆÄÅ
δ̂0Q

(0)
n−1(x)

Qn(x)
=

n∑

k=1

λn,k

x− xn,k
=

∫ b

a

1

x− t
dφn(t),

ÄÛÖÇ λn,k
ÅÑÄ ÄÅ ÞÄÇXÞËÇÛöÇÅ ÖÊ ×÷ÐÆÈøÊ ÖÇ lÈÊÖÐÊöÈÐÊ ÖÇ ÑÊÈÅÅ ÞÄÐÐÇÅÉÄÛÖÇÛöÇÅ ÊÄÅ oÇÐÄÅ xn,k

Ç
φn j Ê ÞÄÐÐÇÅÉÄÛÖÇÛöÇ ×ÈÛØÑÄ ÖËÅöÐËÔÈËØÑÄ ÞÄÆ ÅÊøöÄ λn,k

ÛÄ ÉÄÛöÄ xn,k
Ù

E����ÿ���ab�D KN Gd¼Á�H¨ PN\TM ²[N

λn,k =
1

Q′
n(xn,k)

∫ b

a

Qn(x)

(x− xn,k)
dφ(x)

=
1

Q′
n(xn,k)

∫ b

a

Qn(x) −Qn(xn,k)

(x− xn,k)
dφ(x)

=
δ̂(0)Q

(0)
n−1(xn,k)

Q′
n(xn,k)

, k = 1, . . . , n.

ÁÂ
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VQM¨ MQºN\TM ²[N T `TaL¤û\LT UN L¤PNO`TaQRST UN ©QìOQ¤ìN UN Q(0)
n−1(x)

MTºON TM íNOTM xn,k
¨

k = 1, 2, . . . , n
¨ UN Qn(x)

¸ UQUT `TO

Q
(0)
n−1(x) =

n∑

k=1

Qn(x)

(x− xn,k)Q′
n(xn,k)

Q
(0)
n−1(xn,k).

©TìT¨
δ̂0Q

(0)
n−1(x)

Qn(x)
=

n∑

k=1

δ̂0Q
(0)
n−1(xn,k)

(x− xn,k)Q′
n(xn,k)

=
n∑

k=1

λn,k

(x− xn,k)
. Gd¼ddH

ªT\T

φn(t) =







0,
MN

t ≤ xn,1,
s∑

k=1

λn,k,
MN

xn,s < t ≤ xn,s+1, 1 ≤ s ≤ n− 1,

n∑

k=1

λn,k,
MN

xn,n < t,

TºPN\TM¨ UQ UNï¤LRST UN L¤PNìOQa UN ·PLNaPüNM N UN Gd¼ddH¨ ²[N
∫ b

a

1

x− t
dφn(t) =

n∑

k=1

λn,k

x− xn,k
=
δ̂0Q

(0)
n−1(x)

Qn(x)
.

·NüQ\
ζi = lim

n→∞
xn,i, ηj = lim

n→∞
xn,n−j+1,

σ = lim
i→∞

ζi e τ = lim
j→∞

ηj .

E�;� ab� !c- P ËÛöÇÐwÊøÄ [ζ1, η1] j ÞÜÊÆÊÖÄ ÖÇ wÇÐÖÊÖÇËÐÄ ËÛöÇÐwÊøÄ ÖÇ ÄÐöÄQÄÛÊøËÖÊÖÇ ÖÇ Qn(x)
Ù

·N T ®NOUQUNLOT L¤PNO®QaT UN TOPTìT¤QaLUQUN [ζ1, η1]
¸ aL\LPQUT¨ UN [12, II − �NTON\Q

3.1]
N UTMNì[¤UT �NTON\Q UN �Naa� Á¼d¨ `TUN\TM ^T¤^a[LO ²[N

lim
k→∞

δ̂0Q
(0)
nk−1(x)

Qnk
(x)

=

∫ η1

ζ1

dφ(x)

z − x
, `QOQ z /∈ [ζ1, η1].

Gd¼dÂH
_MML\¨ MNì[N ²[N MN

[ζ1, η1]
¸ aL\LPQUT¨ N¬LMPN [\Q M[ºMN²[§¤^LQ UN ^T¤®NOìN¤PNM UQÊp×ÐÊØÑÄ Gd¼dÁH ²[N ^T¤®NOìN `QOQ

FC(z) =

∫ η1

ζ1

dφ(x)

z − x
, `QOQ z /∈ [ζ1, η1].

Gd¼d�H

Á�
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9������ !c�� d7ý¢������ý 9�����ý Ù���z ;� ���� x<yg RÇiÊÆ ÄÅ ÉÄøËÛOÆËÄÅ Qn(x) ÖÊÖÄÅ
ÉÄÐ (3.6) Ç ÅÈÉÄÛÜÊÆÄÅ lÈÇ lim

n→∞
ξ̂n = ξ̂ Ç lim

n→∞
δ̂n = δ̂ > 0Ì ÄÛÖÇ ξ̂ Ç δ̂ ÅÑÄ XÛËöÄÅÙ RÇiÊÌ ÊËÛÖÊÌ

X = {xn,k : 1 ≤ k ≤ n, n = 1, 2, . . .} Ù ÕÛöÑÄÌ X j ÖÇÛÅÄ ÛÄ ËÛöÇÐwÊøÄ [σ, τ ]Ì ÄÛÖÇ
σ = ξ̂ − 2

√

δ̂ Ç τ = ξ̂ + 2
√

δ̂.

­\Q T[POQ `OT`OLNUQUN ²[N ¿QON\TM [MT ¸ Q UN aL\LPQ¤PNM `QOQ TM íNOTM UTM `TaL¤û\LTM Qn(x)
¼

����� ���������� §��� �� Ú����
KT ¤±^aNT UN KLOL^´aNP Gd¼Á�H¨ `TUN\TM ¤TPQO ²[N

Kn(x, t) =
n−1∑

k=0

pk(x)pk(t) =
a∗n−1,n−1

a∗n,n

pn(x)pn−1(t) − pn−1(x)pn(t)

x− t
.

_MML\¨ `QOQ t = xn,k
¨ PN\TM

xK2
n(x, xn,k) = x

(a∗n−1,n−1)
2

(a∗n,n)2
p2

n(x)p2
n−1(xn,k)

(x− xn,k)2
.

_MML\¨ `NaQ ¿XO\[aQ UN ²[QUOQP[OQ UN ZQ[MMY°Q^TºL¨
∫ b

a
xK2

n(x, xn,k)dφ(x) =
n∑

j=1

xn,jK2
n(xn,j , xn,k)λn,j

=
n∑

j=1

xn,j

(a∗n−1,n−1)
2

(a∗n,n)2
p2

n(xn,j)p
2
n−1(xn,k)

(xn,j − xn,k)2
λn,j

=
(a∗n−1,n−1)

2

(a∗n,n)2
p2

n−1(xn,k)
n∑

j=1

xn,j
p2

n(xn,j)

(xn,j − xn,k)2
λn,j

=
(a∗n−1,n−1)

2

(a∗n,n)2
p2

n−1(xn,k)
[

p
′

n(xn,k)
]2
xn,kλn,k

(3.22)
=

xn,k

λn,k
.

WTOPQ¤PT¨
xn,k = λn,k

∫ b

a
xK2

n(x, xn,k)dφ(x).

WTO T[POT aQUT¨

xn,k = λn,k

∫ b

a
xK2

n(x, xn,k)dφ(x) = λn,k

∫ b

a
x





n−1∑

j=0

pj(x)pj(xn,k)





2

dφ(x)

= λn,k

∫ b

a
x





n−1∑

j=0

p2
j (x)p

2
j (xn,k)



 dφ(x)

+2λn,k

∫ b

a
x






n−2∑

i=0

j=i+1

pi(x)pi(xn,k)pj(x)pj(xn,k)




 dφ(x)

Á�
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= λn,k

n−1∑

j=0

∫ b

a
xp2

j (x)p
2
j (xn,k)dφ(x)

+2λn,k

n−2∑

i=0

j=i+1

pi(xn,k)pj(xn,k)

∫ b

a
xpi(x)pj(x)dφ(x)

= λn,k

n−1∑

j=0

ρ∗jp
2
j (xn,k) + 2λn,k

n−1∑

j=1

a∗j−1,j−1

a∗j,j
pj−1(xn,k)pj(xn,k)

_MML\¨

|xn,k| ≤ λn,k

n−1∑

j=0

|ρ∗j |p2
j (xn,k) + 2λn,k

n−1∑

j=1

∣
∣
∣
∣
∣

a∗j−1,j−1

a∗j,j

∣
∣
∣
∣
∣
|pj−1(xn,k)pj(xn,k)|

≤ λn,k max
0≤j≤n−1

|ρ∗j |
n−1∑

j=0

p2
j (xn,k) + 2λn,k max

1≤j≤n−1

∣
∣
∣
∣
∣

a∗j−1,j−1

a∗j,j

∣
∣
∣
∣
∣
×

n−1∑

j=1

|pj−1(xn,k)pj(xn,k)|

≤ max
0≤j≤n−1

|ρ∗j | + 2λn,k max
1≤j≤n−1

a∗j−1,j−1

a∗j,j

√
√
√
√

n−1∑

i=0

p2
i (xn,k)

√
√
√
√

n−1∑

j=0

p2
j (xn,k)

= max
0≤j≤n−1

|ρ∗j | + 2 max
1≤j≤n−1

a∗j−1,j−1

a∗j,j
.

WTOPQ¤PT¨ UN Gd¼�H¨ ^´NìQ\TM ²[N
|xn,k| ≤ max

0≤j≤n−1
|ξ̂j | + 2 max

1≤j≤n−1
δ̂
1/2
j . Gd¼d�H

½ºMNO®N¨ N¤PST¨ ²[N ^QMT TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MNüQ\ aL\LPQUTM¨
−A ≤ xn,k ≤ A

¨
k = 1, . . . , n

¨ T¤UN A ¸ [\Q ^T¤MPQ¤PN `TMLPL®Q¼
����� �����Ö���� ×��������� ��Û������
!c�c!c� <�ý �Ü� �ÿ �� Î���8  � P (α,β)

n (x)

·ST TOPTìT¤QLM ¤T L¤PNO®QaT [−1, 1]
^T\ ONaQRST ñ ¿[¤RST `NMT w(x) = (1−x)α(1+x)β ¨

α, β > −1
¨

α
N
β ONQLM¼

• WQOQ α = β = 0
¨ PN\TM TM `TaL¤û\LTM Pn(x) = P

(0,0)
n (x)

¨ ^T¤´N^LUTM ^T\T `TaL¤û\LTM UN©NìN¤UON¨ ²[N MST TOPTìT¤QLM N\ [−1, 1] ONaQPL®Q\N¤PN Q ¿[¤RST `NMT w(x) = 1
N MQPLM¿QíN\ ñ

MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ
Pn+1(x) =

2n+ 1

n+ 1
xPn(x) − n

n+ 1
Pn−1(x), n ≥ 0,

T¤UN P−1(x) = 0
N
P0(x) = x

¼

Á�
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• WQOQ α = β = λ − 1/2 (λ 6= 1/2)
¨ PN\TM TM `TaL¤û\LTM [aPOQM¿¸OL^TM GT[ ZNìN¤ºQ[NOH

P
(λ)
n (x) = cteP

(λ−1/2,λ−1/2)
n (x)

¨ ²[N MST TOPTìT¤QLM ¤T L¤PNO®QaT [−1, 1]
^T\ ONaQRST ñ ¿[¤RST `NMT

w(x) = (1 − x2)λ−1/2 ¼_ ONaQRST UN ON^TOO§¤^LQ `QOQ TM `TaL¤û\LTM UN ZNìN¤ºQ[NO ¸ UQ ¿TO\Q
P

(λ)
n+1(x) =

2(n+ λ)

n+ 1
xP (λ)

n (x) − n+ 2λ− 1

n+ 1
P

(λ)
n−1(x), n ≥ 0,

T¤UN P (λ)
−1 (x) = 0

N
P

(λ)
0 (x) = 1

¼
• WQOQ α = β = −1/2

¨ TºPN\TM TM `TaL¤û\LTM UN ª´Nº�M´N® UN �
a

NM`¸^LN¨
Tn(x) = cteP (−1/2,−1/2)

n (x)

²[N MST TOPTìT¤QLM ¤T L¤PNO®QaT [−1, 1]
^T\ ONaQRST ñ ¿[¤RST `NMT w(x) = (1− x2)−1/2 MQPLM¿QíN¤UT

Q MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ
Tn+1(x) = 2xTn(x) − Tn−1(x), n ≥ 1,

^T\ T0(x) = 1
N
T1(x) = x

¼
• WQOQ α = β = 1/2

¨ N¤^T¤POQ\TM TM `TaL¤û\LTM UN ª´Nº�M´N® UN Á
a

NM`¸^LN
Un(x) = cteP (1/2,1/2)

n (x),

²[N MST TOPTìT¤QLM ¤T L¤PNO®QaT [−1, 1]
^T\ ONaQRST Q ¿[¤RST `NMT w(x) = (1 − x2)1/2 ¼ _ ONaQRST UN

ON^TOO§¤^LQ ¸ UQUQ `TO
Un+1(x) = 2xUn(x) − Un−1(x), n ≥ 1,

T¤UN U0(x) = 1
N
U1(x) = 2x

¼
!c�c!c� <�ý �Ü� �ÿ �� ?�9¢���� � L(α)

n (x)

½M `TaL¤û\LTM UN ©Qì[NOON MST TOPTìT¤QLM ¤T L¤PNO®QaT [0,∞)
^T\ ONaQRST ñ ¿[¤RST `NMT

w(x) = xαe−x ¨
α > −1

N MQPLM¿QíN\ ñ MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM
L

(α)
n+1(x) = (x− (2n+ α+ 1))L(α)

n (x) − n(n+ α)L
(α)
n−1(x), n ≥ 0,

^T\ L
(α)
−1 (x) = 0

N
L

(α)
0 (x) = 1

¼
!c�c!c! <�ý �Ü� �ÿ �� Ý��� �� � Hn(x)

½M `TaL¤û\LTM UN �NO\LPN MST TOPTìT¤QLM ¤T L¤PNO®QaT (−∞,∞)
^T\ ONaQRST ñ ¿[¤RST `NMT

w(x) = e−x2 ¨ MQPLM¿QíN¤UT ñ ONaQRST UN ON^TOO§¤^LQ
Hn+1(x) = 2xHn(x) − 2nHn−1(x), n ≥ 0,

^T\ H−1(x) = 0
N
H0(x) = 1

¼
Ác
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·NüQ
ψ(t) [\Q ¿[¤RST ONQa¨ aL\LPQUQ¨ ¤STYUN^ONM^N¤PN N ^T\ L¤ï¤LPTM `T¤PTM UN Q[\N¤PT N\

(a, b)
¨ −∞ ≤ a < b ≤ ∞¼

½M `NM²[LMQUTONM °T¤NM¨ �´OT¤ N �QQUNaQ¤U KÁbL L¤POTU[íLOQ\ T `OTºaN\Q ¿TOPN UN \T\N¤PT²[N QºOL[ ^Q\L¤´T `QOQ T NMP[UT UN `TaL¤û\LTM ²[N Q`ONMN¤PQ\ `OT`OLNUQUNM MN\Na´Q¤PNM ñM UTM
`TaL¤û\LTM TOPTìT¤QLM¼½ `OTºaN\Q ¿TOPN UN \T\N¤PT `TUN MNO UQUQ UQ MNì[L¤PN ¿TO\Q¾

¯ KQUQ [\Q MN²[§¤^LQ UN ¤±\NOTM ONQLM {µm}∞m=−∞
¨ N\ ²[N ^T¤ULRðNM N¬LMPN [\Q ULMPOLº[LRST

¤ST ¤NìQPL®Q dψ(t)
PQa ²[N

µm =

∫ b

a
tmdψ(t), m = 0,±1,±2, . . .? ”

°T¤NM¨ �´OT¤ N �QQUNaQ¤U ONMTa®NOQ\ NMPN `OTºaN\Q ²[Q¤UT dψ(t)
¸ [\Q ULMPOLº[LRST ¿TOPN UN·PLNaPüNM¨ LMPT ¸¨

(a, b) ⊆ (0,∞)
¼

ªT\ T TºüNPL®T UN NMP[UQO T `OTºaN\Q ¿TOPN UN \T\N¤PTM `QOQ T ^QMT N\ ²[N a = −∞ N
b = ∞¨

^T¤´N^LUT ^T\T `OTºaN\Q ¿TOPN UN \T\N¤PT UN �Q\º[OìNO¨ ·OL ¹Q¤ìQ¨ N\ KdÁL¨ L¤POTU[íL[ [\Q
MN²[§¤^LQ UN `TaL¤û\LTM \û¤L^TM B(k)

n (z)
¨ ML\LaQONM QTM TOPTìT¤QLM¨ UNï¤LUTM `TO

∫ b

a
tk−n+sB(k)

n (t)dψ(t) =

{

0,
MN

0 ≤ s ≤ n− 1,

ρ
(k)
n > 0,

MN
s = n,

`QOQ k ∈ Z+
T[ k ∈ Z−

N
n ≥ 0

¨ T¤UN −∞ ≤ a < b ≤ ∞ N
dψ(t)

¸ [\Q ULMPOLº[LRST `QOQ Q ²[Qa TM
\T\N¤PTM

µm =

∫ b

a
tmdψ(t) m = 0,±1,±2, . . . ,

N¬LMPN\ N MST ï¤LPTM¼«\ ¤TMMT POQºQa´T¨ ^T¤MLUNOQON\TM Q`N¤QM TM `TaL¤û\LTM B(k)
n (z) `QOQ k = 0

N L¤PNO®QaTM (a, b)²[N NMPNüQ\ ^T¤PLUTM UT aQUT `TMLPL®T UT NL¬T ONQa¨ LMPT ¸¨
0 ≤ a < b ≤ ∞¼ KQ»¨ Q ULMPOLº[LRST dψ(t)¸ [\Q ULMPOLº[LRST ¿TOPN UN ·PLNaPüNM¼ �Q\TM UN¤TPQO PQLM `TaL¤û\LTM `TO Bn(z)

¼
WTOPQ¤PT¨ TM `TaL¤û\LTM Bn(z)

¨
n ≥ 0

¨ MST UQUTM `TO G�¼dH¨ LMPT ¸¨
∫ b

a
t−n+sBn(t)dψ(t) =

{

0,
MN

0 ≤ s ≤ n− 1,

ρn > 0,
MN

s = n.

«MMNM `TaL¤û\LTM NMPST NMPOLPQ\N¤PN aLìQUTM QTM `TaL¤û\LTM UN ©Q[ON¤P TOPTìT¤QLM GT[ LY`TaLY¤û\LTM TOPTìT¤QLMH¨ Ln(z)
¨ G®NüQ KddLH¨ UQ MNì[L¤PN ¿TO\Q¾

L2m(z) = z−mB2m(z), L2m+1(z) = z−m−1B2m+1(z), m ≥ 0.

½ MNì[L¤PN ONM[aPQUT ¸ `OL\TOULQa `QOQ UN\T¤MPOQO\TM Q N¬LMP§¤^LQ UTM `TaL¤û\LTM Bn(z)
¼

Á 
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9������ !c�! NÊÐÊ ÊÅ ÖËÅöÐËÔÈËØUÇÅ ×ÄÐöÇÅ ÖÇ RöËÇøöiÇÅ dψ(t)Ì ÄÅ ÖÇöÇÐÆËÛÊÛöÇÅ ÖÇ àÊÛÏÇøÌ

H
(m)
n =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

µm µm+1 · · · µm+n+1

µm+1 µm+2 · · · µm+nÙÙÙ ÙÙÙ ÙÙÙ ÙÙÙ
µm+n−1 µm+n · · · µm+2n−2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Gd¼d�H

ÅÊöËÅ×ÊoÇÆ
H

(m)
n > 0Ì ÉÊÐÊ öÄÖÄ m,n ∈ Z

Ç n ≥ 1
Ù

E����ÿ���ab�D ·QºN\TM ²[N [\Q \QPOLí A ¸ `TMLPL®Q UNï¤LUQ MN 〈Ax, x〉 > 0, `QOQ PTUT x 6≡ 0
¼

_a¸\ ULMMT¨ det(A) > 0
¼

VTMPON\TM N¤PST ²[N Q \QPOLí

H(m)
n =









µm µm+1 . . . µm+n−1

µm+1 µm+2 . . . µm+n¼¼¼ ¼¼¼ ¼ ¼ ¼ ¼¼¼
µm+n−1 µm+n . . . µm+2n−2









¸ UNï¤LUQ `TMLPL®Q¼·NüQ
x = (x0, x1, . . . , xn−1)

t ∈ R
n, x 6≡ 0

¼ «¤PST¨
〈

H(m)
n x, x

〉

= x0

n−1∑

i=0

µm+ixi + x1

n−1∑

i=0

µm+1+ixi + . . .+ xn−1

n−1∑

i=0

µm+n−1+ixi

=
n−1∑

j=0

n−1∑

i=0

µm+i+jxixj =
n−1∑

j=0

n−1∑

i=0

∫ b

a
tm+i+jxixjdψ(t)

=

∫ b

a
tm





n−1∑

j=0

xjt
j





(
n−1∑

i=0

xit
i

)

dψ(t) =

∫ b

a
tm
︸︷︷︸

>0

(
n−1∑

k=0

xkt
k

)2

︸ ︷︷ ︸

>0

dψ(t)
︸ ︷︷ ︸

>0

> 0.

©TìT¨ H(m)
n

¸ UNï¤LUQ `TMLPL®Q N¨ `TOPQ¤PT¨
H

(m)
n = det(H(m)

n ) > 0
¼

����� 
������ ���§�������� ��� �����Ö���� ���������
ªT\T ¤TM `TaL¤û\LTM TOPTìT¤QLM¨ TM `TaL¤û\LTM ML\LaQONM PQ\º¸\ MQPLM¿QíN\ ñ [\Q ONaQRST UN

ON^TOO§¤^LQ UN PO§M PNO\TM UQUQ ¤T MNì[L¤PN PNTON\Q¼
9������ !c�& RÇiÊÆ ÄÅ ÉÄøËÛOÆËÄÅ ÅËÆËøÊÐÇÅ Bn(z) =

n∑

r=0

bn,rz
r Ì ÞÄÆ bn,n = 1Ì n ≥ 0

Ù ÕÛöÑÄÌ
ÉÊÐÊ n ≥ 1Ì

Bn+1(z) = (z − βn+1)Bn(z) − αn+1zBn−1(z),
Gd¼dcH

db
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ÄÛÖÇ B0(z) = 1Ì B1(z) = z − β1
Ç ÄÅ ÞÄÇXÞËÇÛöÇÅ αn+1

Ç βn+1
ÅÊöËÅ×ÊoÇÆS

αn+1 =
ρn

ρn−1
, β1 =

µ0

µ−1
, βn+1 = −αn+1

ηn−1

ηn
n ≥ 1,

ÞÄÆ ρn
Ç ηn

Ì n ≥ 0Ì ÖÇXÛËÖÄÅ ÉÄÐ

ρn =
H

(−n)
n+1

H
(−n)
n

> 0 Ç ηn = (−1)n+1H
(−n−1)
n+1

H
(−n)
n

6= 0,

ÄÛÖÇ
H

(−n)
n

Ì
H

(−n−1)
n+1

Ç
H

(−n)
n+1

ÅÑÄ ÄÅ ÖÇöÇÐÆËÛÊÛöÇÅ ÖÇ àÊÛÏÇø ÖÇXÛËÖÄÅ ÇÆ (3.37)
Ù

E����ÿ���ab�D ·NüQ
n ≥ 1

N ^T¤MLUNON\TM T `TaL¤û\LT Bn+1(z) − zBn(z) UN ìOQ[ ¤T \]¬L\T n¼
«¤PST¨

Bn+1(z) − zBn(z) = c1Bn(z) − c2zBn−1(z) + qn−1(z).V[aPL`aL^Q¤UTYMN Q\ºTM TM \N\ºOTM UQ Lì[QaUQUN Q^L\Q `TO z−n+s N L¤PNìOQ¤UTYMN N\ (a, b)^T\ ONaQRST ñ ULMPOLº[LRST dψ(z)
¨ TºPN\TM

∫ b

a
z−n+s[Bn+1(z) − zBn(z)]dψ(z) = c1

∫ b

a
z−n+sBn(z)dψ(z) − c2

∫ b

a
z−(n−1)+sBn−1(z)dψ(z)

+

∫ b

a
z−n+sqn−1(z)dψ(z).

KQ»¨ MN
qn−1(z) =

n−1∑

i=0

aiz
i ¨ N¤PST

n−1∑

i=0

ai

∫ b

a
z−n+s+idψ(z) =

∫ b

a
z−n+s[Bn+1(z) − zBn(z)]dψ(z) − c1

∫ b

a
z−n+sBn(z)dψ(z)

+c2

∫ b

a
z−(n−1)+sBn−1(z)dψ(z).

³QíN¤UT s = 0, 1, . . . , n− 1
¨ TºPN\TM T MNì[L¤PN MLMPN\Q aL¤NQO












µ−n µ−n+1 . . . µ−1

µ−n+1 µ−n+2 . . . µ0¼¼¼ ¼¼¼ ¼ ¼ ¼ ¼¼¼
µ−2 µ−1 . . . µn−3

µ−1 µ0 . . . µn−2























a0

a1¼¼¼
an−2

an−1












=












0

0¼¼¼
0

c2ρn−1 − ρn












.

«M^Ta´N¤UT c2 UN ¿TO\Q ²[N c2ρn−1 − ρn = 0
¨ LMPT ¸¨

c2 =
ρn

ρn−1
,
^´NìQ\TM QT MLMPN\Q aL¤NQO

´T\Tì§¤NT UQUQ `TO











µ−n µ−n+1 . . . µ−1

µ−n+1 µ−n+2 . . . µ0¼¼¼ ¼¼¼ ¼ ¼ ¼ ¼¼¼
µ−2 µ−1 . . . µn−3

µ−1 µ0 . . . µn−2























a0

a1¼¼¼
an−2

an−1












=












0

0¼¼¼
0

0












.

d�
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WTOPQ¤PT¨ Q ±¤L^Q MTa[RST UT MLMPN\Q Q^L\Q ¸ Q MTa[RST POL®LQa ®LMPT ²[N
H

(−n)
n 6= 0

¼ ©TìT¨
a0 = a1 = . . . = an−1 = 0.

