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Quasiprobability distribution functions for finite-dimensional discrete phase spaces:
Spin-tunneling effects in a toy model
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We show how quasiprobability distribution functions defined over N>-dimensional discrete phase spaces can
be used to treat physical systems described by a finite space of states which exhibit spin-tunneling effects. This
particular approach is then applied to the Lipkin-Meshkov-Glick model in order to obtain the time evolution of
the discrete Husimi function, and as a by-product the energy gap for a symmetric combination of ground and
first excited states. Moreover, we also show how an angle-based potential approach can be efficiently employed
to explain qualitatively certain features of the energy gap in terms of a spin tunneling. Entropy functionals are
also discussed in this context. Such results reinforce not only the formalism per se but also the possibility of
some future potential applications in other branches of physics.
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I. INTRODUCTION

In the last decades, much effort has been devoted to char-
acterize quantum tunneling processes in mesoscopic and/or
macroscopic systems, emphasizing the importance of the de-
gree of freedom related to the angular momentum and angle
pair [1]. In what concerns the spin tunneling, certain theoret-
ical approaches have pointed to some different ways of treat-
ing this problem, each one presenting a particular set of con-
venient inherent mathematical properties [2]. From this
perspective, if one considers physical systems with a finite-
dimensional space of states and described by discrete vari-
ables, a sound theoretical framework must be employed to
characterize properly such nonclassical effect. In fact, an al-
ternative approach to the system description of these specific
cases can be pointed out. First, we recognize that the state
spaces associated with those particular physical systems are
N-dimensional Hilbert spaces. Next, in connection with these
finite Hilbert spaces, it should be stressed that quantum rep-
resentations of N’-dimensional discrete phase spaces can
also be constructed [3]. Thus, relevant operators whose kine-
matical and/or dynamical contents carry all the necessary
information for describing those quantum systems can now
be promptly mapped in such phase spaces. In this sense,
although there are various phase space in front of formalisms
proposed in the literature for treating finite-dimensional
physical systems [4], let us focus our attention upon the
framework developed in Refs. [5-9] for the discrete repre-
sentatives of the quasiprobability distribution functions de-
fined in N>-dimensional phase spaces, which has its algebraic
structure based on the technique of constructing unitary op-
erator bases initially formulated by Schwinger [10]. The vir-
tue of this discrete quantum phase-space approach is that it
allows us to exhibit and handle the pair of complementary
variables related to a particular degree of freedom we are
dealing with, as well as to recognize the quantum correla-
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tions between them. The basic idea then consists in exploring
this mathematical tool in order to study those quantum cor-
relations in connection with spin-tunneling processes. There-
fore, besides having the energy spectrum, which can be ob-
tained via direct diagonalization of the Hamiltonian system,
we can also have additional quantum information about the
physical system through the study of the corresponding dis-
crete Wigner and/or Husimi functions.

Such theoretical framework is then applied, in particular,
to the Lipkin-Meshkov-Glick (LMG) model [11], which was
originally introduced over 40 years ago in nuclear physics
[12] for treating certain fermionic systems. This important
toy model has, since then, been extensively studied in the
literature because of its apparent simplicity [13]. Indeed, it
can also be viewed as a finite set of spins half-mutually in-
teracting in the xy plane subjected to a transverse magnetic
field [ 14]. Moreover, our interest in this model also resides in
the fact that spin tunneling can be considered to occur.

In this work, we show how the time-dependent discrete
Husimi function and an angle-based potential description
[15-17] can be combined in order to describe a group of
physical processes that encompasses, among other things, the
spin-tunneling effects. This particular approach leads us not
only to extract the energy gap for a symmetric combination
of ground and first excited states, but also to corroborate its
inherent applicability to analogous physical systems such as
in magnetic molecules [18].

This paper is organized as follows. In Sec. II, we present
a condensed review of the theoretical apparatus used to de-
scribe N2-dimensional phase spaces and also discuss some
essential features exhibited by the time-dependent discrete
Husimi function. In Sec. III, we apply our results to the
LMG model to explore qualitatively the spin-tunneling ef-
fects for a symmetric combination of ground and first excited
states. Finally, Sec. IV contains our summary and conclu-
sions.

