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Abstract: Multiplicity fluctuations play a crucial role in relativistic heavy-ion collisions. In this
work, we explore how the multiplicity fluctuations can be effectively suppressed in the measurement
of particle correlations. In particular, through proper normalization, particle correlations can be
evaluated in a manner irrelevant to multiplicity. When the multiplicity fluctuations are adequately
extracted, Monte Carlo simulations show that the remaining correlations possess distinct features
buried in the otherwise overwhelming fluctuations. Moreover, we argue that such a normalization
scheme naturally agrees with the multi-particle correlator, which can be evaluated using the Q-vectors.
The implications of the present study in the data analysis are also addressed.

Keywords: collective flow; particle correlation; hydrodynamic model

1. Introduction

Collectivity is one of the most prominent features of the hot and dense matter produced
in relativistic heavy-ion collisions. It is characterized by the flow harmonics that can be
extracted from the hadrons’ azimuthal distribution and correlations. It is understood that
such collective flow is primarily generated during the hydrodynamic or transport evolution
stage, where the dynamics of the strongly coupled quark–gluon plasma is governed by an
effective description attained at the long wavelength limit [1–9]. As an effective theory, the
system’s degrees of freedom are the components of the continuum’s energy–momentum
tensor. The relevant system of equations of motion is closed by further furnishing the
information and assumptions regarding the matter’s equation of state and viscosities. In
principle, this can be derived from the underlying microscopic theory. Hydrodynamical
evolution plays a crucial role in understanding the relationship between the empirical
data from the heavy-ion collisions and the system’s initial conditions. As the input of
the hydrodynamic model, the initial conditions are expressed mainly in terms of the
energy–momentum tensor. The hydrodynamic evolution is responsible for transforming
the initial-state geometric deformation and fluctuations into the final-state anisotropy in
the momentum space. In this regard, it is a consensus that the collective flow and particle
correlations carry crucial information on the hot and dense system created in the heavy-ion
collisions [10–22].
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The collective flow is defined in terms of flow harmonics vn, which are the Fourier
coefficients of the one-particle distribution function in azimuthal angle ϕ [23]:

dN
dϕ

(ϕ) =
N
2π

[
1 + ∑

n=1
2vn cos n(ϕ−Ψn)

]
, (1)

where N is the multiplicity of a given event, and the event planes Ψn are generally different
for individual harmonic orders. Different harmonic coefficients carry different physical
interpretations. The elliptic flow v2 is due mainly to the initial geometric shape of the
collision system [11,24,25]. The latter is speculated to have an almond shape dictated by the
overlapping area of the two nuclei. On the other hand, the triangular flow v3 is primarily
attributed to the fluctuations of the initial conditions [12], taking place on an event-by-event
basis. Various numerical methodologies have been developed to deduce the value of
flow harmonics vn from the experimental data. The classic event plane method [23,26] is
structured to approximate the event planes Ψn as represented in Equation (1). A salient
feature of this method is tied to the inherent challenge that the reaction plane [12] is not
directly observable in experiments. Furthermore, a few methods involve the concepts of
Q-vectors and cumulants [10,27–29]. A notable advantage of these approaches is their capa-
bility to obviate the event planes from Equation (1). Also, the expression for the cumulant
can be succinctly portrayed through the generating function [27]. The relevant methods
consist of particle cumulants [27,28], Lee–Yang zeros [30–32], symmetric cumulants [33], as
well as their generalizations [34–36]. Maximum likelihood estimation can also be utilized
to analyze the flow harmonics [37]. Extensive efforts, including numerical simulations,
have been carried out to investigate the collective flow. These include the elliptic [38–41],
triangular [42–46], and higher-order harmonic coefficients [47–54]. The connection between
the initial geometric anisotropy and the final-state flow harmonics has been a relevant topic
in the literature [13,20–22,49,55–60].