_MML\¨
Bn+1(z) − zBn(z) = c1Bn(z) − ρn

ρn−1
zBn−1(z).

·N ^´Q\QO\TM βn+1 = −c1
N
αn+1 =

ρn

ρn−1

¨ ^´NìQ\TM ñ ONaQRST
Bn+1(z) = (z − βn+1)Bn(z) − αn+1zBn−1(z).

V[aPL`aL^Q¤UT Q\ºTM TM \N\ºOTM UQ Lì[QaUQUN Q^L\Q `TO z−(n+1) N L¤PNìOQ¤UT N\ (a, b)
¨ TºPNY\TM ²[N

βn+1 = −αn+1
ηn−1

ηn
.

_MML\¨
Bn+1(z) = (z − βn+1)Bn(z) − αn+1zBn−1(z), n ≥ 1,

T¤UN
αn+1 =

ρn

ρn−1
> 0

N
βn+1 = −αn+1

ηn−1

ηn
> 0.

ªT\T ^T¤MN²[§¤^LQ UQ ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM `QOQ Bn(z)
¨ `TUN\TM NMPQºNaN^NO

Q MNì[L¤PN ONaQRST
Gn+1(z) = B2

n(z) + αn+1βnB
2
n−1(z) + αn+1αnz

2Gn−1(z), n ≥ 1, Gd¼d H
T¤UN

Gn(z) = B
′

n(z)Bn−1(z) −B
′

n−1(z)Bn(z), n ≥ 1,

^T\ G0(z) = 0
N
B

′

n(z)
¸ Q UNOL®QUQ UN Bn(z)

¼
E�;� ab� !c0 PÅ ÉÄøËÛOÆËÄÅ An(z)Ì ÊÅÅÄÞËÊÖÄÅ ÊÄÅ ÉÄøËÛOÆËÄÅ ÅËÆËøÊÐÇÅ Bn(z)Ì ÅÇÐÑÄ ÖÇXÛËÖÄÅ
ÉÄÐ

An(z) =

∫ b

a

Bn(z) −Bn(t)

z − t
dψ(t).

«MMNM `TaL¤û\LTM MQPLM¿QíN\ ñ ONaQRST UN ON^TOO§¤^LQ
An+1(z) = (z − βn+1)An(z) − αn+1zAn−1(z), n ≥ 1, Gd¼ÂbH

^T\ A0(z) = 0
N
A1(z) = 1

¼ WQOQ ²[Qa²[NO n ≥ 1
¨
An

¸ [\ `TaL¤û\LT UN ìOQ[ n− 1
¼

dÁ
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9������ !c�- PÅ oÇÐÄÅ ÖÄ ÉÄøËÛOÆËÄ ÅËÆËøÊÐ Bn(z) ÅÑÄ ÐÇÊËÅÌ ÖËÅöËÛöÄÅ Ç ÉÇÐöÇÛÞÇÆ ÊÄ ËÛöÇÐwÊøÄ
(a, b) ⊆ (0,∞)

Ù
E����ÿ���ab�D WOT®N\TM ²[N Bn(z) `TMM[L `NaT \N¤TM [\Q OQLí N\ (a, b)

¨
0 ≤ a < b ≤ ∞¼

·[`T¤´Q\TM ²[N Bn(z) ¤ST PN¤´Q OQ»íNM N\ (a, b)
¨ N¤PST Bn(z) ¤ST \[UQ UN ML¤Qa N\ (a, b)

N¨
QMML\¨

Bn(z) > 0 T[ Bn(z) < 0
N\ (a, b)

¼
ªT\T z−n > 0

N
Bn(z) ¤ST \[UQ UN ML¤Qa N\ (a, b)

¨ PN\TM ²[N
∫ b

a
z−nBn(z)dψ(z) 6= 0. Gd¼Â�H

VQM¨ `NaQ UNï¤LRST UN `TaL¤û\LTM ML\LaQONM¨
∫ b

a
z−nBn(z)dψ(z) = 0. Gd¼ÂÁH

KN Gd¼Â�H N Gd¼ÂÁH¨ ^´NìQ\TM Q [\ QºM[OUT¼ WTOPQ¤PT¨ Bn(z)
PN\ `NaT \N¤TM [\Q OQLí UN

\[aPL`aL^LUQUN »\`QO N\ (a, b)
¼ �Q\TM M[`TO¨ QìTOQ¨ ²[N Bn(z) \[UQ UN ML¤Qa r ®NíNM N\ (a, b)

¨
r < n

¼ ·NüQ\ zn,1, zn,2 . . . , zn,r
QM OQ»íNM UN \[aPL`aL^LUQUN »\`QO UN Bn(z)

N\ (a, b)
¼ KQ»¨

(z − zn,1)(z − zn,2) . . . (z − zn,r) =
r∑

j=0

ajz
j

¸ [\ `TaL¤û\LT \û¤L^T UN ìOQ[ r ¼ªT¤MLUNON\TM T `TaL¤û\LT Bn(z)
r∑

j=0

ajz
j ¼ V[aPL`aL^Q¤UTYT `TO z−n N L¤PNìOQ¤UTYT TºPN\TM

r∑

j=0

aj

∫ b

a
z−n+jBn(z)dψ(z) = 0, `TLM j = 0, . . . , r

N
r < n. Gd¼ÂdH

½ `TaL¤û\LT Bn(z)
r∑

j=0

ajz
j ¸ [\ `TaL¤û\LT ^[üQM OQ»íNM MST UN \[aPL`aL^LUQUN `QO T[ ^T\`aN¬QM

N\ (a, b)
¼ _MML\¨ ¤ST \[UQ UN ML¤Qa N\ (a, b)

¼ «¤PST¨
r∑

j=0

aj

∫ b

a
z−n+jBn(z)dψ(z) 6= 0. Gd¼ÂÂH

KN Gd¼ÂdH N Gd¼ÂÂH PN\TM [\ QºM[OUT¼ ©TìT¨ Bn(z) \[UQ UN ML¤Qa r ≥ n
®NíNM N\ (a, b)

¼ ªT\T
Bn(z)

¸ [\ `TaL¤û\LT UN ìOQ[ n
¨
r = n

N M[QM OQ»íNM MST ML\`aNM¼ WTOPQ¤PT¨ Bn(z)
PN\ PTUQM QM

OQ»íNM ML\`aNM N N\ (a, b)
¼

�N\TM¨ QL¤UQ¨ TM MNì[L¤PNM ONM[aPQUTM MTºON TM íNOTM UTM `TaL¤û\LTM ML\LaQONM
9������ !c�0 RÇ zn,i i = 1, 2 . . . , nÌ j ÈÆ oÇÐÄ ÖÄ ÉÄøËÛOÆËÄ ÅËÆËøÊÐ Bn(z) ÉÊÐÊ n ≥ 1Ì ÇÛöÑÄ ÇøÇ
j ÖË× ÇÐÇÛöÇ ÖÄÅ oÇÐÄÅ ÖÇ Bn−1(z)

Ç ÖÄÅ oÇÐÄÅ ÖÇ An(z)
Ù

dd
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E����ÿ���ab�D ªT¤MLUNON\TM zn,i
¨
i = 1, 2, . . . , n

¨ TM íNOTM UN Bn(z)
¼ _MML\¨ `NaQM N²[QRðNM

Gd¼dcH N Gd¼ÂbH
An(zn,i)Bn−1(zn,i) = αnαn−1αn−2 · · ·α2µ0z

n−1
n,i 6= 0,

`TLM zn,i > 0
¨
i = 1, 2, . . . , n

¼ ªT\T An(zn,i)Bn−1(zn,i) 6= 0
¨
zn,i

¤ST ¸ [\ íNOT UT `TaL¤û\LT Bn−1(z)N ¤N\ UN An(z)
¼

9������ !c�= ÕÛöÐÇ ÖÄËÅ oÇÐÄÅ ÞÄÛÅÇÞÈöËwÄÅ ÖÄ ÉÄøËÛOÆËÄ
Bn−1(z)

ÇkËÅöÇ ÈÆ oÇÐÄ ÖÇ Bn(z)
Ù

E����ÿ���ab�D _¤]aTìQ ñ UN\T¤MPOQRST UT �NTON\Q d¼�¨ [MQ¤UTYMN Q N²[QRST Gd¼d H¼
KQ \NM\Q ¿TO\Q ²[N N\ Gd¼ÁdH¨ `TUN\TM ^T¤MLUNOQO

Bn−1(z)

Bn(z)
=

n∑

r=1

τn,r

z − zn,r
, n ≥ 1, Gd¼Â�H

T¤UN
τn,r =

Bn−1(zn,r)

B′

n(zn,r)
=
B2

n−1(zn,r)

Gn−1(zn,r)
> 0, 1 ≤ r ≤ n.

_a¸\ ULMMT¨ PN\TM ²[N
n∑

r=1

τn,r = 1. Gd¼Â�H
����� ���������� §��� �� Ú����

«\ KdÁL¨ ·OL ¹Q¤ìQ UN\T¤MPOT[ ²[N MN
βn = β

¨
n ≥ 1

¨ N¤PST zn,r =
β2

zn,n+1−r

¨
r = 1, 2, . . . , b(n + 1)/2c¨ T¤UN bac ¸ Q `QOPN L¤PNLOQ UT ¤±\NOT ONQa a¼ _a¸\ ULMMT¨ MN PQ\º¸\
PL®NO\TM α2 = 2α

N
αn+1 = α

¨
n ≥ 1

¨ TM íNOTM MST UQUTM N¬`aL^LPQ\N¤PN `TO

zn,r =
β2

zn,n+1−r

N
zn,n+1−r = β + ανn,r +

√

(β + ανn,r)2 − β2,

`QOQ r = 1, 2, . . . , b(n+ 1)/2c¨ T¤UN νn,r = 1 + cos[π(2r − 1)/n]
¼

KL®LUL¤UTYMN Q\ºTM TM \N\ºOTM UQ ONaQRST UN ON^TOO§¤^LQ Gd¼dcH `TO (z−βn+1)Bn(z)
¨ TºPN\TM

Bn+1(z)

(z − βn+1)Bn(z)
= 1 − αn+1zBn−1(z)

(z − βn+1)Bn(z)
.

©TìT¨
αn+1zBn−1(z)

(z − βn+1)Bn(z)
= 1 − Bn+1(z)

(z − βn+1)Bn(z)
= mn(z).

_MML\¨
1 −mn−1(z) = 1 − αnzBn−2(z)

(z − βn)Bn−1(z)
.

dÂ
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KQ»¨
fn(z) = [1 −mn−1(z)]mn(z)

=

(

1 − αnzBn−2(z)

(z − βn)Bn−1(z)

)
αn+1zBn−1(z)

(z − βn+1)Bn(z)

=
(z − βn)Bn−1(z) − αnzBn−2(z)

(z − βn)(z − βn+1)Bn(z)Bn−1(z)
αn+1zBn−1(z).

WTUN\TM TºMNO®QO ²[N T ¤[\NOQUTO UQ ¿OQRST Q^L\Q ¸ N¬QPQ\N¤PN Bn(z)
¼ «¤PST¨ ^´NìQ\TM ñ

MN²á§¤^LQ
fn(z) =

αn+1z

(z − βn)(z − βn+1)
= [1 −mn−1(z)]mn(z), n ≥ 1.

­MQ¤UT NMPQ MN²[§¤^LQ N¤^QUNQUQ G®NüQ KNï¤LRST Á¼ H¨ N\ Kd�L ·OL ¹Q¤ìQ N VQPLTaL \TMPOQOQ\²[N MN
β̂N = sup

1≤n≤N+1
βn, β̌N = inf

1≤n≤N+1
βn

N
α̂N = sup

2≤n≤N+1
αn

`QOQ ²[Qa²[NO N ≥ 1
¨ N¤PST PTUTM TM íNOTM UTM `TaL¤û\LTM Bn(z)

¨
1 ≤ n ≤ N + 1

¨ `NOPN¤^N\ QTL¤PNO®QaT [ďN,1, d̂N,1]
¨ T¤UN

d̂N,1 = β̂N + 2α̂N +

√
(

β̂N + 2α̂N

)2
− β̌2

N ,

Gd¼Â�H

ďN,1 =







1

β̌N

+
2α̂N

β̌2
N

+

√
√
√
√

(

1

β̌N

+
2α̂N

β̌2
N

)2

− 1

β̂2
N







−1

.

_M MN²[§¤^LQM {β̂N} N {α̂N} MST ¤STYUN^ONM^N¤PNM¨ N¤²[Q¤PT ²[N Q MN²[§¤^LQ {β̌N} ¸ ¤STY^ONM^N¤PN¼ ·NüQ\ β̂
¨
α̂

N
β̌ TM ONM`N^PL®TM aL\LPNM UNMMQM MN²[§¤^LQM¼ ©TìT¨ UN Gd¼Â�H¨

d̂ = β̂ + 2α̂+

√
(

β̂ + 2α̂
)2

− β̌2
N

ď =







1

β̌
+

2α̂

β̌2
+

√
(

1

β̌
+

2α̂

β̌2

)2

− β̌2







−1

.

«¤PST¨ PTUT TM íNOTM UN Bn(z)
¨
n ≥ 1

¨ `NOPN¤^N\ QT L¤PNO®QaT [ď, d̂]
¼

¹NPTO¤Q¤UT ñ ONaQRST UN ON^TOO§¤^LQ Gd¼dcH¨ Q T^TOO§¤^LQ UQM MLP[QRðNM
β̂ <∞ N

α̂ <∞ Gd¼ÂcH
NYT[

0 < β̌
N

α̂ <∞, Gd¼Â H
¸ L¤PNONMMQ¤PN¼ ,[Q¤UT Gd¼ÂcH ®QaN¨ PN\TM ²[N β̂ < d̂ < ∞ N¨ ²[Q¤UT Gd¼Â H ®QaN¨
0 < ď < β̌

¼

d�
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óNMPN ^Q`»P[aT NMP[UQON\TM `OT`OLNUQUNM QMML¤PXPL^QM UTM `TaL¤û\LTM TOPTìT¤QLM ^[üTM ^TNïY^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MST UL®NOìN¤PNM¨ `TO¸\ UN [\ \TUT `QOPL^[aQO¼«MPN NMP[UT ¸ ºQMNQUT¨ `OL¤^L`Qa\N¤PN¨ ¤T QOPLìT UN �Q¤ _MM^´N KÂdL¼
ã\] ä�����_åæ�
E�;� ab� &c� hÆÊ ×ÈÛØÑÄ ÆÇÛÅÈÐÓwÇøÌ ÛÑÄpÖÇÞÐÇÅÞÇÛöÇÌ f : R

+ → R
+ Ì j ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ (ÛÄ

ËÛXÛËöÄ) ÅÇÌ ÉÊÐÊ ÊøQÈÆ α Ç öÄÖÄ t > 0Ì
lim

x→∞
f(xt)

f(x)
= tα

Ç α j ÞÄÇXÞËÇÛöÇ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐÙ
KN¤PON TM N¬N\`aTM UN ¿[¤RðNM UN ®QOLQRST ONì[aQO¨ `TUN\TM ^LPQO TM \T¤û\LTM N TM \±aPL`aTM

UN \T¤û\LTM¼
�N\TM QL¤UQ ²[N [\Q ¿[¤RST UN ®QOLQRST ONì[aQO ^T\ N¬`TN¤PN α `TUN MN NM^OLPQ ^T\T xαG(x)

¨
T¤UN G : R

+ → R
+ ¸ [\Q ¿[¤RST UN ®QOLQRST aN¤PQ¨ LMPT ¸¨ `QOQ PTUT t > 0

¨
lim

x→∞
G(xt)

G(x)
= 1.

WTUN\TM ^LPQO ^T\T N¬N\`aTM UN ¿[¤RðNM UN ®QOLQRST aN¤PQ |log(x)|a N |log(log(x))|b ¼
E�;� ab� &c� RÇ f(x) j ÈÆÊ ×ÈÛØÑÄ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ (ÞÄÆ ÇkÉÄÇÛöÇ α)Ì λn = f(n) j ÈÆÊ
ÅÇlÈVÛÞËÊ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ ÞÄÆ ÇkÉÄÇÛöÇ α Ù

·[`T¤´Q\TM¨ N¤PST¨ ²[N N¬LMPQ [\Q MN²[§¤^LQ UN ®QOLQRST ONì[aQO¨ {λn}∞n=0

¨ ^T\ N¬`TN¤PN
α > 0

PQa ²[N TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ UTM `TaL¤û\LTM TOPTìT¤QLM Gd¼�H MQPLM¿QíN\
lim

n→∞
ξ̂2n/λ2n = b1, lim

n→∞
δ̂
1/2
2n /λ2n = a1,

lim
n→∞

ξ̂2n+1/λ2n = b2, lim
n→∞

δ̂
1/2
2n+1/λ2n = a2.

GÂ¼�H

d�
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½M aN\QM UQUTM Q MNì[LO MST UN `OL\TOULQa L\`TOP¶¤^LQ `QOQ Q UN\T¤MPOQRST UTM ONM[aPQUTM UN^T¤®NOì§¤^LQ ²[N NMP[UQON\TM ¤NMPN N ¤T `OX¬L\T ^Q`»P[aT¼
?��� &c� RÇ {un}∞n=0

ÅÊöËÅ×Êo É ÐÇøÊØÑÄ ÖÇ ÐÇÞÄÐÐVÛÞËÊ
un+1 + bnun + anun−1 = 0, n ≥ 0, GÂ¼ÁH

ÞÄÆ u−1 = 0Ì ÇÛöÑÄ
u2

k − uk−1uk+1

a1a2 · · · ak
= u2

0 +
k∑

j=1

(
bj − bj−1

a1a2 · · · aj
ujuj−1 +

aj − aj−1

a1a2 · · · aj
ujuj−2

)

.

E����ÿ���ab�D ·NüQ
Dk = u2

k − uk−1uk+1
¼ KQ ¿XO\[aQ UN ON^TOO§¤^LQ GÂ¼ÁH `QOQ uk+1

¨ PN\TM
uk+1 = −bkuk − akuk−1.

V[aPL`aL^Q¤UTYMN Q\ºTM TM \N\ºOTM UQ ONaQRST Q^L\Q `TO −uk−1
N MT\Q¤UTYMN u2

k

¨ TºPN\TM
Dk = u2

k + bkukuk−1 + aku
2
k−1 − akukuk−2 + akukuk−2

= ak(u
2
k−1 − ukuk−2) + uk(uk + bkuk−1 + akuk−2)

= akDk−1 + uk(uk + bkuk−1 + akuk−2).

­MQ¤UT ¤T®Q\N¤PN Q ONaQRST GÂ¼ÁH `QOQ uk
¨ PN\TM

Dk = akDk−1 + uk

[

(bk − bk−1)uk−1 + (ak − ak−1)uk−2

]

= akak−1Dk−2 + akuk−1

[

(bk−1 − bk−2)uk−2 + (ak−1 − ak−2)uk−3

]

+ uk

[

(bk − bk−1)uk−1 + (ak − ak−1)uk−2

]

.

ªT¤PL¤[Q¤UT UQ \NM\Q ¿TO\Q¨ ^´NìQ\TM ²[N
Dk = akak−1 · · · a2a1D0 + ak · · · a3a2

[

(b1 − b0)u0u1 + (a1 − a0)u−1u1

]

+ ak · · · a3

[

(b2 − b1)u1u2 + (a2 − a1)u0u2

]

+ . . .

+ ak

[

(bk−1 − bk−2)uk−2uk−1 + (ak−1 − ak−2)uk−3uk−1

]

+
[

(bk − bk−1)uk−1uk + (ak − ak−1)ukuk−2

]

.

WTOPQ¤PT¨
Dk

a1a2 · · · ak
= u2

0 +
k∑

j=1

{[

(bj − bj−1)ujuj−1 + (aj − aj−1)ujuj−2

]aj+1 · · · ak

a1a2 · · · ak

}

,

UN T¤UN MNì[N T ONM[aPQUT¼
d�
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?��� &c� RÇiÊ {Rn(x)}∞n=0
ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ ÉÄøËÛOÆËÄÅÙ ÕÛöÑÄÌ

R′
2k(x)

R2k(x)
= −

k∑

j=1

(
R2j−2(x)

R2j(x)

)′/(R2j−2(x)

R2j(x)

) GÂ¼dH
Ç

R′
2k+1(x)

R2k+1(x)
= −

k∑

j=0

(
R2j−1(x)

R2j+1(x)

)′/(R2j−1(x)

R2j+1(x)

)

, GÂ¼ÂH
ÄÛÖÇ R−1(x) = 0

Ù
E����ÿ���ab�D �N\TM ²[N

R′
2k(x)

R2k(x)
=

k∑

j=1

(
R′

2j(x)

R2j(x)
−
R′

2j−2(x)

R2j−2(x)

)

. GÂ¼�H
VQM¨ TºMNO®N ²[N

−
(
R2j−2(x)

R2j(x)

)′/(R2j−2(x)

R2j(x)

)

=
R′

2j(x)

R2j(x)
−
R′

2j−2(x)

R2j−2(x)
.

©TìT¨ UN GÂ¼�H TºPN\TM T ONM[aPQUT GÂ¼dH¼KN \TUT Q¤]aTìT UN\T¤MPOQ\TM GÂ¼ÂH¼
?��� &c! RÈÉÄÛÜÊÆÄÅ lÈÇ Ä ÞÄÛiÈÛöÄ {εn,j : j ≤ n, n = 1, 2, . . .} ×ÄÐÆÊ ÈÆÊ ÆÊöÐËo öÐËÊÛQÈøÊÐøËÆËöÊÖÊ ÖÇ ÛmÆÇÐÄÅ ÞÄÆÉøÇkÄÅ öÊø lÈÇ εn,j → 0Ì lÈÊÛÖÄ n → ∞Ì Ç j/n → t ∈ [0, 1]

Ù ÕÛöÑÄÌ ÉÊÐÊ
lÈÊølÈÇÐ z ∈ C

ÞÄÆ |z| < 1Ì
zk

k∑

j=0

εn,jz
−j → 0,

lÈÊÛÖÄ n→ ∞ Ç k/n→ t ∈ [0, 1]
Ù

E����ÿ���ab�D ªT¤MLUNON\TM [\Q MN²[§¤^LQ {kn}∞n=1
PQa ²[N kn/n

PN¤UN `QOQ [\ ¤±\NOT ï¬T
t ∈ [0, 1]

¨ ²[Q¤UT n PN¤UN `QOQ T L¤ï¤LPT¼ ½ºMNO®N ²[N

zkn

kn∑

j=0

εn,jz
−j =

kn∑

i=0

εn,kn−iz
i.

WQOQ i ï¬T¨ `TO ´L`XPNMN¨ PN\TM ²[N εn,kn−i → 0
²[Q¤UT n→ ∞ N¨ N¤PST¨

|εn,kn−iz
i| ≤M |z|i,

T¤UN M ¸ [\Q ^T¤MPQ¤PN `TMLPL®Q¼
_MML\¨

∣
∣
∣
∣
∣
∣

zkn

kn∑

j=0

εn,jz
−j

∣
∣
∣
∣
∣
∣

≤M

kn∑

i=0

|z|i.

WTOPQ¤PT¨ `NaT �NTON\Q UQ ªT¤®NOì§¤^LQ KT\L¤QUQ UN ©NºNMì[N G�NTON\Q Á¼�H¨ TºPN\TM T
ONM[aPQUT UNMNüQUT¼

dc
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KQ ¿XO\[aQ UN ON^TOO§¤^LQ Gd¼�H¨ TºPN\TM
Q2n+1(x) = (x− ξ̂2n)Q2n(x) − δ̂2nQ2n−1(x)

GÂ¼�H
N

Q2n+2(x) = (x− ξ̂2n+1)Q2n+1(x) − δ̂2n+1Q2n(x). GÂ¼�H
¹NMTa®N¤UT Q MNì[¤UQ N²[QRST `QOQ Q2n+1(x)

¨ PN\TM

Q2n+1(x) =
Q2n+2(x) + δ̂2n+1Q2n(x)

x− ξ̂2n+1

.

·[ºMPLP[L¤UT NMPQ N¬`ONMMST N\ GÂ¼�H¨ TºPN\TM Q MNì[L¤PN ¿XO\[aQ UN ON^TOO§¤^LQ N¤®Ta®N¤UTMT\N¤PN TM `TaL¤û\LTM UN ìOQ[ `QO

Q2n+2(x) =

[

(x− ξ̂2n)(x− ξ̂2n+1) − δ̂2n+1 − δ̂2n
x− ξ̂2n+1

x− ξ̂2n−1

]

Q2n(x)

−δ̂2nδ̂2n−1
x− ξ̂2n+1

x− ξ̂2n−1

Q2n−2(x).

_¤QaTìQ\N¤PN¨ TºPN\TM Q ¿XO\[aQ UN ON^TOO§¤^LQ ²[N N¤®Ta®N Q`N¤QM TM `TaL¤û\LTM UN ìOQ[»\`QO

Q2n+3(x) =

[

(x− ξ̂2n+1)(x− ξ̂2n+2) − δ̂2n+2 − δ̂2n+1
x− ξ̂2n+2

x− ξ̂2n

]

Q2n+1(x)

−δ̂2n+1δ̂2n
x− ξ̂2n+2

x− ξ̂2n

Q2n−1(x).