II. THEORETICAL APPARATUS
FOR FINITE-DIMENSIONAL PHASE SPACES

Our theoretical framework is totally based upon the for-
malism developed in Refs. [7,8] for physical systems with
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finite-dimensional space of states. In this sense, let us intro-
duce some basic elements which represent our guidelines
for the fundamentals of the formal description of
N>-dimensional phase spaces by means of discrete variables.
The first important element is the mod (N)-invariant operator
basis

€

1 2170
TO(uv)= = X eXp[— %(77# + §V)]S(S)(77, 9,
NIV p,é=—C
(1)

which consists of a discrete Fourier transform of the ex-
tended mapping kernel 8 (7, &)=[K(7,&)]7S(7, &),

1 .
S(n.8) = exp(%ng)mvs‘ 2)

being the symmetrized version of the unitary operator basis
proposed by Schwinger [10]. In this particular approach, the
labels 7 and ¢ are associated with the dual momentum and
coordinatelike variables of a discrete N>-dimensional phase
space. Note that these labels are congruent modulo N and
assume integer values in the symmetrical interval [—€, €] for
{£=(N-1)/2 fixed. Besides, the extra term K(7, ) is defined
through the ratio M(#, &)/ M(0,0), where the function [7]

—_—

M(n.8) = %{as(anlia)[m(aflia) + D,(aglia)e™]
+ %y(anlia)[s(adia)e’™ + I,(aglia)e ™ EN])

with a=(2N)~! is responsible for the sum of products of
Jacobi ¥ functions evaluated at integer arguments, and s re-
fers to a complex parameter that satisfies the relation |s|
=< 1. It is worth mentioning that a compilation of results and
properties which characterize the algebraic structure of the
discrete mapping kernel T®(u,v), as well as the unitary
operators U and V, can be promptly found in Refs. [5,7]. For
physical applications related to quantum tomography and
quantum teleportation, see also Ref. [8].

Next, let us assume that p(z) reflects the dynamics of a
particular quantum system characterized by a finite-
dimensional space of states. The one-to-one mapping be-
tween density operators and functions belonging to an
N?-dimensional phase space labeled by {u, v} € [-€,£] is at-
tained, in our description, by means of the parametrized
function FO(w,v;r):=Ti[T®(u,v)p(r)]. Expressed as a
double discrete Fourier transform of the discrete s-ordered
characteristic function E)(#, &;1):=Tti[S® (7, &)p(r)], it has
a well-established continuous counterpart within the Cahill-
Glauber formalism [19]. Moreover, for s=—1,0,1 the time-
dependent function F)(u, ;1) is directly related to the re-
spective discrete Husimi, Wigner, and Glauber-Sudarshan
distribution functions. An interesting formal result from this
formalism explores the connection between discrete Wigner
and Husimi functions—here denoted by W(w,v;t) and
H(w,v;t)—through the equation
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where E(u,v|u',v")=Ti[TO(u, )TV (', v')] defines a
smoothing process characterized by a discrete phase-space
function that closely resembles the role of a Gaussian func-
tion in the continuous phase space. In fact, Eq. (3) represents
an intermediate smoothing sequence within a hierarchical
process among the quasiprobability distribution functions in
finite-dimensional spaces [8]. In what concerns the time evo-
lution of the density operator, it must be stressed that p(r)
satisfies the von Neumann-Liouville equation and its corre-
sponding mapped expression in the discrete phase-space rep-
resentation leads us to obtain a differential equation for
W, v;t), whose solution was explicitly determined in Ref.
[6]. Hence, the discrete Husimi function can now be imme-
diately inferred.

Now, let us establish an important mathematical result for
the time-dependent discrete Husimi functions. First, it should
be noticed that H(u, ;1) is strictly positive and limited to
the interval [0,1] for any #=0; second, the phase space
treated here consists of a finite mesh with N? points and
characterized by the discrete variables x and v. So, the dis-
crete Husimi function can be mapped onto a real N X N ma-
trix H(¢) whose elements [A,(r)], -,y obey two essential
properties that imply in the conservation of probabilities on a
discrete phase space, that is,

N
0<h, (=<1 and > h(r)=1.

r,s=1

The interaction with any dissipative environment is auto-
matically discarded within this context. Such mathematical
procedure brings some operational advantages in our de-
scription since the matrix H(¢) can be promptly diagonalized
onto the eigenspaces,

V)‘i = {\V[ S V:H\/vi = )\i\;i}’

characterized by the eigenvectors {V(1)},-; ..y and their cor-
responding eigenvalues {\,(1)},-; .y for ¢ fixed. It is worth
emphasizing that the eigenvalues obtained from this particu-
lar diagonalization process assume, in general, both real and
complex values, and this fact can be explained by means of
matrix analysis [20]. A pertinent question then emerges from
our considerations on N?-dimensional phase spaces: “Can
both real and complex eigenvalues be associated with some
physical process?”