A pertinent feature of the collective flow resides in its fluctuations. On the one hand,
these fluctuations carry crucial information on the initial eccentricities associated with the
dynamics of the partonic degrees of freedom governed by the underlying microscopic
model. On the other hand, even though one has an infinite number of events, an individual
event finite multiplicity also gives rise to additional fluctuations [37,61], owing to statistical
uncertainty. Specifically, as we average over a significant number of events, the variance of
the flow harmonics remains finite. The latter does not vanish even when the event-by-event
fluctuations in the initial conditions are entirely eliminated. Even though these two types
of fluctuations are distinct in their physical origin, they might be indistinguishable from an
empirical point of view.

Particle correlation at intermediate and low transverse momentum is another relevant
observable that provides valuable information on the properties of the created medium. In
practice, the correlated di-hadron yields are expressed in the pseudo-rapidity difference ∆η
and azimuthal angular spacing ∆ϕ. Strong enhancement was observed [62–71] compared
to those at high transverse momentum [72,73]. The correlation on the near side is usually
referred to as “ridge”, a manifestation of long-range correlation in pseudo-rapidity. The
structure features a narrow ∆ϕ peak and a sizeable extension in ∆η about a few units. On
the away side, the observed correlations present interesting features, usually known as
“shoulders”. Specifically, a double peak is observed for certain centralities and transverse
momentum ranges. These structures, for the most part, can be interpreted as a medium
effect owing to the hydrodynamical evolution of the system and in terms of the triangular
flow [12,13,17–19,22,42–46,74,75]. Besides the A + A collisions discussed above, the long-
range correlation and collective flow have also been observed in small systems associated
with p + A and p + p collisions by the CMS [76–79], ATLAS [80,81], and ALICE [82–84].
It is important to note that the observed ridge is more pronounced in high-multiplicity
events. Efforts have been made to understand the main features of the data in terms of
gluon saturation [52,85], parton-induced interactions [86], string shoving [87,88], collec-
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tive phenomena due to hydrodynamic [89–91] or transport [92] behavior, as well as by
simulations such as PYTHIA8 [93].

Specific features of the long-range correlations have been explored more thoroughly
by investigating their centrality and trigger-angle dependence. PHENIX collaboration
analyzed the resulting two-particle correlations as a function of centrality [66], defined
in terms of multiplicity. As the system progresses from the central to more peripheral
collisions, the away side of the two-particle correlations evolves from one single peak to a
double peak. STAR Collaboration reported measurements [94] of two-particle azimuthal
correlations as a function of the trigger particle’s azimuthal angle concerning the event
plane, denoted by ϕs = |ϕtr−ΨEP|, evaluated for different trigger and associated transverse
momenta pT . Later, the analysis [95,96] was developed further with an attempt to separate
the “jet” from the “ridge”. In other words, the motivation of the study is to obtain the
resulting two-particle correlations due to the mini-jets by removing the contributions
owing to the collective flow. Specifically, the ridge yields are extracted by introducing
a rapidity gap |∆η| while counting hadron pairs. While implementing the procedure,
one also assumes that the ridge possesses a uniform in ∆η direction, but the jet does not.
In Refs. [95,96], a cut of ∆η > 0.7 is applied on the pseudo-rapidity difference between
the trigger and associated particles aiming at minimizing the near-side jet contributions.
The above recipe is qualitatively in accordance with the theoretical estimations [97–102]
and experimental measurements [103–107] on jet shapes, particularly the event-plane
dependence of jet shapes explored by STAR Collaboration [106]. Nonetheless, in applying
such a refinement, the residual correlations exhibit some intriguing characteristics. The
most recent study (c.f. Figure 7 of [96]) showed that the away-side structure evolves from
the in-plane to out-of-plane directions. To be more specific, the correlations vary with ϕs on
both the near side and away side of the trigger particle. The near-side peak drops when the
trigger particle moves from in-plane to out-of-plane, and the correlations in the away-side
might evolve from single to double peaks with increasing ϕs.

