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1. Introduction

We consider the sequence of polynomials {Q,, } generated by the three term recur-
rence relation

Om+1@) = @+ Bnt1)Om (@) —amy120m-1(2), m=1,2,..., (L.

with Qg = 1 and Q1(z) = z + B1, where the complex numbers «;,, and 3, are such
thato,, #0,m =2,3,...and B, #0,m =1,2,3, ...
This recurrence relation has been thoroughly studied when

m+1 >0 and B, <0 form > 1. (1.2)

We cite the paper [11] of Jones, Thron and Waadeland which initiated the motivation
for the study of this special case of the recurrence relation (1.1) and the recent paper
[15] for some further references. When (1.2) holds, it was shown in [11] that the
corresponding polynomials satisfy the orthogonality property, or more precisely, the
Laurent Orthogonality (L-orthogonality) property,

/ferSQm(;)dqs(;)zo, s=0,1,....,m—1. (1.3)

Here d¢ is a strong positive measure defined on the positive real axis. The word
strong is used to indicate that the moments j1,, = [ " d¢ () exist also for all negative
values of m.

In this paper we study the behavior of the zeros of the polynomials {Q,,} under
other restrictions on the coefficients o, and B,,. As special cases of this study we
consider the Szegd polynomials {S,,(z)} and also of certain so called para orthogonal
polynomials {S,,(z) + S (z)} and {S,,(z) — S} (z)}, especially when the reflection
coefficients are real.

As another special case, the zeros of the polynomial P, (z) = ) ,,_o bmz", where
the complex coefficients b,, # 0 form =0, 1, ..., n, are also considered.

2. Zeros and their eigenvalue representations

From the three term recurrence relation (1.1), clearly Q,,(0) = B182 - B # O,
m > 1. Furthermore, since (1.1) can be written in the form

a2z = (z2+ B2)01(z) — 02(2),

Om(2) _ Qm+l(Z)
On-12)  Om-1)’

(2.1)

12 = (2 + Bu+1)
one obtains

Lemma 2.1. For any m > 1, the two consecutive polynomials Q. and Qm+1 do
not have common zeros.
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Proof. If w € Cissuchthat Qj(w) = Q>(w) = 0then arw = 0. Since w = 0 is not
a zero of any Q,,, this is a contradiction. Hence Q;(z) and Q»(z) do not have any
common zeros.

Now let m > 2 and suppose that Q,,—1 and Q,, do not have any common zeros.
If Qm(w) = 0then Q,,—1(w) # 0 and from (2.1),

Om+1(@) = —omy10Qm—1(w) # 0.

This means Q,, and Q,,+1 do not have any common zeros. Hence by induction the
lemma follows. [

From (1.1) it is also easily verified that for any n > 1,

z+ B —a) 0 0 0
-z 2+ B2 —o3 e 0 0
0 —z 72+ B3 0 0
On(2) = : : : : : (2.2)
0 0 0 24 Ba—d —0p
0 0 0 e -z 2+ Bn

Hence we can state the following theorem.

Theorem 2.1. The zeros of Q, are the eigenvalues of the lower Hessenberg matrix

n a 0 .- 0 0
nom o oaz - 0 0
H,=| - : : : L
m o m o nm o o 0
n mn2 n3 - Mp-1 Oy
Lm n2 N3 o M-l Mn_|
where Ny = oy — B, m= 1,2, ..., n, withay; = 0.

Proof. From (2.2),
0, (z) = det(zA, — B,),

where A, and B,, are, respectively, the n x n matrices

1 o o0 --- 0 -6 0 0
—1 1 0 --- 0 0 B a3 - 0
o -1 1 --- 0 0 0 —Bz - 0
0 o o0 --- 1 0 0 0 e =By

Note that, since A,, is non-singular,

0,(2) = det(A,) det(zI — A, 'B,).
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Since det(A,,) = 1 and

1 0 0 0 0
1 1 ... 0 O
1 1 1 --- 0 O
A=, . . s
1 1 1 --- 1 O
R T T

we see that Q, is the (monic) characteristic polynomial of the lower Hessenberg
matrix H, = A, I'B,,. This completes the proof of the theorem. [

We can also write, Q,(z) = det(zI — B,A,; 1) det(A,,). Hence Q,, is the charac-
teristic polynomial of the matrix B,,A,j1 and also of the matrix (BnAn_1 yT = (A, hT
BZ. This means the zeros of O, are also the eigenvalues of the upper Hessenberg
matrix

Yioova ¥soc Yool =P
w 2 Y3 o Va1 —Pn
0 o3 V3 ot V=1 _,Bn
A )'B, = : : : : o
0 0 0 - Y =B
L0 0 0 - oy —Bn_|
where y, = apt1 — Bm, m = 1,2, ... See [15] for a use of the above eigenvalue

representation to obtained information about the orthogonal L-polynomials associ-
ated with measures on the positive real line.

In the remaining part of this section we look at in detail the eigenvalue represen-
tation associated with the matrix H,,. Again the analysis is very much similar to that
used in [15] but with the assumptions made in (1.1) and one further assumption that
the eigenvalues z, ;, j = 1,2, ..., n, of H, (i.e., the zeros of Q) are distinct.

_ With Q0(z) = Qo(z) = Qo(z) and for 1 <m <n, Qm(z) =2"Qu(z) and
Om(2) = (203 - - py1)” ' O (2), the recurrence relation (1.1) form = 1,2, ...,
n — 1 can be given in the following two different forms:

A= 0m-1(2) + On(@D] = =But10m(@) + tms20mi1(z), 1<m<n—1
and

2L0m (@) = Oms1(D] = o1 Om—1(2) = Bus1 Om(2), 1 <m<n—1,
with z[Q0(2)] = —B100(2) + @201(z) and z[Qo(z) — 01(z)] = —B1 Oo(2). In

matrix representation these are

2Aub(2) = Bb(2) + atp1 On (e (2.3)
and

2b(2)"Ay =b(2) "B, + 20, (2], 2.4)
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respectively, where e, is the nth column of the n x n identity matrix,

b2) =[Q0(2). €1().-... Qa1 (]" and
b(z) = [00(2), 01(2), ..., Q1 (D]

Hence from the matrix representation (2.3), f)(z,l, j) is a right eigenvector of H,, =
A;an associated with the eigenvalue z,, ;. Moreover, since z,,j, j = 1,2, ..., nare
assumed to be distinct, the corresponding right eigenvectors f)(zn, isi=L12,...,n,
are all linearly independent.

