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Contextual-based classification has been paramount in the last years, since spatial and temporal informa-
tion play an important role during the process of learning the behavior of the data. Sequential learning
is also often employed in this context in order to augment the feature vector of a given sample with
information about its neighborhood. However, most part of works describe the samples using features
obtained through standard arithmetic tools, which may not reflect the data as a whole. In this work, we
introduced the Interval Arithmetic to the context of land-use classification in satellite images by describ-
ing a given sample and its neighbors using interval of values, thus allowing a better representation of

the model. Experiments over four satellite images using two distinct supervised classifiers showed we
can considerably improve sequential learning-oriented pattern classification using concepts from Interval

Arithmetic.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Machine learning techniques have become a page-turner in the
way we organize and analyze data that come from different areas,
ranging from engineering to medicine and economics. Although
traditional pattern recognition techniques very often consider the
samples are independent to each other, there are many other ap-
plications that do not fit in such models, such as time series in
finance-related problems and meteorological observations, just to
name a few. In some cases, the nature of the problem suggests a
temporal ordering of the data, e.g., audio and speech processing, as
stated by Ryabko [20]. In other applications, the ordering may be
only tangentially related to time, as in natural language processing,
or even completely unrelated to temporal notion (analysis of bio-
logical sequences). Therefore, considering such a priori knowledge
may lead us to more accurate learners.

In the context of image classification, a way to introduce priori
knowledge in the problem formulation is to use smoothness
constraints in order to consider the spatial context of the data.
When looking at a picture or a video, we can clearly see the
pixels vary smoothly in homogeneous regions. Sequential- and
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contextual-oriented learning are some well-known methodologies
very often used to address situations in which spatial and/or con-
textual information may help the classifier into better modeling
the behavior of the data, as stated by Cohen and Carvalho [2],
which introduced the Stacked Sequential Learning (SSL), as well
as by Kittler and Foglein]| [9] and Dietterich [3], that presented
an interesting review about sequential learning techniques. The
authors also highlighted the high computational load of some
techniques based on such idea. Later on, Gatta et al. [8] proposed
a multi-scale sequential learning approach (Multi-scale Stacked
Sequential Learning with Muti-resolution decomposition — MSSL-
MR, and Multi-scale Stacked Sequential Learning with Pyramid
decomposition — MSSL-PY), in which the contextual information
is obtained not only from the sample’s neighborhood, but also
from pixels farther away. The idea of multiple scales is driven
by several Gaussian-convolved labeled images, which are former
obtained by means of a traditional classification process. After-
wards, Puertas et al. [19] addressed the aforementioned work in
the context of multi-class-based classification problems. Sampedro
et al. [21] proposed a similar approach to that one introduced by
Puertas et al. [19], but now in a three-dimensional space, which
has been used together with error-correcting output codes in the
context of medical image classification.

An interesting approach is to design hybrid versions of well-
known classifiers in order to consider contextual information by
means of Markov Random Fields (MRFs). Osaku et al. [14], for in-
stance, proposed the OPF-MRF, which is a contextual version of
the Optimum-Path Forest (OPF) classifier, and Tarabalka et al. [22]
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presented the Support Vector Machines (SVM) classifier integrated
with Markov Random Fields (SVM-MRF). Both works have ad-
dressed remote sensing-oriented applications. Fauvel et al. [7] pro-
posed a contextual approach based on spectral and spatial in-
formation for the classification of high-resolution remote sensing
images, and Wehmann and Liu [23] applied contextual classifica-
tion by means of Markovian kernels aiming at change detection in
satellite images. Very recently, Pereira et al. [18] evaluated the OPF
classifier in the context of sequential learning for land-use satel-
lite image classification, achieving more accurate results than naive
OPF.

Despite all the good results of such approaches, most part of
them rely on extracting some information over a neighborhood of
a given sample, for further pattern classification. Such techniques
usually employ feature vectors based on scalar values that belong
to standard arithmetic tools. In this work, we introduce the con-
cept of Interval Arithmetic (IA) proposed by Moore [11] in the con-
text of sequential learning-based pattern recognition. The Interval
Arithmetic represents a scalar number in a finite interval of values,
thus generalizing the standard arithmetic. Interval Arithmetic con-
cepts were widely applied in the fuzzy set theory to address im-
age processing and recognition problems [6,10,13,15]. Alefeld and
Mayer [1] also presented an interesting review about some IA-
based applications, as well as its theoretical background.