Interestingly, hydrodynamic calculations using the SPheRIO code [15,108–113] pro-
vides a good description [17–22,57,74,75,114–116] for many observed characteristics of
the ridge in A + A collisions. Besides reproducing the results numerically using the hy-
drodynamic approach [74], many features related to the long-range correlations can be
explained in terms of a peripheral tube model [17,18]. Analytic calculations have shown
that correlations of different origins can be primarily viewed to contribute in a separate
fashion, giving rise to the observed ridge and shoulder. The model was further elaborated
to discuss the event-plane dependence [57] and centrality dependence [20,21] where the
rapidity gas was also considered. Regarding the peripheral tube model, the evolution of the
correlation structure on the away side is attributed to an interplay between triangular flow
and multiplicity fluctuations. As discussed in [20,57], the resultant two-particle correlations
consist of two contributions. The multiplicity fluctuations of the background dominate the
first one, while the second can be attributed to the peripheral tube. However, the magnitude
of the second term does not affect the overall multiplicity. Such an idea has been confirmed
and further explored in terms of realistic simulations [22,115]. Moreover, the approach
based on the peripheral tube model agrees very well with the qualitative properties of the
Fourier coefficients of the two-particle correlations extracted from the data [117]. These
results indicate that the contributions associated with the overall multiplicity fluctuations
separate from the remaining contribution related to the eccentricities in the initial condi-
tions. The information carried by the latter can be extracted if the multiplicity fluctuations
are eliminated. The present study is mainly motivated to elaborate a scheme to suppress
the multiplicity functions from the two-particle correlations. As a result, one gains direct
access to particle correlations associated with the initial geometric fluctuations.

The remainder of the present paper is organized as follows. The following section
briefly reviews the peripheral tube model and its role in interpreting the observed features
in the two-particle correlations. In Section 3, we elaborate on a scheme of normalization in
calculating particle correlations to eliminate the multiplicity fluctuations. Also, we discuss
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the normalized Q-vectors. Numerical simulations are carried out and demonstrate how the
scheme works. The last section is devoted to further discussions and concluding remarks.

2. The Peripheral Tube Model

The peripheral tube model [5] provides an intuitive picture of the triangular flow’s
generation and the ridge structure’s origin in the two-particle correlations. The approach
quantifies the essential feature in the event-by-event fluctuating initial conditions in terms
of some local variables instead of a few global deformation parameters, such as eccen-
tricities. Based on heuristic arguments and numerical simulations, it is argued that the
local expansion of a few high-energy spots close to the boundary of the transverse profile
primarily generates the triangular flow. Each hot spot extends along the longitudinal
direction and forms a tube-like structure. In the framework of the peripheral tube model,
the origin of the ridge and shoulder structure can be consistently understood. In the
literature, the long-range two-particle correlations are mainly attributed to higher-order
flow harmonics and the essentially linear relation between initial eccentricity and flow
anisotropy [12,13,22,49]. The peripheral tube model offers a different perspective in this
regard. One might argue that, in terms of the relations between eccentricities and flow
harmonics at different orders, it is not straightforward to visualize the underlying physical
mechanism. Specifically, numerical simulations have not convincingly established a well-
defined linear response relation for individual orders of azimuthal expansion between the
initial conditions and final flow [49,58]. Therefore, the peripheral tube model serves as an
alternative to explain the observed features in a two-particle correlation. A more decisive
discrimination between the different viewpoints is the evaluation of particle correlations as
a function of the emission’s location, which is not feasible to date.

The peripheral tube model’s initial conditions are constructed reminiscent of those
generated by the event generator NEXUS [118] and EPOS [119]. Specifically, the initial
energy distribution is given as a summation of two contributions: the background and
peripheral tubes. In principle, the former can be obtained by averaging the distribution over
many events from the same centrality class. The latter consists of independent high-energy
spots close to the system’s surface, referred to as the peripheral tubes. As discussed below,
the system’s rapid expansion is deflected by the peripheral tube, leading to multiplicity
fluctuations and a few flow harmonics associated with the tube. It is noted that such a
phenomenon related to the tube is local, as it will not be perceived by the remainder of the
system. Subsequently, the properties of the entire system are obtained by the superposition
of individual tubes.