Likewise, from the matrix representation (2.4), the vector Azf)(zn, j) is a left
eigenvector of H,, associated with the eigenvalue z, ;. Even though it is not rele-

vant here, it may be more appropriate to say that €(z,, ), where ¢(z) = AEIN)(z), is
a left eigenvector of H,, as we have in this case ¢(z,,;)*H, = €(z,,j)*zn, j. Here,
* represents the conjugate transpose. Again, there are n linearly independent left
eigenvectors ¢(z, ), j = 1,2, ..., n, associated with the n distinct z,, ;.

Multiplication of (2.3) evaluated at w on the right by b(z)" and multiplication of
(2.4) on the left by l;(w) we obtain the systems

wA,b(w)b(2)" = B,b(w)b(@)" + @11 0n(w)e,b(2)" (2.5)
and

zb(w)b(z)TA, = b(w)b(2)"B, + 20, (2)b(w)e]. (2.6)
Since tr AB = tr BA, subtracting the trace of (2.6) from the trace of (2.5) gives

n—2

D 10n(@) = Qi1 (@} Om(w) + Cn1(2) Qn1 (w)

m=0

_ 200(@) Qn-1(w) — tn1Qn (W) 0n—1(2)

—w

2.7)

This is a kind of Cristoffel—]?arboux form}lla. The term on the left of this formula
can be identified as b(z)TA,b(w) = ¢(z)*b(w), and this confirms the orthogonality
of the left eigenvector €(z,, ;) and the right eigenvector b(z, x), when j # k. In (2.7)
letting w — z,

n—2
D H0n (@) = Omi1(D}0n (@) + 0n-1(2) 0n-1(2)
m=0

= 0,110, (2) 0n-1(2) — 20,(2) 0, (2).
Thus for 1 < j <mand 1 <k < n, we have
[ATD(zn )1 D(zn i) = B(2n ) TIATD(z0 )] = 2 585k 2.8)

where A;lj = Up+1 Q;(zn,j)Q,,_l(zn,j). Since the zeros of Q, are assumed to be
simple (distinct) and, from Lemma 2.1, that Q, and Q,_1 do not have any common
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zeros, we also find that k;lj # 0, for j =1,2,...,n. Thus we can say that the two

finite sequences {f)(zn, j)};'.=1 and {Azﬁ(zn, j)}’}:1 are biorthogonal to each other.
If we define the n x n non-singular matrix P, by

b b(z b
p = |Gl D) bln) 29)
Op+1 Qn(zn,l) an+lQn(Zn,2) an+1Qn(Zn,n)
then clearly its inverse (the matrix that satisfy P,/ 'P, = I,,) is
ATb(zn1)  Alb(za2) ATb(zn.0) !
p,l = | L el L et (2.10)
Qn—l(Zn,l) Qn—l(Zn,Z) Qn—l(Zn,n)

If pi,; and py ; are the elements in the kth row and jth column of the matrices P,
and P,/ 1 respectively, then

Qk—l(zn,j) _ Qi—1(znk) — Qj(znp)
Opt1 Q;,(Zn,j) Qn—l(zn,k)

With the matrices P,, and P;l, we can write the eigenvalue problem associated
with H,, as

P, 'H,P, =E,, (2.11)

where E,, is the diagonal matrix containing the eigenvalues z, 1, Zn.2, - -+ » Zn.n-
From P,,P;1 = I,,, we also obtain

and Py ;

Pkj =

n
Z 01(zn N Ok (zn, ) — Okt @n, ), j = S1.k
j=1
forO0 </ <n—1and0 <k < n— 1. Here the A, ; are as in (2.8). This is the bior-
thogonality of the two finite sequences {Qm }2_:10 and {Q,, — Qm—H }ﬁz_:lo on the point
set Zn,15 Zn,25 - +» Zn,n-
If we define the linear functional #,,[-], on the space of Laurent polynomials, by

n
Lalf1= " hnjf @),
j=l1

then ffn[Ql(Qk — Qk+1)] =0, for0< /I <n—1and0 <k <n— 1. Moreover,
since the Laurent polynomials {Qy — Qk+1}§<_=10 form a basis for the linear space
spanned by {z’l, 2., z’l}, we can also write for the polynomials Q;, [ =1,
2,...,1,

Ll 011 =0, k=0,1,....,1-1, I<n,
an L-orthogonality property as in (1.3). Also note that £, [z~/~1Q;(z)] # 0 for
0<!l <n.

We mention that Hendriksen and Njastad [8] have established the biorthogonal-

ity of the two sequences {Q,,} and {Q,, — On+1} in relation to a moment func-
tional ¥, when {Q,,} satisfy the L-orthogonality LR, (z)) =0,0<k<
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m—1and £z "! Om (z)) # 0. For other biorthogonal relations associated with
the recurrence relation (1.1) we cite [3] and [20].
3. Bounds for the zeros
First we define the region W (A1, A2, T), where A, > A1 and T > 0, by
Wi, A2, T)

E{z=x+iye([3:|y|gr,kl—,/ﬂ—yzgx<)»2+\/7:2—y2}.

Now for § # 0, let Ds be the n x n diagonal matrix with diagonal entries (§, 82,
..., 8™). Then the eigenvalues of H,, are the same as that of the matrix D,;HnDs_l,
given by

m ans~t 0 0
n1d m 0 0
me"> md"t w87t 0
mé"r " s 8!
_7718"71 7725"72 e 77;1—15 Mn
We can state the following theorem.
Theorem 3.1. For any n > 2, set aM = max{lax|,k =2,3,...,n} and M =
max{|nk|, k =2,3,...,n}. Let
aM aM
dl = 7’1, d2 = ﬁ and
\/(xlly + nrllw an + |771| - r)n
2aM
ds n

~ @D+ 4 (] — gM) + oM

Then the zeros of Qk, 1 < k < n, are inside the disk |z| < pn, where

M oM )
e g, 0 <y < ay,
= 1= (3.1
oM 4+ /nM)2 otherwise.
If ng, fork =1,2,...,n, are all real then the zeros of Q, 1 < k < n, are inside

the region W (.1, a2, Pn), Where
77n,1 = min{nkv k = 1’ 27 R} l’l}, 77n,2 = max{’?k, k = 17 25 LN} n}

and
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@2+ M (In1|—n}) +a )
Pn = v 2(\7;1\_,;/%) nil,  if0 <dz <dj,
n — n

(\/OW + v rly/,w)z - 77,/1‘/[, otherwise.

