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We present a general formalism for extracting information on the fundamental parameters associated with
neutrino masses and mixings from two or more long baseline neutrino oscillation experiments. This formalism
is then applied to the current most likely experiments using neutrino beams from the Japan Hadron Facility
(JHP and Fermilab’s NuMI beamline. Different combinations of muon neutrino or muon anti-neutrino running
are considered. The type of neutrino mass hierarchy is extracted using the effects of matter on neutrino
propogation. Contrary to naive expectation, we find that both beams using neutrinos is more suitable for
determining the hierarchy provided that the neutrino energy divided by bas#iihg or NuMI is smaller
than or equal to that of JHF, whereas to determine the small mixing afgle and theCP or T violating
phased, one neutrino and the other anti-neutrino are most suitable. We make extensive use of bi-probability
diagrams for both understanding and extracting the physics involved in such comparisons.
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I. INTRODUCTION underlying principle of how nature organizes the neutrino
sector. While the hierarchy question is of great interest, at
The solar neutrino puzzle, which has lasted nearly 4Ghis moment there is no experimental information available.
years, has finally been resolved by KamLAND) after in-  One possible exception is a hint from the neutrino data from
valuable contributions by numerous solar neutrino experisupernova SN 1987/9]; however, the basis of this hint is
ments, especially recently by SNQ@2] and Super- under discussiohl0].
Kamiokande[3]. The large-mixing-angléLMA) region of To design the experiments to measure@fe or T violat-
the Mikheyev-Smirnov-WolfensteitMSW) [4] triangle [5] ing phases we must know in advancé,;, or at least its
has now been uniquely selected. This resolution to the solasrder of magnitude. There have been many proposals for
neutrino puzzle has opened the door to the experimental exexperiments which may be able to meas@yg. They can be
ploration of CP violation in the lepton sector. Together with classified into two categories: long-baselihdL ) accelera-
the existing evidence for neutrino oscillation that has beenor experimentg11-15 and reactor experimentsl6,17).
obtained by the pioneering atmospheric neutrino observawhile 6,53 may be eventually measured by some of these
tions[6] and the long-baseline accelerator experiméntsit experiments it was recognized that this measurement suffers
lends further support to the standard three-flavor mixingfrom a problem of parameter degenerddg—23. It stems
scheme for neutrinos. from the fact that the determinations 6f;, 6 and the sign
The remaining task toward the goal of uncovering theof AmZ, are inherently coupled with each other.
complete structure of the lepton flavor mixing would be a 5 complete solution to the parameter degeneracy would
determination of th¢1-3) sector of lepton mixing matrix, the  require extensive measurement at two different energies
Maki-Nakagawa-SakatdINS) matrix [8]. A full determina-  5nq/0r two different baselindd9,24,23, or to combine two
tion of the (1-3) sector includes a determination 6f;, the  jifferent experiment§17,25—28. We, however, seek an al-
CP or T violating phases and the sign oAmi;. (We define  ternative strategy in this paper. That is, we propose to solve it
Ami=m’—m{, wherem; is the mass of théth eigenstat®.  one by one. We pursue the possibility that determination of
The sign of Am{; signals which pattern of neutrino the sign ofAm2, may be carried out with only a limited set
masses nature has chosen the normal hieramtnﬁ3>0, or  of measurement. It is similar in spirit to the one employed in
the inverted hierarchyAm§3<0. This hierarchy must cer- [21] in which we proposed a way to circumvent at least
tainly carry interesting information on the, yet undiscovered partly the problem of §,3,5) degeneracy.
In this paper, we explore the line of thought of comparing
measurement at two different energies and/or combining two

*Email address: minakata@phys.metro-u.ac.jp different experiments to determine the sigmoﬁi3 and 5.
"Email address: nunokawa@ift.unesp.br In particular, it is of concern to us how to combine the JHF
*Email address: parke@fnal.gov [13] and NuMI Off-Axis [14] experiments. Apart from the
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TABLE I. The assignments for the parameters of Bg.depending on the oscillation processes and sign

of Am3,.
Process  v,— v, v, — Ve 7;4%7«3 I#H;e Ve— v, Ve— v, ;eﬂjﬂ ;EH;M
sgnAms, +ve —ve +ve —ve +ve —ve +ve —ve
X X, X_ X_ X, X, X_ X_ X,
\'% Y, Y_ -Y_ -Y. Y., Y_ -Y_ -Y,
A Az —Ag —Ag Az —Ags Az A3 —Ag
possibility of an earlier detection in MINOS, OPERA or re- ) a
actor experiments, the effect of nonzefig; is likely to be PU(r)=X"6"+ Y0 cog 6+ —|+Pg
determined by observing electron appearance events in these
LBL experiments. Hence, it is of great importance to uncover
ways by which these two experiments can compliment one ) AB p
another. We discuss in this paper which combination of PA(v)=XP6?+YF6 co o+ 5| +Pg (1)

modes of operationy{ or » channels and which neutrino
energies divided by baselin&(L) have better sensitivity for i )
determining the sign oAmig and/or measuringys. where #=sin 6,3, and _the superscripta and 8 label the

