

View

Online


Export
Citation

RESEARCH ARTICLE |  MAY 28 2025

Entanglement as a topological marker in harmonically
confined attractive Fermi–Hubbard chains
M. Sanino  ; I. M. Carvalho  ; V. V. França  

APL Quantum 2, 026129 (2025)
https://doi.org/10.1063/5.0255322

Articles You May Be Interested In

Ground state degeneracy on torus in a family of Z N toric code

J. Math. Phys. (May 2023)

Development of CMC-based antibacterial hydrogel from water hyacinth with silver nanoparticle addition

AIP Conf. Proc. (November 2018)

Unusual behavior of pseudogap in high-temperature superconductors under the influence of external
factors. Part II (Review article)

Low Temp. Phys. (December 2025)

 
1
7
 
A
p
r
i
l
 
2
0
2
6
 
1
4
:
2
0
:
0
9

https://pubs.aip.org/aip/apq/article/2/2/026129/3347772/Entanglement-as-a-topological-marker-in
https://pubs.aip.org/aip/apq/article/2/2/026129/3347772/Entanglement-as-a-topological-marker-in?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0002-1722-7773
javascript:;
https://orcid.org/0000-0002-0117-3283
javascript:;
https://orcid.org/0000-0001-7750-5486
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0255322&domain=pdf&date_stamp=2025-05-28
https://doi.org/10.1063/5.0255322
https://pubs.aip.org/aip/jmp/article/64/5/051901/2891377/Ground-state-degeneracy-on-torus-in-a-family-of-ZN
https://pubs.aip.org/aip/acp/article/2024/1/020030/790399/Development-of-CMC-based-antibacterial-hydrogel
https://pubs.aip.org/aip/ltp/article/51/12/1406/3373815/Unusual-behavior-of-pseudogap-in-high-temperature
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3318353&setID=1044458&channelID=0&CID=1578734&banID=524059830&PID=0&textadID=0&tc=1&rnd=4313413090&scheduleID=3474339&placementScheduleId=3474339&adItemScheduleId=0&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&metadata=%5B%5D&mt=1776435609069459&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fapq%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0255322%2F20533593%2F026129_1_5.0255322.pdf&request_uuid=aab24d50-601a-4e28-a917-3e47e58a103a&hc=b448987885a60dfab065b8cc8b1a602887988f5a&location=


APL Quantum ARTICLE pubs.aip.org/aip/apq

Entanglement as a topological marker
in harmonically confined attractive
Fermi–Hubbard chains

Cite as: APL Quantum 2, 026129 (2025); doi: 10.1063/5.0255322
Submitted: 28 December 2024 • Accepted: 13 May 2025 •
Published Online: 28 May 2025

M. Sanino, I. M. Carvalho, and V. V. Françaa)

AFFILIATIONS
São Paulo State University (UNESP), Institute of Chemistry, 14800-090 Araraquara, São Paulo, Brazil

a)Author to whom correspondence should be addressed: vivian.franca@unesp.br

ABSTRACT
We investigate the single-site von Neumann entropy along a harmonically confined superfluid chain, as described by the one-dimensional
fermionic Hubbard model with strongly attractive interactions. We find that by increasing the confinement (or equivalently the particle
filling), the system undergoes a quantum phase transition from a superfluid (SF) to a non-trivial topological insulator (TI) phase, which is
characterized by an insulating bulk surrounded by highly entangled superfluid edges. These highly entangled states are found to be robust
against perturbations and topologically protected by the particle–hole symmetry, which is locally preserved. We also find a semi-quantitative
agreement between entanglement and superconducting order parameter profiles, confirming that entanglement can be used as a topological
marker and an order parameter in these systems. The charge gap not only confirms the SF–TI transition but also shows that this transition
is mediated by a metallic intermediate regime within the bulk. Using the gap, we could depict a phase diagram for which the non-trivial
topological insulator can be found in such harmonically confined attractive systems.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0255322

I. INTRODUCTION

Topological states have received interest across various phys-
ical systems due to their unique properties, such as robustness
against local perturbations and disorder.1–7 These properties not
only deepen our understanding of quantum materials but can also
be used in practical applications, including fault-tolerant quantum
computing and novel electronic or photonic devices.8–10

Most of the studies exploring fundamental differences between
topological and conventional insulators are in k space. For non-
interacting systems, topological states are, in many cases, well
described via topological band theory,11 based on the assumption of
perfect translational symmetry,12,13 which allows for a well-defined
global Chern number.