Proof. We assume that 0 < § < 1. Also recall that «; = 0. Application of the Gers-
chgorin theorem gives that the eigenvalues of the matrix D(anDg_1 , that is the matrix
H,, are inside (J;_, A,((")(S), where A,(C") () is the closed disk with center 1 and
radius pr(8) = || D_r_| 8" + lag |81 Clearly, p1(8) < p1(8) = %mll and for
2<k<n,

8 1 . 8 1
Pe(8) S Tl + el < pn(5)=mn,’,” + ga,y
1 1
M M M
L

Thus all 4{"”(8), 2 < k < n, are inside the disk
R | I
lz] < pn(8) = T—5 + 5%
and, likewise, 4\ (8) is inside the disk |z| < /1(8) = 15 |711]. We choose the value

of & that minimizes max{0;(8), 5, (8)}, which turns out to be d, or d; depending on
n,’l” <& |n1| or not. This gives the first part of the theorem.

To obtain the latter part of the theorem, we note that the disk A(ln) (8) is inside the
disk |z — m1| < /1(8) and for any k, 2 < k < n, the disk A" (8) is inside the disk
|z — nr] < pn(8). We choose the § that minimizes max{p(8), 0,(8)}, which turns
out to be d3 or d; depending on 77;11” << |n1] or not. Since the centers n; of all the

disks A,(:l)(S) are on a straight line (in this case the real line), we obtain the last part
of the theorem for the polynomial Q,,.

Finally, since the zero of Q1 (z) is 71, it is certainly inside (J;_, A,ﬁ”)(a). If p is
such that 1 < p < n then the eigenvalues of H,, (i.e., the zeros of Q) are inside

ur_, A,((p)(c‘;). Since A,((p)(éi) cC A,((") (8) for 1 < k < p, we note that the zeros of 0,

are also inside (_J;_, A,i")(S). Hence the results of the theorem are valid also for all
the polynomials Qf, 1 <k <n. O

We now state a theorem shown in Saff and Varga [14].

Theorem 3.2 (Saff and Varga). Let oy, k =2,3,...,nand B, k =1,2,3,...,nbe
positive real numbers. Set

t=min{—n =B —or:k=1,2,...,n},
with ay = 0. Then if t > 0, the parabolic region
Ptr)={z=x+iyeC: y2 <4dt(t+x), x > —1},

contains no zeros of the polynomials Q1, Q2, ..., Qy.
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The following theorem gives some information on the zeros of the polynomials
0,, when all o, 41 are positive and all g, are equal to some positive constant.

Theorem 3.3. Let fr =B >0 fork=1,2,...,nand ay >0 fork=2,...,n
Then the zeros of any Qy, 1 < k < n, are distinct (except for a possible double zero
at z = B) and lie on €(B) U (0, 00), where

CB)={z:z=pe 0<06 <2m).

In particular, if { =5 ak“ . Visa positive chain sequence then all the zeros are distinct

and lie on the open czrcle E(B).
Proof. A proof of this theorem when 8 = 1 is given in [4]. Let
1
x=x(B2) = (B2 4 g2,

Then the polynomials Pi(x) = (48z)~ k/sz(z) 0 <k < n, satisfy Py(x) =1,
Pi(x) = x and

Pk+1(X)—ka(X)—WPk 1x), 1<k<n—-1 (3.2)
From this it is well known that the zeros of P; are real, distinct and lie symmet-
rically about the origin. If we write Py (x) = ]_[l;zl(x2 — x%k j) and Py (x) =

x T2y (% = 23, ) then from Q4 (2) = (4B2)"/ P(x (B: 2)) we see that

k
02 () = [ 1z = 2200z — B* /224, ).

j=1

k
Q211(@) = (2 + B) [ [ 1z = z2k41.)) (2 = B*/z2k41. )],

j=1

where z j/B = (2x,%7j —D+2 /x,f’j(x,%j — 1). Hence, if x,%’j < 1 then z; ; and

,Bz/zk,j are a conjugate pair of zeros of Qy on the circle %(8) and if x,f’j > 1 then
they are two positive zeros of Qy inverse to each other about the point 8. Hence, we
conclude that the zeros of Qy are either on the circle ¢ (f) or on the positive real
line. If z = B is a zero of Qy then it is a zero of multiplicity 2.

Now we assume {Othrl } to be a positive chain sequence. That is there exists

a second sequence {gk}k o where O0<go<landO<gr<lforl <k<<n—1,
such that “"“ =(0—-gi—Dgr, 1 <k<n—1.

From (3.2), since j‘g;'z = - ék_(f()x) (1 — Zk;;k '((;‘))>, it is well known (see for exam-
ple [6]) that all the zeros of Py, 1 < k < n, are inside (—1, 1). Hence, in this case,
all the zeros of Qy, 1 < k < n, are on the open circle 4 (8). O
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Considering special cases of this theorem we have
Corollary 3.3.1. Let . = B > 0, 1 < k < n. Then the following hold:

1LIfO<apq1 < B, 1 <k<n—1, then all the zeros of Qk, 1 <k < n, are on
€ (B).

2. In particular, for € > 0, if 0 < ag+1 < B —€, 1 <k <n—1, then the zeros of
any Qk, 1 < k < n, are on the ark of € (B) that stays outside the parabolic region

PHe)={z=x+iye C:y?> <4e(e+x),x > —€}.

3. AgainifO < opq1 < B, 1 <k <n—1,letk, =maxick<n—1 ~/%+1/P. Then all
the zeros of Qk, 1 < k < n, are on the open ark

C(B.6p) ={z:2=pe?, 0, <0 <21 —6,),

where 0, = 2 arccos(k, cos(n”?)).
4. For € > 0 suppose that 0 < aj+1 < B+¢€, 1 <k <n—1.1If Q, has any zeros
outside €(B) then these zeros lie inside the interval (ﬂz/b, b), where b =

(WBF €+ Ve

Proof. The first part of this corollary is an immediate consequence of Theorem 3.3.
The second part of this corollary follows from Theorems 3.3 and 3.2.

To obtain the third part of this corollary, we consider the polynomials Py (x) =
(4B2) %204 (z), where x = x(B;z) = %(ﬂ_lﬂzl/z + B1/2z71/2) As we have
already pointed out these satisfy

Pest (0 = xBe() = St P @), 1<k <n =1,
with Py(x) = 1 and P;(x) = x. Hence from Ismail and Li [9-Theorems 2 and 3]
the zeros of Pi(x), 1 < k < n are inside the interval (=X, X), where X = cos(n”?)

max +/axy1/B. Hence the application Qy(z) = (482)F/% Py (x(B; z)) gives the

1<k<n—1
required result of the corollary.
To obtain the last part, we note that all the zeros of P (x) = (482) */2 Q4 (z) are

inside the interval (— ./ ’3’#, ./ %) Hence the application Q(z) = (482)X/? Py
(x(B; z)) gives the required result of the corollary. [

With a typical application of the eigenvalue representation (2.11) we can state the
following theorem.