Regarding the collective flow, the analytic version of the peripheral tube model [57]
assumes that the hydrodynamic evolution that generates the two-particle correlations is
composed of two parts. The first one is associated with the background energy distribution
of the initial conditions, which largely dominates the resultant flow harmonics. The
background particle distribution is mostly governed by an almond shape which generates
the elliptic flow primarily. On an event-by-event basis, it is also subject to multiplicity
fluctuations. Specifically, the one-particle distribution is not given directly using a Fourier
expansion Equation (1). An individual fluctuating event is given as a sum of two terms:
the distribution of the background and that of the tube.

dN
dϕ

(ϕ, ϕtube) =
dNbgd

dϕ
(ϕ) +

dNtube
dϕ

(ϕ, ϕtube), (2)

where

dNbgd

dϕ
(ϕ) =

Nbgd

2π
(1 + 2vbgd

2 cos(2ϕ)), (3)

dNtube
dϕ

(ϕ, ϕtube) =
Ntube

2π ∑
n=2,3

2vtube
n cos(n[ϕ− ϕtube]). (4)
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In Equation (3), one considers a simplified scenario where the background flow is essen-
tially the elliptic one, parametrizing the flow harmonic vbgd

2 and the overall multiplicity
Nbgd. The contributions from the peripheral tube are measured with respect to its angular
position ϕtube. To reproduce the desired structure in the two-particle correlations, one
introduces a minimal number of Fourier components, encoded in vtube

2 and vtube
3 . It is

noted that the contribution associated with the peripheral tube is considered independent
between different events, mainly when the event average is performed for the mixed event
correlations. We also note that in this model, the triangular flow is exclusively generated
by the tube. Its symmetry axis is aligned with a fraction of the elliptic flow and both are
correlated to the tube’s location ϕtube. We assume that the flow from the background is
much more significant when compared with those generated by the tube. Therefore, the
event plane Ψ2 is primarily governed by the elliptic flow of the background vbgd

2 .
Following the methods used by the STAR experiment [94–96], the subtracted di-hadron

correlation is defined as

〈
dNpair

d∆ϕ
(ϕs)〉 = 〈

dNpair

d∆ϕ
(ϕs)〉prop − 〈

dNpair

d∆ϕ
(ϕs)〉mix, (5)

where ϕs is the trigger particle’s angle, which is not integrated differently from most
calculations. By using Equation (2), the proper two-particle correlations can be evaluated
using the following form:

〈
dNpair

d∆ϕ
〉prop =

∫ dϕtube
2π

f (ϕtube)
dNT

dϕ
(ϕs, ϕtube)

dNA

dϕ
(ϕs + ∆ϕ, ϕtube), (6)

where f (ϕtube) is the distribution function of the tube, and superscripts “T” and “A”
indicate “trigger” and “associated” particles, respectively. For instance, in a realistic
scenario, f (ϕtube) might possess a fraction of elliptic modulation, owing to the almond-
shaped initial condition.

The combinatorial mixed-event two-particle correlations 〈dNpair/d∆ϕ〉mix can be cal-
culated by using either the cumulant or ZYAM method [120,121]. While both methods
yield very similar results in our model, it is more illustrative to evaluate the cumulant.

By taking f (ϕtube) = 1 for simplicity, the resultant two-particle correlations read [57]

〈
dNpair

d∆ϕ
(ϕs)〉(cmlt) =

〈N2
bgd〉 − 〈Nbgd〉2

(2π)2 (1 + 2vbgd
2 cos(2ϕs))(1 + 2vbgd

2 cos(2(∆ϕ + ϕs)))

+

(
Ntube

2π

)2

∑
n=2,3

2(vtube
n )2 cos(n∆ϕ), (7)

where the two terms on the r.h.s. of Equation (7) are modulated by the background flow
harmonics vbgd

2 and those originated from the tube vtube
n . The first term on the r.h.s. is

dominated by the variance of the background multiplicity, namely 〈N2
bgd〉 − 〈Nbgd〉2. In

other words, the background multiplicity originating from the proper events does not
entirely cancel out with those from the mixed event, and the residual is proportional
to the overall multiplicity fluctuations. The first term competes with the second term,
which is proportional to Ntube, and measures the event-by-event local fluctuations. The
physical content of the second term exclusively resides on the deflected flow associated
with the peripheral tubes. As the summation starts at n = 2, the magnitude of Ntube will
not affect the event multiplicity. Although the second term does not alter the system’s
overall multiplicity, it modifies the flow harmonics leading to local flow and multiplicity
fluctuations.

