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Resumo

Esta Tese trabalha com alguns conceitos fundamentais da analise intervalar e suas apli-
cagoes. Em primeiro lugar, a Tese aborda a algebra de fungoes de valor intervalar gH-
diferenciaveis. Especificamente, damos condicoes para a gH- diferenciabilidade da soma
e gH-diferenca de duas fungoes de valor intervalar g H-diferenciaveis; também para o pro-
duto e composicao de uma funcao real diferenciavel e uma funcao de valor intervalar g H-
diferenciavel. Em segundo lugar, a Tese e dedicada a obtencao de condi¢oes necessarias
e suficientes para problemas de otimizacao com funcgoes objetivas de valor intervalar.
Essas fungoes objetivas sao obtidas a partir de funcoes continuas usando aritmética in-
tervalar restrita. Damos um conceito de derivada para esta classe de fungoes de valor
intervalar e, em seguida, introduzimos o conceito de ponto estacionario. Encontramos
as condigoes necessarias com base na definicao dos pontos estaciondrios e provamos que
essas condigoes também sao suficientes nas nogoes de convexidade generalizada. Obtemos
também condicoes necessarias e suficientes para o problema de otimizacao intervalar com
restricoes. E, finalmente, lidamos com o espago quociente de intervalos I em relagao a
familia de intervalos simétricos e dado um conceito de diferenciabilidade para fungoes de
classes de equivaléncia, fazemos uma comparacao com outros conceitos de diferenciabili-

dade. Alguns exemplos e contraexemplos ilustram os resultados obtidos.

Palavras-chave: Aritmética intervalar standard. gH-derivada. Aritmética intervalar

restrita. Otimizacao intervalar. Espaco quociente de intervalos.



Abstract

This Thesis works with some fundamentals concepts of interval analysis and it applica-
tions. First of all, the thesis deals with the algebra of gH-differentiable interval-valued
functions. Specifically, we give conditions for the gH-differentiability of the sum and
gH-difference of two gH-differentiable interval-valued functions; also for the product and
composition of a differentiable real function and a gH-differentiable interval-valued func-
tion. Second, the thesis is devoted to obtaining necessary and sufficient conditions for
optimization problems with interval-valued objective functions. These objective func-
tions are obtained from continuous functions by using constrained interval arithmetic.
We give a concept of derivative for this class of interval-valued functions and then we
introduce the concept of stationary point. We find necessary conditions based on the
stationary points definition and we prove that these conditions are also sufficient under
generalized convexity notions. We obtain the necessary and sufficient conditions for con-
strained interval-valued optimization problem. And finally, we deal with the quotient
space of intervals I with respect to the family of symmetric intervals and given a concept
of differentiability for equivalence classes-valued functions, we make a comparison with
other concepts of differentiability. Some examples and counterexamples illustrates the

obtained results.

Keywords: Standard interval arithmetic. gH-derivative. Constraint interval arith-

metic. Interval optimization. Quotient space of intervals.
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Chapter 1

Introduction

Parameters associated with optimization and control models are not always precise
(see, e.g., |10, 11, [I7]). In most situations they take on some kind of uncertainty in the
parameters and/or in the variables, uncertainties that are inherent to the associated real
problem [28]. In particular in this Thesis, we are interested in studying interval-type
uncertainties and the associated optimization or control problems will be called interval
optimization problems, as well as interval control problems. If we intend to obtain opti-
mality conditions for an interval optimization problem, it is important to consider some
type of interval structure to work on. In recent years standard interval arithmetic together
with gH-difference (|30, 35, [14] and [15]), turned out to be of vital importance in new
developments of interval structures, not only to the studies of interval analysis, but also
to fuzzy analysis [7, 17]. In the literature, if we look for works related to interval or fuzzy
optimization, we will find studies related to the mathematical structure derived from stan-
dard interval arithmetic (SIA) and gH-difference |21} 22} 26| 39, 40]. In addition, we can
find a great number of papers where necessary and sufficient conditions of optimality have
been obtained [13], 31] for the unconstrained problems. This is basically due to the fact
that basic and fundamental tools, such as the algebra of g H-differentiable interval-valued
functions, were little studied. In this sense, the following questions arise. 1) Is it possible
that the standard interval arithmetic together with the gH-difference gives a structure
with appropriate properties to study optimization and control models involving interval
uncertainty? 2) Is it possible to obtain some kind of optimality conditions for interval
optimization and interval control problems, involving some mathematical structure that

works with an interval arithmetic which differs from the standard one? 3) Can we create
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some kind of interval structure with appropriate properties (vector space structure)?

These questions in light of the things that have previously been studied in the litera-
ture, we can see that:

Regarding the first question, we must see carefully the works done by: B. Bede and L.
Stefanini - Generalized Hukuhara differentiability of interval-valued functions and interval
differential equations [35], Allahviranloo - Note on Generalized Hukuhara differentiability
of interval-valued functions and interval differential equations [2], Chalco -Cano et.al. -
Generalized and 7 derivative for set valued functions [14], and other important works
such as [29] 4], 5 30], since they provide important tools for the development of theories
in optimization and control in both the interval context and the fuzzy context (see [21,
39, 40, 13 O B1} [1] and [24]). Despite of these studies and given the complexity of the
interval structures it is of utmost importance to provide a new algebra of g H-differentiable
functions. For example, considering the work of Stefanini and Bede [35], Remark 19 was
corrected by Chalco-Cano in [15] and this would imply the need to correct Proposition
24 in [35]. Although Allahviranloo [2] tried to correct it, we still have to work on the
other cases where the functions are (iii)gH and (iv)gH differentiable. In fact, there is
no study done regarding the other operations with gH-differentiable functions and the
aforementioned was only done for the addition of two gH-differentiable functions and
the product of a gH-differentiable function by a scalar. In this sense, we will present a
complete study on the algebra of gH-differentiable functions, starting from the operation
of addition, passing through the gH-difference, the product, the chain rule, among other
operations, and considering the four cases of gH-differentiability.

Regarding the second question, we note that there are very few studies that deal with
interval optimization problems with a different structure than that determined by stan-
dard interval arithmetic and g H-difference. Among these works we would like to mention,
for example, Campos, et al [10], where the authors use the single level constrained interval
arithmetic, proposed by Chalco-Cano et.al. [12] to address interval control problems; as
well as the Thesis of Ulcilea Alves Severino Leal [23], where she works on interval uncer-
tainty in optimization and control. We point out once again that in order to approach
an interval optimization problem, for example, it is necessary to make use of an interval
aritimetic structure which is well defined and has a rich set of properties. In this The-

sis we will choose the constrained interval arithmetic proposed by Weldon A. Lodwick
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[25] to answer this second question. We define some important concepts, such as order
relation to establish some criterion for minimization or maximization and of derivative
to characterize optimal points. That is, we provide necessary optimality conditions for
the unconstrained interval optimization problem. We also establish sufficient conditions
for this unconstrained problem under interval invexity assumption concept. For the con-
strained interval optimization problem, we will give Fritz-John type conditions and then,
under constraint qualifications, the Karush-Kuhn-Tucker conditions. All these results are
in an interval version involving the constrained interval arithmetic.

An important feature of this work is the practicality of how we can characterize and
find the optimal points. This fact is of vital importance for the consolidation of interval
optimization as an area because that will help future research resulting from it.

Lastly, considering the third question, it is no doubt interesting to pursue an algebraic
interval structure that has a vector space structure [27]. It is, of course, not natural to find
such a structure working directly with interval arithmetic operations, but, as it will be
shown later, this can be achieved by introducing appropriate interval equivalence classes
to approach to this problem. In order to make analysis on the quotient space of intervals
we first define a metric on this space. Once the limit is defined, it is possible to define the
concept of derivatives and integrals for functions defined over this space. After that, it is
interesting to see how this new derivative is related to the g H-derivative, in the sense that
the classes generated by the gH-derivatives have some kind of relation to the derivative
functions defined over the interval quotient space.

We now set forth how this Thesis is developed. Indeed it is divided into three separate
parts whose link is the interval analysis. The first part focuses on the algebraic study
of generalized Hukuhara differentiable interval-valued functions, in order to understand
the behavior of this type of functions. This is developed in Chapter 3. The second part,
Chapter 4, focuses on the study of the necessary and sufficient conditions for interval
optimization problems involving constrained interval arithmetic to find necessary and
sufficient optimality conditions for interval optimization problems, both unconstrained
and constrained. Finally, the third part, appearing in Chapter 5, will discuss without
losing an isomorphic copy of the intervals the quotient space of intervals in which we are
able to find a structure of vector space which makes it possible to define the concepts of

derivative and integral, and to analyze its relationship with what has already been done.
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Chapter 2

Preliminaries of interval analysis

This chapter we studies some preliminaries of the interval analysis, which includes
the spaces in which we work, the arithmetic operations most used and their properties.
Next, we define some types of functions where the domain is or not interval, and where
the range is an interval or an interval n—tuple. In addition some properties and some
geometric notions of these functions is presented. Finally, some topological properties of

the interval space involving the arithmetic and the functions is developed.

2.1 Interval Space

Let A denote a closed and bounded interval. The endpoints of A are denoted by a and
a, where a <@ (A = [a,a]) and I denotes the family of all closed and bounded intervals,
ie.

I={[g,a] : a<a, Va,aeR}.

In a natural way to represent intervals is by an ordered pairs, i.e., if A = [a,a] € T
then (a,a) € R?. In this case, this respresentation of the space I will be a particular case
of the interval space presented by Tiago Mendonga in [16], where I it is called proper
interval space. In Tiago’s work an extension of the proper interval space was studied, for
expressions like [@, a], with @ < a. The family of these expressions was called improper

interval space and it is denoted by L, i.e.,

I={[a,qd:aa eI}
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It is clear that with this extension there exist an isomorphism between I U I and R?,

as shown in the following figure.

I(R) .~

~
[
—~
®
8
N

18
Il
8|

Figure 2.1: Isomorphism between I UT and R?

In this Thesis, we only study different results over the proper interval space, which
will be called interval space.

Considering the interval space, we will define in the next sections two arithmetic
structures. Then we will analyze its properties, which will be used in the main results
of this research. We next will present two interval arithmetic that will be used in this

Thesis.

2.2 Standard Interval Arithmetic

This arithmetic sometimes known as “Minkowski operations” [18], was strongly studied
by Moore since 1959. Moore in [30] proposes the use the Minkowsky arithmetic operations
but not using all the points of the interval, but only their ends to define the arithmetic

operations. Next we define these operations using the Moore notation.

Given the intervals A, B,C € I where A = [a,a|, B = [b,b], C = [¢,¢], and A € R
we define the standard interval operations as the following, where the operation * in the

standard interval arithmetic is denoted x*,:

Addition:
A+, B=la,a) +,[b,b] = [a+b,a+b]. (2.1)
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Multiplication by a scalar

_ [Ba, Ba] if B = 0;
ﬁ s A= ﬁ s [Q; (l] - (22)
63, Ba] i <0,
From this, if § = —1 we obtain, (—1) s A = [—a, —a], so that, we can define the

subtraction by,

Subtraction:

A seriously problem with the definition of subtraction is that we have no additive

inverses when A € I is nondegenerate, i.e. A —3 A #0if A=[a,a], a <a.

Multiplication:

Ax,B = [a,a] x4 [b,b]
= [min G, max G|,
where G = {a-b,a-b,a-b,a-b}.
Division: If 0 ¢ B,

A/B = [a,d]/sb,b]
= [min M, max M],

where M = {a/b,a/b,a/b,a/b}. If we consider A € I nondegenerated, 0 ¢ A, then
Al A #[11].
With these operations, we obtain the next proposition.

Proposition 2.2.1. Given A, B,C € I and considering the last four operations we obtain

the next algebraic properties:

1. Commutativity for interval addition and multiplication:
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e A+, B=B+,A;

)

e AXx,B=DBx,A.

2. Associativity for interval addition and multiplication:
o (A+,B)+,C=A+,(B+;0C);
o (Ax;B)x,C=Ax,(Bxs0C).

3. Additive and multiplicative identity elements: these elements are 0 = [0,0] and

1 = [1,1] respectively, and both are degenerate elements,
e 0+, A=A+,0=A;
e I X, A=Ax,1=A;
e 0 x, A=Ax%x,0=0.
4. Subdistributivity:
e AX,(B+;C)C Ax;B+,Ax,C.
5. Cancellation law:
e A+, C=B+,C = A=D.

Stefanini and Bede proposed an interesting way to obtain a difference that makes sense
in the concept of derivatives. The idea is to have a concept of subtraction which has more

suitable properties. Stefanini and Bede in [35] have introduced the following difference

between two intervals.