While our treatment applies in a wider context, beyondprocesf arLd the ejperlmental setup. The valu_e_ of the param-
the application to any particular experiments, finding a wayStersX”, Y*andA® depend on the processpecified bya),
of optimizing the JHF-NuMI interplay is, we believe, a very e energy and path length of the experiment as well as sign
relevant and urgent question for both of these projects. It i€f AMis and the density of matter traversed by the neutrino
likely that the JHF experiment in its phase | operates in neubeam. In Table | we give the values for thés, Y's andA’s
trino mode[13]. Given the state of the other projects, NuMl in terms of the variableX.., Y. and A3 which will be
is the one which is most likely to become a reality. There-defined below. _
fore, it is important to find the most profitable mode of op-  The functionsX.., Y. andP are given by{30]
eration of the NuMI Off-Axis project.

We start by giving a general formalism for comparing two Al 2 B_

. .. . . . 2 13 . *

different measurements. This is to illuminate the analytic X+:4523(B—) smz(T), (2
structure of the two experiment comparison, and it is helpful *
in the understanding of the physics behind the observations
we will made later. Instead of engaging an intensje A2
analysis we prefer to illuminate the global chart of the two P®=c§3sin22612(—|_) Sir?
experiment comparison. To carry this out we rely heavily on a
a generalized version of ti@P andT bi-probability plot that
was introduced and developed in R€f20,23,29. Our dis- 1
cussion in this paper, while not the complete story, it is suf- Y .+ = *+8C15515C23573 AL
ficient to enable us to understand the key physics points. The
experimental issues that need to be addressed to complete the [Bs
picture are beyond the scope of this paper. X sm( 7)

The reader who wants to focus on the physics conclu-
sions, in particular on our key observations in JHF-NuMI =+2X.Pg, (4)
comparison, can go directly to Sec. lll, skipping Sec. Il.
Then, they might want to come back to read the Sec. Il for a
deeper understanding. wit

aL
2

: ()

A—B sin
B-

x

aL

2

Il. GENERAL FORMALISM FOR COMPARISON OF TWO _ |Ami2]-|L
DIFFERENT MEASUREMENTS Aii= 2

and B.=|A;zral|, (5)

m

Let us combine two measurements, eithesr v, for two
different energies and/or baselines. For example, one mearherea= \2GgN, denotes the index of refraction in matter
surement could come from JHF and another measuremeniith G being the Fermi constant amd, a constant electron

from NuMI, with both v (orj) or onev and the othew. All number density in the Earth. Some crucial properties of the
combinations can be treated in the universal formalism prefunctionsX.. andY. which allow this unified notation are
sented here. summarized in Appendix A.

We can start with the two basic equations a§28] for The basic equation€l) can be solved for either sign of
small sirg;5: AmZ, as
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P*—PG Y
0= ——=C0§ 6+ —-
X 2X*

1
sin(sl,z:D—[—&APgc+\/D+—(A P.)?],
+

1
©) cos@1,2=D—[—c+AP+:s+\/D+—(AP+)2].
! +

PA—PE YP S( AP
XB  2XA

11)

where we have ignored terms of ord¥f/X. The right
equality can be used to solve for both giand cos from
which 6 is then determined. This is a straightforward gener
alization of the method used ir23] to obtain, analytically,
the degenerate set of solutions and to elucidate the relation- 1

ships between them. Here, we will present the result of such Sind3,=—=—[—S_AP_FC_yD_—(AP_)?],
a general analysis in the Appendix A. An important point, © D-

however, is that once the solutions férare known, 6 is

Notice that with this choice of signs $if+cos$5=1. For
negativeAmiq,, we use subscripts 3 and 4 to distinguish
‘them from the positive\ m2, solutions:

easily obtained using left hand equality in E6). _ 1 b —@apr )’
Experimentally the most likely channels to be realized in COS3.4 D,[ C-AP-=SyD_~(AP)7).
the near future are/,— v, and v,— ve; therefore, in the (12

next two subsections we will specialize to these channels ) . . .
with both beams being neutrinder anti-neutrinosand one | N relative= signs in Eqs(11) and(12) are arbitrary at

beam of neutrinos and one beam of anti-neutrinos. In thdiS PoInt but are the same as those used in the next subsec-
following section we will consider the specific experimental tion.

situations presented by the JHE3] and NuMI[14] propo- _The relat_ionships between the mixed-sign degenerate so-
sals. lution are given by
_+ _
A. Both neutrinos or both anti-neutrinos cog 8;— 53)=w(AP+AP,
We apply the general formalism developed in the previous o
section to an explicit example of &v comparison of two - \/D+—APi JD_—AP?)
experiments with different energies and baseline distances. (C.S.-C.S)
At the end of thls subsectl_on we will give the rglat|onsh|p to i %(AP_ D, -APZ
the v-v comparison. We will label the two experiments J and +b-
N in reference to JHF and NuMI. However, in spite of the ——
reference to specific two projects, our general discussions are +AP.VD_—APZ), (13
valid for any pair of the LBL experiments on the globe and
can also be used to discuss other processes but here we will _. _ _(€.s,-C,S)
Sin(61— d3)= (AP AP_
concentrate o, — ve. D.D_
We start by introducing some convenient notation. Since 5 .
we will treat Am2,>0 and\m3,<0 simultaneously, we will —VD.—API{D_-AP?)
label the various quantities below with subscriptsto indi- C.C_+S.S
cate the sign oAmZ,. We define - %(A P_yD,—AP?%
.D_
YL oo (Ad) YN (Al D __ApP?
St=x—=sin Bl —sin = , (7) +AP,VD-—APT). (14)
2x3 V2 ) axN 2