©TìT¨ `QOQ n ≥ 1
¨ PN\TM Q MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ

Qn+2(x) = bn(x)Qn(x) − an(x)Qn−2(x),
GÂ¼cH

T¤UN
bn(x) = (x− ξ̂n)(x− ξ̂n+1) − δ̂n+1 − δ̂n

x− ξ̂n+1

x− ξ̂n−1N GÂ¼ H
an(x) = δ̂nδ̂n+1

x− ξ̂n+1

x− ξ̂n−1

.

d 
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9������ &c� RÈÉÄÛÜÊÆÄÅ lÈÇ ÄÅ ÞÄÇXÞËÇÛöÇÅ ÖÊ ÐÇøÊØÑÄ ÖÇ ÐÇÞÄÐÐVÛÞËÊ (3.6) ÅÊöËÅ×ÊØÊÆ (4.1)ÌÄÛÖÇ {λn}∞n=0 j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ ÞÄÆ ÇkÉÄÇÛöÇ α > 0

Ù RÇiÊ A ÈÆÊ ÞÄÛÅöÊÛöÇ
ÉÄÅËöËwÊ öÊø lÈÇ |xn,j |/λn < A ÉÊÐÊ öÄÖÄ n (

Ä lÈÇ j ÉÄÅÅ|wÇø ÉÄÐ (3.36))
Ù ÕÛöÑÄÌ ÉÊÐÊ n → ∞ Ç

k/n→ t ∈ [0, 1]Ì
1

λ2
n

Qk(λnz)

Qk−2(λnz)
∼ Q(z, t)

ÈÛË×ÄÐÆÇÆÇÛöÇ ÇÆ öÄÖÄ ÅÈÔÞÄÛiÈÛöÄ ÞÄÆÉÊÞöÄ ÖÇ
C \ [−A,A]Ì ÄÛÖÇ

Q(z, t) =
1

2

{

(z − b1t
α)(z − b2t

α) − (a2
1 + a2

2)t
2α

+

√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

}

. GÂ¼�bH
E����ÿ���ab�D ·NüQ {kn} [\Q MN²[§¤^LQ UN L¤PNLOTM PQa ²[N kn/n→ t

²[Q¤UT n→ ∞¼ WOL\NLOQY
\N¤PN¨ ®Q\TM UN\T¤MPOQO ²[N Q OQíST λ2

2n

Q2kn−2(λ2nz)

Q2kn(λ2nz)

^T¤®NOìN `QOQ 1/Q(z, t)
²[Q¤UT

z ∈ [A+ d,∞)
¨ ^T\ d > 0

M[ï^LN¤PN\N¤PN ìOQ¤UN¼KN Gd¼ÁdH¨ `QOQ z ∈ [A+ d,∞)
¨ PN\TM

λn

∣
∣
∣
∣

Qk−1(λnz)

Qk(λnz)

∣
∣
∣
∣
≤

k∑

j=1

γk,j

z − xk,j/λn
<

1

d
.

ªT¤MN²[N¤PN\N¤PN¨ ^T\T z − xk,j/λn > z − xn,n/λn > d GMN k ≤ n
H¨

λ2
n

∣
∣
∣
∣

Qk−2(λnz)

Qk(λnz)

∣
∣
∣
∣
<

1

d2
. GÂ¼��H

©TìT¨ UN GÂ¼��H¨ `QOQ QM MN²[§¤^LQM `QONM UN {kn}
¨

λ2
2n

∣
∣
∣
∣

Q2kn−2(λ2nz)

Q2kn(λ2nz)

∣
∣
∣
∣
<

1

d2
.

«¤PST¨ N¬LMPN [\Q M[ºMN²[§¤^LQ {λ2
2n̂

Q2kn̂−2(λ2n̂z)

Q2kn̂
(λ2n̂z)

} ^T¤®NOìN¤PN¼ VTMPON\TM ²[N
{

λ2
2n̂

Q2kn̂−2(λ2n̂z)

Q2kn̂
(λ2n̂z)

} N {

λ2
2n̂

Q2kn̂
(λ2n̂z)

Q2kn̂+2(λ2n̂z)

}

P§\ T \NM\T aL\LPN¼

Âb
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³QíN¤UT uk = Q2k(λ2nz)

¨ `NaT ©N\Q Â¼�¨ `TO GÂ¼cH N GÂ¼ H¨ TºPN\TM

λ2
2n

∣
∣
∣
∣

Q2k(λ2nz)

Q2k+2(λ2nz)
− Q2k−2(λ2nz)

Q2k(λ2nz)

∣
∣
∣
∣

≤ λ2
2n

∣
∣
∣
∣

a2(λ2nz)a4(λ2nz) · · · a2k(λ2nz)

Q2k(λ2nz)Q2k+2(λ2nz)

∣
∣
∣
∣

+λ2
2n

k∑

j=1

|a2j+2(λ2nz) · · · a2k(λ2nz)|

×
{

|b2j(λ2nz) − b2j−2(λ2nz)|
∣
∣
∣
∣

Q2j(λ2nz)Q2j−2(λ2nz)

Q2k(λ2nz)Q2k+2(λ2nz)

∣
∣
∣
∣

+ |a2j(λ2nz) − a2j−2(λ2nz)|
∣
∣
∣
∣

Q2j(λ2nz)Q2j−4(λ2nz)

Q2k(λ2nz)Q2k+2(λ2nz)

∣
∣
∣
∣

}

. GÂ¼�ÁH
½ºMNO®N ²[N λ2k

λ2n
=
f(2k)

f(2n)

¼ ªT\T k/n→ t
²[Q¤UT n→ ∞¨ PN\TM ²[N

lim
n→∞

f(2nk/n)

f(2n)
= tα.

©TìT¨ UQM ^T¤ULRðNM GÂ¼�H¨ N¤^T¤POQ\TM ²[N
δ̂
1/2
2k

λ2n
=
δ̂
1/2
2k

λ2k

λ2k

λ2n
→ a1t

α,
δ̂
1/2
2k+1

λ2n
=
δ̂
1/2
2k+1

λ2k

λ2k

λ2n
→ a2t

α,

ξ̂2k

λ2n
=
ξ̂2k

λ2k

λ2k

λ2n
→ b1t

α,
ξ̂2k+1

λ2n
=
ξ̂2k+1

λ2k

λ2k

λ2n
→ b2t

α,

²[Q¤UT n→ ∞ N
k/n→ t

¼
¥MPT MLì¤Lï^Q ²[N¨ `QOQ ¤TMMQ MN²[§¤^LQ {kn}

¨ Q \QPOLí {a2j(λ2nz)/λ
4
2n; j ≤ kn, n = 1, 2, . . .} ¸

aL\LPQUQ `TO [\Q ^T¤MPQ¤PN C ¼
_ìTOQ¨ UN GÂ¼��H¨ TºPN\TM ¿Q^La\N¤PN ²[N¨ `QOQ j ≤ k

¨
∣
∣
∣
∣

Q2j(λ2nz)

Q2k(λ2nz)

∣
∣
∣
∣
=

k∏

i=j+1

∣
∣
∣
∣

Q2i−2(λ2nz)

Q2i(λ2nz)

∣
∣
∣
∣
<

(
1

λ2nd

)2k−2j

.

WTOPQ¤PT¨ GÂ¼�ÁH PTO¤QYMN

λ2
2n

∣
∣
∣
∣

Q2k(λ2nz)

Q2k+2(λ2nz)
− Q2k−2(λ2nz)

Q2k(λ2nz)

∣
∣
∣
∣

≤
(

1

d2

)(
C

d4

)k

+

(
C

d4

)k k∑

j=1

{ |b2j(λ2nz) − b2j−2(λ2nz)|
λ2

2nd
4

+
|a2j(λ2nz) − a2j−2(λ2nz)|

λ4
2nd

6

}(
C

d4

)−j

.

VQM¨ `TUN\TM NM^Ta´NO d M[ï^LN¤PN\N¤PN ìOQ¤UN PQa ²[N C < d4 ¼ «¤PST¨ `NaT ©N\Q Â¼d¨ MNì[N²[N¨ `QOQ n→ ∞ N
k/n→ t

¨
{

λ2
2n

Q2k(λ2nz)

Q2k+2(λ2nz)
− λ2

2n

Q2k−2(λ2nz)

Q2k(λ2nz)

}

→ 0.

Â�
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_MML\¨ ^T\T{λ2
2n̂

Q2kn̂−2(λ2n̂z)

Q2kn̂
(λ2n̂z)

} ¸ [\Q M[ºMN²[§¤^LQ ²[N ^T¤®NOìN¨ N¤PST{λ2
2n̂

Q2kn̂
(λ2n̂z)

Q2kn̂+2(λ2n̂z)

}

PQ\º¸\ ^T¤®NOìN N Q\ºQM P§\ T \NM\T aL\LPN¼ ·NüQ NMPN aL\LPN
1/Q(z, t)

¼
WNaQ ¿XO\[aQ UN ON^TOO§¤^LQ GÂ¼cH¨ PN\TM ²[N

1

λ2
2n̂

Q2kn̂+2(λ2n̂z)

Q2kn̂
(λ2n̂z)

=
b2kn̂

(λ2n̂z)

λ2
2n̂

− a2kn̂
(λ2n̂z)

λ4
2n̂

λ2
2n̂Q2kn̂−2(λ2n̂z)

Q2kn̂
(λ2n̂z)

.

T¤UN
b2kn̂

(λ2n̂z)

λ2
2n̂

=

(

z − ξ̂2kn̂

λ2n̂

)(

z − ξ̂2kn̂+1

λ2n̂

)

− δ̂2kn̂+1

λ2
2n̂

− δ̂2kn̂

λ2
2n̂

z − ξ̂2kn̂+1/λ2n̂

z − ξ̂2kn̂−1/λ2n̂N
a2kn̂

(λ2n̂z)

λ4
2n̂

=
δ̂2kn̂

λ2
2n̂

δ̂2kn̂+1

λ2
2n̂

z − ξ̂2kn̂+1/λ2n̂

z − ξ̂2kn̂−1/λ2n̂

.

³QíN¤UT n̂→ ∞¨ TºPN\TM
Q(z, t) = b(z, t) − a(z, t)

Q(z, t)
,

^T\
b(z, t) = (z − b1t

α)(z − b2t
α) − (a2

1 + a2
2)t

2α N
a(z, t) = a2

1a
2
2t

4α.

·Nì[N¨ N¤PST¨ ²[N
Q(z, t) =

1

2

{

b(z, t) ±
√

b2(z, t) − 4a(z, t)
}

.

ªT\TQ(z, t)
PN¤UN `QOQ T L¤ï¤LPT ²[Q¤UT z ®QL `QOQ T L¤ï¤LPT¨ UN®N\TM NM^Ta´NO T ML¤Qa `TMLPL®T¼

�TUQ M[ºMN²[§¤^LQ UN {λ2
2n

Q2kn−2(λ2nz)

Q2kn(λ2nz)

} ²[N ^T¤®NOìN PN\¨ `TOPQ¤PT¨ T \NM\T aL\LPN¨ UN T¤UN T
ONM[aPQUT MNì[N `QOQ z ∈ [A+ d,∞)

¼
VQM¨ {

λ2
2n

Q2kn−2(λ2nz)

Q2kn(λ2nz)

} ¸ [\ MN²[§¤^LQ UN ¿[¤RðNM Q¤Qa»PL^QM N\
C \ [−A,A]

¼ _MML\¨ MN
PT\QO\TM [\ ^T¤ü[¤PT ^T\`Q^PT K N\

C \ [−A,A]
¨ Q ULMP¶¤^LQ δ UNMPN ^T¤ü[¤PT QT L¤PNO®QaT

[−A,A]
¸ NMPOLPQ\N¤PN `TMLPL®Q¼ WTOPQ¤PT¨ `QOQ z ∈ K ¨ TºPN\TM

{

λ2
2n

Q2kn−2(λ2nz)

Q2kn(λ2nz)

}

≤ 1

δ2
.

_a¸\ ULMMT¨ MQºN\TM ²[N {λ2
2n

Q2kn−2(λ2nz)

Q2kn(λ2nz)

} ^T¤®NOìN N\ PTUT M[º^T¤ü[¤PT UN
C \ [−A,A]

^T\ [\ `T¤PT UN Q^[\[aQRST¼ «¤PST¨ `NaT �NTON\Q Á¼Â G·PLNaPüNMY�LPQaLH ¨ {
λ2

2n

Q2kn−2(λ2nz)

Q2kn(λ2nz)

}

^T¤®NOìN [¤L¿TO\N\N¤PN N\ PTUT M[º^T¤ü[¤PT ^T\`Q^PT UN
C \ [−A,A]

¼
¹N`NPL¤UT T \NM\T QOì[\N¤PT `QOQ Q M[ºMN²[§¤^LQ

λ2
2n

Q2kn−1(λ2nz)

Q2kn+1(λ2nz)N¤^T¤POQ\TM ²[N NMPQ MN²[§¤^LQ PQ\º¸\ ^T¤®NOìN `QOQ 1/Q(z, t)
¨ T ²[N ^T\`aNPQ Q UN\T¤MPOQRST¼

ÂÁ
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KQ ¿XO\[aQ UN ON^TOO§¤^LQ Gd¼�H¨ TºPN\TM ²[N

1

λ2
2n

Q2k+1(λ2nz)

Q2k−1(λ2nz)
=

(

z − ξ̂2k

λ2n

)

1

λ2n

Q2k(λ2nz)

Q2k−1(λ2nz)
− δ̂2k

λ2nN
1

λ2
2n

Q2k+2(λ2nz)

Q2k(λ2nz)
=

(

z − ξ̂2k+1

λ2n

)

1

λ2n

Q2k+1(λ2nz)

Q2k(λ2nz)
− δ̂2k+1

λ2n
.

³QíN¤UT n→ ∞¨
k/n→ t ∈ [0, 1]

N [MQ¤UT T �NTON\Q Â¼� ^´NìQ\TM QT MNì[L¤PN ONM[aPQUT¼
9������ &c� RÈÉÄÛÜÊÆÄÅ lÈÇ ÄÅ ÞÄÇXÞËÇÛöÇÅ ÖÊ ÐÇøÊØÑÄ ÖÇ ÐÇÞÄÐÐVÛÞËÊ (3.6) ÅÊöËÅ×ÊØÊÆ (4.1)Ì ÄÛÖÇ
λn j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ ÞÄÆ ÇkÉÄÇÛöÇ α > 0

Ù RÇiÊ A ÈÆÊ ÞÄÛÅöÊÛöÇ ÉÄÅËöËwÊ öÊø lÈÇ
|xn,j |/λn < AÌ n = 1, 2, . . .

Ù ÕÛöÑÄÌ lÈÊÛÖÄ n→ ∞ Ç k/n→ t ∈ [0, 1]Ì
1

λ2n

Q2k(λ2nz)

Q2k−1(λ2nz)
∼ Q(z, t) + a2

1t
2α

z − b1tα
, GÂ¼�dH

1

λ2n

Q2k+1(λ2nz)

Q2k(λ2nz)
∼ Q(z, t) + a2

2t
2α

z − b2tα
, GÂ¼�ÂH

ÈÛË×ÄÐÆÇÆÇÛöÇ ÇÆ öÄÖÄ ÅÈÔÞÄÛiÈÛöÄ ÞÄÆÉÊÞöÄ ÖÇ
C \ [−A,A]

Ù
9������ &c! RÄÔ ÊÅ ÆÇÅÆÊÅ ÜËÉ÷öÇÅÇÅ ÖÄ ÎÇÄÐÇÆÊ 4.1Ì lÈÊÛÖÄ n→ ∞ öÇÆÄÅ lÈÇ

1

n

(d/dz)Qn(λnz)

Qn(λnz)
→ 1

2

∫ 1

0

(∂/∂z)Q(z, t)

Q(z, t)
dt

=

∫ 1

0

z − (b1 + b2)t
α/2

√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

dt GÂ¼��H
ÈÛË×ÄÐÆÇÆÇÛöÇ ÇÆ öÄÖÄ ÅÈÔÞÄÛiÈÛöÄ ÞÄÆÉÊÞöÄ ÖÇ

C \ [−A,A]
Ù

E����ÿ���ab�D ªT\T ¤T �NTON\Q Â¼�¨ `OL\NLOQ\N¤PN \TMPON\TM T ONM[aPQUT `QOQ z ∈ [A+d,∞)
¼

ªT¤MLUNON\TM Q ¿[¤RST
gn(t) = − d

dz

(
Q2bntc(λ2nz)

Q2bntc+2(λ2nz)

)/(
Q2bntc(λ2nz)

Q2bntc+2(λ2nz)

)

, 0 ≤ t ≤ 1,

T¤UN bac ¸ Q `QOPN L¤PNLOQ UT ¤±\NOT ONQa a¼ _MML\¨ `NaT ©N\Q Â¼Á¨
1

2

∫ 1

0
gn(t)dt =

1

2

{
∫ 1/n

0
gn(t)dt+

∫ 2/n

1/n
gn(t)dt+ · · · +

∫ 1

(n−1)/n
gn(t)dt

}

=
1

2

{
∫ 1/n

0

[

−
(
Q0(λ2nz)

Q2(λ2nz)

)′/(Q0(λ2nz)

Q2(λ2nz)

)]

dt

+

∫ 2/n

1/n

[

−
(
Q2(λ2nz)

Q4(λ2nz)

)′/(Q2(λ2nz)

Q4(λ2nz)

)]

dt+ · · ·

+

∫ 1

(n−1)/n

[

−
(
Q2n−2(λ2nz)

Q2n(λ2nz)

)′/(Q2n−2(λ2nz)

Q2n(λ2nz)

)]

dt

}

Âd
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=
1

2n

n∑

j=1

−
(
Q2j−2(λ2nz)

Q2j(λ2nz)

)′/(Q2j−2(λ2nz)

Q2j(λ2nz)

)

=
1

2n

(d/dz)Q2n(λ2nz)

Q2n(λ2nz)
.

·N ï¬QO\TM t¨ `NaTM PNTON\QM Â¼� N UQ ^T¤®NOì§¤^LQ [¤L¿TO\N UN ¿[¤RðNM Q¤Qa»PL^QM GN UN M[QM
UNOL®QUQMH N\ ^T¤ü[¤PTM ^T\`Q^PTM¨ MNì[N ²[N

gn(t) → −

∂

∂z

(
1

Q(z, t)

)

1

Q(z, t)

=

∂

∂z
(Q(z, t))

Q(z, t)
.

WQOQ t ∈ [(j − 1)/n, j/n)
¨ PN\TM PQ\º¸\

gn(t) = − d

dz

(
Q2j−2(λ2nz)

Q2j(λ2nz)

)/(
Q2j−2(λ2nz)

Q2j(λ2nz)

)

= − d

dz

(
Q2j−2(λ2nz)

Q2j−1(λ2nz)

)/(
Q2j−2(λ2nz)

Q2j−1(λ2nz)

)

− d

dz

(
Q2j−1(λ2nz)

Q2j(λ2nz)

)/(
Q2j−1(λ2nz)

Q2j(λ2nz)

)

.

­MQ¤UT Q UNMLì[QaUQUN
n∑

j=1

ajbj ≤ max
1≤j≤n

aj

n∑

j=1

bj , aj , bj > 0, j = 1, 2, . . . , n,

N¤^T¤POQ\TM ²[N

− d

dz

(
Qk−1(λnz)

Qk(λnz)

)/(
Qk−1(λnz)

Qk(λnz)

)

=
k∑

j=1

λk,jp
2
k−1(xk,j)

(z − xk,j/λn)2

/
k∑

j=1

λk,jp
2
k−1(xk,j)

(z − xk,j/λn)

≤ max
1≤j≤k

1

z − xk,j/λn
<

1

d
.

©TìT¨
1

2
gn(t) <

1

d
.

WNaT �NTON\Q UQ ªT¤®NOì§¤^LQ KT\L¤QUQ UN ©NºNMì[N¨ TºPN\TM¨ `QOQ z ∈ [A+ d,∞)
¨ ²[N

1

2n

(d/dz)Q2n(λ2nz)

Q2n(λ2nz)
=

1

2

∫ 1

0
gn(t)dt→ 1

2

∫ 1

0

(∂/∂z)Q(z, t)

Q(z, t)
dt.

WTO [\ ML\`aNM ^]a^[aT¨ ^´NìQ\TM ²[N
(∂/∂z)Q(z, t)

Q(z, t)
=

2[z − (b1 + b2)t
α/2]

√
[
(z − b1tα)(z − b1tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

.

ÂÂ
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KLMPT¨ TºPN\TM GÂ¼��H `QOQ z ∈ [A + d,∞)

¼ ½ ONM[aPQUT ìNOQa MNì[N UT �NTON\Q UN ·PLNaPüNMY
�LPQaL G�NTON\Q Á¼ÂH¼

½ \NM\T QOì[\N¤PT `TUN MNO [MQUT `QOQ TM »¤UL^NM »\`QONM¼

�����  ê������ �� ë��������� �����������
½M �NTON\QM Â¼Á N Â¼d `TUN\ MNO [MQUTM `QOQ ^T¤MPO[LO ¿XO\[aQM UN ²[QUOQP[OQ ²[N [MQ\ TMíNOTM UTM `TaL¤û\LTM TOPTìT¤QLM¼ ­MQON\TM Q²[L T ^T¤^NLPT UN ^T¤®NOì§¤^LQ ¿OQ^Q GKNï¤LRST Á¼cH¼½ �NTON\Q Á¼� GZOT\\NOY�Q\º[OìNOH ¤TM ìQOQ¤PN ²[N `QOQ GÁ¼ÁH MNO ®]aLUT ºQMPQ \TMPOQO\TM²[N S(Fn(x); z)

^T¤®NOìN `QOQ S(F (x); z)
¨ [¤L¿TO\N\N¤PN N\ PTUT M[º^T¤ü[¤PT ^T\`Q^PT UN

C \R
¼

ªT\T ¤TMMT TºüNPL®T ¸ TºPNO ¿XO\[aQM UN ²[QUOQP[OQ¨ ¤N^NMMLPQON\TM UT [MT UQM POQ¤M¿TO\QUQM
UN ·PLNaPüNM UQM MNì[L¤PNM ¿[¤RðNM ULMPOLº[LRðNM¾

F (x; δ, β) =
1

π

∫ x

−∞

|t|
√

β2 − t2
√
t2 − δ2

IB(t)dt GÂ¼��H
N

G(x; δ, β, γ) =
2

π

[(
δ2 − γ2

)1/2
+
(
β2 − γ2

)1/2
]2

(β2 − δ2)2
×
∫ x

−∞

√

β2 − t2
√
t2 − δ2

|t− γ| IB(t)dt, GÂ¼��H
T¤UN |γ| ≤ δ < β

N
IB(t)

¸ Q ¿[¤RST L¤UL^QUTOQ UT ^T¤ü[¤PT B = [−β,−δ] ∪ [δ, β]
¨ LMPT ¸¨

IB(t) =







0,
MN

t /∈ B,

1,
MN

t ∈ B.

«¤PST¨ `NaT �NTON\Q ³[¤UQ\N¤PQa UT ª]a^[aT¨
dF (x; δ, β) =

1

π

|x|
√

β2 − x2
√
x2 − δ2

dx

N
dG(x; δ, β, γ) =

2

π

[(
δ2 − γ2

)1/2
+
(
β2 − γ2

)1/2
]2

(β2 − δ2)2

√

β2 − x2
√
x2 − δ2

|x− γ| dx,

`QOQ x ∈ B
¼

?��� &c& RÇiÊ z ∈ C \ [−β,−δ] ∪ [δ, β]
Ù ÕÛöÑÄÌ

(i) S(F (x; δ, β); z) =
z√

z2 − δ2
√

z2 − β2
, GÂ¼�cH

(ii) S(G(x; δ, β, γ); z) =
2(z + γ)

z2 − γ2 − [(δ2 − γ2)(β2 − γ2)]1/2
√
z2 − δ2

√

z2 − β2
. GÂ¼� H

ÃÅ ÐÊ|oÇÅ lÈÊÖÐÊÖÊÅ √
z2 − δ2 Ç √z2 − β2 ÅÑÄ ÇÅÞÄøÜËÖÊÅ ÖÇ ÆÄÖÄ lÈÇ z2

(√
z2 − δ2

√

z2 − β2
) j

ÊÛÊø|öËÞÊ ÇÆ
C \ [−β,−δ] ∪ [δ, β] Ç öÇÛÖÇ ÉÊÐÊ ÈÆ lÈÊÛÖÄ z öÇÛÖÇ ÉÊÐÊ Ä ËÛXÛËöÄÙ

Â�
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E����ÿ���ab�D WNaQ UNï¤LRST UN POQ¤M¿TO\QUQ UN ·PLNaPüNM¨ PN\TM ²[N

S(F (x; δ, β); z) =
1

π

∫ −δ

−β

1

z − x

|x|
√

β2 − x2
√
x2 − δ2

dx

+
1

π

∫ β

δ

1

z − x

|x|
√

β2 − x2
√
x2 − δ2

dx.

³QíN¤UT Q \[UQ¤RQ UN ®QOL]®NLM x = −t ¤Q `OL\NLOQ L¤PNìOQa N¨ N\ MNì[LUQ¨ t = x
¨ TºPN\TM

S(F (x; δ, β); z) =
1

π

∫ β

δ

1

z + x

|x|
√

β2 − x2
√
x2 − δ2

dx

+
1

π

∫ β

δ

1

z − x

|x|
√

β2 − x2
√
x2 − δ2

dx.

_ìTOQ¨ [MQ¤UT Q \[UQ¤RQ UN ®QOL]®NLM y = x2 N¨ N\ MNì[LUQ¨ y =
(β2 − δ2)

2
t+

(β2 + δ2)

2

¨
^´NìQ\TM ²[N

S(F (x; δ, β); z) =
2z

(β2 − δ2)π

∫ 1

−1

1
2z2−β2−δ2

β2−δ2 − t

dt√
1 − t2

.

KN Gd¼dÂH N Gd¼d�H MQºN\TM ²[N
∫ 1

−1

1

u− x
dφ(x) = FC(u),

T¤UN FC(u)
¸ T aL\LPN UQ ¿OQRST ^T¤P»¤[Q

δ̂1

u− ξ̂1 −
δ̂2

u− ξ̂2 −
δ̂3

u− ξ̂3 − ¼ ¼ ¼
N
δ̂i

¨
ξ̂i

¨
i = 1, 2, . . .