Theorem 3.4. Given the three term recurrence relation (1.1) suppose that all the
zeros zy,j of QOn (eigenvalues of H,) are distinct and that the matrices Py, P, Uand
E, are those given respectively by Egs. (2.9), (2.10) and (2.11).

Consider the perturbed three term recurrence relation

1D =@+ B )0 () —ay, 1205, _1(2), m=1,2,....n—1,
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with Q = 1 and Qf(z) = z + B}, where the complex numbers aj, and By, are such
that |af, —am| <€, m=2,3,....,nand |B; — Bm| <€,m=1,2,3,...,n. Here
€ is a positive number.

Let H, be the Hessenberg matrix associated with this three term recurrence rela-
tion, defined according to Theorem 2.1, whose eigenvalues are the zeros of the poly-
nomial Qf,. Then for any zero w of O,

. —1
min o — z, ;| < [[H;, — H, [P, [P, I,

1<j<n
where ||.|| is any subordinate norm in C".
Proof. If w is equal to any of the zeros of Q) then the result is trivial. Hence we

assume that o is not equal to any of the zeros of Q,. Let u be the eigenvector of H
associated with the eigenvalue w. Then

H,u — wu = —(H;, — H,)u.

Using (2.11) this can be written as P, (E, — wIn)P;Iu = —(H{, — H,)u, and hence
u=—P,(E, — ol,) P, {(H — H,)u.

Taking any subordinate norm gives
1 — L)™' 17" < IIH5, — HallIPa 1P,

Since the matrix (£, — a)I,l)’1 is diagonal the results of the theorem follows. [

It is easily verified that

IH;, —Hylloo < 2n—De and [[H;, —Hy |1 < (@2n — De. (3.3)

Corollary 3.4.1. Let 8 > 0 and consider the three term recurrence relation

w1 (@ =@+ B )05 @) —ay 1205, (), m=1,2,...,n—1,

with Q = 1 and Q5 (z) = z + B}, where the complex numbers ay, and By, are such
that [Im(c;,)| < €,0 < Re(ay,) < Bform =2,3,...,nand|B;, — B| < € form =
1,2,3,...,n. Here € is a positive number.

Let H, be the Hessenberg matrix associated with this three term recurrence rela-
tion, defined according to Theorem 2.1, whose eigenvalues are the zeros of the poly-
nomial Q.

Consider the three term recurrence relation

with Qo = 1, Q1(z) = z + B. For this three term recurrence relation let H,,, P,, and
| ! be the associated matrices defined according to Theorem 2.1 and Eqs. (2.9) and
(2.10).
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Then all the zeros of Qy, are inside the ring
¢(B — HG — Hy[IP, [P, ') < |zl < B+ H; — Hy [P, [P, ]l

where the real function { (x) equals to x if x > 0 and equals to O otherwise.

Proof. The proof follows from the fact that the zeros of Q, are distinct and lie on
the circle |z| = B, which is a consequence of 0 < Re(a,,) < gform =2,3,...,n
(see Corollary 3.3.1). U

Remark 3.1. In addition to |85, —B| <€, m=1,2,3,...,n, the condition
[Im(cf,)| < € form = 2,3, ..., n, also enables us to make use of the upper bound
in (3.3) if the appropriate norms are chosen.

Now we consider the following special case of the three term recurrence relation
for which the matrices Z,, P, and P, I can be explicitly found. With 8 > 0, let the

polynomials {Q,, (B; 2)};,_, be given by
Om+1(B;2) =2+ B Om(B;2) — BzOm-1(B;2), m=1,2,....n—1,

with Qo(B8; z) = 1, Q1(B; z) = z + B. We denote the Hessenberg matrix associated
with this recurrence relation (given according to Theorem 2.1) by H,(qﬂ ).
We have Qi(B;z) = (¥ — gty /(z = B), k=0,1,...,n. The zeros of

L2
0,(B; z) (i.e. the eigenvalues of H,(f)) are 7, j = zflﬁj) = ﬂe‘n/?, j=12,...,n.

Consequently,

sin ((k+l)jn)

A —k ntl ) kin
Qk(Bszn,j) = B Qk(Bs zn,j) = — = elntt
sin (m)
o kD
Sln( n+1 ) kjm

Ok (B: 2n.) = 2, Ok (B 20 j) = ————L-e 1.
Thus the elements ﬁ,((ﬂ j) and 13,((’3 J) in the kth row and jth column of the corresponding
matrices P, = P,(ll3 ) and P, = (Pﬁ,ﬂ ))_1, respectively, are

~(B) 2i . (kjm\ _jenhin ~(B) {20+ Dkn
. —= —— SIn e n+1 and .= n+1 .
Pr.j n+1 <n +1 Pr.j

Hence we can state

2 < kjm '\ jé=2hjx
sin el =6, 1<k I1l<
n+1 ; ' (n + 1) M "

and
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Lemma 3.1
—1 -1
I = 1) oo = n,

PPy =[PP |0 =

P 10117

where 0, = max<ken (Y 1—; | sin(25)|} < /n(n + 1)/2.

Proof. Clearly [[(PY)™' 1 = |(PY) oo =n and o, = maxicpen 31,
|sin(:jT”1)|. The bound for o, is obtained by application of the Cauchy—Schwartz
inequality. [

Remark 3.2. We believe that o, = Y_'I_, sin(;Z%) = cot(5%5).

Corollary 3.4.2. Let B > 0 and consider the three term recurrence relation

01 =@+ By D0 () —ay, 1205 (), m=1,2,....,n—1,
with Qf = 1 and Q(z) = z + By, where the complex numbers oy, and By, are such
that |o, — Bl <€ form=2,3,...,n and |B5, — Bl <€ form=1,2,3,..., n.
Here € is a positive number.

Let Hy, be the Hessenberg matrix associated with this three term recurrence rela-
tion, defined according to Theorem 2.1, whose eigenvalues are the zeros of the poly-
nomial Q.

Then all the zeros of Q, are inside the ring

¢ (8- 2o, — 1Y) < 12l < B+ 2% H; — B,

where the real function ¢(x) is equal to x if x > 0 and equal to 0 otherwise. The
number oy, is as in Lemma 3.1.