However, the reader can find very few works that employed
IA to the context of machine learning applications. Drago and
Ridella [4], for instance, employed IA together with single Percep-
tron networks, and the very same group of authors validated In-
terval Arithmetic in the context Multilayer Perceptron neural net-
works (please, refer to the work conducted by Drago and Ridella
[5]). In this paper, we have shown how to achieve more accu-
rate results in land-use classification by using features obtained
through Interval Arithmetic concepts. We validated the proposed
approach against with the Sliding Window (SW) technique, which
is very usual in the sequential learning research field, as well as
against with the aforementioned SSL, MSSL-MR and MSSL-PY. Ex-
periments over four satellites images and two distinct classifiers
showed the proposed approach can obtain much more accurate re-
sults than using representations based on standard arithmetic. In
short, this paper has two main contributions: (i) to introduce IA in
the context of sequential learning, and (ii) to propose a new se-
quential learning technique based on SW and multi-resolution de-
composition. The remainder of this work is organized as follows.
Section 2 and 3 present the theoretical background about the In-
terval Arithmetic and Sliding Window methodologies, respectively.
The proposed approach to apply IA concepts in sequential learning
is discussed in Section 4, and Section 5 and 6 present the method-
ology and experiments, respectively. Finally, Section 7 states con-
clusions and future works.

2. Interval Arithmetic

The Interval Arithmetic was proposed by Moore in the 1960’s,
being defined as a range-based computation model where each in-
terval [x] is represented by a non-empty real-valued range [x;, x,]
that encodes the subset of real numbers r that satisfy the following
condition:

w={reR"/x; <1 <x). (1)

The IA background theory defines a set of relations and oper-
ations over the intervals [10,12]. Therefore, we can compare, join,
sum and even multiply intervals of numbers, being a more pow-
erful tool than traditional arithmetic, since any real number r can
be represented by the singular interval [r, r]. Besides, the Interval
Arithmetic is a useful apparatus to provide efficient representations

of error bounds and uncertainty. Below, we present the definition
of the main operations regarding intervals:

Intersection. The intersection between two intervals [x] and [y] is
defined as follows:

[X]m[y]: [max{xz,yl},min{Xh,yh}], (2)

being defined only when max{x;, y;} < min{x, y,}.

Union. The union operation between two intervals [x] and [y] is
only defined for intervals that do not present empty intersection,
ie., [x]N[y] # o:

(x]U [yl = [min{x,. y}. max{xy. yy}]. (3)

Convex Hull. The convex hull of two intervals [x] and [y] is the
smallest interval that contains both intervals, i.e.:

(X]O[y] = [min{x;. y;}. max{xy. yn}]. 4)

Although the above formulation is the very same presented in
Eq. 3, it does not require the empty intersection constraint.
The IA also defines comparison primitives, as follows:

Equality. [x] =[y] < x; =y,andx;, =y,
Lower than:. [x] < [y] < x; <Y,

Lower than or equal:. [x] < [y] &< x, <y
Greater than:. [x] > [y] < %, > y;

Greater than or equal:. [X] > [y] <= X > y;,
The basic arithmetic operations were also extended to intervals,
as follows:

Summation. [x]+[y] = [x; + 1. Xp + Vil
Negation. —[x] = [—x,, —x;]
Subtraction. [x] —[y] = [x] + (=[y]) = [x; = yn. X4 — 1]

Multiplication. [x].[y] = [min{xyy;, X;yh, XpY1, XpYr} Max{Xyy, Xy,
XpY1, XnYn}l

3. Sequential learning with Sliding Window

The Sliding Window is an approach often used for the pattern
classification using concepts of sequential learning, as stated by
Dietterich [3]. The main idea is to model the contextual informa-
tion by means of features obtained from the neighborhood of a
given sample. Since this approach is very usual and well-known in
the specific community, we opted to dedicate a separated section
to it, which will serve as a basis to the explanation of the proposed
approach.