We note that, unlike the case ofv comparison[29]

Yl A3l N Al which will be discussed in the next section, there is no sen-
— T3 005( ) ’ S( ) (8 sible limit AY;—Aj;and @L)N—(aL)’ because in this limit

2Xs no extra information is provided. However, one can ask the
question, can we obtain some useful relationships between
CP phases of the mixed-sign degeneracy in an approxima-
tion of small difference in the “matter effect” between JHF
AP — \/PJ— P \/F’N— Py 10 and NuMI? The answer is yes and we will derive such rela-

- X xN

C.

D.

s’ +c?, (9)

tions in Appendix B where we formulate such perturbative
treatment.

The signs and the subscript assignment come from Table I.  The solutions forg can easily be obtained by substituting
By solving Eq. (6) with these definitions, it is easy to appropriate values of séhand cog'into Eq.(6). For positive
derive (see Appendix A for positive AmZ,, the allowed Amis, the values of 6;, are obtained by using the

values of ¢, §) which we assign subscripts 1 and 2: X2, Y1, AlyandX", YV, AlLin Eq. (6) and for negative
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Notice that the relation between the same-sign solutions
of the CP violating phase is given generically by the formula
(A10) in comparison of any two channels. Among other
things, 8,=m7— &; always holds at oscillation maximum,
AN=AY= 7, despite the difference in matter effects at JHF
and NuMlI. This must be so since the bi-probability trajecto-
ries shrink to straight lines at oscillation maximdm.

Ami,, the values of¢;, are obtained by using? , Y2

—AjzandXN | YN — Al See Eq(A6) of Appendix A for
epr|C|t expressuons

For thev-v comparison: for posmvamm, the values of
0., are obtained by using th¥’ , —Y?, —AJ, and XV,
—Y'f, —A in Eq. (6), and for negatlvexmls, the values
of 63, are obtalned by using}, —VY3, Aj; and X%

—Y", A};. Thus the allowed region for the-v comparlson
is identical to thev-v comparison except for the fact that the
roles of Am2,>0 andAm3,<0 are interchangetl.

. JHF VERSUS NUMI COMPARISON

In this section we will discuss explicitly the JHF and
NuMI possibilities. JHF will have a baseline of 295 km, and
. . . the neutrino energy at which oscillation maximum occurs is
B. One neutrino, one anti-neutrino .

o given by

We want to treat the-» comparison in an entirely analo-

gous fashion as the-v comparison in the previous subsec- \{

tion. Toward this goal we introduce a similar notation (20

2.5x10°% eV?]’

YL (A% YE (Al
+ x’§ >

, (15) For our figures we will use this energy plus 0.8 GeV which is
33% higher and near the peak in the event rate’fappear-
ance due to the rising cross section but falling oscillation
% AL YN N probability assuming the same flux can be maintained.
L= 3{7) ey os( 7) (16) So far the path length for NuMI is undecided but it will
2X 2Xz most likely be between 500 and 1000 km. We use 732 km for
our figures, the path length of NUMI/MINOS. At this dis-

D, =(S.)2+(C.)? (17)  tance oscillation maximum occurs at
2
PJ PJ PN P@ Amls L
APL \/ XJ \/ ; (18 15 Ge 25x10°3 732 k @)

The other energy used is 33% higher at 2.0 GeV near the

here the subscript in Eq. (18) denotes the sign akm?
W ubscript. in Eg. (18) 9 13 _event rate peak for the reasons stated for JHF.

and herePN is for anti-neutrinos. The signs and the subscript In Fiq. 1 h lotted the all d ion in bi
assignment come from Table I. These definitions are almost E b.ﬁ' We have piotte ke al c:jwe a)ée%%n. in o
identical to thev-v definitions but not quite; the- labels on probability space assuming no xnowledgemanao in a

the left hand sidgLHS) are different and these difference comparison betwgen JHF neutrinos and“ NUMI ”neut.rlnos.
lead to markedly different outcomes. This allowed region forms two narrow “pencils” which

15 easy 1 verl that by using he above notaonsin T9NE 21 e gl and grw ) width ey fom e
as well asg; are given by exactly the same expressions as i g P 9

the previous sections, e.g., Eqa1) and (12), apart from Amls, thus, if the pencils are well separated, then a com-
replacemens. —S.. , C.—C’. , and so on parison of these two experiments can be used to determine

The relativex signs in Eqs(11) and(12) are determined the sign ofA m§3 But the size o, 3is poorly determined in
such that they reproduce the pair of the degenerate solution&Ch @ comparison. More details on this’ comparison will