The above model can be put into the context of the event-plane and centrality de-
pendence of the observed two-particle correlations [20,21,57]. In particular, the above
expression, Equation (7), explicitly depends on ϕs, which can be used to study the event-
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plane dependence of the correlation. The trigonometric dependence of the background
contribution on ϕs indicates that its contribution to the out-of-plane triggers is opposite
to that for the in-plane ones. At the out-of-plane direction, there is an overall suppression
in the correlations’ amplitude, as well as the formation of a double-peak structure on the
away side. Specifically, the observed evolution of the correlation structure on the away
side ∆ϕ ∼ π can be readily derived as one considers the in-plane trigger with ϕs = 0
and the out-of-plane trigger ϕs = π/2. Indeed, experimental data [94–96] show that the
overall correlation decreases while the away-side correlation evolves from a single peak
to a double peak as ϕs increases. Since these observed features agree with the analytically
derived results, the peripheral model is meaningful despite its simplicity. We note that
such an argument remains mostly unchanged if the ZYAM scheme is employed to subtract
the mixed event contribution.

Besides the rational analysis, numerical simulations have also been performed and
such a picture has been confirmed [22,115]. As shown in Figure 1, as the system quickly
expands, it is deflected and generates elliptic and triangular flows that are naturally aligned.

Figure 1. The peripheral tube model’s initial conditions and the temporal evolutions evaluated
at different instants τ = 1.0, 3.0, 5.0, and 7.0 fm/c. The color scale describes the energy density
expressed in GeV·fm−3. The vectors represent the fluid velocity, whose magnitude is shown relative
to that of the speed of light, indicated by the vector at the bottom-right corner.
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As mentioned above, the flow fluctuations originating from the initial conditions
are understood to be of physical relevance. On the other hand, the overall multiplicity
fluctuations are associated mainly with events of different centralities and therefore are less
interesting. In the following section, we elaborate a scheme to normalize the resulting parti-
cle correlations by suppressing the multiplicity fluctuations. Regarding the peripheral tube
model, the scheme aims to effectively eliminate the first term on the r.h.s. of Equation (7).

3. A Normalization Scheme to Suppress the Multiplicity Fluctuations

In this section, we elaborate on a scheme to suppress the multiplicity fluctuations
in calculating two-particle correlations. The numerical simulations are carried out using
the hydrodynamic code SPheRIO [4,5]. These calculations are performed for the initial
conditions generated by placing a high-energy tube on top of the background energy
density distribution, reminiscent of the main feature provided by a microscopic event
generator, such as NeXuS [118,122] and EPOS [119,123]. Specifically, a fit to the almond
shape of the initial conditions for the 20–40% centrality window gives rise to the following
energy distribution:

ε = εbgd + εtube, (8)

where

εbgd = ε0(9.33 + 7r2 + 2r4)e−r1.8
, (9)

with

r =
√

0.41x2 + 0.186y2 .

and the profile of the high energy tube is calibrated to that of a typical peripheral tube in
NeXuS IC

εtube = 12e−(x−xtube)
2−(y−ytube)

2
, (10)

where the tube is located at a given value of energy density close to the surface, whose
coordinates on the transverse plane read

xtube =
rtube cos θ√

0.41 cos2 θ + 0.186 sin2 θ
(11)

ytube =
rtube sin θ√

0.41 cos2 θ + 0.186 sin2 θ
,

where the azimuthal angle of the tube θ is randomized among different events, and the
parameter rtube is chosen to be 4.3 fm in the calculations. Using the above parametrization
for the initial conditions, one then solves the hydrodynamic equations with the SPheRIO
code and evaluates the resultant two-particle correlations. The event-by-event fluctuations
of the initial conditions are implemented by introducing a normal distribution in the
background

ε0 ∼ N(ε̄0, σ2), (12)

where the mean ε̄0 = 1.0, and the variance σ2 = 0.01, at the initial instant τ = 1.0 fm/c.
Here, the position variables, r, x, y, are expressed in the unit of fm, and the energy densities
ε and ε0 are in the unit of GeV·fm−3.