4. Szego and para orthogonal polynomials

Let dv(z) be a positive measure on the unit circle. This means v(eie), defined on
0 < 0 < 2w, is a real, bounded and non-decreasing function with infinitely many
points of increase such that the moments

2” . .
Lo =/z’"dv(z) =/ e™dve?), m=0,1,2,...,
0

all exit. We consider the Szegd polynomials {S, } associated with the measure dv(z)
defined by

/Sn(Z)Sm(Z) dv(z) =0, n#m.
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These polynomials were introduced by Szegd (see for example [16]). See also [17]
for interesting basic information on these polynomials.

The Szegd polynomials are known to satisfy the system of recurrence relations
(given here in terms of monic polynomials)

Snt1(2) = 284 (2) + any 15, (2), 4.1)

(1= Jans12) 250 (2) = $us1() = w1 S} ),

for n > 0. Here S;(z) = 'S, (1 /z) are the reciprocal polynomials. The numbers
a, = Sp(0),n > 1, are known as the reflection coefficients of the Szegd polynomials.
The reflection coefficients have the property |a, | < 1 for n > 1. Furthermore, the
zeros of the Szeg6 polynomials are all inside the open unit disk.
If the reflection coefficients satisfy O < |a,| < 1, then the Szego polynomials also
satisfy

Sui1(2) = (z + a”“) $0(2) — A g, PzSui@), n=1, (42)

An an
where S1(z) = (z + Z—é), with ap = 1. Hence these Szego polynomials satisfy a three
term recurrence relation of the form (1.1) with 8, = a;‘il

(1= lan*),n > 1.

In [10], Jones et al. studied the polynomials S, (z) + @, S, (z), where |w,| =1,
which they called para-orthogonal polynomials. We consider the two special cases
of para-orthogonal polynomials

Sn(2) + S, (2)
14 5,(0)

An+1
An

,n>1and apy) =

Sn+1(z) — S;,k_H (2)

RD () =
n @ 1= Sp+100)

and (z— DRP(2) =

(4.3)

for n > 0. The denominators are chosen in order to make the polynomials monic.
Clearly, 25, (z) = (1 + a) RV (2) + (1 — a,)(z — DR | (2), n > 1, which from
(4.1)leadsto (if —1 < a, < 1)

228,-1() = RPV(@2) + (z = DRP [ (x), n>1. (4.4)

If —1 < a, < 1 then the monic polynomials R,(f>, (i =1,2), satisty R(()i) =1,
Rz =z+1 and

R )=+ DRY@ —a!) 2RV @), n>1, (4.5)

n
with o) = (1 + a1 —ay) > 0and o), =1 —a)( +a) >0, n>

1. This last result should be attributed to Delsarte and Genin [7]. Note that the reflec-
tion coefficients a,, are real if and only if the measure dv(z) satisfies the symmetry
dv(1/z) = —dv(2). _

Hence, if —1 < a,, < 1, then the para orthogonal polynomials R,(f) satisfy a recur-

rence relation of the form (1.1) with 8, = 1,n > 1 and o+ = oz,(fj_l, n>l1.
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The following theorem gives the relation between the Szegd polynomials {S,}
and orthogonal polynomials {P,fl)} obtained through Pn(')(x () = (4z)_”/ 2R,S”(z),
where

1
x(z) = 5(z‘/2 +z717%).

Theorem 4.1. (1) Let dv(z) be a positive measure on the unit circle such that the
associated Szego polynomials {S,} are all real (i.e. —1 < $,(0) = a, < 1 forn >
1). Set

o) = +a,-)(0 —ay) >0 and

o = —a)0+a) >0, n>1.

Define the positive measures dpV) and dp® by

dpV(x) = —dv(z) and dp@(x) = —(1 — x)dp™D (x),
where x = x(z). The supports of d¢(1_) and d¢p® are inside [—1, 1]. Then (for i =
1, 2) the sequence ofpolynomials (P, given by PO(’) =1, Pl(’)(z) = x and

P (@) =xPV () - Z’LP(”1<> n>l,

are the monic orthogonal polynomials with respect to the measure dp®.

(2) Conversely, let dpV and dp'® be two positive measures defined inside [-1, 1]
such that dp® (x) = (1 — x2)dp D (x). Let the respective monic orthogonal polyno-
mials P(l) and P(Z) associated with these measures satisfy P(l) 1 (x) = xP(i)(x) —

4“5;21[)([)1(’5) n > 1. Then the reflection coefficients a, = S,(0) of the Szego

polynomials S,, associated with the positive measure dv(z) = —dq‘)(l) (x(2)) satisfy
ay=1—al)\ /(I +a,1) and ap1=—-1+al) /(0 —a), n>1,

with ag = 1. Given explicitly (with u(i) moment of order zero associated with dgp!),

2 @2 (2) 2
u _20‘2n 1%,—3" "% Ko 1
m-l =22 M M ()
Gop—1%p—3" " 03 Ko

and

BINe) @
2a2na2n 2 %
@on =<2, M M
oy Ay _p o2ty
Moreover,
228,-1() = RV + (z = DRP (1), n>1,

where RV (2) = (42)"2 PP (x (2)).

A proof of this theorem follows from results given in [4,19].
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We now consider the three term recurrence relation (4.2). From Theorem 2.1 the
zeros of S, are the eigenvalues of the lower Hessenberg matrix

n a 0 .- 0 0
nom o oaz - 0 0
H,=| " : : : .,
m o m o n - oy 0
n n n v Nn—=1 Oy
Lm n2 N3 o NMp—1 Mn |
where n, = —a,a,_1,r =1,2,...,nand o, = a“il —ayd,_1 = a“il [1—lar—1]%1,
r=2,...,n.
Thus, with n, = —a,a,—1,r =1,2,...,nand o, = u‘”I —ayar_1,r =2,...,n,

we can use Theorem 3.1 to obtain bounds for the zeros of Szegd polynomials. How-
ever, the first part of Theorem 3.1 does not seem to improve on the fact that the zeros
of the Szegd polynomials are known to be within the unit disk.

Now applying Theorem 3.2 (theorem of Saff and Varga) to the recurrence relation
(4.2) we obtain

Theorem 4.2
(1) Suppose that0 < ar < 1fork =1,2,...,n. Let

T =min{—nx = axar—1,k=1,2,...,n}.
Then the parabolic region
PT(1)={z=x+iyeC: y2 <dt(r +x), x > —1},
contains no zeros of S1, S2, ..., Sy.
(2) Suppose that 0 < (—Dkay < 1fork =1,2,...,n. Let
T =min{—arar_1,k=1,2,...,n}
Then the parabolic region
P ()={z=x+iyeC: y2 <dt(t —x),x <1},

contains no zeros of S1, Sa2, ..., Sp.