83=6,+m (mod. 2) in the limit of PN=PJ, A7=AN and
(aL)’=(aL)N for a given value of¢,5 [23]. The relation,

however, receives corrections due to difference in “matter

effect” between JHF and NuMI even a&’=AN. It is not
difficult to compute the correction &\=P” in the form

be given in the next subsectlofA v-y comparison is iden-
tical but with the sign ofAm13 flipped)

In Fig. 2 we have plotted the allowed region in bi-
probability space in a comparison between JHF neutrinos
and NuMI anti-neutrinos. Here the allowed regions are very

broad and there is significant overlap between the allowed

regions for the two signs akm?,. However, the size 0,5

can be determined with reasonable accuracy in such a com-
to first order in the difference in the effects of matter for Parison. Figure 3 is similar to Fig. 2 but here the concentra-

JHF-NuMI. The coefficienCN"7 is given in Appendix B. tion is on the overlap region. More details of thisy will be

83=6,+m+CNJ(aL)N—(aL)’], (19

The difference in the sign of the Y coefficients can be compen- 2The straight-lineCP trajectory can be achieved even when the
sated by takingg— 6+ ; see Eq(1). Thus the allowed regions are energy distribution of neutrino flux times cross section is taken into
identical. account 21].

013010-4



COMPLEMENTARITY OF EASTERN AND WESTERN . .. PHYSICAL REVIEW B8, 013010 (2003

58 . 2
A6/6 (%) for positive and negative Am’ |,

. . FIG. 1. (Color online The al-
JHF neutrino vs. NuMI neutrino ( 9

lowed ranges ofP(v,—wve) for

6 - LI B I B I JHF versusP (v, — ve) for NuMl,
C I ] which are referred to as “pencils”
5L 25 1 in the text, are delimited by thick
L ., T solid (dashedl lines for positive
4 . 2 (negativé AmZ, for the energies
3 ) (Esur/GeV, Eyymi/GeV) = (@
C C (0.6,1.5 (oscillation maximum for
3 r T both experiments (b) (0.6,2.0,
[ [ (c) (0.8,1.5 and (d) (0.8,2.0. In
2 [ I the same plot, the positions for
S [ [ some representative values of the
S X I ] fractional variation across the
~ 1F E,,=06GevV T E,;=0.6GeV 7] width of the “pencil” of @
> i Ey = 1.5 GeV Eyum = 2.0 GeV ] =sinfi3, A6/ [%)], indicated by
Ti 0K A P B B I B W numbers, are shown by thin solid
> arcs. Inside each allowed region,
o 5L W trajectories  corresponding to
= ; - sirf26,5=0.02, 0.05, and 0.09 are
S ; /}’\ ] plotted by dotted lines. The mix-
=z 4 r 7 ing parameters are fixed to be
: 20 |AmM2]=2.5x1073 eV2, sirt26,;
3L ] =10, Ami,=+7X10°%eV?
[ ] and sif26,,=0.85 whereasf,;
L ] andé are assumed to be unknown.
2 ] The electron density is fixed to be
e ] Yp=1.15 and 1.4cm 3 for
1 ' _ =0. . JHF and NuMI experiment, re-
. 40 EEJ"F;$:2 g':\\; E'i::f:g_g 32\‘,’ ] spectively. For JHF and NuMI
0 Ly MmO ] both anti-neutrinos, the roles of

0 1 2 3 4 5 0 1 2 3 4 5 6 Ami>0andAmi<0 ae in
terch d.
JHF P(v,—v,) [%] erehange

given in the subsection following the-v comparison.(A tion of AY andAN. In particular, we are interested in how the
v comparison is identical to a-v but with the sign of slopes of the two “pencils” change in Fig. 1. To this goal we
AmZ, flipped) compute the slope ratio of the central axis of positva?,
to the negative\m?,. Since the central axis of the “pencil”
is obtained by equating LHS of E¢R2) to zero, the slope of
PN—PJline in Fig. 1 is simply given byr. =X"/X2. . Thus
It is worthwhile to have a simple formula which relates the slope ratio can be written as
the v,— v, appearance probabilities obtained by JHF and
NuMI both in neutrino(or anti-neutring channel. Let us re-
2 J
B
sl 5]/ (5]
2.
i |
(23)

A. Both neutrinos

N

BN
ing expression: ﬁzﬁz 2

a_ xI ] BY
T R LV
XNV 2] x T 2 )

yN AN YL (A
( 13) ( 13) 0sin5

NEINE
SEINE)

PN-PY P'-P}
XV oxd

strict, for definiteness, the following discussion to the case of Xﬁ
s 3/ | 2
2 J
B
) 5”2( 2 )/ (

the neutrino channel. Then, one can easily derive the follow-
Therefore, the behavior of the slope ratio is controlled by the
single function sifx/x2.
=2(C.cos5*=S.sind) 6. (22 To have a qualitative understanding we perform perturba-
tion expansion assuming the effects of matter are sraall,
We want to understand the behavior of two loci corre-<A;5. Noting thatB. =A 3+ alL for both JHF and NuMI
sponding to positive and negati\aternf3 in Fig. 1 as a func- we obtain, to first order in the “matter effect”:
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A0O/0 [%] for positive and negative Amz13
JHF neutrino vs. NuMI anti-neutrino