In pixel-based image classification, a straightforward and naive
representation of each pixel (x;,y;) from an image I can be achieved
by using its brightness values, i.e., I(x;,y;), i=1,2,..., M, being M
the number of pixels of that image. However, SW employs the
neighborhood features in order to design an extended feature vec-
tor for that pixel. Therefore, given an image I and a square neigh-
borhood window Wy, of size h x h, each pixel I(x;,y;) is repre-
sented by the brightness of the pixels that fall in its neighborhood,
which is defined by the window W, centered at that pixel (x;,y;).
For the sake of explanation, consider the pixel (x,y) and a window
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Fig. 1. The image pyramid decomposition for the lower and upper bounds, as well as the average value of the interval.

neighborhood Ws,3 = {a,b.c.d, e, f,g h}. The feature vector f,
of that pixel is then defined as follows:

fy =f{abcd (x y).e fgh} (5)

where the set of pixels W5, 3 obeys a clockwise orientation.

However, it is worth pointing out two important facts about the
Sliding Window approach that motivated us to use Interval Arith-
metic: (i) the feature extension process used by SW is sensitive
to any sort of rotation or exchanging of pixels that may occur in-
side the window, and (ii) the SW can generate high-dimensional
representations, which may not be desirable when taking into ac-
count the computational load of some techniques. The next section
shows how to avoid such shortcomings with the tools provided by
Interval Arithmetic.

4. Interval Arithmetic applied for the classification of remote
sensing images

In this section, we present the proposed approach to handle
the problem of land-use image classification by means of Inter-
val Arithmetic, hereinafter called Interval Arithmetic-based Contex-
tual Learning (IA-CL). The first step is to model the image space
using a multi-scale representation as follows: given an input im-
age I with nx x ny pixels and a reduction factor of «, we build
S versions of the image I, i.e., I1), ..., I), where S =S5m% —1, and

Smax — Jog,, (min{nx, ny}). Notice the image at scale I) has about
1 x 1 of resolution, and I(®) stands for the original image.

As such, we model the task of image description using a
pyramid-based representation, in such a way the set of features
is defined over larger regions in order to exploit their contextual
(neighborhood) information, which is not available using a pixel-
wise-driven representation. The hierarchy built up over different
scales enables us to exploit interactions among distinct image rep-
resentations, thus providing more accurate descriptions for the fur-
ther classification of land-use regions.

As aforementioned, the idea of the proposed approach is to
generate a more robust representation than the one given by Eq. 5.
Therefore, the new representation for each pixel is obtained as
follows: given a pixel (x, y) € I9), we first place a square win-
dow of size (2ai+1) x (2ai+ 1) centered at that pixel, and all
pixel’s brightness that fall in that window are encoded as an in-
terval of values. We then compute the lower and upper bounds of
that interval through the convex hull formulation (Eq. 4), as well
as we compute the average value of the interval. After that, the
very same procedure is applied for each I, ie{1,2,...,S}, and
the values computed at each scale are then concatenated? into a
single feature vector for the pixel (x, y) e I(9). Regardless the scale,

2 Notice the window is always centered at pixel (x, y) € I'9), even for different
scales IV ie{1,2,..., S}
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the patches are always computed with respect to the original im-
age, thus being centered at the pixel (x, y) € (),

It is worth noting to mention the user can control the step size
concerning the sampling process. Therefore, if the step is smaller
than the window size, we shall have a certain amount of over-
lapping among adjacent windows. In our test we use purposeful
overlapping to exploit the superposition of the patches. The pro-
posed decomposition creates three pyramid representations, being
two for the lower and upper bounds, and one more for the aver-
age value. The images at scale i that encode the lower and upper
bounds, and the average values are denoted by I(l), I,(]’l) and IC(,L)g, re-
spectively. The pyramids of the lower and upper bounds are com-
posed of images that encode the uncertainty of the pixels within
that neighborhood; and the average image represents an additional
information about the behavior of the pixels that belong to that
interval. Fig. 1 displays an example of the proposed decomposition
process with S =5 scales, and the images generated at each scale.