To answer this question, let us initially decompose the
matrix H(z) as a sum of two Hermitian and anti-Hermitian
N X N matrices, namely, H(z)=A(z)+B(z), both matrices be-
ing constructed out following the mathematical recipe A(z)
=3[H(1)+17(n] and B(r)=3[H()~H(r)]. In this situation,
the diagonalization process attributes real eigenvalues for
A(z), while B(z) has eigenvalues which are pure imaginary
(or zero). Besides, the trace of H(r) is preserved, i.e.,
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Here, {0'{(1)}i; .y and {o{?(r)}., _y represent the respec-
tive eigenvalues of the matrices A(z) and B(z) for all r=0;
therefore, it is easy to verify that these eigenvalues are now
responsible for the real and imaginary parts of the complex
eigenvalues {\;(1)},-; . Next, let us introduce an auxiliary
tool characterized by the entropy functional

N
E[{NE:] == 2 N[N )], (4)
i=1

which allows us to infer all the different contributions asso-
ciated with {\,(¢)} € C. From the operational point of view,
the simplicity of this measure represents an effective gain to
our task since the diagonalization process of the time-
dependent discrete Husimi function is sufficient in this case
for determining E[{\;};7]. The next step then consists in con-
sidering a well-known physical system that leads us to find
out any concrete evidence in (4) of some particular physical
process inherent to the model. In this sense, we will apply
the theoretical framework here discussed to a solvable qua-
sispin model whose Hamiltonian, although simple, presents
some interesting physical and mathematical features, namely,
the Lipkin-Meshkov-Glick (LMG) model [11].

III. LMG MODEL

Originally proposed with the intent of testing mean-field
approximations in many-body systems, the LMG model is
here introduced through the Hamiltonian [11]

€ + \% .
H= 52 oa; A, .+ 5 > a;ﬁac’!,,gaq@_gaq!_o
@ a.q".0

which describes a collection of N, fermions distributed in
two N,-fold degenerate levels separated by an energy €. The
degenerate states within each level are labeled in this expres-
sion by means of the quantum numbers q €[1,N,] and o
=*1 (+1 and -1 represent the respective higher and lower
levels), N, being considered an even number.

It is worth noticing that the introduction of the quasispin
operators [12]

N 1 N
= f = — f
Ji= E ag a5 and J;:= 5 E oag a4, ,
q a0

into the LMG Hamiltonian not only reveals its underlying
SU(2) structure, since the operators J.. and J; obey the stan-
dard commutation relations [J,,J_]=2J;, and [J;,J-]
== J., but also allows us to treat collective excitations of
the fermionic system in a more suitable form, namely, H
=eJ+(V/ 2)(J3+JE). Indeed, the J; term of this Hamiltonian
operator gives one-half the difference of the number of par-
ticles laid on the upper and lower levels, while the second
term, involving the operators Ji and JE, is associated with
the interaction between a pair of particles located at the same
energy level, being also responsible for the scattering process
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of this pair to the other level where the quantum number q of
each particle is preserved. For simplicity, let us rewrite such
Hamiltonian operator in order to scale the interaction term to
the particle number while measuring the energy in terms of
€, 1.€.,

H
Hy=— =)+ 2LNP(JE + 1) (5)
with y=N,V/e. Since [H,,J*]=0, it turns immediate to see
that H; can be diagonalized within each (2J+ 1)-dimensional
multiplet labeled by the eigenvalues of J? and J ;» Which ac-
counts for the soluble character of the associated quantum
model [11,12]. It is worth stressing that the ground state

belongs to the finite multiplet characterized by Jz%ﬁ

=max(/;), so that its J? and J; quantum numbers are (1—;2)
(%+1) and —=", respectively. Hereafter, we will be inter-
ested only in this particular multiplet containing the ground
state and whose dimension is given by N=2J+1=N,+1.
This (N,+ 1)-dimensional multiplet will be considered as our
underlying Hilbert space of interest [21], and also will be
used to construct the (Np+1)2-dimensional discrete phase
space.