6 [ A EE AEEED B l'"//' | IR L | 'l::{,\' L | . '/ '('b') TH EN VY T Ry (V' LN L
; — Am’, >0 . :
5 . -’I - Am213<0 ’It/ / 3 :
4 f ‘ .
r FIG. 2. (Color online Iso-
i contours of A6/6 [%] are indi-
3 cated in the allowed range of
P(v,—ve) for JHF versusP(v,,
~ 2 — ) for NuMl delimited by
E [ solid (dashed lines for positive
— 1 _ ] (negative Am? for the same com-
> E, = 0.6 GeV EJ"F:g'g ge:/, ] binations of energies as in Fig. 1.
T ENuMI =1.5 GeV I NuMml — <! e 4 . . .
= 0f . T O T T T Inside each allowed region, trajec-
= h ' ' iE S tories corresponding to €26,
o ; sin’26,, = 0.09 //-;f-\ o =0.02, 0.05 and 0.09 are plotted
S 5 ¢ P 7 ] by dotted lines. The assumption
> ' g about the mixing parameters are
Z 4t the same as in Fig. 1. For JHF
anti-neutrinos and NuMI neutri-
3 f nos, the roles of Am?,
- >0 andAm?,<0 are inter-
L changed.
2
1 E,. = 0.8 GeV
JHF = U
] Eym=2.0GeV ]
0 i P PR PR PR PR i} PR PRI S U TN ST U N TN T ST S [ T S
0 1 2 3 4 5 0 1 2 3 4 5 6
JHF P(vu—we) [%]
. AN, by lowering A}; while keepingA1, fixed. Since the second
~ = 1+2| ——co > (aL) term in the RHS of Eq(24) decreases aSTS decreases and
- 13 NuMI hence the slope ratio decreases, in agreement with FHigs. 1
Al and 1b). Similarly, from Fig. 1a) to 1(c), Aj, decreases
-2 ——cot(—13 (aL) (24) while keepingAT3 is kept fixed. It should lead to a relatively
is 2 JHE small increase in the slope ratio, again in agreement with
Figs. 1@ and Xc).
Therefore, the slope of the positivemi; “pencil” is larger However, the slope of these “pencils” is not the total
than the negativémZ, “pencil” because of the larger “mat-  Story, the width of the “pencils” is also important. Although
ter effect” in NuMI. the ratio of slopes is slightly larger in Fig(c) than Fig. 1a)

To understand the energy dependence of the slope rati@€ width of the “pencils is significantly larger for Fig.(&)
we note that — cotx is a monotonically increasing function than Fig. 1a) such that the separation of the allowed regions
of X in 0=x=. Let us first examine the case ‘Zﬂs is smaller for F|g._ 1c) than Fig. 1a). The square of the
—AJ,. When the neutrino energy is increased from the osWidth of the “pencils” is controlled by the quantity
cillation maximum(which means lowering\;5's) the slope

ratio decreases, in agreement with the behavior in Fig. 1, N\2 [y 2
from Fig. 1(a) to 1(d). We have checked that lowering the A4(S2+CoH=|—| + =

BN . * = N J
energy(largerA,3's) in fact leads to larger slope ratio. How- X2 X5
ever at energies below oscillation maximum the probabilities N ; N ;

i Y Y A A
and event rates rapidly get smaller. DY R L P et e (25
The behavior of slopes of “pencils” in other parts in Fig. XN x2 2 2 )

1 can also be understood in a similar manner. From K. 1
to 1(b) the slope ratio decreases, whereas from Fig) b
1(c) it increases. The change in Figgajlto 1(b) is obtained For A?3=Ai3, the width equals
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A0/0 [%] in the overlap region of different signs of Am213
JHF neutrino vs. NuMI anti-neutrino

FIG. 3. (Color online Iso-
contours ofA 8/ 6 [%], except for
T % ] (a), are indicated in the overlap re-
//E:HF=0_6 GeV e : 1 gions of the allowed range of

Eym = 1.5 GeV : ] P(v,—ve) for JHF versusP(v,
':::.‘E:::‘::‘:'::':__..."':'/:::: b — ) for NuMI for the positive
\ and negative signs afmZ, for the
combinations of energies shown
in Fig. 2. For (a), inside the
shaded regionA 6/ 6 varies very
little, taking values close to 9%.

NuMI P(,—9) [%]

“O ]I1II”2II“3II“4“
JHF P(vu—>ve) [%]

2 ranges of theCP or T violating phases when E/L)|;ue

: (26) > (E/L)|numi [Fig. 1(c)], whereas for the choiceE(L)]|;ur
<(E/L)|numi (A7>AN) there is significant overlap between

. . the two different sign ofAmZ, allowed regiongFig. 1(b)].
and is very small. This smallness follows from the fact that,(If one moves further, say, t&;u-=0.6 GeV andEyy,

at the samed,3, the identity YY/VXY=Y9/VX] holds =25 Gev, the two pencils overlap almost completely.
(Y/{X depends only on vacuum paramejemnd ratio of  these regions no matter how accurate the experiment the sign
XY to XL is close to unity. IfAY,# A7, then YR/ XY of Am?, cannot be determined by this comparistfor JHF

Ry Ix3 and the width of the pencil grows rapidly as the anti-neutrinos versus NuMI anti-neutrinos the conclusion is
cancellation that occurs for the samg; no longer holds. the same.