The whole process can be summarized as follows: after the
generation of the pyramid decomposition, we obtain an extended
feature vector for each pixel composed of S + 1 intervals (the lower
and upper bounds) and S+ 1 scalars (the average value of the
1nterval at each scale). The interval at scale i is represented by
= [I (xat, yarl), I(’ (xa!, yal)], and the average value at the very

same scale iis represented by Ié;,)g(xoz .yal). Although we have
considered other primitives from Interval Arithmetic basis (e.g., in-
tersection, sum and multiplication), the convex hull was the one
that provided the best results.

Therefore, the extended feature vector f*(*x ) for each pixel (x, y)

e I is then represented by the following features:

fixy) = {
I (x ¥,
0 0

[19(%. 2). 1D(5. )] I (. 5.

(15 (%. %). I“")(as, 2] Iap(5. %)

}

Differently from other techniques, such as SW and the ones
based on SSL, IA-CL is not sensitive to rotations or permutations of
the pixels inside the window, since it considers the lower and up-

per bounds given by the convex hull, as well as the average value
inside that window.

ol

5. Methodology

In this section, we present the methodology employed to val-
idate IA-ML in the context of land-cover image classification us-
ing two distinct supervised pattern recognition techniques: the
Optimum-Path Forest (OPF) classifier, which was firstly proposed
by Papa et al. [17] and later on enhanced by Papa et al. [16], and
the well-known Bayesian classifier, hereinafter called Bayes. Since
both techniques are parameterless and have a low computational
burden, they seemed to be a good choice for the purpose of this
paper. However, we would like to emphasize the proposed ap-
proach can be used with any other pattern recognition technique.

In regard to the land-cover data, we used images obtained from
CBERS-2B and Landsat 5 TM covering the area of Itatinga, SP-Brazil,
and other images were obtained from Ikonos-2 MS and Geoeye
covering the area of Duque de Caxias, RJ-Brazil. Fig. 2 displays
these images, being their respective ground truth versions illus-
trated in Fig. 3.

We compared IA-CL against five approaches (standard classifi-
cation, SW, SSL, MSSL-MR and MSSL-PY) under distinct scenarios:
we evaluated the influence of different training set sizes with 5%,
10% and 20% of the entire image, being the remaining pixels used

Fig. 2. Satellite images used in the experiments: covering the area of Itatinga, SP —
Brazil by (a) CBERS-2B CCD (20 m) sensor (R2G3B4) and (b) Landsat 5 TM (30 m)
sensor (R4G3B5), and covering the area of Duque de Caxias, R] — Brazil by (c)
Ikonos-2 MS sensor (R4G3B2) and (d) Geoeye sensor (R5G4B3). The CBERS-2B and
Landsat 5 TM images have 526 x 492 pixels, and Ikonos-2 MS and Geoeye images
have 258 x 250 and 268 x 250 pixels, respectively. Notice that Ikonos-2 MS and
Geoeye images were obtained through a fusion process between the corresponding
images from MS (4 m) and PAN (1 m) sensors using the pan-sharpening method.
The final image has a spatial resolution of 1 m.

Fig. 3. Labeled images used in the experiments: (a) and (b) refer to the images dis-
played in Fig. 2(a) and (b), respectively, and (c) and (d) stand for images displayed
in Fig. 2(c) and (d), respectively.
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Table 1
Experimental results concerning CBERS-2B image using 5%, 10% and 20% of the en-
tire image for training purposes.

Table 4
Experimental results concerning Landsat image using 5%, 10% and 20% of the entire
image for training purposes.

Accuracy (5%)  Accuracy (10%)  Accuracy (20%)

Accuracy (5%)  Accuracy (10%)  Accuracy (20%)

Bayes-MSSL-PY 64.9
Bayes-CA-SL (proposed)  90.0

0.1 66.8
0.9 92.0

0.1 68.3
0.1 941

OPF 679 + 0.1 68.1 + 0.0 67.5 + 0.0
OPF-SW 785 + 0.1 819 + 0. 838 + 0.0
OPF-SSL 615 + 0.2 617 + 0.1 603 + 0.1
OPF-MSSL-MR 643 + 0.0 654 + 0.1 672 + 0.1
OPF-MSSL-PY 621 + 0.2 632 + 0.0 632 + 0.0
OPF-CA-SL (proposed) ~ 89.9 + 0.4 922 + 01 93.7 £ 0.0
Bayes 72.0 + 0.0 722 + 01 710 + 0.0
Bayes-SW 792 + 0.0 811 + 0.0 84.0 + 0.0
Bayes-SSL 66.5 + 0.0 66.9 + 0.0 68.0 + 0.0
Bayes-MSSL-MR 64.7 £ 0.0 66.9 + 0.1 68.0 + 0.0