¨ MST TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM UTM `TaL¤û\LTM
TOPTìT¤QLM ^T\ ONaQRST Q

dφ(x)
¼

VQM¨ UQ ¿XO\[aQ UN ON^TOO§¤^LQ `QOQ TM `TaL¤û\LTM UN ª´Nº�M´N® UN �
a

NM`¸^LN \û¤L^TM¨ MQºNY\TM ²[N δ̂1 = π
¨
δ̂2 = 1/2

¨
δ̂3 = δ̂4 = . . . = 1/4

N
ξ̂i = 0 `QOQ i = 1, 2, . . .

¼
_MML\¨ `QOQ dφ(x) =

dx√
1 − x2

¨
FC(u) =

π

u− 1

2L(u)

¨ T¤UN L(u) = u− 1

4L(u)

¼
©TìT¨ [L(u)]2 − uL(u) + 1/4 = 0

¼ KQ»¨

L(u) =
u±

√

u2 − 1

2

N
FC(u) =

π
√

u2 − 1
,

`TLM FC(u) → 0
¨ ²[Q¤UT u→ ∞¼

Â�
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WTOPQ¤PT¨ `QOQ u =
2z2 − β2 − δ2

β2 − δ2
¨

FC(u) =
π(β2 − δ2)/2

√

(u2 − β2)(u2 − δ2)
.

KQ»¨ ^´NìQ\TM ¤T ONM[aPQUT (i)
¼

WQOQ Q ULMPOLº[LRST G(x; δ, β, γ)
¨ ^T¤MLUNON\TM UTLM ^QMTM¾

(a)
·NüQ

γ = 0
¼ KN \Q¤NLOQ Q¤]aTìQ ñ ¿NLPQ `QOQ Q ULMPOLº[LRST F (x; δ;β)

¨

S(G(x; δ, β, 0); z) =
1

π

(δ + β)2

(β2 − δ2)

1

z







∫ 1

−1

1
2z2−β2−δ2

β2−δ2 − t

√

1 − t2dt−
∫ 1

−1

1
β2+δ2

δ2−β2 − t

√

1 − t2dt






.

ªT\T¨ ¤NMPN ^QMT¨ Q ¿[¤RST `NMT ¸ Q UN ª´Nº�M´N® UN Á
a

NM`¸^LN¨ Q ¿OQRST ^T¤P»¤[Q FC(u)
¸

UQUQ `TO FC(u) = π(u−
√
u2 − 1)

¼
©TìT¨ Q `OL\NLOQ L¤PNìOQa N¤PON ^´Q®NM ¸ Lì[Qa Q

π

[

2z2 − (β2 + δ2) − 2
√

z2 − β2
√
z2 − δ2

β2 − δ2

]

N¨ Q MNì[¤UQ¨ Lì[Qa Q
−π
[
β2 + δ2 − 2δβ

β2 − δ2

]

.

·[ºMPLP[L¤UT TM ONM[aPQUTM Q^L\Q ¤Q POQ¤M¿TO\QUQ UN ·PLNaPüNM UQ ULMPOLº[LRSTG(x; δ, β, 0) TºPLUQ
Q¤PNOLTO\N¤PN N \[aPL`aL^Q¤UTYQ N UL®LUL¤UTYQ `TO z2 − δβ+

√

z2 − β2
√
z2 − δ2

¨ ^´NìQ\TM QT ONM[aYPQUT UNMNüQUT `QOQ γ = 0
¼

(b)
WQOQ γ 6= 0

¨ UN \Q¤NLOQ Q¤]aTìQ ñ ¿NLPQ Q¤PNOLTO\N¤PN¨ ^´NìQ\TM ²[N

S(G(x; δ, β, γ); z) =
1

π

[(
δ2 − γ2

)1/2
+
(
β2 − γ2

)1/2
]2

(β2 − δ2)2
(z + γ)(β2 − δ2)

(z2 − γ2)

×







∫ 1

−1

1
2z2−β2−δ2

β2−δ2 − t

√

1 − t2dt−
∫ 1

−1

1
β2+δ2−2γ2

δ2−β2 − t

√

1 − t2dt






.

©TìT¨ `TO Gd¼dÂH N Gd¼d�H¨ T ®QaTO UQ `OL\NLOQ L¤PNìOQa ¸

π(u−
√

u2 − 1),
^T\ u =

2z2 − β2 − δ2

β2 − δ2N¨ T UQ MNì[¤UQ¨ ¸
π(v −

√

v2 − 1),
^T\ v =

β2 + δ2 − 2γ2

δ2 − β2
.

Â�
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KQ»¨

S(G(x; δ, β, γ); z) =
1

π

[(
δ2 − γ2

)1/2
+
(
β2 − γ2

)1/2
]2

(β2 − δ2)2
(z + γ)(β2 − δ2)

(z2 − γ2)

×π
[

z2 − γ2 −
√

δ2 − γ2
√

β2 − γ2 −
√

z2 − β2
√

z2 − δ2
]

.

V[aPL`aL^Q¤UTYMN N UL®LUL¤UTYMN NMPQ N¬`ONMMST `TO
z2 − γ2 −

√

δ2 − γ2
√

β2 − γ2 +
√

z2 − β2
√

z2 − δ2,

TºPN\TM T ONM[aPQUT UNMNüQUT¼
ªT¤MLUNON\TM¨ QìTOQ¨

b(1) = min{b1, b2}, b(2) = max{b1, b2},
a(1) = min{a1, a2}

N
a(2) = max{a1, a2}.

9������ &c& RÄÔ ÊÅ ÞÄÛÖËØUÇÅ ÖÄ ÎÇÄÐÇÆÊ 4.1Ì ÉÊÐÊ öÄÖÊ ×ÈÛØÑÄ ÞÄÛö|ÛÈÊ f Ì lÈÊÛÖÄ n → ∞ Ç
k/n→ t ∈ [0, 1]Ì öÇÆÄÅ lÈÇ

(i)

2k∑

j=1

λ2k,jp
2
2k−1(x2k,j)f(x2k,j/λ2n) →

a2
(1)

a2
1

∫ ∞

−∞
f(x)dG

(

x− b1 + b2
2

tα; δtα, βtα,−γtα
)

+
a2

1 − a2
(1)

a2
1

f(b2t
α),

(ii)
2k+1∑

j=1

λ2k+1,jp
2
2k(x2k+1,j)f(x2k+1,j/λ2n) →

a2
(1)

a2
2

∫ ∞

−∞
f(x)dG

(

x− b1 + b2
2

tα; δtα, βtα, γtα
)

+
a2

2 − a2
(1)

a2
2

f(b1t
α),

(iii)
1

n

n∑

j=1

f(xn,j/λn) →
∫ 1

0

∫ ∞

−∞
f(x)dF

(

x− b1 + b2
2

tα; δtα, βtα
)

dt,

ÄÛÖÇ
δ2 =

(
b1 − b2

2

)2

+ (a1 − a2)
2, β2 =

(
b1 − b2

2

)2

+ (a1 + a2)
2 Ç γ2 =

(
b1 − b2

2

)2

. GÂ¼ÁbH

E����ÿ���ab�D ·QºN\TM¨ UN Gd¼ÁdH N UN λn,k =
a∗n,n

a∗n−1,n−1

1

p′n(xn,k)pn−1(xn,k)

¨ ²[N

λn
Qk−1(λnz)

Qk(λnz)
=

k∑

j=1

λk,jp
2
k−1(xk,j)

z − xk,j/λn
.

Âc
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·NüQ

Gn,k(x)
Q ¿[¤RST ULMPOLº[LRST ULM^ONPQ

Gn,k(x) =
k∑

j=1

λk,jp
2
k−1(xk,j)U(x− xk,j/λn), GÂ¼Á�H

T¤UN U(x)
¸ Q ¿[¤RST UN �NQ®LMLUN

U(x) =







1,
MN

x ≥ 0,

0,
MN

x < 0.

GÂ¼ÁÁH
_ POQ¤M¿TO\QUQ UN ·PLNaPüNM UQ ¿[¤RST Gn,k(x)

¸ UQUQ `TO

S(Gn,k(x); z) =

∫ ∞

−∞

dGn,k(x)

z − x
=

k∑

j=1

λk,jp
2
k−1(xk,j)

z − xk,j/λn
= λn

Qk−1(λnz)

Qk(λnz)
. GÂ¼ÁdH

½ ^T\`TOPQ\N¤PT QMML¤PXPL^T UNMMQ POQ¤M¿TO\QUQ ¸ UQUQ `NaT �NTON\Q Â¼Á¼ WNaT �NTON\Q Á¼�
GZOT\\NOY�Q\º[OìNOH¨ MN[ aL\LPN UN®N MNO Q POQ¤M¿TO\QUQ UN ·PLNaPüNM UT aL\LPN ¿OQ^T UQ ¿[¤RST
ULMPOLº[LRST Gn,k(x)

¼
WQOQ n `QO N

k `QO¨ UN GÂ¼ÁdH N `NaT �NTON\Q Â¼Á PN\TM ²[N
S(G2n,2k(x); z) = λ2n

Q2k−1(λ2nz)

Q2k(λ2nz)
→ z − b1t

α

Q(z, t) + a2
1t

2α

[¤L¿TO\N\N¤PN N\ PTUT M[º^T¤ü[¤PT ^T\`Q^PT UN
C \ [−A,A]

¨ ²[Q¤UT n→ ∞ N
k/n→ t ∈ [0, 1]

¼
KN GÂ¼�bH¨

A =
z − b1t

α

Q(z, t) + a2
1t

2α

= 2(z − b1t
α)
{

(z − b1t
α)(z − b2t

α) − (a2
2 − a2

1)t
2α

+

√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

}−1

.

V[aPL`aL^Q¤UTYMN N UL®LUL¤UTYMN T ±aPL\T \N\ºOT UQ N²[QRST Q^L\Q `NaT ^T¤ü[ìQUT UT PNO\TN¤PON ^´Q®NM¨ TºPN\TM
A =

[
2(z − b2t

α)a2
1t

2α
]−1

{

(z − b1t
α)(z − b2t

α) + (a2
1 − a2

2)t
2α

−
√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

}

.

_ìTOQ¨ MT\Q¤UTYMN N M[ºPOQL¤UTYMN |(a2
1−a2

2)t
2α| QT MNì[¤UT \N\ºOT N¨ N\ MNì[LUQ¨ \[aPL`aL^Q¤UTYMN N UL®LUL¤UTYMN `NaT ^T¤ü[ìQUT UT PNO\T N¤PON ^´Q®NM¨ ^´NìQ\TM ²[N

A =
|a2

1 − a2
2| − (a2

2 − a2
1)

2(z − b2tα)a2
1

+
(a2

1 + a2
2) − |a2

1 − a2
2|

2a2
1

× 2(z − b1t
α)
{

(z − b1t
α)(z − b2t

α) − |a2
1 − a2

2|t2α

+

√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

}−1

.

Â 



çrÃ Ä �è ������� G�����é�����
óTPN ²[N

(z − b1t
α)(z − b2t

α) = (ẑ2 − γ̂2),
√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α =

√

ẑ2 − δ̂2
√

ẑ2 − β̂2

N
∣
∣(a2

1 − a2
2)t

2α
∣
∣ =

[

(δ̂2 − γ̂2)(β̂2 − δ̂2)
]1/2

,

T¤UN

ẑ = z − b1 + b2
2

tα, γ̂ =
b1 − b2

2
tα = γtα, δ̂2 =

[(
b1 − b2

2

)2

+ (a1 − a2)
2

]

t2α = δ2t2α

N
β̂2 =

[(
b1 − b2

2

)2

+ (a1 + a2)
2

]

t2α = β2t2α.

KQ»¨

A =
|a2

1 − a2
2| − (a2

2 − a2
1)

2(z − b2tα)a2
1

+
(a2

1 + a2
2) − |a2

1 − a2
2|

2a2
1

× 2(ẑ + γ̂)

{

(ẑ2 − γ̂2) −
[

(δ̂2 − γ̂2)(β̂2 − δ̂2)
]1/2

+

√

ẑ2 − δ̂2
√

ẑ2 − β̂2

}−1

.

_¤QaLMQ¤UT TM ^QMTM a1 ≥ a2
N
a1 < a2

¨ TºPN\TM
(a2

1 + a2
2) − |a2

1 − a2
2|

2a2
1

=
a2

(1)

a2
1

N |a2
1 − a2

2| − (a2
2 − a2

1)

2(z − b2tα)a2
1

=
a2

1 − a2
(1)

a2
1

1

z − b2tα
.

©TìT¨

A =
a2

1 − a2
(1)

a2
1

1

z − b2tα
+
a2

(1)

a2
1

2(ẑ + γ̂)

(ẑ2 − γ̂2) −
[

(δ̂2 − γ̂2)(β̂2 − δ̂2)
]1/2

+
√

ẑ2 − δ̂2
√

ẑ2 − β̂2

N¨ `TOPQ¤PT¨
2k∑

j=1

λ2k,jp2k−1(x2k,j)

x− x2k,j/λ2n
→

a2
(1)

a2
1

S

(

G

(

x− b1 + b2
2

tα; δtα, βtα,−γtα
)

; z

)

+
a2

1 − a2
(1)

a2
1

S(U(x− b2t
α); z),

T ²[N ^T¤^a[L `QOPN UT PNTON\Q¼
ªT\T ^T¤®NOì§¤^LQ ¿OQ^Q ¸ N²[L®QaN¤PN Q GÁ¼ÁH¨ PN\TM T ONM[aPQUT UQUT N\ (i)

¼
_ìTOQ¨ `QOQ n `QO N

k
»\`QO¨ UN GÂ¼ÁdH¨

S(G2n,2k+1(x); z) = λ2n
Q2k(λ2nz)

Q2k+1(λ2nz)
→ z − b2t

α

Q(z, t) + a2
2t

2α
.

�b
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_ UN\T¤MPOQRST ¸ Q¤]aTìQ Q

(i)
M[ºMPLP[L¤UTYMN (a1, b1)

`TO (a2, b2)
¼

ªT¤MLUNON\TM QìTOQ Q ¿[¤RST ULMPOLº[LRST

Fn(x) =
1

n

n∑

j=1

U(x− xn,j/λ2n), GÂ¼ÁÂH
T¤UN U(x)

¸ Q ¿[¤RST UN �NQ®LMLUN GÂ¼ÁÁH¼KN Gd¼Á�H¨ PN\TM ²[N

S(Fn(x); z) =

∫ ∞

−∞

dFn(x)

z − x
=

1

n

n∑

j=1

1

(x− xn,j/λn)
=

1

n

(d/dz)Qn(λnz)

Qn(λnz)
.

½ ^T\`TOPQ\N¤PT QMML¤PXPL^T UNMMQ POQ¤M¿TO\QUQ ¸ UQUT `NaT �NTON\Q Â¼d¨ LMPT ¸¨

S(Fn(x); z) →
∫ 1

0

z − (b1 + b2)/t
α

√

(z − b1tα)(z − b2tα) − (a2
1 + a2

2)t
2α − 4a2

1a
2
2t

4α
dt

=

∫ 1

0

ẑ
√

ẑ2 − δ̂2
√

ẑ2 − β̂2

dt.

WNaT ©N\Q Â¼Â¨ TºPN\TM ²[N

S(Fn(x); z) →
∫ 1

0
S

(

F

(

x− b1 + b2
2

tα; δtα, βtα
)

; z

)

dt

=

∫ 1

0

∫ ∞

−∞
f(x)dF

(

x− b1 + b2
2

tα; δtα, βtα
)

dt,

T ²[N UN\T¤MPOQ (iii)
¼

����� ����� 	�§������
_ìTOQ¨ ^T¤MLUNON\TM Qaì[¤M ^QMTM NM`N^LQLM UTM PNTON\QM Q¤PNOLTONM UNMPQ MNRST¼

;�ÿ� �D ½ ^QMT \QLM L\`TOPQ¤PN ¸ ²[Q¤UT b1 = b2 = b
N
a1 = a2 = a > 0

¼
óNMPN ^QMT¨ `NaT �NTON\Q Â¼Â¨

k∑

j=1

λk,jp
2
k−1(xk,j)f(xk,j/λn) →

∫ ∞

−∞
f(x)dG(x− btα; 0, 2atα, 0)dt.

³QíN¤UT x = ztα
N¨ N\ MNì[LUQ¨ z = x

¨ TºPN\TM
k∑

j=1

λk,jp
2
k−1(xk,j)f(xk,j/λn) →

∫ ∞

−∞
f(xtα)dG((x− b)tα; 0, 2atα, 0)dt.

��
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VQM¨ UN GÂ¼��H¨

G((x− b)tα; 0, 2atα, 0) =
1

2a2πt2α

∫ (x−b)tα

−∞

√

4at2α − u2I[−2atα,2atα](u)du.

³QíN¤UT Q \[UQ¤RQ UN ®QOL]®Na u = (z − b)tα
N¨ N\ MNì[LUQ¨ u = z

¨ TºPN\TM

G((x− b)tα; 0, 2atα, 0) =
1

2a2π

∫ x

−∞

√

4a2 − (u− b)2I[b−2a,b+2a](u)du.

KQ»¨ Q`aL^Q¤UT T �NTON\Q ³[¤UQ\N¤PQa UT ª]a^[aT¨

dG((x− b)tα; 0, 2atα, 0) =
1

2a2π

√

4a2 − (x− b)2I[b−2a,b+2a](x)dx.

WTOPQ¤PT¨ T ONM[aPQUT UT �NTON\Q Â¼Â PTO¤QYMN
k∑

j=1

λk,jp
2
k−1(xk,j)f(xk,j/λn) → 1

2a2π

∫ ∞

−∞
f(xtα)

√

4a2 − (x− b)2I[b−2a,b+2a](x)dx

=
1

2a2π

∫ b+2a

b−2a
f(xtα)

√

4a2 − (x− b)2dx.

_ìTOQ¨ `QOQ (iii)
PN\TM ²[N
1

n

n∑

j=1

f(xn,j/λn) →
∫ 1

0

∫ ∞

−∞
f(x)dF (x− btα; 0, 2atα)dt.

_MML\¨ ¿QíN¤UT QM \NM\QM \[UQ¤RQM UN ®QOL]®NLM Q¤PNOLTONM¨ ^´NìQ\TM ²[N
1

n

n∑

j=1

f(xn,j/λn) → 1

π

∫ 1

0

∫ b+2a

b−2a
f(xtα)

dx
√

4a2 − (x− b)2
dt.

·N ïíNO\TM f(x) = xM ¤NMPQ ±aPL\Q N¬`ONMMST¨
1

n

n∑

j=1

(
xn,j

λn

)M

→ 1

π

∫ 1

0

∫ b+2a

b−2a
(xtα)M dx

√

4a2 − (x− b)2
dt

=
1

π

1

Mα+ 1

∫ b+2a

b−2a

xMdx
√

4a2 − (x− b)2
dt,

²[N ¸ [\ ONM[aPQUT MN\Na´Q¤PN QTM ONM[aPQUTM UN óN®QL N KN´NMQ KÁ�L¼
;�ÿ� �D ½[POT L\`TOPQ¤PN ^QMT Q MNO ^T¤MLUNOQUT ¸ ²[Q¤UT a1 = 0 T[ a2 = 0

¼
·QºN\TM ²[N

S(G2n,2k(x); z) = λ2n
Q2k−1(λ2nz)

Q2k(λ2nz)
→ z − b1t

α

Q(z, t) + a2
1t

α
.

�Á
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• ·N
a2 = 0

¨ N¤PST¨

S(G2n,2k(x); z) →
1

z − b2tα
= S(U(x− b2t

α); z).

• ·N
a1 = 0

¨ PN\TM ²[N

S(G2n,2k(x); z) → z − b1t
α

(z − b1tα)(z − b2tα) − a2
2t

2α

=
z − b1t

α

[

z − b1 + b2
2

tα − βtα
] [

z − b1 + b2
2

tα + βtα
]

=
1

2β

{(
b2 − b1

2
+ β

)

S

(

U

(

x−
[
b1 + b2

2
+ β

]

tα
)

; z

)

+

(
b1 − b2

2
+ β

)

S

(

U

(

x−
[
b1 + b2

2
− β

]

tα
)

; z

)}

=
1

2β

{

(β − γ)S

(

U

(

x−
[
b1 + b2

2
+ β

]

tα
)

; z

)

+ (β + γ)S

(

U

(

x−
[
b1 + b2

2
− β

]

tα
)

; z

)}

.

óNMPN ^QMT¨ ®N\TM ¿Q^La\N¤PN ²[N δ = β ¤T �NTON\Q Â¼Â¼
KN GÂ¼� H¨ PN\TM ²[N

S(G(x;βtα, βtα, γtα); z) =
1

2β

{
β + γ

z − βtα
+

β − γ

z + βtα

}

=
β + γ

2β
S(U(x− βtα); z) +

β − γ

2β
S(U(x+ βtα); z).

KQ»¨
G(x;β, β, γ) =

β + γ

2β
U(x− β) +

β − γ

2β
U(x+ β).

KLMPT¨ T ONM[aPQUT UT �NTON\Q Â¼Â `TUN¨ N¤PST¨ MNO UQUT ^T\T

2k∑

j=1

λ2k,jp
2
2k−1(x2k,j)f(x2k,j/λ2n) →







f(b2t
α),

MN
a2 = 0,

1

2β

{(
b2 − b1

2
+ β

)

f

((
b1 + b2

2
+ β

)

tα
)

+

(
b2 − b1

2
+ β

)

f

((
b1 + b2

2
− β

)

tα
)}

,
MN

a1 = 0.

KN \Q¤NLOQ Q¤]aTìQ¨

2k+1∑

j=1

λ2k+1,jp
2
2k(x2k+1,j)f(x2k+1,j/λ2n) →







f(b1t
α),

MN
a1 = 0,

1

2β

{(
b1 − b2

2
+ β

)

f

((
b1 + b2

2
+ β

)

tα
)

+

(
b2 − b1

2
+ β

)

f

((
b1 + b2

2
− β

)

tα
)}

,
MN

a2 = 0.

�d
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°]¨ UN GÂ¼��H¨ PN\TM ²[N
S(Fn(x); z) →

∫ 1

0

z − (b1 + b2)t
α/2

√
[
(z − b1tα)(z − b2tα) − (a2

1 + a2
2)t

2α
]2 − 4a2

1a
2
2t

4α

dt.

ªT\T a1 = 0 T[ a2 = 0
¨

S(Fn(x); z) →
∫ 1

0

z − (b1 + b2)t
α/2

(z − b2tα)(z − b1tα) − a2
(2)t

2α
dt

=

∫ 1

0

z − (b1 + b2)t
α/2

[

z −
(
b1 + b2

2
+ β

)

tα
] [

z −
(
b1 + b2

2
− β

)

tα
]dt

=
1

2

∫ 1

0







1

z −
(
b1 + b2

2
+ β

)

tα
+

1

z −
(
b1 + b2

2
− β

)

tα






dt

=
1

2

∫ 1

0

{

S

(

U

(

x−
[
b1 + b2

2
+ β

]

tα
)

; z

)

+ S

(

U

(

x−
[
b1 + b2

2
− β

]

tα
)

; z

)}

dt. GÂ¼Á�H
©TìT¨

1

n

n∑

j=1

f(xn,j/λn) → 1

2

∫ 1

0

{

f

((
b1 + b2

2
+ β

)

tα
)

+ f

((
b1 + b2

2
− β

)

tα
)}

dt,

T¤UN f ¸ [\Q ¿[¤RST ^T¤P»¤[Q¨ n→ ∞ N
k/n→ t

N

β2 =

(
b1 − b2

2

)2

+ a2
(2).

KT �NTON\Q Â¼Â¨ PN\TM ²[N
S(Fn(x); z) →

∫ 1

0
S

(

F

(

x− b1 + b2
2

tα;βtα, βtα
)

; z

)

dt.

VQM¨
S

(

F

(

x− b1 + b2
2

tα;βtα, βtα
)

; z

)

=
1

2

{

S

(

U

(

x−
(
b1 + b2

2
+ β

)

tα
)

; z

)

+ S

(

U

(

x−
(
b1 + b2

2
− β

)

tα
)

; z

)}

.

©TìT¨
F (x− (b1 + b2)t

α/2;βtα, βtα) =
1

2
U(x− (b1 + b2)t

α/2 + βtα) +
1

2
U(x− (b1 + b2)t

α/2 − βtα).

WTOPQ¤PT¨
F (x, β, β) =

1

2
U(x+ β) +

1

2
U(x− β).

�Â
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«\ KÁ�L¨ óN®QL N KN´NMQ NMP[UQOQ\ L\`TOPQ¤PNM ¿Q\»aLQM UN `TaL¤û\LTM TOPTìT¤QLM ²[N MQPLMY¿QíN\ Q [\Q ONaQRST UN ON^TOO§¤^LQ ^T\ ^TNï^LN¤PNM UN ®QOLQRST ONì[aQO PQLM ^T\T TM `TaL¤û\LTM UN©Qì[NOON¨ �NO\LPN¨ VNL¬¤NO GUN `OL\NLOQ N UN MNì[¤UQ NM`¸^LNMH¨ WTLMMT¤Yª´QOaLNO N ªQOaLPí¼ WQOQ
PTUQM NMMQM ¿Q\»aLQM¨ `TUN\TM Q`aL^QO TM ONM[aPQUTM TºPLUTM ¤NMPQ MNRST¼
BÌ��eý� &c� ·QºN\TM ²[N TM `TaL¤û\LTM UN ©Qì[NOON¨ L(α)

n (x)
¨ MST TOPTìT¤QLM ¤T L¤PNO®QaT [0,∞)^T\ ONaQRST ñ ¿[¤RST `NMT w(x) = xαe−x ¨

α > −1
N MQPLM¿QíN\ ñ MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ

L
(α)
n+1(x) = (x− (2n+ α+ 1))L(α)

n (x) − n(n+ α)L
(α)
n−1(x), n ≥ 0.