Next, let us mention some few words about two discrete
conserved quantities inherent to the LMG model which re-
flect certain symmetry properties. The simplest operator
commuting with the Hamiltonian (5), therefore giving a con-
stant of motion, is the parity operator Il:=exp(imJ;). This
fact tells us that the Hamiltonian matrix, in the J ; represen-
tation, breaks into two disjoint blocks involving only even
and odd eigenvalues of J,, respectively. The second interest-
ing quantity comes from the anticommutation relation
{H;,R}=0, where

R(= 7/2,7,0) := expli(m/2)],lexp(im],)

corresponds to a rotation of the angular momentum quanti-
zation frame by the Euler angles (—7/2,,0), thus trans-
forming H; ——H;. In this case, if |Ej) is an energy eigen-
state with eigenvalue E;, then R|E ) is also an eigenstate of
H; with eigenvalue —E;. This symmetry property of the
Hamiltonian operator (5) gives rise to an energy spectrum
that is symmetric about zero.

After this condensed review, let us establish a sequence of
steps that permits us to evaluate the time evolution of the
discrete Husimi function for the LMG model. The first one
consists in adopting the theoretical approach developed in
Ref. [15] for the time-dependent discrete Wigner function
W(m,n;t) defined upon an N>-dimensional phase space la-
beled by the angular momentum and angle pair (m,n)
€[-N,/2,N,/2]. Since this approach depends on the Wigner
function evaluated at time =0, the second one consists in
fixing the initial state as a symmetric combination of the
ground and first excited states following the recipe described
in [16]. The next and last step refers to the smoothing pro-
cess given by Eq. (3), which leads us to finally obtain the
desired result. Figure 1 shows the three-dimensional plots of
H(m,n;7) versus (m,n)e[-10,10] with N,=20, and x
=1.5 fixed. In the numerical investigations, we have adopted
some specific values for the dimensionless time 7 in order to
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FIG. 1. (Color online) Time evolution of H(m,n;7) for the
Lipkin-Meshkov-Glick model with N,=20 and y=1.5 fixed, where
the labels m and n characterize, respectively, the dimensionless an-
gular momentum and angle pair. These pictures show, in particular,
how the two-body interaction term present in the Hamiltonian H
affects the initial distribution H(m,n;0) for different values of di-
mensionless time 7. We have adopted in our numerical investiga-
tions the values (a) 7=0, (b) 7=6.5, (c) 7=15.9, and (d) 7= 25.3,
which illustrate a representative but not complete evolution of the
discrete Husimi function.

PHYSICAL REVIEW A 79, 022114 (2009)

0.25
0.2
0.15

[{Aik;T]

0.05

10 20 30 40 50 60
T

FIG. 2. Time evolution of E[{\;};7] versus 7€ [0,60] for the
same set of parameters used in Fig. 1. It is worth noticing that the
maximum and minimum points of this curve correspond to the
cases when the discrete Husimi function reaches its peaks in the
respective negative and positive regions of the angle sector of the
finite phase space. This fact permits us to estimate the energy gap
A=(E,-E,)/ e from our numerical data, namely, A=0.1784, which
corroborates the value obtained through the diagonalization process
of the Hamiltonian operator (5) in the J; basis (A=0.1788).

illustrate the effects of the two-body interaction term in the
original Hamiltonian H (or, equivalently, the second term of
H; constituted by the operators J i and J?) on a given initial
configuration of the finite phase space. Thus, Fig. 1(a) rep-
resents the discrete Husimi function H(m,n;0) which re-
flects the initial condition of the model under investigation,
that is, it shows two distinct regions equally distributed in the
212-dimensional phase space of the particular two-level sys-
tem. Figure 1(b) corresponds to a subsequent time 7~6.5,
where we perceive that the probability distribution was al-
most totally reallocated in one side of the discrete phase
space, which means that both the angular momentum and
angle components present negative values. By its turn, Fig.
1(c) shows an intermediate process for 7=15.9 and quite
similar to that found in (a) when 7=0. Finally, Fig. 1(d)
illustrates the migration, in 7=25.3, to a distribution of posi-
tive values of angle components in constrast to that viewed
in Fig. 1(b). Note that, in particular, the quantum dynamics
of this system inhibits a distribution function centered at n
=0.