Definition 2.2.2 ([35]). The generalized Hukuhara difference (gH-difference, for short)
of two intervals A and B is defined as follows

(a) A= B+,C, or

(b)) B=A+,(-1)-5C.

A@gHB:O<:>

This difference has many interesting new properties, for example A 6,54 A = {0} =
[0,0]. Also, the gH-difference of two intervals A = [a,@] and B = [b,b] always exists and
it is equal to (see Proposition 4 in [35])

ASyy B = [min{g—l_),a—g},max{g—b,a—g}}.

The following properties were obtained in [35].
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Proposition 2.2.3. Let A, B,C € 1, the gH-difference has the following properties.
1. Aoy A=0;
2. (A+s B)©gn B = A;
3. Aeyny (A—s B) = B;
4. Aoy (A+sB) = —B;
5. ~(A Sy B) = (~B) Syt (—A);
6. A—sB)+;B=C< A—-;B=C6yu B;

7. In general, B— A = A—; B does not imply A = B; but (A,uB) = (BeyuA) =C
if and only if C = {0} and A = B;

8. A+ (Beyy A) =B or B—; (Boyu A) = A and both equalities hold if and only if
B oyu A is a singleton set.

Example 2.2.4. Let A= [3,3], B=[-3,11] and C = [1,5].
o Bx,B=[-33121];

o O —,C=[-4,4];

C @gH C= [0,0],‘

C/SC = [%7 5]7

2.3 Constrained interval arithmetic

This section presents constrained interval arithmetic (CIA). Lodwick [25] 26] was pri-
marily concerned with an interval arithmetic that encodes the united extension of [36] in
an explicit, direct way. To this end, an interval is redefined into an equivalent form as the
real-valued function of one variable and two coefficients or parameters over the compact

domain [0, 1].
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Definition 2.3.1. An interval A = [a, @] is the real single-valued function AT(\,),

AT(Na) = (1= Aa)a + Aaa, (2:3)

= Weha +a, 0< A, < 1.
Here w, = a — a > 0 is the width of the interval.

Strictly speaking, in , since the numbers a and a (consequently w,) are known
(inputs or data), they are coefficients, whereas ), is varying, although constrained between
0 and 1. Hence the name “constrained interval arithmetic”. This means that A’(),) is
a single-valued real function with two coefficients. Moreover, we write A, to denote the
parameter associated to the interval A. To simplify the notation we will write A\, A{, Ao, ...
to denote the parameters associated to each interval. So the constrained parametric

representation of an interval A will be (see [9])
A=lg,al ={aN) =wA+a : A€[0,1]} ={a(N) =(@—a)A+a : A€][0,1]} (2.4)

The algebraic operations for CIA are defined as follows. We consider two intervals

A={a(\) : M €[0,1]} and B = {b(X2) : Xp €[0,1]}, then

AxB=C
=le
= {a(M\) *b(A2) : A, A2 €[0,1]}
={c : c=a(\)*xb(N\2), A\, A2 €[0,1]}
where ¢ = min {¢}, ¢=max {c}, 0< A\ <1,0< )\, <1 (2.5)
and x € {4, —, x,+}.

It is clear from (2.5)) that constrained interval arithmetic is a constrained global optimiza-

tion problem.

Remark 2.3.2. From CIA [25] we know that, for dependent operations, we consider the
same constrained parametric representation for the same intervals involved in the algebraic

operations, i.e. Ax A ={a(\)xa(\) : X\ €[0,1]}, where x € {4+, —, x,+}.

CIA is the complete implementation of the united extension, and possesses an algebra

which has addition desired properties compared to standard interval arithmetic. For



2.3. CONSTRAINED INTERVAL ARITHMETIC 23

instance A— A = [0,0] = {0}, A+ A =1[1,1] = {1} when 0 ¢ A and possess a distributive
law A x (B+ C) = A x B+ A x C. The properties of the constrained parametric

representation of an interval and CIA see [25] 26], are

e + is associative, in fact, let A, B,C € I, using their constrained parametric repre-

sentation,

(A+B)+C = {(A\)+ B(X)) + C(Xs) : Ap, Aoy As € [0, 1]}
= {AN) + (BOw) + C(N3)) - A1 A, As € [0, 1]}
— A+ (B+C)

e -+ has an identity element, this element is 0 = [0,0] = {0},0 € R. Let A € I,

= {A(\): M\ €10,1]}
= A

e Not all the elements A € I have an inverse B € I, such that A+ B= B+ A =0,
in effect, suppose that all the elements A € I has an inverse B € I such that
A+ B =B+ A =0, if it will be true,

A+ B = {0}
= {A(N\)+ B(X2) =0,YA1 X € 0,1]}

then B(A\y) = —A(\;), this equality is true only when A € I is a degenerated
interval, because their parametric representation do not depend of any A parameter,
on the other cases, we will have different type of monotonicity on their parametric
representation (if A(A;) is increasing then B(\g) is not increasing), and it is absurd.
That is, CIA like STA has no additive inverses. However this true of any Minkowsky-

based set arithmetic, where in our case the set are intervals.
e + is commutative. Let A, B € I, consequently

A+B = {A\)+B(\s): A, A €0,1]}
= {B()\g) ‘|‘A()\1) . )\1,)\2 € [0, 1]}
— B+A
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Next, we will show some interesting examples involving the constrained interval arith-

metic.
Example 2.3.3. Let A= [3,3], B=[-3,11] and C = [1,5].
o Bx B=|0,121];

o C'—(C=10,0];

C/C =1,1);

2.4 Interval differentiability

We next present one of the most useful concept, called gH-differentiability, for this
concept is important to define an appropriate metric. The metric structure is given usually

by the Pompeiu-Hausdorff metric H in I which is defined by

H(A,B) =max {la—b| ,

a—bl}.

Where A = [a,a] and B = [b, b].

For the Pompeiu-Hausdorff metric, the following properties are well-known.
Proposition 2.4.1 ([35]). For A, B € I, we have

1. H(kA,kB) = |k|H(A,b), Vk € R;

2. HA+C,B+C) = H(A,B);

3. HHA+ B,C+ D)< H(A,C)+ H(B,D);

4. HA,B) = H(Aoyy B,{0}).
Proposition 2.4.2 ( [4 5]). (I, H) is a complete metric space.

Based on the g H-difference Stefanini and Bede proposed the concept of g H-derivative.
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Definition 2.4.3 ([35]). Let xy €la,b] and h such that xo + h €la,b], then the gH-

derivative of a function F :la,b[— 1 at xq is defined as

F(wo) = lim 2 [F(zo + ) ©gu Fzo)]. (2.6)

If F'(xg) € I satisfying exists, we say that F' is generalized Hukuhara differentiable

(gH -differentiable for short) at x.

The next chapter presents some properties and interesting examples about g H-differentiable

functions
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Chapter 3

Algebra of generalized Hukuhara
differentiable interval-valued

functions

It is well known that one of the most recently concepts of interval analysis is the
concept of derivative given by Stefanini and Bede [35], and that many other authors
used this concept to be worked in different areas, such as, interval calculus, interval
optimization, interval differential equations, interval dynamical systems, among many
others. But we can also see that there are still results from this definition that have not yet
been consolidated. And one of these results is the algebra of gH-differentiable functions,
a study that undoubtedly is important in solving problems related to the aforementioned
areas and that we will develop next.

Henceforth T" will denote an open subset of R. Let F': T" — I be an interval-valued
function with F(z) = [f(z), f(z)], where f(z) < f(z), Vo € T. The functions f and f

are called the lower and the upper endpoint functions of F', respectively.

Example 3.0.1. Let F': R — 1 be an interval valued function defined by
F(z) =[—]z+2|, |z — 2|].
Here, the endpoints functions are given by:
° i(x) = —|x +2|;

g ?((L’) = ’x - 2’;
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and are graphically represented by Figure 3.1.

Figure 3.1: Endpoint functions of the interval valued function F'.

Chalco-Cano et al. [14] showed that the g H-difference and the subtraction introduced
by Markov [29] are equivalent concepts.

Obtaining the g H-derivative of an interval-valued function via is a rather complex
problem. However, the next result, given in [I5], characterizes the gH-differentiability of

Fin terms of the differentiability of its endpoint functions f and f.

Theorem 3.0.2 ([14]). Let F : T — I be an interval-valued function. Then F' is gH-
differentiable at xo € T if and only if one of the following cases holds:

(a) f and f are differentiable at xo and

F' (o) = [min { () (z0), (F)'(wo) } s max { ()’ (w0), () (o) }]

(b) The lateral derivatives (f)'_(zo), (f) (o), (f)_(20), (f)y(zo) exist and satisfy (f)"_(zo) =

(F)i (o), (f)(x0) = (F)_(x0), and

F(zg) = [min {(D/_(xo)a (i);(mo)} , max {(i)/_(xo)7 (i);(mo)}]
= [min { (F) (o), (P (o) b max { () (), (7). (o) } ]

Theorem @ distinguishes two cases: one corresponding to (a), which implies the
differentiability of the endpoint functions, and the other corresponding to (b), which
implies the existence of the lateral derivatives of the endpoint functions. Such distinction
will be useful in future results. Because of this reason, we next rewrite the previous

theorem in the following way.
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Theorem 3.0.3. Let F': T' — 1 an interval-valued function. Then F' is gH -differentiable

at xg € T if and only if one of following cases hold:
(@) f and f are differentiable at ty and F'(xq) = [f(xo),fl(xo)]

(ii) f and f are differentiable at xo and F'(z) = [T/(xo),f(:co)]

—/

(iii) 1" (w0). f', (x0), F(x), F' (o) exist and satisfy ' (x0) = F(x0), f' (o) = F(x0),
s

and F'(zo) = | [ (w0), [, (xo)~

(o), f+(a:0)_ exist and satisfy f_(:po) = fi (o), i:r(xo) = f_(xo),

(i) £ (o), £, (20). T
1 (w0, £ (w0)]

and F'(xq)

Theorem [3.0.3 distinguishes four cases. We say that an interval-valued function F' :
T — 1 is (k)gH-differentiable if case k in Theorem [3.0.3 holds for k € {i, i, dii, v }.

Example 3.0.4. In this example we show the four cases of (k)gH -diffrenetiability.
(k=i) Let F': R — I be an interval valued function, defined by
F(z) =[-2,€"].

It is clear that F'(x) = [0,€e"], consequently F is (i)gH-differentiable at x € R.

Graphically this is show in Figure 3.2.

6

5

Figure 3.2: Interval valued function (i)gH-differentiable at = € R

(k=ii) Let F': R — I be an interval valued function, defined by
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It is clear that F'(x) = [—e",0], consequently F is (ii)gH -differentiable at x € R.

Graphically, this is show in Figure 3.5.

Figure 3.3: Interval valued function (ii)gH-differentiable at = € R

(k=iii) Let F': (—3,3) — I be an interval valued function, defined by
F(z) = [=[a] + 4, [x] - 4].

It is clear that f' (0) = f,(0) = =1, f(0) = f_(0) = 1, and F'(0) = [~1,1].
Consequently F' is (iii)gH -differentiable at * = 0. Graphically, this is show in
Figure 3.4.

Figure 3.4: Interval valued function (iii)gH-differentiable at z = 0
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(k=iv) Let F': R — I be an interval valued function, defined by

Fx) = [~z []].
It is clear that f' (0) = F,(0) = 1, £,(0) = F_(0) = —1, and F'(0) = [~1,1].
Consequently F is (iv)gH -differentiable at x = 0. Graphically, this is show in

Figure 3.5.

Figure 3.5: Interval valued function (iv)gH-differentiable at x = 0

Note that if F' : T — I is gH-differentiable at zy in more than one case then F' is
gH-differentiable at z, in all four cases and F’(xg) is a trivial interval or singleton, i.e.

F'(x¢) = {a} = |a, a], for some a € R. To show this, we will present the following example.

Example 3.0.5. Let us consider two interval valued functions G, F : R — 1, defined by
Gla) = [~a%, 22 + 1],

and

F(z) = [—(z —2)? +2,2* + 1].

From gH -differentiable definition, we obtain that both functions are four cases gH -differentiable

for some xq. i.e. :

e G is four cases gH-differentiable at xo = 0, and G'(0) = [0,0]. Graphically, this is

show in Figure 3.6.
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[NS]

Figure 3.6: Four cases gH-differentiable Interval valued function G at x =0

e F is four cases gH-differentiable at xy = 1, and F'(1) = [2,2]. Graphically, this is

seen in Figure 3.7.