_MML\¨
ξ̂2n = 4n+ α+ 1, δ̂2n = 2n(2n+ α),

ξ̂2n+1 = 4n+ α+ 3, δ̂2n+1 = (2n+ 1)(2n+ α+ 1).WTUN\TM TºMNO®QO ²[N TM ^TNï^LN¤PNM MST LaL\LPQUTM¨ \QM MST UN ®QOLQRST ONì[aQO¼ ©TìT¨ NM^TYa´N¤UT {λn} = {n} (α = 1)
¨ TºPN\TM ²[N b1 = b2 = 2

N
a1 = a2 = 1

¼ _MML\¨ NMPQ\TM POQPQ¤UT UT;�ÿ� � UQ ±aPL\Q MNRST¼·NüQ\ {xn,j}n
j=1

TM íNOTM UN L(α)
n (x)

¼ «¤PST¨
k∑

j=1

λk,jl
2
k−1(xk,j)f(xk,j/n) → 1

2π

∫ 4

0
f(xt)

√

4 − (x− 2)2dx

N
1

n

n∑

j=1

f(xn,j/n) → 1

π

∫ 1

0

∫ 4

0
f(xt)

dx
√

4 − (x− 2)2
dt

T¤UN {ln(x)}∞n=0

MST TM `TaL¤û\LTM TOPT¤TO\QLM N
f

¸ [\Q ¿[¤RST ^T¤P»¤[Q¼
_ìTOQ¨ `NaT �NTON\Q Â¼�¨ PN\TM ²[N

lim
n→∞

1

n2

L
(α)
k (nz)

L
(α)
k−2(nz)

=
1

2

{

z2 − 2zt+ 2t2 + |z − 2t|
√

z2 − 2zt
}

[¤L¿TO\N\N¤PN `QOQ z N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [−A,A]

¼
BÌ��eý� &c� ½M `TaL¤û\LTM UN �NO\LPN¨

Hn(x)
¨ MST TOPTìT¤QLM N\ (−∞,∞)

^T\ ONaQRST ñ ¿[¤RST
`NMT w(x) = e−x2 ¼ «aNM MQPLM¿QíN\ ñ MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ

Hn+1(x) = xHn(x) − n

2
Hn−1(x), n ≥ 0.

©TìT¨
ξ̂2n = ξ̂2n+1 = 0, δ̂2n = n

N
δ̂2n+1 =

2n+ 1

2
.

��
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«M^Ta´N¤UT {λn} = {√n} (α = 1/2)
¨ TºPN\TM ²[N b1 = b2 = 0

N
a1 = a2 =

√
2

2

¼ óT®Q\N¤PN¨NMPQ\TM ¤T ;�ÿ� �¼
WNaT �NTON\Q Â¼�¨ PN\TM ²[N

lim
n→∞

1

n

Hk(
√
nz)

Hk−2(
√
nz)

=
1

2

{

z2 − t+ |z|
√

z2 − 2t
}

[¤L¿TO\N\N¤PN `QOQ z N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [−A,A]

¼
ªT\T NMPQ\TM ¤T ªQMT �¨ ^T¤MLUNOQ¤UT {xn,j}n

j=1
TM íNOTM UN Hn(x)

¨ PN\TM ²[N
k∑

j=1

λk,jh
2
k−1(xk,j)f(xk,j/

√
n) → 1

π

∫ √
2

−
√

2
f(x

√
t)
√

2 − x2dx

N
1

n

n∑

j=1

f(xn,j/
√
n) → 1

π

∫ 1

0

∫ √
2

−
√

2
f(x

√
t)

dx
√

2 − x2
dt.

T¤UN f ¸ [\Q ¿[¤RST ^T¤P»¤[Q N {hn(x)}∞n=0

MST TM `TaL¤û\LTM TOPT¤TO\QLM¼
BÌ��eý� &c! �NON\TM¨ QìTOQ¨ `TaL¤û\LTM ^[üQM ONaQRðNM UN ON^TOO§¤^LQ P§\ aL\LPNM UL¿NON¤PNM `QOQ»¤UL^NM »\`QONM N `QONM¼·PLNaPüNM Kd�L¨ ªQOaLPí K�L N _aY·QaQ\ KÁL NMP[UQOQ\ UTLM MLMPN\QM UN `TaL¤û\LTM TOPTìT¤QLM
{Cn(x)}∞n=0

N {Dn(x)}∞n=0

^[üQM ¿XO\[aQM UN ON^TOO§¤^LQ MQPLM¿QíN\
Cn+1(x) = xCn(x) − δ̂(C)

n Cn−1(x)
GÂ¼Á�H

N
Dn+1(x) = xDn(x) − δ̂(D)

n Dn−1(x),
GÂ¼Á�H

^T\
δ̂
(C)
2n = (2n)2κ2, δ̂

(D)
2n = (2n)2,

δ̂
(C)
2n+1 = (2n+ 1)2, δ̂

(D)
2n+1 = (2n+ 1)2κ2,N

k
¸ [\ ¤±\NOT ONQa G®NO KcL¨ `¼� dH¼ «MMNM `TaL¤û\LTM NMPST ONaQ^LT¤QUTM Q ¿[¤RðNM Na»`PL^QM UQMNì[L¤PN \Q¤NLOQ¼ ·NüQ\

K(κ2) =

∫ π/2

0

dθ
√

1 − κ2sen2(θ)

N
q = e

−π
K(1 − κ2)

K(κ2) .

·N
0 < κ < 1

¨ N¤PST 0 < q < 1
N QM ¿[¤RðNM `NMT w(x) `QOQ TM `TaL¤û\LTM {Cn(x)}∞n=0

N
{Dn(x)}∞n=0

MST¨ ONM`N^PL®Q\N¤PN¨

w(C)(x) =
∞∑

j=−∞

q(2j+1)/2

1 + q2j+1
U

(

x− 2j + 1

2K(κ2)
π

)

��



çrÃ Ä �è ������� G�����é�����
N

w(D)(x) =

∞∑

j=−∞

qj

1 + q2j
U

(

x− j

K(κ2)
π

)

,

T¤UN U(x)
¸ Q ¿[¤RST UNï¤LUQ N\ GÂ¼ÁÁH G®NüQ KcL¨ `¼� ÂH¼

�N\TM ²[N QM ^T¤ULRðNM GÂ¼�H MST ®]aLUQM ^T\ {λn} = {n}¼ WQOQ TM `TaL¤û\LTM UNï¤LUTM N\
GÂ¼Á�H¨ TºPN\TM ²[N

• lim
n→∞

ξ̂
(C)
2n

λ2n
= lim

n→∞
ξ̂
(C)
2n+1

λ2n
= 0 ⇒ b1 = b2 = 0.

• lim
n→∞

(

δ̂
(C)
2n

)1/2

λ2n
= lim

n→∞

[
(2n)2κ2

]1/2

2n
= κ ⇒ a1 = κ

¼

• lim
n→∞

(

δ̂
(C)
2n+1

)1/2

λ2n
= lim

n→∞
(2n+ 1)

2n
= 1 ⇒ a2 = 1

¼
WQOQ TM `TaL¤û\LTM UQUTM `TO GÂ¼Á�H¨ PN\TM ²[N

• lim
n→∞

ξ̂
(D)
2n

λ2n
= lim

n→∞
ξ̂
(D)
2n+1

λ2n
= 0 ⇒ b1 = b2 = 0.

• lim
n→∞

(

δ̂
(D)
2n

)1/2

λ2n
= lim

n→∞
(2n)

2n
= 1 ⇒ a1 = 1

¼

• lim
n→∞

(

δ̂
(D)
2n+1

)1/2

λ2n
= lim

n→∞

[
(2n+ 1)2κ2

]1/2

2n
= κ ⇒ a2 = κ

¼
­MQ¤UT T �NTON\Q Â¼� `QOQ NMMNM ONM[aPQUTM¨ ^T\ α = 1

¨ TºPN\TM

lim
n→∞

1

n

Ck(nz)

Ck−2(nz)
= lim

n→∞
1

n

Dk(nz)

Dk−2(nz)

=
1

2

{

z2 − (κ2 + 1)t2 +
√
[
z2 − (κ− 1)2t2

] [
z2 − (κ+ 1)2t2

]
}

[¤L¿TO\N\N¤PN `QOQ z N\ ^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [−A,A]

¼
·NüQ\ {x(C)

n,j }n
j=1

N {x(D)
n,j }n

j=1
TM íNOTM UN Cn(x)

N
Dn(x)

¨ ONM`N^PL®Q\N¤PN¼ «¤PST¨ `NaT�NTON\Q Â¼Â¨ PN\TM ²[N¨ `QOQ PTUQ ¿[¤RST ^T¤P»¤[Q f N
0 < κ < 1

¨

lim
n→∞

2k∑

j=1

λ
(C)
2k,jc

2
2k−1(x

(C)
2k,j)f(x

(C)
2k,j/2n) = lim

n→∞

2k+1∑

j=1

λ
(D)
2k+1,jd

2
2k(x

(D)
2k+1,j)f(x

(D)
2k+1,j/2n)

=
1

κ2π

∫ 1+κ

1−κ

f(tx) + f(−tx)
2

√

(1 + κ)2 − x2
√

x2 − (1 − κ)2

x
dx

��
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N

lim
n→∞

2k+1∑

j=1

λ
(C)
2k+1,jc

2
2k(x

(C)
2k+1,j)f(x

(C)
2k+1,j/2n) = lim

n→∞

2k∑

j=1

λ
(D)
2k,jd

2
2k−1(x

(D)
2k,j)f(x

(D)
2k,j/2n)

=
1

π

∫ 1+κ

1−κ

f(tx) + f(−tx)
2

√

(1 + κ)2 − x2
√

x2 − (1 − κ)2

x
dx+ (1 − κ2)f(0)

T¤UN T MLì¤Lï^QUT UN λ(C)
n,j

N
λ

(D)
n,j

¸ Xº®LT N {cn(x)}∞n=0

N {dn(x)}∞n=0

MST TM `TaL¤û\LTM TOPT¤TO\QLM¼
_L¤UQ `NaT �NTON\Q Â¼Â¨ N¤^T¤POQ\TM ²[N

lim
n→∞

1

n

n∑

j=1

f(x
(C)
n,j /n) = lim

n→∞
1

n

n∑

j=1

f(x
(D)
n,j /n)

=
1

π

∫ 1

0

∫ 1+κ

1−κ
[f(tx) + f(−tx)] x

√

(1 + κ)2 − x2
√

(x2 − (1 − κ)2
dxdt.

�c
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óNMPN ^Q`»P[aT Q`ONMN¤PQON\TM TM ONM[aPQUTM TºPLUTM `TO ¤XM¨ MN\Na´Q¤PNM QTM UT ªQ`»P[aT Â¨
`QOQ TM `TaL¤û\LTM ML\LaQONM QTM TOPTìT¤QLM N\ ²[N TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MST
UL®NOìN¤PNM¼

î\] ä�����_åæ�
³QON\TM¨ Q²[L¨ [MT UQ UNï¤LRST UN ¿[¤RST UN ®QOLQRST ONì[aQO GKNï¤LRST Â¼�H¼ �Q\TM M[`TO ²[NN¬LMPN [\Q MN²[§¤^LQ UN ®QOLQRST ONì[aQO {λn}∞n=0

^T\ N¬`TN¤PN α > 0
¨ PQa ²[N TM ^TNï^LN¤PNM UQ

ONaQRST UN ON^TOO§¤^LQ Gd¼dcH MQPLM¿QíN\
lim

n→∞
β2n/λ2n = β(0), lim

n→∞
α2n/λ2n = α(0), G�¼�H

lim
n→∞

β2n+1/λ2n = β(1), lim
n→∞

α2n+1/λ2n = α(1).

�Q\TM [PLaLíQO¨ PQ\º¸\¨ TM ©N\QM Â¼�¨ Â¼Á N Â¼d ²[N MNOST ¤N^NMM]OLTM `QOQ Q UN\T¤MPOQRST UTM�NTON\QM �¼d N �¼�¼
·[`T¤UT ²[N Gd¼ÂcH MNüQ ®]aLUT¨ ¿QON\TM¨ N¤PST¨ [\ NMP[UT MTºON T ^QMT LaL\LPQUT `QOQ TM

`TaL¤û\LTM ML\LaQONM QTM TOPTìT¤QLM¼

î\[ ^��_������ Á�����������
óT ^QMT N\ ²[N TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MST aL\LPQUTM¨ _¤UOQUN¨ ·OL ¹Q¤ìQ N

�Q¤ _MM^´N G®NO KdLH \TMPOQOQ\ ²[N¨ MN Gd¼ÂcH T^TOON N
lim

n→∞
β2n = β̃(0), lim

n→∞
α2n = α̃(0), G�¼ÁH

lim
n→∞

β2n+1 = β̃(1), lim
n→∞

α2n+1 = α̃(1),

� 
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N¤PST TM `TaL¤û\LTM ML\LaQONM Bn(z)
MQPLM¿QíN\

lim
n→∞

B
′

n(z)

Bn(z)
= R(z) =

1

2z

z2 − β̃(0)β̃(1)

√
[

z2 + (β̃(0) + β̃(1) + α̃(0) + α̃(1))z + β̃(0)β̃(1)
]2

− 4α̃(0)α̃(1)z2

=
1

2z

z2 − β̃(0)β̃(1)

√
z − a

√
z − ã

√
z − b

√

z − b̃
+

1

2z
, G�¼dH

T¤UN 0 ≤ a ≤ ã ≤ b̃ ≤ b
N
a+ b = β̃(0) + β̃(1) + α̃(0) + α̃(1) + 2

√

α̃(0)α̃(1)

ã+ b̃ = β̃(0) + β̃(1) + α̃(0) + α̃(1) − 2
√

α̃(0)α̃(1)

ab = ãb̃ = β̃(0)β̃(1).

KN Gd¼Â�H N UT �NTON\Q d¼��¨ TºPN\TM
B

′

n(z)

nBn(z)
=

n∑

r=1

1/n

z − zn,r
=

∫ d̂

ď

1

z − t
dF̃n(t). G�¼ÂH

KN G�¼ÂH N UT �NTON\Q Á¼� GZOT\\NOY�Q\º[OìNOH¨ MNì[N ²[N N¬LMPN [\Q ¿[¤RST ¤STYUN^ONM^N¤PN
F̃

N\ Ẽ ⊂ [ď, d̂]
¨ PQa ²[N

lim
n→∞

∫ d̂

ď

1

z − t
dF̃n(t) = R(z) =

∫

Ẽ

1

z − t
dF̃ (t) G�¼�H

[¤L¿TO\N\N¤PN N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [ď, d̂]

N¨ ^T\T ^T¤MN²[§¤^LQ¨ F̃n
^T¤®NOìN G¿OQ^QY\N¤PNH `QOQ F̃ ¼ «MPN ONM[aPQUT PQ\º¸\ MLì¤Lï^Q ²[N

lim
n→∞

1

n

n∑

j=1

f(zn,j) →
∫

Ẽ
f(x)dF̃ (x).

_¤PNM UN N¤[¤^LQO T `OL\NLOT PNTON\Q UNMPN ^Q`»P[aT¨ ¤N^NMMLPQON\TM UQ MNì[L¤PN `OT`OLNUQUN¼
<��e� ����� -c� NÊÐÊ lÈÊølÈÇÐ λ > 0Ì öÇÆÄÅ lÈÇ

(i)
1

π

∫ λ

−λ

1

z − x

dx√
λ2 − x2

=
1√

z2 − λ2

Ì

(ii)
1

π

∫ λ

−λ

dy
√

λ2 − y2
= 1

Ù
E����ÿ���ab�D

(i)
³QíN¤UT Q \[UQ¤RQ UN ®QOL]®NLM x = λy

¨ TºPN\TM ²[N
1

π

∫ λ

−λ

1

z − x

dx
√

λ2 − x2
=

1

π

∫ 1

−1

1

z − λy

λdy
√

λ2 − λ2y2

λ>0
=

1

π

∫ 1

−1

1

z − λy

dy
√

1 − y2

=
1

λπ

∫ 1

−1

1

z/λ− y

dy
√

1 − y2
.

�b
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KN Gd¼dÂH N Gd¼d�H MQºN\TM ²[N
∫ 1

−1

1

u− x
dφ(x) = FC(u),

T¤UN FC(u)
¸ T aL\LPN UQ ¿OQRST ^T¤P»¤[Q

δ̂1

u− ξ̂1 −
δ̂2

u− ξ̂2 −
δ̂3

u− ξ̂3 − ¼ ¼ ¼
N
δ̂i

¨
ξ̂i

¨
i = 1, 2, . . .

¨ MST TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ UN PO§M PNO\TM UTM `TaL¤û\LTM
TOPTìT¤QLM ^T\ ONaQRST Q

dφ(x)
¼

VQM¨ UQ ¿XO\[aQ UN ON^TOO§¤^LQ `QOQ TM `TaL¤û\LTM UN ª´Nº�M´N® UN �
a

NM`¸^LN \û¤L^TM¨ MQºNY\TM ²[N δ̂1 = π
¨
δ̂2 = 1/2

¨
δ̂3 = δ̂4 = . . . = 1/4

N
ξ̂i = 0 `QOQ i = 1, 2, . . .

¼
_MML\¨ `QOQ dφ(x) =

dx√
1 − x2

¨
FC(u) =

π

u− 1

2L(u)

¨ T¤UN L(u) = u− 1

4L(u)

¼
©TìT¨ [L(u)]2 − uL(u) + 1/4 = 0

¼ KQ»¨

L(u) =
u±

√

u2 − 1

2

N
FC(u) =

π
√

u2 − 1
,

`TLM FC(u) → 0
¨ ²[Q¤UT u→ ∞¼

WTOPQ¤PT¨ `QOQ u =
z

λ

¨
FC(u) =

λπ
√

z2 − λ2

¼ ©TìT¨

1

λπ

∫ 1

−1

1

z/λ− y

dy
√

1 − y2
=

λπ
√

z2 − λ2
.

(ii)
�N\TM ²[N

1

π

∫ λ

−λ

dx
√

λ2 − x2
=

1

π

∫ 1

−1

1

λ

dx
√

1 − x2/λ2
= I.

_MML\¨ ¿QíN¤UT x = λy
¨ TºPN\TM

I =
1

π

∫ 1

−1

dy
√

1 − y2
=

1

π

[

arcsen(y)
]1

−1
=

1

π

[π

2
−
(

−π
2

)]

= 1.

½ MNì[L¤PN PNTON\Q ¤TM U]¨ N¬`aL^LPQ\N¤PN¨ Q N¬`ONMMST `QOQ Q ¿[¤RST ULMPOLº[LRST F̃ (t)
¼

��
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9������ -c� RÈÉÄÛÜÊÆÄÅ lÈÇ (3.48) Ç (5.2) ÅÇiÊÆ wÓøËÖÄÅ Ç lÈÇ 0 < β̃(0)β̃(1) Ç 0 < α̃(0)α̃(1) Ù
ÕÛöÑÄÌ

F̃ (t; d1, d2, β) =
1

2π

∫ t

−∞

|x− β|(x+ β)/x
√

d2
2x− (x− β)2

√

(x− β)2 − d2
1x
IẼ(x)dx,

ÄÛÖÇ IẼ(x) = U(x − a) − U(x − ã) + U(x − b̃) − U(x − b) j Ê ×ÈÛØÑÄ ËÛÖËÞÊÖÄÐÊ ÖÄ ÞÄÛiÈÛöÄ
Ẽ = [a, ã] ∪ [b̃, b]Ì β =

√

β̃(0)β̃(1) Ì d2
2 = (

√

β̃(0) −
√

β̃(1))2 + (
√

α̃(0) +
√

α̃(1))2 = (
√
b − √

a)2 Ç
d2

1 = (

√

β̃(0) −
√

β̃(1))2 + (
√

α̃(0) −
√

α̃(1))2 = (
√

b̃−
√
ã)2.

E����ÿ���ab�D ªT\T 0 < β̃(0)β̃(1) <∞ N
0 < α̃(0)α̃(1) <∞¨ PN\TM ²[N

0 < a < ã ≤ b̃ < b <∞.

ªT¤MLUNON\TM
H(x) = x− (β̃(0) + β̃(1) + α̃(0) + α̃(1)) +

β̃(0)β̃(1)

x
.

_MML\¨
H

′

(x) = 1 − β(0)β(1)

x2
.

WTUN\TM¨ N¤PST¨ NM^ON®NO

F̃ (t) =
1

2π

∫ t

−∞

|H ′

(x)|
√

4α̃(0)α̃(1) − {H(x)}2
IẼ(x)dx.

_MML\¨ ºQMPQ \TMPOQO\TM ²[N

H̃(z) =
1

2π

∫ t

−∞

1

z − t

|H ′

(t)|
√

4α̃(0)α̃(1) − {H(t)}2
dt = R(z).

³QíN¤UT Q M[ºMPLP[LRST y = H(t)
¨ TºPN\TM

H̃(z) =
1

2π

∫ 2
√

u3

−2
√

u3

2

2z −
[

(u1 + y) −
√

(u1 + y)2 − 4u2

]
dy

√

4u3 − y2

+
1

2π

∫ 2
√

u3

−2
√

u3

2

2z −
[

(u1 + y) +
√

(u1 + y)2 − 4u2

]
dy

√

4u3 − y2

=
1

2π

∫ 2
√

u3

−2
√

u3

2z − (y + u1)

z2 − z(y + u1) + u2

dy
√

4u3 − y2

=
1

π

∫ 2
√

u3

−2
√

u3

1 − (y + u1)/2z

H(z) − y

dy
√

4u3 − y2
,

T¤UN u1 = β̃(0) + β̃(1) + α̃(0) + α̃(1) ¨ u2 = β̃(0)β̃(1) N
u3 = α̃(0)α̃(1) ¼

�Á
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·T\Q¤UTYMN N M[ºPOQL¤UTYMN H(z)/2z ¤T ±aPL\T PNO\T UQ N²[QRST Q¤PNOLTO `QOQ R(z)
¨ PN\TM²[N

H̃(z) =
1

π

∫ 2
√

u3

−2
√

u3

1 − [u1 +H(z)]/2z + [H(z) − y]/2z

H(z) − y

dy
√

4u3 − y2

=
1

π

∫ 2
√

u3

−2
√

u3

1

H(z) − y

dy
√

4u3 − y2
− u1 +H(z)

2z

1

π

∫ 2
√

u3

−2
√

u3

1

H(z) − y

dy
√

4u3 − y2

+
1

2z

1

π

∫ 2
√

u3

−2
√

u3

dy
√

4u3 − y2
.

ªT\T
1

π

∫ λ

−λ

1

z − y

dy
√

λ2 − y2
=

1√
z2 − λ2

N 1

π

∫ λ

−λ

dy
√

λ2 − y2
= 1,

`QOQ ²[Qa²[NO λ > 0
¨ TºPN\TM

H̃(z) =
1

√

[H(z)]2 − 4u3

− u1 +H(z)

2z

1
√

[H(z)]2 − 4u3

+
1

2z

=
1

2z

z − u2/z
√

[H(z)]2 − 4u3

+
1

2z
.

·[ºMPLP[L¤UTYMN¨ QìTOQ¨ Q N¬`ONMMST `QOQ H(z)
¨ ^´NìQ\TM ²[N H̃(z) = R(z)

¨ T ²[N ^T\`aNPQ Q
UN\T¤MPOQRST¼
9������ -c� RÇiÊÆ a, ã, b, b̃ öÊËÅ lÈÇ 0 < a < ã ≤ b̃ < b < ∞ Ç ab = ãb̃ = β2 Ù ÕÛöÑÄÌ ÉÊÐÊ
d2 = (

√
b−√

a)2 Ì d1 = (
√

b̃−
√
ã)2 Ì d2

0 ≤ d2
1

Ç Ẽ = [a, ã] ∪ [b̃, b]Ì
D

∫

Ẽ

1

z − t
V (t; d1, d2, d0, β, δ)dt = L(z; d1, d2, d0, β, δ),

ÄÛÖÇ
D =

2

π

[
(d2

2 − d2
0)

1/2 + (d2
1 − d2

0)
1/2
]2

(
d2

2 − d2
1

)2 ,

V (t; d1, d2, d0, β, δ) =

√

d2
2t− (t− β)2

√

(t− β)2 − d2
1t

t[(t− β2)2 − d2
0t]

(t− β)(t− δ)

|t− β| ,

Ç
L(z; d1, d2, d0, β, δ)

=
2(z − δ)

(z − β)2 − d2
0z −

[
(d2

2 − d2
0)(d

2
1 − d2

0)
]1/2

z +
√

(z − β)2 − d2
1z
√

(z − β)2 − d2
2z
.

�d
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E����ÿ���ab�D ·QºN\TM¨ UN GÂ¼��H¨ ²[N

dG(x; δ, β, γ) =
2

π

[(
δ2 − γ2

)1/2
+
(
β2 − γ2

)1/2
]2

(β2 − δ2)2

√

β2 − x2
√
x2 − δ2

|x− γ| IB(x)dx

N ²[N M[Q POQ¤M¿TO\QUQ UN ·PLNaPüNM ¸ UQUQ `TO
S(G(x; δ.β, γ); z) =

∫ ∞

−∞

1

z − x
dG(x; δ, β, γ).

_MML\¨ `QOQ |d0| ≤ d1 < d2
N
E = [−d2,−d1] ∪ [d1, d2]

¨ PN\TM ²[N

S(G(x; d1, d2, d0);w) + S(G(x; d1, d2,−d0);w) = D

∫

E

1

w − x

√

d2
2 − x2

√

x2 − d2
1

|x2 − d2
0|

|x|dx

=
2w

w2 − d2
0 −

[
(d2

1 − d2
0)(d

2
2 − d2

0)
]1/2

+
√

w2 − d2
1

√

w2 − d2
2

. G�¼�H
«\ Kd�L¨ ·OL ¹Q¤ìQ¨ _¤UOQUN N W´LaaL`M \TMPOQOQ\ ²[N

∫

E

1

w − x
dφ(x) = c 2

√
z

∫

Ẽ

1

z − t
dψ(t),

²[Q¤UT
dψ(t) = c

t

t+ β
dφ(x(t)), G�¼�H

T¤UN dφ(x)
¸ [\Q ULMPOLº[LRST ML\¸POL^Q ^a]MML^Q N\ E

¨
x(t) = (t − β)/

√
t

N
c

¸ [\Q ^T¤MPQ¤PN²[Qa²[NO¼ ­MQ¤UT x(t) N\ G�¼�H¨ TºPN\TM ²[N
dψ(t) =

1

2
V (t; d1, d2, d0, β, β)dt.

WTOPQ¤PT¨
D

∫

E

1

w − x
dφ(x) = c

√
zD

∫

Ẽ

1

z − t
V (t; d1, d2, d0, β, β)dt.