Nevertheless, a local description of topological order has been
proposed in coordinate space14 for independent spinless electrons in
2D systems. This local Chern number not only shows that topolog-
ical insulators present a peculiar distribution of electrons but also
allows one to explore topological properties even in the absence

of a well-defined k-space, as in inhomogeneous systems. A similar
approach has been proposed to the statistical Boltzmann entropy for
the three-dimensional optical lattices.15

In interacting systems, correlations and many-body effects
can significantly alter topological properties, making it challeng-
ing to define topological invariants, particularly in systems without
translational symmetry, such as 1D optical lattices.14,16–18 On the
other hand, state-of-the-art experiments with ultracold atoms in
optical lattices19,20 offer a promising platform for exploring topo-
logical quantum phenomena. Notably, they enable the realization
of the fermionic Hubbard model,21 where interactions and har-
monic confinement play a crucial role. While the effects of har-
monic trapping have been extensively examined in bosonic and
fermionic systems,22–24 its implications for topological states remain
unexplored.

In this context, entanglement—which has been proved to be a
powerful tool for probing quantum phase transitions25–37—emerges
as a potential indicator of topological order. Since entanglement
captures fundamental nonlocal correlations, typically driven by
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charge and spin fluctuations, its analysis can reveal unconventional
arrangements of electrons. For example, the entanglement spectrum
has been used to fingerprint topological order.38–40 In Kitaev mate-
rials, spin–orbit entanglement actually leads to topological phases.41

Entanglement entropy32 has also been used to determine topological
order in spin-liquid phase in a Bose–Hubbard model on the kagome
lattice.42

Here, we explore the single-site entanglement entropy along a
harmonically confined chain described by the 1D Hubbard model
in the strongly attractive regime. This entanglement profile—which
to our knowledge has never been used to characterize quantum
phase transitions—has the potential to directly probe the non-trivial
topological structure within the system. We find that by increasing
the harmonic strength (or equivalently by increasing the parti-
cle filling), the system undergoes a transition from a superfluid
to a non-trivial topological insulator, characterized by an insu-
lating bulk surrounded by highly entangled superfluid edges. We
show that these highly entangled superfluid edges are robust against
perturbations and are topologically protected by the particle–hole
symmetry, which is locally preserved. The charge gap not only con-
firms our interpretation but also reveals a precursor metallic phase,
allowing us to depict a phase diagram for superfluid, metal, and
non-trivial topological insulator phases as a function of density and
confinement. The entanglement profile is also found to be semi-
quantitatively equivalent to the superconducting order parameter
profile, confirming that entanglement can be used as a topological
marker and an order parameter in these systems.

II. MODEL AND METHODS
We consider 1D fermionic Hubbard43 chains under harmonic

confinement, described by the Hamiltonian

Ĥ = −t
L−1

∑
i=1,σ
(ĉ†i,σ ĉi+1,σ +H.c.) +U

L

∑
i=1

n̂i,↑n̂i,↓

+ k
L

∑
i=1,σ
(i − (L + 1)/2)2n̂i,σ , (1)

where t is the nearest-neighbor hopping term, U < 0 is the attractive
onsite interaction, and k is the curvature of the parabolic potential.
Here, ĉ(†)i,σ annihilates (creates) an electron with spin σ =↑, ↓ at site
i, n̂i,σ = ĉ†i,σ ĉi,σ is the number operator, and L is the chain size with
open boundary conditions. Throughout this work, we set t = 1 as
the unit of energy. We here focus on strongly attractive interactions,
U = −10, while the weakly attractive regime, including the BCS
limit,44,45 will be explored elsewhere.