Figure 3.7: Four cases gH-differentiable Interval valued function F' at x =1

The cases of (i1)gH-differentiability and (ii)gH-differentiability have been studied in

various topics of interval-valued mathematical analysis. In contrast, cases of (iii)gH-

differentiability and (iv)gH-differentiability have not been considered in the literature

12, 8, 35, 7).
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3.1 Algebra of gH-differentiable interval-valued func-

tions

Let F,G : T — I be two interval-valued functions with F(z) = [f(x), f(z)] and
G(z) = @(m),?(m)} Let &, ¢ be two real-valued functions so that £ : 7' — R and ( :
V — T, for some V' C R. The basic operations involving interval functions, addition (+),

gH-subtraction(S,y), multiplication by a scalar (-), and composition by a real function

(o) are defined by:

(F+G)(x)=F(x)+G(z) = [f(2)+g(2), f(x) +7()],
(F &gn G)(x) = F(z) Sgn G(x) = [min{f(z) - g(x), f(z) —g(x)},
max { f(z) — g(=), f(z) — () }]
(£ F)(z) =¢&(@) Flr) = [min{{(x)f(2),¢(x)f ()},
max {¢(z) ( ). §(@)f(@)}]
(FoQ)(x) = [min{f(¢(x), f({(x))},
max{i z)), (C(x))}}-

This section presents some properties of the algebra of g H-differentiable interval-valued

_|_
I

functions. Specifically, we study conditions for the gH-differentiability of the sum and
gH-difference of two gH-differentiable interval-valued functions, as well as the product
and composition of a differentiable real-valued function and a gH-differentiable interval-

valued function.

3.1.1 Sum of gH-differentiable interval-valued functions

The sum of two g H-differentiable interval-valued functions may not be a g H-differentiable
interval-valued function. In fact, if we consider two (k)gH-differentiable interval-valued
functions, both with different k, we do not necessarily obtain a gH-differentiable interval-

valued function. Example |3.1.1 below illustrates this point.

Example 3.1.1. Let F,G : T — 1 be two interval-valued functions defined by F(x) =
[— |z|,|z|] and G(z) = [0,e"]. It is easy to verify that F is (iv)gH -differentiable at 0
and G is (ii)gH -differentiable at 0. The sum (F + G) (z) = [— |z|, |z| + e7*] is not gH-
differentiable at 0. In fact, (&): (0) =1, (@); (0) = —1, (m): (0) = =2 and
(M); (0) = 0. Therefore, from Theorem |3.0.3, F + G is not gH-differentiable at 0.

Graphically the end points functions f + g and f + g of the sum F + G are given by
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Figure 3.8: Not gH-differentiable Interval valued function F' + G at z =0

We next present results on the gH-differentiability of F'+ G and give rules for calcu-
lating it as well. First we will show that if F' and G are gH-differentiable at xy with equal
type of gH-differentiability, then F'+ G is also g H-differentiable at xy with the same type
of gH-differentiability as F' and G. This result was derived in [2] for cases (i) and (ii).

Theorem 3.1.2. Let F,G : T — 1 be two interval-valued functions. If F' and G are
(k)gH -differentiable at xo then F + G is (k)gH -differentiable at xo, for k € {i,ii,iii, iv}.
Moreover,

(F + G)(0) = F'(wo) + G’ (o). (3.1)

Proof. Let F,G be interval-valued functions such that F(z) = [f(z), f(z)] and G(z) =

[9(2),g(x)]. To prove the result we will separately consider the four possible cases for k.

(k=1) If F and G are (i)gH-differentiable interval-valued functions at x, then, from
Theorem @, the endpoint functions f + g and f 4+ g of the sum F 4 G are
differentiable. Now, from Theorem [3.0.2(a) we have that

(F+G)(x)) = |min{f/(zo)+g(x0), I (w0) +7(w0) }
max { f'(z0) + g'(x0), T (w0) + 7 (w0) }]
= [f(xo) + 2’(%):7/(950) + ?l(xo)}

Therefore, F'+ G is (i)gH-differentiable at (. In addition,

F'(wo) + G (w0) = [ £/(0) + ' (w0), T (20) + 7 (0)| = (F + G’ (o).
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(k = ii) The proof for k = ii is similar to that given for k = 4.
(k =1dit) If F and G are (iii)gH-differentiable interval-valued functions at z, then, from

Theorem |3.0.3 and properties of lateral derivatives, the lateral derivatives (f +

9)(x0), (f + g)s (o), (f +79)"_(x0) and (f + 7)’, (wo) exist and satisfy

(f +9)"(w0) = (f + ) (20),  (f+9)i(20) = (f +7)"(w0).

Now, from Theorem [3.0.2(b) we have that

(F4G)(xo) = [min{(f+9)" (xo),(f+g)\(z0)},
max {(f + g)" (o), (f + 9’y (z0) }] ;
= [(f +9)(z0), (f + 9)(x0)] -

Therefore, from Theorem 3.0.3(iii), F'+G is (ii1) g H-differentiable at z,. In addition,

from properties of lateral derivatives,

F’(Io) + G/(:EO) = [i/_ (.%'0) + gl_ (l‘o),i’_f_ (xo) + gl_’_(xo)]
— (F+G)(a0).

(k = iv) The proof for k = iv is similar to that given for k = iii.
[

Example [3.1.1 showed that the sum of two (k)gH-differentiable interval-valued func-
tions, having different values of k£, may not be differentiable. Nevertheless, this is not

always the case, as Example |3.1.3 below shows.

Example 3.1.3. Let F,G : T — 1 be two interval-valued functions, defined by F(x) =
[—|z| =1, |z| + 1] and G(z) = [|z| — 1, —|x| + 1]. F is (iv)gH-differentiable at 0, and G is
(14i)gH -differentiable at 0. Note that (F + G)(x) = [-2,2], and therefore (F + G)'(0) =
{0}.

Next we study the g H-differentiability of the sum of two interval-valued functions with

different types of g H-differentiability.
Theorem 3.1.4. Let F,G : T — 1 be two interval-valued functions.

(a) If F is (i)gH-differentiable at xy and G is (ii)gH -differentiable at xy then F + G is
either (i)gH -differentiable or (ii)gH -differentiable at xq.
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(b) If F is (iii)gH -differentiable at xo and G is (iv)gH -differentiable at xo then F 4+ G is
either (i1i)gH -differentiable or (iv)gH -differentiable at x.

Moreover, in all cases we have
(F + G)/(l‘o) = F/(I‘O) @gH (—1)G/(l‘0), (32)

and
(F'+ G)'(z0) € F'(xo) + G'(20), (3.3)
with equality in (3.3) if and only if either F'(xq) or G'(xq) or both of them are a singleton.

Proof. (a) Since F' is (i)gH-differentiable and G is (ii)gH-differentiable at z, we have
that the endpoint functions f, 1, g and g are differentiable functions at xo. Thus f +g¢
and f + g are differentiable functions at 2 and so, from Theorem @(a) and Theorem
B.0.3, F + G is either (i)gH-differentiable or (ii)gH-differentiable at zy and

(F+G) (w0) = |min{ f'(x0) + g'(w0), F (z0) + 7' (o)}, max{f'(zo) + g'(xo), I (o) + (w0} .
(3.4)
On the other hand,

Comparing this result with (3.6 we have

(F + G)'(x0) C F'(x0) + G'(x0).

(a2) If F+G is (ii)gH-differentiable then (F4+G)'(zo) = T/(xo) + 7' (x0), f'(z0) + g (20) |-
Comparing this result with (3.6 we also have that

(F —I— G),<J}0) Q F,(flfo) —f- G/(ZE()).
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Finally, from (3.2) it readily follows that the equality in (3.3]) holds if and only if either
F'(zg) or G'(z¢) or both of them are a singleton.
(b) If the functions F' and G are (iii)gH-differentiable and (iv)gH-differentiable at z,

respectively, then the lateral derivatives i:(xo),i;(xo),fl_(:co),7;(330),gl(wo),g;(xo),gl(xo)

and 7, (zo) exist and satisfy f' (zg) = T;(xo), ﬂr(ﬂﬁo) = 7L($0), g (z0) = 7' (20),

g, (x0) = g_(x0). Therefore, the derivatives (i—|—g)’_ (z0), (i+g)’+ (z0), (7+§)’_ (z0),
(? + §)/+ (x0) exist and satisfy

(f+9) (x0) = (F+9), (20), (f+9)" (w0) = (F+7) (wo)-

From Theorem [3.0.2, F'+ G is either (iii)gH-differentiable or (iv)gH-differentiable at z.

From properties of lateral derivatives, similar steps to those given in the proof of (a), let

us obtain (3.2) and ({3.3]). ]

Theorem [3.1.4 states that the sum F + G of two gH-differentiable functions, F
and G with different types of gH-differentiability ((¢) and (iz) or (iii) and (iv)) is gH-
differentiable with the same type of gH-differentiability as either F' or G. In Example
[3.1.3 we saw an instance of the sum of an (4i¢)g H-differentiable function and an (iv)gH-
differentiable function. The next example illustrates the case of the sum of an (i)gH-

differentiable function and an (i7)gH-differentiable function.
Example 3.1.5. Let us consider the interval-valued functions F,G : [0,1] — I defined by
F(z) =[0,z], G(z)=[0,1—27].
Thus, F is (i)gH -differentiable and G is (ii)gH -differentiable at any x € (0,1). So
F'(z) =10,1 and G'(z)=[-2z,0],
and, from ,

(F'+G)(w0) = F'(z0) Ogn (—1)G' (o)
= [O’ 1] OgH (_1)[_2937 O]
= [0, 1] OgH [O, QI]

= [min{0,1 — 22}, max{0,1 — 2z}].
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On the other hand,
(F+G)(x) = [0,$+1 —xz] ,

and graphically the end point functions are given by

)

-
=}
Q

-
@

)

-0.5

Figure 3.9: End point functions for the Example 3.1.5

Note that this function is (i)gH-differentiable in (0,1/2] and (ii)gH -differentiable in

[1/2,1). In any case, we always have
(F+G)'(z) C F'(z) + G'(x),

for all x € (0,1). Since neither F'(x) nor G'(z) are trivial intervals, for all x € (0,1),
the equality (F + G)'(z) = F'(z) + G'(x) 1is not possible.

The following result shows that with other combinations of gH-differentiability for F

and G, different from those studied in Theorems [3.1.2 and [3.1.4, the sum F + G is not

differentiable.

Theorem 3.1.6. Let F,G : T — 1 be two interval-valued functions, so that both of them

are gH -differentiable at xo and neither F'(xzq) nor G'(x¢) are nontrivial intervals.

(a) If F is (1)gH -differentiable at xo and G is (iii) g H -differentiable (or (iv)gH -differentiable)
at xq, then '+ G is not gH-differentiable at xy.

(b) If F is (ii)gH -differentiable at xy and G is (iii)gH -differentiable (or (iv)gH -differentiable)
at xq, then F'+ G is not gH-differentiable at xy.
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Proof. (a) If F is (i)gH-differentiable at x5 and F’(zy) is a nontrivial interval then there

exist f'(zo) and T (o), with f(zo) < T (m). Also, if G is (iii)gH-differentiable at g

and G'(7¢) is a nontrivial interval then g’ (o), g:r(xo),g’_ (w0) and ¢, (w¢) exist and satisfy
/

g (z0) = g (20) and ¢/ (z0) = g_(x0), with ¢’ (z0) < ¢ (20). Thus, the endpoint
functions f + g and f+7g of F+ G are not differentiable at z, and

(f +9)"(w0) # (F + 9, (0)-

Therefore, from Theorem 3.0.2, F'+G is not g H-differentiable. If F' is (i)gH-differentiable
and G is (iv)gH-differentiable at xq, the proof is similar.
(b) The proof is analogous to that of part (a). O

Example |3.1.1 illustrates the previous result.
The results in this subsection corrects, complements and generalizes those obtained in

[2] and corrects Proposition 24 in [35].

3.1.2 gH-difference of g H-differentiable interval-valued functions

The gH-difference of two gH-differentiable interval-valued functions is not necessar-
ily gH-differentiable, as in the case of the sum of two gH-differentiable interval-valued

functions, the next example shows this.

Example 3.1.7. Let us consider the functions of Example |3.1.1. We have that F is
(1v)gH -differentiable at 0 and G is (ii)gH -differentiable at 0. The gH -difference is defined

by

(F 64n G) (x) = [min{—|z|,|z] — e}, max {—|z],|z] — e "}]

[~z —e®,x] ifx <O,

= Nz—e® -z if0<z<W(1/2),

\[—x,x —e T if x> W(1/2),

where W (-) is the W Lambert function. Note that F S, G is not gH -differentiable at 0.
In fact the lateral derivatives at 0 are

/ /
(FouwG) =0, (FeuG) (0)=2 (F5,uG) (0)=1, (FS,uG), (0)=-1.
and so F 64y G is not (k)gH -differentiable at 0 for any k € {i,ii,iii,iv}. We can see
this fact in Figure 3.10.
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—+0.5

: : : o ' : '
15 1 0.5 0 1 15 2

—+-0.5

—+-1.5

Figure 3.10: End point functions for the Example 3.1.7

Therefore, from Theorem [3.0.3, F' ©,5 G is not gH-differentiable at 0.