_ìTOQ¨ Q`aL^Q¤UTYMN Q \[UQ¤RQ UN ®QOL]®NLM w = (z − β)/
√
z

N\ G�¼�H¨ TºPN\TM ²[N
D

∫

E

1

z − x
dφ(x) =

√
z L(z; d1, d2, d0, β, β)

T¤UN
dφ(x) =

√

d2
2 − x2

√

x2 − d2
1

|x2 − d2
0|

|x|dx.
_MML\¨

D

∫

Ẽ

1

z − t
V (t; d1, d2, d0, β, β)dt = L(z; d1, d2, d0, β, β).

½ºMNO®N ²[N
I =

∫

Ẽ

1

t− β
V (t; d1, d2, d0, β, β)dt

=

∫ ã

a

1

t− β
V (t; d1, d2, d0, β, β)dt+

∫ b

b̃

1

t− β
V (t; d1, d2, d0, β, β)dt.

�Â
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³QíN¤UT t = β2/u
N¨ N\ MNì[LUQ¨ u = t ¤Q `OL\NLOQ UQM U[QM L¤PNìOQLM Q^L\Q¨ PNON\TM ²[N

I = −
∫ b̃

b

1

β2/t− β
V (β2/t; d1, d2, d0, β, β)

β2

t2
dt+

∫ b

b̃

1

t− β
V (t; d1, d2, d0, β, β)dt

=

∫ b

b̃

β

β − t
V (β2/t; d1, d2, d0, β, β)dt+

∫ b

b̃

1

t− β
V (t; d1, d2, d0, β, β)dt.

VQM¨
V (β2/t; d1, d2, d0, β, β) =

t

β
V (t; d1, d2, d0, β, β).

KQ»¨
I =

∫ b

b̃

1

β − t
V (t; d1, d2, d0, β, β)dt+

∫ b

b̃

1

t− β
V (t; d1, d2, d0, β, β)dt = 0.

©TìT¨
D

∫

Ẽ

1

z − t

V (t; d1, d2, d0, β, β)

t− β
dt =

D

z − β

∫

Ẽ

(z − t) + (t− β)

z − t

V (t; d1, d2, d0, β, β)

t− β
dt

=
D

z − β

{∫

Ẽ

V (t; d1, d2, d0, β, β)

t− β
dt

+

∫

Ẽ

1

z − t
V (t; d1, d2, d0, β, β)dt

}

=
D

z − β

∫

Ẽ

1

z − t
V (t; d1, d2, d0, β, β)dt

=
1

z − β
L(z; d1, d2, d0, β, β).

�N\TM ²[N
V (t; d1, d2, d0, β, δ) =

t− δ

t− β
V (t; d1, d2, d0, β, β).

«¤PST¨
D

∫

E

1

z − t

V (t; d1, d2, d0, β, δ)

t− β
dt = D

∫

E

(t− β) + (β − δ)

z − t

V (t; d1, d2, d0, β, β)

t− β
dt

= L(z; d1, d2, d0, β, β) +
β − δ

z − β
L(z; d1, d2, d0, β, β)

=
z − δ

z − β
L(z; d1, d2, d0, β, β)

= L(z; d1, d2, d0, β, δ).

óTPN ²[N Q ¿[¤RST V (t; d1, d2, d0, β, δ)
¸ [\Q ¿[¤RST `NMT N\ Ẽ

MN¨ N MT\N¤PN MN¨
ã ≤ δ ≤ b̃

¼
WTOPQ¤PT¨ TºPL®N\TM U[QM ¿[¤RðNM ULMPOLº[LRðNM

F̃ (t; d1, d2, β) =
1

2π

∫ t

−∞

|x− β|(x+ β)/x
√

d2
2x− (x− β)2

√

(x− β)2 − d2
1x
IẼ(x)dx G�¼cH

��
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N

G̃(t; d1, d2, d0, β, δ) =
2

π

[
(d2

2 − d2
0)

1/2 + (d2
1 − d2

0)
1/2
]2

(
d2

2 − d2
1

)2

×
∫ t

−∞

√

d2
2u− (u− β)2

√

(u− β)2 − d2
1u

u[(u− β2)2 − d2
0u]

(u− β)(u− δ)

|u− β| IẼ(u)du

= D

∫ t

−∞
V (t; d1, d2, d0, β, δ)IẼ(u)du, G�¼ H

T¤UN d0
¨
d1

¨
d2

¨
β
¨
δ

N
Ẽ

NMPST UNï¤LUTM ¤T �NTON\Q �¼� N �NTON\Q �¼Á¼
½ºMNO®N ²[N NMMQM U[QM ¿[¤RðNM ULMPOLº[LRðNM F̃

N
G̃

¨ ¤QUQ \QLM MST UT ²[N QM ¿[¤RðNM
ULMPOLº[LRðNM F N

G
²[N [MQ\TM ¤T ªQ`»P[aT Â¨ \TULï^QUQM `NaQ POQ¤M¿TO\QRST x(t) = (t − β)/

√
tG®NO KddLH¼

î\À Á����������� ������������
KN Gd¼dcH¨ PN\TM ²[N

B2n+1(z) = (z − β2n+1)B2n(z) − α2n+1zB2n−1(z)
G�¼�bH

N
B2n+2(z) = (z − β2n+2)B2n+1(z) − α2n+2zB2n(z). G�¼��H

¹NMTa®N¤UT Q MNì[¤UQ N²[QRST `QOQ B2n+1(x)
¨ TºPN\TM

B2n+1(z) =
B2n+2(z) + α2n+2zB2n(z)

z − β2n+2
.

·[ºMPLP[L¤UT NMPQ N¬`ONMMST N\ G�¼�bH¨ PN\TM Q MNì[L¤PN ¿XO\[aQ UN ON^TOO§¤^LQ N¤®Ta®N¤UTMT\N¤PN TM `TaL¤û\LTM UN ìOQ[ `QO
B2n+2(z) =

[

(z − β2n+1)(z − β2n+2) − α2n+2z − α2n+1z
z − β2n+2

z − β2n

]

B2n(z)

−α2nα2n+1
z − β2n+2

z − β2n
z2B2n−2(z).

_¤QaTìQ\N¤PN¨ TºPN\TM Q ¿XO\[aQ UN ON^TOO§¤^LQ ²[N N¤®Ta®N Q`N¤QM TM `TaL¤û\LTM UN ìOQ[»\`QO
B2n+3(z) =

[

(z − β2n+2)(z − β2n+3) − α2n+3z − α2n+2
z − β2n+3

z − β2n+1
z

]

B2n+1(z)

−α2n+1α2n+2
z − β2n+3

z − β2n+1
z2B2n−1(z).

WTOPQ¤PT¨
Bn+2(z) = an(z)Bn(z) − bn(z)Bn−2(z), n ≥ 1, G�¼�ÁH

��
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T¤UN

an(z) = (z − βn+1)(z − βn+2) − αn+2z − αn+1
z − βn+2

z − βn
z

e G�¼�dH
bn(z) = αn+1αn

z − βn+2

z − βn
z2.

�Q\TM NMP[UQO¨ QìTOQ¨ Q ^T¤®NOì§¤^LQ UQ OQíST 1

λ2
n

Bk(λnz)

Bk−2(λnz)
`QOQ PTUT z ∈ C \ [0, A]

¨ ²[Q¤UT
QM ^T¤ULRðNM G�¼�H MST MQPLM¿NLPQM¼
9������ -c! RÈÉÄÛÜÊÆÄÅ lÈÇ ÄÅ ÞÄÇXÞËÇÛöÇÅ ÖÊ ÐÇøÊØÑÄ ÖÇ ÐÇÞÄÐÐVÛÞËÊ (3.38) ÅÊöËÅ×ÊØÊÆ (5.1)ÌÄÛÖÇ {λn}∞n=0 j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ ÞÄÆ ÇkÉÄÇÛöÇ α > 0

Ù RÇiÊ A ÈÆÊ ÞÄÛÅöÊÛöÇ
ÉÄÅËöËwÊ öÊø lÈÇ 0 < zn,j/λn < A ÉÊÐÊ öÄÖÄ n (

Ä lÈÇ j ÉÄÅÅ|wÇø ÖÇwËÖÄ Ê (3.48))
Ù ÕÛöÑÄÌ ÉÊÐÊ n→ ∞Ç k/n→ t ∈ [0, 1]Ì

1

λ2
n

Bk(λnz)

Bk−2(λnz)
→ R1(z, t)

ÈÛË×ÄÐÆÇÆÇÛöÇ ÉÊÐÊ z ÇÆ ÅÈÔÞÄÛiÈÛöÄÅ ÞÄÆÉÊÞöÄÅ ÖÇ
C \ [0, A]Ì ÄÛÖÇ

R1(z, t) =
1

2

{

(z − β(0)tα)(z − β(1)tα) − (α(0) + α(1))ztα

+

√
[

(z − β(0)tα)(z − β(1)tα) − (α(0) + α(1))ztα
]2

− 4α(0)α(1)z2t2α

}

. G�¼�ÂH
E����ÿ���ab�D ·NüQ {kn} [\Q MN²[§¤^LQ UN L¤PNLOTM PQa ²[N kn/n→ t

²[Q¤UT n→ ∞¼ WOL\NLOQY
\N¤PN¨ ®Q\TM UN\T¤MPOQO ²[N Q OQíST λ2

2n

B2kn−2(λ2nz)

B2kn(λ2nz)

^T¤®NOìN `QOQ 1/R1(z, t)
²[Q¤UT z ∈

[A+ d,∞)
¨ ^T\ d > 0

M[ï^LN¤PN\N¤PN ìOQ¤UN¼KN Gd¼Â�H N Gd¼Â�H¨ `QOQ z ∈ [A+ d,∞)
PN\TM

λn

∣
∣
∣
∣

Bk−1(λnz)

Bk(λnz)

∣
∣
∣
∣
≤

k∑

j=1

τk,j

z − zk,j/λn
<

1

d

N
λnz

∣
∣
∣
∣

Bk−1(λnz)

Bk(λnz)

∣
∣
∣
∣
≤

k∑

j=1

τk,j

1 − zk,j/λn

z

<
A+ d

d
.

ªT¤MN²[N¤PN\N¤PN¨ ^T\T z − zk,j/λn > z − zn,n/λn > d GMN k ≤ n
H¨

λ2
n

∣
∣
∣
∣

Bk−2(λnz)

Bk(λnz)

∣
∣
∣
∣
<

1

d2

N
λ2

nz

∣
∣
∣
∣

Bk−2(λnz)

Bk(λnz)

∣
∣
∣
∣
<
A+ d

d2
. G�¼��H

©TìT¨ UN G�¼��H¨ `QOQ QM MN²[§¤^LQM `QONM UN {kn}
¨ TºPN\TM

λ2
2n

∣
∣
∣
∣

B2kn−2(λ2nz)

B2kn(λ2nz)

∣
∣
∣
∣
<

1

d2

N
λ2

2n

∣
∣
∣
∣

B2kn−2(λ2nz)

B2kn(λ2nz)

∣
∣
∣
∣
<
A+ d

d2
. G�¼��H

��
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«¤PST¨ N¬LMPN [\Q M[ºMN²[§¤^LQ {λ2
2n̂

B2kn̂−2(λ2n̂z)

B2kn̂
(λ2n̂z)

} ^T¤®NOìN¤PN¼ VTMPON\TM ²[N
{

λ2
2n̂

B2kn̂−2(λ2n̂z)

B2kn̂
(λ2n̂z)

} N {

λ2
2n̂

B2kn̂
(λ2n̂z)

B2kn̂+2(λ2n̂z)

}

P§\ T \NM\T aL\LPN¼
³QíN¤UT uk = B2k(λ2nz)

¨ `NaT ©N\Q Â¼�¨ `TO G�¼�ÁH N G�¼�dH¨ PN\TM

λ2
2n

∣
∣
∣
∣

B2k(λ2nz)

B2k+2(λ2nz)
− B2k−2(λ2nz)

B2k(λ2nz)

∣
∣
∣
∣

≤ λ2
2n

∣
∣
∣
∣

b2(λ2nz)b4(λ2nz) · · · b2k(λ2nz)

B2k(λ2nz)B2k+2(λ2nz)

∣
∣
∣
∣

+λ2
2n

k∑

j=1

|b2j+2(λ2nz) · · · b2k(λ2nz)|

×
{

|a2j(λ2nz) − a2j−2(λ2nz)|
∣
∣
∣
∣

B2j(λ2nz)B2j−2(λ2nz)

B2k(λ2nz)B2k+2(λ2nz)

∣
∣
∣
∣

+ |b2j(λ2nz) − b2j−2(λ2nz)|
∣
∣
∣
∣

B2j(λ2nz)B2j−4(λ2nz)

B2k(λ2nz)B2k+2(λ2nz)

∣
∣
∣
∣

}

= λ2
2n

∣
∣
∣
∣
∣

b̃2(λ2nz)b̃4(λ2nz) · · · b̃2k(λ2nz)

λ2k
2n

∣
∣
∣
∣
∣

∣
∣λ2

2nz
∣
∣2k

|B2k+2(λ2nz)B2k(λ2nz)|

+λ2
2n

k∑

j=1

∣
∣
∣
∣
∣

b̃2j+2(λ2nz) · · · b̃2k(λ2nz)

λ
2(k−j)
2n

∣
∣
∣
∣
∣

∣
∣λ2

2nz
∣
∣
2(k−j)

×
{

|a2j(λ2nz) − a2j−2(λ2nz)|
∣
∣
∣
∣

B2j(λ2nz)B2j−2(λ2nz)

B2k(λ2nz)B2k+2(λ2nz)

∣
∣
∣
∣

+ |b2j(λ2nz) − b2j−2(λ2nz)|
∣
∣
∣
∣

B2j(λ2nz)B2j−2(λ2nz)

B2k(λ2nz)B2k+2(λ2nz)

∣
∣
∣
∣

}

, G�¼��H

T¤UN b̃2j(λ2nz) =
b2j(λ2nz)

λ2
2nz

2

¼
½ºMNO®N ²[N λ2k

λ2n
=
f(2k)

f(2n)

¼ ªT\T k/n→ t
²[Q¤UT n→ ∞¨ PN\TM ²[N

lim
n→∞

f(2nk/n)

f(2n)
= tα.

_MML\¨ UQM ^T¤ULRðNM G�¼�H¨ N¤^T¤POQ\TM ²[N
α2k

λ2n
=
α2k

λ2k

λ2k

λ2n
→ α(0)tα,

α2k+1

λ2n
=
α2k+1

λ2k

λ2k

λ2n
→ a(1)tα,

β2k

λ2n
=
β2k

λ2k

λ2k

λ2n
→ β(0)tα,

β2k+1

λ2n
=
β2k+1

λ2k

λ2k

λ2n
→ β(1)tα,

�c
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²[Q¤UT n→ ∞ N

k/n→ t
¼

¥MPT MLì¤Lï^Q ²[N¨ `QOQ ¤TMMQ MN²[§¤^LQ {kn}
¨ Q \QPOLí {b̃2j(λ2nz)/λ

2
2n; j ≤ kn, n = 1, 2, . . .} ¸

aL\LPQUQ `TO [\Q ^T¤MPQ¤PN C ¼
_ìTOQ¨ UN G�¼��H¨ TºPN\TM ¿Q^La\N¤PN ²[N¨ `QOQ j ≤ k

¨
∣
∣
∣
∣

B2j(λ2nz)

B2k(λ2nz)

∣
∣
∣
∣
=

k∏

i=j+1

∣
∣
∣
∣

B2i−2(λ2nz)

B2i(λ2nz)

∣
∣
∣
∣
<

(
1

λ2nd

)2k−2j

N
∣
∣
∣
∣
z(k−j)B2j(λ2nz)

B2k(λ2nz)

∣
∣
∣
∣
=

k∏

i=j+1

∣
∣
∣
∣
z
B2i−2(λ2nz)

B2i(λ2nz)

∣
∣
∣
∣
<

(
A+ d

λ2
2nd

2

)k−j

.

WTOPQ¤PT¨ G�¼��H PTO¤QYMN

λ2
2n

∣
∣
∣
∣

B2k(λ2nz)

B2k+2(λ2nz)
− B2k−2(λ2nz)

B2k(λ2nz)

∣
∣
∣
∣

≤
(

1

d2

)(
C(A+ d)2

d4

)k

+

(
C(A+ d)2

d4

)k k∑

j=1

{ |a2j(λ2nz) − a2j−2(λ2nz)|
λ2

2nd
4

+
|b2j(λ2nz) − b2j−2(λ2nz)|

λ4
2nd

6

}(
C(A+ d)2

d4

)−j

.

_ìTOQ¨ `TUN\TM NM^Ta´NO d M[ï^LN¤PN\N¤PN ìOQ¤UN PQa ²[N C(A + d)2 < d4 ¼ «¤PST¨ `NaT©N\Q Â¼d MNì[N ²[N¨ `QOQ n→ ∞ N
k/n→ t

¨
{

λ2
2n

B2k(λ2nz)

B2k+2(λ2nz)
− λ2

2n

B2k−2(λ2nz)

B2k(λ2nz)

}

→ 0.

_MML\¨ ^T\T {λ2
2n̂

B2kn̂−2(λ2n̂z)

B2kn̂
(λ2n̂z)

} ¸ [\Q M[ºMN²[§¤^LQ ^T¤®NOìN¤PN¨ N¤PST {λ2
2n̂

B2kn̂
(λ2n̂z)

B2kn̂+2(λ2n̂z)

}

PQ\º¸\ ^T¤®NOìN N Q\ºQM P§\ T \NM\T aL\LPN¼ ·NüQ
1/R1(z, t)

NMPN aL\LPN¼
WNaQ ¿XO\[aQ UN ON^TOO§¤^LQ G�¼�ÁH¨ PN\TM ²[N

1

λ2
2n̂

B2kn̂+2(λ2n̂z)

B2kn̂
(λ2n̂z)

=
a2kn̂

(λ2n̂z)

λ2
2n̂

− b2kn̂
(λ2n̂z)

λ4
2n̂

λ2
2n̂B2kn̂−2(λ2n̂z)

B2kn̂
(λ2n̂z)

,

T¤UN
a2kn̂

(λ2n̂z)

λ2
2n̂

=

(

z − β2kn̂+1

λ2n̂

)(

z − β2kn̂+2

λ2n̂

)

− α2kn̂+2

λ2n̂
z − α2kn̂+1

λ2n̂

z − β2kn̂+2/λ2n̂

z − β2kn̂
/λ2n̂

z

N
b2kn̂

(λ2n̂z)

λ4
2n̂

=
α2kn̂

λ2n̂

α2kn̂−1

λ2n̂

z − β2kn̂+2/λ2n̂

z − β2kn̂
/λ2n̂

z2.

³QíN¤UT n̂→ ∞¨ TºPN\TM
R1(z, t) = a(z, t) − b(z, t)

R1(z, t)
,

� 
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^T\

a(z, t) = (z − β(0)tα)(z − β(1)tα) − (α(0) + α(1))tα
N

b(z, t) = α(0)α(1)t2αz2.KQ»¨ MNì[N ²[N
R1(z, t) =

1

2

{

a(z, t) ±
√

a2(z, t) − 4b(z, t)
}

.ªT\T R1(z, t)
PN¤UN `QOQ T L¤ï¤LPT ²[Q¤UT z

®QL `QOQ T L¤ï¤LPT¨ UN®N\TM NM^Ta´NO T ML¤Qa
`TMLPL®T¼ �TUQ M[ºMN²[§¤^LQ UN {λ2

2n

B2kn−2(λ2nz)

B2kn(λ2nz)

} ²[N ^T¤®NOìN PN\¨ `TOPQ¤PT¨ T \NM\T aL\LPN¨
UN T¤UN T ONM[aPQUT MN²[N `QOQ z ∈ [A+ d,∞)

¼
·QºN\TM ²[N {λ2

2n

B2kn−2(λ2nz)

B2kn(λ2nz)

} ¸ [\ MN²[§¤^LQ UN ¿[¤RðNM Q¤Qa»PL^QM N\
C \ [0, A]

¼ _MML\¨
MN PT\QO\TM [\ ^T¤ü[¤PT ^T\`Q^PT K N\

C \ [0, A]
¨ Q ULMP¶¤^LQ δ UNMPN ^T¤ü[¤PT QT L¤PNO®QaT [0, A]¸ NMPOLPQ\N¤PN `TMLPL®Q¼ WTOPQ¤PT¨ `QOQ z ∈ K ¨ TºPN\TM

{

λ2
2n

B2kn−2(λ2nz)

B2kn(λ2nz)

}

≤ 1

δ2
.

_a¸\ ULMMT¨ Q MN²[§¤^LQ {λ2
2n

B2kn−2(λ2nz)

B2kn(λ2nz)

} ^T¤®NOìN N\ [\ M[º^T¤ü[¤PT UN
C \ [0, A]

^T\
[\ `T¤PT UN Q^[\[aQRST¼ «¤PST¨ `NaT �NTON\Q Á¼Â G·PLNaPüNMY�LPQaLH¨ {

λ2
2n

B2kn−2(λ2nz)

B2kn(λ2nz)

} ^T¤®NOìN
[¤L¿TO\N\N¤PN N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN

C \ [0, A]
¼

¹N`NPL¤UT T \NM\T QOì[\N¤PT `QOQ Q M[ºMN²[§¤^LQ
λ2

2n

B2kn−1(λ2nz)

B2kn+1(λ2nz)
,

N¤^T¤POQ\TM ²[N NMPQ MN²[§¤^LQ PQ\º¸\ ^T¤®NOìN `QOQ 1/R1(z, t)
¨ T ²[N ^T\`aNPQ Q UN\T¤MPOQRST¼

KQ ¿XO\[aQ UN ON^TOO§¤^LQ Gd¼dcH¨ TºPN\TM ²[N
1

λ2
2n

B2k+1(λ2nz)

B2k−1(λ2nz)
=

(

z − β2k+1

λ2n

)
1

λ2n

B2k(λ2nz)

B2k−1(λ2nz)
− α2k+1

λ2n
zN

1

λ2
2n

B2k+2(λ2nz)

B2k(λ2nz)
=

(

z − β2k+2

λ2n

)
1

λ2n

B2k+1(λ2nz)

B2k(λ2nz)
− α2k+2

λ2n
z.

³QíN¤UT n→ ∞¨
k/n→ t ∈ [0, 1]

N [MQ¤UT T �NTON\Q �¼d¨ ^´NìQ\TM QT ONM[aPQUT QºQL¬T¼
9������ -c& RÈÉÄÛÜÊÆÄÅ lÈÇ ÄÅ ÞÄÇXÞËÇÛöÇÅ ÖÊ ÐÇøÊØÑÄ ÖÇ ÐÇÞÄÐÐVÛÞËÊ (3.38) ÅÊöËÅ×ÊØÊÆ (5.1)ÌÄÛÖÇ λn j ÈÆÊ ÅÇlÈVÛÞËÊ ÖÇ wÊÐËÊØÑÄ ÐÇQÈøÊÐ ÞÄÆ ÇkÉÄÇÛöÇ α > 0

Ù RÇiÊ A ÈÆÊ ÞÄÛÅöÊÛöÇ ÉÄÅËöËwÊ
öÊø lÈÇ 0 < zn,j/λn < AÌ n = 1, 2, . . .

Ù ÕÛöÑÄÌ lÈÊÛÖÄ n→ ∞ Ç k/n→ t ∈ [0, 1]Ì
λ2n

B2k(λ2nz)

B2k+1(λ2nz)
→ R

(0)
2 (z, t) =

z − β(0)tα

R1(z, t) + α(0)tαz
, G�¼�cH

λ2n
B2k−1(λ2nz)

B2k(λ2nz)
→ R

(1)
2 (z, t) =

z − β(1)tα

R1(z, t) + α(1)tαz
, G�¼� H

ÈÛË×ÄÐÆÇÆÇÛöÇ ÉÊÐÊ z ÇÆ ÅÈÔÞÄÛiÈÛöÄÅ ÞÄÆÉÊÞöÄÅ ÖÇ
C \ [0, A]

Ù

�b
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9������ -c- RÄÔ ÊÅ ÆÇÅÆÊÅ ÜËÉ÷öÇÅÇÅ ÖÄ ÎÇÄÐÇÆÊ 5.3Ì lÈÊÛÖÄ n→ ∞ öÇÆÄÅ lÈÇ

1

n

(d/dz)Bn(λnz)

Bn(λnz)
→ R3(z) =

1

2

∫ 1

0

(∂/∂z)R1(z, t)

R1(z, t)
dt

=

∫ 1

0




1

2z
+

1

2z

z2 − u2t
2α

√
[
z2 − u1t

α + u2t
2α
]2 − 4u3t

2αz2



 dt G�¼ÁbH

ÈÛË×ÄÐÆÇÆÇÛöÇ ÉÊÐÊ z ÇÆ ÅÈÔÞÄÛiÈÛöÄÅ ÞÄÆÉÊÞöÄÅ ÖÇ
C \ [0, A]Ì ÄÛÖÇ u1 = β(0) + β(1) +α(0) +α(1) Ì

u2 = β(0)β(1) Ç u3 = α(0)α(1) Ù
E����ÿ���ab�D _ UN\T¤MPOQRST ¸ Q¤]aTìQ ñ UT �NTON\Q Â¼d¼ ªT\T ¤T �NTON\Q �¼d¨ `OL\NLOQY\N¤PN ®Q\TM \TMPOQO T ONM[aPQUT `QOQ z ∈ [A+ d,∞)

¼ ªT¤MLUNON\TM Q ¿[¤RST
hn(t) = − d

dz

(
B2bntc(λ2nz)

B2bntc+2(λ2nz)

)/(
B2bntc(λ2nz)

B2bntc+2(λ2nz)

)

, 0 ≤ t ≤ 1,

T¤UN bac ¸ Q `QOPN L¤PNLOQ UT ¤±\NOT ONQa a¼ _MML\¨ `NaT ©N\Q Â¼Á¨
1

2

∫ 1

0
hn(t)dt =

1

2

{
∫ 1/n

0
hn(t)dt+

∫ 2/n

1/n
hn(t)dt+ · · · +

∫ 1

(n−1)/n
hn(t)dt

}

=
1

2

{
∫ 1/n

0

[

−
(
B0(λ2nz)

B2(λ2nz)

)′/(B0(λ2nz)

B2(λ2nz)

)]

dt

+

∫ 2/n

1/n

[

−
(
B2(λ2nz)

B4(λ2nz)

)′/(B2(λ2nz)

B4(λ2nz)

)]

dt+ · · ·

+

∫ 1

(n−1)/n

[

−
(
B2n−2(λ2nz)

B2n(λ2nz)

)′/(B2n−2(λ2nz)

B2n(λ2nz)

)]

dt

}

=
1

2n

n∑

j=1

−
(
B2j−2(λ2nz)

B2j(λ2nz)

)′/(B2j−2(λ2nz)

B2j(λ2nz)

)

=
1

2n

(d/dz)B2n(λ2nz)

B2n(λ2nz)
.