The ground-state properties are obtained via Density Matrix
Renormalization Group (DMRG) methods46,47 at a fixed filling
n = N/L and balanced spin populations N↑ = N↓ = N/2, where
N = ∑i (⟨n̂i,↑⟩ + ⟨n̂i,↓⟩) = N↑ +N↓ is the total number of particles.
The DMRG algorithm was implemented using the ITensor library,48

based on the matrix product state (MPS) ansatz.46 The accuracy of
the MPS representation is controlled by the bond dimension, which
was set to a maximum value of 2048. We initialize the DMRG cal-
culations by configuring an initial state with doubly occupied sites,
extending from the middle of the chain toward the boundaries.
This approach allows faster convergence, as the target ground state

exhibits a similar fermion distribution within the attractive regime.
Our calculations were performed until the ground-state energy has
converged to at least 10−7.

The density profile {⟨n̂i⟩} and the occupation probability dis-
tributions {wi2, wi↑, wi↓, wi0} are directly obtained from the DMRG
calculations. Here, wi2 is the double occupation at site i, wiσ is the
probability of single occupation with σ-spin (for zero magnetization
wi↑ = wi↓), while wi0 = 1 − wi↑ − wi↓ − wi2 is the probability of zero
occupation.

Entanglement between any bipartite system in a pure state is
well quantified via the von Neumann entropy.32,49 There are sev-
eral possible bipartitions that one could consider in our system,
for example, entanglement between particles50,51 or entanglement
between spatial regions of the chain.33,52–54 We explore the single-
site entanglement Si, i.e., the entanglement between site i and
the remaining sites in the ground state is calculated via the von
Neumann entropy,

Si =
−1

log2d
Tr [ρi log2ρi] =

−1
log2d

[2wiσ log2wiσ

+ wi2 log2wi2 + wi0 log2wi0], (2)

where d = 4 represents the single-site Hilbert space dimension and
ρi = TrL−i[ρ] is the reduced density matrix of ith site, obtained by
tracing out the degrees of freedom of the remaining L − i sites from

FIG. 1. (a) Effect of the harmonic curvature k on the density profile at fixed n = 1.
As k increases, the effective chain at the core reduces, leading the superfluid (SF)
bulk to an insulator phase (topological insulator, TI). As increasing k is equivalent to
increasing the effective density, this superfluid–insulator transition at the bulk can
also be driven by the average density n at a fixed k, as shown in (b) for k = 0.002.
In all cases, L = 100 and U = −10.
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the total density matrix ρ. As the terms wi’s are the occupation prob-
abilities at the site i, satisfying the relation wi↑ + wi↓ + wi0 + wi2 = 1,
entanglement is null when the site is in a well-defined state (any
wi = 1). In the opposite scenario, whenever the site state is maximally
mixed (all wi = 1/4), entanglement is maximum, Si = 1.

In general, one has considered the average single-site entangle-
ment, S̄ = 1/L∑i Si, for detecting quantum phase transitions.55–63 It
then quantifies the average nonlocal correlations between the elec-
tronic states of a single site and the remaining states of the system.
We here explore, instead, the entanglement profile {Si}, i.e., the
spatial distribution of the single-site entanglement along the chain,
which to our knowledge has never been used to characterize quan-
tum phase transitions. Notice that the difference between the average
entanglement and the entanglement profile proposed here is, in a
certain sense, analogous to the distinction between global and local
Chern numbers. While the average (global) assigns a single value
to the entire system, the profile (local) can capture the underlying
organization of electrons.