Before stating our results, it is necessary to consider the following equivalences and

notation.

Remark 3.1.8. Let F,G : T — 1 be two interval-valued functions. For each x € T, define
len(F)(z) = f(z) — f(z) and len(G)(z) = g(z) — g(x). Let F(z) O G(z) = H(z) =

[@(:B), E(x)} , then

W) = min{f(z) - g(x), f(z) —F(2)}
) )

2
_ f@)+F@) gl@) +9()  |len(G)(x) — len(F)(x)]
2 2 2
and
h(z) = max{f(z)—g(z), f(z) —g(z)}
_ f(e) —gle) + f(x) —g(x) |f(2) = g(z) = fz) + g(z)|
B 2 * 2
_ fx)+ f(x) B g(z) +9(x) N llen(G)(x) — len(F)(x)]
2 2 2
Thus,
if len(G)(x) > len(F)(x), then H(z) = [f(x) —g(2), f(z) — g(2)],
if len(G)(z) < len(F)(z), then H(z)=[f(z)— g(z), f g

if len(G)(z) = len(F)(x), then H(z) ={f(z) —g(2)} = {f(2) — g(=)}.
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Theorem 3.1.9. Let F,G : T — 1 be two interval-valued functions. If F' and G are both
(k)gH -differentiable at x, for some k € {i,1i,iii,iv}, then F S,y G is gH-differentiable
at xg. Moreover,

(F ©gu G)(20) = F'(w0) ©gm G’ (w0). (3.10)

Proof. Assume that F' and G are both (i)gH-differentiable at x,. We will consider two
cases: (a) len(G)(xg) — len(F)(xg) # 0 and (b) len(G)(xo) — len(F)(xo) = 0.

(a) If len(G)(xo) — len(F)(xo) # 0, then there exists an open neighborhood V;, of
such that len(G)(x) — len(F)(z) # 0, Yo € V,,. So, from either or (3.8),
it follows that h and h are differentiable at z,. From Theorem @ F o G is
gH-differentiable at zy and

(F ©g1 G (w0) = H' () = [mm {h/(xo), ﬁ(:co)} _max {@’(xo),ﬁ’(xo)}] .

On the other hand, since F' and G are (i)gH-differentiable at x¢, it follows that

£(@0), 7 (w0)| Sgrr [9/(@0).7 (0)]

[
= [min {f(ﬂfo) — ¢'(z0), [ (20) — El(.ﬂio)} , max {f(ﬂﬁo) —g'(x0), f (20) — ?l(xO)H
[

min h'(mo),ﬁl(mo)} ,max {h/(xo),ﬁl(xo)}]
= (Fouu G) ().

(b) If len(G)(xzo)—len(F)(xo) = 0, then there exists an open neighborhood V,,, of xy where

either (b1) or (b2) below holds. Next we will consider these two cases separately.

(b1) len(G)(x) —len(F)(x) = 0, Yo € V. From (3.9), h(x) = h(x) is differentiable
at xo and from Theorem |3.0.2 F'©,u G is gH-differentiable at z,. In addition

(FOuuG) (x0) = H'(20) = {f'(w0)—g'(z0)} = {F (w0)~F (20)} = F'(20)Oyu G (o).

(b2) zo is the unique root of len(G)(x) — len(F)(x) in V,,. The following four

subcases can be considered:

(b21) There exists € > 0 such that len(G)(z)—len(F)(x) < 0, Vo € (zo—¢, o)
and len(G)(x) — len(F)(x) > 0, Vo € (29, 20 + €).
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(b22) There exists e > 0 such that len(G)(z) —len(F)(z) > 0, Va € (zo—e, zo)
and len(G)(z) — len(F)(x) < 0, Va € (z0, 20 + £).

(b23) len(G)(z) — len(F)(z) > 0, Yz € Vi, \ zo.

(b24) len(G)(z) — len(F)(z) < 0, Yz € Vi, \ zo.

Now, if (b21) holds then from properties of lateral derivatives

B (w0) = [ (x0) — g (w0), I, (w0) = F (o) — T (20),

-/ —/ -/

R (20) = T (o) = 7 (x0), Ty(ao) = f' (o) — g, (x0)-

From the differentiability of f, ?,g and g at xo, we obtain that h' (zg) =

/

hy(z0), B\ (v0) = E:(:co). Consequently, from Theorem [3.0.2, F 6,y G is

gH-differentiable at 2. Moreover
(F ©grr G)'(20) = H'(20)
= [min {h’ (20), 1, (z0) } , max { A" (wo), I, (w0) }]
= [min {f(l’o) - 2/(1’0)77[(%0) - ?l(l‘o)} ;
maxc { f/(a0) = g'(20). F (o) = F(x0) ||
= F'(zo) Oy G'(20).

The proof of case (b22) is analogous to that of case (b21).

If (b23) holds, from (3.7), h and h are differentiable at o and thus, from
Theorem 3.0.3, F' ©,u G is gH-differentiable at . In addition,

(F ©41 G)'(x0) = H'(wo)
i ) s )
= F'(z0) 64u G'(x0).

The proof of case (b24) is analogous to that of case (b23).

The proofs for the other types of g H-differentiability at xy are analogous to that given

for k =i, so we omit them. O

Next, we study the differentiability of the gH-difference of two interval-valued func-
tions with different types of gH-differentiability.

Theorem 3.1.10. Let F,G : T — 1 be two interval-valued functions.
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(a) If F is (i)gH -differentiable at o and G is (i1)gH -differentiable at xo, then F S,y G
1s gH -differentiable at xg.

(b) If F is (ii)gH -differentiable at xo and G is (i)gH -differentiable at o, then F &,y G
18 gH -differentiable at xg.

(c) If F is (ii)gH -differentiable at xy and G is (iv)gH -differentiable at x, then F S,y G
1s gH -differentiable at xg.

(d) If F is (iv)gH-differentiable at xo and G is (iii)gH -differentiable at x¢, then F S,5G
18 gH -differentiable at xg.

Moreover, in all cases we have
(F ©41 G) (20) = F'(20) — G'(20) (3.11)

and

F'(20) ©gr G'(20) € (F Syut G (a0), (3.12)

with equality in (3.12)) if and only if either F'(xq) or G'(xo) or both of them are a singleton.

Proof. The proofs of (a)—(d) follow similar steps to those given in the proofs of Theorem
3.1.9, so we omit them. We will just prove (3.11)) and (3.12) in case (a) since the proofs

in the other cases are done in the same way.
If Fis (i)gH-differentiable at zy and G is (ii)gH-differentiable at xo, then f'(z) <
T (o), 7(m) < g' (), which implies that

f'(0) — ¢'(z0) < T (x0) — 7' (o) (3.13)

and therefore

(F 411 GY'(w0) = |£'(w0) = g/ (o), T (w0) = 7'(wo) | (3.14)

Clearly, (3.11) holds. From (3.13) and ({3.14)), it readily follows that we obtain (3.12). By
using (3.13)), easy calculations show that the equality in (3.12]) holds if and only if either

F'(xg) or G'(z) or both of them are a singleton. O

Theorems [3.1.9 and [3.1.10| give conditions for the gH-differentiability of the gH-

difference of two interval-valued functions, but they do not indicate the type of gH-

differentiability of the resulting interval-valued function. The next examples show that
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even when the two functions are g H-differentiable with the same type, the g H-difference

of them may have many different types.

Example 3.1.11. Let F,G : Rt — T be two interval-valued functions defined by

e’ —1,1 —sin(x if —i<a2<o,
F(z) = | (=) ? and

[1—sin(z),z+1] if 0<z< g,

[~z,z+1] if —Ll<x<o0,
G(z) = ?
[z,1 — x] if 0<z<3.
F is (iii)gH -differentiable at 0 and G is (iv)gH -differentiable at 0. We have that
[e”, 1 —sin(z)] if —3<z<0,

Fo,uGx)=
[1—sin(z),z] if 0<a <3,

which is (iv)gH -differentiable at 0.

Example 3.1.12. Let F,G : Rt — T be two interval-valued functions defined by F(x) =
0,e” + e "], G(z) = [0,€"]. Note that F ©,u4 G(x) = [0,e”*]. The functions F' and G are
both (i)gH -differentiable functions, but F ©,4 G is (ii)gH -differentiable at any x € R*.

Example 3.1.13. Let F,G : Rt — T be two interval-valued functions defined by F(x) =

2 1 L
-2, < 3| G(z) = [-2,¢" % —1]. Note that

2 1 2 1
Fo,uGx)= [min{o,% —3 — ey 1} ,max{O,% —3 —e”_2—|—1H .

The functions F' and G are both (i)gH -differentiable functions at x =2, and F ©45 G is
(1v)gH -differentiable at x = 2.

3.1.3 Product of a differentiable real-valued function and a gH-

differentiable interval-valued function
This subsection studies the g H-differentiability of the product of a differentiable real-

valued function, g : T'— R, and a gH-differentiable interval-valued function, F': T — 1I.

We start by considering the case where g is a constant.
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Theorem 3.1.14. Let F' : T — 1 be an interval-valued function. If F is (k)gH-
differentiable at xo, then oF is (k)gH-differentiable at x¢ with

(a- F)(xg) = - F'(xp),
Vo € R, Yk € {3, i, iii, iv)}.

Proof. Assume that F' is (i)gH-differentiable at xo. Then, F'(xg) = [f'(xo),fl(xo) :
Multiplying F' by a scalar a € R we have,

[af(z),af(z)] if a>0,

[af(z),af(z)] if a<O.

a- F(z) =

We also have that

(- F (w0) = [&{m)’ Tlo] ez (3.15)
[ozf (xo),ai’(xo)] if a<DO.

On the other hand, if F’ is multiplied by o € R we get

[af(:vo), a?l(%)] if a>0,

a- F'(zg) = -
[af (:co),af(q:o)] if a<0.

(3.16)
From ({3.15) and (3.16) we have that oF' is (i)gH-differentiable and (a-F)'(zo) = a-F'(xo).

The proofs for k € {ii, iii,iv} are very similar, so we omit them. ]

Ifg,f:T — R are two real-valued functions which are differentiable at z(, then it is
well-known that (gf) (x0) = g(z0)f'(z0) + ¢'(x0) f(z0). The following result shows that,
in some cases, a similar expression for the derivative of the product of a differentiable

real-valued function and a gH-differentiable interval-valued function holds true.

Theorem 3.1.15. Let F' : T — 1 be an interval-valued function and let g : T — R be a

real-valued function which is differentiable at x.

(a) If F is (i)gH-differentiable at xo, g(xo) > 0 and ¢'(xo) > 0, then g - F is (i)gH-

differentiable at x.

(b) If F s (ii)gH-differentiable at xo, g(x¢) > 0 and ¢'(xo) < 0, then g - F is (ii)gH -

differentiable at xg.
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(¢) If F is (i)gH-differentiable at xo, g(xo) < 0 and ¢'(xo) < 0, then g - F is (i)gH-

differentiable at .

(d) If F is (it)gH -differentiable at xo, g(xo) < 0 and ¢'(xo) > 0, then g - F is (ii)gH -

differentiable at xg.

Moreover, in all cases we have that

(9 F) (x0) = g(xo) - F'(20) + ¢/ (x0) - F (o). (3.17)

Proof. Let F(x) = [f(z), f(z)], the product of F and g is given by

z)f(x),g(x)f(x if g(x) >0,
(g F)(z) = g(z) - F(z) = [9( )%( ), 9(x) f( )} g()
l9(x) f(x), g(x) f(x)] if g(x) < 0.
If g(zg) > 0, ¢'(z9) > 0 and F is (i)gH-differentiable, then g - F' is (i)gH-differentiable

and

g'(x0) - Fxo) + g(ao) - F'(m0) = ¢ (w0) [f(20), f(w0)] + g(ao) [f/(l‘o%f
[

The other cases can be dealt with similarly, so we omit their proofs. O

If F: T — Tis an interval-valued function (i)gH-differentiable at xq, for k € {i,ii},
and g : T — R is a real-valued function differentiable at xg, then trivially the product
gF is either (i)gH-differentiable or (i7)gH-differentiable at . Nevertheless, only in the
cases considered in Theorem the gH-derivative has the “nice” expression ,
which “imitates” the well-known one for the derivative of the product of two real-valued

functions. Example [3.1.16| below gives an instance where expression ([3.17)) does not hold.