·N ï¬QO\TM t¨ `NaT �NTON\Q �¼d¨

hn(t) → −

∂

∂z

(
1

R1(z, t)

)

1

R1(z, t)

=

∂

∂z
(R1(z, t))

R1(z, t)
,

²[N MNì[N UQ ^T¤®NOì§¤^LQ [¤L¿TO\N UN ¿[¤RðNM Q¤Qa»PL^QM N UN M[QM UNOL®QUQM N\ ^T¤ü[¤PTM ^T\Y`Q^PTM¼ WQOQ t ∈ [(j − 1)/n, j/n)
¨ PN\TM PQ\º¸\ ²[N

hn(t) = − d

dz

(
B2j−2(λ2nz)

B2j(λ2nz)

)/(
B2j−2(λ2nz)

B2j(λ2nz)

)

��
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= − d

dz

(
B2j−2(λ2nz)

B2j−1(λ2nz)

)/(
B2j−2(λ2nz)

B2j−1(λ2nz)

)

− d

dz

(
B2j−1(λ2nz)

B2j(λ2nz)

)/(
B2j−1(λ2nz)

B2j(λ2nz)

)

.

­MQ¤UT Q UNMLì[QaUQUN
n∑

j=1

ajbj ≤ max
1≤j≤n

aj

n∑

j=1

bj , aj , bj > 0, j = 1, 2, . . . , n,

N¤^T¤POQ\TM ²[N

− d

dz

(
Bk−1(λnz)

Bk(λnz)

)/(
Bk−1(λnz)

Bk(λnz)

)

=

k∑

j=1

τk,j

(z − zk,j/λn)2

/
k∑

j=1

τk,j

(z − zk,j/λn)

≤ max
1≤j≤k

1

z − zk,j/λn
<

1

d
.

«¤PST¨ MNì[N ²[N
1

2
hn(t) <

1

d
.

WNaT �NTON\Q UQ ªT¤®NOì§¤^LQ KT\L¤QUQ UN ©NºNMì[N TºPN\TM¨ `QOQ z ∈ [A+ d,∞)
¨

1

2n

(d/dz)B2n(λ2nz)

B2n(λ2nz)
=

1

2

∫ 1

0
hn(t)dt→ 1

2

∫ 1

0

(∂/∂z)R1(z, t)

R1(z, t)
dt.

½ºMNO®N ²[N

2R1(z, t) = z2 − u1t
α + u2t

2α +

√
[
z2 − u1t

αz + u2t
2α
]2 − 4u3t

2αz2 G�¼Á�H
N¨ N¤PST¨

2
∂

∂z
(R1(z, t)) = 2z − u1t

α +
(2z − u1t

α)(z2 − u1t
αz + u2t

2α) − 4u3t
2αz

√
[
z2 − u1t

αz + u2t
2α
]2 − 4u3t

2αz2

=
(2z − u1t

α)2R1(z, t) − 4u3t
2αz

√
[
z2 − u1t

αz + u2t
2α
]2 − 4u3t

2αz2

=

2R1(z, t)

{

2z − u1t
α − 2u3t

2αz

R1(z, t)

}

√
[
z2 − u1t

αz + u2t
2α
]2 − 4u3t

2αz2
. G�¼ÁÁH

KN G�¼Á�H N G�¼ÁÁH¨ ^´NìQ\TM QT L¤PNìOQ¤UT UN G�¼ÁbH `QOQ z ∈ [A + d,∞)
¼ ½ ONM[aPQUT ìNOQaMNì[N UT �NTON\Q Á¼Â G·PLNaPüNMY�LPQaLH¼

½ \NM\T QOì[\N¤PT `TUN MNO [MQUT `QOQ TM »¤UL^NM »\`QONM¼

�Á
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½ºMNO®N ²[N `TUN\TM NM^ON®NO R3(z)

UQ MNì[L¤PN \Q¤NLOQ

R3(z) =

∫ 1

0

[

1

2z

z2 − β(0)β(1)t2α

√
z − atα

√
z − ãtα

√
z − btα

√

z − b̃tα
+

1

2z

]

dt, G�¼ÁdH
T¤UN 0 ≤ a ≤ ã ≤ b̃ ≤ b

N
a+ b = β(0) + β(1) + α(0) + α(1) + 2

√

α(0)α(1),

ã+ b̃ = β(0) + β(1) + α(0) + α(1) − 2
√

α(0)α(1),

ab = ãb̃ = β(0)β(1).

����� 
�§�������¨©� ��������
ªT¤MLUNON\TM QM ¿[¤RðNM ULMPOLº[LRðNM F̃ N

G̃ UQUQM N\ G�¼cH N G�¼ H¨ ONM`N^PL®Q\N¤PN¨ T[ MNüQ¨

F̃ (t; d1, d2, β) =
1

2π

∫ t

−∞

|x− β|(x+ β)/x
√

d2
2x− (x− β)2

√

(x− β)2 − d2
1x
IẼ(x)dx G�¼ÁÂH

N

G̃(t; d1, d2, d0, β, δ) =
2

π

[
(d2

2 − d2
0)

1/2 + (d2
1 − d2

0)
1/2
]2

(
d2

2 − d2
1

)2

×
∫ t

−∞

√

d2
2u− (u− β)2

√

(u− β)2 − d2
1u

u[(u− β2)2 − d2
0u]

(u− β)(u− δ)

|u− β| IẼ(u)du

= D

∫ t

−∞
V (u; d1, d2, d0, β, δ)IẼ(u)du, G�¼Á�H

T¤UN IẼ(x)
¸ Q ¿[¤RST L¤UL^QUTOQ UT ^T¤ü[¤PT Ẽ = [a, ã] ∪ [b̃, b]

¼
9������ -c0 RÈÉÄÛÜÊÆÄÅ lÈÇ (5.1) ÅÇiÊ wÓøËÖÄÌ β̂ < ∞ Ç α̂ < ∞Ì Ç 0 < β(0)β(1) Ç
0 < α(0)α(1) Ù ÕÛöÑÄÌ

R
(0)
2 (z, t) =

1 − αmin/α
(0)

z − β(1)tα
+

1

2πα(0)tα

∫

Ẽ

1

z − x
V (x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(0)tα)dx

Ç
R

(1)
2 (z, t) =

1 − αmin/α
(1)

z − β(0)tα
+

1

2πα(1)tα

∫

Ẽ

1

z − x
V (x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα)dx,

ÄÛÖÇ Ẽ = [a, ã] ∪ [b̃, b]Ì αmin = min{α(0), α(1)}Ì λ2 = (
√

β(0) −
√

β(1))2 Ì β =
√

β(0)β(1) Ì
γ2

1 = (

√

β(0) −
√

β(1))2 + (
√

α(0) +
√

α(1))2 = (
√
b−√

a)2

Ç
γ2

0 = (

√

β(0) −
√

β(1))2 + (
√

α(0) −
√

α(1))2 = (
√

b̃−
√
ã)2.

�d
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E����ÿ���ab�D KN G�¼�ÂH N UT �NTON\Q �¼Â¨ PN\TM ²[N

R
(0)
2 (z, t) = 2(z − β(0)tα)

{

(z − β(0)tα)(z − β(1)tα) − (α(1) − α(0))tαz G�¼Á�H
+

√
[
(z − β(0)tα)(z − β(1)tα) − (α(1) + α(0))tαz

]2 − 4α(0)α(1)t2αz2

}−1

.

V[aPL`aL^Q¤UTYMN N UL®LUL¤UTYMN T MNì[¤UT \N\ºOT UQ Lì[QaUQUN Q^L\Q `NaT ^T¤ü[ìQUT UT PNO\TN¤PON ^´Q®NM¨ TºPN\TM
R

(0)
2 (z, t) =

[

2(z − β(1)tα)α(0)tαz
]−1 {

(z − β(1)tα)(z − β(1)tα) − (α(1) − α(0))tαz

−
√
[
(z − β(0)tα)(z − β(1)tα) − (α(1) + α(0))tαz

]2 − 4α(0)α(1)t2αz2

}

.

·T\Q¤UTYMN N M[ºPOQL¤UTYMN |α(1) − α(0)|ztα N¨ ¤T®Q\N¤PN¨ \[aPL`aL^Q¤UTYMN N UL®LUL¤UTYMN `NaT^T¤ü[ìQ¤UT UT PNO\T N¤PON ^´Q®NM¨ ^´NìQ\TM ²[N
R

(0)
2 (z, t) =

|α(1) − α(0)| − (α(1) − α(0))

2α(0)(z − β(1)tα)
+

(α(1) + α(0)) − |α(1) − α(0)|
2α(0)

× 2(z − β(0)tα)
{

(z − β(0)tα)(z − β(1)tα) − |α(1) − α(0)|tαz

+

√
[
(z − β(0)tα)(z − β(1)tα) − (α(1) + α(0))tαz

]2 − 4α(0)α(1)t2αz2

}−1

.

óTPN ²[N
(z − β(0)tα)(z − β(1)tα) =

(

z −
√

β(0)β(1)tα
)2

−
(√

β(0) −
√

β(1)

)2

tαz

= (z − βtα)2 − λ2tαz,

|α(1) − α(0)|tα =

[(√

α(0) +
√

α(1)
)2 (√

α(0) −
√

α(1)
)2
]1/2

tα

=
[
(γ2

1 − λ2)(γ2
0 − λ2)t2α

]1/2

=
[
(γ2

1t
α − λ2tα)(γ2

0t
α − λ2tα)

]1/2

N
√
[
(z − β(0)tα)(z − β(1)tα) − (α(1) + α(0))tαz

]2 − 4α(0)α(1)t2αz2

=

√

(z − βtα)2 − γ2
1t

αz

√

(z − βtα)2 − γ2
0t

αz.

WTUN\TM¨ N¤PST¨ NM^ON®NO G�¼Á�H ^T\T
R

(0)
2 (z, t) =

|α(1) − α(0)| − (α(1) − α(0))

2α(0)(z − β(1)tα)
+

(α(1) + α(0)) − |α(1) − α(0)|
2α(0)

× 2(z − β(0)tα)
{

(z − βtα)2 − λ2tαz −
[
(γ2

1t
α − λ2tα)(γ2

0t
α − λ2tα)

]1/2
tαz

+

√

(z − βtα)2 − γ2
1t

αz

√

(z − βtα)2 − γ2
0t

αz

}−1

.

�Â
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©TìT¨ `NaT �NTON\Q �¼Á¨ TºPN\TM

R
(0)
2 (z, t) =

|α(1) − α(0)| − (α(1) − α(0))

2α(0)(z − β(1)tα)
+

(α(1) + α(0)) − |α(1) − α(0)|
2α(0)

× L(z; γ0t
α/2, γ1t

α/2, λtα/2, βtα, β(0)tα)

=
|α(1) − α(0)| − (α(1) − α(0))

2α(0)(z − β(1)tα)
+

(α(1) + α(0)) − |α(1) − α(0)|
2α(0)

× D

∫

Ẽ

1

z − x
V (x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(0)tα)dx,

T¤UN

D =
2

π

[(
γ2

1t
α − λ2tα

)1/2
+ (γ2

0t
α − λ2tα)1/2

]2

(
γ2

1t
α − γ2

0t
α
)2

=
2

π

{(√

α(0) +
√

α(1)
)

+
∣
∣
∣

√

α(0) +
√

α(1)
∣
∣
∣

}2

16α(0)α(1)tα
.

_¤QaLMQ¤UT TM ^QMTM α(1) ≥ α(0) N
α(1) < α(0) ¨ ^´NìQ\TM ²[N

R
(0)
2 (z, t) =

1 − αmin/α
(0)

z − β(1)tα
+

1

2πα(0)tα

∫

Ẽ

1

z − x
V (x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(0)tα)dx.

KN \Q¤NLOQ Q¤]aTìQ¨ ^T\T
R

(1)
2 (z, t) = 2(z − β(1)tα)

{

(z − β(0)tα)(z − β(1)tα) − (α(1) + α(0))tαz

+

√
[
(z − β(0)tα)(z − β(1)tα) − (α(1) + α(0))tαz

]2 − 4α(0)α(1)t2αz2 + 2α(1)tαz

}−1

,

T T[POT ONM[aPQUT UT PNTON\Q ¸ TºPLUT M[ºMPLP[L¤UTYMN (α(0), β(0)) `TO (α(1), β(1))
¼

9������ -c= RÄÔ ÊÅ ÆÇÅÆÊÅ ÞÄÛÖËØUÇÅ ÖÄ ÎÇÄÐÇÆÊ 5.3Ì ÞÄÆ 0 < β(0)β(1) Ç 0 < α(0)α(1) Ì öÇÆÄÅÌ
ÉÊÐÊ öÄÖÊ ×ÈÛØÑÄ ÞÄÛö|ÛÈÊ f ÇÆ (0,∞) lÈÊÛÖÄ n→ ∞ Ç k/n→ t ∈ [0, 1]Ì lÈÇ

(i)
2k∑

j=1

τ2k,jf(z2k,j/λ2n) → αmin

α(1)

∫ ∞

−∞
f(x)dG̃(x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα)

+
α(1) − αmin

α(1)
f(β(0)tα);

(ii)
2k+1∑

j=1

τ2k+1,jf(z2k+1,j/λ2n) → αmin

α(0)

∫ ∞

−∞
f(x)dG̃(x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(0)tα);

+
α(0) − αmin

α(0)
f(β(1)tα)

(iii)
1

n

n∑

j=1

f(zn,j/λn) →
∫ 1

0

∫ ∞

−∞
f(x)dF̃ (x; γ0t

α/2, γ1t
α/2, βtα)dt,

��
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ÄÛÖÇ λ2 = (

√

β(0) −
√

β(1))2 Ì β =
√

β(0)β(1) Ì γ2
1 = (

√

β(0) −
√

β(1))2 + (
√

α(0) +
√

α(1))2

= (
√
b−√

a)2 Ç γ2
0 = (

√

β(0) −
√

β(1))2 + (
√

α(0) −
√

α(1))2 = (
√

b̃−
√
ã)2.

E����ÿ���ab�D ·NüQ\ QM ¿[¤RðNM ULMPOLº[LRðNM ULM^ONPQM

G̃n,k(x) =
k∑

j=1

τk,jU(x− zk,j/λn) G�¼Á�H
N

F̃n(x) =
1

n

n∑

j=1

U(x− zn,j/λn), G�¼ÁcH
T¤UN U(x)

¸ Q ¿[¤RST UN �NQ®LMLUN UQUQ `TO GÂ¼ÁÁH¼·QºN\TM ²[N

λn
Bk−1(λnz)

Bk(λnz)
=

k∑

j=1

τk,j

z − zk,j/λn

N 1

n

(d/dz)Bn(λnz)

Bn(λnz)
=

n∑

j=1

1

z − zn,j/λn
.

_MML\¨ QM POQ¤M¿TO\QUQM UN ·PLNaPüNM UQM ¿[¤RðNM ULMPOLº[LRðNM G̃n,k(x)
N
F̃n(x)

MST UQUQM¨ ONMY`N^PL®Q\N¤PN¨ `TO
S(G̃n,k(x); z) =

∫ ∞

−∞

dG̃n,k(x)

z − x
= λn

Bk−1(λnz)

Bk(λnz)
G�¼Á H

N
S(F̃n(x); z) =

∫ ∞

−∞

dF̃n(x)

z − x
=

1

n

(d/dz)Bn(λnz)

Bn(λnz)
. G�¼dbH

WQOQ n `QO N
k `QO¨ UN G�¼Á H N G�¼� H¨ TºPN\TM ²[N

S(G̃2n,2k(x); z) → R
(1)
2 (z, t) =

z − β(1)tα

R1(z, t) + α(1)tα
.

KT �NTON\Q �¼�¨ MQºN\TM ²[N

R
(1)
2 (z, t) =

|α(0) − α(1)| − (α(0) − α(1))

2α(1)

1

z − β(0)tα
+

(α(0) + α(1)) − |α(0) − α(1)|
2α(1)

× D

∫

Ẽ

1

z − x
V (x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα)dx.

KN G�¼Á�H¨ PN\TM ²[N
dG̃(x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα) = DV (x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα)IẼ(x)dx.

KQ»¨ `TUN\TM NM^ON®NO
R

(1)
2 (z, t) =

|α(0) − α(1)| − (α(0) − α(1))

2α(1)

1

z − β(0)tα
+

(α(0) + α(1)) − |α(0) − α(1)|
2α(1)

×
∫ ∞

−∞

1

z − x
dG̃(x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα).

��
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_¤QaLMQ¤UT TM ^QMTM α(1) ≥ α(0) N

α(1) < α(0) ¨ ^´NìQ\TM ²[N

R
(1)
2 (z, t) =

αmin

α(1)

∫ ∞

−∞

1

z − x
dG̃(x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα)

+
α(1) − αmin

α(1)

1

z − β(0)tα
.

WTOPQ¤PT¨ `NaT �NTON\Q Á¼� GZOT\\NOY�Q\º[OìNOH¨
2k∑

j=1

τ2k,jf(z2k,j/λ2n) → αmin

α(1)

∫ ∞

−∞
f(x)dG̃(x; γ0t

α/2, γ1t
α/2, λtα/2, βtα, β(1)tα)

+
α(1) − αmin

α(1)
f(β(0)tα).

WQOQ n `QO N
k

»\`QO¨ Q UN\T¤MPOQRST ¸ Q¤]aTìQ¨ M[ºMPLP[L¤UTYMN (α(0), β(0)) `TO (α(1), β(1))
¼

WQOQ UN\T¤MPOQO (iii)
¨ ®Q\TM \TMPOQO ²[N T L¤PNìOQ¤UT UN G�¼ÁbH ¸ Q POQ¤M¿TO\QUQ UN ·PLNaPüNM

UQ ¿[¤RST ULMPOLº[LRST F̃ (x; γ0t
α/2, γ1t

α/2, βtα)
¼ KN G�¼ÁÂH¨ PN\TM ²[N

F̃ (x; γ0t
α/2, γ1t

α/2, βtα) =
1

2π

∫ x

−∞

|u− βtα|(u+ βtα)/u
√

γ2
1t

αu− (u− βtα)2
√

(u− βtα)2 − γ2
0t

αu
IẼ(u)du.

VQM¨ UN G�¼dH N G�¼�H¨
S(F̃ (x; γ0t

α/2, γ1t
α/2, βtα); z) =

1

2z

z2 − u2t
2α

√
[
z2 − u1t

αz + u2t
2α
]2 − 4u3t

2αz2
+

1

2z
,

T¤UN u1 = β(0) + β(1) + α(0) + α(1) ¨ u2 = β(0)β(1) N
u3 = α(0)α(1) ¼_MML\¨ UT �NTON\Q �¼�¨

S(F̃n(x); z) →
∫ 1

0
S(F̃ (x; γ0t

α/2, γ1t
α/2, βtα); z)dt.

WTOPQ¤PT¨ `NaT �NTON\Q Á¼� GZOT\\NOY�Q\º[OìNOH¨
1

n

n∑

j=1

f(zn,j/λn) →
∫ 1

0

∫ ∞

−∞
f(x)dF̃ (x; γ0t

α/2, γ1t
α/2, βtα)dt

`QOQ PTUQ ¿[¤RST ^T¤P»¤[Q f N\ (0,∞)
¼

��
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ªT\T ¤TM `TaL¤û\LTM TOPTìT¤QLM¨ Q¤QaLMQON\TM Qaì[¤M ^QMTM NM`N^LQLM UTM PNTON\QM Q¤PNOLTONM
UNMPN ^Q`»P[aT¼ óTPN ²[N¨ \NM\T ²[N TM ^TNï^LN¤PNM βn

¨
αn

¨
n ≥ 1

¨ MNüQ\ `TMLPL®TM¨ ²[Qa²[NO [\
UN MN[M aL\LPNM¨ LMPT ¸¨ ²[Qa²[NO [\ UTM ®QaTONM β(0) ¨ α(0) ¨ β(0) N

α(1) `TUN QMM[\LO T ®QaTO íNOT¼
;�ÿ� �D WOL\NLOQ\N¤PN ®Q\TM ^T¤MLUNOQO T ^QMT

α(0) = α(1) = α̃ > 0
N

β(0) = β(1) = β̃ > 0.

«¤PST¨ a = β̃ + 2α̃−
√
(

β̃ + 2α̃
)2

− β̃2
¨

b = β̃ + 2α̃+

√
(

β̃ + 2α̃
)2

− β̃2
N
ã = b̃ = β̃

¼
óNMPN ^QMT¨ `NaT �NTON\Q �¼�¨

k∑

j=1

τk,jf(zk,j/λn) →
∫ ∞

−∞
f(x)dG̃(x; 0, 2

√
α̃tα/2, 0, β̃tα, β̃tα).

³QíN¤UT x = ztα
N¨ N\ MNì[LUQ¨ z = x

¨ ^´NìQ\TM ²[N
k∑

j=1

τk,jf(zk,j/λn) →
∫ ∞

−∞
f(xtα)dG̃(x; 0, 2

√
α̃tα/2, 0, β̃tα, β̃tα).

KN G�¼Á�H¨

G̃(xtα; 0, 2
√
α̃tα/2, 0, β̃tα, β̃tα) =

1

2πα̃tα

∫ xtα

−∞

√

4α̃tαu− (u− β̃tα)2

u
I[a,b](u)du.

KQ»¨ Q`aL^Q¤UT T �NTON\Q ³[¤UQ\N¤PQa UT ª]a^[aT¨ TºPN\TM ²[N

dG̃(xtα; 0, 2
√
α̃tα/2, 0, β̃tα, β̃tα) =

1

2πα̃

√

4α̃x− (x− β̃)2

x
I[a,b](xt

α)dx.

©TìT¨
k∑

j=1

τk,jf(zk,j/λn) → 1

2πα̃

∫ b

a
f(xtα)

√

4α̃x− (x− β̃)2

x
dx.

WTO T[POT aQUT¨ [MQ¤UT T �NTON\Q �¼Â¨ TºPN\TM ²[N R(0)
2 (z, t) = R

(1)
2 (z, t) = R2(z, t)

¨ T¤UN
R2(z, t) =

2

(z − β̃tα) +
√

(z − β̃tα)2 − 4α̃tαz
,

`TLM (z − atα)(z − btα) = (z − β̃tα)2 − 4α̃tαz
¼

WTOPQ¤PT¨ `TUN\TM ^T¤^a[LO ²[N

R2(z, t) =
2

(z − β̃tα) +
√

(z − β̃tα)2 − 4α̃tαz
=

1

2πα̃

∫ b

a
f(xtα)

√

4α̃x− (x− β̃)2

x
dx.

�c
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WNaT �NTON\Q �¼�

(iii)
¨ PN\TM ²[N

1

n

n∑

j=1

f(zn,j/λn) →
∫ 1

0

∫ ∞

−∞
f(x)dF̃ (x; 0, 2

√
α̃tα, β̃tα)dt.

³QíN¤UT x = ztα
N¨ N\ MNì[LUQ¨ z = x

¨ TºPN\TM
1

n

n∑

j=1

f(zn,j/λn) →
∫ 1

0

∫ ∞

−∞
f(xtα)dF̃ (xtα; 0, 2

√
α̃tα, β̃tα)dt.

VQM¨ UN G�¼ÁÂH¨
F̃ (xtα; 0, 2

√
α̃tα, β̃tα) =

1

2π

∫ xtα

−∞

1 + β̃tα/u
√

4α̃utα − (u− β̃tα)2
I[a,b](u)du.

©TìT¨
F̃ (xtα; 0, 2

√
α̃tα, β̃tα) =

1

2π

1 + β̃/x
√

4α̃x− (x− β̃)2
I[a,b](xt

α)dx.

WTOPQ¤PT¨
1

n

n∑

j=1

f(zn,j/λn) → 1

2π

∫ 1

0

∫ ∞

−∞
f(xtα)

1 + β̃/x
√

4α̃x− (x− β̃)2
dxdt.

;�ÿ� �D ­\ L\`TOPQ¤PN ^QMT Q MNO ^T¤MLUNOQUT ¸ ²[Q¤UT α(0) T[ α(1) ¸ Lì[Qa Q íNOT¨ T[ MNüQ¨ `QOQ
s

Lì[Qa Q b T[ �¨
α(s) = 0, α(1−s) ≥ 0, β(s) > 0

N
β(1−s) > 0.

·QºN\TM ²[N

S(G2n,2k(x); z) = λ2n
B2k−1(λ2nz)

B2k(λ2nz)
→ z − β(1)tα

R1(z, t) + α(1)tα
.