The initial conditions are assigned to SPheRIO, where the hydrodynamic equation is
solved numerically on an event-by-event basis and the fluctuations in the initial energy
distribution are considered. We generate 1000 events to simulate the 200 A GeV Au–
Au collisions. At the end of the hydrodynamic evolution of each event, a Monte Carlo
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generator is employed to perform hadron emission in the Cooper–Frye prescription. In our
calculations, the Monte Carlo process is carried out 50 times for a given event. Subsequently,
the hadron decay is also considered.

In Figure 1, we present the peripheral tube model’s initial conditions and the temporal
evolutions at different time instants. While the system expands, it can be observed that the
flow is deflected by the high-energy tube, which gives rise to a local triangular component.
The velocity vectors indicate that the flow near the tube is primarily directed in two
directions, forming an angle of approximately 60 degrees, observed in the profiles at
τ = 5.0 and 7.0 fm/c. As discussed below, the latter is also demonstrated in the resultant
two-particle correlations.

To evaluate di-hadron correlations, the combinatorial background is evaluated using
the two-particle cumulant. The background modulation is then subtracted from the proper
two-particle correlations according to Equation (2).

In Figure 2, we present the subtracted two-particle correlations in solid black curves.
The obtained correlation structures are evaluated and shown for different trigger angles
from the in-plane to the out-of-plane directions. The calculated correlations as a function
of ∆ϕ vary for different trigger directions, particularly on the away side. In the in-plane
direction, the correlations exhibit a single peak on the away side that is broader than the
near-side one. The correlation structure on the away side continuously involves forming
a double peak in the out-of-plane direction. This characteristic is in agreement with the
STAR measurements.

However, one may also perform the numerical simulations by manually removing the
event-by-event fluctuations in the background. This can be achieved by assigning σ = 0
in Equation (12). The rest of the calculations essentially remain the same. The red dashed
curves in Figure 2 show the resultant subtracted two-particle correlations.

When compared against the solid black curves, it is observed that the evolution of
the correlation structure from the in-plane to the out-of-plane directions is significantly
suppressed. As a matter of fact, the two-particle correlations mostly remain unchanged.
This can be intuitively understood by observing Equation (7). The first term on the r.h.s. of
Equation (7) is proportional to the background multiplicity fluctuations, primarily governed
by the fluctuations in Equation (12) in the initial conditions. The second term on the r.h.s.
of Equation (7) is governed mainly by the local flow deflection associated with the tube,
which stays unchanged for different events. As one removes the overall fluctuations by
taking σ = 0 in Equation (12), the first term on the r.h.s. of Equation (7) is significantly
suppressed. As a result, the two-particle correlations are less significant in magnitude and
are essentially governed by elliptic and triangular flow components related to the tube. In
other words, the numerical simulations indicate that analysis leading to Equation (7) is
relevant.

Based on the above arguments, we propose the following scheme for calculating the
two-particle correlations using the cumulant as shown in Figure 3. Instead of using all the
emitted hadrons, one normalizes the multiplicity of different events to their average value
when evaluating particle pairs. Specifically, if one event has more hadrons than the average
number, excessive ones will be cast away. These hadrons will be chosen randomly. On the
other hand, if one event has fewer hadrons than the average number, the insufficiency will
be compensated by randomly choosing some hadrons for a second time. By employing
the above strategy, one always has the same number of hadron pairs in calculating the
cumulant. The multiplicity fluctuations will be effectively removed.