Example 3.1.16. Let F': (0.5,1) — I be an interval-valued function defined by F(x) =
[0,2], and let g : (0.5,1) — R be an real-valued function defined by g(x) = 1 — x. Note
that F(x) is (i)gH-differentiable at every x € (0.5,1), and that (g - F)(z) = [0,z — 2?] is
also (i)gH -differentiable at every x € (0.5,1), with

[0,1—32%] ifx € (0.5,1//3],

FY (z) =
o EV ) [1—3220] ifze (1/V3,1).
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On the other hand, we have that
g(x) - F'(z) +¢'(z) - F(x) = [1 — 22,1 — 27,
and thus expression (3.17)) does not hold.

Let I/ : T"— T be an interval-valued function and let g : T" — R be a real-valued
function which is differentiable at xq. If F' is (k)gH-differentiable for k € {iii,iv}, the
product g - F' is not necessarily gH-differentiable. Example [3.1.17| below illustrates this
fact.

Example 3.1.17. Let F' : T — 1 be an interval-valued function defined by F(x) =
[—|z|,|z|+ 1] and g : T — R a real-valued function defined by g(x) = e*. F is (iv)gH -
differentiable at 0, and g differentiable at 0, the product of F' and g is given by (g - F') (x) =
[— |x| e®, (|Jz| + 1)e*]. We have that

/

(g-F) (0)=0, (4-F)_(0) =1, (¢-F)' (0)=—1, (g-F)’ (0) =2

Therefore g - ' is not gH -differentiable at x = 0.

The following theorem give conditions for g - F' to be gH-differentiable, when F' is
(k)gH-differentiable for k € {iii, iv}.

Theorem 3.1.18. Let F' : T — I be an interval-valued function so that len(F)(zo) = 0

and let g : T — R be a real-valued function which is differentiable at xg.

(a) If F is (1ii)gH -differentiable at xy and g(xo) > 0, then g - F is (iii)gH -differentiable

at xg.

(b) If F is (iv)gH-differentiable at xo and g(xy) > 0, then g - F' is (iv)gH -differentiable

at xg.

(c) If F is (iti)gH -differentiable at xo and g(zo) < 0, then g - F is (iv)gH -differentiable

at xg.

(d) If F is (iv)gH -differentiable at xo and g(xg) < 0, then g - F is (iii)gH -differentiable

at xg.

Moreover, in all cases we have

(9 F) (x0) = g(xo) - F'(20) + ¢ (x0) - F (o). (3.18)



3.1. ALGEBRA OF gH-DIFFERENTIABLE INTERVAL-VALUED FUNCTIONS 47

Proof. 1f F is (iii)gH-differentiable or (iv)gH-differentiable and ¢ is differentiable at x,
it follows that f~ (xo),i;(xo),fl(xo) and f, (o) exist and satisfy 1 (o) = T (20) and
i:r(mo) = 7/_(:100) Multiplying these equalities by g(zo), we get that g(zo)f" (zo) =
g(wo)F'y (o) and g(z0) £, (z0) = g(wo)F_(w0). If len(F)(xo) = 0, then f (o) = F_(z0),
and therefore (gi):r (o) = (g?): (x0) and (gi)/_ (x0) = (g?),+ (9). This implies that
g - F'is gH-differentiable at xq

(a) If F'is (1i1)gH-differentiable at xq, g(xo) > 0 and len(F)(zo) = 0, then

g(w0) - Fxo) + g(ao) - F'(z) = g'(x0) |

Therefore g - F is (ii1)gH-differentiable at xo and (3.18)) holds.

The other cases can be dealt with similarly, so we omit their proofs. O]

3.1.4 Composition of a differentiable real-valued function and a

gH-differentiable interval-valued function

This section deals with the g H-differentiability of the composition of a g H-differentiable
interval-valued function, F'; and another function. We begin by considering the case where

F' is composed with a real-valued differentiable function and derive a chain rule.

Theorem 3.1.19. Let F': T — 1 be an interval-valued function gH -differentiable at vy,
and U C R be an open set, let g : U — R be a real-valued function differentiable at x
so that g(U) C T with yo = g(xo). Then the composite function (F o g) = F(g(x)) is
gH -differentiable at xy and (F o g)'(xo) = F'(y0).9' (o).

Proof. Let us first assume that F' is (k)gH-differentiable at yo, for some k € {i,7i}. Then
foygand f o g are differentiable at 2y. From Theorem [3.0.2, F o g is gH-differentiable
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and

(Fog)(eo) = [min{(fog) (), (Fog)(m)} max{(fo
= [min {£'(g(x0)) - ¢'(20), F (9(20) - ¢ (20) }
mas { ' (g(x0)) - o (20). T (9(20)) - ¢ (20) }]
= g'(xo) - |min { (). F (yo) } , max { (v0)
= F'(yo) - g(wo).
Now, let us assume that F' is (k)gH-differentiable at yo, for some k € {iii, iv}. Then the

lateral derivatives (f o g)’(zo), (f © 9, (%), (f © g)_(zo) and (f o g)' (xo) exist. We also
have that

(fog) (z0) = f' (9(x0)) - ¢'(w0) = F.(9(20)) - ¢'(wo) = (F © g, (wo)

and

— —

(f 0 9);(20) = [, (9(x0)) - ¢'(x0) = f_(g(x0)) - ¢'(w0) = (f © 9)"(20)

Therefore F' o g is gH-differentiable. In addition,

(Fog)(x) = [min{(fog) (z0), (709)’ (o)}, max {(f o g)"(z0), (f 0 9)"(z0)}]

- [mm{i o) T-(g(x0)) o (o) }
max{ g f’ (9(x0)) - (o) }
¢ (w0) - |min {_ (o). J (yo)} max { £ (v0), F (30)- |
= F'(yo) - g(wo).

]

Next we consider other types of composite functions and derive their associated chain

rule.

Definition 3.1.20. Let ¢ : I — R? be a vector-valued function of an interval variable

Y = @,g} defined by go([g,?}) = (@1(%@);%@(%?)), were o1,y 1 RZ — R are real-
valued functions. We say that ¢ is differentiable at Yy € 1, if 1 and o are differentiable

at (yo,%0) and

0 0
By W) o (0.

SO/ <Y0) - 890_2( 8902(

a—g@,yo) 0 Y0, 70)
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We denote by M,,,«,(R) the set of m x n matrices with elements taking values in R.
Definition 3.1.21. Let C € Myy2(R) have elements

11 C12

C:

Ca1 C22

and A = [a,a] € 1. The x-product of C" and A, denoted by C x A, is the element of
Mo (R) defined by

Cc11.a + c19.a
CxA=| "7 """, (3.19)

C21.G, + C90.Q

Theorem 3.1.22. Let V C I be an open set. Suppose that F': T — 1is (k)gH differentiable
at xo for some k € {i,ii}, ¢ = (@1,2) : V — R? is differentiable at Yy = [yo, 7o) := F(x0)
and F(T) C V. Then oo F : T — R? is differentiable at xo, with

(9o F)(wo) = [(=1)" "¢/ (Yo)] * [(=1)""" - F'(x0)]
where m =1 if k=1 and m = 2 if k = 1.

Proof. By hypotheses, if F' := [L ﬂ is (k)gH-differentiable for k € {i,ii} at xq, then i,?
are differentiable at zo. Since @1,y are also differentiable at (yo,%0), from the classic

chain rule we get that
CAONINAND)) (3.20)
is differentiable at zy and

(1(fs £y 02(f, ) (o) = (1,902) (3o, T0)-(f5 f) (o)

d
— | D¢ a | gz
%(@7 %) (;0_ (yo,yo) 8_3;(330)
0 0 o ou
8? (Yo, Yo)- ai( 0) + 8<P_1 (Yo, Yo)- ai(xo)
- 15 0 / o
8(22 (%0, %0)- a—g( 0) + a(p_Q (%0, %0)- &i (20)
0 D1 »
8901 (40, 70)-f(0) + 5 T (yo, 70)-F (o)
Y
a9y —— (Y0, 70)-f" (0) + o7 —— (Y0, %0)- (20)
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From (3.20)), ¢ o F' is differentiable, because

(¢ 0 F)(zo) = (e1(f (o), f(0)), pa(f(20), f(20)))-

Next we consider separately the cases k =i and k = 1.

(k =1) The (i)gH-differentiability of F' implies that F’(xy) = [f (x0) f/(xo)} By the *-
product definition we have that
0 0
8921 (%0, o) gil (%0, %0) _,
P o)+ ) = | o2 Do [ £/ (@), T (o)
ay (y()vy()) 6— (y07y0>
0 , Jp1 —
T (00, T0)- (w0) + = (40, 70)-T (o)
Yy Jy
I / 3@ e (3.22)

oy —— (Y0, %0)-f (20) + Fy(@a %0)-f (o)

From (B:21) and (3:22) we obtain (¢ o F)' () = [¢'(Yo)] * [F" (o).

(k =i1) The (ii)gH-differentiability of F' implies that F'(z¢) = [f/(xo),f(xo)]. By the
x-product definition we have that

8901 3901 __

——— (%0, %) —— (Y0, o)
GO ) = | R o [~ o). T (o)
2 —— (Y0: o) (?Jo %)
Qg ’ oy =
T T (20 + 0 70)F a)
= | o5, - . (3.23)

O o TS (w0) + 63— (0. 70) T (x0)

From, and we obtain (p o F)(xg) = [(—=1)¢'(Yo)] * (=1) - [F'(z0)].

Therefore (o o F) (xq) = [(—=1)"™ "¢/ (Yo)] * [(=1)™F - F'(x0)] . O

3.2 Conclusion

This chapter dealt with differentiability properties over the algebra of g H-differentiable
interval-valued functions. Specifically, we gave conditions for the gH-differentiability of
the sum and gH-difference of two gH-differentiable interval-valued functions; also for
the product and composition of a differentiable real function and a gH-differentiable

interval-valued function. Surprisingly, some expected facts, such us that the sum of two
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gH-differentiable interval-valued functions is a g H-differentiable interval-valued function,
among others, do not necessarily hold. Some examples and counterexamples illustrated

the obtained results.
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Chapter 4

Necessary and sufficient conditions
for interval optimization problems
involving constrained interval

arithmetic

This chapter studies optimization conditions for interval optimization problems, for
this, we use the constrained interval arithmetic and we began defining some interval
partial order in the sense of minimization or maximization problem. Several partial order
relations on I have been introduced in the literature. For instance, the usual order relation

is <y defined by (see [21} 22} 30} 39, 40]).
A=y Biffa<banda<b.

Now considering the constrained parametric representation of an interval we consider the

following order relations on I.

Definition 4.0.1. For A, B € I recall that a(\),b(\) denote the constrained interval

representation of the interval A and B respectively. We write
(i) A= B iff a(\) < b()\), VA € [0,1];

(i) A= B iff A = B and A # B; equivalently
A X B iff a(A) < b(A\) VA € [0,1], and there ezists Ao € [0, 1] such that a(Ag) <
b<)\0);
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(ii) A=< B iff a(\) < b(\), YA € [0,1].

The idea of the previous definition of order is to compare parameter value by parameter
value (level by level). That is, if we consider two intervals A and B, we take the same
level A € [0,1] in each interval, i.e. we take a(\) and b(\) and compare on the level a(\)
and b(\) in R.

4.1 Interval valued function and differentiability

This section considers interval-valued functions F' : R — I, which are generated from
a real-valued function considering the parameters as intervals. For this, we denote by I*

the product space, i.e.

I"=TxIx..xI.
—_—
k times
We also denote by C* a k-tuple of k intervals. That is C* € I¥, where

Ck = (Ol, ...,Ok), Cj = [C_J,q], ] = 1, ,k

Since each interval C; has a constrained parametric representation ¢;(\;) we can write

the constrained parametric representation of C* by

¢ = L) e = (@), ) G ) = (G = )+
A=A, M), 0SSN <1, 5=1,..,k}.

Let us consider the function f : R x R¥ — R. For each ¢ = (cy,...,cx) € R¥, which
are parameters involved with function f, we can write f. : R — R. For instance, f.
can represent the objective function of an optimization problem which has k-parameters
(k-coefficient) ¢, ..., ¢x, with ¢; € R. How can we translate (extend) the function f. to
interval context if the parameters ¢ are intervals C*? We use (SIA) to obtain an interval-
valued function Fgr : R — I from f, according Moore [30]. Here we are going to consider

constrained interval arithmetic to obtain Fpr from f..