YNy
(X—N—X—J

E

1 (27)

NuMI

Thus the widths of the “pencils” in Figs. (b) and Xc) are In summary, for the comparison ‘JHF f.‘e“”'”os to .NUMI
approximately equal and are much larger than the width irpeu;mnos to .be useful in the determination of the sign of
Figs. 1a) and Xd). Amis, choosing

The conclusion to be gained from these results and figures E
is that if you are making a comparison of a JHF neutrino ;(_)
experiment and a NuMI neutrino experiment to determine e L
the signAm?;, then the best separation occurs when
=AN i.e. the samé&/L for both experiments. Smaller val- is of great importance with the preference for equalL().
ues of theE are slightly preferred so that we expect the For (E/L)|;ue<(E/L)|num; there is significant overlap be-
optimum value, once all experimental issues are included, ttween the narrow allowed regions so that this is not a good
be near oscillation maximurfFigs. Aa) and id)]. Away choice for this comparison.
from the sameE/L for both experiments the separation be- Contrary to the advantage of &v comparison in the
tween the allowed region becomes worse, apart from speciaetermination of the sign oﬁimig, measurement off;5 suf-
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fers from a large uncertainty in this channel. The bi- N\2  [yd yN J\2
probalitity trajectory, for a giver#, moves nearly along the —': —5| to —;— = - (3D
direction of the “pencil” as one varies; thus, any measure- X3 X X XL

ment of the oscillation probabilities with finite resolution
cannot pinpoint the value of. To indicate this point we Note that the latter width is larger than the first width since
have plotted in Fig. 1 by numbers in % beside thin arcs theY_ /X_ has opposite sign t¥, /X, (no cancellation occurs
fractional differenceA 6/6=(6,—60,)/[(6,+ 0,)/2], where herg. Thus the width of the allowed region grows as you
6, and #, here indicate the maximal and the minimal valueslower the energies of the experiments to oscillation maxi-
of #,5 along each arc. The numbers are large, typically 3094num. This can be seen in Fig. 2; Figd? has the smallest
or even larger. width whereas Fig. @) has the largest in accordance with
In fact, it is easy to do an analytical estimate of the frac-the above statement.
tional difference. Suppose that we have measured an appear- There is significant overlap between the allowed regions
ance probability?? or PN. We assume for simplicity that we of positive and negativA m?, contours. Hence, the-» com-
know the sign ofAm13, and restrict ourselves into the case parison does not appear to be the right way for determining
of oscillation maX|mumA13 Als 7. The measured prob- the S|gn unlesss turns out to be close to &2 (m/2) for
ability allows a range of);3[21] and one can easily calculate Am13>0 (Aml3< 0) [20]. However, this comparison may
the maximal value of\ 6/ 6 within the range, which leads to be better to measuré,; if JHF operate only in neutrino
channel, as planned, and if NuMI Off-Axis is running with
sin(aL/2) significant overlap with JHF phase I. For this purpose, the
al/2 ) (28 best way of measuring,; would be to tune the energy at
oscillation maxima for both JHF and NuMI. This is just an

\/_IN
. IN ; 0 . - extension of the KMN strategh?1].
SinceP"" is a few % level, it leads to a few tens in % of the The reader may be curious as to why the slopes of the

fractional difference, in agreement with the numbers in Fig.ghrunken trajectories dt,;=  are positive inv-» compari-

= son whereas they are negativeurw comparison. This can
be easily understood as follows: The slopes of shrunken tra-
jectories inv-v comparison are given by"/YJ (YN/Y?)

We now turn to the comparison for JHF neutrinos andfor positive (negative Amf3 On the other hand, the slopes
NuMI anti-neutrinos or vice versa with fllpped SIgI’IS of in v-v Companson are g|ven by /Y‘] (YN/YJ) for pos|_
Am3,. Again one can write a simple formulas relating the tjye (negativé Am2,. SinceY. differ in sign, as in Eq(4),

A12

0
o =SiN2015Cy3

B. One neutrino and one anti-neutrino

two oscillation probabilities similar to Eq22): the latter slopes are negative definite, whereas the former are
N N 3l N N positive definite. The fact that the v trajectory is along the
P _PQ P _PQ _YI Al3 “ a1y - . . - -
_ = cod — pencil” and v-v trajectory is perpendicular to axis of the
xN X3 xN 2 “cigar” can be understood by a similar argument.

6 cosd IV. ANOTHER INTERESTING COMPARISON

When we have access iQ andv, dve beams then a compari-
son of av,,— v experiment WlthV — v, experiment will be
p055|ble3 This comparison is mterestlng because it directly
compares twoCPT conjugate processes. EPT is con-

=2(C.Ccos5* S, sind) 6. (29 served, then at the sari€L the only difference between the
oscillation probabilities forv,— v, and v— v, can come
The square of the RHS of this equation controls the square dfom matter effects. Thus this comparison is even more sen-
the width of the allowed region and is given by sitive to the mass hierarchy, i.e. the signfafn?,, than the
neutrino-neutrino comparison discussed earlier.