Proof. The first part of this theorem is a restatement of Theorem 3.2 for the recur-
rence relation (4.2). To obtain the second part, we only need to write down the
recurrence relation (4.2) in term of the polynomials {(—1)"S,(—z)} and then apply
Theorem 3.2. [

It is known (see [10]) that the zeros of para orthogonal polynomials stay on the
unit circle. We verify this for the two sequences of para orthogonal polynomial
R,(,l) and R,(,z) defined by (4.3). Since we must assume —1 < a, < 1, in the recur-
rence relations given by (4.5) for these para orthogonal polynomials the coefficients
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{%a(l) } and {%oe(z) } are positive chain sequences with the respective parameter

n+1 n+l
sequences {g\” = 1_%} and {g\? = MT”“}. That is,
1 1 1 2\ @ 2
- g,(l,)l)g,(L ' = %O‘rgv a- 8221)8'(1 ' = %O‘;(w)l’ (4.6)

forn > 1, with g(()l) =0and0 < g(()z) =1- aél)/4 = (1 4+a1)/2 < 1. Hence from
Theorem 3.3 the zeros of R,(,l) and R,(,z) are all distinct and lie on the open unit circle

() ={z:z=¢7,0<6 <27}.
5. Polynomials with non-zero coefficients
Let

n n
Py(z) = Zbkzk = by, ngzk = bnﬁn(z)y
k=0 k=0

where by, k =0, 1, ..., n are complex, different from zero and b~k = by /b, for k =
0,1,...,n.Let
b1 b
L R )
by by
The following results are easily verified.
1 by,— b b
_ |:z"_1 +"—1z"‘2+~-~+—2z+—1]
P, (2) bn by by
1 1 15 th—
_ 1< 23 n—1< (51)
z+Hh — 4+t T z4+1B3 - T 241,
and
1 by b b
_ [z”1+"—2z"2+---+ Lo+ 0}
0 (2) bp—1 by by
1 th— Ih— t
_ n—1< n—2% 1< ' (52)
Z+t, — Z+th-1 — Z4+th—p — 0 — 414

Hence based on the continued fraction (5.1), if one considers the sequence of poly-
nomials {Q,((l)}z=0 generated by Q(()l) =1land Q(ll)(z) =z+ 1t and

0{), @ =Gc+u0" @ -nz0" @, k=12....n—1,

then Q,(cl) is the denominator of the k™ convergent of this finite continued fraction

and, in particular, Qf,]) = f’n.
When the coefficients by, k =0, 1, ..., n of the polynomial P, are all positive,
Saff and Varga [14] has shown how to explore the consequence of the above three
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term recurrence relation using the parabolic region Theorem 3.2. In [14], the authors
go even further by exploring the denominators of the convergents of Padé approxi-
mants associated with powers series expansions.

Now on the basis of the continued fraction (5.2), we consider the polynomials

{0V generated by 0" = 1 and 0} (2) = 2 + 1, and
0@ =+ 4007 @ — 420 (@) k=1.2,...n—1L.

The polynomial Q,(cz) is the denominator of the k™ convergent of the continued frac-

tion (5.2) and, to our interest, Q,(12) = P,. Hence using the Theorem 2.1 to the above
three term recurrence relation we obtain the following result.

Theorem 5.1. The zeros of P, are the eigenvalues of the lower Hessenberg matrix

—t, a1 0 o0 0
—ty 0 ti—a --- 0 O
H,=| - : :
—ty 0 0 e ) 0
—ty 0 0 - 0 0y
| —In 0 0 0 ]

This result is of no surprise as the above matrix can be obtained by a similarity
transformation from the companion matrix of the polynomial P,.

Now an analysis in the same spirit of the proof of Theorem 3.1 with the above
matrix gives the following

Theorem 5.2. Let t = max{|tl, k= 1,2,...,n — 1} and ¥ = max{|r, |, k =
2,3,...,n}. For0 < & < 1 consider the disks

Ao1(®) ={z: [z + 1l < P18} and  Ao2(8) = {z: |z] < p2(8)},

where p1(8) = 8(1 — 8)!t,| and pr(8) = B_It;l”. Then the zeros of the polynomial
P, are inside the region A¢,1(8) U 492(5).
In particular, the following hold:

(1) With Tty = |t,| + t,f” , the zeros of the polynomial P, are inside the disk

Ar={z:]z| <}

. tn|—tM tn|—tM Y248t M|t
(2) With :|n| o A/ Ut =t 1= +88 [t
31t |+ =/t | =1 M 12488 M |1

inside the disk

Ay ={z:|z+ 1] < 1o}

3) With tz = %[w/ M2 + 4eM 1, | + t,]lw], the zeros of the polynomial P, are inside
the union A3 = Az 1 U 43 5 of the disks

S

| ta|, the zeros of the polynomial P, are
‘ ) poly
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Mp={z:lz+tl <w} and A3 ={z:|z] < 13}

4) With t4 = [Itfll + f,],"[]_l, the zeros of the polynomial P, are outside the open
disk

Ay ={z: 2] < w).

Proof. From the matrix H,, in Theorem 5.1, the disks 4¢ 1(8) and 49 2(8) are ob-
tained by applying the Gerschgorin theorem to D(;H,,Da_l. Now the result of part
1 is obtained if we choose & such that p1(§) + |t,| = p2(8), of part 2 is obtained
if 8 is such that p;(8) = p2(8) + |ty| and of part 3 is obtained if § is such that
P1(8) = p2(8).

Finally the result of part 4 is obtained just the same as part 1 by considering the
polynomial 7" P,(1/z). [

Remark 5.1. The intersections of two or more of the regions given in each part of
the above theorem provide smaller regions where all the zeros of the polynomial P,
are contained.

Remark 5.2. Condition 1 of the above theorem, which also follows from the maxi-
mum norm of H,,, is somewhat better than the bound obtained by Kojima (see [12—
Exercise 30.6]) if |to] + |t,| < 2[£M].

A result of Ostrowski (see [13—Appendix A]) which gives information on how
the zeros of a polynomial vary locally and quantitatively with respect to the coef-
ficients can be stated as follows. Let B, (z) = Y {_o biz" and 0, (z) = Y }_ &kZF
be such that b, = &, = 1 and |by — &| < e fork =0, 1,...,n — 1. Then the zeros
x;j of P,(z) and the zeros y j of 0, (z) can be ordered in such a way that we have
lx; — vyl < Cne'/™, where C is some positive number. See also the recent paper [5]
which re-examines the result of Ostrowski in terms of the so called Bombieri norm.

Now the following theorem gives some information on the local variation of the
zeros when the coefficients of a polynomial vary from a geometric progression.