Definition 4.1.1. ([9]) Let f : R x R¥ — R be a function and let ¢ = (cy,...,c;) € R*
be parameters involved with f. For each vector of intervals C*, we define a constrained

parametric representation of Fer(x) by

Fck(ZL') = {fc()\)(:t) : fc()\) R — R, C(/\) S Ck} (41)
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Proposition 4.1.2. Let f : RxR* — R be a continuous function in the second argument
c € R*. Then the interval-valued functions Fpr - R — 1 given by expression 15 well
defined and

Fer(z) = i, feon (@), e, fen (@) | (4.2)
for all x € R.

Proof. Since f is a continuous function in the second argument and ¢(\) = (¢1(A1), ..., ck(Ar)),
with A = (A1, ..., A) € [0, 1]*, then for each x fixed fu)(z) is continuous in A. So we have
that min,y)ecr fer) () and max,yyecr fen) () exist and
i c = i c d c = c .
Jin feon(®) = min, fn(z) and - max, fox(z) = max, feo()

Thus we obtain (4.2)). m

Note that if f is continuous in the second argument then the interval-valued function
Fer is well defined and the interval Fer () is well defined (characterized) via its constrained

parametric representation (4.1)).

Example 4.1.3. Consider the interval-valued function Fei : R — 1 defined by
Fpi(z) = [1,3]2% — 2z.

Clearly Fei is obtained from f.(x) = cx® — 2z by applying . In fact, in this case
C' = [1,3], ¢(\) = 2\ + 1 and the constrained parametric representation of Fei(x) is
given by

For(z) = {fen(x) - A€[0,1]} = {2\ +1)2* — 2z : A€[0,1]}.
Since foon(x) is linear in X, from , we have
Fei(z) = [#* — 21, 32% — 22] = [1, 3]2* — 2.
Example 4.1.4. Consider the interval-valued function Fe2 : R — 1 defined by
Fea(z) = [1,2]2* — [3,5]z.
In this case, the constrained parametric representation of Fez(x) is given by

Feo(z) = {fen(@) © A= (A, he) € 10,12}
— {+ 122 — (20 +3)z - A, A e[0,1]).
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Next we will give a concept of derivative for an interval-valued function. This concept is

based on the differentiability of each element of the constrained parametric representation.

Definition 4.1.5. Let X C R be an open set and let For : X — 1 be an interval-valued
function. Suppose that fu is differentiable at xq for each X € [0, 1]*. Then we define the

derivative of For at xq, denoted by Fc/k (x0), by the constrained parametric representation

Flulmg) = { Lo (@o) = e(A) €€k, A€, 1]k‘}.
We say that Fer is differentiable at xo € X iff Fclk (x9) € L.

Proposition 4.1.6. Let X C R be an open set and let Fer : X — 1 be an interval-valued
function. Suppose that fe) is differentiable at xo for each X € [0,1]F and fé()\) (x0) is

continuous at A. Then Fer is differentiable and

! o . / /
Foon) = | i (o) . o fl(on)| (4.3

Proof. Since [, (o) is continuous as a function of A then we have that minyeg 1j» f, o) (x0)

and maxep ijr fiy) (o) exist and 1} holds. O

4.2 Interval optimization problems

This section considers the following (scalar) interval optimization problem

(I0) min Fer ()
subject to x € X CR,

where Fyr : X — I is an interval-valued function with its constrained parametric repre-
sentation given by and X is an open subset of R.

A way to interpret a solution for problem (IO) is to use the partial order relations
given in Definition [4.0.1 and the constrained parametric representation of an interval-
valued function following a similar solution concept to the Pareto optimal solution.
For this we denote by Ns(z*) the d-neighborhood of x*.

Definition 4.2.1. Let z* € X.

(1) x* is said to be a (local) strict minimum for Fex iff there does not exist another x € X,

r# %, (x € X N Ny(x*)) such that For(z) = For(z*).
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(17) x* is said to be a (local) minimum for Fer iff there does not exist another x € X,

x # x*, (x € X N Ns(z*)) such that Fer(x) < Fer(x*).

*

(1ii) z* is said to be a (local) weak minimum for Fer iff there does not exist another

re X, x#a" (x € XN Ns(a*)) such that Fer(z) < Fer(x*).

Lemma 4.2.2. If x* € X is a strict minimum, then x* is a minimum, and consequently

*

x* is a weak minimum.

Proof. The proof follows immediately from Definition |4.2.1 .
]

Note that the previous minimum definition for interval-valued function are a gener-
alization of minimum concepts for a real function. In fact, if Feo(x) = {f(z)}, where

f X — R is a function, we have that:

e z* is a (local) strict minimum for Fpo iff 2* is a (local) strict minimum for f; and
e z* is a (local) (weak) minimum for Fpo iff z* is a (local)(weak) minimum for f.
Example 4.2.3. Let Fei : R — 1 be defined, as in the Example[{.1.5, by
Fei(z) = [1,3]2* — 2.
In this case, the constrained parametric representation of Fei is
For(@) = {fun(a) = (A + Da? =20 : A€ [0,1])

Then x* =1 is a strict minimum for Fei. In fact, if there exists another x € R, x # 1,

such that Fei(x) = Foi(1) then
feon (@) < fen(1), VA€ [0, 1];
equivalently, for all A € [0, 1],
A+ 1Dz =20 <20+ 1) =2 A+ D)(z — D)(z +1) < 2(x — 1).

If x > 1 we have, for all A € [0, 1],

2
22 +1 1) <2 < 1<
EA+ e+ ) 200 - 1<
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which is absurd. In the same way, if v < 1 we have, for all X € [0, 1],

20+ 1 1) >2 > -1
A D@+ 22802 - -1

so x > 1 which is absurd.

Example 4.2.4. Let Fo1 : R — 1 be defined by
Fcl<llf) = [17 2} ’ g(ﬂf),
where g : R — R is a function defined by

x? if x<0;
g(z) =14 0 if 0<z<1
(x =12 4f x>1.

Here we have that x* = 0 is a weak minimum for Fer but it is not a strict minimum for
Foi. In fact, if * = 0 is not a weak minimum there exists another v € R, x # x*, such
that

fen(x) <0, YA€ [0,1],

i.e. A+1)g(x) <0, VA€ [0,1] which is absurd since g(x) > 0 for all x € R. Thus
x* = 0 is a weak minimum for Fpi. On the other hand, there exists x = 1 such that

Fei(1) = Fei(0) and so o* = 0 is not a strict minimum for Fe.

4.3 Necessary conditions for interval optimization prob-
lems

The stationary point notion plays an important role in classical optimization from
both, theoretical and practical point of view. In particular, stationary point is a concept
which is used to obtain a necessary condition in optimization. So, in this section we
propose a concept of stationary points to differentiable interval-valued functions and then

give a necessary condition to (I0) based on this concept.

Definition 4.3.1. Let For : X — 1 be a differentiable interval-valued function. Then
r* € X is a stationary point for Fer iff 0 € F/,(2*).
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We denote by SP(Fgr) the set of all stationary points of Fpr. Note that if Fer is

differentiable then the constrained parametric representation

Fo(z) = { Loy(@) A€ [0,1)%,e(\) € ck}. (4.4)

is well defined (see Proposition 4.1.6). So we have the following characterization of sta-

tionary points.

Proposition 4.3.2. Let Fpr : X — 1 be an differentiable interval-valued function. Then

z* € X is a stationary point for Fer iff there exists Ao € [0, 1] such that

’

fc()\o) (z%) = 0.

Proof. Tt is a consequence of the constrained parametric representation of Fclk (x) 1}

and Definition [4.3.1. O

Proposition [4.3.2 is a characterization of stationary point and it is a very useful tool

to obtain these points. The following examples show this fact.

Example 4.3.3. Let Fpr be an interval-valued function defined as in the Example[4.1.5.

Then the constrained parametric representation is given by
For(z) = {fen(z) = @A+ D)2 — 22 = A € [0,1]}.

Since fon(z) = (2A+1)a® — 2z is differentiable at v € R and fiog(@) =2@2A+ 1)z — 2 is
continuous at X then Feu is differentiable. Taking into account Proposition[{.3.2 we find

the stationary points of Fei. In fact, the stationary points are such that

/

fey(@) =0&22 + 1)z -2=0&1=

22N +17

with X € [0,1]. Therefore,

spire - [L1].

Next we present a necessary condition for the interval optimization problem (10).

Theorem 4.3.4. Let For : X — 1 be a differentiable interval-valued function. If x* € X

15 a local weak minimum for Fer then x* is a stationary point for Fer.
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Proof. Suppose that z* is not a stationary point for Fex, i.e 0 € F7.(2*). Then either
Fl(z*) CRY or F},(z*) e R™, where RT = {z € R : >0} and R-={z €R : z <
0}. If F.(z*) C RY we have

fion(x) >0, VA e [0,1]",

C

So, for each A € [0,1]%, we have that f. is an increasing function in a neighborhood
Ns, (z*). Considering € small enough such that ¢ < § = min{dy : X € [0,1]*}, we
get feon(z* —€) < fen(z*) for all A € [0,1]%. Thus Fer(z* — €) < Fer(2*), which is a
contradiction to the hypotheses.

Similarly, if F, (z*) C R~ we have Fr (2" +€) < Fer(2*), which is also a contradiction

with the hypotheses. O]

Note that the converse of Theorem 4.3.4 is not true, that is, a stationary point for Fpx
is not necessarily a local weak minimum for Fpr. In fact, if we consider Fpi(z) = [1,2]a?

we have that * = 0 is a stationary point for Fgi but it is not a local weak minimum for

Fpr.

4.4 Sufficient conditions to interval optimization prob-
lem

This Section presents sufficient conditions to problem (IO) using conditions of convex-

ity. For that, we give the following definition.

Definition 4.4.1. Let Fpr : X — 1 be a differentiable interval-valued function. We say
that Fer 1s invex iff there exists a function n: X x X — X such that

For(x) = For(y) = Fuly) -n(z,y),
forall z,y € X.

Note that, from previous definition and from constrained parametric representation
of Fer(x) we have the following equivalence: Fgr is invex iff there exists a function 7 :

X X X — X such that

feon(@) = feony (W) = foon () - n(,y),

for all z,y € X and for all X € [0,1]*. So we have the following result.
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Proposition 4.4.2. Let For : X — 1 be a differentiable interval-valued function. Then

Fer is invex with respect to n iff fo) is invex with respect to same n for all X € [0, 1]
Proof. The proof is immediate. O] O

Theorem 4.4.3. Let Fpr : X — 1 be a differentiable interval-valued function. If Fer is

invex then each stationary point is a local weak minimum for Fer.

Proof. We suppose that z* is a stationary point for Fix and it is not a local weak minimum

for Fer. Then from Proposition 4.3.2 there exists Ay € [0, 1]* such that
fepoy (") =0
and there is another x € X N Ng(x*) such that Fpr(x) < Fer(z*), ie.
feon (@) < fepn(z®), for all A € [0, 1),

Since Fpr is invex, from Proposition [4.4.2, there exists a function n : X x X — X such
that

fC(/\o)(I) - fC(Ao)(x*) > fé()\o)<x*) : 77(-757 y) =0
for all x € X. Therefore
fero) () = fepo) (7)),

which is a contradiction. ]

A concept of convexity for interval-valued functions was introduced in [9].

Definition 4.4.4. ([9]) Let Fer : X — I be an differentiable interval-valued function. We

say that For is convex iff

Fee(vx + (1 —9)y) = yFer(z) + (1 = 7) Fee (),
for all x,y € X and v € [0,1].

Remark 4.4.5. From previous definition of convezity and from constrained parametric
representation of Fer we have that Fer is convex iff fon) is convex for all X € [0,1].
Thus, from Propositionl.4.2, all convez interval-valued functions are invez interval-valued

functions.

Therefore convexity for interval-valued functions is also a sufficient condition to assure

that each stationary point is a local weak minimum.
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Example 4.4.6. Let Fp be an interval-valued function defined as in the Example[4.1.5.

Then the constrained parametric representation is given by
Fer (:E) = {fc()\)(llj') = (2)\ + 1):62 —2r : \€ [0, 1]}
From Example[4.3.3 we have that Feu is differentiable and

spire - [L1].

Since feny(x) = (2A+1)a® —2x is a convex function for each X € [0, 1] then Fer is convex.

So from Theorem |4.4.3 we have that [%, 1} 1s the set of all weak minimum for Fe:.

Example 4.4.7. We consider the interval-valued function Fez2 : R — 1 defined as in the
Ezample|f.1.4, that is
Fee () = [1,2]2* — [3,5]x.