We also analyse the superconducting order parameter,64–66

defined as

Δpair = ⟨ĉi,↓ĉi,↑ĉ†i+1,↓ĉ
†
i+1,↑ +H.c.⟩, (3)

which accounts for the pair–pair correlations, and the charge gap,

Δc = EGS(N − 2) + EGS(N + 2) − 2EGS(N), (4)

where EGS(N) is the ground-state energy of a system with N
fermions with null magnetization.

III. RESULTS AND DISCUSSION
We start by considering the effects of the confinement poten-

tial on the onsite measurements within a superfluid (SF) sample.

Figure 1(a) presents the density profile {ni} for several potential
curvatures k at a fixed average density n = 1. We find that the flat
charge distribution over the entire chain, observed at the superfluid
regime (k = 0), quickly evolves to a higher concentration of particles
at the trap center as the confinement increases. This then defines at
the potential core an effective chain67,68 where the fermionic wave-
function extends (whose size is dependent on k), with an effective
higher density, neff > n, while the ends of the chain are kept empty.
We also see that for k ≳ 0.0005, there appears a flat plateau with
ni = 2 (fully occupied sites) at the potential center, which becomes
broader as k increases further. This fully occupied bulk character-
izes a band-like insulator—composed of hardcore bosons, such as
pure Fock states67,69,70—since, within the bulk, the charge itinerancy
is now totally supressed. Thus, the confinement induces a transition
at the bulk from a superfluid to an insulator. Notice that the same
superfluid–insulator transition can alternatively be induced by the
increase of the average density at a fixed k, Fig. 1(b), as also seen
in spin-imbalanced chains,67 since it leads equivalently to a higher
effective density at the bulk.

We then analyze this superfluid–insulator transition through
both the single-site entanglement and the superconducting order
parameter, as shown in Fig. 2. For small k (or n), the bulk is a
superfluid, characterized by a high superconducting order para-
meter (Δpair ≈ 0.55) and high entanglement (Si ≈ 0.62). As k (or
n) increases, the superconducting phase at the bulk is (i) projected
toward the edges (the outermost sites of the effective region, sim-
ilarly to the non-interacting case) and (ii) replaced by a metallic
phase, marked by a smaller but finite entanglement and a corre-
sponding decrease of the Δpair . By increasing k (or n) further, the
bulk is transformed into an insulator, vanishing both entanglement
and Δpair . Notice that this intermediate metallic regime could not
be distinguished from the density profiles presented in Fig. 1. It

FIG. 2. Entanglement {Si} and superconducting order parameter {Δpair} profiles for several confinement strengths k at fixed n = 1 (upper panels) and for several average
densities n at fixed k = 0.002 (bottom panels). The initial superfluid (SF), with high entanglement Si ∼ 0.62 and Δpair ∼ 0.55 (small k or n), evolves to a metallic phase at
the bulk (for increasing k or n), with finite but reduced Si and Δpair , keeping superfluid edges; finally reaching (by increasing further k or n) a non-trivial topological insulator
(TI), characterized by an insulator bulk surrounded by highly entangled superfluid edges. Notice that both quantities have a semi-quantitative agreement, confirming that
entanglement can be used as a topological marker and an order parameter. In all cases, L = 100 and U = −10.
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FIG. 3. Double occupancy {w i2} and empty-occupation probability {w i0} pro-
files for (a) superfluid (SF), (b) metallic, and (c) non-trivial topological insulator (TI)
regimes. The entanglement at the SF edges is protected by the local particle–hole
symmetry (w i2 = w i0). In all cases, L = 100, k = 0.002, and U = −10.

is also interesting that for all cases, both quantities, Si and Δpair ,
are semi-quantitatively equivalent. This is unexpected, in principle,
since the pair–pair correlation is associated with the creation and
annihilation of pairs and thus with w2 and w0, while entanglement
is a non-trivial function of all the four probabilities. However, for
this strongly attractive regime, the single occupation probabilities
are negligible, w2 + w0 ≈ 1, as shown in Fig. 3; thus, both Si and Δpair
reflect the interplay between double and empty occupancies. Thus,
the single-site entanglement can be considered a semi-quantitative
order parameter for the insulator, metallic, and superfluid phases
within these systems.