Theorem 5.3. Let |B| > 0 and given the polynomial P,(z) = Y ;_, byz* the ratios
tx = bx—1/by are such that

ti — Bl <e, k=12,...,n.

Here € is a positive number. Then all the zeros of P, are inside the ring

¢ (181 220e) <lal < 161+ 22e, (53)

where the real function ¢ (x) equals x if x > 0 and equals 0 otherwise. The number
0, Is as in Lemma 3.1.
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Proof. If B8 > 0 the proof of this theorem follows from Corollary 3.4.2, where in
this case we must take

-_tn'|'/3 -1 — B 0 0 0
—t, + B 0 the2—pB - 0 0
HZ—Hr(;ﬂ)z : : :
—t, + B 0 0 th— B 0
—th + B 0 0 0 -7
|~ + B 0 0 0 0

and hence [[HE — HY|| o < 2e. '
_ To obtain the result when B =] Ble'?, we work with the polynomial
P, (z) = P,(ze™'%). This completes the proof. [

Remark 5.3. If no perturbation is allowed on 7, then (5.3) can be replaced by

Bl = 22} < 12y < 1Bl + 22O
— €) < < €.
¢ n+ 1 . n+ 1

Remark 5.4. From condition 1 of Theorem 5.2 the zeros of P, are inside the circle
|z] < 2|B| 4 2¢. Hence the bounds given by (5.3) are not good if n is large. However,
it is a better result than what is obtained from conditions 1 and 4 of Theorem 5.2 in
the sense that the upper and lower bounds approach the value |8| as we shrink €.

6. Some examples

Example 1. Here we simply look at the zeros of the polynomials Q, by taking
different values for o, and S, in the recurrence relation (1.1).

e Fig. 6.1a shows the zeros of Q9 when 8, = 1, ap, = —0.05 and ay;, 1 = 0.05
for n > 1. As indicated by Theorem 3.1 all the zeros are inside the region
W (A1, A2, T), where Ay = —1.05, A» = —0.95 and t ~ 0.50825757.

e Fig. 6.1b shows the zeros of Q29 when S, = 1, a2, = 0.05 and o, = —0.05
for n > 1. The zeros are within the region W (A1, A2, 7), again with .} = —1.05,
Ao = —0.95 and T &~ 0.50825757.

e Fig. 6.1c shows the zeros of Q»9 when 81 = B> = —0.1, 8,42 = l and o0;; = 0.05
for n > 1. All the zeros are inside the region W (A1, A2, ), where A1 = —0.95,
A =0.15 and T ~ 0.4858899.

e Fig. 6.1d gives the zeros of Q29 when 81 = B> = 0.1, B,42 = —1 and o, = 0.05
forn > 1. Once again, as given by Theorem 3.1, all the zeros are inside the region
W (A1, Az, T), where A1 = —0.10, A = 1.05 and t & 0.50825757.
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0.44

0.21

0.4 § 0.4
02 : 0.2
0 04 @
-0.2 02
-0.41 % —0.47
(c) -1 4 05 0 05 (d) —os 0 05

Fig. 6.1. Zeros of the polynomial Qo generated from the recurrence relation (1.1) with four different
combinations of the sequences {«;; } and {8, }.

Example 2. Let p > 0 and ¢ > 0 be such that ,/p + /g < 1. Consider the Szegd

S’SP)(I)

polynomials associated with the probability measure dv(z), where

2T
Fe?ydv(e?)
0

B(p.q)
- 1
A(p, q)f( ) 2w A(p, q)
) /9@ iy VPP o602 ool 62) —?
o [5in(©)]
Alg — p) -
A(p,q) F=D 2mA(p, q)
2m—6(a) | sin(6)]

Here 0(x) = 2 arccos(x), 4(x) is equal to 0 for x < 0 and equal to x for x > 0,
a=|yp—Vql.b= P+ 4. B(p,q) =~1—b>V/1—a’>and A(p,q) = [1 -
(p—q)+ B(p,q)1/2.
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Note that if ¢ > p there is a jump in the measure at the point z = —1. Also note
that if \/p + ,/q < 1 then there is also a jump at z = 1. This jump vanishes when
JPHVI=1.

It was shown in [4], that the reflection coefficients satisfy

S 0) = =B(p,q) — (p—q) and SV O0)=-B(p,q)+ (p — ),
forn > 1.

Suppose that p and ¢ are such that (p — ¢) > B(p, q). Hence the reflection coef-
ficients a, = S,gp’Q)(O) satisfy (—1)"a,, > 0, forn > 1. Thus we can apply Theorem
4.2 to study the zeros of S, (p, ).

The inequality (p — q) > B(p, q) also means p > ¢ and thus the associated mea-
sure has no jump at the point z = —1.

In addition to satisfying (p — q) > B(p, q), we also restrict p and ¢ so that ./p —
/4 = aforagivena, where 0 < a < 1. This means the measure is supported within
the arc {z : z = el?, —2 arccos(a) < 6 < 2arccos(a)}. It is easily verified that this
choice for p and ¢ limits their values in the range

1 1
5(a+ 1—a2)<ﬁ<§(l+a) and 0<p—a=q. (6.1
For example, if we take a = 0.6, then

0.7<4/p<08 and ./g=.p—06.

For a particular choice of p and ¢ in the range given by (6.1), we then obtain from
Theorem 4.2 that the zeros of the Szego polynomials Sflp 4 for all n > 1 are outside
the parabolic region

W*(r)E{z:x+iyeC:y2<4r(t—x),x <1},

where © = a?b* — (1 —a®)(1 —b?),a = /p— Jgandb = /p+ /q.

With a = 0.6, the choice ,/p = 0.8 and /g = 0.2 gives the Szegd polynomials
SO0 where S0 %Y (0) = 0.6 and Sy " (0) = 0.6 for n > 1. Note
that in this case b = 1 and therefore the measure does not have a jump at the point
z = 1. The support of the measure is highlighted on the unit circle given in Fig. 6.2a.

The polynomials S,5°~64’ 0'04), n > 1, must have all their zeros lie outside the para-
bolic region 27 (0.36). As shown in Fig. 6.2a, this is true for the polynomial
§(0-64,0.04)

10 :
Again with a = 0.6, the choice ,/p = 0.75 and ,/g = 0.15 gives the Szegd poly-

2 2 2 2 2 2
nomials S %17 where 9077 %127 (0) ~ —0.8887119 and S %127 (0) ~
0.191288 for n > 1. The support of the measure is highlighted on the unit circle
given in Fig. 6.2b. The measure also has jump at the point z = 1.