In this case, the constrained parametric representation of Fez(x) is given by
Fcz<x> = {()\1 + 1)I2 - (2/\2 + 3)1’ : >\1, >\2 S [0, 1]} s

which is differentiable. So, taking into account Proposition|[4.5.2, we obtain the stationary
points for Fez by solving

243
2\ 1)
with A\, A2 € [0,1]. Thus
35
P(Fe)=1|-,=].
sp(re) = 1.5

Since Fez is convex, from Theorem |[.4.3, we have that [%, g} 15 the set of all weak mini-

mum for Feo.

Next we show that invextity is both a necessary and a sufficient condition for every

stationary point being an optimal solution.

Theorem 4.4.8. Let Fpor : X — 1 be an differentiable interval-valued function. Then Fir

1s invex iff each stationary point is a local weak minimum for Fer.

Proof. Because of Theorem [4.4.3, it suffices to prove the converse. Let z,y € X. If
0 € I.(y) we take n(x,y) = 0. Now if 0 & F, (y) then F/,(y) C R* or F},.(y) C R™. If
F/i(y) C RT then we take
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and so we have

feoy (@) = fey (¥)

fc/()\) (y) 2 n(@,y).

Therefore
feon (@) = fen(y) =z, y) foon (v),
for all A € [0,1]*. Now, if F},,(y) C R~ then we take

fc(A) (l‘) - fc(A) (y)

n(z,y) = max :
(@.9) Xe[0, 1] Fen®)

and so we have

Jeo (@) = feny(y)

<n(z,y).
fé()\) (v) (@)
Therefore
feon(@) = feon () = n(z, y) fioy (Y),
for all A € [0, 1]*. This completes the proof. O

4.5 Interval optimization problems with inequality
constraints

This section considers the following (scalar) interval optimization problem with interval

inequality constraints

(CIO) min Fer(x)
subject to G, ci; () 20,i=1,2,...,m
reX

where Fer, G; ¢, © X — T are interval-valued functions, every G, i, is a constraint of the
problem (CIO) and X is a non null open subset of R.

We will consider below, the conditions that must be satisfied so that a certain feasible
point of the problem (CIO) be optimal. Such conditions, commonly known as first order
conditions, involve the first order interval derivative. We also present constraint interval
versions of well known optimization results.

We denote by

the feasible solution set of problem (CIO).
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We define I = {1,2,..,m} for simplicity, and for every feasible point = € M, the set

of index of the active constraints:
I(z)={i€el:0€Gu(x)}.

As in the last sections, we use the constrained parametric representation given by (4.2))

for all interval expressions.

Remark 4.5.1. We associate to the (CI1O) problem its equivalent constrained parametric

representation given by

(CCIO) min Jeory(2)
subject to g; .oy (z) <0, i=1,2,...m

r e X,

where \¥ € [0,1]* is a vector with k components where each component is related to its
respective component of the interval vector C*, i € [0,1]', ;. This means that there
are [ new parameters in the constraint i, where f.\ry, g; iy : R = R are differentiable
functions.

It s clear from the Remark @ that the coordinates of the parameters c(AF) and

c(A%), i =1,2,...,m will be interdependent, as in the next example.
Example 4.5.2. Consider the problem

(CIO1) min [0,3]22 + [—1,2]x + [1,4]
subject to [0, 3]z +[—2,0] =0
[—1,2]z = 0.

Here
o Fps(x) =[0,3]z% + [—1,2]z + [1,4];
o Gicu(r) =[0,3]z +[-2,0];

o Gyeo(x) = [—1,2]x.

The interval [0, 3] of the cost function and first constraint are interdependent, as well

interval [—1,2] in the cost function and constraint 2. It follows from and Remark

(2.32), that:
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o fepay(z) = (04 3X)z? + (=14 3X)z + (1 + 3X3);
® gi.onn)() = (0+ 37 + (=2 + 2)\4);
o greon(@) = (~1 4 3Xa)a.
with (A1, A2, X3, A1) € [0, 1], consequently the constrained equivalent associated problem is

(CCIO1) min (04 3\)z? + (—1+ 3X\)z + (1 + 3\3)
subject to (04 3\1)x + (—2+2)\y) <0,
(—1 + 3/\2>ZE S 0,

with ()\1, )\2, )\3, )\4) S [0, 1]4

4.6 Necessary conditions of interval optimality

This section, presents first order interval conditions so that a feasible point of (CIO)
problem is optimal. For this, we will use the (CCIO) equivalent problem. Next, we

present a geometrical characterization of local optimality for our problem (CIO).

Proposition 4.6.1. Let Fer,G,ci; © X — 1, @ € I be a differentiable interval-valued
functions of the (CIO) problem where Fer is the objective function and G, are the

constraints. If x* € M s a local weak minimum of For over M, then the system
ék ($*> -d < 0
;,Cli (x*)-d < 0, 1€ I(z") (4.5)
has no solution d € R.

Proof. Let x* € M a local weak minimum of (CIO). Suppose by contradiction that over
M, exist a direction d € R that resolves the system (4.5). This implies that it also solves

the equivalent constrained parametric representation system below

Grew (@) -d < 0, i€ l(@) X €[0,1]", (4.6)
Consequently, exist T € M, such that,

Fey (@) < fopuy(2®), VA" €[0,1]".
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Minimizing and maximizing fx)(T) and for)(2*) in AF,
Fclc (E) < Fck (QE*)
therefore T € M contradicts the minimality of x*. O]

Another important result in optimization is the Fritz John theorem that has an interval

version that we present next.

Theorem 4.6.2. Let 2* € M be a local weak minimum of (CIO) and Fer,Gie, - X — 1
differentiable interval-valued functions with their constraint parametric representations
continuous in \¥ and N\, i € I, respectively. Then, there exist scalars 8,6; € R, i € I,

not all simultaneously zero, such that:

0€ o Flu(a™)+ Y 0 G, (%) (4.7)
i€l

(50,(51' > 0, 1€ I, (48)

0€d;-Gieu(a”), i€l (4.9)

Proof. Let z* € M, a weak local minimum of (CIO) problem. Considering Remark |4.5.1,
x* is also solution of (CCIO) for every (A¥, At Nz . \m) € [0, 1]FFhtlttm  From the
differentiability of feox) and g.uy, @ € I, we have that there exist dg,d;, ¢ € I not all

zeros, such that

50 c()\k + Z 5 gz ,c(Ak) ) =0

el

00,0, >0, i€l

51- . gi’c()\Li)(.T*) = O, 1€ 1.
From continuity of f/,,(z*) at A, and the continuity of 9 oy (@) at Ni Vi€ I we
obtain,

. ! * ! *
0€ - [,\’“Ien[énl]k fc()\k)(l' ) Akrg[%)l(]k fc(m(a: )

(5 / ) * / *\7.
X i o), o)
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50752' 207 ZEI,

0€0;- [ min gzc()\i)('r)

Ake[0,1]% Giciy ()], 1 € L.

Ake[o 1]k

The result of the Theorem follows immediately. O]

The Karush-Kuhn-Tucker conditions, which provides nonzero multiplier associated
with the cost function, are obtained by imposing some constraints qualification. Next we
present these types of results in an interval version involving constraint interval arithmetic.

We say that the set {V;},.; of interval elements is independent if for every A € [0, 1]

the set of vectors {v;(\)},.; is linearly independent.

Definition 4.6.3. We say that the (CIO) problem satisfies the constraint qualification if
the set {G’, Cl.(x*)} is independent.
L iel(x*)

Theorem 4.6.4. Let x* € M be a weak minimum for (CIO), Fer, G, © X — T be
differentiable interval-valued functions with their constraint parametric representations
continuous in \¥ and N, i € I, respectively, and suppose that (CIO) problem satisfies

the constraint qualification in x*. Then there exist pu; € R,i € I, such that

0€ Fou(a®)+ Y pi G o, (2°); (4.10)
icl

pi >0, i€ I (4.11)

0€p- Gz, i€l (4.12)

Proof. From the last theorem, there exist multipliers &g, d;, (i € I) satisfying the equations

, and . If 6o = 0, by equation 1} we obtain )., d; - g;C(/\li)(x*) = 0 with

0; > 0 and not all zero, which contradicts the constraint qualification. Now just define

and analogously to the last proof we obtain the desired result. O]

A feasible point z* € M for (CIO) problem is called a Karush-Kuhn-Tucker point if
there exists p; € R, ¢ € I verifying the equations (4.10)), (4.11)) and (4.12).
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4.7 Interval KKT - invexity and sufficient condition.

This section presents results for the class of interval KKT-invex problems. As for the
standard class of optimization problems, we show that the class of interval KKT-invex
problems is the largest class of interval valued problems, for which, Karush-Kuhn-Tucker
conditions are necessary and sufficient for weak global optimality. The next proposition

guarantees the sufficiency of Karush-Kuhn-Tucker conditions for a global weak optimality.

Proposition 4.7.1. If z* € M is a Karush-Kuhn-Tucker point of (CIO) problem, and the
interval valued functions Fer, G, o1, : X — 1, i € I are invex for the samen : X x X — X.

Then z* is a global weak minimum of (CIO) problem.

Proof. Let the (CCIO) equivalent problem. Let * € M be a Karush-Kuhn-Tucker point
of (CIO) problem. Then exist u; € R, € I, such that,

fé(,\k)(l'*) + Z Migg,c(yi)(x*) =0;
el
1igi iy (') = 0, i € 1.

Suppose that the (CCIO) problem is invex, then exist  : X x X — X such that,

fey () = fey () = flom (@ )n(z, 27)

gi,c(/\li)(:E) - gi,c(Ali)(if*) > 9£7C(Ali)(ﬂ5*)77($, ")

Therefore,
Loy (@) = Fa (@) = | Fr () + 3 ptigl o (&) | i)
el
+ Z 14iG; e (xtiy (T7) — Z 145 c(xii) (%)
iel il
== Z:uigi,c()\li)<x> > 0.
iel
Thus

fey (@) = fopmy (), A € [0,1]F,

Fer(z*) < Fer(x) for all x € X, and consequently z* is a global weak minimum of (CIO)

problem. ]
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The following definition leads us to a weaker concept than invexity, which still preserves
the sufficiency of Karush-Kuhn-Tucker’s conditions for optimality. The problem (CIO)
is called Interval Karush-Kuhn-Tucker Inver (or IKKT-invex, for short) if there exists a

function n : X x X — X such that,

For(x) = For(y) = Fou(y) - e, y)

—G o, (y) - m(x,y) 0, i € 1(y)

for all z,y € X.
We next show that, for interval KKT-invex problem the Karush-Kuhn-Tucker condi-

tions are necessary and sufficient for optimality.

Theorem 4.7.2. The problem (CIO) is IKKT-invez, iff every Karush-Kuhn-Tucker
point is a global weak minimum of (CIO)

Proof. The sufficiency follows immediately from Proposition [£.7.1 and the IKKT-invex
definition. As regards the converse, suppose that every Karush-Kuhn-Tucker point is a
weak global minimum of (CIO) problem. Let z,y € M. If Fer(z) < Fer(y), then y is not
a weak minimum of Fpr, and from hypotheses y is not a Karush-Kuhn-Tucker point. It
mean that there are no dy > 0 and ¢; > 0, i € I(y), such that, 0 € 0o - Fy.(y) + >, i -
G o (y). Consequently, 0o - f/ k) (27) + ey 6i - ggﬁc(/\li)(:c*) £ 0, V(AE, N N2 N
[0, 1]khtt+ln - By classical Motzkin alternative theorem, there is v € R that depends

on y, such that

fepmy() v >0,

/

Gicprin ) v >0, i € I(y).

Defining,

n(e.y) = max feoy () = feonn) (W)
’ Ake[o, 1)k Fiowm W)

when fé()\k)(y) < 0, we have

feom (@) = feom (y) = n(2,9) - Flom ()
Hence Fer (z)—Fer (y) = Flo(y)n(z,y), and clearly, ifi € I(y), then _G;,Cli (y)n(z,y) Z0.
For f \x(y) > 0, consider

. fc()\k)(x) - fc()\k)(y)
min N .
ke[0, 1)k Fiom W)

n(r,y) =
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Analogously,
feory(@) = foory(y) = n(z,y) - fé(xk)(y),
hence For(2)—For(y) = Fee(y)-n(z,y), and clearly, if i € I(y), then =G| ., (y)-n(z, y) = Z0.
If For(x) = Fer(y) define n(z,y) = 0 and obtain immediately Foi(z) — For(y) =
Flu(y) - n(z,y), and =G, (y) - n(w,y) = 0 if i € I(y),

U

Example 4.7.3. Consider the following (scalar) interval optimization problem

(CIO2) min 1,3]z* — 2z
. <
subject to x — [3, %] =0,

—r=0

Let x* be an optimal point of our (CIO2) problem. From KKT conditions (Theorem
|:) we can see that x* € [3, é] Consequently, for example, if x* = % it saturates the
constraint Gy en (I(z*) = {1}). Since {G , (3)} is independent the (CIO2) problem
satisfies the constraint qualification (Definition @, and the interval KKT conditions

guarantee the existence of 1, o € R such that

OEFC/k +Zﬂz ch 7

el

0 E,ui'Gl-’cli(.T*), 1€ 1.

As x* does not saturate i = 2, we have ps = 0.
FL(3) =[-1,1], /16'11( ) =1 and G2C02( ) = —1, so that py = 1. It is also clear
that our (CIOZ2) problem is IKKT-invex. Therefore from Theorem |4.7.2, x* is a weak

global minimum.