The most remarkable feature in Fig. 2 is, however, the fact that
the degree of entanglement is kept essentially constant (Si ≈ 0.62)
for any k (or n): the highly entangled edge states are then robust
against perturbations. This robustness of the edge states is a clear sig-
nature of symmetry-protected topological phases.71–73 The analysis
of the double and empty occupation probabilities, in Fig. 3, reveals

FIG. 4. Charge gap Δc as a function of the average density n characterizing (i)
the superfluid (SF) phase for n < nC, with a small gap independent on n; (ii) the
metallic intermediate regime, at n = nC, with Δc → 0; and (iii) the non-trivial topo-
logical insulator (TI) for n > nC, with a larger and increasing with n gap. Notice
that increasing L changes nC and the TI gap, but the SF and the metallic phase
gaps are constant and finite in the thermodynamic limit. In all cases, k = 0.002
and U = −10.

FIG. 5. Phase diagram (depicted via the charge gap for L = 200 and U = −10) as
a function of the confinement strength and average density, demarking the super-
fluid (SF) phase with a finite but small gap, the metallic intermediate regime with
Δc → 0, and the non-trivial topological insulator (TI) phase, with a larger gap.

that the symmetry protecting entanglement at the edges in this sys-
tem is the particle–hole symmetry since locally we have w2 ∼ w0.
Our findings then show that the superfluid edges are topologically
protected by the particle–hole symmetry at the boundaries of the
harmonic potential; thus, for sufficiently strong confinement, the
system becomes a non-trivial topological insulator (TI), character-
ized by an insulating bulk—with null S and Δpair—surrounded by
highly entangled superfluid edges. The entanglement profile can be
used then as a topological marker in these systems.

The charge gap Δc in Fig. 4 corroborates our interpretation:
for a fixed confinement, there exists a critical nC for which Δc → 0,
corresponding to the metallic bulk regime (bulk–boundary corre-
spondence). For n < nC, the system is a superfluid, with a finite but
small gap, resembling the pairing gap,74 and almost constant with
n. However, for n > nC, the gap increases almost linearly with n,
confirming that the system has reached the non-trivial topologi-
cal insulator (TI) regime. The phase diagram for the SF, metallic,
and TI phases can be then depicted via the charge gap, as shown in
Fig. 5. Finally, the analysis of the gap for several chain sizes, Fig. 4,
shows that Δc reaches small but finite values at the metallic state
at nC in the thermodynamic limit. This fact is crucial for the pro-
tection of the non-trivial topological properties and has also been
observed in previous investigations of topological Mott insulators in
superlattices.75

IV. CONCLUSIONS
In summary, we have investigated the impact of harmonic con-

finement on the onsite measurements of strongly attractive super-
fluids. The density profile signs the superfluid to insulator transition
at the bulk driven by either the confinement strength (at a fixed
average density) or the average density (at a fixed confinement).
The profiles of single-site entanglement and superconducting order
parameter reveal that the superfluid is projected to the boundaries of
the potential, reaching a non-trivial topological insulator, character-
ized by an insulating bulk surrounded by highly entangled superfluid
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edges, which are topologically protected by a local particle–hole
symmetry. We also find a semi-quantitative agreement between the
superconducting order parameter and the single-site entanglement,
confirming that entanglement can be used as a topological marker
and an order parameter in these systems. The charge gap not only
confirms the transition from a superfluid to a non-trivial topological
insulator but also shows that this transition is mediated by a metal-
lic intermediate regime within the bulk. Using the gap, we could
depict a phase diagram for which the non-trivial topological insu-
lator can be found in such harmonically confined attractive systems.
Our study then shows that confined fermionic chains as described by
the one-dimensional Hubbard model can exhibit non-trivial topo-
logical insulators with superconducting edges. In the future, if one
successfully maps the model to qubits,76 it could serve as a platform
for quantum information processing.
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