In Figure 2, the empty blue circles indicate the resultant two-particle correlations when
the proposed suppression scheme is implemented. The results are satisfactory, as the empty
blue circles essentially sit on top of the red dashed curves. The subtracted two-particle
correlations do not vary significantly as one moves from the in-plane to the out-of-plane
direction. Compared to the analytic result, it is understood to be essentially governed by
the r.h.s. of Equation (7).
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Figure 2. The subtracted two-particle correlations for three different scenarios. The two-particle
cumulants calculated for the event-by-event fluctuating initial conditions (denoted as IC in the
legend) are shown in solid black curves. Those obtained for averaged initial conditions are presented
in dashed red curves. The results of implementing the proposed scheme for the event-by-event
fluctuating initial conditions are shown in empty blue circles.
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Figure 3. The flowchart of the proposed suppression algorithm.

Before closing this section, we note that there is an alternative perspective to under-
standing the above normalization process. In general, the multi-particle correlators and
cumulants can be analyzed in terms of the moments [124]

µn1,n2,··· ,nN = 〈ei(n1 ϕ1+n2 ϕ2+···+nN ϕN)〉, (13)

which can be further evaluated using Q-vectors [33]

Qn,p =
M

∑
k=1

wp
k einϕk . (14)

Similar to the normalization in the two-particle correlations, the moments defined in
Q-vectors must be calculated in a multiplicity-independent fashion. For instance, the
calculation involves the following term (c.f. Equation (19) of [33])

N〈2〉n1,n2 = Qn1,1Qn2,1 −Qn1+n2,2 =
M

∑
k1=1

ein1 ϕk1

M

∑
k2=1

ein2 ϕk2 −
M

∑
k3=1

ei(n1+n2)ϕk3 , (15)

which must be normalized by the denominator

D〈2〉n1,n2 = N〈2〉0,0, (16)

so that multiplicity does not enter the ratio N〈2〉n1,n2 /D〈2〉n1,n2 .
Also, the event-average part of the cumulant does not explicitly involve multiplicity

and its fluctuations. As an example, the two-particle cumulant is defined as follows [125]:

〈〈ein(ϕ1−ϕ2)〉〉 = 〈ein(ϕ1−ϕ2)〉 − 〈einϕ1〉〈e−inϕ2〉, (17)
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where the average 〈· · · 〉 includes the average involving all the hadrons for a given event
and the event average. For the latter, the difference in multiplicity between different events
should not play a role.

4. Concluding Remarks

In this study, we elaborate on a scheme to suppress the multiplicity fluctuations in
the two-particle correlations. The suppression is achieved by adequately normalizing the
multiplicity when forming the pairs for the proper and mixed events in the calculations
of particle correlations. As a result, the cumulants are obtained in a manner irrelevant to
multiplicity. As the multiplicity fluctuations are adequately extracted, the resulting two-
particle correlations demonstrate the main features governed by the peripheral tube model.
The latter was shown numerically by using Monte Carlo simulations. Such a normalization
scheme naturally agrees with the multi-particle correlators typically evaluated in terms of
the ratio of the Q-vectors.

The present paper is mainly devoted to analyzing particle correlations in the context
where the collective flow dominates. Although essentially indistinguishable from an
empirical perspective, particle correlations emerge due to different physical origins. In
relativistic heavy-ion collisions, collective flow, conservation laws, relics of minijets, and
HBT interferometry all contribute to the resultant two-particle correlations, particularly
the “ridge”. To effectively obtain the relevant physical content, it is essential to develop
observables for which specific irrelevant contributions to the fluctuations can be suppressed
or separated. In this regard, one can utilize the empirical observables to extract information
on the initial states, which also feature intrinsic fluctuations owing to the underlying
microscopic physical system. The attempt to separate the contributions of different physical
mechanisms has been a continuous effort from both the theoretical and experimental sides.
The role of collective flow on particle correlation and the related cumulant approach was
first elaborated and promoted by Borghini, Ollitrault et al. [27,125]. It was proposed to
use particle correlation to extract the information on flow harmonics and was further
developed [28] with the use of Q-vectors aside from the generating functional in practice.
These studies were primarily based on the assumption that the collective flow entirely
governs the observed particle correlations. As pointed out in Ref. [27], the non-flow’s
impact typically becomes suppressed by the flow as the event multiplicity increases and
as one considers multi-particle correlations. Experimentalists have widely used these
cumulant approaches to obtain flow harmonics involving an average between events of
different multiplicities, where multiplicity fluctuations inevitably play a role. In Ref. [28], it
was suggested that one might assign a weight to the event average, while the best approach
might be to calculate the cumulants at a fixed multiplicity and then average over the
entire event sample. For a given centrality window, this is because that the multiplicity
fluctuations are mainly of statistical origin. The latter can be attributed to the finite size of
the centrality window or the finite multiplicity [37,61,126,127], which are largely irrelevant
to the physics of interest. In this regard, the proposed method is inspired by the above
observation and the analytic results encountered in [57].