Although the periodic pattern verified for the discrete Hu-
simi function can be explained, in principle, through the pe-
riodic fluctuation of particle populations between the two
energy levels, it is not clear until now its relation with the
energy gap A=(E,—E;)/ €, associated with the quasispin tun-
neling occuring in the present situation, as well as its depen-
dence on the interaction parameter y. To clarify this point,
some considerations on the energy spectrum related to H;
deserve to be properly mentioned: (i) It is numerically ob-
tained by just diagonalizing the matrix associated with the
Hamiltonian (5) in the J; basis (for more details on the exact
solutions of the LMG model, see Ref. [11]); as a direct con-
sequence of this result, (ii) the energy gap curve shows an
explicit dependence on Y, that is, as the two-body correlation
strength increases, the energy gap decreases [11,16]. There-
fore, if one changes the interaction parameter y (or the en-
ergy gap A), the periodic pattern showed by H(m,n;7) will
be also modified. Next, with the help of the entropy func-
tional (4), we will estimate this quantity for the same set of
parameters used in the previous figure. In this way, Fig. 2
shows the plot of E[{\;}; 7] versus 7&[0,60] for N,=20 and
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FIG. 3. (a) represents the plots of V(¢) (solid line) and M(¢)
(dashed line) versus ¢ e[—mr, 7] with N,=20 and y=1.5 fixed.
Note that both curves have similar behaviors and share complemen-
tary information about important quantum effects such as that ap-
pearing in (b), where now the energy levels Ey/ € and E;/€ have
also been drawn. The possibility of tunneling through the potential
barrier can be blocked if the effective mass function presents a
divergent behavior at or near the classical turning point; otherwise,
the tunneling effect takes place (see both pictures at ¢=0). Such
description of spin tunneling, via potential and effective mass func-
tions, can also be extended to magnetic molecules, such as
Mn;,-acetate molecule and Feg clusters.

x=1.5 fixed. Note that the entropy functional curve presents
an oscillatory behavior with a well-defined periodic struc-
ture, which allows us to estimate the energy gap through the
period of oscillation between two consecutive maximum
(minimum) points. Thus, after a detailed analysis of the nu-
merical data used in the plot of Fig. 2, we can conclude that
A=(.1784. It is important to emphasize that this result is in
perfect agreement with that obtained from the diagonaliza-
tion process for H; (in this case, the percent error estimated
is 6=0.22%).

Finally, we will present some plausible arguments that
lead us to establish, under certain circumstances, a link be-
tween the oscillations of the discrete Husimi function, the
energy gap, and the spin-tunneling effect. For this intent, let
us initially adopt the theoretical framework exposed in Ref.
[3], where the potential function

Vg =S o) + ST @ | )

and the effective mass function

2

N,-1

M (¢) = {cos() + x[1 +5in*(¢)]} (7)

were derived with details and exhaustively tested for the
LMG model in the special limit N,> 1. Such functions, de-
fined in the interval ¢ € [—r, 7], permit us to explain, from a
phenomenological point of view, the underlying behavior of
the discrete Husimi function observed in Fig. 1. For instance,
Fig. 3(a) shows the plots of V(¢) (solid line) and M(¢)
(dashed line) versus ¢ for N,=20 and y=1.5 fixed; in addi-
tion, Fig. 3(b) represents an amplified image of the curve
related to V(¢), where now the lowest energy levels E,/ e
=-10.9343 and E,/e=-10.7555, extracted from the diago-
nalization process of the Hamiltonian H; in the J s basis, are
also viewed (see dotted-dashed lines). It should be stressed
that distinct values of y modify not only the energy gap but
also the behavior of the curves related to the potential and

PHYSICAL REVIEW A 79, 022114 (2009)

effective mass functions. Hence, the value here chosen for y
brings out some explicit advantages of this theoretical ap-
proach since the potential function presents a pronounced
barrier at the origin which affects, consequently, the energy
levels E, and E,. Indeed, Fig. 3(b) consists of a paradigmatic
case where tunneling effects take place in this quasispin sys-
tem. Within this context, Figs. 1(a) and 1(c) would then cor-
respond to a spin wave packet equally distributed in both
sides of the symmetric double-well potential, while Figs.
1(b) and 1(d) represent a wave packet localized only on one
side of the potential barrier centered at ¢»=0. Therefore, the
time evolution of H(m,n; 7) can now also be understood as a
faithful representation upon a discrete N>-dimensional phase
space (here labeled by the dimensionless angular momentum
and angle pair) of spin-tunneling processes associated with
the symmetric combination of the ground and first excited
states.

IV. CONCLUDING REMARKS

In what concerns the symmetry property related to the
energy spectrum of the LMG Hamiltonian, let us mention
some few words about the lowest energy doublet. Numerical
investigations have shown that, if one considers the energy
symmetric counterpart of this doublet, the time evolution of
the spin wave packet will reveal a pronounced oscillatory
behavior, and this result is directly associated with the high
energetic demand of the system in accessing these particular
states. The smoothing process due to Eq. (3) and the subse-
quent diagonalization of the discrete Husimi function will
then produce, for all 7=0, an entropy functional E[{\;}; 7]
with a well-defined periodic pattern but not related to the
previously discussed tunneling effects. Therefore, the theo-
retical apparatus here exposed shows that the coherent oscil-
lations verified in this case do not characterize the same spin-
tunneling process, although the value of the energy gap is the
same.