+ + +

+ + +

OPF 64.8 + 0.2 64.9 + 0.0 66.0 + 0.3
OPF-SW 83.6 + 0.2 84.6 + 0.2 86.6 + 0.1
OPF-SSL 69.2 + 0.1 70.0 + 0.0 713 + 0.1
OPF-MSSL-MR 69.2 + 0.1 69.7 + 0.0 711 £ 0.1
OPF-MSSL-PY 69.2 + 0.1 69.0 + 0.0 70.1 + 0.2
OPF-IA-CL (proposed) 85.7 + 0.1 86.9 + 0.1 884 + 0.1
Bayes 69.6 + 0.1 704 + 0.0 69.0 + 0.2
Bayes-SW 83.6 + 0.2 86.3 + 0.2 87.0 + 0.1
Bayes-SSL 729 £ 0.0 734 + 0.1 745 + 03
Bayes-MSSL-MR 70.6 + 0.1 714 + 0.0 73.0 £+ 0.0
Bayes-MSSL-PY 713 £ 0.1 725 + 0.2 732 £ 0.0
Bayes-IA-CL (proposed) 85.4 + 0.1 86.9 + 0.1 88.8 + 0.1

Table 2
Experimental results concerning Geoeye image using 5%, 10% and 20% of the entire
image for training purposes.

Accuracy (5%)  Accuracy (10%)  Accuracy (20%)

OPF 71.0 £ 0.1 72.6 + 0.5 734 + 0.2
OPF-SW 761 + 0.2 771 £ 0.1 778 £ 0.2
OPF-SSL 66.4 + 0.1 671 + 0.0 69.1 + 0.0
OPF-MSSL-MR 64.6 + 04 659 £+ 0.3 66.2 = 0.1
OPF-MSSL-PY 649 + 0.1 65.7 + 0.1 68.0 = 0.0
OPF-IA-CL (proposed) 86.2 + 0.0 88.8 + 0.0 909 + 01
Bayes 703 + 0.0 70.8 + 0.0 716 + 0.1
Bayes-SW 75.6 £ 0.1 770 £ 0.0 779 £+ 0.1
Bayes-SSL 69.0 + 0.0 701 £+ 0.0 724 £ 03
Bayes-MSSL-MR 65.6 + 0.1 671 + 0.0 689 + 0.2
Bayes-MSSL-PY 66.6 + 0.1 68.0 + 0.0 69.1 + 0.0
Bayes-IA-CL (proposed)  86.5 + 0.0 89.2 + 0.1 912 + 0.0

Table 3
Experimental results concerning Ikonos image using 5%, 10% and 20% of the entire
image for training purposes.

Accuracy (5%)  Accuracy (10%)  Accuracy (20%)

OPF 69.2 + 0.1 713 £ 0.2 743 + 01
OPF-SW 704 + 0.0 715 + 0.0 729 + 0.0
OPF-SSL 61.2 + 0.2 62.0 + 0.1 67.8 + 0.2
OPF-MSSL-MR 624 + 03 642 + 02 68.5 + 0.1
OPF-MSSL-PY 624 + 03 63.0 + 0.0 672 + 04
OPF-IA-CL (proposed) 84.6 + 0.0 875 + 0.1 90.2 + 0.1
Bayes 69.0 + 0.9 70.1 + 0.1 73.8 + 0.1
Bayes-SW 70.7 + 0.2 718 + 0.0 72.8 + 0.1
Bayes-SSL 672 + 0.2 652 + 0.1 701 + 0.2
Bayes-MSSL-MR 60.1 + 0.9 642 + 0.2 68.0 + 0.0
Bayes-MSSL-PY 61.0 + 0.1 63.9 + 0.0 69.1 + 0.0
Bayes-IA-CL (proposed)  84.7 + 0.1 87.8 + 01 90.8 + 0.0

to compose the test set. In order to allow a robust statistical evalu-
ation, we performed a cross-validation procedure with 15 runnings
for further computing the Wilcoxon signed-rank test [24]. Addi-
tionally, each pixel has been described by its RGB values to com-
pose the dataset samples for pattern classification purposes>.