4.8 Conclusion

This chapter was considered optimization problems without and with constraints where
the parameters (coefficient) of the objective function and the constraints are intervals and
used the constrained interval arithmetic recently introduced by W. Lodwick [25]. For
the unconstrained problem we have introduced a new concept of stationary points for

this class of interval-valued functions and given an useful tool to find these points. We
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have introduced the concept of minimum for this class of interval optimization problems
and showed that all minimizers are necessarily stationary points. Moreover, we have
introduced the concept of invexity for interval-valued functions and showed that this is a
sufficient condition for a stationary point be a minimizer.

We provided both interval Fritz John and interval Karush-Kuhn-Tucker necessary
conditions of optimality for the constrained problem. Then we introduced KKT-points
and KKT-invex problems and derived the result which shows that the class of interval
KKT-invex problems is the largest class in which interval KKT-invex points are global

weak minimum.
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Chapter 5

Quotient space of intervals

It is well known that the space of all closed and bounded intervals with the standard
interval arithmetic is not a linear space; it is a quasilinear space [3| [34]. In particular,
an interval does not have inverse element and therefore subtraction does not have many
useful properties (see [14],[35]). Then, this section shows an approach trying to study with
a vector space structure using quotient spaces, this study was done in [38] and the authors
analyze some algebraic and topological properties of this quotient space. they introduce
a concept of differentiability for equivalence classes-valued functions and then, they make
a comparison with other concepts of differentiability.

The study found in [38] uses the following considerations and bibliographical references
that we consider important to quote. The concepts of Hukuhara difference and generalized
Hukuhara difference between two intervals [20] and Stefanini& Bede in [35], Radstrom’s
embedding theorem [33], the concept of 7 differentiability for interval-valued functions [6]
and some properties of this derivative can be found in [6l [14], quotient spaces of fuzzy

numbers [19], which are tools to developing of fuzzy mathematical analysis [32].

5.1 The quotient space of intervals

It is well known that the addition is associative, commutative and its neutral element
is {0}. If 5 = —1, scalar multiplication gives the opposite —A = (—=1)A = {—a: a € A}
but, in general, A+, (—)-s A # {0}, that is, the space I is not a linear space. This fact is a
crucial point due the necessity of working on a linear space in order to define in a suitable

sense the derivative of interval valued functions. Taking into account this problem, we
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will introduce a natural equivalence relation between elements of I which can be used to
divide I into equivalence classes having group properties for the addition operation.
First of all, given A = [a,a] € I, then A is said symmetric if ¢ = —a; the class of

symmetric intervals of T will be denoted by S. Then we have the following definition.

Definition 5.1.1 ([38]). Let A,B €1, A = [a,a], B = [b,b]. We say that A is equivalent
to B, and write A ~ B, if and only if A— B € S. Here A — B denotes the standard
difference defined by A — B = [a — b,a@ — b].

Let A be an interval given by A = [a,a]. We define the mark of A denoted by My,
such as

My=a+a

Theorem 5.1.2. Let A,B €1, A= [a,a], B = [b,b]. A~ B if and only if, they have the
same mark. 1i.e.

My = Mpg.

Proof. A ~ B if and only if [a,a] — [b,b] = [~c,c] € S it mean that a — b = —c and
@ — b = ¢ therefore, a +@ = b+ b. O

Example 5.1.3. In this example we show some equivalent intervals.
o [—2,3] ~[-10,11] ~ [0,1] ~ [0.5,0.5],
o [1,3] ~[—1,5] ~[-2,6] ~[0,4] ~ [2,2].

The relation ~ is an equivalence relation, that is, ~ is reflexive, symmetric and transi-
tive. We will denote by (A) the equivalence class containing the interval A € 1. The set of
equivalence classes will be denoted by I/S. Note that if (A) € [/S, then from Definition
[5.1.1 it holds that

(4) = (la,a]) (5.1)
(0,a+a])ifa+a>0
(la+a0))ifa+a<0
= ([min{0,a+a} , max{0,a + a}]).

In particular, § = ([0, 0]) := (0).
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Graphically, if we consider Figure 5.1, we can see that the class representatives are
on the axes that correspond to the interval space, and every class is represented by a

orthogonal line to identity line contained in the interval space (proper interval space).
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Figure 5.1: Quotient Space of Intervals

For any (A), (B) € /S we define the addition (A) + (B) by
(A) +(B) = (A+ B).

Proposition 5.1.4. If (A),(B) € 1/S then Ma,p = Ma+ Mp

Proof. The proof is immediately from Theorem [5.1.2. O

Multiplication of an element of I/S by a real number A is the following:
A (A) = (X A).
Lemma 5.1.5 ([38]). (I/S,+,") is a linear space.
Proposition 5.1.6 ([38]). Let (A),(B) € I/S. Then

(ASgu B) = (A) — (B).
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Proof. Given A, B € I, taking into account ([2.2.2) and ([5.1]), we have that

(AS4u B)
= ([min{a—ba—b} max{a—ba-b}])
= ([min{0, (@—b) +@-b)},
max {0, (a—b)+(@—0)}])
= ((min{0, (=) +@-b)},
max {0, (¢ —b) + (@—1b)}])

= ([a—b,a—1])

= (A-DB)

= (A) —(B).

[
We now provide a norm || - || on the space I/S.
Definition 5.1.7 ([38]). Let (A) = ([a,a]) € I/S. We define the norm of (A) by
1(AY| = la+al.

Remark 5.1.8 ([38]). (I/S,||-||) is a normed linear space. Moreover, we have the metric

dgp on 1/S defined by

dsup((A), (B)) = [I{A) — (B),
for all (A),(B) € 1/S. Notice that for A = [a,a] and B = [b,b], dw,((A),(B)) =
(a+a) = (0+Db)|.

The following properties is a immediate consequence.

Proposition 5.1.9 ([38]). Let (A),(B),(C) € I/S. Then dg,, is translation invariant,
that s,
dsup((A) +(C), (B) +(C)) = dsup((A), (B));

Lemma 5.1.10 ([38]). (I/S,dsyp) is a complete metric space.
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5.2 Differentiability

This section analyzes the differentiability of interval class mappings F' : T — [/S.
From now on, we will denote by T' = [a, b] a closed interval. For this section, let f: 7 — I
be an interval-valued function. We will denote f(t) = [f(t), f(t)], where f(t) < f(¢), for
all ¢ € T. The functions f and f are called the lower and the upper (endpoint) functions
of F', respectively.

The usual definition of continuity of mappings between metric spaces will be used. We
shall say that a function F' : T"— /S is continuous at ty € T if for every € > 0 there

exists a 0 = d(tp, €) > 0 such that
Qg (F(1), F(1o)) < 6,
for all t € T with ||t — o] < 6.

Definition 5.2.1 ([38]). A mapping F : T = [a,b] — 1/S is differentiable at ty € T if
there exists an F'(ty) € 1/S such that

F —F
i dyyp ( (fo 1) = Ffo) F’(t0)> = 0.
h—0

h
Ifto=a (or to =b), then we consider only h — 0% (or h — 07).

Theorem 5.2.2 ([38]). Let F' : T" — 1/S such that F(t) = ([f(t), f(t)]) for all t € T.
F is differentiable if and only if the mapping g : T — R given by g(t) = f(t) + f(t) is

differentiable.

Theorem 5.2.3. If F,G : T — 1/S are differentiable and X\ € R, then F + G and A\F
are differentiable and (F + G)'(t) = F'(t) + G'(t) and (AF)'(t) = A\F'(t) fort € T.

Proof. Let t,t +h € T with h # 0. Then it is enough to observe that

o (F + GY(0), F'0) + G'(0) < dy (LERZEE O, 4 6y

tdguy (F(t h) = F() , F’(t)) + dyup (G(t * h])l —G() , G’(t)) —0, ash — 0,

h
and

(AF)(t+h) — (AF)(t)
h
)

g (VFYONF0) < o 0Fy)

F(t+h)—F(t
+ |>\‘dsup( (+ h (>,Fl(t))—>0, as h — 0,
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The next theorem says that the concept of differentiability given in Definition [5.2.1

generalizes in some sense to gH-differentiability.

Theorem 5.2.4. Let [ : T — 1/S with f(t) €

F(t). If f is (k)gH-differentiable for

k = 1i,11,11, 10, then F is differentiable on T in the sense of Definition |5.2.1.

Proof. Since f(t) €

in two parts.

F(t) for all t € T, we have F(t) =

(f(t)). Now, we divide this proof

(a) If f is gH-differentiable in the form (a) of the theorem [3.0.2. Then f and f are

differentiable at ¢y € T' and we get

Ao, <F(t + h}i — F(t)’ (f’(t))) _

—

dony <<[i(t+ h), F(t + f;)]) - <[_<t>,7(t>]>7<f,(t)>>
|i<t+h) +?(t+2> — (O + @) () + T )
ft+h})L f()_i,(t)’+’f(t+h})L—f(t)_7/(t)'
0ash —0.

(b) If f is gH-differentiable in the form (b) of the theorem|3.0.2. Then f (to),ﬂr(to),f’_ (to)

and ', (to) exists and satisfy 1 (to) =

(t+ h)

F —
dsup ( h

) -

—

T (to) and I (to) = F(to). Then we get

» <<[ F(t+ ), F(t+ fzm — (.7 f,<t)>>
‘f(t+h)+f(t+}f;) (f@) + /(1) (F () + T.(0))
0as h — 0".

» <<[ F(t+h) F(t+ f;m —(@.Fon f,(t»)

‘f(t+h)+f(t+h)

i(t+h)__t / f
L)

DOash—0".
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]

By virtue of Definition [5.2.1 and Lemma [5.2.2, clearly we can obtain the following

proposition.

Proposition 5.2.5. The differentiability given in [5.2.1 is a homogeneous and additive
operator, i.e., for differentiable functions F,G : T — 1/S and for a € R

1. (aF) = aF’
2. (F+G)=F+¢

Proof. The proof is immediately of Theorem [5.2.2. O
With this proposition we can analyze some examples studied in the Chapter 3.

Example 5.2.6. Considering the interval-valued functions of the Example|3.1.1, we have
F(z) = ([= =], |z|]) = {[0,0]) and G(x) = {[0,e™"]) and (F' + G) (x) = ([~ |z], [z + e77]) =
([0,e7*]). Consequently, by Lemma|5.2.2, all this functions are differentiable in the sense

of Definition, contrary to gH -derivative.

5.3 Conclusion

This chapter showed a quotient space of intervals with respect to the family of sym-
metric intervals and this quotient space is a normed linear space. Since the space of
intervals can be embed on this quotient space, the concept of differentiability for interval-
valued functions have linearity properties and we made a comparison with other concepts

of differentiability and showed interesting examples.
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Chapter 6

Final considerations and future

perspectives

The study made in this Thesis is divided into three parts, so we will make the final
considerations and future perspectives for each case. About the algebra of generalized
Hukuhara differentiable interval-valued functions which was presented here is a vital tool
for the development of interval analysis. We can immediately mention some of the future
work to be done: interval differential equations, min-max interval optimization problem,
numerical methods to find zeros of interval polynomials, and all these presented results,
as well as those proposed for future work can be extended to the fuzzy context.

The second part of this Thesis, which are necessary and sufficient conditions for interval
optimization problems involving constrained interval arithmetic, the contributions paves
the way to new research extending the theory of interval optimization in a number of
ways. These include interval optimization problems with n-variables, possibly with fuzzy
coefficients, calculus of variations and control optimization problems which contain in
their model formulations either interval or fuzzy coefficients.

The quotient space of intervals, which is the third and last part of the Thesis, estab-
lished a theory that provides an algebraic interval structure of vector space for interval
spaces. This makes it possible to study mathematics theory, such as differential equations,

dynamical systems, numerical analysis, optimization, control, etc., over interval spaces.
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