In our calculations, we only elaborate on the two-particle cumulant. But following
this train of thought, one may generalize the two-particle cumulant

〈ei2(ϕ1−ϕ2)〉

to the four-particle cumulant

〈ei2(ϕ1+ϕ2−ϕ3−ϕ4)〉 = 〈ei2(ϕ1+ϕ2−ϕ3−ϕ4)〉− 〈ei2(ϕ1−ϕ3)〉〈ei2(ϕ2−ϕ4)〉− 〈ei2(ϕ1−ϕ4)〉〈ei2(ϕ2−ϕ3)〉,

using the same reasoning that was employed to derive Equation (7). Again, mixed event
correlation will not include any contribution between the background and the tube, as
it cancels out in the event-by-event average. Intuitively, the resulting expression will
involve higher moments of the multiplicity fluctuations such as 〈N4

bgd〉 − 〈N
2
bgd〉

2, which is
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expressed in terms of angle differences ϕ1 − ϕ4, ϕ2 − ϕ3, and ϕ1 − ϕ3. Unfortunately, to
our knowledge, it seems that such measurements are not straightforward and have not
been performed experimentally.

Regarding the application of the proposed method, the present study involves a
scheme primarily devoted to suppressing the multiplicity fluctuations in A + A collisions.
For such a scenario, events are typically characterized by high multiplicity, ensuring
that collective flow emerges and dominates the resultant particle correlations. Moreover,
the numerical simulations presented in this work show that the proposed scheme can
indeed effectively suppress the multiplicity and extract relevant information on particle
correlations. The good agreement with the theoretical results is not difficult to understand
because the latter’s dynamics are primarily hydrodynamics. It is also noted that one
can always normalize residual correlations by the number of particle pairs to compare
to the simulations or experimental data. On the other hand, one must point out that one
encounters a somewhat different physical picture for small systems. The magnitude of
the multiplicity of the underlying event may determine whether collectivity plays a role
in the produced matter. Events with different multiplicities are likely to be governed by
entirely distinct physical mechanisms. Even in the framework of the tube model, if one
randomizes the number of tubes to the extent that it affects the overall initial geometric
shape of the underlying event, the multiplicity fluctuations will be entangled with those
of flow harmonics and substantially affecting the validity of the approach. Therefore,
special care should be taken regarding the apparent suppression of multiplicity fluctuations
between such events by employing the proposed algorithm, which might indiscriminately
eliminate crucial physical content. Nonetheless, we understand that the proposed approach
can be applied to the same extent as the cumulant method. Even with a reasonable degree of
flow fluctuations, the procedure can be performed to extract flow harmonics, as performed
by the experimentalist. In this context, the method can be viewed as an alternative to the
existing approaches. Specifically, when comparing its deviation from the others, a measure
of uncertainty exists between the available means to extract flow harmonics from the data.
Regarding numerical simulations, it is relevant to perform more detailed analyses regarding
different profiles of initial fluctuations, the dependence of the resulting correlations on
transverse momentum cuts, and possible comparisons between models of hydrodynamic
and transport origins. We plan to carry out such studies in future works.
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