6. Experiments

In this section, we present the experimental results regarding
the proposed approach. Table 1, 2, 3 and 4 present the mean accu-
racy results considering CBERS-2B, Landsat 5 TM, Ikonos-2 MS and

3 In this work, we are using a 5 x 5-neighborhood system for SSL, MSSL-MR and
MSSL-PY, and a 7 x 7-neighborhood for SW. We also employed 7 scales of decom-
position for MSSL-MR, and 5 scales of decomposition for MSSL-PY. In regard to IA-
CL, we used o = 2 with the very same sampling process described in the Section 4.

Fig. 4. CBERS-2B output images considering a training set with 20% of the entire
image using: (a) Bayes-IA-CL, (b) Bayes-SW, (c) OPF-IA-CL and (d) OPF-SW.

Geoeye images, respectively*. The most accurate techniques con-
sidering the Wilcoxon signed-rank test are highlighted in bold.

Figs. 4-7 show the images classified by SW and IA-CL using a
training set with 20% of the entire image considering CBERS-2B,
Geoeye, Ikonos-2 MS and Landsat 5 TM satellites, respectively. We
compared IA-CL against with SW only, since the latter one ob-
tained the best results among the compared techniques.

A better performance of the proposed approach can be ob-
served in all situations for both classifiers. Moreover, considering
CBERS-2B, Geoeye and Ikonos-2 MS images, IA-CL obtained better
results than all techniques using a smaller training set. Taking into
account the images classified by OPF and Bayes, we can observe 1A-
CL was able to avoid misclassification in homogeneous regions of
the image. Therefore, the images classified by SW look like noisy,
although they are still better than naive classification. Notice IA-CL

4 We employed an accuracy measure proposed by Papa et al. [17] that consid-
ers unbalanced datasets, which is often faced in land-cover image classification
problems.
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_/

Fig. 5. Geoeye output images considering a training set with 20% of the entire im-
age using: (a) Bayes-IA-CL, (b) Bayes-SW, (c) OPF-IA-CL and (d) OPF-SW.

a

Fig. 6. lkonos-2 MS output images considering a training set with 20% of the entire
image using: (a) Bayes-IA-CL, (b) Bayes-SW, (c) OPF-IA-CL and (d) OPF-SW.

is more prone to errors in high-frequency regions, which is short-
coming often faced by the pattern recognition community.
Another interesting point concerns with the dimensionality of
the feature space used to represent each pixel. Although SW re-
quires 7 x 7 x 3 = 147 features (we have 3 channels and a win-
dow of size 7 x 7), IA-CL needs 3 x 7 x 3 = 63 features for CBERS-
2B and Landsat 5 TM images only (we have 3 channels and

a

Fig. 7. Landsat 5 TM output images considering a training set with 20% of the en-
tire image using: (a) Bayes-IA-CL, (b) Bayes-SW, (c) OPF-IA-CL and (d) OPF-SW.

3 features for each one of the 7 scales employed in this work),
and 3 x 6 x 3 = 54 features for Geoeye and Ikonos-2 MS images°.
Additionally, as the number of scales is computed using a closed
equation (Section 4), we do not have the problem of estimating
such parameter.

7. Conclusions

The problem of contextual classification has been paramount in
the last years, since the number of applications that are temporal-
and spatial-dependent has increased in the last years. Although
the techniques proposed to address this problem have obtained
promising results, some of them require a high-dimensional fea-
ture space, which might be prohibitive for some parameter-
dependent classifiers.

In this work, we presented a new contextual-based pattern
classification technique that make use of the Interval Arithmetic
tools in order to provide lower-dimensional feature spaces in a
pyramid-based multi-resolution approach. The proposed approach
was compared against with four sequential learning-based tech-
niques using two distinct classifiers and three scenarios, obtaining
the best results in all situations. The robustness of the proposed
approach was evaluated in the context of supervised land-use clas-
sification employing images obtained from four satellites covering
a Brazilian region. The visual results also showed the quality of the
images classified by the proposed approach.
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