Next, we introduce a complementary functional to that
established by E[{\;};t], which permits us to measure, in
principle, the correlation between the discrete variables of an
N?-dimensional phase space. To this end, one considers the
mutual correlation functional [9,22]

I[H;t] == E[Q;t]+ E[R;t] - E[H;t] =0, (8)

where E['H ;] corresponds to the time-dependent joint en-
tropy defined in terms of the discrete Husimi function (3),
with E[ Q ;7] and E[R ;7] representing the marginal entropies
which are related to the respective marginal distributions
Q(w;1) and R(v;r) (for technical details, see Refs. [8,9]).
Thus, if one applies this measure to the LMG model, some
interesting results can be promptly obtained. In this sense,
Fig. 4 illustrates the time evolution of I[H;7] versus 7
€ [0,60] for the same set of parameters fixed in the previous
figures. From the numerical point of view, it is immediate to
perceive the following: (i) The maximum points coincide
with the configurations exhibited in Figs. 1(a) and 1(c) and
also reflect a situation where the spin wave packet is equally
distributed in both sides of the potential barrier, which im-
plies in a minimal mutual correlation (maximal uncertainty)
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FIG. 4. Plot of I['H;7] versus 7e[0,60] for N,=20 and x
=1.5 fixed. The oscillatory pattern viewed in this picture also allows
us to estimate the energy gap from our numerical data, i.e., A
~(.1786, with an error of §=0.11%.

between the angular momentum and angle pair; (ii) the mini-
mum points describe both the configurations illustrated in
Figs. 1(b) and 1(d) and this result can be explained by means
of a spin wave packet localized in one of the potential wells,
which leads us to obtain a maximal mutual correlation (mini-
mal uncertainty) between the discrete variables m and n; and
finally, (iii) I[H; 7] presents a half-period if one compares
with the oscillatory pattern exhibited by E[{\;}; 7], this fact
being associated with the absence of differentiation between
the cases reported in Figs. 1(b) and 1(d).

In summary, we have developed an alternative theoretical
framework for a class of physical systems described by dis-
crete variables with potential applications in quantum-
information theory and quantum computation [23]. Based on
a finite-dimensional phase-space description, this formalism
was then applied to the Lipkin-Meshkov-Glick model [11]
whose Hamiltonian operator, although apparently simple,
presents some remarkable physical and mathematical prop-
erties [13]. In particular, we have shown how the angle-based
potential approach [15-17] can be used to explain qualita-
tively the spin-tunneling effects related to a symmetric com-
bination of ground and first excited states. Moreover, we
have also inferred as a by-product the energy gap for this
situation (i.e., related to the particular spin-tunneling situa-
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tion described here) through two different ways, and showed
that both methods produce excellent quantitative results if
one compares them with the exact analogues extracted from
the diagonalization process of the LMG Hamiltonian.

Finally, it is worth mentioning that an interesting study
about Feg magnetic clusters in the presence of external mag-
netic fields appeared recently in [24], where the theoretical
apparatus for finite-dimensional phase spaces here discussed
was extensively applied with great success in exploring the
spin-tunneling effects in those clusters (in particular, such
quantum effects occur for temperatures below the crossover
temperature, i.e., 0.35 K [25]). Since the Feg magnetic clus-
ters are characterized by a J=10 spin ground state [26], some
similarities with the LMG model can be shared via discrete
phase-space approach. However, it must be stressed that such
phenomenological Hamiltonian, describing the Feg magnetic
clusters, contains essential experimental information con-
cerning the anisotropies inherent to the molecule structure
[27], what produces an energy spectrum that is essentially
diferent from that obtained for the LMG model. From this
theoretical approach, it was also possible to infer the energy
gap between the ground and first excited states, namely, A
~2.922 41 K, with a percent error &§ estimated in 1.04% (in
this case, the external magnetic field applied along the easy
axis of the cluster has as intensity H;=0.11 T). Besides, the
entropy functionals E[H; 7] and I[H; 7] were also employed
to qualitatively explain how the spin-tunneling effect is con-
nected with the functional correlations between the discrete
variables observed in the underlying phase space, corrobo-
rating, in this way, the results here presented.
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