• ·N
α(0) = 0

¨ N¤PST¨
S(G2n,2k(x); z) →

1

z − β(0)tα
= S(U(x− β(0)tα); z).

• ·N
α(1) = 0

¨ PN\TM ²[N

S(G2n,2k(x); z) → (z − β(1)tα)

(z − β(0)tα)(z − β(1)tα) − α(0)tαz

=
(z − β(1)tα)

(z − atα)(z − btα)

=
β(1) − a

b− a

1

z − atα
+
b− β(1)

b− a

1

z − btα

=
β(1) − a

b− a
S(U(x− atα); z) +

b− β(1)

b− a
S(U(x− btα); z).

� 
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_MML\¨ `TUN\TM ^T¤^a[LO ²[N

2k∑

j=1

τ2k,jf(z2k,j/λ2n) →







f(β(0)tα),
MN

α(0) = 0,
1

b− a

{

(β(1) − a)f(atα) + (b− β(1))f(btα)
}

,
MN

α(1) = 0.

KN \Q¤NLOQ Q¤]aTìQ¨ TºPN\TM ²[N
2k+1∑

j=1

τ2k+1,jf(z2k+1,j/λ2n) →







f(β(1)tα),
MN

α(1) = 0,
1

b− a

{

(β(0) − a)f(atα) + (b− β(0))f(btα)
}

,
MN

α(0) = 0.

ªT\T α(0) = 0 T[ α(1) = 0
¨ N¤PST ã = a

N
b̃ = b

¼ ªT\ LMPT¨ `TUN\TM NM^ON®NO
R3(z, t) =

∫ 1

0

[
1

2z

z2 − abt2α

(z − atα)(z − btα)
+

1

2z

]

dt.

KNMMQ ¿TO\Q¨

S(F̃n(x); z) →
∫ 1

0

[
1

2z

z2 − abt2α

(z − atα)(z − btα)
+

1

2z

]

dt

=

∫ 1

0

[
1/2

z − atα
+

1/2

z − btα

]

dt

=
1

2

∫ 1

0

[

S(U(x− atα); z) + S(U(x− btα); z)
]

dt.

WTOPQ¤PT
1

n

n∑

j=1

f(zn,j/λn) → 1

2

∫ 1

0

{

f(atα) + f(btα)
}

dt,

T¤UN f ¸ [\Q ¿[¤RST ^T¤P»¤[Q N\ (0,∞)
¨
n→ ∞ N

k/n→ t ∈ [0, 1]
N

F̃ (x; γ0t
α/2, γ1t

α/2, βtα) =
1

2
U(x− atα) +

1

2
U(x− btα).

;�ÿ� !D ½[POT ^QMT Q MNO ^T¤MLUNOQUT ¸ ²[Q¤UT
α(s) ≥ 0, α(1−s) ≥ 0, β(s) = 0

N
β(1−s) = β̃ ≥ 0, s = 0, 1.

óNMPN ^QMT¨ PN\TM ²[N u2 = β(0)β(1) = 0
¼ _MML\¨

ã = a = 0, b̃ = β̃ + (
√

α(0) −
√

α(1))2
N

b = β̃ + (
√

α(0) +
√

α(1))2.

·[ºMPLP[L¤UT NMMNM ®QaTONM ¤Q N²[QRST G�¼ÁdH¨ TºPN\TM ²[N

R3(z) =
1

2z
+

1

2π

∫ 1

0

∫ btα

b̃tα

1

z − x

1
√

x− b̃tα
√
btα − x

dxdt

=
1

2z
+

∫ 1

0

[

1/2
√
z − btα

√

z − b̃tα

]

dt.

cb
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KQ»¨

F̃ (x) =
1

2
U(x) +

1

2π

∫ 1

0

∫ x

−∞

U(u− b̃tα) − U(u− btα)
√

u− b̃tα
√
btα − u

dxdt.

©TìT¨ `QOQ PTUQ ¿[¤RST ^T¤P»¤[Q f N\ (0,∞)
¨

1

n

n∑

j=1

f(zn,j/λn) → 1

2
f(0) +

1

2π

∫ 1

0

∫ b

b̃
f(xtα)

1
√

x− b̃
√
b− x

dxdt. G�¼d�H
óTPN ²[N MN

α(0) = α(1) N
β̃ = 0

¨ N¤PST b̃ = 0
¼

;�ÿ� &D ·NüQ QìTOQ¨
α(s) = 0, α(1−s) = α̃ ≥ 0, β(s) = 0

N
β(1−s) = β̃ ≥ 0, s = 0, 1.

·Nì[N ²[N ã = a = 0
N
b̃ = b = β̃ + α̃

¼ «¤PST¨ UN G�¼ÁdH
R3(z) =

1

2z
+

∫ 1

0

1/2

z − btα
dt.

¥MPT MLì¤Lï^Q ²[N
F̃ (x) =

1

2
U(x) +

1

2
U(x− btα).

½ºMNO®N ²[N MN
α̃ = β̃ = 0

¨
b = b̃ = 0

N
F̃ (x) = U(x)

¼
����� 	ì��§���

óT QOPLìT KddL¨ ·OL ¹Q¤ìQ \TMPOT[ ²[N¨ Q `QOPLO UQ POQ¤M¿TO\QRST
t(x) =

{√

ρx2 + β +
√
ρx
}2
, x ∈ (−∞,∞), G�¼dÁH

^T¤MNì[L\TM [\Q ONaQRST N¤PON `TaL¤û\LTM TOPTìT¤QLM N TM LY`TaL¤û\LTM TOPTìT¤QLM QMMT^LQUTM¨ T¤UN
t(x) ON`ONMN¤PQ [\Q Q`aL^QRST ºL[¤»®T^Q N¤PON (−∞,∞)

N
(0,∞)

¼
_ L¤®NOMQ UN t(x) ¸ UQUQ `TO

x(t) =
1

2
√
ρ

(√
t− β√

t

)

. G�¼ddH
óNMPN \NM\T QOPLìT UN\T¤MPOT[ TM MNì[L¤PNM PNTON\QM¼

9������ -c< RÇiÊÆ b > 0 Ç d > 0 öÊËÅ lÈÇ √
b =

√

ρd2 + β +
√
ρd Ç

v(t) = At1/2w(x(t)). G�¼dÂH
ÕÛöÑÄÌ w(x) j ÈÆÊ ×ÈÛØÑÄ ÉÇÅÄ ÅËÆjöÐËÞÊ (w(x) = w(−x)) ÇÆ (−d, d) ÅÇÌ Ç ÅÄÆÇÛöÇ ÅÇÌ v(t) j ÈÆÊ×ÈÛØÑÄ ÉÇÅÄ ×ÄÐöÇ ÇÆ (β2/b, b) öÊø lÈÇ √tv(t) =

√

β2/tv(β2/t)Ì ÄÛÖÇ A j ÈÆ ÛmÆÇÐÄ ÉÄÅËöËwÄÙ
c�
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9������ -c~ RÇiÊÆ w(x) Ç v(t) ÈÆ ÉÊÐ ÖÇ ×ÈÛØUÇÅ ÉÇÅÄ ÖÊÖÊÅ ÉÇøÄ ÎÇÄÐÇÆÊ 5.8Ì Qn(x) Ç Bn(t)ÄÅ ÉÄøËÛOÆËÄÅ ÄÐöÄQÄÛÊËÅ Ç ÅËÆËøÊÐÇÅ ÊÅÅÄÞËÊÖÄÅ Ê w(x) Ç v(t)Ì ÐÇÅÉÇÞöËwÊÆÇöÇÙ ÕÛöÑÄÌ ÉÊÐÊ n ≥ 0Ì

Bn(t) = (2
√
ρt)nQn(x(t)) G�¼d�H

Ç ÄÅ ÞÄÇXÞËÇÛöÇÅ ÖÊÅ ÞÄÐÐÇÅÉÄÛÖÇÛöÇÅ ÐÇøÊØUÇÅ ÖÇ ÐÇÞÄÐÐVÛÞËÊ ÅÊöËÅ×ÊoÇÆ
αv

n+1 = 4ραw
n+1.

G�¼d�H
�NON\TM¨ QìTOQ¨ Qaì[¤M N¬N\`aTM UN `TaL¤û\LTM ²[N MQPLM¿QíN\ ñ ONaQRST UN ON^TOO§¤^LQ Gd¼dcHN ^[üTM ^TNï^LN¤PNM MQPLM¿QíN\ ñM ^T¤ULRðNM G�¼�H¼

BÌ��eý� -c� ·QºN\TM ²[N TM `TaL¤û\LTM \û¤L^TM UN �NO\LPN
Hn(x)

¨ MST TOPTìT¤QLM ¤T L¤PNO®QaT
(−∞,∞)

^T\ ONaQRST ñ ¿[¤RST `NMT w(x) = e−x2 N MQPLM¿QíN\ ñ ONaQRST UN ON^TOO§¤^LQ
Hn+1(x) = xHn(x) − n

2
Hn−1(x), n ≥ 0. G�¼d�H

WNaQ POQ¤M¿TO\QRST G�¼ddH N `TO G�¼dÂH¨ PN\TM ²[N TM `TaL¤û\LTM BH
n

¨ ML\LaQONM QTM TOPTìT¤QLM
Hn(x)

¨ MST UNï¤LUTM `TO
∫ ∞

0
t−n+sBH

n (t)t−1/2e
− t+β2/t

4ρ dt = 0, 0 ≤ s ≤ n− 1.

_ìTOQ¨ `TO G�¼d�H¨ G�¼d�H N G�¼d�H¨ TM `TaL¤û\LTM BH
n

MQPLM¿QíN\ ñ ONaQRST
BH

n+1(z) = (z − β)BH
n (z) − 2ρ(n+ 1)zBH

n−1(z), n ≥ 0.

KNMPQ ONaQRST¨ TºPN\TM ²[N
α2n = 2ρ(2n), α2n+1 = 2ρ(2n+ 1)

N
β2n = β2n+1 = β.

óTPN ²[N TM ^TNï^LN¤PNM α2n
N
α2n+1

MST LaL\LPQUTM¨ \QM MST UN ®QOLQRST ONì[aQO¼ �T\N\TM¨N¤PST¨ Q MN²[§¤^LQ UN ®QOLQRST ONì[aQO {λn} = {n} (α = 1)
¼ _MML\¨ UQM ^T¤ULRðNM G�¼�H¨ PNON\TM¨

`QOQ ρ =
1

2

¨
α(0) = α(1) = 1

N
β(0) = β(1) = 0

¼ «MPQ\TM¨ N¤PST¨ ¤T ;�ÿ� ! UNMPQ ±aPL\Q MNRST¼
_MML\¨ `NaT �NTON\Q �¼d¨ PN\TM ²[N

lim
n→∞

1

n2

BH
k (nz)

BH
k−2(nz)

=
1

2

{

z2 − 2tz + |z|
√

z2 − 4tz
}

[¤L¿TO\N\N¤PN `QOQ z N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [0, A]

N¨ `TO G�¼d�H¨ TºPN\TM ²[N
1

n

n∑

j=1

f(zn,j/n) → 1

2
f(0) +

1

2π

∫ 1

0

∫ 4

0
f(xtα)

1√
4x− x2

dxdt.

cÁ
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BÌ��eý� -c� ªT¤MLUNON\TM QìTOQ¨ TM `TaL¤û\LTM UNï¤LUTM `TO

∫ ∞

−∞
G(λ)

m (x)G(λ)
n (x)

1

cos(πλ) + cosh(πx)
dx =







0, m 6= n,

2λ(1 − λ)n(1 + λ)n(n!)2

sen[πλ(2n+ 1)]
, m = n.

�NüQ ª´L´QOQ KcL¨ ªQ`¼�¥¨ `¼� d `QOQ \QLM UNPQa´NM¼«MMNM `TaL¤û\LTM MQPLM¿QíN\ ñ MNì[L¤PN ONaQRST UN ON^TOO§¤^LQ
G

(λ)
n+1(x) = xG(λ)

n (x) − n2(n2 − λ2)

4n2 − 1
G

(λ)
n−1(x), −1 < λ < 1. G�¼dcH

WNaQ POQ¤M¿TO\QRST G�¼ddH N `TO G�¼dÂH¨ TM `TaL¤û\LTM BG
n

¨ ML\LaQONM QTM TOPTìT¤QLM G(λ)
n

¨ MST
UNï¤LUTM `TO

∫ ∞

0
t−n+sBG

n (t)
t−1/2

cos(πλ) + cosh
[

π
2
√

2
(
√
t− β/

√
t)
]dt = 0, 0 ≤ s ≤ n− 1.

_²[L¨ PT\Q\TM ρ =
1

2

¼
KN G�¼d�H¨ G�¼d�H N G�¼dcH¨ PN\TM ²[N BG

n

MQPLM¿Qí ñ ONaQRST UN ON^TOO§¤^LQ Gd¼dcH ^T\
βn+1 = β > 0, αn+1 =

n2
(
n2 − λ2

)

4n2 − 1
, n ≥ 1.

�T\Q¤UT [\Q MN²[§¤^LQ UN ®QOLQRST ONì[aQO {λn} = n2 (α = 2)
¨ TºPN\TM ²[N α(0) = α(1) = 1N

β(0) = β(1) = 0
¼

óNMPN ^QMT¨ `NaT �NTON\Q �¼d¨ TºPN\TM

lim
n→∞

1

n4

BG
k (n2z)

BG
k−2(n

2z)
=

1

2

{

z2 − 2t2z + |z|
√

z2 − 4t2z
}

[¤L¿TO\N\N¤PN `QOQ z N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [0, A]

¼
½ºMNO®N ²[N¨ ¤T®Q\N¤PN¨ NMPQ\TM ¤T ;�ÿ� !¼ _MML\¨ PN\TM ²[N ã = a = 0

¨
b̃ = 0

N
b = 4

¼
©TìT¨

R3(z) =
1

2z
+

1

2π

∫ 1

0

∫ 4t2

0

1

z − x

1√
4t2x− x2

dxdt.

BÌ��eý� -c! �Q\TM ^T¤MLUNOQO T MLMPN\Q UN `TaL¤û\LTM TOPTìT¤QLM NMP[UQUTM `TO ·PLNaPüNM¨ ªQOaLPíN _aY·QaQ\¼ �L\TM¨ ¤Q MNRST Â¼d¼d¨ ²[N TM `TaL¤û\LTM {Cn(x)}∞n=0

N {Dn(x)}∞n=0

MQPLM¿QíN\
Cn+1(x) = xCn(x) − δ̂(C)

n Cn−1(x)

N
Dn+1(x) = xDn(x) − δ̂(D)

n Dn−1(x),^T\
δ̂
(C)
2n = (2n)2κ2, δ̂

(D)
2n = (2n)2,

δ̂
(C)
2n+1 = (2n+ 1)2, δ̂

(D)
2n+1 = (2n+ 1)2κ2,

cd
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T¤UN κ ¸ [\ ¤±\NOT ONQa¼KN G�¼d�H N G�¼d�H¨ TºPN\TM UTLM MLMPN\QM UN `TaL¤û\LTM {BC

n (z)}∞n=0

N {BD
n (z)}∞n=0

²[N MQPLMY¿QíN\ ñM MNì[L¤PNM ONaQRðNM UN ON^TOO§¤^LQ
BC

n+1(z) = (z − β)BC
n (z) − α(C)

n zBC
n−1(z)

N
BD

n+1(z) = (z − β)BD
n (z) − α(D)

n zBD
n−1(z),

T¤UN α(C)
n = δ̂

(C)
n

N
α

(D)
n = δ̂

(D)
n

²[Q¤UT PT\Q\TM ρ =
1

4

¼
«MMNM ^TNï^LN¤PNM MST LaL\LPQUTM¨ \QM UN ®QOLQRST ONì[aQO¼ «M^Ta´N¤UT [\Q MN²[§¤^LQ UN ®QOLQRST

ONì[aQO {λn} = {n2} (α = 2)
¨ TºPN\TM

α
(0)
C = α

(1)
D = κ2, α

(1)
C = α

(0)
D = 1

N
β

(0)
C = β

(1)
C = β

(0)
D = β

(1)
D = 0.

«MPQ\TM ¤T®Q\N¤PN ¤T ;�ÿ� ! `QOQ Q\ºTM TM MLMPN\QM¼ «¤PST¨ ã = a = 0
¨
b̃ = (1 − κ)2

N
b = (1 + κ)2

¼
©TìT¨ `NaTM �NTON\QM �¼d N �¼�¨ TºPN\TM

lim
n→∞

1

n4

BC
k (n2z)

BC
k−2(n

2z)
= lim

n→∞
1

n4

BD
k (n2z)

BD
k−2(n

2z)

=
1

2

{

z2 − (1 + κ2)t2z +
√

z2 − (κ+ 1)2t2z
√

z2 − (κ− 1)2t2z
}

[¤L¿TO\N\N¤PN `QOQ z N\ M[º^T¤ü[¤PTM ^T\`Q^PTM UN
C \ [0, A]

N

RC
3 (z) = RD

3 (z) =
1

2z
+

1

2π

∫ 1

0

∫ (κ+1)2t2

(κ−1)2t2

1

z − x

1
√

x− (1 − κ)2t2
√

(1 + κ)2t2 − x
dxdt.
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�]OLTM POQºQa´TM MTºON `OT`OLNUQUNM QMML¤PXPL^QM UTM `TaL¤û\LTM TOPTìT¤QLM Qn(x)
²[Q¤UT TM^TNï^LN¤PNM UQ ^TOONM`T¤UN¤PN ONaQRST UN ON^TOO§¤^LQ MST aL\LPQUTM¨ T[ MNüQ¨

lim
n→∞

ξ̂2n = b̃1, lim
n→∞

δ̂2n = ã2
1,

lim
n→∞

ξ̂2n+1 = b̃2, lim
n→∞

δ̂2n+1 = ã2
2,

G�¼�H

¿TOQ\ `[ºaL^QUTM¼ WQOQ ^LPQO Qaì[¤M¨ _ô´LNíNO K�L¨ ª´L´QOQ K�¨ cL¨ óN®QL KÁÂ¨ Á�¨ Á�L¨ ZNOT¤L\T N
ªQMN K��L¨ ZNOT¤L\T N �Q¤ _MM^´N K��¨ ÂÁL¼óT ^QMT N\ ²[N TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MST LaL\LPQUTM¨ ª´L´QOQ K�bL ¿Ní [\N¬PN¤MT [MT UN MN²[§¤^LQM N¤^QUNQUQM `QOQ UQO ^T¤ULRðNM Q NMMNM ^TNï^LN¤PNM MTº QM ²[QLM T ^T¤ü[¤PT
UTM íNOTM UTM `TaL¤û\LTM TOPTìT¤QLM PL®NMMN [\ aL\LPQ¤PN M[`NOLTO GT[ L¤¿NOLTOH¼·[`T¤UT ²[N TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ UL®NOìN\¨ \QM UN ¿TO\Q ²[N N¬LMPQ [\Q
¿[¤RST ^ONM^N¤PN N `TMLPL®Q Ψ(t)

MQPLM¿QíN¤UT
Ψ(x+ t)/Ψ(t) → 1, x > 0

N
t→ ∞,

PQa ²[N ξ̂n/Ψ(n)
N
δ̂n/Ψ(n)

PN¤´Q\ aL\LPNM ï¤LPTM¨ óN®QL N KN´NMQ KÁ�L TºPL®NOQ\ QMML¤PXPL^TM `QOQ
n∑

k=1

xM
n,k

/∫ n

0
Ψ(t)Mdt,

T¤UN xn,1 < xn,2 < · · · < xn,n
MST TM íNOTM UN Qn(x) GT[ pn(x)

H N
M

¸ [\ L¤PNLOT ï¬T `TMLPL®T¼«\ � cc¨ �Q¤ _MM^´N KÂdL ¿Ní [\ NMP[UT MN\Na´Q¤PN `QOQ T ^QMT N\ ²[N TM ^TNï^LN¤PNM UQ
ONaQRST UN ON^TOO§¤^LQ MQPLM¿QíN\

lim
n→∞

ξ̂2n/λ2n = b1, lim
n→∞

δ̂
1/2
2n /λ2n = a1,

lim
n→∞

ξ̂2n+1/λ2n = b2, lim
n→∞

δ̂
1/2
2n+1/λ2n = a2,

G�¼ÁH

T¤UN λn
¸ [\Q MN²[§¤^LQ UN ®QOLQRST ONì[aQO GKNï¤LRST Â¼�H¼

c�
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WQOQ TM `TaL¤û\LTM ML\LaQONM QTM TOPTìT¤QLM¨ N\ �   ¨ _¤UOQUN¨ ·OL ¹Q¤ìQ N �Q¤ _MM^´N KdL¨ïíNOQ\ T `OL\NLOT NMP[UT MTºON T ^T\`TOPQ\N¤PT QMML¤PXPL^T UNMMNM `TaL¤û\LTM ²[Q¤UT TM ^TNïY^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MST aL\LPQUTM¨ T[ MNüQ¨
lim

n→∞
β2n = β̃(0), lim

n→∞
α2n = α̃(0),

lim
n→∞

β2n+1 = β̃(1), lim
n→∞

α2n+1 = α̃(1).

¦QMNQUT ¤T POQºQa´T UN �Q¤ _MM^´N KÂÁL¨ ïíN\TM [\ NMP[UT MN\Na´Q¤PN `QOQ T ^QMT UTM
`TaL¤û\LTM ML\LaQONM QTM TOPTìT¤QLM ^[üTM ^TNï^LN¤PNM UQ ONM`N^PL®Q ONaQRST UN ON^TOO§¤^LQ MQPLMY¿QíN\

lim
n→∞

β2n/λ2n = β(0), lim
n→∞

α2n/λ2n = α(0),

lim
n→∞

β2n+1/λ2n = β(1), lim
n→∞

α2n+1/λ2n = α(1)

²[N¨ `QOQ ¤TMMT ^T¤´N^L\N¤PT¨ ¤ST ´] ¤N¤´[\ POQºQa´T `[ºaL^QUT MTºON T QMM[¤PT¼ ½M ONM[aPQUTM
TºPLUTM ¤NMPN POQºQa´T ¿TOQ\ TOìQ¤LíQUTM N\ [\ QOPLìT L¤PLP[aQUT ¯ÃÅòÆÉöÄöËÞÅ ×ÄÐ ÉÄøòÛÄÆËÊøÅ
ÅÊöËÅ×òËÛQ Ê ÞÇÐöÊËÛ öóËÛ ÊÅòÆÉöÄöËÞ ÉÇÐËÄÖËÞ ÐÇÞÈÐÐÇÛÞÇ ÐÇøÊöËÄÛS ÈÛÔÄÈÛÖÇÖ ÞÊÅÇÅµ ²[N ü] ¿TL M[ºY\NPLUT `QOQ `[ºaL^QRST N\ [\Q ON®LMPQ UN ^LO^[aQRST L¤PNO¤Q^LT¤Qa¼«\ NMP[UTM ¿[P[OTM¨ [\ QMM[¤PT L¤PNONMMQ¤PN MTºON QM `OT`OLNUQUNM QMML¤PXPL^QM UNMMNM `TaL¤û\LTM¨
Q MNO QºTOUQUT ¸ ²[Q¤UT TM ^TNï^LN¤PNM UQ ONaQRST UN ON^TOO§¤^LQ MST `NOLXUL^TM¼
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KÁL _aY·QaQ\¨ �¼_¼¨ ª´QOQ^PNOLíQPLT¤ T¿ ^NOPQL¤ ^aQMMNM T¿ TOP´TìT¤Qa `Ta�¤T\LQaM ONaQPNU PTNaaL`PL^ ¿[¤^PLT¤¨ ÃÛÛÙ ÍÊöÙ NÈÐÊ ÃÉÉøÙ¨ 0= G� ��H¨ ��Y Â¼
KdL _¤UOQUN¨ «¼À¼©¼¨ ·OL ¹Q¤ìQ¨ _¼ ÿ �Q¤ _MM^´N¨ �¼¨ _M�\`PTPL^ ¿TO `Ta�¤T\LQaM MQPLM¿�L¤ì Q
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¥¨ ÝËÛÇÊÐ ÃøQÇÔÐÊ ÃÉÉøÙ¨ �! G� ��H¨ �c�Y�  ¼
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G� �bH¨ ÂÂdYÂ�cõ �< G� ��H¨ �b�Y�ÁÂ¼
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G� �ÁH¨ �Y��¼
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K�bL ª´L´QOQ¨ �¼·¼¨ ·`N^POQa `OT`NOPLNM T¿ TOP´TìT¤Qa `Ta�¤T\LQaM T¤ [¤ºT[¤UNU MNPM¨ ÎÐÊÛÅÙ ÃÆÇÐÙ
ÍÊöÜÙ RÄÞÙ¨ �={ G� cÁH¨ �ÁdY�d ¼
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� � ¼
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KÁ�L óN®QL¨ W¼Z¼¨ ½OP´TìT¤Qa `Ta�¤T\LQaM UNï¤NU º� Q ON^[OON¤^N ONaQPLT¤¨ ÎÐÊÛÅÙ ÃÆÇÐÙ ÍÊöÜÙ

RÄÞÙ¨ �-{ G� � H¨ d� YdcÂ¼
KÁ�L óN®QL¨ W¼Z¼ ÿ KN´NMQ¨ °¼·¼¨ ½¤ QM�\`PTPL^ Q®NOQìN `OT`NOPLNM T¿ íNOTM T¿ TOP´TìT¤Qa

`Ta�¤T\LQaM¨ R�ÃÍ ÊÙ ÍÊöÜÙ ÃÛÊøÙ¨ �{ G� � H¨ ��cÂY�� Á¼
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Kd�L ·OL ¹Q¤ìQ¨ _¼ _¤UOQUN¨ «¼À¼©¼ ÿ W´LaaL`M¨ Z¼V¼¨ _MMT^LQPNU M�\\NPOL^ ²[QUOQP[ON O[aNM¨ÃÉÉøËÇÖ �ÈÆÇÐËÞÊø ÍÊöÜÇÆÊöËÞÅ¨ �� G�  �H¨ ���Y�cd¼
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