N\V2Z o [yd\2 For this comparison the bi-probability figure looks similar
4ST+CH=| | |5 to Fig. 1 but the difference in the slopes between the “pen-
¥ Xs cils” is enhanced because the sign of the “matter effect” is
OAWAVA] ATs Ais oppos_site forve—wv, pompareq tov,—ve and the_CP orT
+2| | o5 cos(—+ — (30 V|olat|n'g terms are |dent|c.al in sign and magnitude. There-
X3\ X% 2 2 fore this comparison provides an excellent way to separate

the two signs ofAmZ,. If we label the two experiments as J
apart from an overall factor o#?. As (AM;+Al,) varies

from 7 (both experiments at energies twice the oscillation
maximum energyto 27 (both experiments at the oscillation  3Possible ways to produce electron neutrino beams include muon
maximum energythis squared width grows from storage ringgNeutrino Factorie$31]) and 8 beamg32].
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J

In this appendix, we first explain briefly why the universal
This expression differs from that of E(R4) by the sign of  formalism with generic notations given in Table | is possible.
the third term. Here the matter effects for both experimentsThe first secret behind it is the relationship betweenand
enhance the ratio of the slopes whereas in the neutrinoy’s with different sign ofAm2,. Let us think of the expres-
neutrino comparison early there was a partial cancellationsions of the appearance probabilities in neutrino and anti-
Although at present the comparison of this section is purelyeutrino channel similar to Eq1), and define coefficient

academic, it is instructive and useful for understanding th‘?unctlonx+ as well asX.. . They can be expressed by using
general nature of the comparison of neutrino oscillation ex-
a single function X as X.=X(xAm?a) and X.

riments and will be important to test th ibilityGR T
\F/)i?)lati?)n ?nathc(ie futubrz portant to test the possibilityas? =X(*Am? —a). The similar notation can also be defined
' for Y’s. Then,

V. SUMMARY AND CONCLUSIONS X, =X.

We have presented a new general analytic formalism for
comparing two or more long baseline neutrino oscillation Yo Z—Y:, (A1)
experiments and applied this formalism to the JHF and
NuMI experiments. The combination of modes that will be ?6causeX's andY's (except for extra signare the function
important depends on the question one is asking and wh@nly of A1z=aL, which follows from theCP-CP relation in
other information is available at the time. The use of bi-129] and the approximation introduced i80]. We note that
probability diagrams like the ones presented in this papef(= @ndY. satisfy the useful identity
will be important for understanding the physics issues and

making trade-offs at the time decisions are made regarding Y_+: _ Y; (A2)
neutrino energies and modes of operation. While some of our e N

phenomenological results are similar to those found by nu-

merical studies ifn27] and[28], others are new. Next we present general solutions of Ef). whose valid-

In general, both the neutrino or both anti-neutrino com-ity extends any combinations of channels tabulated in Table
parison is useful for determining whether the mass hierarchy. For any given process and sign afm?, there are two
is normal or inverted, i.e. the sighmi;. However, it is  solutions to these equations which we will label b (5,)
important here that the experiment with the larger “matterand (,,8,). Equationg6) can be solved for th€ P phases
effect” (longer baseline, NuMIhave a smaller or equal neu- for either sign ofAm§3 as
trino energy over baselind&/L, than the experiment with
smaller “matter effect”(shorter baseline, JHFThis is the sindy ,=[—SAP=C\/S?+C?—(AP)?]/(S*+C?)
principal new phenomenological result of this paper. If the
JHF experiment runs first, then NuMI should also run at a cosd ,=[—~CAP=S S°+C?—(AP)?]/(S*+C?).
similar or smallerE/L to provide the best sensitivity to the (A3)
different mass hierarchies. The separation between the differ-
ent mass hierarchies is reduced if the NuEHlL is higher ~ Notice that with this choice of signs Sifi+cos’s=1, and
than the JHFE/L. The size of the small mixing anglé,;;,  the variablesAP, S andC are defined as
cannot be determined to better than about 30% with this

comparison alone. pe— ph_ pB
The one-neutrino—one-anti-neutrino comparison is in gen- Ap=

eral most useful for determining the size of the small mixing

angle,f;3 and theCP or T violating phase’. It could also be

useful in determining the mass hierarchy provided nature S=
does not choose the large overlap region in the bi-probability

plot. For this comparison, the uncertainty éq; from the N P
degeneracy issue is not important until the experimental CE[—R“COS{A )-i—RBCOS(A )
resolution infd,5 is better than 10%. 2

[A® AP
R%sin| — - —RBsin| —

2

. (A
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where we have defined the variable

a

R=

2X« (83)

which appears frequently. The correspondifig are then
given by

(A [(PP—PE)
01’2— R Sln(7> T
AP\ [(P*=Pg) A® AP
_ RBsin — Y Rasin — | RAsinl —
Rsm(z) +R sm(2 RPsin >
A“ AP " Reei A“
X cot7—cot7 COSSy » sin| -
AB
—Rﬁsin(7 . (AB)