. (0.752,0.15%) . . .
Now the polynomials S, , n > 1, must have all their zeros lie outside

the parabolic region 2~ (0.17). This is illustrated in Fig. 6.2b where we have plotted

2 2 2 2
the zeros of S;(())JS 0159 e clarify that the zero of S;(())JS 019 pearer to z = 1 is

approximately equal to 0.999991502995.
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0.51 0.5 -

=11 =19

(@ 5 05 0 05 1 b 4 05 0 05 1

Fig. 6.2. (a) Zeros of S](g‘64’ 0-99) are shown to be lying outside the parabolic region 27 (0.36). (b) Zeros

2 2
of Sl(((])js +0-15% 4re shown to be lying outside the parabolic region 27 (0.17).

Example 3. Suppose that @, = ¢", n > 1, where 0 < ¢ < 1, and we consider the
associated Szegd polynomials. From (4.2), when g > 0 these Szeg6 polynomials (we

denote by S, (q)) satisfy the three term recurrence relation
SO = G+ S @) — g — ™8P @), n=1,

with §; @) (z) = z + g. In fact this recurrence is also valid for ¢ = 0, when we obtain
,(321 (2) =28 (z) = "', The polynomials S, © are the Chebyshev-Szegb polyno-
mials, orthogonal in relation to the Lebesgue measure.

Consider the para orthogonal polynomials R(1 ) R(l) and R(2 ) R(z) defined
by (4.3). These polynomials satisfy

REP@ = @+ DRI @ — (144" )1 - gM2R @),
+ 51,

REP@) = @+ DRIV (@) = (1= gD+ D)zR 2 ),

with Ril’q)(z) = Rgz"’)(z) =z + 1. Hence from Theorem 4.1, the polynomials
PP () = (42) 2RV (2),n > 1, where x = x(2) = L(z1/2 4 71/2), satisfy

1
PLP@ = PN = S +¢" (A =P, n 1,

with Pl(l’q)(x) = x. This recurrence relation shows that (see [1,2]) the polynomials
{Pn(l’q)} are certain Al-Salam—Chihara polynomials. These polynomials are ortho-
gonal in relation to the measure

4% D00 1
a2
defined on [—1, 1], where h(x,c) = [[720[1 — 2cxgk + ¢?¢**] and (a; @) =
]_[,fio(l — aqk ). Hence, also from Theorem 4.1, we obtain that

oD () = hix, q")hix, ¢ P)dx,
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/ S () @ (z) =0, n#m,
(g

where  dv@ (ei?) = @(ql/zeia/{ g1 267012, g) (=g /2012 11261612,
q)o0df. We can also write

2. .2
dv(q)(z) _ G797 ) o0
b

_ dz
e P CE AR N
2iz
Note that {%(1 +4¢" Ha - g™}, and {i(l —g"+ q”“'l)};';] are positive
chain sequences with respective parameter sequences {%(l - g™}, and {%(1 +

q"“)}sozo. Hence, for j = 1, 2, from the three term recurrence relation for R,sj )

and from Theorem 3.3, all the zeros of R,(g’ ‘1) are on the open unit circle (1) = {z :
z=¢?,0<6 <2x}.

Since (1 —g?*) < (1 4+¢"~1H(1 — g™) for n > 1, the sequence {%(1 — g,
is also a positive chain sequence. Hence, from the three term recurrence relation for
S,(,q) and from Theorem 3.3, all the zeros of s,iq) are on the open circle ¢(q) = {z :
7= qeie,O <6 < 2m}.

We can say more. In the three term recurrence relation for S,(,q) we have
g(1 —g*) < q—¢q* ! for 1 <n <m— 1. Hence from the second part of Cor-
ollary 3.3.1, the zeros of any S,(lq), 1 < n < m, must be on the arc of the circle € (q)
which stays outside the parabolic region 27 (2"~ 1).

Likewise, in the three term recurrence relation for R,gz’q) we also have for exam-
ple, (1 —g" (1 +¢"tH < (1 - g*" 1) for 1 < n < m — 1. Hence from the second
part of Corollary 3.3.1, the zeros of any R,(lz’q), 1 < n < m, must be on the arc of the
circle % (1) which stays outside the parabolic region 27 (¢>"~1).

These results are confirmed in Fig. 6.3a and b where the zeros of Sl(g) and the

zeros of R%q) are plotted for ¢ = 0.9 and ¢ = 0.8, respectively. The zeros of R%’q),

marked by small circles, are on the unit circle and the zeros of S {%), indicated by

small boxes, are on a circle with radius g. These zeros are found to be outside the
parabolic region 27 (¢'%).

We mention that the polynomials {S,(f/q) (z)} are also a special case of the g-Appel
Laurent biorthogonal polynomials considered in [18].

Example 4. We consider the polynomial P,(z) = ZZ:O brz*, where |by| = 2k k=
0, 1, ..., n. For example, according to part 1 of Theorem 5.2 all the zeros of P, must
be within the disk 41 = {|z| < 1}. Clearly this is true if by = 2% k=0,1,...,n,as
the zeros of P, are all on the circle |z] = 1/2.

In Fig. 6.4a and b we plot the zeros of P, for two other choices of {b;} satisfying
the condition |by| = 2 and compare with the results given by Theorem 5.2. In these
figures the Larger circle is the boundary of the region A5, the intermediary circle is
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0.5 1

(@ - 05 0 05 1 (b) 5 05 0 05 1

Fig. 6.3. The zeros of S%) (indicated by the boxes) and the zeros of R%q) (indicated by the circles),
when (a) ¢ = 0.9 and (b) g = 0.8.

the boundary of the region 4, and the smaller circle is the boundary of the region
Aq = {|z| < 0.25}.

In Fig. 6.4a the zeros of Py are given when by = 2k k=2,...,18 and by = —i,
by =ix2, big=1i=2"9 and bag = —i % 220. The zeros are found to be within the
intersection of all 4 of the regions given by Theorem 5.2.

In Fig. 6.4b the zeros of Po are given when by = 2k, k=1,...,19, bg = —1
and byy = —2%0. Again the zeros of P, are within the intersection of all the regions
given by Theorem 5.2. We clarify that the zero closer to the boundary of the disk
A1 has the approximate value 0.99999857 and the zero closer to the boundary of the
disk A4 has the approximate value 0.25000036. These indicate that the results (part
1 and part 4) of Theorem 5.2 are fairly sharp.

/
0.5 054 /

—14

(@) -1 05 0 05 1 15 (b) -1 05 0 05 1 15

Fig. 6.4. The zeros of P> when |by| = 2k, k=0,1,...,20.
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