Under the interchange af and B, 6, &, and 6, 6, as it
should. Also for useful experiments caf{{2) is always fi-
nite. These two solutions coincidé; = 6,, when the coeffi-
cient in front of the cog, , term vanishes or c@=Co0sJ,.
The first possibility occurs wheh“=A# or A%=+ 7=

+AP. While the second occurs at the edge of the allowed

region when the square root in E@3) vanishes.
The allowed region in P? P%) bi-probability space is
given by

A® AP
(AP)?<S+C?=(R*)*+(RF)?~ ZR“RBCOS( - - 7) :
(A7)

This region is determined by requiring the siand cos’ to

PHYSICAL REVIEW D 68, 013010 (2003

controls the separation of the two boundaries and hence the
size of the allowed region. Depending on the value &f (
—AP) this can range fromAP)?=(R*—R*)? when (A“
—AP)=0, 27--- to (AP)?>=(R*+RF)? for (A®—AP)=
*a,*37 ... . Which of these two extremes gives the
larger allowed region depends on the relative signRoand
RA. This will be very important since the relative signs
changes as we go from both neutringsr both anti-
neutrinog to one neutrino and one anti-neutrino processes.
Let us now compute the difference between two solutions
of 8. One can show by using EGA3) that

A (AR
R sm(7)—R S|n(7”

A* AP\
(RY)?+ (RP)2—2R*RPcog — — —
2 2
(A9)
One can easily check that EGA9) reduces to Eq(45) of
[23] if we takeA*= — AP, The relationshigA9) implies that

(52:77_51

A* AB

R%sin| — | — Rfsin| —

2 2

+2arcsin
) £ 5 5<A“ AP
RY)“+(RP)*—2R*“RPcod — — —
(R")“+(R”) > 2
(A10)

where use has been made of the relation arcco@x?)
=2arcsix. Thus the second solutio@, differs from
— 61 by a constant which depends on the energy and path
length of the neutrino beams as well as on the process but
not on the mixing anglé®, 5 for any two-experiment compari-
son. This generalizes the result obtained4s].

At the oscillation maximum|A¢|=|A#|== and cos§,

be real. The boundary is determined by the equality in Eq+8)=—1, i.e. §,=7— &,. This is a reflection on the fact

(A7). Thus the quantity

a B
(Ra)2+(Rﬁ)2—2RaRBcos<A7— A?) (A8)

that at oscillation maximum the trajectory in the bi-
probability space is an ellipse with zero width as can easily
be seen from Eq(l) as there is no dependence on &as
this point.

APPENDIX B

We evaluate the correction to the relationship between two degenerate solutidimsef and v—?comparison. Let us first

discussv-v comparison first.

We expandS’, , C’., andAP’, at around the JHF parameters. For simplicity, we only deal with the &8lseA’. They

read

J J J
' eal Y3 | . [As|| (al’}_ (B.
Si—S?:iZ E SIH(T g T 9(7 (Bl)
& Af\[ (aL’ B
, J 2 e 13 _ *
=T ‘m( 2 ) 92 9( 2” (B2
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N N
AP, =APLF - X 95| (B3)
wheree,=(aL)N—(aL)’. We have defined the functiamas
1
9(x)= 3 —cotx. (B4)

The functiong monotonically increases inOx=< .
Then, sing,— &) in Eq. (14) can be expanded to first orderép as sing;— 8;)=C"N Je,. The coefficienCN ™7 is given by

. S¢? [al?) 1 AP, B B 1 S'C’ AP, B2 B aL’
CN=——g| |+ =—=5|9 5| +9| 5| |+ 95|95 |20\ 5~
D "\ 2] 4 DI-AP3l7\ 2 2 2sim? D? (D)-AP3[7\ 2 2 2
SR Yo 1 S O N . O a3 e
8 p’ |\xI 92 x| 92 2 \D’-AP} X3 972 X2 912

whereS’, C’, andA P, indicate, respectively, the,— 0 limit of S, C’, , andAP’. (or superscripi replaced byl). Notice
thatAP) = — AP’ =AP, in the limit PN=P’ and thatS} =S’ =S’ andC]=C’ =C’.

Now we turn tov-v comparison. In this case there is no zeroth order teri@.iretc. for reasons explained in Sec. Il A.
Instead they start with the first-order termsdg. We do not give the details but just mention that §jr{3;) is given to
first-order by

PJ
Sin(6,— 63)= al? al?
Yyl 1+g 2 . 972"
XIXT B BY
2 972
aLJ 2 aLJ 2
(Y2)? 972 (Y2)? 972
X9 sin(AY)| 1+ -1 1+ —1 | —coqA’
A 4x3 p? g(i) axiedl T %) 49
2 2
B aLJ 2 r aLJ 2
(Y2)? 972" (Y2)? 972
1+ —1- 1+ —1] . B6
4%3 p? B 4x2 p? B (B6)
| 972 | 92

One can show that&; — &3) is in the second quadrant because 6ps@;)<<O in our convention.
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